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1
INTEGER MATRIX MULTIPLICATION
BASED ON MIXED SIGNAL CIRCUITS

BACKGROUND

The present invention relates to the electronic arts, and
more specifically, to techniques and devices for integer
matrix multiplication based on mixed signal circuits. Integer
matrix multiplication is often performed in the digital
domain. For example, a digital Wallace tree is convention-
ally used to perform integer matrix multiplication. While a
Wallace Tree implementation has O(log n) reduction layers
with relatively small propagation delays, digital implemen-
tations are, in general, characterized by substantial costs in
terms of power and device area.

SUMMARY

Principles of the invention provide techniques for integer
matrix multiplication based on mixed signal circuits. In one
aspect, an exemplary method includes the operations of
converting a dot product of two vectors x and w, where each
element x, and w, has m bits, to M=m? one bit by one bit
multiplications, where x, , and w, ,, each have 1 bit; setting
a variable A to floor(M/(27-1)) where M is a count of inputs,
p is an analog resolution, and A is a count of rows of inner
product summation circuits; designing a first stage based on
<A, n*> where n is an input precision of the multiply-
accumulate device; and counting inputs N'v and designing a
second stage with ceiling (N'v/(27-1))>Bv>tloor(N'v/(2°-
1)) analog inputs and Kv=N'v-(27-1)*By, the counting and
designing of the second stage being performed for each bit
position v where v<2*n+p-1, Bv is a quotient of a division
of N'v by 27-1, and Kv is a remainder of the division
operation.

In one aspect, a multiply-accumulate device comprises a
digital multiplication circuit, the digital multiplication cir-
cuit configured to input L. m,-bit multipliers and [ m,-bit
multiplicands and configured to generate N one-bit multi-
plication outputs, each one-bit multiplication output corre-
sponding to a result of a multiplication of one bit of one of
the L m,-bit multipliers and one bit of one of the L m,-bit
multiplicands; a mixed signal adder, the mixed signal adder
comprising: one or more stages, at least one stage configured
to input the N one-bit multiplication outputs, each stage
comprising one or more inner product summation circuits;
and a digital reduction stage coupled to an output of a last
stage of the one or more stages and configured to generate
an output of the multiply-accumulate device based on the L.
m, -bit multipliers and the L m,-bit multiplicands.

In one aspect, a non-transitory computer readable medium
comprises computer executable instructions which when
executed by a computer cause the computer to perform the
method of converting a dot product of two vectors x and w,
where each element %, and w, has m bits, to M=m? one bit
by one bit multiplications, where x, ,, and w, , each have 1
bit; setting a variable A to floor(M/(27-1)) where M is a
count of inputs, p is an analog resolution, and A is a count
of rows of inner product summation circuits; designing a
first stage based on <A, n*> where n is an input precision of
the multiply-accumulate device; and counting inputs N'v
and designing a second stage with ceiling (N'v/
(27-1))>Bv>tloor(N'v/(27-1)) analog inputs and Kv=N'v-
(22-1)*Byv, the counting and designing of the second stage
being performed for each bit position v where v<2*n+p-1,
Bv is a quotient of a division of N'v by 271, and Kv is a
remainder of the division operation.
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2

As used herein, “facilitating” an action includes perform-
ing the action, making the action easier, helping to carry the
action out, or causing the action to be performed. Thus, by
way of example and not limitation, instructions executing on
one processor might facilitate an action carried out by
instructions executing on a remote processor, by sending
appropriate data or commands to cause or aid the action to
be performed. For the avoidance of doubt, where an actor
facilitates an action by other than performing the action, the
action is nevertheless performed by some entity or combi-
nation of entities.

One or more embodiments of the invention or elements
thereof (e.g. design processes) can be implemented in the
form of a computer program product including a computer
readable storage medium with computer usable program
code for performing the method steps indicated. Further-
more, one or more embodiments of the invention or ele-
ments thereof can be implemented in the form of a system
(or apparatus) (e.g., a computer) including a memory, and at
least one processor that is coupled to the memory and
operative to perform exemplary method steps. Yet further, in
another aspect, one or more embodiments of the invention or
elements thereof can be implemented in the form of means
for carrying out one or more of the method steps described
herein; the means can include (i) hardware module(s), (ii)
software module(s) stored in a computer readable storage
medium (or multiple such media) and implemented on a
hardware processor, or (iii) a combination of (i) and (ii); any
of (1)-(iii) implement the specific techniques set forth herein.

Techniques of the present invention can provide substan-
tial beneficial technical effects. For example, one or more
embodiments may provide one or more of the following
advantages:

improved, energy efficient mixed-signal Wallace tree

reduction (compared to a conventional digital Wallace
tree reduction);

improved charge-sharing 1-bit adders (also referred to as

a pop counters herein) for use in an inner product
summation circuit;
embodiments exhibiting a 5x improvement in energy
efficiency (in terms of tera operations per second per
Watt (TOPS/W)) at a similar device area compared to
a conventional digital implementation;

optimally sized and optimally combined unit components
of full designs that operate at optimized metrics (such
as power and/or area) for a given system-level speci-
fication (such as bit error rate);

improved design process of integrated circuits resulting

from the use of the improved, energy efficient mixed-
signal Wallace tree reduction; and

improved performance of integrated circuits designed

using aspects of the invention, as compared to those not
designed using aspects of the invention.

These and other features and advantages of the present
invention will become apparent from the following detailed
description of illustrative embodiments thereof, which is to
be read in connection with the accompanying drawings.

BRIEF DESCRIPTION OF THE DRAWINGS

FIG. 1A is a graph of power versus output signal-to-noise
ratio (SNR), in accordance with an example embodiment;

FIG. 1B is an example deep neural network accelerator, in
accordance with an example environment;

FIG. 2A illustrates a mathematical transformation to
enable a multiply-accumulate operation based on mixed
signal circuits, in accordance with an example embodiment;



US 11,809,837 B2

3

FIG. 2B illustrates a high-level block diagram of a mixed
signal circuit for performing integer matrix multiplication,
in accordance with an example embodiment;

FIG. 3 is a schematic diagram of the example charge-
sharing pop counter, in accordance with an example embodi-
ment;

FIG. 4 is a high-level block diagram of an example
compression tree, in accordance with an example embodi-
ment;

FIG. 5 is a low-level block diagram of an example
compression tree having a plurality of analog compression
stages, in accordance with an example embodiment;

FIG. 6A is a low-level block diagram of an example
compression tree, in accordance with an example embodi-
ment;

FIGS. 6B and 6C illustrate the general implementation of
an example two-stage mixed-signal summation for arbitrary
input sizes, in accordance with an example embodiment;

FIG. 7 is a flowchart for an example method to determine
the size of the stages based on a given number M of inputs,
in accordance with an example embodiment;

FIG. 8A illustrates a first graphical representation of the
count of terms for the second stage, in accordance with an
example embodiment;

FIG. 8B illustrates a second example graphical represen-
tation of the count of terms for the second stage, in accor-
dance with an example embodiment;

FIG. 9 is a schematic diagram of a first example charge-
sharing pop counter, in accordance with an example embodi-
ment;

FIG. 10 is a schematic diagram of a second example
charge-sharing pop counter for the inner product summation
circuit, in accordance with an example embodiment;

FIG. 11 is a flowchart for an example method for opti-
mizing the size of the inner product of the equation of FIG.
2A, in accordance with an example embodiment;

FIG. 12 depicts a computer system that may be useful in
implementing one or more aspects and/or elements of the
invention;

FIG. 13 is a flow diagram of a design process used in
semiconductor design, manufacture, and/or test;

FIG. 14 shows further aspects of IC fabrication from
physical design data; and

FIG. 15 shows an exemplary high-level Electronic Design
Automation (EDA) tool flow, within which aspects of the
invention can be employed.

DETAILED DESCRIPTION

Generally, methods, devices, and systems for integer
matrix multiplication based on mixed signal circuits (a
combination of digital and analog domain circuits) are
disclosed. Many workloads, including deep neural network
(DNN) applications, require a large number of matrix mul-
tiplications which typically use multiply-accumulate opera-
tions. FIG. 1A is a graph 100 of power versus computation
precision for digital and analog implementations of accu-
mulate operations. As illustrated in FIG. 1A, embodiments
of the present invention recognize a trend that accumulate
operations are generally inefficient in digital embodiments,
but extremely efficient in the analog (charge) domain. In one
example embodiment, by combining digital techniques for
multiplication and analog techniques for charge domain
accumulation, an efficient multiply accumulate operation is
attained.

FIG. 1B is an example deep neural network accelerator
150, in accordance with an example environment. The
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4

matrix multiplication engine 154 performs computations
corresponding to convolution layers and fully-connected
layers, which can typically be performed using low preci-
sion integer computations on data from memory 158.
Results are then forwarded via output FIFO 162 to a special
functions unit 166 that performs computations correspond-
ing to activation functions, such as batch normalization,
sigmoid functions, rectified linear unit functions and Soft-
Max functions. These typically need to be performed in
high-precision to preserve the accuracy of the deep neural
networks that are mapped to the accelerator. Matrix multi-
plication represents the bulk of the computation in deep
neural network workloads, and the matrix multiplication
engine 154 can consume up to 80% of the total power
consumed by the accelerator. The low-precision integer
computations being performed in the matrix multiplication
engine 154 can be performed by an engine operating at least
partially in the analog domain, that can result in an accel-
erator with lower total power consumption compared to an
accelerator that performs the entirety of its computations in
the digital domain, utilizing digital circuits.

FIG. 2A illustrates a mathematical transformation 200 to
enable a vector dot product (also referred to as an inner
product herein; attained by a repeated multiply-accumulate
operation) based on mixed signal circuits, in accordance
with an example embodiment. In the example of FIG. 2A,
each four bit by four bit product (4b*4b) is split into 16 one
bit by one bit products (1b*1b). The left-side equation
mathematically represents the dot product of two vectors x
and w, each of size 256, where elements x, and w, each have
4 bits, and the right-side equation mathematically represents
the 1b*1b multiplication, where x, ,, and w, ,, each have 1
bit. Dot products of vectors x and w, where elements x, and
w, each have a different number of bits, are also supported,
as described more fully below.

The bit-wise product is performed first, and then the
summation is performed based on the weights of the bits. In
essence, the 4-bit by 4-bit term is split into 16 one-bit
products, and the one-bit products are accumulated
(summed) and then appropriately scaled by a power of two
by the outer summation to generate an aggregate sum. Based
on power considerations, the 1b*1b multiplication is per-
formed in the digital domain, the inner summation of the
1b*1b multiplication is performed in the analog domain, and
the outer summation is performed in the digital domain. The
inner summation is performed in the analog domain as this
is where analog circuitry outperforms digital circuitry in
terms of power. The 16-way addition is performed in the
digital domain as there is little advantage to doing this in the
analog domain. In one example embodiment, the inputs and
outputs of the inner summation are digital. Other embodi-
ments could use different splits between analog and digital
domains.

FIG. 2B illustrates a high-level block diagram of a mixed
signal circuit 250 for performing integer matrix multiplica-
tion, in accordance with an example embodiment. Each bit
of the digital input x; and the corresponding bit representing
the digital weight w, are input into one of the 16 1-bit
multiplying pop-counters 254-1, . . . , 254-15, 254-16
(collectively referred to as pop-counters 254 herein). The
digital partial sums (16 8-bit words=128 bits) generated by
the pop-counters 254 are input into a digital reduction circuit
258 which performs the outer summation to generate the
output R ,,, (13 bits). Note that the analog accumulation is
done at the same precision as a conventional digital accu-
mulation.
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The analog multiplying pop-counter circuit 254 can be
designed such that its resolution is equal to or finer than a
single level of the input, and with a specified noise margin.
Hence, the nominal operation results in the same output
result as that computed by a conventional digital circuit
(with no precision degradation). Moreover, noise margin can
be specified such that an arbitrary low bit error rate (BER)
is obtained for a one pop-counter operation. This, in turn,
translates to a controlled arbitrary low computation error for
a full multiply-accumulate operation and for a full neural
network operation, as depicted in FIG. 1B. Furthermore in
this regard, assuming all noise is Gaussian, consider how
much smaller the total noise sigma from ALL noise sources
(namely CDAC component mismatch, thermal noise “kT/C”
in capacitors and thermal noise in the comparator decision
threshold) should be vs. CDAC voltage level separation (by
1 LSB) to achieve a given conversion BER target, with a
ratio of 1:10 (for BER about 1e-9) being typical (one noise
sigma being 1/10 of level separation to get such BER).

