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ABSTRACT

A mechanism is provided for reusing importance sampling
for efficient cell failure rate estimation of process variations
and other design considerations. First, the mechanism per
forms a search across circuit parameters to determine failures
with respect to a set of performance variables. For a single
failure region, the initial search may be a uniform sampling of
the parameter space. Mixture importance sampling (MIS)
efficiently may estimate the single failure region. The mecha
nism then finds a center of gravity for each metric and finds
importance samples. Then, for each new origin correspond
ing to a process variation or other design consideration, the
mechanism finds a suitable projection and recomputes new
importance sampling (IS) ratios.
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STATISTICAL DESIGN WITH IMPORTANCE
SAMPLING REUSE
BACKGROUND

0001. The present application relates generally to an
improved data processing apparatus and method and more
specifically to mechanisms for simulation based character
ization of circuits using statistical design with importance
sampling reuse.
0002. As memory array architectures are pushed to their
practical limits by increasing requirements for density and
speed, accurately estimating the cell failure rate of a design
becomes increasingly critical. Since a finite number of redun
dant rows and/or columns is available to replace those con
taining defective cells, a number of failed cells above this
level of redundancy will yield a defective device. The number
of defective devices, or device yield is then directly related to
the cell failure rate. The larger arrays being fabricated today
have increasingly stringent failure rate control requirements.
For example, in order to achieve a yield of 90% in a one
million cell array without redundancy, a failure rate below
five standard deviations (5O) must be held.
0003 Traditional techniques such as Monte-Carlo analy
sis produce accurate results at a cost of a large number of
iterations, due to the random sampling of the entire probabil
ity space of the independent variables that are treated in the
analysis. As the cell failure rate decreases, the number of
samples and iterations required for accurate analysis becomes
increasingly large, because of the relatively sparse distribu
tion of samples in the distribution tail(s) that correspond to
failed cells. The effect of circuit changes on cell readability
and Writability, as well as minimum read and write cycle
times and margins, are difficult to estimate at very low failure
rate levels. Such low failure rates cause further complications
for adjusting designs to achieve the best result.
0004 Techniques other than Monte-Carlo analysis have
been implemented for estimating cell failure rates, each with
related drawbacks. Sensitivity analysis is a well-known tech
nique in which the gradients of the various independent vari
ables are used to determine the bounds of the non-failure

confidence region. However, accurate estimates of the failure
rate are not typically produced by sensitivity analysis, as
sensitivity analysis by its very nature cannot determine the
exact overlapping impact of all independent variables on the
cell failure rate at once. Another technique that can accurately
estimate the failure rate is the grid analysis approach, in
which the grid size can be made arbitrarily small. However,
the number of simulations increases exponentially with the
number of independent variables and typically a large amount
of custom coded program control (Scripting) must be
employed to direct the analysis.
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data processing system, importance samples based on the
center of gravity of the one or more failing samples. The
method further comprises selecting a new origin, recomput
ing, by the data processing system, new importance sampling
weight ratios for the new origin, and determining, by the data
processing system, a failure rate for the device based on the
new importance sampling weight ratios for the new origin.
0006. In other illustrative embodiments, a computer pro
gram product comprising a computer usable or readable
medium having a computer readable program is provided.
The computer readable program, when executed on a com
puting device, causes the computing device to perform vari
ous ones, and combinations of the operations outlined above
with regard to the method illustrative embodiment.
0007. In yet another illustrative embodiment, a system/
apparatus is provided. The system/apparatus may comprise
one or more processors and a memory coupled to the one or
more processors. The memory may comprise instructions
which, when executed by the one or more processors, cause
the one or more processors to perform various ones, and
combinations of the operations outlined above with regard to
the method illustrative embodiment.

0008. These and other features and advantages of the
present invention will be described in, or will become appar
ent to those of ordinary skill in the artin view of, the following
detailed description of the example embodiments of the
present invention.
BRIEF DESCRIPTION OF THE SEVERAL
VIEWS OF THE DRAWINGS

0009. The invention, as well as a preferred mode of use
and further objectives and advantages thereof, will best be
understood by reference to the following detailed description
of illustrative embodiments when read in conjunction with
the accompanying drawings, wherein:
0010 FIG. 1 is a schematic diagram of a memory cell
within an array of memory cells that can be modeled in
accordance with an illustrative embodiment;

0011 FIGS. 2A-2B and 3A-3B are graphs illustrating
techniques employed in illustrative embodiments;
0012 FIG. 4 is a flowchart illustrating operation of a cen
troid-locating technique in accordance with an illustrative
embodiment;

0013 FIG. 5 is a flowchart illustrating operation of a ran
dom direction vector technique in accordance with an illus
trative embodiment;

0014 FIG. 6 is a graph depicting global variability space
in accordance with an illustrative embodiment;

0015 FIGS. 7A and 7B are graphs illustrating global and
local variation in two dimensions in accordance with an illus

trative embodiment;
SUMMARY

0005. In one illustrative embodiment, a method, in a data
processing system, is provided for determining failure rate of
a device using importance sampling reuse. The method com
prises performing, by the data processing system, a uniform
sampling over a random sample space for a metric for the
device with respect to an origin to form a set of samples. The
set of samples comprises one or more failing samples. The
method further comprises determining, by the data process
ing system, a center of gravity of the one or more failing
samples with respect to the origin and determining, by the

0016 FIG. 8 illustrates how reusing the old set of samples
for a new origin may underestimate fails in accordance with
an illustrative embodiment;

(0017 FIGS. 9A and 9B illustrate alternative approaches to
determining fails for a new origin in accordance with illus
trative embodiments;

0018 FIG. 10 illustrates an example application to impor
tance sampling in accordance with an example embodiment;
0019 FIG. 11 illustrates an example application for
importance samples for multiple metrics in accordance with
an example embodiment;
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0020 FIG. 12 is a graph illustrating importance sampling
reuse for a set of process variations in accordance with an
illustrative embodiment;

0021 FIG. 13 illustrates an example application of impor
tance sampling reuse for manufacturing variability in accor
dance with an example embodiment;
0022 FIG. 14 is a graph illustrating the manufacturing
variability space inaccordance with an example embodiment;
0023 FIG. 15 is a graph illustrating results for an example
static random access memory in accordance with an illustra
tive embodiment;

