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ALTERNATING FREQUENCY TIME DOMAIN APPROACH TO CALCULATE THE
FORCED RESPONSE OF DRILL STRINGS

CROSS REFERENCE TO RELATED APPLICATIONS
[0001] This application claims the benefit of U.S. Application No. 13/771749,

filed on February 20, 2013, which is incorporated herein by reference in its entirety.

BACKGROUND

[0002] Boreholes are drilled into the earth for various reasons such as exploration and
production for hydrocarbons and geothermal energy in addition to sequestration of carbon
dioxide. A borehole is typically drilled using a drill bit disposed at the distal end of a series
of connected drill pipes referred to as a drill string. A drill rig rotates the drill string, which
rotates the drill bit, to cut into the earth to create the borehole. As the borehole is drilled deep
into the earth, the drill string may bend and vibrate due to force imbalances on the drill string.
Excessive vibrations can delay drilling and possibly cause damage, both of which may
significantly affect the cost of drilling. Hence, it would be appreciated in the drilling industry
if a method could be developed to mathematically model a drill string with high physical

accuracy and in real time in order to improve drilling efficiency.

BRIEF SUMMARY

[0003] Disclosed is a method for estimating a steady state response of a drill string
disposed in a borehole penetrating at least one of the earth and another material. The method
includes calculating a first displacement of the drill string in a frequency domain for a first
excitation force frequency and a number of multiples of this frequency using an equation of
motion of the drill string that is solved by a processor. The equation of motion has a static
force component, an excitation force component, and a non-linear force component with
respect to at least one of a deflection and a derivative of the deflection of the drill string. The
method further includes transforming the first displacement from the frequency domain into a
time domain using the processor; calculating a non-linear force in the time domain based on
at least one of the calculated displacement and a derivative of the calculated displacement
using the processor; calculating a frequency domain coefficient derived from the calculated
non-linear force in the time domain using the processor; and calculating a second
displacement of the drill string in the frequency domain using the equation of motion and the

frequency domain coefficient using the processor.
1
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[0004] Also disclosed is a method for drilling a borehole penetrating an earth
formation. The method includes: drilling a borehole with a drill rig that operates a drill string
having a drill bit; obtaining borehole geometry data; and calculating a first displacement of
the drill string in a frequency domain for a first excitation force frequency using an equation
of motion of the drill string that is solved by a processor. The equation of motion has a static
force component, an excitation force component, and a non-linear force component with
respect to at least one of a deflection and a derivative of the deflection of the drill string. The
method further includes: transforming the first displacement from the frequency domain into
a time domain using the processor; calculating a non-linear force in the time domain based on
the borehole geometry data and at least one of the calculated displacement and a derivative of
the calculated displacement using the processor; calculating a frequency domain coefficient
derived from the calculated non-linear force in the time domain using the processor; and
calculating a second displacement of the drill string in the frequency domain using the
equation of motion and the frequency domain coefficient using the processor; and
transmitting a control signal from the processor to the drill rig to control a drilling parameter,
the processor being configured to execute a control algorithm having the second displacement
as an input.

[0005] Further disclosed is an apparatus for drilling a borehole penetrating an earth
formation using a drill rig configured to operate a drill string having a drill bit. The apparatus
includes: a borehole caliper tool disposed at the drill string and configured to provide
borehole geometry data; and a processor configured to receive the borehole geometry data
and to implement a method. The method includes: calculating a first displacement of the drill
string in a frequency domain for a first excitation force frequency using an equation of
motion of the drill string, the equation of motion having a static force component, an
excitation force component, and a non-linear force component with respect to at least one of a
deflection and a derivative of the deflection of the drill string; transforming the first
displacement from the frequency domain into a time domain; calculating a non-linear force in
the time domain based on the borchole geometry data and at least one of the calculated
displacement and a derivative of the calculated displacement; calculating a frequency domain
coefficient derived from the calculated non-linear force in the time domain; and calculating a
second displacement of the drill string in the frequency domain using the equation of motion
and the frequency domain coefficient. The apparatus further includes a controller configured

to receive the second displacement and to transmit a control signal to the drill rig to control a
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drilling parameter, the controller being configured to execute a control algorithm having the

second displacement as an input.