FIG. 3 is a schematic diagram of the example charge-
sharing pop counter 300, in accordance with an example
embodiment. The example charge-sharing pop counter 300
of FIG. 3 is an example of a 1-b multiplying pop-counter
254. As with the pop-counter 254, the inputs and outputs of
the charge-sharing pop counter 300 are digital and the
charge-sharing pop counter 300 performs 255 1b*1b mul-
tiplications and a single summation. Digital AND gates
312-1, 312-2, . . ., 312-255 (collectively referred to as AND
gates 312 herein) provide a multiplication operation X,*w,.
A summation of the outputs of the AND gates 312 via charge
sharing by capacitors 320-1, 320-2, . . . , 320-255 (collec-
tively referred to as capacitors 320 herein) is performed by
input capacitive digital-to-analog converter 316 (also
referred to as CDAC 316 herein).

During normal operation, a reset switch 304 is initially
closed. Each of the capacitors 320 that correspond to an
AND gate 312 that has a logic one output will charge via its
lower plate and each of the capacitors 320 that correspond
to an AND gate 312 that has a logic zero output will not
receive any charge. The reset switch 304 is then opened,
trapping the charge, if any, in the corresponding capacitor
320. Thus, the total charge at node 1 will represent the
summation of the 1b*1b multiplications.

A successive approximation register analog-to-digital
converter 324 (also referred to as SAR ADC 324 herein)
then converts the total charge at node 1 to a digital value by
matching the voltages V, at node 1 and V at node 2 and
generating the corresponding binary weighted output D[7:
0]. The matching operation is performed by successively
comparing the V; and V voltages as binary search logic 328
generates different digital values on the binary weighted
output D[7:0]. Note that the capacitors 332-1, 332-2,
332-3, ..., 332-8 (collectively referred to as capacitors 332
herein) are weighted in accordance with the corresponding
digital data bit D,. Thus, the capacitor 332-1 has a capacitive
weight of one and the capacitor 332-8 has a capacitive
weight of 128. The voltage V; is thus proportional to the
input sum and the voltage V; is proportional to the value of
the digital code D[7:0]. Once V, equals V, the value of the
digital code represents the value of the summation of the
multiplication of the input pairs.

FIG. 4 is a high-level block diagram of an example
compression tree 400, in accordance with an example
embodiment. The compression tree 400 is implemented
using mixed signals and mixed signal circuits, that is, using
digital and analog signals with circuits in the digital and
analog domains. A conventional Classic Wallace tree using
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full adders performs a 2°~1—>2 compression. As illustrated
in FIG. 4, a modification is made to the Wallace tree inner
product of n-bit integer vectors X, W, each with M terms. As
described above, the 1b*1b multiplier 404 is implemented in
the digital domain. An analog charge domain adder 408
performs the analog summation and is, in essence, a com-
pression tree. The analog charge domain adder 408 of the
compression tree 400 performs a 2?-1—sp compression,
where 27 is the dynamic range of the analog charge domain
adder 408. In the example of FIG. 3, the analog resolution
p equals 8. Thus, the 255 inputs are compressed to eight
outputs. If the resolution of the analog charge domain adder
408 is, for example, five bits, the analog implementation
performs a 2°~1—5 compression, or 31—5 compression. As
the number of inputs of the analog block is one less than a
power of 2, and the number of outputs of the digital stage,
N, is usually a power of 2, the remaining N-(2¢-1) outputs
of the digital stage of the multiplier 404 are routed to the
output digital reduction stage 412 where they are summed
with the outputs of the analog stage 408.

FIG. 5 is a low-level block diagram of an example
compression tree 500 having a plurality of analog compres-
sion stages 504-1, 504-2 (collectively referred to as stages
504 herein), in accordance with an example embodiment.
More specifically, the compression tree can be built out of a
combination of cascaded analog and digital stages. In gen-
eral, the more efficient analog stages 504 should be placed
first (note that the interfaces between analog stages 504 are
digital). Using an arbitrary size of input precision and
arbitrary size of the analog resolution, the widths of the
different stages 504-1, 504-2 are determined. Similar to the
embodiment described in FIG. 4, the remaining inputs of the
first stage 504-1 that cannot be mapped to one of the analog
compression circuits 530-x of the second stage 504-2 are
bypassed and routed to the digital reduction stage 412. If the
number of outputs of the digital stage is N and the number
of inputs to the first stage 504-1 is N'=L.*(27-1) where L is
the count of analog compression units 530 of the first stage
504-1, then (N-N") bits are bypassing the first stage 504-1.
Similarly, (N-N")/X bits are bypassing the second stage
504-2.

For example, let X be the compression ratio of the analog
stages 504 where X=p/log,p. In one example embodiment,
the output of the first stage 504-1 of the analog charge
domain adder 408 feeds into the second stage 504-2 of the
analog charge domain adder 408. As illustrated in FIG. 5, the
N outputs of the 1b*1b multiplier 404 are reduced by the
first stage 504-1 (including analog compression units 530-
1-1, 530-1-2, . . ., 530-1-L) to N'/X bits for input to the
second stage 504-2 (including analog compression unit
530-2-1), where X is the number of inputs to the 1b*1b
multiplier 404. The output of the second stage 504-2 is
reduced to N"/X bits (e.g. by a digital reduction circuit but
see discussion below wherein outputs of an array of analog
compressors (of both layers) (e.g. 530-2-1) should be per-
fectly applicable as inputs to the next block 516 “Digital
Compression” as-is) and then compressed by digital com-
pression circuit 516 prior to input to the digital reduction
stage 412. Note that the interfaces between the stages 504-1,
504-2 are digital so that cascading multiple stages 504 is
straight-forward. It is noted that a digital Wallace tree can be
used if the required compression is not a multiple of the
analog stage compression ratio, as described more fully
below.

In one example embodiment, the digital reduction stage
412 converts an input bit array consisting of multiple bits
having different binary weights (powers of 2), where there
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is at least one binary weight with two or more bits that have
that weight, into a single binary number, i.e. a bit array
where, for each binary weight, there is only one bit.

A digital reduction stage 412 generally includes two
cascaded stages: a Wallace tree stage 516 (also referred to as
digital compression stage 516 herein) and a binary adder
stage 517 (see the right-hand side of FIG. 4). The first stage
of'the digital reduction stage 412 is only necessary when the
input of a digital reduction stage 412 has, for at least one
binary weight, more than two single-bit inputs, with an
exception of the least significant bit (LSB), where three
input bits with a weight of 1 may occur without a need to use
a Wallace tree stage 516. The second stage (the binary adder
stage 517) needs its input expressed as two binary numbers
(that is, for each binary weight, there will be two single-bit
inputs) with an exception of the least significant bit that has
an extra single-bit input, known as a Carry-In, so that three
input bits with a weight of 1 can be accepted.

Consider the splitting of a digital reduction stage 412 into
the sub-stages of 1) Wallace tree 516 (digital compressor not
dealing with carry propagation) and ii) binary adder 517
(devoted mostly to carry propagation, an expensive digital
function). As will be appreciated by the skilled artisan,
Wallace tree stages 516 are commonly cascaded whenever
data streams merge, since a given Wallace tree completes its
function once it reduces its input data to two binary num-
bers. As soon as one adds MORE data to that data array, i.e.
one has more than two bits of the same binary weight, the
Wallace tree can proceed with more operations. Thus, a
binary adder 517 is typically grouped with the LAST
Wallace tree stage 516 of a cascade of multiple Wallace tree
stages into a single “digital reduction stage” 412. The skilled
artisan will appreciate that, since the outputs of an array of
analog compressors (of both layers) (e.g. 530-2-1 in FIG. 5)
should be perfectly applicable as inputs to the next block 516
“Digital Compression” as-is, block 516 then reduces its
input data to two binary numbers, and then these two binary
numbers are merged with more data from, e.g., 1x1b mul-
tipliers (since analog compressors typically cannot consume
a small portion of that data initially due to mismatch in
allowable data array width at their inputs), so more Wallace
tree 516 operations are appropriate before binary adder 517
can complete the computation, and thus that last Wallace tree
stage 516 and binary adder 517 are encapsulated in the box
labeled 412 (digital reduction stage).

The rightmost block on both FIG. 6A and FIG. 6B can
include, for example, a digital compression stage 412,
including Wallace tree stage 516 and binary adder 517 such
a seen in FIG. 4. Blocks further to the left from it can include
more Wallace tree stages 516 that are cascaded, as explained
above. The box 412 in FIG. 4 is explicitly depicted as a
cascade of two boxes 516 and 517, and is typical of what can
be done elsewhere as appropriate.

The digital compression stage 516 (Wallace tree stage
516) of a digital reduction stage includes 1-bit full adder
(FA) gates that have three single-bit inputs (assumed having
equal weight of 1) and two outputs called sum and carry,
which have different weights: sum has the same weight as
the corresponding inputs, i.e. 1, while carry has a x2 larger
weight, i.e. 2, and thus belongs to the next binary digit. By
passing three equally weighted bits thru one full adder, a
reduction of the total number of bits by one is achieved, from
three to two. An important property of a Wallace tree is that
the number of cascaded FA gate layers necessary to com-
plete the compression process (when, for each binary
weight, there is no more than two single-bit outputs, with the
aforementioned exception for the LSB) is generally small,
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particularly when its N-bit input array is presented as a set
of M K-bit binary words (M=N/K), then the number of FA
layers is log(M) while the total number of FA gates within
those layers is N-2*(K+log,(M)), where K+log,(M) is the
number of bits in each output operand after compression
completes (it always takes one FA gate to compress the input
N-bit array by one bit). Once the input array is compressed
into two binary words (plus, optionally, one extra L.SB bit)
by the Wallace tree, further digital reduction needs a differ-
ent strategy since it involves a process of carry propagation
where, for reduction of latency, a binary adder with an
accelerated carry propagation would commonly be
employed, such as a Kogge-Stone Adder (KSA), which is a
technique that allows completion of the process of the
addition of two K-bit numbers by cascading only log,(K)
gate stages. In contrast, in the most basic architecture (“carry
ripple through”) that uses a uniform chain of K FA gates, K
stages would be used to complete the addition, a significant
difference when K is large (such as greater than 16 bits).

FIG. 6A is a low-level block diagram of an example
compression tree 600, in accordance with an example
embodiment. The compression tree 600 is based on a
specified input precision (n=4), input size (M=1024), and
compression ratio (p=5). In the example embodiment of
FIG. 6A, the output of the first stage 504-1 is an optimal fit
for the second stage 504-2, where there are 22 rows of inner
products summation circuits 520-1-1-1, . . . |
520-1-1-16, . . . , 520-1-32-1, . . . , 520-1-32-16,
520-2-1-1, .. ., 520-2-1-80 (collectively referred to as inner
products summation circuits 520 herein) and M=2% inputs.
The implementation of the inner product summation circuit
520 is detailed in FIGS. 9 and 10. The output of the first
stage 504-1 is optimal as it corresponds directly to a multiple
number of the inner product summation circuits 520 of the
second stage 504-2 (that is, an integer number of second
stage inner product summation circuits 520). Note that from
an implementation perspective, in one or more embodiments
it may be appropriate to limit the count of inputs for the
charge-sharing pop counter 300 to, for example, 31 inputs.

General Reduction Method

In the case where M=2%? (that is, where the count of
outputs of the stage 504-1 does not correspond to an integer
number of inner product summation circuits 520 of the stage
504-2), the partial products generated at the end of the first
stage 504-1 will be partially combined with analog com-
pression and partially combined with a digital Wallace tree.
The analog stages 504-1, 504-2 can accept 2°-1 inputs, or a
lower number, at the cost of energy efficiency (e.g., “zeroed”
inputs and/or the use of a reduced most significant bit (MSB)
in the successive approximation register (SAR) feedback).
Note that one could use three or more stages 504 but, as the
width (which is proportional to power) of each stage 504 is
reduced by 27-1/p at each stage 504, the optimization of
further stages 504 results in an exponentially lower power
improvement and, thus, becomes less effective to implement
in analog.

