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(57) Abstract: A method and device for field detection are provided, in which one or more gradiometers (31, 32, 33) are positioned
in the field and rotated about their axes. Rotation of a single gradiometer allows an output signal of the gradiometer to be analysed
in the Fourier domain, which allows particular field components to be obtained, and also separates the field signal from noise, in the
frequency domain. Use of three such rotating gradiometers with non-parallel axes allows a complete magnetic field gradient tensor

to be obtained with data redundancy, and can reduce crosstalk.
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“Method and apparatus for magnetic field detection”
Technical Field
The present invention relates to a method and apparatus for
measurement of a magnetic field, and in particular relates to rotating a
magnetic sensor relative to the magnetic field to be measured.

Background Art

A gradiometer is a device for measuring the difference between two
signals, with an aim to facilitate rejection of common mode noise signals and
improved reduction in errors that arise from misorientation of the measuring
instrument.

The ability of a gradiometer to measure small magnetic field gradients in
the presence of a large background magnetic field is determined by its ability to
reject large common mode signals, and the intrinsic noise and drift
performance of the field detectors employed. The first of these characteristics
is called the common mode rejection ratio (CMRR). In conventional
gradiometers the CMRR is determined by the precision with which the field
sensors comprising the gradiometer are balanced. That is, the CMRR is
determined by the relative sensitivities of the field sensors, and the accurécy to
which the field sensors can be positioned in precisely parallel planes. This
fundamental nexus between the precision with which conventional
gradiometers can be manufactured and the uitimate CMRR performance has
untit now limited the CMRR to figures of the order of 10 in practical
instruments.

Further, the DC and low frequency accuracy of state of the art
gradiometers is limited by the DC and drift performance of the field detectors
employed, and is also limited by the low frequency noise performance of the
field detectors. Furthermore, the achievable noise performance can be
dependent upon the magnitude of the background homogeneous field; being
determined by microphonics which arise from vibrations causing randomly
varying misalignment of the axes of symmetry of the two field sensors. For
example, in the case of magnetic gradiometry two appropriate magnetic
sensors are the flux gate and the superconducting quantum interference device
(SQUID). Flux gates have considerable drift and noise in comparison to
SQUIDs, but state of the art SQUID systems are incapable of providing data
about the absolute value of the magnetic field or gradient.
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The inability of state of the art SQUIDs to measure the absolute value of
the magnetic field or gradient arises for the following reasons. The radio
frequency (rf) SQUID is essentially a ring of superconducting material, the ring
being interrupted by a Josephson Junction. When the superconducting ring is
energised by an inductively coupled resonant rf-oscillator, tunnelling of
electrons takes place at the junction and a periodic signal, being a function of
flux through the ring, can be detected across the junction. The periodic signal
is substantially a triangular waveform, usually having a period (AB) in the order
of a nanotesla. Therefore, in order to yield a sensitivity in the femtotesla range,
the SQUID is operated in a nulling bridge mode, or flux locked loop (FLL)
mode. In this mode, magnetic flux is fed back to the SQUID so as to cause the
output voltage to remain relatively constant. The feedback voltage, being
proportional to the difference between the applied flux and the quiescent flux
level, gives a highly accurate measurement of relative magnetic flux. The
feedback voltage V can therefore be written as

V=M (AesB + U) (1

- where

M is a constant in a specific SQUID system;

Aer is the effective area of the SQUID;

B is the applied magnetic field; and

u is the quiescent flux.

However, the quiescent flux v is unknown. Thus, conventional rf-
SQUIDs provide only relative measurements of magnetic field, up to an offset
(which can usually be held constant for the duration of the measurement
procedure) which is an integer multiple of a field value determined by the
sensitivity of the SQUID and the fundamental flux quantum. The SQUID,
therefore, is not an absolute field detector and state of the art gradiometers
cannot provide absolute value measurements of the gradient components.

A further problem arises in tensor gradiometers. The gradient of a field
in 3 dimensions is a second rank tensor, and accordingly has 9 components.
In the case of magnetic fields Maxwell's equations impose restrictions which
imply that only 5 of the gradient components are independent. To determine
the gradient tensor of a magnetic field it is therefore necessary to measure all 5
of these components. State of the art tensor gradiometers achieve this by
deploying a suite of at least 5 field sensors or planar gradiometers, or a
combination of field sensors and planar gradiometers.
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However, a problem which arises from the use of a plurality of field
sensors or gradiometers to measure the gradient components, is that the
sensors or gradiometers distort the field in their neighbourhood. Consequently,
each sensor or gradiometer adversely affects the measurement of the field by
the other sensors or gradiometers which are deployed to measure other
gradient components. Such a "cross-talk" effect limits the accuracy of the
gradient measurement.

Any discussion of documents, acts, materials, devices, articles or the like
which has been included in the present specification is solely for the purpose of
providing a context for the present invention. 1t is not to be taken as an
admission that any or all of these matters form part of the prior art base or were
common general knowledge in the field relevant to the present invention as it
existed before the priority date of each claim of this application.

Throughout this specification the word "comprise", or variations such as
"comprises" or "comprising”, will be understood to imply the inclusion of a
stated element, integer or step, or group of elements, integers or steps, but not
the exclusion of any other element, integer or step, or group of elements,
integers or steps.

Throughout this specification, the terms 'supérconducting material',
'superconducting device' and the like are used to refer to a material or device
which, in a certain state and at a certain temperature, is capable of exhibiting
superconductivity. The use of such terms does not imply that the material or
device exhibits superconductivity in all states or at ail temperatures.

Summary of the Invention

According to a first aspect, the present invention provides a method of
field detection comprising:

providing a gradiometer in a field, the gradiometer having at least first
and second field vector sensors connected in a differencing arrangement; and

controllably altering a position of the at least first and second field vector
sensors relative to the field during operation of the gradiometer.

According to a second aspect the present invention provides a field
detection device comprising: .

a gradiometer, the gradiometer having at least first and second field
vector sensors connected in a differencing arrangement; and
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means for controllably altering the position of the at least first and second
field vector sensors relative to a field during operation of the gradiometer.

In preferred embodiments of the present invention, the at least first and
second field vector sensors of the gradiometer are substantially axially aligned,
thus forming an axial gradiometer. That is, the at least first and second field
vector sensors are preferably positioned relative to each other such that first
and second field vectors sensed by the respective first and second field vector
sensors are substantially co-axial. However, the present invention may also be
applied in respect of other devices such as planar gradiometers.

In particularly preferred embodiments of the present invention, the
position of the at least first and second field vector sensors is controllably
altered by rotating the at least first and second field vectors about an axis of
rotation. Such rotation may be continuous, as in the case of a motor driving the
gradiometer at a substantially constant revolutional velocity about the axis of
rotation. Alternatively, the rotation may be piecewise about the axis of rotation,
as in the case of manual rotation of the gradiometer through a given angle
about the axis of rotation. Measurements may be obtained from the
gradiometer before, during, and/or after such a manual rotation.

In preferred embodiments of the invention, the axis of rotation is
positioned substantially perpendicular to the co-axial first and second field
vectors. The axis of rotation preferably passes substantially between the first
and second field vector sensors, and substantially equidistant from the first and
second field vector sensors.

In accordance with preferred embodiments of the present invention, the
gradiometer is made to rotate so that the direction of the sensitive direction of
the field vector sensors or their sensitivities is changed in a known way.

In accordance with preferred embodiments of the invention, the
gradiometer may be an axial magnetic gradiometer, and may be formed from a
pair of SQUIDs, flux gates or superconducting pick-up loops with their
sensitivity vectors lying substantially in a nominal x-y plane. In preferred
embodiments, such an axial gradiometer is rotated about a nominal z-axis to
form the rotating gradiometer.

While the use of an axial gradiometer may be favoured in
implementations of the present invention because of its intrinsic noise
immunity, the advantages of rotating a gradiometer are not limited to the axial
configuration.
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It has been realised by the present inventors that a rotating axial
magnetic gradiometer returns information about the value of the gy, component
and linear combinations of the values of the g, and gyy components of a field
gradient tensor, in addition to information about the By and By field components.
In preferred embodiments of the invention, such information is retrieved by
transforming the voltage waveform from the field vector sensors into the Fourier
domain.

Furthermore, it has been realised that it is possible to obtain the
complete magnetic gradient tensor by deploying three such rotating
gradiometers, configured in such a way that their respective axes of rotation
are not parallel.

Accordingly, in a third aspect, the present invention provides a method of
obtaining a complete magnetic gradient tensor of a magnetic field, the method
comprising:

providing at least three axial gradiometers in the magnetic field such that
an axis of each axial gradiometer is not parallel to an axis of any other one of
the at least three gradiometers; and

controllably altering a position of each of the at least three gradiometers
relative to the magnetic field during operation of the gradiometer. |

Preferably the step of controllably altering comprises rotating each of the
at least three axial gradiometers about a respective axis of rotation of that
gradiometer. The axis of rotation of each gradiometer is preferably not parallel
to an axis of rotation of any other one of the at least three gradiometers.

Similarly, in a fourth aspect, the present invention provides a device for
obtaining a complete magnetic gradient tensor of a magnetic field, the device
comprising:

at least three axial gradiometers positioned such that an axis of each
axial gradiometer is not parallel to an axis of any other one of the at least three
gradiometers;

means for controllably altering a position of each of the at feast three
gradiometers relative to the magnetic field during operation of the gradiometer.

Preferably the means for controllably altering comprises means for
rotating each of the at least three axial gradiometers about a respective axis of
rotation of that gradiometer. The axis of rotation of each gradiometer is
preferably not parallel to an axis of rotation of any other one of the at least
three gradiometers.

PCT/AU2003/000999
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In preferred embodiments of the third and fourth aspects of the invention,
the at least three gradiometers are rotated at a substantially constant velocity
about their respective axes of rotation. Such embodiments produce data
suitable for conversion to the Fourier domain.

Embodiments of the third and fourth aspects of the invention effectively
provide a single measurement of the true value of each of the three off-
diagonal components of the gradient tensor, three measurements of the
diagonal components and two measurements of each of the field components.
Because more than the minimum of five tensor components are obtained, the
use of just three such rotating gradiometers in fact provides a redundant
measurement. This redundancy permits a least-squares best fit solution,
further improving the quality of data obtained. Any DC offsets such as low
frequency drift in flux gates or the fixed offset of a SQUID, for example, can
also be determined and monitored to provide information about the operating
conditions of the detectors. Such offsets can also be separated from gradient
data in the Fourier domain.

In preferred embodiments of the third and fourth aspects of the invention,
data obtained is converted to the Fourier domain. In the Fourier domain the
gradient information is distinguishable from the field information because the
signals due to the gradient fields are centred at twice the rotation frequency
while those due to the fields are centred at the rotation frequency.

Further, information about the gy, component of the gradient tensor may
be distinguished from that due the diagonal gradient components, even at the
same frequency, because one involves taking the Fourier transform of a cosine
waveform, which is real and even, yvhile the other involves the Fourier
transform of a sine wave, which is odd and imaginary. The Fourier
transformation may be implemented by means of a conventional fast Fourier
transform algorithm or even simple discrete implementation via a coarse
sampling of say 8 data points per cycle of the rotation.

To first-order any mismatches in the sensitivities of the field sensors or
their relative alignment gives rise to contributions only at the fundamental
frequency (discussed in more detail in the following) and therefore such
mismatches do not determine the ultimate CMRR of the gradiometer. The final
CMRR performance is determined by the resolution and precision of the data
handling and the ultimate noise floor of the detectors. Accordingly, preferred



10

15

20

25

30

35

WO 2004/015435 PCT/AU2003/000999

embodiments of the present invention may provide for a CMRR improved by
several orders of magnitude over that of state of the art instruments.

Further, since the external gradient and field are modulated by the
rotation, but DC offsets, drift or very low frequency noise in the detectors are
not, the rotation provided by the present invention facilitates separation of the
these effects in the Fourier domain so that the DC and low frequency
performance of the instrument is not limited by the performance of the
detectors in these respects.

