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SYSTEM AND METHOD FOR SIMULTANEOUSLY
CONTROLLING SPECTRUM AND
KURTOSIS OF A RANDOM VIBRATION

TECHNICAL FIELD

This invention relates in general to mechanical vibration systems and more

particularly a method for simultaneously controlling spectrum and kurtosis of random

vibration.

BACKGROUND OF THE INVENTION

Mechanical vibration is a normal part of the environment for most products.
Vibration can be a résult} of the location of a product installation or can occur when a
product 1s being transported. An example of the former 1s a radio installed in a
vehicle. During normal operation of the vehicle the radio will experience vibration
due to the motion of the vehicle across uneven roads. An example of the latter is a
television. While in normal operation the television may be stationary, it must be |
transported from the factory to the warehouse, to the store, and finally to the home.
During this transportation it wiﬂ experience vibration due to the motion of the
transport vehicle and due to moving the product on an off of the transport vehicle.

Since products will normally encounter vibration, it is necessary to design
products such that they will sﬁrvive any vibration experiences when not operating,
and continue operating properly even when experiencing vibration during operation.
A standard part of the design process 1s testing the product under vibration to verify
proper operation. While it is possible to test some products directly in their natural
environment, in many cases it i1s preferable to reproduce the vibration environment
under controlled circumstances in a test lab.

The type of vibration encountered by a product during its lifetime can vary
from a continuous repetitive motion to 1solated transients to continuous random
motion. An example of repetitive motion is the rotation of a drive shaft in a vehicle.
This type of vibration is simulated in the lab using a single frequency sine wave. An
example of an isolated transient is a package dropping to the floor after being
removed from the transport vehicle. This type of vibration is simulated in the lab
using a shock transient waveform reproduction. An example of continuous random

motion is the vibration of a vehicle as it is travels down the road. This type of
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vibration can be simulated in the lab by recording a typical vibration, and then
reproducing this waveform in the lab.

However, due to expediency and to legacy, the measured real-world vibration
wavetorm 1s typically reduced by dividing the wavetorm into time segments,
computing the Power Spectral Density (PSD), also called the frequency spectrum, of
each time segment, and combining these spectra to create an overall reference PSD
which 1s representative of the entire data set. This PSD is then traditionally
reproduced i the lab using a Gaussian random noise signal with the frequency
spectrum of the random noise shaped to match the reference PSD of the measured
data. This is done out of expediency because a large data set can be reduced down
from a long wavetorm to a single PSD, typically defined by only 4 to 10 values. This
is done due to legacy because, until recently, the vibration controllers available were
not capable of reproducing a recorded waveform, but they were capable of producing
a random noise with a speciiic frequency spectrum, so many test specifications were
written specifically for the Gaussian random noise with a shaped PSD.

One characteristic of the traditional random vibration control systems, and
therefore also of nearly all test specifications for random vibration currently in use, is
they assume that the probability distribution of real-world vibration is Gaussian, and
therefore attempt to duplicate a Gaussian probability distribution in the lab. While
many natural phenomena exhibit random behavior with a Gaussian probability
distribution, it is becoming recognized that this is not always a good assumption for
vibration. Specifically, the Gaussian probability distribution has a very low
probability of ‘outlier’ data, with peak values typically no more than 4 times the RMS
level. On the other hand, real-world vibration measurements exhibit considerable
‘outlier’ data with peak values of 8 to 10 times the RMS level being common.

It has been suggested by the prior art that it is important to also consider the
kurtosis of the data, and not just‘ the PSD, when analyzing the data. The kurtosisisa
statistical measure defined as the ratio of the fourth statistical moment divided by the
square of the second statistical moment. Since the fourth statistical moment will
weight the outliers heavily, the presence of outliers in the vibration waveform will
result in an increased kurtosis value. While data with a Gaussian distribution will by
defmnition always have a kurtosis: level equal to 3, real-world data typical exhibits

kurtosis values of 5 to 8.