FIGS. 6B and 6C illustrate the general implementation of
an example two-stage mixed-signal summation for arbitrary
input sizes, in accordance with an example embodiment. In
the general implementation of FIGS. 6B and 6C, n denotes
the precision (the number of bits) of the inputs (assuming
identical weights and data precision), M denotes the number
of data inputs X and the number of weight inputs W
(size(W)=size(X)=M), p denotes the resolution of each of
the analog compression circuits (i.e., each inner product
summation circuit 520-1-1-1, . . ., 520-1-1-»>, . . .,
520-1-A-1,...,520-1-A-n . ..,520-2-1, ...,520-2-(1+B)



US 11,809,837 B2

9

has 27" 1-bit inputs and one p-bit output). The output of the
second stage 520-2 comprises a number of outputs X Bi each
of p bits as well as 2,Ki of variable bit count. These outputs
can be added digitally. Each output is multiplied by 2" where
v is as defined in FIGS. 8A and 8B. This multiplication can
be implemented with zero padding. Each of the outputs can
be added through full-adder logic gates to reduce to a single
signal of a number of bits log,(Mn?). As the number of
inputs of the first stage 504-1 is a multiple of 27-1, while the
output N of the first stage 504-1 is typically a power of 2, a
number N-A(27-1) of the outputs of the digital multiplica-
tion circuit 404 is connected to the final summation stage.
The final summation stage reduces the N-A(2°-1) 1-bit
inputs to one log,(N-A(27-1))-bit output though a conven-
tional Wallace-tree reduction, as previously described
above. Finally, the two signals are added through full-adders
gates to generate one output of log,(M=n?) bits. It is worth
noting that, as the digital compression is performed in the
second stage 504-2, there is no need for a bypass of the
second stage 504-2, unlike the case of FIG. 5,1.e. N'=N". As
noted above, the multiplication is implemented digitally
bitwise. This results in a number N of outputs N=M*n>. For
each of the n* combinations of bitwise products of weights
j and k, the terms can be grouped and routed to a set of first
stage inner product summation circuits 520. For each com-
bination, there are M input terms and, hence, A=floor(M/
(2-1)) inner product summation units (each with 27-1
inputs) are provided for each of the n* combinations. Hence,
the output of the first stage 504-1 is composed of A*n terms
of p bits each, and of binary weight j+k, as summarized in
equation 680-1 of FIG. 6C.

Each of the p-bit outputs, denoted as C(uk,j), can be
broken bitwise for further summation. If we note 1 as the
index of the 1-th bit of C(u.k,j), the total bit weight of the
term is v=1+j+k, ranging from 0 to 2n+p-3. For each v, there
are N'v individual terms of weight v out of the A*p*n® bit
outputs of the first stage 504-1.

The number of terms N'v can be derived from equation
680-2 of FIG. 6C. N'v corresponds to A times the number of
combinations of (1, j, k) chosen in [0; p-1]x[0; n-1]x[0;
n-1] of sum 14j+k=v. For example, for A=1, n=2, and p=5,
N'0=1, N'1=3, N"2=N"3=N'4=4, N'5=3, and N'6=1.

The first part of equation 680-3 of FIG. 6C illustrates how
the outputs of the first stage 504-1 are broken bit by bit
(terms C(u, j, k)[1]) and are grouped in the second stage
504-2 by identical binary weights v and summed together by
group. As seen in the second part of equation (3), the sum for
each term N'v can be broken into By groups of 2°-1 inner
products of individual inputs C(u', j', k")[1'] and Ki additional
terms, summed in a conventional digital manner (i.e.
N'v=Bv*(27-1)+Kv). FIGS. 8A and 8B, described more
fully below, illustrate different combinations of parameters
resulting in different N', B and K combinations. The outputs
of each same level v can then be summed digitally, then
combined with the outputs of the different levels, as depicted
in the outer sum of equation 680-3.

FIG. 7 is a flowchart for an example method 700 to
determine the size of the stages 504-1, 504-2 based on a
given number M of inputs, in accordance with an example
embodiment. The method 700 is beneficial to, for example,
implement the design of the mixed signal circuit 250 for
multiple values of n and M and to improve productivity
when, for example, multiple designs are being created. The
count of output bits of the multiplication stage is N=M*n>.
Given that each inner product summation circuit 520 sup-
ports 2°—1 input bits for a 1b*1b multiplication, there are
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M/(2#-1) “rows” of inner product summation circuits 520,
where each “row” includes 27 inner product summation
circuits 520.

In one example embodiment, variable A is set to floor
(M/(27-1)) where M is the count of inputs (operation 704),
that is, variable A (the count of “rows” of inner product
summation circuits 520) is set to M divided by the com-
pression ratio of stage 504-1 (27-1), which is based on the
analog resolution p. The first stage 504-1 is designed based
on <A, n*> (operation 708). For each bit position v, v<2*n+
p-1, count the number of inputs N'v and create the second
stage 504-2 with ceiling (N'v/(27-1))>Bv>floor(N'v/(27-1))
analog inputs; and Kv=N'v-(27-1)*Bv (operation 712). For
each v, N'v=Bv*(2°-1)+Kv; thus, Bv is the quotient of the
division of N'v by 2-1 and Kv is the remainder of that
division. If less than one full inner product summation
circuit 520 is needed, digital implementation of the inner
product summation circuit 520 is used.

FIG. 8A illustrates a first graphical representation 800 of
the count of terms for the second stage 504-2, in accordance
with an example embodiment. In the example of FIG. 8A,
n=2, p=6, M=6,144 (6144 inputs), N=24,576 (24,576 out-
puts from stage 504-1), A=96 (96 “rows” of inner product
summation circuits 520 in stage 504-2), and

N ,v:96212052}F012j:0161+j+k—v'

The eight bins labeled v=0 to v=7 represent the count of
terms corresponding to each weight value for the stage
504-2. Bin v=0 represents the count of terms for the product
of the two least significant bits, bin v=7 represents the count
of'terms for the product of the two most significant bits, and
the remaining bins represent the count of terms of the
remaining combinations of input bits. Since there are 96
“rows” of inner product summation circuits 520 for stage
504-2, there are 96 partial sums in bins v=0 and v=7, 288
partial sums in bins v=1 and v=6, and 384 partial sums in
bins v=2 through v=5. As illustrated in FIG. 8 A, most of the
summations are performed in the analog domain (lower
blocks having a upper-left to lower-right cross-hatching);
the summations that exceed a multiple of the count of inputs
for an inner product summation circuit 520 or that require a
small amount of power to perform are handled in the digital
domain (upper blocks having a lower-left to upper-right
cross-hatching).

FIG. 8B illustrates a second example graphical represen-
tation 850 of the count of terms for the second stage 504-2,
in accordance with an example embodiment. In the example
of FIG. 8B, n=4, p=5, M=256 (256 inputs), N=4096 (4,096
outputs from stage 504-1), A=8 (8 “rows” of inner product
summation circuits 520 in stage 504-2), and

Nv=8%, "%, %, 5’

ey

The eleven bins labeled v=0 to v=10 represent the count
of terms corresponding to each weight value for the stage
504-2. Bin v=0 represents the count of terms for the product
of the two least significant bits, bin v=10 represents the
count of terms for the product of the two most significant
bits, and the remaining bins represent the count of terms of
the remaining combinations of input bits. Since there are 8
“rows” for stage 504-2, there are 8 partial sums in bins v=0
and v=10, 24 partial sums in bins v—1 and v=9, and the like.
As illustrated, many of the products are handled in the
analog domain; the summations that exceed a multiple of the
count of inputs for an inner product summation circuits 520
or that require a small amount of power to perform are
handled in the digital domain. The cross hatchings are
reversed in FIG. 8B as compared to FIG. 8A.
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FIG. 9 is a schematic diagram of a first example charge-
sharing pop counter 900, in accordance with an example
embodiment. The example charge-sharing pop counter 900
of FIG. 9 is an example of a 1-b multiplying pop-counter
254. The inputs and outputs of the charge-sharing pop
counter 900 are digital and the charge-sharing pop counter
900 performs 255 1b*1b multiplications and a summation.
In one example embodiment, the charge-sharing pop counter
900 includes an input capacitive DAC 904 (also referred to
as capacitive digital-to-analog converter (CDAC) 904
herein) and a feedback successive approximation register
analog-to-digital converter 956 (also referred to as SAR
ADC 956 herein). The SAR ADC 956 is reduced based on
C,=C, /4 (the reference voltages are adjusted according to
V rem=(5/4) V g ). The operation of the charge-sharing pop
counter 900 can be impacted by non-linearity of the com-
parator input capacitance. Note that the circuit embodiments
can be implemented as either differential or single-ended.

Digital AND gates 912-1, 912-2, . . ., 912-254, 912-255
(collectively referred to as AND gates 912 herein) provide a
multiplication operation x,*w,. A summation of the outputs
of the AND gates 912 is performed via charge sharing by
capacitors 920-1, 920-2, . . ., 920-254, 920-255 (collectively
referred to as capacitors 920 herein) by input CDAC 904.

Initially, the outputs of the AND gates 912 represent the
results of the multiplication operations and control switch
pairs 916-1, 916-2, . . ., 916-254, 916-255 (essentially a
single pole, double throw switch; collectively referred to as
switch pairs 916 herein). Each of the capacitors 920 that
corresponds to an AND gate 912 that has a logic one output
will charge via one plate and each capacitor of the capacitors
920 that correspond to an AND gate 912 that has a logic zero
output will not receive any charge. During that first “sam-
pling” step, the node 1 reset switch 948 (also referred to as
input precharge switch 948 herein) is closed and the transfer
switch 940 is open. The node 2 is reset at the same time via
a reset switch 952 (also referred to as output precharge
switch 952 herein). Hence the voltages at node 1 and node
2 are both reset to a known value. Then, during the “transfer”
step, the transfer switch 940 and reset switch 952 are open,
leaving node 1 and node 2 floating. Immediately after, the
left inputs of the capacitors 920 are brought to a fixed value
(e.g. all the control switch pairs 916 are connected to
ground). This results in a voltage at node 1 proportional to
the sum of the inputs applied during the previous sampling
stage. During the transfer step, the transfer switch 940 is
then closed equating the voltages on nodes 1 and 2. This
results in a voltage at node 2 proportional to the input code,
attenuated by a factor equal to Cin/(Cin+Cu). Hence, the
value of Cu is chosen to be smaller than that of Cin (e.g.
Cu=1/4 Cin).

The SAR ADC 956 converts the total charge at node 2 to
a digital value by performing a binary search and matching
the voltages V, at node 2 and V- to generate a binary
weighted output D[7:0]. The matching operation is per-
formed by removing charge from node 2 until it is all
removed via output switch pairs 936-0, 936-1, . . . , 936-6,
936-7; the SAR ADC 956 successively compares the V, and
V rer voltages as the SAR controller 928 generates different
digital values on the binary weighted output D[7:0]. Note
that capacitors 932 are weighted in accordance with the
corresponding digital data bit D,. Thus, the capacitor 932-0
has a capacitive weight of one, the capacitor 932-1 has a
capacitive weight of two, the capacitor 932-6 has a capaci-
tive weight of 64, and the capacitor 932-7 has a capacitive
weight of 128. Once V, equals V.. as determined by
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comparator 944, the value of the digital code represents the
summation of the multiplication of the inputs.

In the example embodiment of FIG. 9, as the input stage
of the charge-sharing pop counter 900 (including AND gates
912 and the input capacitive DAC 904) is only used during
two operating cycles, while the SAR stage (the SAR ADC
956 includes the successive approximation register digital-
to-analog converter (SAR DAC) 908, the comparator 944,
and the SAR controller 928) is used during p+2 cycles (such
as 10 cycles in the example embodiment of FI1G. 9), a single
input stage can serve multiple SAR stages, with the transfer
switch 940 connecting the input stage alternatively to dif-
ferent SAR stages, improving the processing bandwidth.