Furthermore, in the case of magnetic gradiometry, if the gradiometer is to
be employed in a moving platform such as an aircraft, for example, a
suspension system is generally used to isolate the instrument from vibrations
which would otherwise induce significant noise by moving the instrument in the
earth's magnetic field. However, in previous systems, such suspension
systems have proven to be extremely difficult to engineer as significant
isolation is required at sub 1 Hz frequencies. However, the rotating
gradiometer provided by present invention modulates low frequency signals
with the rotation frequency, thus facilitating the use of suspension systems
which then only need to provide effective vibration isolation near the
fundamental and first overtone of the rotation frequency. Such suspension
systems are typically significantly easier to engineer than sub-1Hz suspension
systems.

In preferred embodiments of the third and fourth aspects of the invention,
the at least three gradiometers are rotated at differing frequencies. Such
embodiments of the invention facilitate separation of the frequency of operation
of each gradiometer, and further facilitate a reduction in “cross-talk” between
the respective gradiometers, of the type set out in the preceding discussion. As
such cross-talk effects will be occurring at differing frequencies, the effect of
one gradiometer operation on another can be filtered out or removed in the
frequency domain.

Accordingly, preferred embodiments of the present invention may yield
significant advantages over previous field detection devices and methods in a
number of ways. First, rotation of the gradiometer breaks the nexus between
engineering tolerances (in positioning two sensors in precisely parallel planes)
and the ultimate CMRR performance. Further, providing three rotating
gradiometers in accordance with embodiments of the third and fourth aspects
of the present invention yields measurements of all five components of the
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gradient tensor and all three the components of the field, with redundancy in
the data, all by using only 3 field detectors. Additionally, the rotation of the
gradiometer breaks the dependence of the DC performance of the instrument
on the DC performance of the detectors. Embodiments of the present invention
also facilitate absolute value measurements of both the gradient and field
components using SQUIDs. Embodiments of the present invention may also
provide real time information of the condition of the SQUID in operation, for
example as to whether or not the SQUID has remained in lock. As noted in the
preceding discussions, previous SQUID devices have only been capable of
making relative field measurements, not absolute field measurements.

_Furthermore, embodiments of the present invention may improve the sensitivity

of field detection by shifting the working point of the detectors to a higher
frequency, where the noise performance of the detectors and the vibration
isolation afforded by suspension systems is superior. Yet further, certain
embodiments of the present invention can serve to reduce the effects of cross-
talk by use of distinguishable rotation frequencies. '

Brief Description of the Drawings

By way of example only, preferred embodiments of the invention will be
described with reference to the accompanying drawings, in which:

Figure 1a illustrates a low temperature superconducting gradiometer in
accordance with the present invention;

Figure 1b illustrates a high temperature superconducting gradiometer in
accordance with the present invention; and

Figure 2 illustrates a three-gradiometer magnetic field detection device in
accordance with the present invention.

Description of the Invention

Figure 1a illustrates a low temperature superconducting gradiometer 10
in accordance with the present invention. Gradiometer 10 comprises a first
field vector sensor in the form of superconducting wire loop 11. Gradiometer 10
further comprises a second field vector sensor in the form of superconducting
wire loop 12. Sensors 11 and 12 are positioned substantially coaxially so as to
sense field vectors along axis 13. . Further, sensors 11 and 12 are connected
in a differencing arrangement, whereby a signal produced at terminals 14
stems from the difference between the magnetic field vectors sensed by
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sensors 11 and 12. In accordance with the present invention, gradiometer 10
is configured to rotate about axis 15, which is at a normal to the page as
viewed in Figure 1a. Rotation of the gradiometer is indicated by direction
arrows 16. )

Figure 1b illustrates a high temperature superconducting gradiometer 20
in accordance with the present invention. Gradiometer 20 comprises a first
field vector sensor in the form of a SQUID 21. Gradiometer 10 further
comprises a second field vector sensor in the form of a SQUID 22. SQUIDs 21
and 22 are mounted on a suitable magnetically transparent mount. Sensors 21
and 22 are positioned substantially coaxially so as to sense field vectors along
axis 23. Further, sensors 21 and 22 are connected in a differencing
arrangement (not shown), whereby a signal thus produced stems from the
difference between the magnetic field vectors sensed by sensors 21 and 22. In
accordance with the present invention, gradiometer 20 is configured to rotate
about axis 25.

Figure 2 illustrates a three-gradiometer magnetic field detection device
30 in accordance with the present invention. The gradiometers are
represented by cylinders 31, 32, 33. Cylinders 31, 32, 33 are respectively
positioned on axes 41, 42, 43, and each of axes 41, 42 and 43 is not parallel
with either of the other two axes. Each of gradiometers 31, 32, 33 is rotatable
about unique non-parallel axes in accordance with the present invention.
Operation of such a device is set out in more detail in the following.
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This calculation models the sensitivity of the gradiometer instrument to the magnetic. field. and.
gradient tensor in the presence of 6 pairs of mlsahgnment angles introduced .by tilting the,;-'j
SQUIDs through arbitrary angles. The effects of precession are not considered explicitly but can E
probably be modelled to sufficient accuracy within the theory. It is demonstrated that the .-
misalignment errors lead to coritamination of the gradient and B-field components by terms that
depend on the misalignments, but the effects of misalignment can be removed by the theory by
introducing appropriate calibrations constants. A final solution is derived in terms of instrument
coordinates and the transformations to geographic coordinates is also described.

The resulting instrument provides a measurement of the true-value of the gradient. and field -
components which is relatively robust with respect to changes in the calibration constants



WO 2004/015435 PCT/AU2003/000999
11

L. OVERVIEW

The present embodiment compnscs of a set of three rotatmg axial gradiometers or drum. gm»;
dzometers In the 2-SQUID implementation the output voltages from a pair of SQUIDs operatedi'
in Aux-locked loops are differericed to prov1de information about the magnetic field densﬂiy a,;ld .
the first-order magnetic gradient tensor. If the SQUIDé are perfectly aligned with identical sen-
sitivities then the difference voltage provides no information about the magnetic field density but
this information is restored if the sensitivities of the SQUIDs are mismatched by a known am'ou'nt, 3
The difference voltage also provides a measurement of the first-order axial gradient prov1ded that“;
the contributions from higher-order gradients are sufficiently small to be ignored. This is easﬂy{

seen by expanding the B-field as a Taylor series about the origin which is take to be centre: pomﬁ

of the axial gradiometer.

A. Taylor Series for functions of three variables.

The Taylor series for a scalar function B (z,y, z) about the origin is
o -
1 0 o] a
By =Y = (6x+y3 o) B0). ®
mO )
In the case of a 3-dimensional vector field the previous equation applies to each of the vector
components, so the a-component of B at the point r, By (r) , and at the origin, B, (0), are related- g

by

0 ) o} 1 0 e, 7 .
By (r) = B (0) + (m55+y<—9§+25;>3 -%-2‘ (w55+y-8_y+z_8;> B,

+ o . ( aam-{—yaa + %>3BQ+L <m-é%+y:%+z§;)43a+... .‘ (2)
If the second- and higher-order gradients of B are small then 2 may be approximated by
=Ba(0)+<x5%+y(—%+z—(%>3a' T
provided that r is small.
Let
7]

gap é fa—ﬂ‘Ba
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denote components of the the first-order gradients of B. Then eq. 77 becomes simply
B (r) = Ba (0) + 2gas + Y9ay + Zgaz BN C))
or in coordinate independent form
B(r) = B (0) +gr o . (5)

where g is the gradient matrix and r is the displacement vector to the point at which the B field

is measured.

Using 5 if r1{ and r are two points the difference in the B-field at these points is
B(r1)) -B(r )=B(0)+gr1i—(B(0)+gr ) =g (r;—1')

which is proportional to the product of the gradient matrix and the displacement between the

points.

II. INSTRUMENT AND DRUM COORDINATES.

The drum gradiometers rotate about axes with orientations denoted by the vecto\rs U, v and .
W in an umbrella configuration to be described in detail below. The axial gradiometers within the :
drums are located at the end points of U, V and W, and facilitate absolute value measurements
of linear combinations of some of the components of the magnetic gradient tensor and magné"tip
field with respect to a drum coordinate system, C', which is fixed to the axis of rotation of -each
of the three drums. The systems of equations in drum coordinates are transformed to a common -
instrument coordinate system, C, and solved to yield absolute value measurements of the mag'netichv '
gradient tensor and magnetic field in instrument coordinates.

For use in geophysical exploration the final measurements have to be expressed in terms of
the geographic coordinate system, Cq. This is easily done if the orientation of C with respect to-
Cg is known but in general this will require additional information from position and orientation.
sensors. It is -pos'siblell . that, in some applications, the real-time measurements of the m‘agn'etic ‘
field provided by the " instrument itself, might be used to provide information about the
orientation of the instrument with respect to the magnetic field of the earth. Transformations of the

final measurements between the instrument coordinates and geographic coordinates are described

beléw in section VI.
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A. Instrument coordinate system, C.

The instrument coordinates system, C, is a right-handed Cartesian coordinate system defined
as follows. The z-y plane is defined by the base of the instrument. The z-direction is normal to
the z-y plane and forms an axis of symmeﬁry for the instrument in the sense that the phree drum
gradiometers are distributed symmetrically about the z-axis. Unit vectors in the diiég’qiéns of"th'.e:;
2-, Y- and z-axes will be denoted i, j and k, respectively. ‘ .

As mentioned above the axial gradiometers are located at the end points of U, V and W andr-
rotate about the axes defined by these vectors. The direction of U is the vector" obtained by
revolving a unit vector i with its base at the origin of C' about the —y axis through,gn angle")\‘.,
The directions of V and W are obtained by revolving U about the z-axis thropg’h aﬁgieé of 12(‘)°'~"
and 240° respectively. U, V and W then form a type of umbrella conﬁgufation being )d'isp(‘)As‘ed:‘
symmetrically about the z-axis and tilted above the 2-y plane through an umbrella an_éle' qnéle }\

Hence

U = (Lycos A, 0, Lysin A) (6)
V = (-%Lv cos A, -?Lv cos A, Ly sin )\> : (7)
W = (—%Lw Ccos A, —\/Tng cos A, Ly sin A) (8)

in which Ly, Ly and Ly, denote the distances of the axial gradiometers from the origin of C.

1. Properties of U, V and W.

e Note that these unit vectors form an orthogonal system only if
U V=V W=W.U=0
ie. if

cos2X =0

P )

1
4

) i
= A= % arccos o = 0.6154871ad = 35.3° 9)
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e In the instrument A = 45° so from equations 6, 7 and 8

U= (cos%,O,sin—Z—) =Lu<l\/§ 0 lﬁ) | (10)

S . TN MmN 151
V-( cos4,2.cos4,s1n4>—Lu<—Z\/§ Z\/E —\/5) (11)

1
2
1 T 3 o T 1\
= —_— —— @i = | = 1 1 1
508 g cos4,sm4> ——Lw(—zﬂ _Z‘/é —«/5) (12)

2. Unit drum vectors

Tt will prove useful to define the unit drum vectors, ug, vo and wo, that are ‘normal_ to U, V).
and W respectively. Vector ug is the unit vector obtained by revolving a unit vector. i with ité .
base at the origin of C about the +y axis through an angle (90 — A) degrees. Vectors vg and w‘d "
are obtained by revolving ugp about the z-axis through angles of 120° and 240° respectively. In

instrument coordinates

u0=‘(sin}\ 0 —cosA) » ti (13)
Vo= (—-—;-sin)\ ‘—é—-?i(sm,\) ——cos)\) - (14)-.
wo = (—-% sin A —g (sin\) —COS/\) (15)

N.B.
ug - U= (sin/\ 0 -—cos/\) + Ly (cos A, 0,sin A) =0

1 3 .
vo V= ( —-;— sin A g (sin A) —cos)\) Ly ("5 cos A, ’i'— cos A, sin /\) =0

1 V3 .
wo - W= ( ——% sin A ——\é—g (sinA) —cos A ) Ly (-‘5 cos A, =5~ Cos A, sin >\> =0

as required.