PCT/US2005/023880
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While methods of producing random vibrations with higher kurtosis levels
have been proposed in the prior art, those previously proposed methods are not
technically feasible for closed loop control. Some of the prior art describes systems
based on the systems described in U.S. Patent 3,710,082. This patent describes a
control technique which as been superseded by more advanced methods. In
addition, the prior art based on U.S. Patent 3,710,082 increases the kurtosis of the
signal by introducing non-random phase relationships between frequencies, thereby
also reducing the randomness of the signal. A second method proposed in the prior
art is more aligned with current random vibration control techniques, but uses a
non-linear waveform distortion method to adjust the kurtosis, which will distort the
frequency spectrum, making it difficult to control both the kurtosis and the
frequency spectrum simultaneously. Introducing a non-linearity results in
production of harmonics, which makes non-random amplitude and phase
relationships between frequencies, and therefore this method also reduces the
randomness of the signal.

Thus, there is a8 need for a system and method for simultaneously controlling
both the frequency sbectmm and the kurtosis of a random vibration such that each can
be controlled independently of the other, and where the amplitude and phase of the
PSD retains the full randomness typical of current Gaussian random vibration control

methods.

SUMMARY OF THE INVENTION

A system of controlling a random vibration with both a prescribed frequency.
spectrum and a prescribed kurtosis level is described. This system has the unique
characteristic that the parameters which define the kurtosis do not affect the frequency
spectrum, so the kurtosis can be manipulated without disturbing the frequency
spectrum, and without introducing non-random relationships between frequencies. In
what follows, the testing apparatus will be referred to generically as a “shaker
system.” The term “shaker system” is intended to include any of a large number of
methods for producing motion and vibration, and any of a large number of methods
for measuring the motion. As the focus of this invention is the control of these

systems, and as this control is applicable to any of these means of generating and

measuring motion, these will be grouped all under the generic term “shaker system”
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which implies a system which takes an input signal, produces a vibration, measures
the vibration, and outputs a signal related to the measured vibration. Those skilled in
the art will recognize that this term is not intended to restrict the type of apparatus that
may be controlled in this manner. | | |

The system begins with a zero-mezin, unit-variance, white noise source. The
probability distribution of this source is varied to increase or decrease the kurtosis
level of the source while retaining the zero-mean, unit-variance, and whiteness
properties of the source. This white noise source is then filtered using an adaptive
filter to shape the spectrum of the signal as desired, and this filtered signal is output to
a shaker system. The motion measured by the shaker systerﬁ is analyzed to determine
its PSD, and the adaptive filter is continuously updated to shape the frequency
spectrum of the white noise source such that the measured PSD approaches the
prescribed reference PSD.

Stmultaneously the kurtosis of the measured vibration is computed, and a

teedback control loop employed to manipulate the probability distribution of the

‘white noise source such that the. difference between the measured kurtosis and the

reference kurtosis is reduced. Since the kurtosis manipulation is done in such a way
as to retain the unit-variance property of the noise source, this modification will not
affect the RMS amplitude of the filtered noise signal. Since the modification is also

done 1n such a way to maintain the whiteness property of the noise source, this

-modification will not affect the frequency spectrum of the filtered noise. As a result,

the kurtosis of the vibration can be controlled independently and without affecting the

frequency spectrum.

BRIEF DESCRIPTION OF THE DRAWINGS

FIG. 1 is a block diagram of the system for simultaneously controlling both

. the spectrum and the kurtosis of a random vibration.

FIG. 2 is a block diagram shdwing an exemplary embodiment of a control
method for generating the noise shaping spectrum. |

FIG. 3 1s a block diagram showing an exemplary embodiment of a method for
generating a unit-variance white noise random sequence with kurtosis adjusted by

means of an mput variable.

PCT/US2005/023880
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FIGS. 4(a)-4(c) are graphs of typical time-domain waveforms measured 1n
the real world, compared to those produced by previous random vibration control
systems, and those produced using the control system described herein.

FIG. § is a graph of the power spectral density (PSD) for the time-domain

waveforms plotted in FIGS. 4(a)-4(c).
FIG 6 is a graph of the probability density functions for the time-domain

waveforms plotted in FIGS. 4(a)-4(c).