Note that the absolute level (“common mode”) of the
voltages on nodes 1 and 2 can be adjusted by changing the
reference voltage at which the nodes are reset (the top input
of the reset switch 948 and the reset switch 952) and/or by
changing the fixed digital code applied to the left plate of the
capacitors 920 and/or the bottom plate of capacitors 932
during the transfer stage. This adjustment can be used to
guarantee that the voltage at nodes 1 and/or 2 does not
exceed a given maximum voltage or go below a given
minimum voltage.

FIG. 10 is a schematic diagram of a second example
charge-sharing pop counter 1000 for the inner product
summation circuit 254, in accordance with an example
embodiment. The embodiment of FIG. 10 exhibits more
non-linearity tolerance than the embodiment of FIG. 9, as
the same circuits are used for input conversion and feedback
approximation. Note that embodiments of the charge-shar-
ing pop counter 1000 can be either differential or single-
ended.

As illustrated in FIG. 10, p=5 (31 inputs). The bottom
plate of each of capacitors 1020-1, 1020-2, 1020-3, . . .,
1020-16, . . ., 1020-31 (collectively referred to as capacitors
1020 herein) is coupled to a corresponding pair of transmis-
sion gates 1016-1, 1016-2, 1016-3, . . ., 1016-16, . . .,
1016-31 (collectively referred to as transmission gates 1016
herein), where one gate of each pair of the transmission
gates 1016 is coupled to V4 (ground) and the other gate of
the pair of the transmission gates 1016 is coupled to Vzp.
The top plates of all capacitors 1020 are connected to a
common node net 1032. A precharge switch 1004 is con-
figured to connect the common node net 1032 to a V,,
voltage source (which is independent of V). The voltage
Ve 18 set to the natural common-mode voltage of the
comparator 1024, the voltage at which the comparator 1024
is most likely to have the best sensitivity/noise characteris-
tics. The comparator 1024 is differential; its negative node is
attached to the common node net 1032 of the capacitor bank,
while its positive node is connected directly to a V,,
voltage source.

As illustrated in FIG. 10, the same bank of capacitors
1020 is utilized for both input summation and SAR conver-
sion. This alleviates the issues related to charge sharing
attenuation as well as capacitor non-linearity. During the
input summation phase, the capacitors 1020 are controlled
individually, while during the SAR conversion operations,
the capacitors 1020 are controlled in a binary weighted
manner.

During the first operating phase, the precharge switch
1004 is closed, such that Vg, ,, the voltage at common node
net 1032, is equal to V ,,, and the inputs of the comparator
1024 are effectively electrically shorted. Simultaneously, the
product of each pair of inputs A,, W, is computed by digital
AND gates 1012-1, 1012-2, 1012-3 . . ., 1012-16, . . .,
1012-31 (collectively referred to as AND gates 1012 herein)
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and applied to the bottom plate of each of the capacitors
1020 individually by switching the sum switch of each
switch pair 1008-1, 1008-2, 1008-3 . . . , 1008-16, . . .,
1008-31 (collectively referred to as switch pairs 1008
herein) to be closed and the SAR switch to be open. The
bottom plate of each of the capacitors 1020 is charged to
either V. or OV at the end of the first phase of operation,
depending on the logical output of the corresponding AND
gate 1012. Thus, each capacitor 1020 stores the charge
Q~CAS W,V rpr=V cap)-

During the second operating phase, the precharge switch
1004 is first opened and the common node net 1032 con-
necting the top plates of the capacitors 1020 is allowed to
electrically float. Next, the switch pairs 1008 are configured
to pass the output of the SAR controller 1028 (the sum
switch of each switch pair 1008 is opened and the SAR
switch of each switch pair 1008 is closed) such that the data
output of the SAR controller 1028 controls the configuration
of the transmission gates 1016. The capacitor bank is
configured as an array of five binary weighted capacitances
in this phase, i.e. the first capacitor 1020-1 is connected to
the least significant bit (LSB) DO output of the SAR con-
troller 1028, capacitors 1020-2 and 1020-3 are connected to
the second bit D1 output of the SAR controller 1028, . . . and
capacitors 1020-15 to capacitors 1020-31 are connected to
the most significant bit (MSB) D4. In this second cycle of
the second phase, the output code of the SAR controller
1028 is set to a mid-value, i.e. D<4:0>=10000b. As a result,
half of the capacitors 1020 are connected to V- and the
common node net 1032 V., value is proportional to
Veer15-ZA*W,).

Next, the comparator 1024 makes the first MSB binary
decision equal to A. The DAC state changes from 10000b to
A1000Db, i.e. a logic one is shifted from the MSB to the next
MSB, while output A of the comparator 1024 is written to
the MSB. It can be seen that if A=1, the transition from
10000b to 11000b is +25% full-scale range (FSR) while, if
A=0, the transition from 10000b to 01000b is -25% FSR.

Then, the process repeats, i.e. the second MSB decision
equal to B is made and the DAC goes from A1000b to
AB100b, moving +/-12.5% of FSR accordingly, and so on.
It takes a total of 5 steps to produce the 5-bit binary weighted
code. After all decisions are made, the common node net
1032 connecting the top plates of the capacitors 1020 is
brought close to V,, via a binary search. The precharge
switch 1004 is closed and the comparator 1024 may make an
extra decision to calibrate its offset (optional). Then the
switch pairs 1008 assume a new position based on a new
input data vector, and the circuit is ready to perform the next
multiply-accumulate operation.

Note that the voltage levels Vg, on the common node
net 1032 are in the form of V,,4n-VLSB, where VLSB is
the unit voltage step during one L.SB actuation of the SAR
controller 1028 and n is a (positive or negative) integer.
Hence, this can result in the voltage being equal to exactly
V a0 Placing the comparator 1024 in a metastable position,
(comparing two equal inputs). This can be solved by adjust-
ing the offset of the comparator 1024 to VLSB/2 or by
adding a voltage offset to the common node net 1032 of
VLSB/2 via an additional controlled capacitor of value
Co0/2.

In some example embodiments, the capacitor of effective
value CO/2 can be obtained by placing two capacitors of
value CO in series, or by operating two capacitors Ca and Ch
of value CO in the following steps: in a first step Ca is
charged with a voltage Vref and charge Q=Vref-CO and Cb
with a voltage 0. Then, in a second step, the two capacitors
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are connected in parallel, each acquiring a charge /2. Then,
either one of those two capacitors can be connected to the
common node net 1032, providing an effecting voltage offset
of VLSB/2. The second approach has the benefit of miti-
gating the effect of the capacitors’ non-linearity.

The single-ended circuits presented in FIGS. 9 and 10 can
also be implemented in a differential manner. In that case,
the sets of capacitors 920, 932, 1020 is duplicated, each
connected to one of the two inputs of the comparators 944,
1024 (rather than having one of the inputs connected to a
fixed reference). The capacitors 920, 932, 1020 are con-
trolled in a differential manner, i.e. for each capacitor bottom
plate which is connected to the OV level, the capacitor 920,
932, 1020 in the other side of the differential circuit is
connected to Vref (and vice versa). For a given set of circuit
parameters, the differential structure improves the dynamic
range of the signal and the supply noise rejection at the cost
of a higher power. The circuit embodiments depicted in
FIGS. 9 and 10 can be referred to as split-CDAC and
merged-CDAC topologies and offer different benefits and
tradeoffs. For example, the split-CDAC topology typically
offers a simpler control operation as it does not require the
switch pairs 1008, which can reduce area and power. How-
ever, the merged-CDAC typically offers several benefits: a)
its area can be smaller as it requires a single set of capacitors
to operate and capacitors tend to dominate the circuit area in
advanced technology nodes; b) there is no reduction in
signal swing, unlike in the split-CDAC operation where the
charge sharing between node 1 and note 2 reduces the signal
amplitude, hence degrading the signal to noise ratio and
increasing the bit error rate (BER); and c) as the same
capacitors are used for the input charge summation and the
SAR operation, the impact of capacitor non-linearity is
significantly reduced in the case of the merged-CDAC
compared to the split-CDAC.

FIG. 11 is a flowchart for an example method 1100 for
optimizing the size of the inner product of the equation of
FIG. 2A, in accordance with an example embodiment. In
general, there is a tradeoff in finding the optimal size of the
inner product: low p leads to power requirements being
comparable to a digital implementation, while a high p
requires a very fine resolution in the analog voltage levels,
which is costly in terms of power. In one example embodi-
ment, the bit error rate specification is set (operation 1104)
and the initial value for p is selected; for example, p may be
set to 1 (operation 1108). The three main sources of error
(maximum noise values), the kT/C (noise of the capacitor),
the mismatch of the capacitors, and the comparator noise
budget, are specified (operation 1112). For example, each of
the three components can be allocated one third of the total
noise budget. The area of the capacitors is determined based
on the mismatch sigma budget (operation 1116) using device
simulations and/or Pelgrom’s law model (sigma prop 1/A
where A is the capacitor’s area). The value of the capacitors
is determined based on the capacitor noise budget kT/C and
the operating temperature T (operation 1120). In some
embodiments, the steps are performed in the order
described, while steps 112, 116 and 120 can be done in any
order; in other embodiments, the steps can be done in a
different order than that described.

The comparator sizing is determined, for example, based
on the comparator noise budget (operation 1124). For
example, the size of all the devices of the comparator 944,
1024 can be increased to reduce its noise budget, or some
finer optimization can be performed. The power and area of
the switches and logic are determined, for example, based on
datasheets or circuit-level simulations (operation 1128). The
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area and power budgets are estimated and recorded (opera-
tion 1132). A check is performed to determine if p equals
Pomar (decision block 1136), where pmax can be set based on
a designer’s experience/heuristically or, for a given embodi-
ment (such as the example embodiment of FIG. 6B), pmax
can be set as pmax=log 2(M). If p does not equal p,,,. NO
branch of decision block 1136), the value of p is incremented
(operation 1144) and the method 1100 proceeds with opera-
tion 1112. If p equals p,,,. (YES branch of decision block
1136), p is selected among the pareto-optimal points (in
terms of power and device area) (operation 1140) and the
method 1100 ends.

A number of use cases, such as low precision neural
networks, may utilize a different precision for the two inputs,
such as a precision of n; for X and n, for W. The disclosed
techniques can be adjusted to accommodate this configura-
tion without any fundamental change in the topology. In this
case, the number of 1b digital multiplication circuits will
change from n” to n, n,. The unit circuit stays identical (e.g.,
an AND gate). This results in a number of outputs N of the
digital multiplication circuit 404, where N=M-n, ‘n,.

The individual analog compression unit 530 operates
unchanged. However, the number of the analog compression
units 530 of the first stage 504-1 will change, the maximum
index changing from 530-A-(n?) to 530-A-(n, 1n,). Note that
A is still defined by A=floor(M/(27-1)) as per FIG. 7.

The second stage 504-2 is composed of the same circuits
as in the case where the two inputs X and W have the same
number of bits of precision n, except that the definition of
N'v from equation 680-2 is adjusted. The sum over k is now
from O to n,-1 and the sum over j is now from O to n,-1.

Given the discussion thus far, it will be appreciated that,
in one aspect, a method comprises the operations of con-
verting a dot product of two vectors x and w, where each
element x, and w, has m bits, to M=m? one bit by one bit
multiplications, where X, ,, and w, ,, (note that in usage of
X, and w, , (meaning individual bit values of m-bit num-
bers x;, w,), the same letter (m) is used for both an index
enumerating individual bits in a multi-bit number and the
total number of bits in that number, as will be appreciated by
the skilled artisan from the comments) each have 1 bit;
setting a variable A to floor(M/(27-1)) where M is a count
of inputs, p is an analog resolution, and A is a count of rows
of inner product summation circuits 520 (operation 704);
designing a first stage 504-1 based on <A, n*> where n is an
input precision of the multiply-accumulate device (operation
708); and counting inputs N'v and designing a second stage
504-2 with ceiling (N'v/(2¢-1))>Bv>floor(N'v/(2’-1)) ana-
log inputs and Kv=N'v—(27-1)*By, the counting and design-
ing of the second stage 504-2 being performed for each bit
position v where v<2*n+p-1, Bv is a quotient of a division
of N'v by 27-1, and Kv is a remainder of the division
operation (operation 712).