B. Drum coordinate systems C’

As mentioned earlier we introduce 3 drum coordinate systems, G/, C" and C™" associated with: "
the each of the three drums rotating about U, V and W respectively. Let x/, y''and 2 denote
unit vectors in the directions of the z,7’ and 2z’ axes of the drum coordinate systems. C' is defined

so that x' = ug, ¥’ = j, 2’ = U/Ly and the origins of Cf; and C coincide. With these definitions
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CY; is a right-handed coordinate system which would become equivalent to C if the urﬁbrella; anglﬁa"
was set to 90°. ‘ :
C" and C™ are then defined by rotating C' about the z-axis through angles 120° and 240° 'so

that in O, x = vg and 2" = V/L, while in G, x" = wo and 7" = W /Ly,

1. Unit gradiometer vectors.

The instantaneous direction of the rotating axial gradiometers will be defined by unit gradiome- .
ter vectors u, v and w, which remain normal to U, V and W and undergo continuous rotation
about the end points of U, V and W with angular frequencies wy, wy and Wy respectively. Oy,
6, and 8y, will denote respectively the angular displacements of the vectors u, v ahd w at time ¢,
from the positions of ug, vo and wo defined above, so that 6, = wyt, Oy = wyt and Oy - Wagt. .‘f[n‘
terms of the drum coordinates Y, Cf, and Cjy the unit gradiometer vectors u, v/ a;n'd'iw’:é,ssu“me'

the same form

u’ = (cos By, sin by, 0) (16)
v’ = (cos Oy, sin By, 0) ‘ A (17)
w' = (cos Oy, sin 6y, 0) (18)

C. Coordinate transformations between C' and the c! systenis.

In general if P and P’ denote the components of a vector in the frames C and C' respectively
and if C is mapped to C' by a positive (right-handed) rotation through an angle x about an axis

k (k = z,y,2) then
P’ = Ry (k)P - .(19).
where Ry (k) denotes the standard rotation matrices

1 0 0
Em (k)= 1] 0 cosk sink (20)

0 —sink cosk

cosk 0 —sink :
Byw)y=| o 1 0 . : (21)

sink 0 cosk
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cosk sink 0 Co
(22)

R,(k)=| —sink cosk 0

0 0 1

Also if § and §' are the components of a Cartesian tensor in the frames C and C' respectively

then
' = Ry, (x) GRT % (). ey
For example a rotation about the z-axis i;hrough angle K is
911 91 913
a9 93

g3 9’3 953

cosk sink 0 g11 g1 913 cosk —sink 0
= | —sink cosk O g1 g g3 sink cosk O
0 0 1 g13 g 3 933 0 0 1

"and hence

A

dii=3(g11+9 )+1(g11—g )cos26+g1 sin2k

g =3(gu+g )~*(gun—g )(cos2k) — g1 sin2
A

g53 = 933 o (24)

g1 =~1(g11—g )(sin2k)+g1 cos2s |

g'3=g3cosk— gigsink

ghs = g13cos k + g 3sink

1. Transformations C = C'.

When x’ = ug,y’ = j and 2 = U/Ly, C is mapped onto C' by a rotation about y through an

angle (7/2 — \). Hence if B and B’ denote the components of a vector in the frames C and ol ‘
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respectively then

sinA 0 —cosA

B = 0 1 0 B g (25)
cosA 0 sinA ‘
sinA 0 cosA
B = 0o 1 0 |PB (26)

—cosA 0 sinA
N.B. If A = /4 then
vz o -2 | L
B=| o1 o |B (@7,
120 143 | |
while if A = /2 25 and 26 give that P/ = P, i.e. the coordinate systems C and Cf; coincide, as -

required. Also, using equation 6,

sinA 0 —cosA
U’ = 0 1 0 U
cosA 0 sinA

sinA 0 —cosA Ly cos A

= 0 1 0 0
cosA 0 sinA Lysin A
0
=Ly} 0
1

as required.
Using 26 the unit gradiometer vector
cos 0y,

u = | sinf,

0
becomes
sinA 0 cosA cos By, cos @y sin A _
u= 0 1 0 sinfy, | = sin @y (28)

—cosA 0 sin )\ 0 — cos By cos A
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in C. Observe
cos By, sin A Ly cos A
u-U= sin 8, , 0 =0
— 08 0y, cos A Lysin A

"so u 1 U as required.
a. Gradient Transformation. The transformations of the gradient tensor from C' to c’ ‘foll'oW.S'

from the use of the transformation matrix in 25, with the general transformation equation, 23, i.e.’

g1 91 9is sinA 0 —cosA 911 91 913 sinA 0 cosA ) .
¢ ¢ dal=] 0o 1 o g1 g 93 0. 10 | (9
di3 9’3 953 cosA 0 sinA g13 g 3‘933 —cosA O sin\
. 3
9'11 =1 (911 + g33 — g11 €08 2\ + g33 cos 2\ — 2g13sin 2)\)
g =g
! 1 : '
gha = = (g11 + g33 + g11 cos 2\ — g33 cos 2A + 2g13sin 2A o
o I3 ( g 1 g ) \ (30)-
g =12 —9g3) e :
ghs = 1 (2913 cos 2 — g115in 2\ + g33sin2A)
gd3=12(g1 +9g3)
In the special case A = /4
.
gi1 = 1g11 — g13 + Lgas
g =g
G933 = 111+ g13 + 1gss
-(31):

ds=2vV2(q1 +g3) )
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2, Transformations C = C".

When x” = vg and 2z’ = V /Ly, C is mapped onto C” by a rotation about z thrdﬁgh'an' atigle

2m/3 followed by a rotation about y through an angle (7/2 — A) .

~LsinA 14/3(sin)) —cosA
B'=| -1./3 -1 0 B S 82y

_—l cosA 14/3 (cosA) sin )\

—lgin) -1/3 —lcosa
B=| 1/3(sinA) -1 213(cos)) |B” (33)
—cos A 0 sin A ‘ -
If A =m/4
VI /6 12
B'=|_1/3 -1 ¢ |B

Using 33 the unit gradiometer vector

cos &,
v'=| sin By
0
becomes
~lsinn -1/3 —lcosh cos 8y, ~Lgin Acosfy — l\/§(sin(9v)'
v=[ 1/3(sin A) -1 1.3 (cos ) sinfy, | = | —1sin6,+1v/3 (sin Acosby) | .(34)_ ‘
—cos A 0 sin A 0 | —cos A cos Gy
in C.

Observe that
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confirming that v L V as required. Also using 6
—lsin) 143 (sin)) —cos A
vi=| -1/3 -1 0 v
~Leosh 14/3(cosA) sinA

~Llgin) 1/B(sinA) —cosA —1L,cos A
= -1./3 -1 0 Jéchos)\
~LcosA 1v/3(cosA) sin A Lysin A
0
=Ly | 0
1

as required.
a. Gradient Transformation. The transformations of the gradient tensor from C to o follows. A

from the use of the transformation matrix in 32, with the general transformation equatidn, 23, ie.

gt gy 94s ~Lsin ﬁ(sin)\) —cos A gi1 91 913 —dgin A -3 —lc_c)s<\ .
gi 9" 9" | = -3 -1 0 g1 g 93 LBsin)) —1 ¥ (cos)).
g1s 9"3 953 —LoosA B (cos)) sin) g13 93 933 —cosA O sin A

< (35).
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oy =Yg +3g +2gss— lgrcos2A—8g cos2A + 1gss cos 2\ |
+1g13sin2) — 71191 V34 ?1191 V3 cos2) — Lg 34/3sin 2\

¢ =39 +igV3+ V3 (31 + $911V3)
dla=3ou+39 + 1933 + 3911 c08 2 + 39 cos2) - 1gsgcos2A |

—lgi3sin2X — 301 V3 — 791 V3cos2A+ 1g 3v/3sin2X

= > (36)
gl =21(cosNga—L(sinA)gr +2(cosA)gisV3 ‘

-1-411 (sin ) g11v3 — ;1-1 (sinX) g V3

glls = Lgracos2) + Sgusin 22 + 8¢ sin2) — Lgsysin2)
~15 3/3cos2) — 391 V3sin2A

gy = —L(cosN)g1 — l(sinX)g s+ % (cos A) g1.1\/§
~1(cosN) g V3—1(sinX) g13v3 )

In the special case A = /4

oy =Lon+2tgis+ 3 +lem—3V3a —193V3
¢ =3gu+ig +1g1 V3

943 = %911 ~lgi3+ %g + Lgaz — :11\/591 +1v3g 3 ! :
¢ = -1 +3v2g s+ §vBou + §v6g1s — V89 ’
dla=1g1i+3g —2gss—1V3n

gy =—1v291 — V29 3+ 1/6g1n — 1V6g13 — %\/@ )

| ¢
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3. Transformations C = C".

When x" = wg and 2/ = W /Ly, C is mapped onto C™ by a rotation about z through an-
angle 47/3 followed by a rotation about y through an angle (/2 — ) . Hence
~lsind —1/3(sinX) —cosA N
B" = i/3 . -1 0 B ‘ (38) "
—LlcosA —14/3(cos)) sinA R
~lginy 13  —lcosA ,
B=| -1y/3@sin)) -1 —1vB(cos)) B"” : o (39).

—Cos A 0 sin A

fA=m/4
B = l\/g 1 0 B. “ (40) .

Using 39 the unit gradiometer vector

cos Gy

mn .
w = | sinfy

becomes

“lgnx 13 —lcosA cosfy
w=| —1/3(sin ) —1 _1./3(cos]) sin Oy
—cos A 0 sin A 0

—LginAcosfy + 'l‘\/i?;«(sin.e;,) :
= | —1sinb, — 1./3 (sin-Acos 9.0) i

—cosAcosfy : )
(41)

in C.
Observe that

w W =0
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1

confirming that w L W as required. Also using equation 8
—Lgin) —13 (sinA) —cosA
W = 1 \/g 1 0 W
—LcosA —1v/3(cos)) sinA

—lsinA —1y/B(sinA) —cosA —1L,cos A
= 13 ~1 0 —ﬁLwcos)\ 4
~LcosA —14/3(cosA) sinA Lysin A
0
=Lyl 0
1

as required. .
a. Gradient Transformation. The transformations of the gradient tensor from € to C""- fol= B

lows from the use of the transformation matrix in 38, with the general transformation "équativonj,

23, i.e. .
g1t g 913 _lginy —¥3 (sinA) —cosA gil 91 gi3 —1gin A l\/g 4—-17'cqs X _'
g 9" ¢% | = ¥ —1 0 91 9 93 ~Bgin)) -1 =¥ (cos))
gih 9"% g% —leog) -3 (cosA) sinA 913 g 3 933 —cos A 0 sin X

(42)
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\
g1 = %911 + %g + l933 - %gn cos 2\ — %g cos 2\ + gazcos 2\ |
+1g1asin 2\ + 401 V3-1ia1 V3cos2A+ 1g 34/35in 2\

" =3g1+39 —ta V3

935 = %911 + %g + l933 + %gu cos 2\ + %g cos 2 — 1933 cos 2
—-lg13 sin 2A + 71191 V3 4+ %191 \/3cos 2\ — lg 3ﬁsin2)\

1/l

gl =1(cosN)g3a—2(sinA) g1 —L(cosA)g13v3
~1(sin\)g11v3+ }(sinN)g V3

g% = Lg13cos 22 + Lg11sin2X+ 3y sin2A
~1gazsin 2 + 15 3v/3cos2A + %91 V3 sin 2

g% = —L(cosN) g1 — l(sin))g 3g— 711 (cos A) g11v/3
-i-% (cosA)g V3+ 1 (sin \) 9133 )

In the special case A = 7/4

g =L1gn+2gs+3g +1ga+ivia + 1393
" =38gn+1g —1VBa

953 = gg11 — g3+ %9 + 1gsz+ %\/591 -1V/3g 3 . (44)
g = —1v2g1 +1v2g 3— §vBg11 — §VBg13+ 16y :
g3 = %911 + %g —1gss+ %\/591

"3 = —%‘\/591 - :11\/59 3— %\/6911 + ;11\/6913 =+ ;1;\/5_59 )

i

=

D. SQUID Configuration -

The SQUIDs composing the axial gradiometer rotating about U are located at the endpoints
of the vectors r = U & pu, where p = d/2 and d is the total distance between the SQUIDs. In -
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drum coordinates
0 pcosfy pcos by .
v, =U'+ p’'=1 0 |+1p sin by = psin by (45)
\ Lu 0 La '
0 pcos by —pcosby
r =U~—pud=| 0 |—| psiny | = | —psinby (46) .
Ly 0 Ly,

Using eqs. 45 and 46 in equation 5 the magnetic field at the SQUIDs vmay be written

B .g;:m g:fvy g{Bz ! pCOS Oy
7 / .
BL(h)=| By | + | 9 9w 9= psin Gy
B, Iow g;/z 9z Ly

B + Lugl, + p(sin ) ghy + p (cos 0u) gz
= | Bj+ Lugy, + p(cos Ou) Gy + o (sin bu) Iyy . (47)

B!, + p(c0s 0) g -+ p (sin 6u) gl + Lugys

B Ghw Iy Yooz —pcos By
! / .
B= (r__) = B1I! + gg/x gglyy g;{/z —psin Oy
B, Ghw Goy zz Ly

B + Lugl, — p(5in 0u) gy — £ (c08 0u) gz
= | By+ Lugy, —p(cos Ou) gy — P (8in 6u) Iyy N (48): ’

B, — p(cos 6u) gy — p (510 6u) gy + Lugle

in which
By

B'2 | By (49)
B

is the magnetic field at the origin of C'.