0024 FIG. 16 is a flowchart illustrating operation of a
mechanism for statistical design with importance sampling
reuse in accordance with an illustrative embodiment; and

0025 FIG. 17 is a block diagram of an example data pro
cessing system in which aspects of the illustrative embodi
ments may be implemented.
DETAILED DESCRIPTION

0026. The illustrative embodiments provide a mechanism
for reusing importance sampling for efficient cell failure rate
estimation of process variations and other design consider
ations. First, the mechanism performs a search across circuit
parameters to determine failures with respect to a set of per
formance variables. For a single failure region, the initial
search may be a uniform sampling of the parameter space.
Mixture importance sampling (MIS) efficiently may estimate
the single failure region. The mechanism then finds a center of
gravity for each metric/region and finds importance samples.
Then, for each new origin corresponding to a process varia
tion or other design consideration, the mechanism finds a
Suitable projection and recomputes new importance sampling
(IS) ratios.
0027 Importance sampling is a general technique foresti
mating properties of a particular distribution, while only hav
ing samples generated from a different distribution rather
than the distribution of interest. Depending on the applica
tion, the term may refer to the process of sampling from this
alternative distribution, the process of inference, or both. The
idea behind importance sampling is that certain values of the
input random variables in a simulation have more impact on
the metric being estimated than others. If these “important”
values are emphasized by Sampling more frequently, then the
estimator variance can be reduced. Hence, the basic method

ology in importance sampling is to choose a distribution
which encourages the important values. This use of biased
distributions will result in a biased estimator if it is applied
directly in the simulation. However, the simulation outputs
are weighted to correct for the use of the biased distribution,
and this ensures that the new importance sampling estimator
is unbiased.

0028. The fundamental issue in implementing importance
sampling simulation is the choice of the biased distribution
which encourages the important regions of the input vari
ables. Choosing or designing a good biased distribution is the
art of importance sampling. The rewards for a good distribu
tion can be huge run-time savings; the penalty for a bad
distribution can be longer run times than for a general Monte
Carlo simulation without importance sampling.
0029 More particularly, the mechanism of the illustrative
embodiments may first perform uniform sampling until a
predetermined number of failing samples are encountered.
Then, the mechanism may perform importance sampling
simulation to determine a biased (distorted) distribution for
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performing a second sampling. The mechanism may then
weight the results to determine failure rate or yield informa
tion. Finally, in accordance with an illustrative embodiment,
the mechanism may reuse the samples from the biased distri
bution with respect to a new origin to determine the yield for
the new origin. In an alternative embodiment, the mechanism
may reuse the samples from the uniform sampling to deter
mine a new biased distribution for the new origin and then
weight the results to determine the yield for the new origin.
0030 Thus, the illustrative embodiments concern tech
niques for overcoming the limitations of traditional Monte
Carlo analysis for circuits where the failure rate of the circuit
being analyzed is very low. For instance, with respect to
circuits having large arrays of identical cells, the cells are
generally the determining factor in the failure rate, but only as
a totality of the cells. Because millions of cells may be incor
porated in a memory array, even very low failure rates con
tribute significantly to the failure rate of the individual
memory devices or other devices that incorporate memory
Such arrays.
0031. It is necessary to analyze the cell design and process
variations at the extreme end of the distribution of actual cell

parameters in order to gain meaningful information that can
accurately predict device yields and permit improvement of
the cells in order to improve device yields. The techniques
used in the prior art either require exhaustive computation and
storage, or do not perform well once there are more than a
Small number of variable design and process parameters. Such
as device areas or lengths and Widths, doping densities,
threshold Voltages and other measures of design and process
parameters. The illustrative embodiments provide a mecha
nism for using mixture importance sampling (MIS), which is
a known technique, in a manner that effectively models
memory cells.
0032 MIS uses a mixture of two or more distributions for
generating sample values, with at least one of the distributions
biased to generate samples in a region of interest. In the
illustrative embodiments the sample values are input vectors
of design- and process-dependent electrical circuit param
eters that determine the performance of the memory cell. The
performance is measured interms of operational performance
values such as read and write delay time, Writability (i.e., can
the cell value be changed during a write) and read stability
(i.e., will the cell hold its value during reads), as well as the
margins associated with the read and write times, under the
operational and circuit parametric conditions simulated.
Because a priori knowledge about what regions in N-space
might be of interest is not generally easily obtained (where N
is the number of variable parameters), the illustrative embodi
ments provide a front-end mechanism to the MIS analysis that
identifies and quantifies a particular region or regions of
interest for further study via the MIS technique. The result is
that the computational overhead and storage associated with
the analysis is greatly reduced, while yielding the desired
accuracy with respect to the failure mechanism(s) being stud
ied.

0033. In order to locate a region of interest that provides
information about a particular failure mechanism, a priori
information about the failure mechanisms to expect is useful.
If it is known that a single dominant failure mode is present,
Such as in many static random access memory (SRAM) cell
designs, then the identification of the region of interest is
simplified. If it is known that multiple regions of interest
having statistically significant impact will be present, then the
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analysis can proceed until all regions of interest are identified.
If it is not known how many failure mechanisms will be of
interest and/or significant within the probability space to be
explored, then techniques must be employed that can handle
either the single-region or multiple region cases.
0034. In the multiple region case, there are also two alter
natives for applying the MIS technique. Either the regions of
interest can be studied independently, or the sampling func
tion for the MIS technique can include multiple sampling
centers concentrated on the approximate centers of the mul
tiple regions. The latter technique can be used to avoid errorin
failure rate prediction due to overlap of the regions of interest
in one or more dimensions.