BRIEF DESCRIPTION OF THE DRAWINGS

[0006] The following descriptions should not be considered limiting in any way.
With reference to the accompanying drawings, like elements are numbered alike:

[0007] FIG. 1 illustrates a cross-sectional view of an exemplary embodiment of a drill
string disposed in a borehole penetrating the earth;

[0008] FIG. 2 depicts aspects of movement of the drill string in x and y directions
normal to the axis of the drill string;

[0009] FIG. 3 depicts aspects of x and y force components acting normal to a drill
string surface;

[0010] FIGS. 4A and 4B, collectively referred to as FIG. 4, illustrate normal contact
forces in the time domain and in the frequency domain for the x and y directions;

[0011] FIG. 5 illustrates one overall process for mathematically modeling the drill
string;

[0012] FIG. 6 depicts aspects of incrementing a frequency step size to select a new
excitation frequency; and

[0013] FIG. 7 is a flow chart for a method to provide a solution to equations in the

mathematical model.

DETAILED DESCRIPTION

[0014] A detailed description of one or more embodiments of the disclosed apparatus
and method presented herein by way of exemplification and not limitation with reference to
the figures.

[0015] Disclosed are method and apparatus for mathematically modeling motion of a
drill string rotating in a borehole. The method calculates a steady-state response of the drill
string while considering non-linear contact forces with the borehole wall. The method
employs aspects of a Multi-Harmonic Balance Method and an Alternating Frequency Time
Domain Method to accurately model the dynamics of the drill string. Once the steady state
response is calculated, one or more drilling parameters may be adjusted to minimize vibration
of the drill string.

[0016] FIG. 1 illustrates a cross-sectional view of an exemplary embodiment of a drill

string 10 disposed in a borehole 2 penetrating the earth 3, which may include an earth
3
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formation 4. The formation 4 represents any subsurface material of interest, such as a rock
formation, that is being drilled. In other embodiments, the borehole 2 may penetrate
materials other than the earth. The drill string 10 is generally made up of a plurality of drill
pipe sections coupled together. A drill bit 5 is disposed at the distal end of the drill string 10.
A drill rig 6 is configured to conduct drilling operations such as rotating the drill string 10 at
a certain rotational speed and torque and, thus, rotating the drill bit 5 in order to drill the
borehole 2. In addition, the drill rig 6 is configured to pump drilling fluid through the drill
string 10 in order to lubricate the drill bit 5 and flush cuttings from the borehole 2. A
downhole sensor 7 is disposed in a bottomhole assembly (BHA) 9 coupled to the drill string
10. The downhole sensor 7 is configured to sense a downhole parameter of interest that may
provide input to the method disclosed herein. A downhole caliper tool 8 is also disposed in
the BHA 9. The downhole caliper tool 8 is configured to measure the caliper (i.e., shape or
diameter) of the borchole 2 as a function of depth to provide a caliper log. In one or more
embodiments, the downhole caliper tool 8§ is a multi-finger device configured to extend
fingers radially to measure the diameter of the borehole 2 at a plurality of locations about the
longitudinal axis of the drill string 10. The number of measurement locations provides a
measured shape for about 360° around the borehole 2. Alternatively, in one or more
embodiments, the caliper tool 8 is an acoustic device configured to transmit acoustic waves
and receive reflected acoustic waves in order to measure the borehole caliper. The borehole
caliper log data may be input into a computer processing system 12, which may then process
the data to provide a three-dimensional mathematical model of the borehole 2. Other
borehole data may also be entered into the model such as borehole wall stiffness or other
physical parameters related to the borehole wall. This other borehole data may be obtained
by downhole sensors disposed at the drill string 10 or from data obtained from similar
previously drilled boreholes.