In one aspect, a multiply-accumulate device 400 com-
prises a digital multiplication circuit 404, the digital multi-
plication circuit 404 configured to input L m,-bit multipliers
and L. m,-bit multiplicands and configured to generate N
one-bit multiplication outputs, each one-bit multiplication
output corresponding to a result of a multiplication of one bit
of one of the L m, -bit multipliers and one bit of one of the
L m,-bit multiplicands; a mixed signal adder 408, the mixed
signal adder 408 comprising: one or more stages 504-1,
504-2, at least one stage 504-1, 504-2 configured to input the
N one-bit multiplication outputs, each stage 504-1, 504-2
comprising one or more inner product summation circuits
520; and a digital reduction stage 412 coupled to an output
of a last stage of the one or more stages 504-1, 504-2 and
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configured to generate an output of the multiply-accumulate
device 400 based on the L m,-bit multipliers and the L
m,-bit multiplicands.

In one aspect, a non-transitory computer readable medium
comprises computer executable instructions which when
executed by a computer cause the computer to perform the
method of converting a dot product of two vectors x and w,
where each element x, and w, has m bits, to M=m? one bit
by one bit multiplications, where x, ,, and w, , each have 1
bit; setting a variable A to floor(M/(27-1)) where M is a
count of inputs, p is an analog resolution, and A is a count
of rows of inner product summation circuits 520 (operation
704); designing a first stage 504-1 based on <A, n*> where
n is an input precision of the multiply-accumulate device
(operation 708); and counting inputs N'v and designing a
second stage 504-2 with ceiling (N'v/(27-1))>Bv>floor(N'v/
(2#-1)) analog inputs and Kv=N'v-(2-1)*Byv, the counting
and designing of the second stage 504-2 being performed for
each bit position v where v<2*n+p-1, Bv is a quotient of a
division of N'v by 2¢-1, and Kv is a remainder of the
division operation (operation 712).

In one example embodiment, each inner product summa-
tion circuit 520 (FIGS. 3, 5, 6A, 6B) comprises a SAR
controller 928; a set of equally-weighted input capacitors
920 coupled to the N one-bit multiplication outputs and
configured to generate an input voltage based on a subset of
the N one-bit multiplication outputs; a set of weighted
output capacitors 932 coupled to the SAR controller 928 and
configured to generate a voltage based on a digital value
generated by the SAR controller 928; and a comparator 944
coupled to the set of equally-weighted input capacitors 920,
coupled to the set of weighted output capacitors 932, and
configured to compare the voltage generated by the set of
weighted output capacitors 932 and the generated by the set
of equally-weighted input capacitors 920.

In one example embodiment, each SAR controller 928 is
configured to conduct a binary search of the digital value.

In one example embodiment, at least one of the one or
more inner product summation circuits and the analog to
digital conversion circuits are implemented using a differ-
ential topology. Furthermore in this regard, in one or more
embodiments, the “inner product summation circuit” and
“A/D conversion circuit” in this context can share compo-
nents. One or more embodiments include a SAR controller,
two CDACs (equally-weighted and weighted, the latter for
example “binary weighted”) and a comparator. Formally, it
might be considered that only equally-weighted CDAC
(a/k/a equally-weighted capacitor set) does not belong to the
ADC per se; however, in certain cases the two CDACs are
merged together into one shared set of capacitors (see FIG.
10), where the latter are distinguished only “functionally”
via appropriate actions of a SAR controller which first
invokes a single capacitor set of 2V-1 identical capacitors
(when applying an array of inner products to be summed to
the ADC), and then later (during iterative A/D conversion
process) groups the very same capacitor set into N binary
weighted groups with weights of 2=, 272, . . .| 2, 1 (the
sum of these weights is 2¥-1).

In one example embodiment, at least one of said one or
more stages comprises a digital compression tree configured
to perform a multiplication operation on a proper subset of
inputs to a corresponding stage. In one example embodi-
ment, each inner product summation circuit 520 (FIG. 9)
comprises a SAR controller 928 configured to generate a
digital output for the corresponding inner product summa-
tion circuit 520; a common input node; a common output
node; a plurality of equally-weighted input capacitors 920,
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each of the plurality of input capacitors 920 having two
terminals, one terminal of each equally-weighted input
capacitor 920 being coupled to the common input node; a
plurality of input switches 916, each input switch 916 being
controlled by an output of a corresponding logic gate 912 of
a plurality of logic gates 912 of the digital multiplication
circuit 404, each input switch 916 configured to charge a
corresponding equally-weighted input capacitor 920 of the
plurality of equally-weighted input capacitors 920 in
response to the output of the corresponding logic gate 912
being a logic one and to refrain from charging the corre-
sponding equally-weighted input capacitor 920 of the plu-
rality of equally-weighted input capacitors 920 in response
to the output of the corresponding logic gate 912 being a
logic zero; a plurality of weighted output capacitors 932, one
terminal of each weighted output capacitor 932 being
coupled to the common output node; a plurality of output
switches 936, each output switch 936 being controlled by a
corresponding bit of the digital output of the SAR controller
928, each output switch 936 being configured to discharge a
corresponding weighted output capacitor 932 of the plurality
of weighted output capacitors 932 based on a corresponding
bit of the digital output of the SAR controller 928 being a
logic zero and to refrain from discharging the corresponding
weighted output capacitor 932 of the plurality of weighted
output capacitors 932 based on the corresponding bit of the
digital output of the SAR controller 928 being a logic one;
a transfer switch 940 configured to selectively couple and
isolate the common input node and the common output
node; an input precharge switch 948 configured to precharge
the plurality of weighted output capacitors 932 based on a
control signal; an output precharge switch 952 configured to
precharge the plurality of equally-weighted input capacitors
920 based on a control signal; and a comparator 944
configured to compare a voltage on the common output node
and a reference voltage.

In one example embodiment, each inner product summa-
tion circuit 520 (FIG. 10) comprises a controller 1028
configured to generate a digital output for the corresponding
inner product summation circuit 520; a common input node;
a plurality of capacitors 1020, each of the plurality of input
capacitors 1020 having two terminals, one terminal of each
capacitor 1020 being coupled to the common input node; a
precharge switch 1004 configured to selectively connect and
isolate a reference voltage V,, and the common node; a
plurality of transmission gates 1016, each transmission gate
1016 configured to charge a corresponding capacitor 1020 of
the plurality of capacitors 1020 based on one of an output of
a corresponding logic gate 1012 of a plurality of logic gates
1012 of the digital multiplication circuit 404 and the digital
output and to discharge the corresponding capacitor 1020 of
the plurality of capacitors 1020 based on one of the output
of the corresponding logic gate 1012 of the plurality of logic
gates 1012 and the digital output; a plurality of switch pairs
1008, cach switch pair 1008 being configured to couple a
control input of a corresponding transmission gate 1016 of
the plurality of transmission gates 1016 to one of the output
of a corresponding logic gate 1012 of the plurality of logic
gates 1012 and a corresponding bit of the digital output; and
a comparator configured to compare a voltage on the com-
mon node and a reference voltage.

In one example embodiment, a voltage level of an analog
sum (FIG. 9: Nodes 1, 2) is adjusted by one or more of:
changing a voltage level during a reset phase and changing
a code of a successive approximation register digital-to-
analog converter (SAR DAC) 908 during an initialization of
the successive approximation register digital-to-analog con-
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verter (SAR DAC) 908 to limit the voltage level to a
minimum voltage level, a maximum voltage level, or both
during a digital-to-analog conversion operation. In one
example embodiment, a signal voltage level is offset by a
fraction of a least-significant-bit relative to a reference
voltage of a comparator 944 to maintain the comparator 944
in a non-metastable position; the offset is created by apply-
ing a voltage offset to the reference voltage of the compara-
tor 944 of a fraction of a least-significant-bit; or the offset is
created by adding to the input CDAC a capacitor of value of
a fraction of a unit capacitor and switching its bottom plate
during summation.

Furthermore in this regard, consider the output voltage
signal of a single-ended CDAC during a stage of preparation
of input signal for a subsequent A/D conversion process.
Specifically, such preparation is typically implemented as a
2-step process: i) bottom plates of all unit capacitors of
CDAC receive an input vector (0—connect to Vg, 1—con-
nectto V), while all top plates are connected together and
anchored to a voltage source V,, (refer to FIG. 10 here),
and ii) the common top plates of all capacitors go floating
(i.e. VCM source is disconnected), while the bottom plates
receive a “mid-range” vector of 1 in MSB and 0 in all other
bits (again 1 means connection to V- and 0 means
connection to V). Observe that stage 1 places a vector of
charges on the capacitors (equal to the input vector) but does
not change the comparator input (since it is anchored to
Va0, while stage 2 causes that vector to manifest as the
comparator input voltage representing the sum of the input
vector components (computing that sum is the function of
the complete “inner product summation circuit,” but that
sum manifest first as an analog signal and then the ADC
converts it from the analog to digital domain). The described
circuit has an issue under some circumstances as the stage 2
process introduces an unintended 1/2 LSB offset to the
resultant analog voltage at the comparator input. One can
describe the origin of that offset as follows: assume that the
circuit has N-bit resolution (e.g. N=5) and thus involves
2V_1 unit capacitors in its CDAC; then one can easily
compute the total dynamic range after step 2 and check if it
is properly centered vs V,, (as it should) by observing two
extreme cases when in stage 1 all bottom plates go high (to
Vzer) or low (to Vo) respectively. Then in step 2 one brings
the bottom plates of all MSB unit capacitors (there are 2%-1
of'them) to V.~ and all the remaining capacitors of all other
bits (there are 2V~'-1 of them, i.e. one less than in MSB
section) to V. As a consequence, in a first case (all bottom
plates high) the bottom plates of MSB capacitors would
remain high, while all other ones would have their bottom
plates traveling down from V- to Vs and thus remove
2¥1_1 unit charges (of V z,-*C,,, where C,, is unit capaci-
tance) from the floating CDAC output (causing it to go
below V-, ,accordingly). In contrast in the second case of all
bottom plates low, in stage 2 obtain all MSB unit caps
having their bottom plates traveling up from VSS to Vzp,
while bottom plates of capacitors in all other bits will remain
low, yielding adding 2"~' unit charges—in contrast to
removing only 2~' -1 unit charges in the prior case, one unit
charge of difference. As a consequence, the midpoint
between the two boundaries of the ADC input dynamic
range, i.e. between —(2¥~*-1) and +2™! is occurring not at
zero (as desired) but at +1/2 unit charges, i.e. at 1/2 LSB.
This effect one can call a systematic 1/2 LSB offset of signal
at the comparator input and if left unaddressed, it would
significantly negatively impact the operation of the circuit,
since nominally the ADC is simply measuring a value of a
signal that nominally takes INTEGER values (in LSB units),
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albeit slightly corrupted by noise, so ADC simply rounds
such value to the nearest integer. If one offsets the input of
such ADC by 1/2 LSB the corresponding rounding operation
immediately becomes ambiguous, since rounding becomes
50/50 probabilistic. Several mitigation strategies are avail-
able to remove that systematic 1/2 LSB offset from step 2
process.