0035. With reference now to the figures, and in particular
with reference to FIG. 1, an example memory cell that can be
modeled by a method in accordance with an illustrative
embodiment is shown in an array that includes other cells 5.
Transistors P10, N10, P11, and N11 form a cross-coupled
static latch that provides the storage of a value in the cell.
Transistors N12 and N13 provide for access to the value in
response to a wordline select signal WL. Bitlines BLT (true
bitline) and BLC (complement bitline) couple all cells in a
column, so that when a row is selected by signal WL, only one
row cell from each column is exposed to the memory logic.
For a write operation, bitlines BLC and BLT are charged to
Voltages corresponding to the desired State of the memory cell
and WL is activated (pulsed), setting the state of the latch
formed by transistors P10, N10, P11 and N11. For a read
operation, the bitlines BLC and BLT are previously charged
to opposite state predetermined Voltages (generally V, and
ground), and to commence the read, WL is pulsed and a sense
amplifier coupled to bitlines BLC and BLT determines the
stored state by differential comparison of bitlines BLC and
BLT. Depending on the relative strengths of the transistors
P10-11 and N10-13, the cell will exhibit varying ability to
perform to predetermined read/write cycle times and may be
unstable in that the cell value does not remain constant after a

write or when being read. As operating frequencies are
increased and device sizes correspondingly decreased, the
variations take on a statistically significantly greater range
causing failure of an increasing number of devices in a lot.
The illustrative embodiments are directed toward an efficient

method for statistically analyzing the design of memory cells
so that the yield of memory cells can be predicted accurately
and further so that yields may be improved by selecting
optimized nominal values for the device parameters and other
environmental parameters such as operating Voltages.
0036 While the illustrated cell is an example of a cell of
order 4 that may be analyzed and improved by a method
according to an embodiment of the invention, it should be
understood that the techniques illustrated herein may be
applied to memory cells of any order and design and to
circuits other than memory circuits, as well. (Order as used
herein refers to the number of devices that implement the
storage element of the cell exclusive of the bitline access
transistors.)
0037 Referring now to FIG. 2A, a graph illustrating the
purpose and techniques of the illustrative embodiments is
shown. A distribution 10 of operational performance values,
such as the above-mentioned delay times and writability/read
stability measures, generally following a Gaussian shape
extends past 5 standard deviations (5O) on either side of a
mean value. The input parameter values are generated by a
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similar Gaussian distribution of samples as generated around
a nominal vector of cell parameter values by a Monte-Carlo
algorithm.
0038 Failure Zone 12A in the graph is located past the 5O
point and is shown as a shaded area. The yield of the cell
modeled by distribution 10 can be predicted from the graph,
and thus the yield of the overall device. However, the accu
racy near failure Zone 12A is limited due to the relatively
sparse distribution of samples in the tails of distribution 10.
The illustrative embodiments use MIS to concentrate sam

pling within one or more failure Zones, so that more accurate
estimates of yield are produced.
0039 Referring now to FIG. 2B, a graph showing the
operation of the illustrative embodiments is shown. Once a
region of interest is identified in the device and process
dependent parameter space, a mixture 10C of distributions
10, 10A, and 10B is employed to improve the density of
samples in Zone 12A, while ensuring that gaps are not left in
the distribution that might otherwise miss other failures. The
mixture sampling function distribution 10C can be expressed
by:
where w and W are coefficients used to control the mixture,
which can be determined by the position of a new sampling
function center 14 that is used to improve the concentration
of samples aroundu. Note that is not the center of mixture
sampling function distribution 10C, but rather the center of
gaussian distribution 10A forming part of sampling function
distribution 10C. Uniform distribution U(x) 10B is also
included in the mixture, which helps in ensuring that some
samples are present for all values within the interval over
which uniform distribution 10B extends. The choice of coef

ficients, in combination with the inclusion of the uniform

distribution is made so that the number of samples in the
region of interest is increased, but no “dead spots are present
in the analysis.
0040. The result of the mixture sampling function is to
generate a relatively larger number of samples over Zone 12A
(as compared to the distribution of FIG. 2A), yielding a much
more precise estimate of the impact of Zone 12A on. Results
show a more than 10x improvement (or greater, in proportion
to the distance of Zone 12A from the nominal mean LL) in
convergence time for estimates of the edges of failure Zone
12A, which results in a corresponding improvement in con
vergence of the calculation of overall device yield.
0041 While generally the statistical analysis detailed
above will be conducted independently over the operational
performance variables being studied, it is possible to conduct
a combined pass/fail analysis over the parameter space in
which no information about the particular operational perfor
mance variables associated with each failed point is retained,
but the overall desirability of a particular design can be
directly observed with respect to process variations. MIS
analysis can then be conducted with one or more mean
shifting distributions included to precisely predict the yield.
0042. Referring now to FIG.3A, a first technique for locat
ing sampling function center 14, is depicted. Since memory
cell operational performance variable failure regions gener
ally will extend to the bounds of the analysis range (with
respect to the parameter deviation) from the point at which the
failures occur, failure regions can be ascribed to failure region
boundaries beyond which the probability of failure only
increases. The illustration is two-dimensional but in actual
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practice, a larger number of dimensions are actually being
evaluated simultaneously. A number of sample points are
generated by uniformly sampling the variable memory cell
parameter space, corresponding to the dots shown in the
depicted example. Quasi-random sampling techniques can be
used to improve the spread of the samples across the param
eter space. In the depicted example, hollow dots depict non
failing points and Solid dots depict failing points. After a
threshold number of failures is accumulated, which may be
qualified by observing their proximity in the parameter space
if multiple failure regions might be present (in order to group
the failures), a particular failure region of interest 20B is
identified and the vector centroid 14 of that region computed
and used as new sampling function center 1, 14 for Subse
quent MIS analysis. The vector centroid is computed from the
vector distances of the points as the vector of average distance
in each parameter space. There may be multiple failure
regions for some applications of the techniques of the illus
trative embodiments including other failure regions such as
20A, and those regions can be ignored if not of interest, or
may be further evaluated with independent MIS analysis
around their centers.

