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1, page 450. In these relations, es is the gen 
erator E. M. F. to neutral expressed as a 
vector, er is the receiver E. M. F. to neutral 
expressed as a vector, Z and Y are vectors 
representing the total impedance and admit 
tance respectively of one conductor to neu 
tral, is is the generator current, and i, is the 
receiver current. The derivation of these 
relations will not be entered into in this 
specification, since they are well known. 
All of the terms used in relation 1 and 2 

are vectors; that is, they may be represented 
by lines having definite length and direc 
tions. The common way of writing vectors 
is by making use of the quality unit j, which 
unit répresents the value -VET. Thus a vec 
tor V may be written as v-Hjv'. This means 
in effect that to 
rectangular coordinates, it would be neces 
sary to mark off on the X-axis a distance 
corresponding to v, to erect at that point a 
perpendicular and to measure off on this 
perpendicular a distance equal to v'. The 
vector extends from the origin to this point. 
If v' is positive, then the distance is meas 
ured upwardly; if negative, it is measured 
downwardly from the X-axis. Another way 
of plotting vectors is by the aid of polar 
coordinates. In that case, the length of the 
vector and its angle with respect to the zero 
angle line are made use of. The angle may 
be positive or negative; if positive, it is 
measured off in a counterclockwise direction 
from the zero angle line; if negative, in the 
clockwise direction. Although both methods 
of plotting are used in my calculator, its ex 
planation becomes simpler if for the pres 
ent we consider only the first method of 
representing vectors; i.e. by rectangular co 
ordinates. . 
The addition, subtraction, multiplication 

and division of vectors represented this way 
may be easily performed, since there are 
definite rules which tell us how these proc 
esses may be performed. The part v of the 
vector is usually termed the “real” com 
ge and the part v' is usually termed the 
“imaginary” component of the vector W. 
To add two vectors it is merely necessary 
to add their real parts together and their 
imaginary parts together and write the re 
Sult as a vector the real part of which is 
represented by the sum of the real parts of 
the vectors and the imaginary part by the 
sum of the imaginary parts of the vectors. 
Thus if the sum of the two vectors a-Hºja' 
and b-i-jb' is required, this sum may be 
written as (a+b)+j(a^+b^). An analo 
ous method is used if vectors are subtracted 
rom each other. In this case the difference 
between the real parts as well as the differ 
ence between the imaginary parts are taken 
for the corresponding parts of the resultant 
vector. When two vectors are multiplied to 
gether, the new vector has a length equal 

plot the vector V with. 
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to the product of the lengths of the two vec 
tors which are multiplied together and an 
angular displacement from the zero angle 
line equal to the sum of the angles of the two 
vectors. The length of the vector is equal to 
the square root of the sum of the squares of 
its two components. When one vector is di 
vided by another, the resultant is a vector, 
the length of which is equal to the length of 
the first vector divided by the length of the 
other, and whose angular displacement from 
the zero angle line is equal to the angular 
displacement of the first vector minus the 
angular displacement of the second vector. 
From these fundamental relationships it is 
possible to understand the processes of 
transformation which will be described here 
inafter. - 

The expansions of the hyperbolic func 
tions give the following results: 
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cosh z = 1 + 

These expansions are given, for example, in 
B. O. Peirce, A Short Table of Integrals, 
formulas 790 and 791. Substituting these 
values in relations 1 and 2, these relations 93 become 

ZY Z2Y2 - 
e-A(?? ? +--------) + 

• ‘ ZY . Z2Y2 100 
irZ (1 + ?? |5 ?-------- ) (5) 

and - 

2?2 - ???(1+?+?+…)+ ... zy zy- 105 
ey(1+: ???’------- ) (6) 

These expressions may be written so that 
they express the ratios between the genera- 110 
tor E. M. F. and receiver E. M. F., and be 
tween the generator current and receiver 
current. Thus expression (5) may be di 
vided through by er, and expression (6) by 
år; the results are 113 
ºg – ZY . ZºV? 
? = (1?--------- ) + 

?. ZY Z2Y2 * 
#Z(1+?+??? + --------) (7) :) 

and 

?? = (1 ZY , Z2Y2 - 
? =(1?-------- )? 125 

€r ??. ?2?2 - Y. 