[0017] Still referring to FIG. 1, downhole electronics 11 are configured to operate
downhole sensors and tools, process measurement data obtained downhole, and/or act as an
interface with telemetry to communicate data or commands between downhole sensors and
tools and the computer processing system 12 disposed at the surface of the earth 3. Non-
limiting embodiments of the telemetry include pulsed-mud and wired drill pipe. System
operation and data processing operations may be performed by the downhole electronics 11,
the computer processing system 12, or a combination thereof. The sensors and tools may be

operated continuously or at discrete selected depths in the borehole 2. Alternatively, the
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sensors and tools may disposed at a wireline carrier that is configured to traverse and log a
previously drilled borehole section before drilling is continued using the drill string. A
drilling parameter sensor 13 may be disposed at the surface of the earth 3 or downhole. The
drilling parameter sensor 13 is configured to sense a drilling parameter related to the drilling
of the borehole 2 by the drill string 10. The drilling parameter is indicative of a force
imposed on the drill string. For example, the weight on the drill bit (i.e., weight-on-bit)
controlled by the hook system is indicative of a force applied to the drill string. The sensor
13 is coupled to the computer processing system 12, which may be configured as a controller,
for controlling one or more drilling parameters that affect the vibration of the drill string.

[0018] The method includes calculating a frequency response, which relates to the
displacement of the drill string with a harmonic force excitation specific frequency and
multiples of this frequency. Every periodic excitation force can be approximated with a
specific Fourier series. The method is especially suitable to calculate the answer (i.e., forced
response) in the frequency range of the exciting force applied to the drill string 10. The
following steps may be performed, not necessarily in the order presented, to calculate the
forced response of the drill string.

[0019] Step 1 calls for defining the geometry of the drill string. In one or more
embodiments, the geometry may be imported from a computer-aided-design (CAD) program.
This step may also include defining the mass and mass distribution of the drill string.

[0020] Step 2 calls for building a discretized or analytical model of the drill string
considering the geometry of the drill string (e.g. a Finite-Element-Model). Beam elements
may be used which are nonlinear with respect to their deflection. The degrees of freedom of
the nodes representing the structure can be the three translational (e.g. x, y, z) and the three
rotational degrees of freedom (e.g., ¢, &, &.).

[0021] Step 3 optionally calls for reducing the number of degrees of freedom of the
built model. This can include a modal reduction when the Finite Element Model is used that
relates to using only modes in the frequency range of interest. Alternatively, substitution of
linear degrees of freedom may be substituted for non-linear degrees of freedom as discussed
further below. Further, it is possible to derive ansatz functions from calculated frequency
response functions with similar parameters using singular value decomposition or similar
approaches. Additional ansatz functions to reduce the degrees of freedom can be derived

from measurements.
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[0022] Step 4 calls for importing the survey or geometry of the borehole, which may
be obtained from a borehole caliper log or a well plan. In one or more embodiments, the
borehole geometry is modeled using a minimum curvature method, which may use adjacent
circles to approximate the geometry.

[0023] Step 5 calls for calculating a static solution of the model of the drill string in
the borehole. Boundary conditions of the structure are defined using the imported geometry
of the drill string and the borehole. For example, the axial deflection at the top of the drill
string (i.e., at the hook) may be set to zero. The static deflection of the Finite-Element-Model
of the drill string is calculated under consideration of the survey geometry. The survey
geometry can be considered by a penalty formulation of the contact between the drill string
and the borehole wall. A force proportional to the intersection of drill string and borehole
wall is generated. The solution is nonlinear and therefore requires an iterative solution (e.g.,
using a Newton like solver) because the wall contacts are nonlinear (separation vs. contact)
and there are nonlinear geometric forces due to the nonlinearity of the finite elements. Wall
contact forces and intersections are calculated in this step. The influence of drilling fluid can
be included in this step. The density and viscosity of the fluid influences the external
damping of the drill string. This influence can be included in the non-linear forces, which
may be amplitude and velocity dependent.