E. SQUID outputs.

In the instrument the gradiometer signal is produced by forming the sum

U=Up+U- C(50)



WO 2004/015435 PCT/AU2003/000999
26

where U,. and U_ are the responses of the SQUIDs when operated in a flux-locked loop. In responsé-

to the magnetic fields in equations 47 and 48 Uy and U may be written

Uy =81 -BY () + a4 Ly

U_=§-B_ () +a- S (s2).

where the S and 8 denote the SQUID sensitivity vectors. These are normal to the SQUIDs with *
lengths proportional to the sensitivity of the SQUID system (V /T) and the a are arbitrary offset .
voltages which can change value upon each reset of the SQUID system electronics. In a perféctly'
aligned system S} = S1u’ and S’ = —S u’ but in any real system the SQUID vectors will be tilted: -
with respect to u’ due to alignment errors. To characterize the alignment we introdUce:Q pairé ‘o.fi

alignment error angles. Let oy (o ) denote the error angle between the projection of the 8% (8’ ):
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vector onto the -y’ plane and the unit vectors u’ (—u’), and 71 (7 ) is the angle of inclination of

8% (S') above the 2'-y’ plane. Then

S1cos Ty cos B o
st = SicosTisindy |, 612 (Bu+o1) v (63).

SisinTi

—S cosT cosf

' =| -8 cos7 sing |, 0 £(fu+o) (54)
S sinT ‘ 7
Ifoy=0 =71 =7 =0then §f = Siu’ and §' = —& v’ as required.

- To simplify these introduce

Mi £ SicosTi, N1 2 S1sinmy } (55)
M 28 cost, N 28 sint
so that 53 and 54 become
Mjicos bty '
Si=| Mpsin6; (56) .
Ny - !
—M cosf V "
"= | —M siné ‘ - (587)
N , ‘
Using 47 and 56 in equation 51 gives
Mj cos 6y BL+ Lughy + p (sin0y) ghy + p (cos 0u) g
Uyp= ] Misin6; |- B?’J + Lugz'jz + p(cos Oy) gpy, + p (sin Oy) Gy | O+ (58)
N Bl + p(cos 6y) gl + p (sin 64) gy, + Lughs |
= (M1cos 1) (Bl + Lugh, + p (sin 0u) ggy + p (008 0u) i) (59)
+ (Mysin61) (B} + Lugl, + p (cos 0u) gy + p (sin u) gpy) (60)
+ (V1) (B} + p (cos 0u) gl + £ (51 6u) Gz + Lugz) + a+ ‘ (61).

= BLMj cos 01 + Lugl,Mi cos61 + ghppMi (cos 6y) (cos 01) + gy pMi (sin 0u) (cos 61)

+ ByMj sin 01 + g, Ly M sin 61 + GyyPMi (sin 0y) (sin 61) + g, oMy (cos 6y) (sin 61)

+ BLN1 + g}, N1Ly + g5, N1p (cos Ou) + gy N1p (sin 6) + ay. L8y



WO 2004/015435 PCT/AU2003/000999
28 :

where we have used that gy = Gye: Juz = g2z a0d gyz = gzy from our knowledge of the properties
of the magnetic gradient tensor.

Similarly using 48 and 57 in equation 52 gives

—~M cosf Bly+ Lygl,, — p(sin 0y) ghy — p (c08 0u) gua: | - ‘
U-=| —M sinf || By+ Lugy, — p(cos by) g5y — p (sin bu) gy | Ta= - (63)
N Bl — p(cos bu) g, — p (sin0u) Gy + Luglz | o
= (=M cos8 ) (Bl + Lugh, — p (sin 0u) 9oy — p (c08 0u) goz) ' (64). .
+ (=M sin8 ) (By + Lugy, — p (cos bu) Gy — p (50 6y) ) L (4 - (65)
+ (V) (B — p(cos bu) gy — o (510 0u) Gy + Lugl) + 0 o (60

= —B!M cos6 — Luygl,,M cos6 + M pghy (cos6y) (cosd ) + M pggy (sin6y) (cos 6 )
~ M By (sinf ) — gy,M Ly (sinf ) + GyyM p(sin6y) (sin€ ) + GayM p(cos Ou) (sin6 )

+ BLN + gL N Ly — gi,N p(cosfy) — gy, N p(sinby) + a— o (8T)
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Substituting 62 and 67 into 50 gives the gradiometer output

U = Bl M1 cos 81 + Lugh, M1 cos 81 + ghppMi (cos by) (cos 1) + ggypMi (sin Ou) (cos b1)
— BLM cosf — ng‘,’BzM cos + M pgly, (sin6y) (cosd ) + M pggg (cos Gu) (cos b )
+ B?'JM 1sin 6y + g;zLuM 1sinfy + g;pr 1(sin 6,,) (sin ) + g;prl (cos 6y,) (sin 1)
— M By (sinf ) — gy,M Ly (sinf ) + g5, M p(cos6y) (sin ) + GyyM p (sinby) (sin? )
+ ByN1 + by N1Lu + g3, N1p (cos ) + gy, N1p (sin 6u) + a+ |

+ BLN +gh,N Ly — g, N p(cosbu) — gy, N p(sinfy) + a—

= B! M1 cos (0y + 01) + Lygh,Mi cos (6u + 01) + g;;cle (cos By) (cos (B + 1)) ‘
+ glyypM1 (sin 6y,) (cos (6y + 01)) — BxM cos(u+0 ) — Lugh, M cos(fy+0 )
M pgly (5in 6,) (c05 (B + 7 )) + M pgly (08 64) (cos (6 + ) |
+ ByMjisin (84 + 01) + gy, LuMi sin (6 + 01) + Gy M1 (sin 6y,) (sin (6y + 01))

+ 9l PM1 (cos 6y) (sin (6 + 01)) — M By (sin (6u + 0 )

— Gy M Ly (sin (84 0 ) + 9oy M- p(cos by) (sin (6 + o))

+ 6Ly M p(sin 0,) (sin (8 + 0 )) + BLN1 + g N1Lu+ g, N1p (o5 6)

+ gbN1p (sin0y) + ag + ByN + g, N Ly

— g plcosBy) — gy, N p(sinby) +a-

= B],M1 (cos o1 cos 8y, — sin oy sin fy) + Lugh, M1 (cos o1 coé 8, — sin o1 sin by)

+ glopM (cos o1c08 Gy — sin oy cos Gy sin Bu) + g;pr 1 (COS o1 cos 0y, sin 0y, — sin oy sin Ou)
— BiM (coso cosy —sino sinfy) — Lugy,M (coso cosfy —sino sinby)

+ M pgy, (coso cosbysinfy —sino sin 8u) + M pghy (coso cos 6y —sino cosfysin 6u)
+ B;M 1 (cos oy sin 6, + sin o1 cos Gy) + gz'/zLuM 1 (cos oy sin 0y, + sin o1 cos 6y,)

+ gyypMy (sin o1 cos 0y sin Oy + cos 1 sin 8u) + gyypM1 (cos o1 cos Oy sin 6y, + sin o1 cos 04) -
—M BZ'J (coso sinfy, +sino cosfy) — g;]zM Ly (coso sinfy, +sino cos 6y)

+ gpyM p(coso cosBysin by +sinc cos bu) + gy M p (sino cosfysinfy+coso sin 6u)
+ BLN1 + gl N1Ly + gy, N1p (cos 0y) + gy, N1p (sin ) + at

+ BLN + gL N Ly — gV p(cosfy) — gj,, N p(sinfu) + a
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= B;M 1¢08 01 ¢os By, — B;M 1 8in oy sin 8, + Lug,'uzM 1 cos o1 cos Oy

- Lug'zzM 1sinoysinfy, + g'mp.M 1€0801CoS Oy — g‘fmpM 1 5in o1 cos Oy sin Gy,
+ Ggyyp M1 coS 1 cO8 by 5in Gy, — JoyPM1sinoysin 6, — BLM coso cos 91;

+ B;;M sino sinfy — Lygl,M coso cosfy + LuggczM sino sin 8y,

+ M pg;y cosa cosfysinf, — M pg;y sino sin 6,4+ M pgl,coso cos 6y
— M pgl,sino cos @y sin by, + Bg’/M 1cos oy sin 8y, + BZI!M 18in o cos By,

+ g;zLuM 1 cos 01 Sin Gy + g;zLuM 1 8in o1 cos Gy, + g;prl sin o7 cos 6y, sin Qu |
+ g;y,oM 1cosoysin Oy g;pr 1 €08 o1 cos By, sin 0, + g:'cpr 18inoy cés 6., B
-M B;] coso sinfy — M B?'J sino cosfy, — g;/zM Lycoso sinfy "

- gg'le Lysino cos@y + g;yM pcosa cos by sin b, + g;yM psino cos ‘M
+ g;yM psing cosfysin G, + g;yM pcosa sin 6,

+ BN+ 92 N1Ly + g3, N1p (cos 0y) + gy, N1p (sin 6y) + a4

+ BN + g, N Ly — gt,N p(cosby) — g;zN p(sindy) + a—
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= Bl Mjcosfycosor — BLM cosfycoso

+ BLM sino sin6, — By Misinoysin 6y,

+ B;M 1cosoysinty, — B;M coso sinfy

+ B'yMl sinoq cos by — Bz,/M sino cosfy

+ Lygl, M1 cos oy cos 0y, — LuggzM cos o cos Oy

— Lugl,M1sin oy sin 0y + Lygh,M sino sinfy

+ gy LuMy cos o1 sin Oy — gy, M Ly coso sin by

+ g;/zLuM 18in o1 cos Gy — g;zM Lysino cosfy

+BLN1 + BN + gl ,NiLy+ g',N Ly + ay +a—

+ glopMicosoicos Oy + M pgh coso cos By

+ g;y,oM 1cosoysin Oy —l— g,'yyM pcoso sin 0Oy |

+ g;pr 1sinoycos Gy + g,'nyM psino cos Oy

— ghypMisinoysin 6, — M pgg,sing sin Oy

— ghno M sin oy cos Oy, sin 6y, — M pgl, sino cos by sin by
+ gg'jpr 15in o1 cos By, sin 6y, + g;yM psino cosysinby
+ 2g4yp M1 cos o1 cos Oy sin by + 2M pgyy, coso cos by sin O
+ V1P (cO8 ) — 952N p (cos ) |

+ ngNIP (Sin Gu) - ggl,/zN P (Sin Hu)
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= (Myicosoy — M coso ) B cosfy,