One possible practical technique to remove the unin-
tended 1/2 L.SB offset after stage 2 in preparation the analog
input signal for subsequent A/B conversion is to modify the
comparator threshold offset, a function that is needed any-
way due to comparator offset is never “nominal zero” due to
finite comparator parts mismatch. The skilled artisan will be
familiar with the function of comparator offset compensa-
tion such as via a simple DAC of moderate resolution.
Another practical technique is to apply 1/2 LSB shift to the
input signal of the ADC (i.e. to output signal of CDAC) by
explicitly adding a half-size capacitor section to the CDAC
array, so that the added half-unit-sized section would have
its bottom plate receiving a “1” data value (causing it to
connect to Vg..) in stage 1, and then reset to VSS in stage
2. The latter reset event (in stage 2) then will always remove
1/2 of unit charge from a floating comparator input and thus
will center the dynamic range from original asymmetric
{-@2™'-1), +2™ '} range to adjusted symmetric (offset-
free) range of {-(2*"'-1/2), +2"'-1/2}, ie. 1/2 unit
charges less than the original asymmetric one, and thereby
completely mitigate the problem. The advantage of the latter
approach is that the nominal offset of the comparator then
becomes simply zero, a much easier target to calibrate for vs
“1/2 LSB” voltage value, particularly due to LSB voltage
value not being exactly defined, in contrast to LSB charge
value (the former depends on unknown parasitic capacitance
terms). The disadvantage is that obtaining a capacitor of
exactly 1/2 unit size may be inconvenient; it would highly
depend on how the unit capacitor is designed, so ultimately
that method may end up impractical, if half-size capacitor is
difficult to obtain without a respective redesign of a unit
capacitor and potentially increasing its size that may nega-
tively impact the energy and/or area efficiency of the pro-
posed circuit.

As discussed elsewhere herein, a third practical technique
includes to apply an offset of 1/2 LSB by forming 1/2 unit
charge without a need to use an inconvenient half-sized
capacitor nor poorly defined 1/2 LSB intentional comparator
voltage offset. Instead it employs two regular unit capaci-
tors, with only one of them charged to one unit charge, while
another staying discharged, then connecting them so the
charge redistributes between them equally (due to symme-
try), leaving 1/2 unit charge on each, and then resetting only
one of the two, thereby causing it to remove 1/2 unit charge
from the comparator unit.

Also, generally, the skilled artisan will appreciate that one
or more embodiments include a device 500 including of an
hybrid of digital logic and analog charge summation to
perform INT accumulate or multiply-accumulate operations
without loss of precision; a device 1000 implementing the
charge summation of multiple inputs in parallel using a
single ADC circuit shared across steps of the conversion;
and/or a method 1100 to size the resolution (i.e. number of
bits) of the analog pop counter based on computations of the
circuit’s power and area for a corresponding precision
constraint.

Furthermore, the skilled artisan will appreciate that in
general, the methods disclosed herein can be performed on
devises/systems/apparatuses as disclosed herein, and the
like.
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In one example embodiment, the capacitor of value of the
fraction of the unit capacitor is implemented as a combina-
tion of two capacitors of unit value where, during a first
operation, a first capacitor of the two capacitors is charged
to a voltage level, while a second capacitor of the two
capacitors is connected to a 0 voltage level and, during a
second operation, the two capacitors are connected in par-
allel and, during a third operation, the first capacitor is
connected to the summing node. In one example embodi-
ment, a design of an integrated circuit is instantiated as a
design structure based on the designed first stage 504-1 and
the designed second stage 504-2; and a physical integrated
circuit is fabricated in accordance with the design structure.
In one example embodiment, a bit error rate (BER) speci-
fication is set (operation 1104); a value for the analog
resolution p is selected (operation 1108); a kT/C parameter,
a mismatch budget of a plurality of capacitors, and a
comparator noise budget are specified (operation 1112); an
area of each of the plurality of capacitors is determined
based on the mismatch budget (operation 1116); a value of
the capacitors is determined based on the capacitor area and
kT/C (operation 1120); a comparator sizing is determined
based on the capacitor value, the mismatch budget of the
capacitors, and the comparator noise budget (operation
1124); a power and an area of a plurality of switches and
logic of the multiply-accumulate device 900, 1000 are
determined (operation 1128); and an areca and a power
budget of the multiply-accumulate device 900, 1000 are
estimated and recorded (operation 1132). In one example
embodiment, the selecting, specifying, determining, estimat-
ing and recording operations are repeated for another value
of the analog resolution p. In one example embodiment, a
value of the analog resolution p is incremented in response
to the value of the analog resolution p being unequal to an
analog resolution p,,, ; and a pareto-optimal value of the
analog resolution p is selected (operation 1140) in response
to the value of the analog resolution p being equal to the
analog resolution p,,,.. In one example embodiment, a
design of an integrated circuit is instantiated as a design
structure based on the designed first stage 504-1, the
designed second stage 504-2, and the pareto-optimal value
of the analog resolution p; and a physical integrated circuit
is fabricated in accordance with the design structure. In one
or more embodiments, a further step includes fabricating a
physical integrated circuit. One non-limiting specific
example of accomplishing this is described elsewhere herein
in connection with FIGS. 13-15. For example, a design
structure is provided to fabrication equipment to facilitate
fabrication of a physical integrated circuit in accordance
with the design structure.

In one or more embodiments, a layout is prepared. In one
or more embodiments, the layout is instantiated as a design
structure. In one or more embodiments, a physical integrated
circuit is fabricated in accordance with the design structure.

As noted, in one or more embodiments, the layout is
instantiated as a design structure. See discussion of FIG. 15.
A physical integrated circuit is then fabricated in accordance
with the design structure. See again discussion of FIG. 15.
Refer also to FIG. 14. Once the physical design data is
obtained, based, in part, on the design processes described
herein, an integrated circuit designed in accordance there-
with can be fabricated according to known processes that are
generally described with reference to FIG. 13. Generally, a
wafer with multiple copies of the final design is fabricated
and cut (i.e., diced) such that each die is one copy of the
integrated circuit. At block 1310, the processes include
fabricating masks for lithography based on the finalized
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physical layout. At block 1320, fabricating the wafer
includes using the masks to perform photolithography and
etching. Once the wafer is diced, testing and sorting each die
is performed at 1330 to filter out any faulty die.

Furthermore, referring to FIGS. 13-15, in one or more
embodiments the at least one processor is operative to
generate a design structure for the integrated circuit design
in accordance with the VLSI design, and in at least some
embodiments, the at least one processor is further operative
to control integrated circuit manufacturing equipment to
fabricate a physical integrated circuit in accordance with the
design structure. Thus, the layout can be instantiated as a
design structure, and the design structure can be provided to
fabrication equipment to facilitate fabrication of a physical
integrated circuit in accordance with the design structure.

FIG. 14 depicts an example high-level Electronic Design
Automation (EDA) tool flow, which is responsible for
creating an optimized microprocessor (or other IC) design to
be manufactured. A designer could start with a high-level
logic description 1401 of the circuit (e.g. VHDL or Verilog).
The logic synthesis tool 1403 compiles the logic, and
optimizes it without any sense of its physical representation,
and with estimated timing information. The placement tool
1405 takes the logical description and places each compo-
nent, looking to minimize congestion in each area of the
design. The clock synthesis tool 1407 optimizes the clock
tree network by cloning/balancing/buffering the latches or
registers. The timing closure step 1409 performs a number
of optimizations on the design, including buffering, wire
tuning, and circuit repowering; its goal is to produce a
design which is routable, without timing violations, and
without excess power consumption. The routing stage 1411
takes the placed/optimized design, and determines how to
create wires to connect all of the components, without
causing manufacturing violations. Post-route timing closure
1413 performs another set of optimizations to resolve any
violations that are remaining after the routing. Design fin-
ishing 1415 then adds extra metal shapes to the netlist, to
conform with manufacturing requirements. The checking
steps 1417 analyze whether the design is violating any
requirements such as manufacturing, timing, power, elec-
tromigration or noise. When the design is clean, the final
step 1419 is to generate a layout for the design, representing
all the shapes to be fabricated in the design to be fabricated
1421.

One or more embodiments of the invention, or elements
thereof, can be implemented in the form of an apparatus
including a memory and at least one processor that is
coupled to the memory and operative to perform exemplary
method steps. FIG. 12 depicts a computer system that may
be useful in implementing one or more aspects and/or
elements of the invention. The system is depicted as a cloud
computing node 10 but is also representative of computer
useful in non-cloud and/or hybrid implementations.

In cloud computing node 10 there is a computer system/
server 12, which is operational with numerous other general
purpose or special purpose computing system environments
or configurations. Examples of well-known computing sys-
tems, environments, and/or configurations that may be suit-
able for use with computer system/server 12 include, but are
not limited to, personal computer systems, server computer
systems, thin clients, thick clients, handheld or laptop
devices, multiprocessor systems, microprocessor-based sys-
tems, set top boxes, programmable consumer electronics,
network PCs, minicomputer systems, mainframe computer
systems, and distributed cloud computing environments that
include any of the above systems or devices, and the like.
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Computer system/server 12 may be described in the
general context of computer system executable instructions,
such as program modules, being executed by a computer
system. Generally, program modules may include routines,
programs, objects, components, logic, data structures, and so
on that perform particular tasks or implement particular
abstract data types. Computer system/server 12 may be
practiced in distributed cloud computing environments
where tasks are performed by remote processing devices that
are linked through a communications network. In a distrib-
uted cloud computing environment, program modules may
be located in both local and remote computer system storage
media including memory storage devices.

As shown in FIG. 12, computer system/server 12 in cloud
computing node 10 is shown in the form of a general-
purpose computing device. The components of computer
system/server 12 may include, but are not limited to, one or
more processors or processing units 16, a system memory
28, and a bus 18 that couples various system components
including system memory 28 to processor 16.

Bus 18 represents one or more of any of several types of
bus structures, including a memory bus or memory control-
ler, a peripheral bus, an accelerated graphics port, and a
processor or local bus using any of a variety of bus archi-
tectures. By way of example, and not limitation, such
architectures include Industry Standard Architecture (ISA)
bus, Micro Channel Architecture (MCA) bus, Enhanced ISA
(EISA) bus, Video Electronics Standards Association
(VESA) local bus, and Peripheral Component Interconnect
(PCI) bus.

Computer system/server 12 typically includes a variety of
computer system readable media. Such media may be any
available media that is accessible by computer system/server
12, and it includes both volatile and non-volatile media,
removable and non-removable media.

System memory 28 can include computer system readable
media in the form of volatile memory, such as random
access memory (RAM) 30 and/or cache memory 32. Com-
puter systeny/server 12 may further include other removable/
non-removable, volatile/non-volatile computer system stor-
age media. By way of example only, storage system 34 can
be provided for reading from and writing to a non-remov-
able, non-volatile magnetic media (not shown and typically
called a “hard drive”). Although not shown, a magnetic disk
drive for reading from and writing to a removable, non-
volatile magnetic disk (e.g., a “floppy disk™), and an optical
disk drive for reading from or writing to a removable,
non-volatile optical disk such as a CD-ROM, DVD-ROM or
other optical media can be provided. In such instances, each
can be connected to bus 18 by one or more data media
interfaces. As will be further depicted and described below,
memory 28 may include at least one program product having
a set (e.g., at least one) of program modules that are
configured to carry out the functions of embodiments of the
invention.

Program/utility 40, having a set (at least one) of program
modules 42, may be stored in memory 28 by way of
example, and not limitation, as well as an operating system,
one or more application programs, other program modules,
and program data. Each of the operating system, one or more
application programs, other program modules, and program
data or some combination thereof, may include an imple-
mentation of a networking environment. Program modules
42 generally carry out the functions and/or methodologies of
embodiments of the invention as described herein.

Computer system/server 12 may also communicate with
one or more external devices 14 such as a keyboard, a
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pointing device, a display 24, etc.; one or more devices that
enable a user to interact with computer system/server 12;
and/or any devices (e.g., network card, modem, etc.) that
enable computer system/server 12 to communicate with one
or more other computing devices. Such communication can
occur via Input/Output (I/0) interfaces 22. Still yet, com-
puter system/server 12 can communicate with one or more
networks such as a local area network (LAN), a general wide
area network (WAN), and/or a public network (e.g., the
Internet) via network adapter 20. As depicted, network
adapter 20 communicates with the other components of
computer system/server 12 via bus 18. It should be under-
stood that although not shown, other hardware and/or soft-
ware components could be used in conjunction with com-
puter system/server 12. Examples, include, but are not
limited to: microcode, device drivers, redundant processing
units, and external disk drive arrays, RAID systems, tape
drives, and data archival storage systems, etc.