DETAILED DESCRIPTION OF THE INVENTION
FIG. 1 details a block diagram of the system for simultaneously controlling

spectrum and kurtosis of a random vibration 100. The noise source 101 produces a
white noise random sequence with probability distribution controlled by an input
variable. The term “white noise” as used herein is defined as a random sequence, the
individual values of which are Independent, Identically Distributed (IID) random
variables. Mathematically the statistical independence of two random variables, w;
and w;, implies that Etw;w,-] = E[w;]E[w;]. The adjustable probability distribution is
chosen such that the kurtosis of the random sequence output from this block 1s
adjustable, while the ?ariance of the random sequence is constant, independent of the
input variable. One example of such a noise source 1s modulating a Gaussian random
variable by an independent variable. Since the independence of x and y implies E[xy]
= E[x]E[y] and E[(xy)?] = E[x*]E[y*] and E[(xy)*] = E[x*]E["], then any modulation
variable, y, with E[y*] = 1 will retain the zero-mean, unit-variance, and whiteness
properties of the original Gaussian random variable. Furthermore, if E[y*]> 1, then
the résult of the modulation will have a kurtosis higher than the kurtosis of the
original Gaussian rando:in variable. The modulation variable, y, may be either
deterministic or random in nature. A further example of a suitable noise source will
be demonstrated with FIG. 3. | - ‘

| This noise source, whiéh by definition has a flat frequency spectrum, then 1s
passed through a convolutional filter 103 to impose a shaped frequency spectrum on
the signal. In order to provide calculation efficiency, this convolution is fypically
performed using standard FFT-based convolution methods, although any convolution
method may be used. The signal is then converted from a digital sequence to an

analog wavefc;rm via a Digital-to-Analog (D/A) converter 105 and output to a shaker
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‘system 107. The shaker system incorporates some means to generate vibration

motion, and some means for measuring the motion. The measurement of the motion
is then converted from an analog waveform to a digital sequence via an Analog-to-
Digital (A/D) converter 109 where the time-domain sequence 1s then transformed to a
frequency domain signal by means of Power Spectral Density (PSD) measurement
111, |

Simultaneously, the output of the convolu;tion filter 103 1s delayed by means
of a digital time delay 115 by a time approximately equal to the total time delay of the
D/A 105, shaker 107 and A/D 109 to better temporally align the output of the delay.
115 with the output of the A/D 109. This delayed sequence is then transformed from
a time-domain to a frequency domain signal by means of PSD measurement.

The reference PSD 121 provides the desired shape of the PSD of the vibration
motion. This shape is compared with the measured PSD 111 and the drive output
PSD 113 using a feedback control means 117 to produce a compensating PSD for
shaping the white noise source 101. This feedback control means 117 employs some
feedback control method to adjust the noise shaping PSD such that the error between

the reference PSD 117 and the measured vibration PSD 111 1s minimized. One such

feedback control method is illustrated i FIG. 2 while yet another suitable feedback

method is to update the compensating PSD by a term proportional to the error
between the measured PSD and the reference PSD.

This compensating PSD is then converted from the frequency domain to the
time domain by means of an inverse Fast-Fourier-Transform (iFFT) 119 to provide an
Finite Impulse Response (FIR) filter. The iFFT 119 may mcorporate any of the
standard windowing techniques as are commonly used in practice. The FIR filter 1s
then convolved 103 with the white noise source 101 to shape the frequency spectrum
of the noise, which completes the feedback control path for achieving the reference
PSD 121.

| Simultaneously and independently of the PSD control loop, a kurtosis
measurement 125 is computed from the digital sequence representation of the
vibration from the A/D 109. This measurement is compared with the reference
kurtosis 121 by a standard feedback control method 127 such that the error signal
between the measured kurtosis and the reference kurtosis is minimized. The feedback

control 127 produces a signal which is applied to the white noise with kurtosis
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generator 101 to vary the probability distribution of the white noise source, so as to
reduce the difference between the reference and measured kurtosis, which completes
the feedback control path for achieving the reference kurtosis 123.