+ (M sinoc — M sinaﬂBQsﬁn@u

+ (Micosay — M coso ) Bysinfy

+ (Mysinoy — M sino )B;cos O

+ Ly (M1cosoy — M coso )g;z cos @y,

— Ly (Mysinoy — M sino ) gl sin@,

+ Ly (Mycosop — M coso )g;zsineu'
4 Ly (Mysinoy — M sino ) gy, cos 6y,

+ Ly (N1+ N ) g,

+ B, (N1+N)

+a

+p(Mycosor+ M coso ) gl (cosby)

+ p(Micoso1+ M coso )g; (sin 64,)
+p(Mysinor + M sino ) gg, (cos 6y,)
—p(Mysinoy + M sino ) gy, (sin 6,,)

— p(Mysinoy + M sino ) gl (sin6y) (cos 6y)
+ p(Misino; + M sino )g; (sin 8y) (cos 0y,)
+2p (Micos o1+ M coso ) gy, (sin 6y) (cos 6
+ PGz (cosby) (N1~ N )

+ gy, (sinby) (N1 — N )

where o £ a4 -+ a_. Expanding the trigonometric functions within each term and collecting
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harmonics gives

U= (Lugly+ BL) (Ni+N)+a

1
+ 5P (Micosor+ M coso ) (gog + gzlzy)

+ (Mycosoy — M coso ) (By + Lug;z) cos by
+ (Mysinoy— M sino ) (B,;j + Lugg',,z) cos 0y,

+p(N1— N )gl,cos by

— (Mysinoy — M sino ) (By, + Lugh,) sin by
+ (Micosoy — M coso ) (leJ + Lug;z) sin 6,

+p(Ny—N )g;zsin Oy,

1
+5P (M1cosar+ M coso ) (gg — gyy) €05 26y

+p(Misinoy + M sino ) gy, cos 26,

1 . . .
+ 5P (Mysinoy+ M sino ) (gyy — gys) sin 20y

+ p(Micosor+ M cosa ) gy, sin 26, (‘68)‘
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Hence

where

34

U = pu (Lugiz + By) +a

+ Sy (Bé + Luggz) cos Oy
+ 1y (B;/ + Lugz'/z) cos Oy,

!
+ Uy g, €08 by

— Ty (B; + Lug;z) sin 6,
+ su (By + Lug),) sin 6y

! .
+ Uugy, sin by

+ & (g;x - g;y) cos 28,

+ 2 (Xu) Gy €08 264,

+ Xu (Gyy — i) 510 26y
+ 2 (§u) g’my sin 26y

&2 1p(Micosoy+ M coso )
Xu21p(Misinoy + M sino )
'Uuép(N;[—N)

Gu2 (Mycosoy — M coso )
2 (Mysingy — M sing )
Mué(Nl-l-N)

PCT/AU2003/000999

(69)

)

> R (70).‘

7/

N.B. In the absence of alignment errors, i.e. 01 =0 =0, 71 =7 = 0 from equation 55

M= 81, N1 =0
M=8,N=0

and from equations 70 Xy, 7, Uy and pqvanish, and

é’u:lp(,5'1+,5")
§u=(5’1—5).

(74).
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Finally if S; = § £ S say, then ¢, also vanishes and the only non-zero constant is

Eu = pS. . (72)

- III. DATA EXTRACTION

One method to extract the data is to take a series of measurements over a- numbgr‘cjf angular" i
increments of the pick-up loop structure and solve the resulting systém of equations élgeb\raically. :

A series of voltage measurements is now taken at angles 6y, = —/4, 0, 7/4, ©/2, 3n/4, =, 5w/4,
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3m/2 to yield the following set of equations:
Up £ U(6=—n/4) = a+ Byuu+ ghi&u+ ghixu — 291 Gut+ g’ bu— g Xu+ Luyésl«bu
'I'B{["?'u,\/5 + lB,T]uﬁ’*‘ lBiquﬁ ~-1p §u\/_2- + ‘1'9/13'Uu\/§ - lglavu\/i
+1L0ugiamuVZ + 1Lug’ s1uV2 + 1 LuglzsuV/Z — 1Lug suV/2

U 2 U(0=rn/4) =a+ Bhpu+ ghiéu— glixu+ 261 fut g &ut g Xut Lugssuu B
—1Bln/3 + 1B nyv/2 + 1Bluv2 + 1B a3 + Lghgunv/2 + 1g 3Uu\/—
“‘lLu91377u\/_+ 109" 377u\/_+ "Lug13€u\/_+ ir.¢' 3§u\/-

Us2U (9 = 37/4) = a + Bhpu + 9116w + 911Xu — 291 &u+9g' Eu-— g xu+ Lugbahiu
"']'u,\/E -1p 'f]u\/_ —-1B] §u\/— 2+ 1B (u\/- - "913111.1,\/_ + g 3'U'u,‘/-
—"Lu91377u\/§ — 1049 gnuV2 — 1Ludisuv2+ LLug' 35uV/2

Us £ U (6 = 57/4) = a+ Bjpiu+ gl1éu — giaXu+ 201 but g’ Gut+ g xut Lugsahu =
+1BInuvZ — 1B/ y/2 — 1Bic/2 — 1B /2 — glguuy/2 — 1¢ 50uv2 o3
+lLug'1377u\/§ 1.4 3’f7u\/§ — -Lugl3gm/§ — “Lug 3€u\/_ . o

U1£U(@=0)= a+ B'ny + Bisu + Bypu + 29116 + g1svu + 291 Xu
+Lu9,377u + Lu9/13§u + Lugézlllu

éU(ej:W/Z):a_ ,177u+B’§u+B:,3/iu_29’1 Xu+gl3vu+2gl £u

_Lug,1377u + Lug,3§u + Luggsll'u

Us2 U (8 =) = a— B 1y — Bisu+ Bhpu + 29116u — 9isVu + 201 Xu

—Luyg’ 34 — Lughasu + Lugistiu

Uz £ U (6 = 31/2) = a+ Binu — B cu+ Bl — 20 Xu— 9 3v0u+29 &u
+Luglgnu — Lug s5u + Lughsiu
Note that even with all of these misalignment errors considered the following L.C. vanishes if
the SQUID stays in lock throughout the measurement series:

Uo— UL +U —Us+ Us—Us+Us—Ur=0 R

So this is still a good check to test the SQUID lock and the integrity of the data with respect: to. .
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random pointing errors which might occur during the measurement sequence.

A. Solving for gradient components.

Assuming that &y, Xu, Su, Tu, Vu, Ky are all known by calibration, the 8 equations in 73 contain
10 unknown independent variables, namely B}, By, B, Gugs Gyys 9rzr Goys Tyzr Iows O sirige‘v'plt@ge‘shb
Up.. U7 are determined by measurement. The set of equations in 73 is clearly Undéjlf&eigefrﬁiﬁéd :
and additional data from the other two drums is necessary to determine a complete :solufibvhl.“‘
Nevertheless it is possible to solve for the off-diagonal gradient component, g’zy, and the ja;iffefeﬁéc;
between the diagonal components, gb, — g;jy, independently of the measuremenfs from th.e' othér _
two drums. This is déne by forming the following linear combinations of egs. 73 to eliminate the

dependence on the SQUID offset voltage a and on the field components,

Up—U + Us— Us = 4xul — 8ugly (75)
Up — Us + Us — Uy = 4€uA" + 8xughys L (78)
where
A2 grn— Gy
Then
, Xu(Us —Us+Us —Ur) = &u(Uo — U +Us— Us)
Iy 8 (€ + Xu) -
- (77)
Al xu(Uo—U + Us—Ug)+ & (U1 — Us + Us — Uy)
= 4 (€ + xu)
provided

which is always satisfied because both &, and xu are real and &y > 0.
The results from these additional gradiometers give solutions with exactly the same form in
their respective coordinate systems, i.e.

Xo(Vi—Va+ Vs —Vo) =& (Vo—V +Va—Ve)
174
Izy 8 (£ + Xu)

(79)
Yoo~V +Va-Vo) +&(i-Va+Vs=Vo) | .~ -
4(€U+X'v) ’

i

A”
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and

" X (W1 — W3 + Ws — W) — by (Wo— W + Wa—We)
Iy 8 (€ + Xuw)

= - (80) -

Xw (Wo ~ W+ Wy — Ws) + & (W1 — Ws + Wi — Wy)
4 (&w + Xu) .
Equations 77, 79 and 80 are now transformed to the instrument coordinate system and. the

AIII

resulting system of equations may be solved to yield the gradient measurements.

1. Trensformations for the "proof of concept” instrument.

In the case of the present embodiment A = /4, and the transformations for the zy, o a'na' :
Qy gradient components of the C’, C” and C" coordinate systems are those g'i‘v‘en‘ by the; 'réliewféf‘fﬂlﬁ",'
equations in 36, 37 and 44, which are brought together here for convenience: -

g1 =1vV2(g1 —g3)
9 =—3V2q1 + }v29 3+ §V6gu + V6913 — 56y
g1 —711\/591 + 711\/-2_9 3— %\/6911 - 711\/5_5913 + %\/69

If

i

7 1 1
= =g11 — g13 + =933
911 g g13 g . (81)
g =g
dhi=Ltou+lgs+3s +lgs—3vBo1 —1V3gs
¢ =dm+is +1a V8
" 1

911 = gg11 + L3+ %9 + Lg33 + ﬁ\/gm +1V3g 3
¢" =391+l —1V3g J

Using the last six of these equations we can derive the transformation equations for the diagonal | -

component differences A/, A” and A", i.e.

Al=gh—g
) _ 1 + 1
=5911—g13—9 +598
1 1 :
=-A1—-A —g13 (82)
2 2

AII = gi,]_ . g/l
5 1 1 3 1 1
=2 = Zgag — — 3= 3+ =
8911+ g9 + 5933~ 791 V3 29 3V3 5913

1 1 3 1 1 ( .
= A1+ Ag— > N 83
8A1+ 588 — 791 V3 59 3V3 5913 (83)
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AIII " mn

=g11—9
5 1 1 3 1 1
—_‘8‘911+§.‘] +-2'933+291«/§+593\/§+§g13 |
1 1 3 1 1
= —IAj Azt S : : , 84
3 1+2A3+491 \/§+293\/§+2913 (84)
where
Ar2g—g o
ALg —ga ' : N C)
Az £ g3z — g11 A :

Combining these with the first three equation of 81 yields the following set of equations

g1 =12 - 1293

of =—1V2g1 +3V29 3+ 3V6gis + §v6A1
g1’ = —1V201 +§v29 35— §V6g13 — §V6AL
A'=1a;-1A g3

A" = —3A1+ 173~ 2391 —1/Bg 3+ Lg13
A" = —gA1+ 103+ §V3g1 +1v3g 5+ Lg13 |

(86) -

Although the corresponding matrix of coefficients, with respect to the variables

91,9 3,913, A1, A, Ag,

_;l'\/5 l\/5 0 0 0 0 g1 ~g’1
V2 —3v2 3B -3vE 0 0 || g3 ~g}
V2 —3V2 36 V6 0 0 gi3 | | 9t

0 0 1 -1 19 Aq B —A}
v v -1 4 o-l]|a —A
-3v/3 13 -1 i 0 -1 A3 Ay

is singular a solution can by obtained after observing that, by definition,

Al-l—A +A3=gll—-g +9 —933+g3sz—g11=0
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and use this equation to augment 86, ie.

g =2v2g —3V2g s

ol =—3v201 +3v29 3+ 36913 + §V6AL
gt = -1v2g1 +1v3g 5 — 3VBg1s — §V6AL
A=1A1-31A —g13

A" = —1A1+103 - 3V3g1 — 139 3+ Lais
A" = A1+ 1A5+3vBg1 +21vBg 3+ dg1s
0=A1+A +A3 J