Thus, one or more embodiments can make use of software
running on a general purpose computer or workstation. With
reference to FIG. 12, such an implementation might employ,
for example, a processor 16, a memory 28, and an input/
output interface 22 to a display 24 and external device(s) 14
such as a keyboard, a pointing device, or the like. The term
“processor” as used herein is intended to include any pro-
cessing device, such as, for example, one that includes a
CPU (central processing unit) and/or other forms of pro-
cessing circuitry. Further, the term “processor” may refer to
more than one individual processor. The term “memory” is
intended to include memory associated with a processor or
CPU, such as, for example, RAM (random access memory)
30, ROM (read only memory), a fixed memory device (for
example, hard drive 34), a removable memory device (for
example, diskette), a flash memory and the like. In addition,
the phrase “input/output interface” as used herein, is
intended to contemplate an interface to, for example, one or
more mechanisms for inputting data to the processing unit
(for example, mouse), and one or more mechanisms for
providing results associated with the processing unit (for
example, printer). The processor 16, memory 28, and input/
output interface 22 can be interconnected, for example, via
bus 18 as part of a data processing unit 12. Suitable
interconnections, for example via bus 18, can also be
provided to a network interface 20, such as a network card,
which can be provided to interface with a computer network,
and to a media interface, such as a diskette or CD-ROM
drive, which can be provided to interface with suitable
media.

Accordingly, computer software including instructions or
code for performing the methodologies of the invention, as
described herein, may be stored in one or more of the
associated memory devices (for example, ROM, fixed or
removable memory) and, when ready to be utilized, loaded
in part or in whole (for example, into RAM) and imple-
mented by a CPU. Such software could include, but is not
limited to, firmware, resident software, microcode, and the
like.

A data processing system suitable for storing and/or
executing program code will include at least one processor
16 coupled directly or indirectly to memory elements 28
through a system bus 18. The memory elements can include
local memory employed during actual implementation of the
program code, bulk storage, and cache memories 32 which
provide temporary storage of at least some program code in
order to reduce the number of times code must be retrieved
from bulk storage during implementation.
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Input/output or /O devices (including but not limited to
keyboards, displays, pointing devices, and the like) can be
coupled to the system either directly or through intervening
1/O controllers.

Network adapters 20 may also be coupled to the system
to enable the data processing system to become coupled to
other data processing systems or remote printers or storage
devices through intervening private or public networks.
Modems, cable modem and Ethernet cards are just a few of
the currently available types of network adapters.

As used herein, including the claims, a “server” includes
a physical data processing system (for example, system 12
as shown in FIG. 12) running a server program. It will be
understood that such a physical server may or may not
include a display and keyboard.

It should be noted that any of the methods described
herein can include an additional step of providing a system
comprising distinct software modules embodied on a com-
puter readable storage medium; the modules can include, for
example, any or all of the appropriate elements depicted in
the block diagrams and/or described herein; by way of
example and not limitation, any one, some or all of the
modules/blocks and or sub-modules/sub-blocks described.
The method steps can then be carried out using the distinct
software modules and/or sub-modules of the system, as
described above, executing on one or more hardware pro-
cessors such as 16. Further, a computer program product can
include a computer-readable storage medium with code
adapted to be implemented to carry out one or more method
steps described herein, including the provision of the system
with the distinct software modules.

Exemplary System and Article of Manufacture Details

The present invention may be a system, a method, and/or
a computer program product at any possible technical detail
level of integration. The computer program product may
include a computer readable storage medium (or media)
having computer readable program instructions thereon for
causing a processor to carry out aspects of the present
invention.

The computer readable storage medium can be a tangible
device that can retain and store instructions for use by an
instruction execution device. The computer readable storage
medium may be, for example, but is not limited to, an
electronic storage device, a magnetic storage device, an
optical storage device, an electromagnetic storage device, a
semiconductor storage device, or any suitable combination
of the foregoing. A non-exhaustive list of more specific
examples of the computer readable storage medium includes
the following: a portable computer diskette, a hard disk, a
random access memory (RAM), a read-only memory
(ROM), an erasable programmable read-only memory
(EPROM or Flash memory), a static random access memory
(SRAM), a portable compact disc read-only memory (CD-
ROM), a digital versatile disk (DVD), a memory stick, a
floppy disk, a mechanically encoded device such as punch-
cards or raised structures in a groove having instructions
recorded thereon, and any suitable combination of the fore-
going. A computer readable storage medium, as used herein,
is not to be construed as being transitory signals per se, such
as radio waves or other freely propagating electromagnetic
waves, electromagnetic waves propagating through a wave-
guide or other transmission media (e.g., light pulses passing
through a fiber-optic cable), or electrical signals transmitted
through a wire.

Computer readable program instructions described herein
can be downloaded to respective computing/processing
devices from a computer readable storage medium or to an
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external computer or external storage device via a network,
for example, the Internet, a local area network, a wide area
network and/or a wireless network. The network may com-
prise copper transmission cables, optical transmission fibers,
wireless transmission, routers, firewalls, switches, gateway
computers and/or edge servers. A network adapter card or
network interface in each computing/processing device
receives computer readable program instructions from the
network and forwards the computer readable program
instructions for storage in a computer readable storage
medium within the respective computing/processing device.

Computer readable program instructions for carrying out
operations of the present invention may be assembler
instructions, instruction-set-architecture (ISA) instructions,
machine instructions, machine dependent instructions,
microcode, firmware instructions, state-setting data, con-
figuration data for integrated circuitry, or either source code
or object code written in any combination of one or more
programming languages, including an object oriented pro-
gramming language such as Smalltalk, C++, or the like, and
procedural programming languages, such as the “C” pro-
gramming language or similar programming languages. The
computer readable program instructions may execute
entirely on the user’s computer, partly on the user’s com-
puter, as a stand-alone software package, partly on the user’s
computer and partly on a remote computer or entirely on the
remote computer or server. In the latter scenario, the remote
computer may be connected to the user’s computer through
any type of network, including a local area network (LAN)
or a wide area network (WAN), or the connection may be
made to an external computer (for example, through the
Internet using an Internet Service Provider). In some
embodiments, electronic circuitry including, for example,
programmable logic circuitry, field-programmable gate
arrays (FPGA), or programmable logic arrays (PLA) may
execute the computer readable program instructions by
utilizing state information of the computer readable program
instructions to personalize the electronic circuitry, in order to
perform aspects of the present invention.

Aspects of the present invention are described herein with
reference to flowchart illustrations and/or block diagrams of
methods, apparatus (systems), and computer program prod-
ucts according to embodiments of the invention. It will be
understood that each block of the flowchart illustrations
and/or block diagrams, and combinations of blocks in the
flowchart illustrations and/or block diagrams, can be imple-
mented by computer readable program instructions.

These computer readable program instructions may be
provided to a processor of a general purpose computer,
special purpose computer, or other programmable data pro-
cessing apparatus to produce a machine, such that the
instructions, which execute via the processor of the com-
puter or other programmable data processing apparatus,
create means for implementing the functions/acts specified
in the flowchart and/or block diagram block or blocks. These
computer readable program instructions may also be stored
in a computer readable storage medium that can direct a
computer, a programmable data processing apparatus, and/
or other devices to function in a particular manner, such that
the computer readable storage medium having instructions
stored therein comprises an article of manufacture including
instructions which implement aspects of the function/act
specified in the flowchart and/or block diagram block or
blocks.

The computer readable program instructions may also be
loaded onto a computer, other programmable data process-
ing apparatus, or other device to cause a series of operational
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steps to be performed on the computer, other programmable
apparatus or other device to produce a computer imple-
mented process, such that the instructions which execute on
the computer, other programmable apparatus, or other
device implement the functions/acts specified in the flow-
chart and/or block diagram block or blocks.

The flowchart and block diagrams in the Figures illustrate
the architecture, functionality, and operation of possible
implementations of systems, methods, and computer pro-
gram products according to various embodiments of the
present invention. In this regard, each block in the flowchart
or block diagrams may represent a module, segment, or
portion of instructions, which comprises one or more
executable instructions for implementing the specified logi-
cal function(s). In some alternative implementations, the
functions noted in the blocks may occur out of the order
noted in the Figures. For example, two blocks shown in
succession may, in fact, be executed substantially concur-
rently, or the blocks may sometimes be executed in the
reverse order, depending upon the functionality involved. It
will also be noted that each block of the block diagrams
and/or flowchart illustration, and combinations of blocks in
the block diagrams and/or flowchart illustration, can be
implemented by special purpose hardware-based systems
that perform the specified functions or acts or carry out
combinations of special purpose hardware and computer
instructions.

Exemplary Design Process Used in Semiconductor
Design, Manufacture, and/or Test

One or more embodiments integrate the timing analysis
techniques herein with semiconductor integrated circuit
design simulation, test, layout, and/or manufacture. In this
regard, FIG. 15 shows a block diagram of an exemplary
design flow 1500 used for example, in semiconductor IC
logic design, simulation, test, layout, and manufacture.
Design flow 1500 includes processes, machines and/or
mechanisms for processing design structures or devices to
generate logically or otherwise functionally equivalent rep-
resentations of design structures and/or devices, such as
those that can be analyzed using timing analysis or the like.
The design structures processed and/or generated by design
flow 1500 may be encoded on machine-readable storage
media to include data and/or instructions that when executed
or otherwise processed on a data processing system generate
a logically, structurally, mechanically, or otherwise function-
ally equivalent representation of hardware components, cir-
cuits, devices, or systems. Machines include, but are not
limited to, any machine used in an IC design process, such
as designing, manufacturing, or simulating a circuit, com-
ponent, device, or system. For example, machines may
include: lithography machines, machines and/or equipment
for generating masks (e.g. e-beam writers), computers or
equipment for simulating design structures, any apparatus
used in the manufacturing or test process, or any machines
for programming functionally equivalent representations of
the design structures into any medium (e.g. a machine for
programming a programmable gate array).

Design flow 1500 may vary depending on the type of
representation being designed. For example, a design flow
1500 for building an application specific IC (ASIC) may
differ from a design flow 1500 for designing a standard
component or from a design flow 1500 for instantiating the
design into a programmable array, for example a program-
mable gate array (PGA) or a field programmable gate array
(FPGA) offered by Altera® Inc. or Xilinx® Inc.

FIG. 15 illustrates multiple such design structures includ-
ing an input design structure 1520 that is preferably pro-
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cessed by a design process 1510. Design structure 1520 may
be a logical simulation design structure generated and pro-
cessed by design process 1510 to produce a logically equiva-
lent functional representation of a hardware device. Design
structure 1520 may also or alternatively comprise data
and/or program instructions that when processed by design
process 1510, generate a functional representation of the
physical structure of a hardware device. Whether represent-
ing functional and/or structural design features, design struc-
ture 1520 may be generated using electronic computer-aided
design (ECAD) such as implemented by a core developer/
designer. When encoded on a gate array or storage medium
or the like, design structure 1520 may be accessed and
processed by one or more hardware and/or software modules
within design process 1510 to simulate or otherwise func-
tionally represent an electronic component, circuit, elec-
tronic or logic module, apparatus, device, or system. As
such, design structure 1520 may comprise files or other data
structures including human and/or machine-readable source
code, compiled structures, and computer executable code
structures that when processed by a design or simulation
data processing system, functionally simulate or otherwise
represent circuits or other levels of hardware logic design.
Such data structures may include hardware-description lan-
guage (HDL) design entities or other data structures con-
forming to and/or compatible with lower-level HDL design
languages such as Verilog and VHDL, and/or higher level
design languages such as C or C++.

Design process 1510 preferably employs and incorporates
hardware and/or software modules for synthesizing, trans-
lating, or otherwise processing a design/simulation func-
tional equivalent of components, circuits, devices, or logic
structures to generate a Netlist 1580 which may contain
design structures such as design structure 1520. Netlist 1580
may comprise, for example, compiled or otherwise pro-
cessed data structures representing a list of wires, discrete
components, logic gates, control circuits, I/O devices, mod-
els, etc. that describes the connections to other elements and
circuits in an integrated circuit design. Netlist 1580 may be
synthesized using an iterative process in which netlist 1580
is resynthesized one or more times depending on design
specifications and parameters for the device. As with other
design structure types described herein, netlist 1580 may be
recorded on a machine-readable data storage medium or
programmed into a programmable gate array. The medium
may be a nonvolatile storage medium such as a magnetic or
optical disk drive, a programmable gate array, a compact
flash, or other flash memory. Additionally, or in the alter-
native, the medium may be a system or cache memory,
buffer space, or other suitable memory.