#Y(1+#+?-+-------- ) (S) 
In further derivations, the first term of the 
light hand member of each of the equations 130 
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terial. If this line 17 be given the proper 
slope it is evident that it will intersect that 
particular division line of the set 14 at the 
extremity of the vector corresponding to ex 
pression (18). To obtain this slope the left 
hand member of this expression is to be con 
sidered. If only the first two terms of this 
expression are considered it is seen that the 
vector to be added to the vector unity, which 
extends from the origin to the point 1.0 is 

ZY 
2 - 

It is the slope of this supplementary vector 
which is determined by the setting of the 
arm 16. To obtain this slope it should be 
noted that the vector ZY must have a slope 
which is equal to the sum of the slopes of 
the vector Z and the vector Y, from the fun 
damental theory of vectors discussed here: 
tofore. Furthermore, since the vector Y represents the capacity susceptance of one 
line, it has an angle of 90°. Therefore all 
that is necessary to do to set the arm 16 at 
the proper angle which is the sum of 90° 
and the angle of the vector Z. The vector Z. 
represents the impedance of one line. If 
from the point 1,0 the value X or reactance 
per unit length is plotted along the Zero 
angle line toward the origin and if a per 
pendicular be erected at the extremity of this 
line of the length corresponding to R, the 
resistance per unit length of the line, then 
the line connecting the point 1,0 with the 
extremity of the perpendicular last con 
structed will have the proper slope. To fa 
cilitate this setting on the arm 16, I make 
use of a chart 18 to the left of the main 
chart, so arranged that the point –X, R as 
lotted from the point 1,0 may be imme 
iately determined from the constants of 

the transmission line. Along the horizontal 
zero angle line, 15 there are a series of ver 
tical division lines 41 corresponding to the 
ratio of spacing of the conductors to the 
diameter, and to the frequency of the line. 
There are two sets of these perpendicular 
lines corresponding to 60 cycles and 50 
cycles. As stated heretofore, the reactance 
X per unit length of the line is a function 
solely of the ratio of spacing and of the di 
ameter of the conductor. A series of hori 
zontal parallel lines 19 corresponding to R, 
the resistance per unit length. The hori 
zontal lines 19 are so arranged that the in 
tersection of the proper vertical line with 
the proper horizontal line will give the ex 
tremity of the vector whose co-ordinates are 
—X, R from the point 1,0. To obtain points 
corresponding to 25 cycle lines, the 50 cycle 
values are taken for the reactance, and since 
this is equal to twice the reactance which 
the line would have at 25 cycles, the resist 
ance per mile is taken as twice R. In this 
way, for 25 cycle lines, instead of plotting 
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the point —X, R, the point —2X,2R is plot 
ted, but the line 17 has exactly the same slo 
as if the point —X, R had been plotted. The 
zero angle line 15 may also be graduated di 
rectly in reactance per mile in ohms, as 
shown on Fig. 1. 
The intersection of the line 17, correspond 

ing to the center line or graduated edge of 
the pivoted arm 16 with the vertical divi 
'sion line 33 conforming to the real compo 
ment of expression (18) gives the extremity 

cosh -VZY, 
which vector will be hereafter designated as 
oc. Although the terms beyond the second 
have been neglected, for obtaining the slope 
of arm 16, it has been found that the ex 
tremity of this vector is quite accurately de 
termined by the method described. This is 
due to the fact that one of the two compo 
ments of the vector of expression (18) is quite 
accurately determined in the first place and 
further that if the imaginary component of 
the expression (18) be accurately obtained 
it would practically coincide in length with 
the distance from the zero angle line 15 to 
the extremity of the vector obtained by the 
foregoing method, measured perpendicular 
ly to the zero angle line. 
The chart 18 used for determining the 

slope of arm 16 has certain novel features. 
It is so arranged that certain electrical prop 
erties of the line, such as its reactance, which 
are dependent upon its physical construction 
may be determined against the ratio 

and the frequency. This is a useful arrange 
ment and saves a great deal of time in cal 
culating the value of the reactance X. 
After the extremity of the vector oc corre 

sponding to the expression (18) has been 
obtained as described above it is necessary 
to add to this vector the other vector occur 
ring in the right hand members of expres 
sions (16) and (17), Considering for the 
moment the case where the vector corre 
sponding to the ratio of eg and er is desired, 
as expressed in relation (16), the supple 
mentary vector to be added to the vector 
already obtained is given by the second 
term of the right hand member of this ex 
pression. It is to be noted that this latter 
expression is a product of several scalar 
quantities and of three vectors. The first 
vector is the unity vector 

and the others are the vectors 2 and 8. 
Therefore to obtain the angle of this sec 
ond vector it is necessary to get the sum 

of the vector 
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spection of the expression (16) has factors 
corresponding to the length of 8, and of 2, 
and also the factor 10-9. The other elements 
entering into the length of this second vec 
tor are 1, the length of the line, KWr, KV. 
and P.F.r. The elements KWF and KVr 
may be grouped as a single factor M and 
may be obtained readily for any given con 
dition at the receiver end. The length of 
the vector 2 is equal to the length of the line 
extending from the point 1,0 along the arm 
16 to the point obtained on the chart. 18. 
This is seen to be true since the two per pendicular components corresponding to X 