The corresponding matrix form

-1v2 12 0 0 0 0 -1
BE 3vE e B o o | [T ]|
R VIR YCRE VR I I I
0 0 1 -1 1 9 dadl I RN
83 3 -1 4 o0 -t il‘ —A"
-3, -15 -1 1 oo -1 N N
0 0 0 -1 -1 -1 0

is transformed to a square matrix by multiplying on the left by the transpose of the coefficient

maftrix to give

a1 Lot /2~ 1gf /233~ 3gl' V2 + A3

8390 000

320 000 93 1ot V4 Lot V2 —1AE+ Sl V2HIATYE |
00§ 311 |]as|_ LA AT AT St B LB L
R N B B P T Rt U
ool 3 511[a Al

ool % 18 As SN YN

which is now non-singular. The inverse of the coefficient matrix is

£ - o o o o0
-~ 4 o o o O
o 0o % % -8 %
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and the solution of the system of equations, 86, is
o1 S (A= A+ (261 — o —of)
93 SR (A" - AT+ - (g 245 ")
913 5 (A" =20+ A") 1+ B (g - gl") @t
A7 EN - %A” - T‘%A”’—!— Lot V6~ {%g'l” 6 . :
A —%A'~—183A”—%A”’—-1-5g’1'Vg+ﬁg¥' 6
g A+ A7 + A" — 5] VB + et VB

Note that at this point this solution has been obtained without using the ‘traceles,sﬁés”sﬁf{tﬁe{
" gradient tensor and is written in terms of the differences between the diagonal componeht's.,"’I‘hé,‘ §
diagonal components, however, follow immediately from equations 85 and the traceless of the

gradient tensor, i.e. given that

gin—g9 =41 1 -1 0 A1
g11 .
—gss=A 0 1 -1 A -
g 933 ' . g — (88) ‘
g33 — g1 = As -1 0 1 A3 :
933
giit+g +g3=0 11 1 0
then
g11 ) —Az+ A
g |=3| -a+a |- (89)
933 - + As
Substituting for the component differences from the last three equations in 87 gives
g\ [~ (-A + 847 +8A") + 3B (gf - gf)
g = -z (11A’ +2A" 2A"') + _%)6 (911// _glll )y |- (90)
933 %(A’ + A" + A”’)

The final solution for the gradient components follow after substituting for the A's and:gj_s-.;

from equations 77, 79 and 80 into equation 90 and the first three equations of 87. The resulting
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equations are brought together here for convenience.
g11 = —g5 (—A" +8A" + 8A™) + 38 (g} — g1")
g = —g (1A + 207 4 2A") + (g —of)
g3 = %(A' + A"+ A"’)

S (A" = A + 3 (21 — i — o)

il

g1

B @7 — &+ (9] 201 + )

il

g3

913=13(A”—2A'+A'”)+—‘5@(g'1' —g"

in which

g = Xu(U1—Us+Us —U7) —&u(Uo—U + Us — Us)

' 8(£u+x1i)

glli =XU(V1-V3+V5~V7)-—$U(VO.—V + Vi — V) . o1)

8 (§y + Xo)

no_ Xw(Wl—WS‘}'WS“Wﬂ“fw(W’o—W + Wy — We)
' 8 (b + Xw)

Ug—U +U4—U6)+£U(U1—U3+‘U5_U7)

/I _ Xu
A= S

A= xo(Vo—V +Va—Ve) + & (Vi — Va+ Vs — Vi)

4 (€y + Xo)
A Xo(Wo— W + Wi~ We) + w (W1 — Wa + Ws — W)
4 (£ + Xw)
and

Eu2 ip(Mycosar+ M coso )
xu 2 lp(Mysinoy+ M sino )
M1 £ SycosTi, Ny & S;sinmy

M 29 cosT, N £8 sinT
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2. Special case: "Proof of concept instrument” with zero alignment errors.

If all of the alignment errors vanish then

§u=lp(5’1+8)
Xu=0

and equation 91 reduces to

g11 = —g5 (~A + 80" + 8A") + 32 (of — o)
g =—z5 (11A"+2A" +2A") + 41§ (é/{l —g!)
933 = § (A + A7 + A™)

o1 = ("~ A"+ 3 (of —of — o)
99= (A" — A"+ (o} 204 +ol)
g13= 15 (A" =207 + ") + (o] — ')

and
, —(Upg—=U +Uy—Us)
g1 =

8&u

g// — —(Vb—V +V4‘“'VG)
! 8¢y

o = —(Wo—W + Wyg— Ws)

8w
Al = (Ul_U3+U5*U7)
4y
Al = (Vl —Va+ Vs — V7)
4%,
A — (W1 — Wz + W5 — Wr)

4w

PCT/AU2003/000999

- (92)
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IV, SOLVING FOR FIELIj COMPONENTS.

If the gradiometer is intentionally unbalanced, i.e. S1 # S, then it is capable of r.etlirnin.g'
information about the magnetic field in addition to the gradient. As for the gradient case considered
above we form linear combinations of 73 to both eliminate the dependence on the SQUID offset
voltage, a, and to reduce the number of gradient terms. To eliminate the SQUID offset we start
with the differences between voltages corresponding to opposing positions, and then take the sums:

and differences of these pairs, i.e.

(Uo—Uyg) + (U — Ug) = 2nuB' V2 + 26, B5 V2 + 20ug3V2 + 2Luiug’ 52 + 2LusugisV2
(Ug — U4) - (U —Us) = 277‘LLB5_\/§ — 2§uB/ \/5 - 2Uu9,3\/§ -+ 2Lu77ug,13\/§' - 2Lu§u913'\/_2- - 4

(U1 = Us) + (Us — U7) = 2B"my — 2Binu + 2Bisu + 2B’

+ 29,13Uu + 29/3'”@ - 2Lu9/1377u —+ 2Lu9,377u =+ 2Lu9113§u + 2Lu9,3§u

(Uy = Us) — (Us—Ur) = 2BI177U + 2B’ Ty -+ ZBllgu —9B'¢,

+ 291300 — 29" 3Uu + 2Lugistu + 2Lug’ 3 + 2Lugisse — 2Lug 35u

and then simplify further by forming the following L.C. of these equations:

U1+ Us—Us — U Up+U —Us—T,
3 5 T_=20 4 § = cuB’ “ﬂuBi =+ ngls _Lunuglls +Lu§u9’3 (93)

2 24/2
Uy —Us—Us+ U Ug—U —Uys+ U "
1 3 2 2 122 2\/—2- 4 6 = UuBI + guBi + 'ng{l3 + Lunug,?, + Lu@ug:,l3 (94) o

As for the gradient calculation previously the results from the other two drums have exactly the

same form in their respective coordinate systems, i.e.

Vi+Va—Ves—Vo VotV —Vi—V o
1 3 5 7 _ 0 4 6 — QuB”—’ﬂ«uBi/‘l"Uvg"g ”‘Lvﬁvg;,{3+Lv§v9”3 (95)

2 2v/2
Vi—-Vs—Vs+ Wi Vo—-V -+ WV
L 3 5 5 r_ 20 2\/5 4 6_ 'r)vB” + §1)Bi/ + 'UUQIIIB + Lvnv9”3 + nguglll{i (96)

Inr

Wi+ W3 —Ws—-Wy Wo+W —W4~W6=§me_anl

2 2/2

+ Uw.q”é - L‘wnwg'llé + Lw‘;wg”é (97)
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m I s " I ‘il/' (”8)

Equations 93 - 7?7 may be simplified by making the following substitutions:

uta U1+U3—U5~U7__U0+U — Uy — Us

2 2/2
e U1—U3-—U5+U7_U0—U — Uy + Us

- 913 (Lu§u + Uu) + Lu9,1377u,

— 913 (LuSu + vu) — Lug' 37u

2
Vi+ V3 —-Vs5—-Vy Vog+V —Va—V :
via 32 5—Vr W 2\/54 6+ng'1’377u—g"3vv—Lugf’3§u R
Viévl—VS—Vs-{-V7_Vo—V~V4+V6 ’ (99)

~ 93uy — Lug"snw — Lugissw

Wat Wa— Ws—We W Wzﬁw W,
wta M 3 s—Wr Wo+ W —Wg— 6+ngf§77w—g”évw~ng"éCw.

W1 — W. 2 Ws + W: W W2\/§W + Wi
1— ¥W3— V¥Wh 7 [ — W4 6
w4 2 - 2\/5 - g”:’z'Uw - LwQ"{’;nw - ngi';';gw J

Observe that all of the terms on the right hand sides of these equations are known i.e. the U, V

and W voltages are returned by instrument, the gradient components are known in the inétrumehf'
frame and can be easily found using coordinare transformations, and the remaihing terms are
known by calibration. With these substitutions 93 ~ 7?7 become

\

Ut= B — B}
Ut =B’ + B}
Vi=qB" —n,BY
Vi=n,B" + oBY
Wt = c,B" —nyBY'
WH = nyB" + uBY" |

(-16())‘

Equations 100, corresponding to measurements in the C’, C” and C"' coordinate systems, may
be solved. by transforming to the common instrument coordinate system using the coordinate-

transformations for field components derived earlier, but the resulting sets of equations rapidly
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become intractible. It is simpler to first solve these pairwise in their respective coordinate systems,

By _ 1 Uley — UTnu (101)
B T+ S \ Vig, + Vi A
= (103)

By 1 Whey— Wiy
B Nw + Sw Wi”]w +Wwig,
and then carry out the transformation to the instrument system. As derived above the relevant

transformation equations for the field components are

sinA 0 —cosA
B'=| 0 1 0 B
cosA 0 sinA
Bj = —(cos \) B3 + (sin A) By
B =B
Bj = (cos A) By + (sin A) B3
—lsin) 13 (sin)) —cosA
—1./3 =1 0 B
—Lcos) 3v/3(cosA) sinA

B// —

BY = —(cos \) Bg — 1 (sin \) By + L(sin\)B V3
=1{ B"=-1B —1B;\3
BY = —1(cos\) By + (sinA) B3 + L(cosA)B V3
—1gin) —14/3(sin)) —cosA
( 1.3 - _1 0 B

—lcosA —1/3(cosA) sinA

B/Il —

Bi” = — (COS )\) B3 — 1 (sin )\) By — 1 (sin /\) B \/g
B = —1B +1B1V3
BY' = —1(cos A) By + (sin A) B — L(cos\)B V3
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and if A =w/4

By = 1v2(B1 - By)
B'=B

Bf =12 (~B1+ 3B —2Bj) (104) |
B{' =1v/2(-B1~+3B — 2B3)
B" =1(\/3B1-B) /

and equations 101 - 103 become

M@z 1./3(By — Ba)
Ty Su

Ny + Sy

e _yt
Vo=V _ 1./5(—By++/3B —2Bs)
'r],u+€v
(105)
Vim + Vis,

=-1(Byv/3+B
My + Sy (lf )

e _ 17t
Wisw =Wty _ 1./5(~By /3B — 2Bs)
Ty + Sw

i i
Wnw + Wiy l(\/§B1—B)
T + Sw

A least-squares best-fit solution may be found by first rewriting this overdetermined system of

If

equations in matrix form in terms of the unknowns Bi, B , B3 to give

Uiﬁ'u — UTT]u
My T+
“l\/i Uiﬁz+ UuTCu

=
OS
[\)

0

1 0 M +¢

1 1 B1 Vig — V%’?v

6 —1v2 5 |- Mo+ Sy

Vinv + VTS"U

Bs T+ Sy

Wigw - WTTIw
T + Sw

|

1=

SRS

P

fr=t
>

I

[
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and then multiplying on the left by the transpose of the coeflicient matrix to yield

L Vit Vie 1 Wi+ Wi

2 T + 2 Tw F Sw
4= \/—U §u UTUu _ _\/‘Vi@u VT"?v _ _\/‘Wij - I/Vf'ﬂw
Ny + Sy My + Su N T+ S
Ulny + Ufgu 1 \/—Vicv Vin,
N+ Su Mo+ S
__\/—Wij WT’T]w _ 1 ViTIv + VTCv _ 1 Wi??w + WJ(Gw
T + Sw 2 Myt 2 Nyt Sy

*_\/— (UiCu UT??u 4 Vi@u VTT]’U I Wigw WTTM)
My + Sy Ty +§u Tw + Sw

(106) |
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We bring the final forms of the solutions here for convenience