Design process 1510 may include hardware and software
modules for processing a variety of input data structure
types including Netlist 1580. Such data structure types may
reside, for example, within library elements 1530 and
include a set of commonly used elements, circuits, and
devices, including models, layouts, and symbolic represen-
tations, for a given manufacturing technology (e.g., different
technology nodes, 32 nm, 45 nm, 90 nm, etc.). The data
structure types may further include design specifications
1540, characterization data 1550, verification data 1560,
design rules 1570, and test data files 1585 which may
include input test patterns, output test results, and other
testing information. Design process 1510 may further
include, for example, standard mechanical design processes
such as stress analysis, thermal analysis, mechanical event
simulation, process simulation for operations such as cast-
ing, molding, and die press forming, etc. One of ordinary
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skill in the art of mechanical design can appreciate the extent
of possible mechanical design tools and applications used in
design process 1510 without deviating from the scope and
spirit of the invention. Design process 1510 may also
include modules for performing standard circuit design
processes such as timing analysis, verification, design rule
checking, place and route operations, etc. Improved place-
ment can be performed as described herein.

Design process 1510 employs and incorporates logic and
physical design tools such as HDL compilers and simulation
model build tools to process design structure 1520 together
with some or all of the depicted supporting data structures
along with any additional mechanical design or data (if
applicable), to generate a second design structure 1590.
Design structure 1590 resides on a storage medium or
programmable gate array in a data format used for the
exchange of data of mechanical devices and structures (e.g.
information stored in an IGES, DXF, Parasolid XT, IT,
DRG, or any other suitable format for storing or rendering
such mechanical design structures). Similar to design struc-
ture 1520, design structure 1590 preferably comprises one or
more files, data structures, or other computer-encoded data
or instructions that reside on data storage media and that
when processed by an ECAD system generate a logically or
otherwise functionally equivalent form of one or more IC
designs or the like. In one embodiment, design structure
1290 may comprise a compiled, executable HDL simulation
model that functionally simulates the devices to be analyzed.

Design structure 1590 may also employ a data format
used for the exchange of layout data of integrated circuits
and/or symbolic data format (e.g. information stored in a
GDSII (GDS2), GL1, OASIS, map files, or any other
suitable format for storing such design data structures).
Design structure 1590 may comprise information such as,
for example, symbolic data, map files, test data files, design
content files, manufacturing data, layout parameters, wires,
levels of metal, vias, shapes, data for routing through the
manufacturing line, and any other data required by a manu-
facturer or other designer/developer to produce a device or
structure as described herein (e.g., .lib files). Design struc-
ture 1590 may then proceed to a stage 1595 where, for
example, design structure 1590: proceeds to tape-out, is
released to manufacturing, is released to a mask house, is
sent to another design house, is sent back to the customer,
etc.

The descriptions of the various embodiments of the
present invention have been presented for purposes of
illustration, but are not intended to be exhaustive or limited
to the embodiments disclosed. Many modifications and
variations will be apparent to those of ordinary skill in the
art without departing from the scope and spirit of the
described embodiments. The terminology used herein was
chosen to best explain the principles of the embodiments, the
practical application or technical improvement over tech-
nologies found in the marketplace, or to enable others of
ordinary skill in the art to understand the embodiments
disclosed herein.

What is claimed is:

1. A multiply-accumulate device, the device comprising:

a digital multiplication circuit, the digital multiplication
circuit configured to input I m,-bit multipliers and L.
m,-bit multiplicands and configured to generate N
one-bit multiplication outputs, each one-bit multiplica-
tion output corresponding to a result of a multiplication
of one bit of one of the L m, -bit multipliers and one bit
of one of the L m,-bit multiplicands;
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a mixed signal adder, the mixed signal adder comprising:
one or more stages, at least one stage configured to
input the N one-bit multiplication outputs, each stage
comprising one or more inner product summation
circuits; and

a digital reduction stage coupled to an output of a last
stage of the one or more stages and configured to
generate an output of the multiply-accumulate device
based on the I m,-bit multipliers and the L. m,-bit
multiplicands,

wherein each inner product summation circuit comprises:

a controller configured to generate a digital output for the
corresponding inner product summation circuit;

a common input node;

aplurality of capacitors, each of the plurality of capacitors
having two terminals, one terminal of each capacitor
being coupled to the common input node;

a precharge switch configured to selectively connect and
isolate a reference voltage and the common input node;

a plurality of transmission gates, each transmission gate
configured to charge a corresponding capacitor of the
plurality of capacitors based on one of an output of a
corresponding logic gate of a plurality of logic gates of
the digital multiplication circuit and the digital output
and to discharge the corresponding capacitor of the
plurality of capacitors based on one of the output of the
corresponding logic gate of the plurality of logic gates
and the digital output;

a plurality of switch pairs, each switch pair being con-
figured to couple a control input of a corresponding
transmission gate of the plurality of transmission gates
to one of the output of a corresponding logic gate of the
plurality of logic gates and a corresponding bit of the
digital output; and

a comparator configured to compare a voltage on the
common input node and the reference voltage.

2. The multiply-accumulate device of claim 1, wherein at

least one of said one or more stages comprises a digital
compression tree configured to perform a multiplication
operation on a proper subset of inputs to a corresponding
stage.

3. A multiply-accumulate device, the device comprising:

a digital multiplication circuit, the digital multiplication
circuit configured to input [ m,-bit multipliers and L.
m,-bit multiplicands and configured to generate N
one-bit multiplication outputs, each one-bit multiplica-
tion output corresponding to a result of a multiplication
of one bit of one of the L m, -bit multipliers and one bit
of one of the L m,-bit multiplicands;

a mixed signal adder, the mixed signal adder comprising:
one or more stages, at least one stage configured to

input the N one-bit multiplication outputs, each stage
comprising one or more inner product summation
circuits; and

a digital reduction stage coupled to an output of a last
stage of the one or more stages and configured to
generate an output of the multiply-accumulate device
based on the I m,-bit multipliers and the L. m,-bit
multiplicands,

wherein each inner product summation circuit comprises:

a successive approximation register (SAR) controller;

a set of equally-weighted input capacitors coupled to the
N one-bit multiplication outputs and configured to
generate an input voltage based on a subset of the N
one-bit multiplication outputs;
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a set of weighted output capacitors coupled to the SAR
controller and configured to generate a voltage based
on a digital value generated by the SAR controller; and

a comparator coupled to the set of equally-weighted input
capacitors, coupled to the set of weighted output
capacitors, and configured to compare the voltage gen-
erated by the set of weighted output capacitors and the
generated by the set of equally-weighted input capaci-
tors.

4. The multiply-accumulate device of claim 3, wherein
each SAR controller is configured to conduct a binary search
of the digital value.

5. The multiply-accumulate device of claim 3, wherein at
least one of the one or more inner product summation
circuits are implemented using a differential topology.

6. A multiply-accumulate device, the device comprising:

a digital multiplication circuit, the digital multiplication
circuit configured to input I m,-bit multipliers and L.
m,-bit multiplicands and configured to generate N
one-bit multiplication outputs, each one-bit multiplica-
tion output corresponding to a result of a multiplication
of one bit of one of the L m, -bit multipliers and one bit
of one of the L m,-bit multiplicands;

a mixed signal adder, the mixed signal adder comprising:
one or more stages, at least one stage configured to

input the N one-bit multiplication outputs, each stage
comprising one or more inner product summation
circuits; and

a digital reduction stage coupled to an output of a last
stage of the one or more stages and configured to
generate an output of the multiply-accumulate device
based on the I m,-bit multipliers and the L. m,-bit
multiplicands,

wherein each inner product summation circuit comprises:

a successive approximation register (SAR) controller con-
figured to generate a digital output for the correspond-
ing inner product summation circuit;

a common input node;

a common output node;

a plurality of equally-weighted input capacitors, each of
the plurality of equally-weighted input capacitors hav-
ing two terminals, one terminal of each equally-
weighted input capacitor being coupled to the common
input node;

a plurality of input switches, each input switch being
controlled by an output of a corresponding logic gate of
a plurality of logic gates of the digital multiplication
circuit, each input switch configured to charge a cor-
responding equally-weighted input capacitor of the
plurality of equally-weighted input capacitors in
response to the output of the corresponding logic gate
being a logic one and to refrain from charging the
corresponding equally-weighted input capacitor of the
plurality of equally-weighted input capacitors in
response to the output of the corresponding logic gate
being a logic zero;

a plurality of weighted output capacitors, one terminal of
each weighted output capacitor being coupled to the
common output node;

a plurality of output switches, each output switch being
controlled by a corresponding bit of the digital output
of the SAR controller, each output switch being con-
figured to discharge a corresponding weighted output
capacitor of the plurality of weighted output capacitors
based on a corresponding bit of the digital output of the
SAR controller being a logic zero and to refrain from
discharging the corresponding weighted output capaci-
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tor of the plurality of weighted output capacitors based
on the corresponding bit of the digital output of the
SAR controller being a logic one;

a transfer switch configured to selectively couple and
isolate the common input node and the common output
node;

an input precharge switch configured to precharge the
plurality of weighted output capacitors based on a
control signal;

an output precharge switch configured to precharge the
plurality of equally-weighted input capacitors based on
a control signal; and

a comparator configured to compare a voltage on the
common output node and a reference voltage.

7. A multiply-accumulate device, the device comprising:

a digital multiplication circuit, the digital multiplication
circuit configured to input [ m,-bit multipliers and L.
m,-bit multiplicands and configured to generate N
one-bit multiplication outputs, each one-bit multiplica-
tion output corresponding to a result of a multiplication
of one bit of one of the L m, -bit multipliers and one bit
of one of the L m,-bit multiplicands;

a mixed signal adder, the mixed signal adder comprising:
one or more stages, at least one stage configured to

input the N one-bit multiplication outputs, each stage
comprising one or more inner product summation
circuits; and

a digital reduction stage coupled to an output of a last
stage of the one or more stages and configured to
generate an output of the multiply-accumulate device
based on the I m,-bit multipliers and the L. m,-bit
multiplicands,

wherein a voltage level of an analog sum is adjusted by
one or more of: changing a voltage level during a reset
phase and changing a code of a successive approxima-
tion register digital-to-analog converter (SAR DAC)
during an initialization of the successive approximation
register digital-to-analog converter (SAR DAC) to
limit the voltage level to a minimum voltage level, a
maximum voltage level, or both during a digital-to-
analog conversion operation.
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8. A multiply-accumulate device, the device comprising:

a digital multiplication circuit, the digital multiplication
circuit configured to input I m,-bit multipliers and L.
m,-bit multiplicands and configured to generate N
one-bit multiplication outputs, each one-bit multiplica-
tion output corresponding to a result of a multiplication
of one bit of one of the L m, -bit multipliers and one bit
of one of the L m,-bit multiplicands;

a mixed signal adder, the mixed signal adder comprising:
one or more stages, at least one stage configured to

input the N one-bit multiplication outputs, each stage
comprising one or more inner product summation
circuits; and

a digital reduction stage coupled to an output of a last
stage of the one or more stages and configured to
generate an output of the multiply-accumulate device
based on the L m,-bit multipliers and the L m,-bit
multiplicands,

wherein:

a signal voltage level is offset by a fraction of a least-
significant-bit relative to a reference voltage of a com-
parator to maintain the comparator in a non-metastable
position;

wherein the offset is created by applying a voltage offset
to the reference voltage of the comparator of a fraction
of a least-significant-bit; or

wherein the offset is created by adding to an input CDAC
a capacitor of value of a fraction of a unit capacitor and
switching its bottom plate during summation.

9. The multiply-accumulate device of claim 8, wherein
the capacitor of value of the fraction of the unit capacitor is
implemented as a combination of two capacitors of unit
value where, during a first operation, a first capacitor of the
two capacitors is charged to a voltage level, while a second
capacitor of the two capacitors is connected to a 0 voltage
level and, during a second operation, the two capacitors are
connected in parallel and, during a third operation, the first
capacitor is connected to a summing node.
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