0043. The above-described technique is especially appli
cable to the study of memory cell designs that have a single
dominant failure region of interest. However, if it is not
known in advance that there will be a single dominant region,
the positions of the failure samples in parameter vector space
can be observed and the samples grouped into one or more
groups as mentioned above. If a group is much more distant
from the nominal parameter vector, then that group may be
discarded as being due to a relatively unimportant failure
mechanism. The technique of the illustrative embodiments
can be used to obtain better information about multiple failure
mechanisms by the above grouping technique or discarding
of groups.
0044) A threshold number of samples can then be col
lected for each group to be studied and either an independent
set of MIS analyses can be conducted for each group, or the
above MIS sampling distribution function can be modified to
follow:

where w w and W are coefficients used to control the mix
ture and new sampling function centers LL., LL2 are used to
improve the concentration of samples around two regions of
interest. If more than two regions of interest are present, the
above sampling function can be expanded to include other
mean shifting values and their associated sampling function
kernels in the above sampling function.
0045 Referring now to FIG. 3B, another technique
adapted for treating circuits having multiple dominant failure
regions is depicted, e.g., circuits for which multiple failure
mechanisms have fairly equivalent statistical significance.
The technique may also be used for single failure region
analysis, as well. A vector of nominal memory cell parameter
values 16 is used as a starting point for random generation of
a sufficient initial number of vector directions 18 along which
cell failure analysis proceeds until failure points are detected.
A sufficient number of vectors is generated so that failure
regions will not be missed by the analysis. Gaussian latin
hypercube sampling can be used to ensure uniform placement
of the vectors in all directions.
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0046. The analysis then proceeds away from nominal vec
tor 16 as illustrated. The generally monotonic behavior of the
circuits as the parameters vary in one direction away from the
nominal ensures that failing points will only be encountered
at and beyond the boundaries of the failure regions 20A, 20B.
The new sampling function centerly 14 for Subsequent MIS
analysis is determined either by the mean vector 14B corre
sponding to the group of boundary points 22, or an estimated
vector 14A is extrapolated within failure region of interest
20B from the location of the boundary points. After a first
iteration, if the boundaries of failure regions 20A, 20B are not
Sufficiently defined, a local set of random vectors is generated
to enhance the set of samples around the boundaries. After
boundaries 20A, 20B are sufficiently defined 14 is chosen
as described above. As in the center of gravity technique,
regions of interest that are more distant from the nominal
vector can be discarded as relatively unimportant failure
mechanisms. The technique illustrated in FIG. 3B also pro
vides better information about multiple failure mechanisms
by locating the boundaries of the regions of interest. If the
boundaries are not well defined after the above analysis has
been attempted, then the entire process can be repeated with
a larger set of initial random vectors.
0047 FIG. 4 is a flowchart illustrating operation of a cen
troid-locating technique in accordance with an illustrative
embodiment. The flowchart of FIG. 4 corresponds to the
centroid-locating technique described above with reference
to FIG. 3A. First, a statistical analysis across ranges of
memory circuit parameters is performed for multiple perfor
mance variables (block 30) and once a threshold number of
failing samples is accumulated (possibly qualified as being in
a single failure region if required) (block 32) the centroid of
the parameters corresponding to the group of failures is deter
mined (block 34). Finally, a new distribution of input param
eter vectors is selected in conformity with the determined
centroid and the nominal vector (block36) and an MIS analy
sis is performed (block38) using the new mixture distribution
to gain more accurate results in the region of the failures and
a faster convergence of the overall yield computation, and
operation ends.
0048 FIG. 5 is a flowchart illustrating operation of a ran
dom vector technique in accordance with an illustrative
embodiment. The flowchart of FIG. 5 corresponds to the
random vector technique described above with reference to
FIG.3B. First, random vector directions are generated around
the nominal value of the memory circuit parameters (block
50). The memory cell is simulated along the vectors until a
failure is detected, corresponding to a failure region boundary
(block 52). Then, a mean point is computed from multiple
failure region boundary points or a point is estimated within
the failure region from the boundary points (block 54). An
MIS distribution function is then selected (block 56) as a
mixture of a distribution around the nominal parameter values
and the mean point computed in block 54 (along with the
uniform distribution), and an MIS analysis is performed
(block 58) using the new mixture distribution to gain more
accurate results in the region of the failures and a faster
convergence of the overall yield computation, and operation
ends.

0049 Variability is a key problem in circuit design. Sta
tistical analysis and simulations are needed to analyze design
yield. For this, importance sampling was developed as a fast
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statistical analysis tool versus regular Monte-Carlo analysis.
Often, circuit designers face situations where they revisit a
circuit design with multiple design considerations. For
example, design centering, optimization, and manufacturing
variability require a lot of what-if statistical analysis studies.
0050 For the design centering and manufacturing vari
ability space, often global variation space is a Subset of the
random sample space. In accordance with an illustrative
embodiment, a mechanism is provided to minimize function
evaluations (simulations) and to reuse importance samples.
For different global variation corners, the mechanism may
infer yield information from samples obtained around the old
origin.
0051 FIG. 6 is a graph depicting global variability space
in accordance with an illustrative embodiment. The disk rep
resents the global variability space defined by the following:
where x, y, and Zare random variables. The mechanism of the
illustrative embodiments may find importance samples for
origin 602 and may recomputed new importance sample
ratios for new origins 604, which are “corners' on the bound
ary of the global variability space.
0052 FIGS. 7A and 7B are graphs illustrating global and
local variation in two dimensions in accordance with an illus

trative embodiment. More particularly, FIG. 7A illustrates
failure direction with respect to the origin by regular Sam
pling. FIG. 7B illustrates the operation of using the old set of
samples with respect to a new origin. As seen in FIG. 7B,
simply reusing the old set of samples may result in underes
timating fails.
0053 FIG. 8 illustrates how reusing the old set of samples
for a new origin may underestimate fails in accordance with
an illustrative embodiment. The distance of the new origin to
the failing samples (e.g., the center of gravity (COG)) can
underestimate the fails, because the distance along the COG
direction 802 is greater than the distance 804 of the new origin
to the failing samples along the same direction of the origin to
the COG.

0054 FIGS. 9A and 9B illustrate alternative approaches to
determining fails for a new origin in accordance with illus
trative embodiments. As shown in FIG.9A, one approach is to
project the new origin onto the line from the origin to the
COG. This approach maintains failing samples close to the
projected new origin. As shown in FIG.9B, another approach
is to move the population of samples, along the orthogonal
direction to the line from the origin to the COG. This
approach approximates the dominant fail direction in the
proximity of the old origin via the COG offails. The approach
of FIG.9B provides a fixed pattern of fails without enforcing
or modeling using a fixed boundary. This approach is particu
larly reasonable when the new origin is not too far from the
origin.
0055 FIG. 10 illustrates an example application to impor
tance sampling in accordance with an example embodiment.
In the depicted example, area 1002 shows the real importance
samples with respect to the origin. Area 1004 shows the
shifted importance samples with respect to the new origin.
FIG. 11 illustrates an example application for importance
samples for multiple metrics in accordance with an example
embodiment. In the example shown in FIG. 11, each metric is
identified by a dominant center of gravity of fails.
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0056. In accordance with the illustrative embodiments, the
mechanism re-evaluates importance sampling with respect to
the new projected origin. The importance sampling weight
function of x with respect to the origin is defined as follows:

w(x) = Ilex (-0.5 ())/exp(-0.5 ( 06).)
where X is process variation variable of the device, X is the
center of gravity of the one or more failing samples, and O is
the standard deviation of X. The importance sampling weight
function of X with respect to the new projected origin (np) is
defined as follows:

where X is process variation variable of the device, X, is a

new point of the projected origin for the process variation
variable X, X is the center of gravity of the one or more
failing samples, and O is the standard deviation of X; the
equations assume that the process variation variables are
Gaussian. In case of non-gaussian variables, transformation
are used to normalize the process variations via cumulative
distribution functions mapping tables, or more complex
weight functions can be adopted. Most importantly if the
probability density function is f(x), then the shifted weights

are proportional to f(x-x)/f(x-x). The equations above

also assume that the standard deviation, O, of the process
variation variables remain the same. In case there is a change
in O associated with origin of process variation change, then
the weights are modified accordingly.

w(x) = II Onpexp(-0.5 OnpWrip /exp(-0.5. OXCOc )
where X is process variation variable of the device, X, is a
new point of the projected origin for the process variation
variable X, X is the center of gravity of the one or more

failing samples, O is the standard deviation of x, and O, is the

standard deviation associated with the new point of origin.
0057 FIG. 12 is a graph illustrating importance sampling
reuse for a set of process variations in accordance with an
illustrative embodiment. In the example shown in FIG. 12,
there are three variables, in this instance for a pass gate (pg),
a pull-up transistor (pu), and a pull-down transistor (pd). The
mechanism of the illustrative embodiments may perform MIS
analysis at an origin and predict yield at different corners
1202 with no additional simulations.

0.058 Thus, the mechanism of the illustrative embodi
ments may be applied reuse importance sampling to deter
mine yield given manufacturing variability. The mechanism
may estimate yield at various corners. Designers currently
study multiple corner combinations using conventional meth
ods. For example, designers may maintain a table of a hun
dred or more V/V points for which yield is being com
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puted. The mechanism of the illustrative embodiments allow
designers to more easily and accurately estimate yield gradi
ents and sensitivity to manufacturing variability space and to
even estimate weighted equivalent yield within the manufac
turing variability space at each of these points with minimum
computation/simulation effort.
0059 FIG. 13 illustrates an example application of impor
tance sampling reuse for manufacturing variability in accor
dance with an example embodiment. The mechanism may
perform importance sampling reuse for various corners 1302
within the manufacturing variability space. The standard
deviation within the manufacturing variability space (O)
may be much less than the standard deviation for random
dopant fluctuation (O). The Small standard deviation helps
in terms of better accuracy. The corners 1302 may be defined
by V, changes in two-dimensional or three-dimensional space.
Importance sampling may be performed in six-dimensional
Space.

0060 FIG. 14 is a graph illustrating the manufacturing
variability space inaccordance with an example embodiment.
The mechanism of the illustrative embodiment may estimate
yield for each corner with no additional simulations. The
mechanism may reuse samples from “nominal corner analy
sis rather than one origin. The example shown in FIG. 14
assumes three-dimensional importance sampling and two
dimensional global variability space.
0061. The mechanism of the illustrative embodiments
may be applied to design centering. The mechanism may
determine yield as V, centers of designare moved around. This
may enable identifying optimal design centers. For instance,
the mechanism of the illustrative embodiments may be part of
an adaptive search scheme (or hybrid), which is good to guide
gradient, to provide initial Solution, etc. True sampling could
be performed to certify the yield determined using the impor
tance sampling reuse. In another example embodiment, the
mechanism of the illustrative embodiments may be used to
determine yield for negative biased temperature instability
(NBTI) or positive biased temperature instability (PBTI).
0062 FIG. 15 is a graph illustrating results for an example
static random access memory in accordance with an illustra
tive embodiment. As can be seen, the writability and stability
for importance sampling reuse are a good approximation for
the true estimate. The estimated bounds are large enough for
manufacturing variability.
0063 As will be appreciated by one skilled in the art, the
present invention may be embodied as a system, method, or
computer program product. Accordingly, aspects of the
present invention may take the form of an entirely hardware
embodiment, an entirely software embodiment (including
firmware, resident software, micro-code, etc.) or an embodi
ment combining software and hardware aspects that may all
generally be referred to herein as a “circuit,” “module' or
“system.” Furthermore, aspects of the present invention may
take the form of a computer program product embodied in any
one or more computer readable medium(s) having computer
usable program code embodied thereon.
0064. Any combination of one or more computer readable
medium(s) may be utilized. The computer readable medium
may be a computer readable signal medium or a computer
readable storage medium. A computer readable storage
medium may be, for example, but not limited to, an elec
tronic, magnetic, optical, electromagnetic, infrared, or semi
conductor system, apparatus, device, or any suitable combi
nation of the foregoing. More specific examples (a non
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exhaustive list) of the computer readable medium would
include the following: an electrical connection having one or
more wires, a portable computer diskette, a hard disk, a ran
dom access memory (RAM), a read-only memory (ROM), an
erasable programmable read-only memory (EPROM or Flash
memory), an optical fiber, a portable compact disc read-only
memory (CDROM), an optical storage device, a magnetic
storage device, or any suitable combination of the foregoing.
In the context of this document, a computer readable storage
medium may be any tangible medium that can contain or store
a program for use by or in connection with an instruction
execution system, apparatus, or device.
0065. A computer readable signal medium may include a
propagated data signal with computer readable program code
embodied therein, for example, in a baseband or as part of a
carrier wave. Such a propagated signal may take any of a
variety of forms, including, but not limited to, electro-mag
netic, optical, or any Suitable combination thereof. A com
puter readable signal medium may be any computer readable
medium that is not a computer readable storage medium and
that can communicate, propagate, or transport a program for
use by or in connection with an instruction execution system,
apparatus, or device.
0.066 Computer code embodied on a computer readable
medium may be transmitted using any appropriate medium,
including but not limited to wireless, wireline, optical fiber
cable, radio frequency (RF), etc., or any suitable combination
thereof.