9 My + Su 9 My + Sy 9 My + Sy
3 ﬁ Wi@w e WT"?w L 2\/5 (WiTIw + WTCw) (107):
9  Mytsw 9 T + Sw .

UM+ Uley | VB Vhsy = Viny 2V + Vs

B =-
9 Myt 9 Mt 9 N+
_VBWie, —Winy 2 Wy + Wiey (108)
9 My + Sw 9 mytSy ,
: te ot te vt te. —wt : coL
3 N+ Su My + Sy Ty + Sw T

where

Ut a U1+U3—U5—U7_U0+U —Us—Us

2 24/2
Ut s U1-U3—U5+U7__U0—U —Us+ Usg

+ Lu9’1377u - 9,3’Uu - Lugl 3Su

- 9113'Uu - Lugl 3Mu — Lugl13§u

2 2v2
Vit Vs—Vs—Vi VotV =Va—Vi
yta 1 32 5 7_ Yo 5 24 6—I-ngi,g?'}v"g”gvv_ngﬂ3§v
>
Vi—Va—Vs+ Vi Vo=V ~Vat Vi . C(
Vi é 1 3 5 7 _ 4] 4 6 —giIS'U'U _ ng//gnv _ ng/1/3§v )

2 2/2
WTéW1+W3‘—W5—W7_WO+W — Wy — Ws

+ nglllénw - g"évw - ng”.'lzgw'

2 2V2
Wi—Ws=Ws+ Wy  Wo—W Wit W,
wiae Wa=Wa—Ws+ Wr  To S g — Lug"smw — Luglsu

2 2v/2 ’ )
. 913 = l911 - 1933, g's = ~:11\/§91 - 711\/59 3+ %\/69'11 - %\/6913 - %_\/69 ‘ .
d3=1v2(g1 +g3), gt =gom+39 —lgss+1V30 SRR

gfs=4g11+3g —lgsz— IV3a1, g"%=-1V2q1 - 3V29 3 — 31V6g11 + 3v6g13 + 1/6g
Formally the scaling coefficients, vy, <, and 7, are defined by equations 55 and 70 but would

normally be determined by calibration,
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V. EXAMPLES

A. Precession about the z-axis.

Say o1 =0 =0,51 =5 = 8. If the gradiometer precesses about the the axis of rotation by
virtue of an error angle of ¢ say, then the theory developed above suffices to model this by letting

71 = —7 = ¢. . Using equations ??

o % (2Q S p cos qS)_l

\
€u = pQS cos ¢
A Bu 207"
Xu=0 ¥ a
A UT20Ug—U +Us—Us
Uy = 2pQS sin ¢
s g UtA Uy —Us+Us — Uy
Su =
N M1 2 Scos$, Ny £ Ssing
u=0

g M 2 Scos¢, N & —Ssing
VI. APPENDIX 1: GEOGRAPHIC COORDINATE SYSTEM, Cg.

The geographical coordinates system, Cg, is defined as follows:

zg-axis: The zg-axis is along the traverse in the direction of increasing station number (“grid north”)..

yg-axis: The yg-axis is at 90° to the zg-axis, parallel to the ground and points right as you look"

along the traverse (“grid east”).

2g-axis: The zg-axis is vertically down (pointing at the centre of mass of the earth).

This is a right-handed Cartesian coordinate system in terms of which a unit vector with azimdth
A (the angle measured clockwise from grid north) and énclination I (angle measured positivé

downward from the horizontal) is

unit vector with azimuth A and inclination I = (cos AcosI,sin AcosI,sinl). (111)

! If the gradiometer drum is tilted through and an angle ¢ in the -z plane say, the pick-up loop vectors are also
tilted through the same angle and the positions of the pick-up loops are altered. The change in position has &
negligable effect on measurements of gradients produced by distance sources. Since by definition 7 is the angle of
the sensitivity vector above the z-y plane, a tilt though ¢ implies that 71 = ¢ and T =—¢.

(10) o
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1. Transformations between C' and Cg.

The transformation between C and Cg assumes a particularly simple form if the instrument is
oriented with its base horizontal and its z-axis aligned due north. In this case C is mapped to Cg .
by a positive rotation through an angle 7 radians about the z-axis and the transforma.tiqns of the

field and tensor and data become simply

Bg= R.B (112)
dc = B.gR;" S (1)
where
10 0 | 4
B=Bil=|0-10 | Sy
00 —1 B
Hence
Ba B
Be |=| -B (115) -
Bas —B3
and
9@l 9G1  9G13 g1 —g1r —g13
ge19¢ 963 |=| 91 9 g3 (116)
9G31 9G3  9G33 —g31 g3 g33

More generally if the instrument has azimuth A and inclinafion I (in geographic coordinates)“
then C is mapped to Cg by first rotating about y through an angle of —I then by a rotation about

the resulting z through an angle A followed lastly by a rotation about the resulting = df 7. Hence

Bg = Ry () Rz (A) Ry (=I)B , (117)
Ba 1 0 0 cosA sinA 0 cos(—I) 0 —sin(—TI) B
Bga = | 0 cosw sinw —sinA cosA 0 0 1 0 B
Bes 0 —sinm cosw 0 0 1) \sin(=D) 0 cos(-I) ) \ By}
cosAcos] sinA cosAsinl By
= | sinAcos] —cosA sinAsinl B n(118)

sinl 0 —cosI Bs
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and
9G11 9G1 9Gi13
9gc1 9@ 9G 3
9G13 9G 3 9Ga3
cosAcosI sinA cosAsinl g1l 91 913 cosAcosl sinAcosI sinT
= | sinAcos] —cosA sinAsinl g1 g 93 sin A —cos A 0
sinl 0 —cosI gi3 g 3 933 cos Asinl sinAsinl —cosI-

In the special case A = I = 0 we get so that

Begy B,

Bg =\| -B

Bgs —B3
gGil 9Ggi1 9Gis 911 —g1 —g13
gar 9¢ 93 | = | —g1 ¢ g3
9G13 9G 3 9G33 —g13 g3 3933

as above.
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The approximation used in obtaining equatidn (3) above, which is
significantly sirﬁpliﬁed as compared to equation (2), involves truncating the
Taylor series expansion of the magnetic field as a function of position to include
the effects of the B-field and the first-order gradients only. This simplifying
approximation is desirable because the Taylor series expansion has an infinite
number of terms. The approximation is justified because the magnitudes of the
higher-order terms decreases as the order of the terms increases, for three
reasons. The higher-order terms in the Taylor series are scaled by prefactors
which may be written as the product of two factors. Firstly, one of these factors
is a scaling term which decreases with increasing order. The second factor is
proportional to 1/r", where r is half the distance of separation between the field .
detectors, and n is the order of the term. Since the separation between the
field sensors is small, raising this to an increasing power rapidly decreases the
magnitude of this factor. The third reason the approximation is justified is that
higher-order gradients fall off faster with distance from the field source than
lower-order gradients, so the signal at the gradiometer is dominated by the field
and the first-order gradient components.

The effects of misalignments of the field detectors on the output voltages
from the instrument are also scaled by these higher-order terms, but these
effects are small and similarly decrease with increasing order.

Referring to equations (6)-(8), it is noted that the value of A rﬁay be any'
value in the range of 0° to 90°, inclusive. As noted in equation (9), when A is
approximately 35.3°, an orthogonal system is provided. In the presently
described embodiment, A is 45°.

it will be appreciated by persons skilled in the art that numerous
variations and/or modifications may be made to the invention as shown in the
specific embodiments without departing from the spirit or scope of the invention
as broadly described. In particular, the present invention may be applied in
conjunction with the invention set out in the co-pending PCT application
claiming priority from Australian Provisional Patent Application No. 2002950624
and filed simultaneously with the present application, the contents of which are
herein incorporated by reference. The present embodiments are, therefore, to
be considered in all respects as illustrative and not restrictive.



10

15

20

25

30

35

WO 2004/015435 PCT/AU2003/000999
54

CLAIMS
1. A method of field detection comprising: 4 N
providing a gradiometer in a field, the gradiometer having at least first
and second field vector sensors connected in a differencing arrangement; and
controllably altering a position of the at least first and second field vector
sensors relative to the field during operation of the gradiometer.
2, The method of claim 1 wherein the at least first and second field vector
sensors of the gradiometer are substantially axially aligned, such that the
gradiometer is an axial gradiometer.
3. The method of claim 1 or claim 2 wherein the step of controllably altering
the position of the at least first and second field vector sensors is performed by
rotating the at least first and second field vector sensors about an axis of
rotation. ‘ |
4, The method of claim 3 wherein the step of controllably altering the
position of the at least first and second field vector sensors is performed by
rotating the at least first and second field vector sensors continuously during
operation of the gradiometer.
5. The method of claim 4, further comprising the step of providing a motor
for driving the gradiometer at a substantially constant revolutional velocity
about the axis of rotation.
6. The method of claim 3 wherein the step of controllably altering the
position of the at least first and second field vector sensors is performed by
rotating the at least first and second field vectors piecewise about an axis of
rotation.
7. The method of claim 3 when dependent on claim 2 or any one of claims
4 to 6 when dependent on claims 2 and 3, wherein the axis of rotation is
positioned substantially perpendicular to the axial alignment of the first and
second field vector sensors. '
8. The method of claim 7 wherein the axis of rotation is positioned
substantially between the first and second field vector sensors.
9. The method of claim 7 or claim 8, wherein the axis of rotation is
positioned substantially equidistant from the first and second field vector
sensors. |
10.  The method of any one of the preceding claims wherein the gradiometer
is an axial magnetic gradiometer.
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11. The method of claim 10 wherein the field vector sensors of the axial
magnetic gradiometer are SQUIDs. »
12.  The method of claim 10 wherein the field vector sensors of the axial
magnetic gradiometer are flux gates.
13.  The method of claim 10 wherein the field vector sensors of the axial
maghnetic gradiometer are superconducting pick-up loops.
14. The method of any one of claims 10 to 13 wherein the sensitivity vectors
of the field vector sensors lie substantially in a nominal x-y plane.
15. The method of claim 14 wherein the axial magnetic gradiometer is
rotated about a nominal z-axis perpendicular to the x-y plane.
16. The method of any one of claims 10 to 15 further comprising the step of
retrieving information relating to the magnetic field from the axial magnetic
gradiometer as its position is controllably altered.
17.  The method of claim 16 wherein the information relating to the magnetic 4
field comprises the gxy component and linear combinations of the values of the
gxx and g,y components of a field gradient tensor, in addition to information
about the B and By field components.
18. The method of claim 16 or claim 17 wherein the step of retnevmg
information relating to the magnetic field further comprises transforming a:
received signal from the field vector sensors into the Fourier domain in order to
retrieve the information relating to the magnetic field.
19. The method of any one of the preceding claims further comprising the
steps of:

providing second and third gradiometers, each of the gradiometers
having at least first and second axially aligned field vector sensors connected in
a differencing arrangement;

positioning the gradiometers such that an axis of each gradiometer is not
parallel to an axis of any other of the gradiometers; and

controllably altering a position of the at least first and second field vector
sensors of each gradiometer relative to the field during operation of that_
gradiometer.
20. A field detection device comprising:

a gradiometer, the gradiometer having at least first and second field -
vector sensors connected in a differencing arrangement; and ‘

means for controllably altering the position of the at least first and second
field vector sensors relative to a field during operation of the gradiometer.
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21. The device of claim 20, wherein the at least first and second field vector
sensors of the gradiometer are substantially axially aligned, such that the
gradiometer is an axial gradiometer

22. The device of claim 20 or claim 21, wherein the means for controllably
altering the position of the at least first and second field vector SEnsors . -
comprises means for rotating the at least first and second field vector sensors -
about an axis of rotation.

23. The device of claim 22 wherein the means for rotating the at least first .
and second field vector sensors about the axis of rotation is operable to rotate
the at least first and second field vector sensors continuously during operation
of the gradiometer.

24. The device of claim 23 wherein the means for rotating is a motor
operable to drive the gradiometer at a substantially constant revolutional.
velocity about the axis of rotation.