[0024] Step 6 calls for calculating a mass matrix ¥ and a stiffness matrix K with

respect to the static solution. Therefore, the nonlinear geometric forces are linearized. This
is equal to the development of the Taylor series of the nonlinear geometric forces.

[0025] Step 7 calls for calculating a dynamic stiffness matrix . Additionally, a
damping matrix £ can be considered and calculated. Valid approximations of the damping
matrix € are Rayleigh damping or structural damping. The equation of motion may be

written as Mx + £x + Kx = { + f where f is a force matrix or vector representing the

dynamic force applied to the drill string, fu is a non-linear force matrix or vector representing
non-linear forces applied to the drill string, and x is a displacement vector. The single dot
represents the first derivative with respect to time and the two dots represent the second
derivative with respect to time.

[0026] Step 8 calls for calculating a steady state solution of the system in response to

an external excitation force as described in the several following sub-steps.
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[0027] In sub-step 8a, an excitation frequency @ is chosen (the first harmonic of the
Fourier series described in step 8b). The frequency is chosen in the parameter area of
interest.

[0028] In sub-step 8b, the dynamic force f is defined, which is a vector with the size
of all degrees of freedom of the drill string. This can be for example an excitation due to an
eccentric mass imbalance on the drill string or a driving force. The periodic excitation force
can generally be nonlinear but is developed into a Fourier series with a limited number #» of
harmonics ::

F{s} =1, + * f oo oeinfat + £

2 & SR

o oos Eeut

i=1

Complex notation and other alternatives are also possible. The amplitudes in the frequency

cas TOr the harmonic 7 can be written in a vector:

domain €. . and §

[0029] In sub-step 8c, the displacement x is also developed into a Fourier series with

the same number of harmonics » where Xy is an additional static response:

) mx &S xo sinfit £ oS fot
() = xg 4 QX sinfot £ x o cosior
A’

=1

The corresponding vector x in the frequency domain is:
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[0030] In sub-step 8d, the dynamic stiffness matrix S is calculated by inserting this

approach into the equation of motion in step 7. For the specific frequency @, S is defined as

[0031] In sub-step 8e, a residual vector r is defined as:

P = Sx =, — £ (%),

The solution is gained if ¥ = &. Without nonlinear (e.g. contact) forces £, the amplitude
vector x can be calculated as:

x =87 ‘

Since the nonlinear forces £,;{x} are dependent on the displacement x, an iterative solution is
necessary. For example, the displacement x, leads to the nonlinear forces f; {x; . A new

displacement can be derived from:

x, =87HF + £,

The new residual value ¥z = 8% — i —f, {20 = &g generally not equal to zero. A
special solver is needed for this problem, ¢.g. the well-known Newton like solvers. An
analytical calculation of the Jacobi matrix may improve the convergence and the calculation
time. A challenge is to derive the nonlinear forces like friction forces or wall contact forces.
These cannot be calculated in the frequency domain that is from the vector x with the
amplitudes of the Fourier coefficients of the single harmonics i =1 ... n.

[0032] In sub-step 8f having sections i-v, an alternating frequency time domain
approach is presented to overcome the above challenge. In section 8f(i), a starting
vector x..,.. 18 calculated e.g. as the linear solution of the problem without nonlinear forces.

The inverse Fourier transformation is used to calculate the displacement in the time domain:

For this issue, an inverse Fast Fourier Transformation can be used. An approach with
discrete time steps may be used. Alternatively, an analytical approach may be used.
[0033] In section 8f(ii), the displacement in the time domain is used to calculate the

nonlinear forces in time domain. The nonlinear forces in the time domain are directly