0067 Computer program code for carrying out operations
for aspects of the present invention may be written in any
combination of one or more programming languages, includ
ing an object oriented programming language Such as JavaTM,
SmalltalkTM, C++, or the like, and conventional procedural
programming languages, such as the 'C' programming lan
guage or similar programming languages. The program code
may execute entirely on the user's computer, partly on the
user's computer, as a stand-alone software package, partly on
the user's computer and partly on a remote computer, or
entirely on the remote computer or server. In the latter sce
nario, the remote computer may be connected to the user's
computer through any type of network, including a local area
network (LAN) or a wide area network (WAN), or the con
nection may be made to an external computer (for example,
through the Internet using an Internet Service Provider).
0068 Aspects of the present invention are described
below with reference to flowchart illustrations and/or block

diagrams of methods, apparatus (systems) and computer pro
gram products according to the illustrative embodiments of
the invention. It will be understood that each block of the

flowchart illustrations and/or block diagrams, and combina
tions of blocks in the flowchart illustrations and/or block

diagrams, can be implemented by computer program instruc
tions. These computer program instructions may be provided
to a processor of a general purpose computer, special purpose
computer, or other programmable data processing apparatus
to produce a machine, such that the instructions, which
execute via the processor of the computer or other program
mable data processing apparatus, create means for imple
menting the functions/acts specified in the flowchart and/or
block diagram block or blocks.
0069. These computer program instructions may also be
stored in a computer readable medium that can direct a com
puter, other programmable data processing apparatus, or
other devices to function in a particular manner, such that the
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instructions stored in the computer readable medium produce
an article of manufacture including instructions that imple
ment the function/act specified in the flowchart and/or block
diagram block or blocks.
0070 The computer program instructions may also be
loaded onto a computer, other programmable data processing
apparatus, or other devices to cause a series of operational
steps to be performed on the computer, other programmable
apparatus, or other devices to produce a computer imple
mented process Such that the instructions which execute on
the computer or other programmable apparatus provide pro
cesses for implementing the functions/acts specified in the
flowchart and/or block diagram block or blocks.
0071 FIG. 16 is a flowchart illustrating operation of a
mechanism for statistical design with importance sampling
reuse in accordance with an illustrative embodiment. Opera
tion begins, and the mechanism performs uniform sampling
(block 1602). The mechanism finds a center of gravity (COG)
for each metric (block 1604). Then, the mechanism finds
importance samples (block 1606). For each new origin, the
mechanism finds a suitable projection (bock 1608) and
recomputes new importance sampling ratios (block 1610).
Thereafter, operation ends.
0072. In an alternative embodiment, in block 1610, the
mechanism may project a new center of gravity with respect
to the new origin. In another embodiment, the mechanism
may perform a second stage of importance sampling given the
same uniform sampling from block 1602.
0073. The flowchart and block diagrams in the figures
illustrate the architecture, functionality, and operation of pos
sible implementations of systems, methods and computer
program products according to various embodiments of the
present invention. In this regard, each block in the flowchart
or block diagrams may represent a module, segment, or por
tion of code, which comprises one or more executable
instructions for implementing the specified logical function
(s). It should also be noted that, in some alternative imple
mentations, the functions noted in the block may occur out of
the order noted in the figures. For example, two blocks shown
in Succession may, in fact, be executed Substantially concur
rently, or the blocks may sometimes be executed in the reverse
order, depending upon the functionality involved. It will also
be noted that each block of the block diagrams and/or flow
chart illustration, and combinations of blocks in the block

diagrams and/or flowchart illustration, can be implemented
by special purpose hardware-based systems that perform the
specified functions or acts, or combinations of special pur
pose hardware and computer instructions.
0074 The illustrative embodiments may be utilized in
many different types of data processing environments includ
ing a distributed data processing environment, a single data
processing device, or the like. In order to provide a context for
the description of the specific elements and functionality of
the illustrative embodiments, FIG. 17 is provided hereafter as
an example environment in which aspects of the illustrative
embodiments may be implemented. While the description of
FIG. 17 will focus primarily on a single data processing
device implementation, this is only an example and is not
intended to state or imply any limitation with regard to the
features of the present invention. To the contrary, the illustra
tive embodiments are intended to include distributed data

processing environments and embodiments.
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0075 FIG. 17 is a block diagram of an example data pro
cessing system in which aspects of the illustrative embodi
ments may be implemented. Data processing system 1700 is
an example of a computer in which computer usable code or
instructions implementing the processes for illustrative
embodiments of the present invention may be located.
0076. In the depicted example, data processing system
1700 employs a hub architecture including north bridge and
memory controller hub (NB/MCH) 1702 and south bridge
and input/output (I/O) controller hub (SB/ICH) 1704. Pro
cessing unit 1706, main memory 1708, and graphics proces
sor 1710 are connected to NB/MCH 1702. Graphics proces
sor 1710 may be connected to NB/MCH 1702 through an
accelerated graphics port (AGP).
0077. In the depicted example, local area network (LAN)
adapter 1712 connects to SB/ICH 1704. Audio adapter 1716,
keyboard and mouse adapter 1720, modem 1722, read only
memory (ROM) 1724, hard disk drive (HDD) 1726, CD
ROM drive 1730, universal serial bus (USB) ports and other
communication ports 1732, and PCI/PCIe devices 1734 con
nect to SB/ICH 1704 through bus 1738 and bus 1740. PCI/
PCIe devices may include, for example, Ethernet adapters,
add-in cards, and PC cards for notebook computers. PCI uses
a card bus controller, while PCIe does not. ROM 1724 may
be, for example, a flash basic input/output system (BIOS).
0078 HDD 1726 and CD-ROM drive 1730 connect to
SB/ICH 1704 through bus 1740. HDD 1726 and CD-ROM
drive 1730 may use, for example, an integrated drive elec
tronics (IDE) or serial advanced technology attachment
(SATA) interface. Super I/O (SIO) device 1736 may be con
nected to SB/ICH 1704.