25. The device of claim 22, wherein the means. for rotating the at least flrst
and second field vector sensors about the axis of rotation is operable to rotate
the gradiometer piecewise about the axis of rotation. ‘

26. The device of claim 22 when dependent on claim 21 or any one of claims
23 to 25 when dependent on claims 21 and 22, wherein the axis of rotation is .
positioned substantially perpendicular to the co-axial first and second field
vectors. L

27. The device of claim 26 wherein the axis of rotation is posmoned
substantially between the first and second field vector sensors.

28. The device of claim 26 or claim 27 wherein the axis of rotation is
positioned substantially equidistant from the first and second field vector
sensors.

29. The device of any one of claims 20 to 18, wherein the gradiometer is an
axial gradiometer. t
30. The device of claim 29, wherein the field vector sensors of the magnetic
axial gradiometer are SQUIDs.

31. The device of claim 29, wherein the field vector sensors of the magnetic
axial gradiometer are flux gates.

32. The device of claim 29, wherein the field vector sensors of the magnetic
axial gradiometer are superconducting pick-up loops. -
33. The device of any one of claims 29 to 32 wherein the sensitivity vectors
of the field vector sensors lie substantially in a nominal x-y plane.
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34. The device of claim 33 wherein the means for controllably altering the .
position of the at least first and second field vector sensors comprises means
for rotating the at least first and second field vector sensors about a nominal z-
axis perpendicular to the x-y plane.
35. The device of any one of claims 29 to 34 further comprising means for
retrieving information relating to the magnetic field from the axial magnetic:
gradiometer as its position is controllably altered. ,
36. The device of claim 35 wherein the information relating to the magnetlc_
field comprises the gy, component and linear combinations of the values of the
gx and g,y components of a field gradient tensor, in addition to information
about the Bx and By field components.
37. The device of claim 35 or claim 36 further comprising means for -
transforming a received signal from the field vector sensors into the Fourier
domain in order to retrieve the information relating to the magnetic field.
38. The device of any one of claims 20 to 37, further comprising:

second and third gradiometers, each of the gradiometers having at least
first and second field vector sensors connected in a differencing arrangement,
the gradiometers being positioned such that an axis of each gradiometer is not
parallel to an axis of any other of the gradiometers; and

means for controllably altering a position of the at least first and second:
field vector sensors of each gradiometer relative to the field during otperation"of :
that gradiometer.
39. A method of obtaining a complete magnetic gradient tensor of a
magnetic field, the method comprising:

-providing at least three axial gradiometers in the magnetic field such that
an axis of each axial gradiometer is not parallel to an axis of any other one of
the at least three gradiometers; and

controllably altering a position of each of the at least three gradiometers
relative to the magnetic field during operation of the gradiometer.
40. The method of claim 39 wherein the step of controllably altering
comprises rotating each of the at least three axial gradlometers about a
respective axis of rotation of that gradiometer.
41. The method of claim 40 wherein the axis of rotation of each gradiometer
is not parallel to an axis of rotation of any other one of the at least three
gradiometers. ‘
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42. The method of claim 41 or claim 42 wherein the at least three

gradiometers are rotated at a substantially constant velocity about their

respective axes of rotation. '
43. The method of claim 42 further comprising the step of transforming

obtained data to the Fourier domain.

44, The method of claim 43 further comprising the step of distinguishing field .
gradient information from field information in the Fourier domain.

45. The method of claim 43 or claim 44 further comprising dlstlngwshlng
information about the gy, component of the gradient tensor from information
due to the diagonal gradient components, even at the same frequency.

46. The method of any one of claims 43 to 45 wherein the Fourier transform
is performed by a fast Fourier transform algorithm. '

47. The method of any one of claims 43 to 45 wherein the Fourier transform
is performed by a simple discrete implementation via a coarse sampling of a
discrete number of data points per cycle of the rotation.

48. The method of claim 47 wherein eight data points are sampled.

49. The method of claim 47 or claim 48 wherein the data points are
positioned equally around the 360 degree rotation. '
50. The method of any one of claims 42 to 49 further comprising the step of
applying a least-squares best-fit solution to obtained data. :

51. The method of any one of claims 42 to 50 wherein DC offsets are
determined and monitored to provide information about the operating
conditions of the gradiometers.

52. The method of claim 51 wherein the DC offsets comprise one or both of:
low frequency drift in at least one field vector sensor of the at least three
gradiometers; and the fixed offset of at least one field vector sensor of the at:
least three gradiometers. ’

53. The method of any one of claims 42 to 52, further comprising the step of
isolating the at least three gradiometers from physical vibration occurring in the
vicinity of their respective fundamental and first harmonic frequencies of
rotation. ‘

54. The method of any one of claims 42 to 53 wherein the at least three
gradiometers are rotated at differing frequencies, in order to facilitate
separation of their data signals in the Fourier domain.

55. A device for obtaining a complete magnetic gradient tensor of a magnetic
field, the device comprising:
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at least three axial gradiometers positioned such that an axis of each
axial gradiometer is not parallel to an axis of any other one of the at least three
gradiometers; and

means for controllably altering a position of each of the at least three
gradiometers relative to the magnetic field during operation of the gradiometer.
56. The device of claim 55 wherein the means for controllably altering are
means for rotating each of the at least three axial gradiometers about a
respective axis of rotation of that gradiometer. ‘ ,
57.  The device of claim 56 wherein the axis of rotation of each gradiometer
is not parallel to an axis of rotation of any other one of the at least three
gradiometers.
58. The device of claim 56 or claim 57, wherein the at least three
gradiometers are rotated at a substantially constant velocity about their
respective axes of rotation. S
59. The device of claim 58, further comprising means for converting data
obtained from the at least three gradiometers to the Fourier domain.
60. The method of claim 58 or claim 59 wherein the at least three
gradiometers are rotated at differing frequencies, in order to facilitate
separation of their data signals in the Fourier domain.
61. The device of any one of claims 56 to 60 further comprising means for
applying a least-squares best fit solution to obtained data. ‘
62. The device of any one of claims 56 to 61 further comprising means for
detecting and measuring a DC offset.
63. The device of claim 62 wherein the DC offset comprises one or both of:
low frequency drift in at least one field vector sensor of the at least three
gradiometers; and the fixed offset of at least one field vector sensor of the at
least three gradiometers.
64. The device of claim 62 or claim 63 further comprising means for:
determining operating conditions of one or more of the at least three
gradiometers based on said detected and measured DC offset.
65. The device of any one of claims 62 to 64 wherein said means for
detecting and measuring a DC offset separates the DC offset from field data -
and gradient data in the Fourier domain.
66. The device of any one of claims 56 to 65 further comprising means for
distinguishing field gradient information from field information in the Fourier
domain.
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67. The device of any one of claims 56 to 66 further comprising means for
distinguishing information about the Oxy component of the gradient tensor from
information due to the diagonal gradient components, even at the same
frequency.

68. The device of claim 59 wherein the Fourier transform is lmplemented by
means of a fast Fourier transform algorithm.

69.  The device of claim 59 wherein the Fourier transform is implemented by
sampling discrete data points throughout each cycle of rotation.

70.  The device of claim 69 wherein eight discrete data points are sampled.
71.  The device of claim 69 or 70 wherein the discrete data points are
equidistant throughout the cycle of rotation.

72.  The device of any one of claims 56 to 71 further comprising means for
isolating the at least three gradiometers from physical vibration occurring in the
vicinity of their respective fundamental and first harmonic frequenCIes of
rotation.



WO 2004/015435 PCT/AU2003/000999
111

e 27
\b s / I
( -' g
; /-Z;
5 — 2 f I
d u F e i
———.._,o.—-—v l—- I
A7 - T
(o /Z I (-‘:;1\": g
(Z /C > b 22
Ficuee 1A Flaure IR
A
L 4L
\
\
~ , 7
< 3 | /ff\
u% u\

31

Flaupe 2



INTERNATIONAL SEARCH REPORT  International application No.
PCT/AU03/00999

A. CLASSIFICATION OF SUBJECT MATTER

Int. CL”*  GOIR 33/022, 33/00, 33/035

According to International Patent Classification (IPC) or to both national classification and IPC

B. FIELDS SEARCHED

Minimum documentatjon searched (classification system followed by classification symbols)

Documentation searched other than minimum documentation to the extent that such documents are included in the fields searched

Electronic data base consulted during the international search (name of data base and, where practicable, search terms used)
WPAT keywords: gradiometer, vector, altering, moving, displacing, rotating and similar terms

C. DOCUMENTS CONSIDERED TO BE RELEVANT
Category* | Citation of document, with indication, where appropriate, of the relevant passages Relevant to
claim No.
US 5357802 A (HOFMEYER et al) 25 October 1994
X abstract, column 5 lines 3-34, Fig 3A 1,2, 20,21
Y 39,55
GB 2258314 A (DORNIER GmbH) 3 February 1993
Y abstract, Fig 2 39,55
US 5469056 A (ESCHNER et al) 21 November 1995
Y abstract, Fig 2 ‘ 39,55
Further documents are listed in the continuation of Box C See patent family annex
*  Special categories of cited documents:

"A"  document defining the general state of the art "T"  later document published after the international filing date or priority date
which is not considered to be of particular and not in conflict with the application but cited to understand the principle
relevance or theory underlying the invention

"E"  earlier application or patent but published on or "X"  document of particular relevance; the claimed invention cannot be
after the international filing date considered novel or cannot be considered to involve an inventive step

when the document is taken alone )

"L"  document which may throw doubts on priority "Y"  document of particular relevance; the claimed invention cannot be
claim(s) or which is cited to establish the considered to involve an inventive step when the document is combined
publication date of another citation or other special with one or more other such documents, such combination being obvious to
reason (as specified) a person skilled in the art

"O"  document referring to an oral disclosure, use, "&"  document member of the same patent family

exhibition or other means
"P"  document published prior to the international filing
___date but later than the priority date claimed

Date of the actual completion of the international search Date of mailing of the international search report
24 October 2003 03 NOV 2003

Name and mailing address of the ISA/AU Authorized officer

VAUSTRALIAN PATENT OFFICE

PO BOX 200, WODEN ACT 2606, AUSTRALIA . hand
E-mail address: pct@ipaustralia.gov.au Mani Ramachandran

Facsimile No. (02) 6285 3929 Telephone No : (02) 6283 2233

Form PCT/ISA/210 (second sheet) (July 1998)



INTERNATIONAL SEARCH REPORT

International application No.

PCT/AU03/00999
C (Continuation). DOCUMENTS CONSIDERED TO BE RELEVANT
Category® Citation of document, with indication, where appropriate, of the relevant passages Relevant to
claim No.

David Gleason, Air Force Research Laboratory, Space Vehicle Directorat

AFB, MA, presentation at DARPA PINS Meeting, 27 May 2003, "Critical Role of

Gravity Compensation in a Stand-Alone Precision INS"
http://www.eventmakeronline.com/dso/PDF/AFRI -Gleason.pdf

US 4492923 A (BYRAM) 8 January 1985
whole document

Note: For the Y indications, US 5357802 can be combined with any one of

GB 2258314 or US 5469056 with relevance to the same claims.

e, Hanscom

Form PCT/ISA/210 (continuation of Box C) (July 1998)




INTERNATIONAL SEARCH REPORT ’

International application No.

Information on patent familv members PCT/AU03/00999

This Annex lists the known "A" publication level patent family members relating to the patent documents cited in the
above-mentioned international search report. The Australian Patent Office is in no way liable for these particulars

which are merely given for the purpose of information.

Patent Document Cited in Patent Family Member
Search Report
US 5357802 ' NONE
GB 2258314 DE 4005079 US 5311129 US 5469056
FR 2658615 FR 2680008
US 5469056 DE 4005079 FR 2658615 GB 2258314
US 5311129 FR 2680008
US 4492923 NONE
END OF ANNEX

Form PCT/ISA/210 (citation family annex) (July 1998)




	Abstract
	Bibliographic
	Description
	Claims
	Drawings
	Search_Report