8
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dependent on the displacement and on the force law (e.g., the normal force in a borehole can
be calculated with a penalty formulation). As mentioned above, the vector x(¢) contains
translational and rotational degrees of freedom (DOF). The translational DOFs can be
denoted x, y and z where x and y describe the lateral displacement between the drill string
and the borehole. An example of drill string movement is depicted in FIG. 2. The string
movement is described by the dashed curve. The borehole is in this case described by the
continuous line. Note that this procedure has to be repeated for every discrete node of the
discretized drill string. In case of no intersection with the borehole wall, the normal force is
zero. Otherwise the normal force is e.g. proportional to the displacement. The factor relating
the displacement to the normal force is called penalty stiffness &,. For every time step ¢, a

radius can be calculated from the two parts of the lateral displacement:

fard #3235

I s DO T g ) .
YA T MY The absolute value of the normal force is

N
Fi{t} =

“t = min{8, &, {R —+{¢}} where R is the radius of the borehole. The forces in both lateral

directions x and y can then be calculated using the following equations with reference to the

top view of the drill string 6 in FIG. 3:

Note that sin{a} = : All other kinds of nonlinear forces are

- and cos{sx) ==

represented in this context like tangential friction forces or forces due to the cutting process
for drilling the borehole.

[0034] In section 8f(iii), the Fourier coefficients of the time signal of the nonlinear
forces (e.g., the borchole wall contact forces) are calculated. For example a Fast Fourier
Transformation (FFT) or Discrete Fourier Transformation (DFT) may be used to calculate the

Fourier coefficients in frequency domain for every harmonic k=0 ... N considered. The

normal force £, in frequency domain then can be calculated as follows:

This is an efficient (complex) notation which can be transformed into a real notation with
sine and cosine parts of the force. FIG. 4 illustrates an example of normal contact forces in

the time domain compared to a Fourier series of the periodic contact forces. FIG. 4A

9
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illustrates the contact forces in the x-direction, while FIG. 4B illustrates the contact forces in
the y-direction. The continuous line curves show the contact forces calculated in the time
domain from the displacement illustrated in FIG. 2. The dashed line curves show the
approximation of the Fourier series of this time signal with N=10 harmonics k=0 ... N.
[0035] In section 8f(iv), a new vector of the displacements is then calculated with the

dynamic stiffness matrix S as follows:

5y
=15

X, =8 Hf+f (x

Of course this is not solved by calculating the inverse of the dynamic stiffness matrix, but by
using an appropriate method like the Gaussian elimination.
[0036] In section 8f(v), the calculation of new vector displacements is repeated until a

norm of the residual vector fulfills a previously defined tolerance as follows:

|ri| = |Sxi—1 - fexc - fnl(xi—l)l <E

This tolerance & is defined by the Newton like solver. Other criteria to stop the iteration
process may be related to the magnitude of the difference between displacement vectors
calculated in successive iterations. The overall process is depicted in FIG. 5. The solution of
the differential equation of motion (with the dynamic stiffness matrix S) of the system is
calculated in the frequency domain under consideration of the amplitude dependent contact
forces. The solution vector is developed in a Fourier series with an arbitrary number of
harmonics also considering the constant part of the solution which is an (additional) static
displacement. Since the contact forces are nonlinear with respect to the amplitude, an
iterative solution is necessary. The inverse Discrete Fourier Transform (iDFT) is used to
transform the solution vector from the frequency domain into the time domain. Other inverse
transforms may also be used.

[0037] In sub-step 8g, a new excitation frequency is selected. A frequency step size
control may be implemented to reduce the effort of a frequency sweep. In this context, a
continuation method may reduce the effort. Therein, a linear predictor step with the length s>
is performed in the gradient direction of the last excitation frequency to calculate a good
approximation of the next excitation frequency and amplitude. The excitation frequency is
treated as an additional variable and therefore an additional constraint has to be used. This
leads to a better starting point and speed of the iterative solution. This process is depicted in
FIG. 6. This method is optional, but will add a new entry into the residual vector because the

excitation frequency is not constant during iteration but can have any value on the circle

10
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depicted in FIG. 6. Taking =, = {x. — %} {x. — %, + {as, — s, ¥° — 5~ the additional

entry in the residual vector is defined which keeps the step length between two solutions

equal to the defined value or radius s*.