0079 An operating system runs on processing unit 1706.
The operating system coordinates and provides control of
various components within the data processing system 1700
in FIG. 17. As a client, the operating system may be a com
mercially available operating system such as Microsoft(R)
Windows(R XP (Microsoft and Windows are trademarks of
Microsoft Corporation in the United States, other countries,
or both). An object-oriented programming system, such as the
JavaTM programming system, may run in conjunction with the
operating system and provides calls to the operating system
from JavaTM programs or applications executing on data pro
cessing system 1700 (Java is a trademark of Sun Microsys
tems, Inc. in the United States, other countries, or both).
0080. As a server, data processing system 1700 may be,
for example, an IBM(R) eServer'TM System p(R) computer sys
tem, running the Advanced Interactive Executive (AIX(R)
operating system or the LINUXOR operating system (eServer,
System p, and AIX are trademarks of International Business
Machines Corporation in the United States, other countries,
or both while LINUX is a trademark of Linus Torvalds in the

United States, other countries, or both). Data processing sys
tem 1700 may be a symmetric multiprocessor (SMP) system
including a plurality of processors in processing unit 1706.
Alternatively, a single processor system may be employed.
I0081. Instructions for the operating system, the object
oriented programming system, and applications or programs
are located on storage devices, such as HDD1726, and may
be loaded into main memory 1708 for execution by process
ing unit 1706. The processes for illustrative embodiments of
the present invention may be performed by processing unit
1706 using computer usable program code, which may be
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located in a memory such as, for example, main memory
1708, ROM 1724, or in one or more peripheral devices 1726
and 1730, for example.
I0082. A bus system, such as bus 1738 or bus 1740 as
shown in FIG. 17, may be comprised of one or more buses. Of
course, the bus system may be implemented using any type of
communication fabric or architecture that provides for a
transfer of data between different components or devices
attached to the fabric or architecture. A communication unit,

such as modem 1722 or network adapter 1712 of FIG. 17,
may include one or more devices used to transmit and receive
data. A memory may be, for example, main memory 1708,
ROM 1724, or a cache such as found in NB/MCH 1702 in
FIG. 17.

0083. Those of ordinary skill in the art will appreciate that
the hardware in FIG. 17 may vary depending on the imple
mentation. Other internal hardware or peripheral devices,
Such as flash memory, equivalent non-volatile memory, or
optical disk drives and the like, may be used in addition to or
in place of the hardware depicted in FIG. 17. Also, the pro
cesses of the illustrative embodiments may be applied to a
multiprocessor data processing system, other than the SMP
system mentioned previously, without departing from the
spirit and scope of the present invention.
0084 Moreover, the data processing system 1700 may
take the form of any of a number of different data processing
systems including client computing devices, server comput
ing devices, a tablet computer, laptop computer, telephone or
other communication device, a personal digital assistant
(PDA), or the like. In some illustrative examples, data pro
cessing system 1700 may be a portable computing device
which is configured with flash memory to provide non-vola
tile memory for storing operating system files and/or user
generated data, for example. Essentially, data processing sys
tem 1700 may be any known or later developed data
processing system without architectural limitation.
0085 Thus, the illustrative embodiments provide a
mechanism for reusing importance sampling for efficient cell
failure rate estimation of process variations and other design
considerations. First, the mechanism performs a search
across circuit parameters to determine failures with respect to
a set of performance variables. For a single failure region, the
initial search may be a uniform sampling of the parameter
space. Mixture importance sampling (MIS) efficiently may
estimate the single failure region. The mechanism then finds
a center of gravity for each metric and finds importance
samples. Then, for each new origin corresponding to a pro
cess variation or other design consideration, the mechanism
finds a Suitable projection and recomputes new importance
sampling (IS) ratios.
I0086. As noted above, it should be appreciated that the
illustrative embodiments may take the form of an entirely
hardware embodiment, an entirely software embodiment or
an embodiment containing both hardware and software ele
ments. In one example embodiment, the mechanisms of the
illustrative embodiments are implemented in software or pro
gram code, which includes but is not limited to firmware,
resident Software, microcode, etc.

0087. A data processing system suitable for storing and/or
executing program code will include at least one processor
coupled directly or indirectly to memory elements through a
system bus. The memory elements can include local memory
employed during actual execution of the program code, bulk
storage, and cache memories which provide temporary stor
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age of at least some program code in order to reduce the
number of times code must be retrieved from bulk storage
during execution.
I0088. Input/output or I/O devices (including but not lim
ited to keyboards, displays, pointing devices, etc.) can be
coupled to the system either directly or through intervening
I/O controllers. Network adapters may also be coupled to the
system to enable the data processing system to become
coupled to other data processing systems or remote printers or
storage devices through intervening private or public net
works. Modems, cable modems and Ethernet cards are just a
few of the currently available types of network adapters.
I0089. The description of the present invention has been
presented for purposes of illustration and description, and is
not intended to be exhaustive or limited to the invention in the

form disclosed. Many modifications and variations will be
apparent to those of ordinary skill in the art. The embodiment
was chosen and described in order to best explain the prin
ciples of the invention, the practical application, and to enable
others of ordinary skill in the art to understand the invention
for various embodiments with various modifications as are

Suited to the particular use contemplated.
What is claimed is:

1. A method, in a data processing system, for determining
failure rate of a device using importance sampling reuse, the
method comprising:
performing, by the data processing system, a uniform Sam
pling over a random sample space for a metric for the
device with respect to an origin to form a set of samples,
wherein the set of samples comprises one or more failing
samples;
determining, by the data processing system, a center of
gravity of the one or more failing samples with respect to
the origin;
determining, by the data processing system, importance
samples based on the center of gravity of the one or more
failing samples:
selecting a new origin; recomputing, by the data processing
system, new importance sampling weight ratios for the
new origin; and
determining, by the data processing system, a failure rate
for the device based on the new importance sampling
weight ratios for the new origin.
2. The method of claim 1, wherein recomputing new
importance sampling weight ratios for the new origin com
prises:
finding a projected origin; and
recomputing new importance sampling weight ratios with
respect to the projected origin.
3. The method of claim 2, wherein finding the projected
origin comprises:
determining a line passing through the origin and the center
of gravity of the one or more failing samples; and
projecting the new origin onto the line passing through the
origin and the center of gravity of the one or more failing
samples.
4. The method of claim 1, wherein recomputing new
importance sampling weight ratios for the new origin com
prises:
finding a set of projected samples with respect to the new
origin; and
recomputing new importance sampling ratios based on the
projected samples.
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where X is process variation variable of the device, X, is a