* and R have been plotted from the point 1,0 
on the chart 18. When 25 cycle lines are 
considered, only half the value of the read 
ing is taken, since as stated heretofore, the 
values of R and X have been multiplied by 
2, for getting the slope of line 17. The arm 
16 is appropriately graduated as shown in 
Fig. 2 so that this value of the length of 2 
is immediately obtained. The length of 8 
multiplied by the length of the line 1 and 
by 10-4 may be plotted against the fength of 
line at a given frequency of the line, as 
shown in the supplementary table or chart 
28. These values have been given the nota 
tion Q. . As stated heretofore, the value of 
Q is substantially constant for lines of a 
given length and frequency. For more ac 
curate determination of the value of Q 
where odd lengths of lines are used, a curve 
sheet 29 is provided giving the value of 8 
for 25, 50 and 60 cycle lines plotted against 
the length of the line in miles. From the 
pivot point 21 the arm 20 is graduated to 
the same scale as the polar co-ordinate scale 
so that it is possible to mark off the value 
of . . . . . 

QXM × 2 
P??? 

When this is done the extremity of the sec 
ond vector is obtained and furthermore the 
sum of the two vectors corresponding to the 
two vectors of expression (16). Its length 
and direction may be read off from the polar 
co-ordinate chart 11. This value represents 
the ratio of the two vectors ex and er anl 
thus shows the vector relation between the 
generator E.M. F. and the receiver E. M. F., 
as well as the ratios of the absolute value 
of these quantities. The various operations 
described hereinbefore for obtaining this 
value do not take more than a few minutes 
and save an enormous amount of calcula 
tion. It is possible to perform this opera 
tion quickly because the calculator is based 
upon the assumption that the real part of 

cosh -VZY 
as well as the length of vector 3 are variable 
only with the frequency and length of the 

to the power factor, 
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line and substantially independent of the 
other physical constants of the line. These 
assumptions are entirely justifiable and er 
rors in lines up to four or five hundred miles 
or even longer correspond to no more than 
a fraction of one per cent. This degree of 
accuracy is quite sufficient for all ordinary 
purposes. 

Considering now the expression (17), for 
obtaining the vector ratio of the generator 
current to the receiver current, the vector 
represented by the first term of the right 
hand member is exactly the same vector as 
the first term of the right hand member of 
expression (16), which has just been dis- 8 
cussed. It is necessary to add to the first 
vector as obtained previously a second vec 
tor corresponding to the second term of the 
right hand member of expression (17). 
Therefore, the arm 16 is left in the same 8 
place as before as well as the pivot point 
21 which corresponds to the extremity of the 
first vector. Applying the principles of 
multiplication and division of vectors, it is 
evident that the angle of the vector repre 
Sented by the second term is equal to the sum 
of the angles of vector of 8 and of the vector 
y minus the angle of the unit vector 

The slope of vector y is 90° since it repre 
sents the capacity susceptance of the line 
per unit length. Therefore, to obtain this 
setting the arm 20 is rotated until its gradu 
ated edge is perpendicular to the zero angle 
line 15. This setting is represented by the 
dotted line 37 of Fig. 9. From this angle of 
arm 20 must be subtracted the slope of the 
unit vector 

|P.F.47 (+VIEP.F.F]. 
Subtraction means that if the slope of unit 
vector is positive the arm 20 is moved in a 
clockwise direction. If the slope of the unit 
vector is, however, negative, then the arm 
20 must be rotated in a counterclockwise di 
rection. These slopes correspond to power 
factors at the receiver end of the line and 
practically means that for a lagging power 
factor the arm 20 must be rotated in a 
counterclockwise or positive direction, where 
as for leading power factors it must be ro 
tated in a counterclockwise or negative di- i 
rection. The amount of this rotation is ob 
tained with the aid of the disc 26, which has 
divisions corresponding to the power fae 
tor, as shown in Fig. 2. The unity power 
factor line is made to coincide with line 37; 
disc 26 is now held stationary while arm 20 
is rotated to a new position corresponding 

The new position is 
shown by the dotted line 38 of Fig. 9. After 
this setting is obtained it is necessary to add 
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