[0038] Technical issues and solutions are discussed next. The degrees of freedom of
this method are a multiple of the physical degrees of freedom of the model. The factor is the
Ix (additional) static displacement plus 2x the harmonics of the system, corresponding to the
sine and cosine part of the solution. Therefore, a linear substitution of the linear degrees of
freedom x4 with the degrees of freedom which are actually wall contacts x, (nonlinear DOFs)
may be performed. Therefore the DOFs, the external excitation forces, and the dynamic
stiffness matrix S may be divided. This leads to following formulation of the equation of

motion:

By calculating the displacement x4 from the first column and substituting this value into the
second column, the following equation can be gained. The size of the matrix is equal to the
size of X, and generally much smaller than the dimension of x. The reduced dynamic
stiffness matrix may be represented as:

Z=8, — 8y Sé-@l_l Sar

The force vector may be represented as:

f\: = fr - Srf*g”s*_if

=}

Accordingly, a new residual vector may be represented as:

Tx, -f —f ixi=r=0

The displacement x4 may then be calculated as:

P
5 N
L — e S

N — S\‘\' ‘f'- -S\ X

It is noted that this process is without loss of accuracy and the resulting DOFs are the wall
contact DOFs multiplied with the described factor. There may be a small computational cost
to substituting the degrees of freedom because if wall contacts change, it is necessary to
recalculate the substitution. Nevertheless, if a frequency sweep is performed the wall
contacts will only change rarely between two frequency steps. A modal analysis and

diagonalization of matrices can be used to efficiently update these matrices between two

11
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excitation frequency steps or iterations. This general approach is depicted in a flowchart in
FIG. 7.

[0039] It can be appreciated that the above disclosed method provides several
advantages. One advantage is that the method provides improved accuracy because it
accounts for the non-linear force effects due to the drill string impacting the borehole wall
and drill bit interaction with the formation. The method provides a reliable and improved
solution regarding the wall contacts to the user and removes the questionable and
nontransparent decision if a wall contact is fixed or not. All nonlinear external forces like bit
forces, contact forces (rotor—stator, drill string — borehole, contact areas in probes) can be
accounted for in the solution. By knowing the steady state response of the drill string system,
a reliable optimization and design of tools or bottomhole assemblies (BHAS) regarding the
global vibratory behavior of the system is possible (e.g. prediction of resonance frequencies).
Note that the resonance frequencies and the displacements are not necessarily equal to the
eigenfrequencies and mode shapes of the linear system due to the (e.g. stiffening effect) of
the nonlinear contact forces. Further, because of the computational efficiency of the
disclosed method, the steady state response of the drill string system may be calculated in real
time.

[0040] When the steady state response of the drill string system is calculated in real
time, the steady state response may be input to a controller (such as the computer processing
system 12 in order control drilling parameters generally implemented by the drill rig 6. Non-
limiting examples of controllable drilling parameters include weight-on-bit, drill string
rotational speed, torque applied to drill string, rate of penetration, drilling fluid density,
drilling fluid flow rate, and drilling direction. Hence, in one or more embodiments, the
processor implementing the disclosed method may output the calculated steady state response
of the drill string as a signal to a controller having a control algorithm. The controller is
configured to provide a control signal to a controllable drilling device such as a device that
may control at least one of the above listed drilling parameters. The algorithm is configured
to determine when a drill string response exceeds a selected threshold, such as the number of
borehole wall contacts and the force imposed on the drill string due to each impact, and to
control the drilling device such that the selected threshold is not exceeded. In one or more
embodiments, the control algorithm may be at least one of (a) a feedback control loop with
the calculated steady state drill string response as the input and (b) a neural network
configured to learn drill string system responses due to variations in the drilling parameters

input into the neutral network. In one or more embodiments, the drilling parameter sensor 13
12
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provides a drilling parameter input in real time to the processing system or controller in order
for the processing system or controller to calculate in real time the excitation forces being
applied to the drill string by the drill rig.