12. The computer program product of claim 9, wherein
recomputing new importance sampling weight ratios for the
new origin comprises:
finding a set of projected samples with respect to the new
origin; and
recomputing new importance sampling ratios based on the
projected samples.
13. The computer program product of claim 12, wherein
finding the set of projected samples comprises:
determining a line passing through the origin and the center
of gravity of the one or more failing samples; and
move the set of samples in a direction orthogonal to the line
passing through the origin and the center of gravity of
the one or more failing samples.
14. The computer program product of claim 9, wherein
recomputing new importance sampling weight ratios for the
new origin comprises computing a weight function, wherein
the weight function is as follows:

failing samples, O is the standard deviation of x, and O, is the

w(x) = II Onpexp(-0.5 OnpWrip /exp(-0.5. OXCOc )

5. The method of claim 4, wherein finding the set of pro
jected Samples comprises:
determining a line passing through the origin and the center
of gravity of the one or more failing samples; and
move the set of samples in a direction orthogonal to the line
passing through the origin and the center of gravity of
the one or more failing samples.
6. The method of claim 1, wherein recomputing new
importance sampling weight ratios for the new origin com
prises computing a weight function, wherein the weight func
tion is as follows:

w(x) = Illes-os- /ept-05. log )
new point of a projected origin for the process variation
variable X, X is the center of gravity of the one or more

standard deviation associated with the new point of projected
origin.
7. The method of claim 1, further comprising:
repeating selecting a new origin, recomputing new impor
tance sampling weight ratios for the new origin, and
determining a failure rate for the device based on the new
importance sampling weight ratios for the new origin for
a set of process variations.
8. The method of claim 1, wherein recomputing new
importance sampling weight ratios for the new origin com
prises:
determining importance samples based on the center of
gravity of the one or more failing samples and the new
origin.
9. A computer program product comprising a computer
readable storage medium having a computer readable pro
gram stored therein, wherein the computer readable program,
when executed on a computing device, causes the computing
device to:

perform a uniform sampling over a random sample space
for a metric for the device with respect to an origin to
form a set of samples, wherein the set of samples com
prises one or more failing samples;
determine a center of gravity of the one or more failing
samples with respect to the origin;
determine importance samples based on the center of grav
ity of the one or more failing samples:
recompute new importance sampling weight ratios for a
Selected new origin; and
determine a failure rate for the device based on the new

importance sampling weight ratios for the new origin.
10. The computer program product of claim 9, wherein
recomputing new importance sampling weight ratios for the
new origin comprises:
finding a projected origin; and
recomputing new importance sampling weight ratios with
respect to the projected origin.
11. The computer program product of claim 10, wherein
finding the projected origin comprises:
determining a line passing through the origin and the center
of gravity of the one or more failing samples; and
projecting the new origin onto the line passing though the
origin and the center of gravity of the one or more failing
samples.

where x is process variation variable of the device, X, p. is a
new point of a projected origin for the process variation

variable X, X

is the center of gravity of the one or more

failing samples, O is the standard deviation of x, and O, is the

standard deviation associated with the new point of projected
origin.
15. The computer program product of claim 9, wherein the
computer readable program further causes the computing
device to:

repeat selecting a new origin, recomputing new importance
sampling weight ratios for the new origin, and determin
ing a failure rate for the device based on the new impor
tance sampling weight ratios for the new origin for a set
of process variations.
16. The computer program product of claim 9, wherein
recomputing new importance sampling weight ratios for the
new origin comprises:
determining importance samples based on the center of
gravity of the one or more failing samples and the new
origin.
17. The computer program product of claim 9, wherein the
computer readable program is stored in a computer readable
storage medium in a data processing system and wherein the
computer readable program was downloaded over a network
from a remote data processing system.
18. The computer program product of claim 9, wherein the
computer readable program is stored in a computer readable
storage medium in a server data processing system and
wherein the computer readable program is downloaded over
a network to a remote data processing system for use in a
computer readable storage medium with the remote system.
19. An apparatus, comprising:
a processor; and
a memory coupled to the processor, wherein the memory
comprises instructions which, when executed by the
processor, cause the processor to:
perform a uniform sampling over a random sample space
for a metric for the device with respect to an origin to
form a set of samples, wherein the set of samples com
prises one or more failing samples;
determine a center of gravity of the one or more failing
samples with respect to the origin;
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determine importance samples based on the center of grav
ity of the one or more failing samples:
recompute new importance sampling weight ratios for a
Selected new origin; and
determine a failure rate for the device based on the new
importance sampling weight ratios for the new origin.
20. The apparatus of claim 19, wherein recomputing new
importance sampling weight ratios for the new origin com
prises:
finding a projected origin; and
recomputing new importance sampling weight ratios with
respect to the projected origin.
21. The apparatus of claim 20, wherein finding the pro
jected origin comprises:
determining a line passing through the origin and the center
of gravity of the one or more failing samples; and
projecting the new origin onto the line passing through the
origin and the center of gravity of the one or more failing
samples.
22. The apparatus of claim 19, wherein recomputing new
importance sampling weight ratios for the new origin com
prises:
finding a set of projected Samples with respect to the new
origin; and
recomputing new importance sampling ratios based on the
projected Samples.
23. The apparatus of claim 22, wherein finding the set of
projected Samples comprises:
determining a line passing through the origin and the center
of gravity of the one or more failing samples; and
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move the set of samples in a direction orthogonal to the line
passing through the origin and the center of gravity of
the one or more failing samples.
24. The apparatus of claim 19, wherein recomputing new
importance sampling weight ratios for the new origin com
prises computing a weight function, wherein the weight func
tion is as follows:

w(x) = II,Onpexp(-0.5 OnpWrip /exp(-0.5. OXCOc )
where X is process variation variable of the device, X, is a

new point of a projected origin for the process variation
variable X, X is the center of gravity of the one or more

failing samples, O is the standard deviation of x, and O, is the

standard deviation associated with the new point of projected
origin.
25. The apparatus of claim 19, wherein the instructions
further cause the processor to:
repeat selecting a new origin, recomputing new importance
sampling weight ratios for the new origin, and determin
ing a failure rate for the device based on the new impor
tance sampling weight ratios for the new origin for a set
of process variations.
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