[0041] It can be appreciated that, in one or more embodiments, a relationship between
the non-linear excitation force applied to the drill string (such as by borehole wall contact or
drill bit cutting the into the formation) and the drill string displacement may be determined by
laboratory testing using the same or similar drill string components and the same or similar
formation materials or lithology.

[0042] In support of the teachings herein, various analysis components may be used,
including a digital and/or an analog system. For example, the downhole electronics 11, the
computer processing system 12, or the sensors 7, 8 or 13 may include digital and/or analog
systems. The system may have components such as a processor, storage media, memory,
input, output, communications link (wired, wireless, pulsed mud, optical or other), user
interfaces, software programs, signal processors (digital or analog) and other such
components (such as resistors, capacitors, inductors and others) to provide for operation and
analyses of the apparatus and methods disclosed herein in any of several manners well-
appreciated in the art. It is considered that these teachings may be, but need not be,
implemented in conjunction with a set of computer executable instructions stored on a non-
transitory computer readable medium, including memory (ROMs, RAMs), optical (CD-
ROMs), or magnetic (disks, hard drives), or any other type that when executed causes a
computer to implement the method of the present invention. These instructions may provide
for equipment operation, control, data collection and analysis and other functions deemed
relevant by a system designer, owner, user or other such personnel, in addition to the
functions described in this disclosure.

[0043] Elements of the embodiments have been introduced with either the articles “a”
or “an.” The articles are intended to mean that there are one or more of the elements. The
terms “including” and “having” are intended to be inclusive such that there may be additional
clements other than the elements listed. The conjunction “or” when used with a list of at least

2% &<

two terms is intended to mean any term or combination of terms. The terms “first,” “second”
and the like do not denote a particular order, but are used to distinguish different elements.
The term “coupled” relates to a first component being coupled to a second component either
directly or through an intermediate component.

[0044] While one or more embodiments have been shown and described,

modifications and substitutions may be made thereto without departing from the spirit and
13
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scope of the invention. Accordingly, it is to be understood that the present invention has been
described by way of illustrations and not limitation.

[0045] It will be recognized that the various components or technologies may provide
certain necessary or beneficial functionality or features. Accordingly, these functions and
features as may be needed in support of the appended claims and variations thereof, are
recognized as being inherently included as a part of the teachings herein and a part of the
mnvention disclosed.

[0046] While the invention has been described with reference to exemplary
embodiments, it will be understood that various changes may be made and equivalents may
be substituted for elements thereof without departing from the scope of the invention. In
addition, many modifications will be appreciated to adapt a particular instrument, situation or
material to the teachings of the invention without departing from the essential scope thereof.
Therefore, it is intended that the invention not be limited to the particular embodiment
disclosed as the best mode contemplated for carrying out this invention, but that the invention

will include all embodiments falling within the scope of the appended claims.

14
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CLAIMS
What is claimed is:

1. A method for estimating a steady state response of a drill string disposed in a
borehole penetrating at least one of the earth and another material, the method characterized
by:

calculating a first displacement of the drill string in a frequency domain for a first
excitation force frequency and a number of multiples of this frequency using an equation of
motion of the drill string that is solved by a processor, the equation of motion having a static
force component, an excitation force component, and a non-linear force component with
respect to at least one of a deflection and a derivative of the deflection of the drill string;

transforming the first displacement from the frequency domain into a time domain
using the processor;

calculating a non-linear force in the time domain based on at least one of the
calculated displacement and a derivative of the calculated displacement using the processor;

calculating a frequency domain coefficient derived from the calculated non-linear
force in the time domain using the processor; and

calculating a second displacement of the drill string in the frequency domain using the
equation of motion and the frequency domain coefficient using the processor.

2. The method according to claim 1, further characterized by:

calculating a residual value r corresponding to a closeness of a solution to the
equation of motion; and

determining if the residual value r is less than a tolerance €.

3. The method according to claim 2, further characterized by using the second
displacement as the steady state response if the residual value r is less than the tolerance €.

4. The method according to claim 2, further characterized by repeating the steps
of claim 1 using a second excitation force frequency if the residual value r is not less than the
tolerance €.

5. The method according to claim 4, wherein the second excitation force
frequency and a displacement is determined using at least one of a linear approximation in a
gradient direction prediction determined from the second displacement and an approximation
with a Taylor series determined from the second displacement.

6. The method according to claim 5, wherein a change in the second excitation

force and the displacement is constrained.

15
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7. The method according to claim 1, further characterized by receiving with the
processor a mathematical model of the drill string disposed in the borehole and using the
mathematical model to calculate the non-lincar force, the mathematical model characterized
by borehole information describing the borehole and drill string information describing the
drill string.

8. The method according to claim 1, further characterized by calculating a static
solution to the equation of motion with dynamic force set to zero.

9. The method according to claim 8, wherein the static solution is used to provide
equation of motion coefficients.

10.  The method according to claim 9, wherein the equation of motion comprises:

MK + Ox + Kx = §+ f, where f is a force vector representing a dynamic force

applied to the drill string, fy is a non-linear force vector representing non-linear forces
applied to the drill string, x is a displacement vector, M is a mass matrix, C is a damping
matrix, and K is a stiffness matrix.

11. A method for drilling a borchole penetrating an earth formation, the method
characterized by:

drilling a borehole with a drill rig that operates a drill string having a drill bit;

obtaining borechole geometry data;

calculating a first displacement of the drill string in a frequency domain for a first
excitation force frequency using an equation of motion of the drill string that is solved by a
processor, the equation of motion having a static force component, an excitation force
component, and a non-linear force component with respect to at least one of a deflection and
a derivative of the deflection of the drill string;

transforming the first displacement from the frequency domain into a time domain
using the processor;

calculating a non-linear force in the time domain based on the borehole geometry data
and at least one of the calculated displacement and a derivative of the calculated displacement
using the processor;

calculating a frequency domain coefficient derived from the calculated non-linear
force in the time domain using the processor; and

calculating a second displacement of the drill string in the frequency domain using the

equation of motion and the frequency domain coefficient using the processor; and

16
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transmitting a control signal from the processor to the drill rig to control a drilling
parameter, the processor being configured to execute a control algorithm having the second
displacement as an input.

12.  The method according to claim 11, wherein obtaining borehole geometry data
is characterized by:

conveying a downhole caliper tool disposed at the drill string through the borehole
being drilled;

performing borehole caliper measurements with the downhole caliper tool to provide
borechole geometry data; and

transmitting the borehole geometry data from the caliper tool to a processor.

13.  The method according to claim 11, wherein the control algorithm is
configured to control drill string vibration to below a selected threshold value.

14.  The method according to claim 13, wherein the control algorithm is
configured to control a force of impact of the drill string against a wall of the borehole.

15.  An apparatus for drilling a borehole penetrating an earth formation using a
drill rig configured to operate a drill string having a drill bit, the apparatus characterized by:

a borehole caliper tool disposed at the drill string and configured to provide borehole
geometry data;

a processor configured to receive the borehole geometry data and to implement a
method comprising:

calculating a first displacement of the drill string in a frequency domain for a first
excitation force frequency using an equation of motion of the drill string, the equation of
motion having a static force component, an excitation force component, and a non-linear
force component with respect to at least one of a deflection and a derivative of the deflection
of the drill string;

transforming the first displacement from the frequency domain into a time domain;

calculating a non-linear force in the time domain based on the borehole geometry data
and at least one of the calculated displacement and a derivative of the calculated
displacement;

calculating a frequency domain coefficient derived from the calculated non-linear
force in the time domain; and

calculating a second displacement of the drill string in the frequency domain using the

equation of motion and the frequency domain coefficient;

17
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a controller configured to receive the second displacement and to transmit a control
signal to the drill rig to control a drilling parameter, the controller being configured to

execute a control algorithm having the second displacement as an input.

18
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