FIG. 2 details a suitable feedback control method as shown by the feedback
contorl 117 illustrated i FIG. 1. The measured Drive PSD 113 is divided by the
measured Vibration PSD 111 with a frequency-by-frequency division operator 201.
The result of this operation is an estimate of the Frequency Response Function (FRF)
of the shaker system 107 as illustread in FIG. 1. This estimate is then filtered 203 to
smooth out the estimates which will typically be partially corrupted by measurement
noise. After filtering, the FRF is multiplied by the reference PSD 121 with a
frequency-by-frequency multiplication operator 205 to get the desired noise shaping
PSD 207. This noise shaping PSD is then used to create the FIR noise shaping filter
119 used in the convolution 103. , | '

FIG. 3 details a suitable method for generating white noise with variable
kurtosis as illustrated by the white noise with kurtosis generator 101 as shown in FIG.
1. This method modulates the amplitude of a Gaussian random variable using a
baseline amplitude with additive filtered shdt noise. The mput variable o 301,
determines the amplitude of the shot noise relative to the baseliile amplitude. It
should be evident to those skilled 1n the art that the shot noise frequency, ;), 1S
computed as a function 303 of the input variable a 301 using an appropriate
relationship. A useful relationship is to chose the value y which ma%cimizes the
kurtosis of the generated white noise for the given value a. This shot noise is then
multiplied 313, 315 by the input parameter (a—1) 307,309 and by a random amplitudé
factor, f;, 311. . '

The scaled shot noise is then filtered 317 using a filter function which may be
as stmple as a multiplicative constant, or may be an FIR or IIR filter. In practice the
filter impulse response should be chosen such that it 1s non-negative, so the shot noise
only increases the noise level over the baseline level. The baséline amplitude value
321 is added 323 to the filtered shot noise 317. A zero-mean, unit-variance, White
noise Gaussian random sequence, x;, 327 1s scaled by a normalization constant, o, 325.
This scaled Gaussian random sequence is then amplitude modulated 331 by the result

of the baseline plus filtered shot noise sequence 323, resulting in a white noise

PCT/US2005/023880
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random sequence, w;, the kurtosis of which can be manipulated by changing the input
variable, a.

It will be evident to those skilled in the art that the generated random
sequence, w;, remains a zero-mean, unit-variance, white-noise random sequence. This

can be demonstrated by functionally defining this process as follows: |

x; = unit-variance, zero-mean, Gaussian 11D random sequence, 327 (1)
u; = uniform distribution, [0,1) IID random sequence
yi=0 foru;>vy | |

=1 foru;<y, 305
pi = arbitrary IID random sequence with E[f#] = (a—1), 311
f; = filter impulse response function, defined fori>0, 317

wi= oL+ S B0 (), 333 )

~ Note here that the sum 2 ; is performed over the length of the filter impulse

response function. In the case of Infmite Impulse Response filters, the sum is taken to

- be the limit as N—o of the sum over =0 to N, assuming the limit exists. For sake of

conciseness, define the following values, where E[ ] is the statistical expectation

operator.
B, =E[f] (3)
B, = E[ﬂ;]
B; =E[/]
B, =E[#"]
By =20 (4)
Fa = 24(f7)
F3 = ()
Fyq= Zj(]f{fﬁ1 )

The normalization factor, o will be defined such that the generated white noise

process remains unit-variance:

o =1/ (1+y2FB+E;B,) + (F? = F2)B%) T (5)
Assumptions: -
0<y<]

(1 + y(2F B +E,By) + 7" (F1* = F)B;) >0 for 0 <y < 1

The filter vector determines how long each shot noise “event” lasts. The value

y defines the frequency of the shot noise process. The value of £ defines the increase
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of the shot noise level over the background level. It can be verified that the new
process, w, retains the zero-mean and unit-variance property of the original process x,
independeﬁt of the variables. Identities are computed to help dertve this result, noting

that y is a discrete-valued random variable which takes on only two values.

Ely] = (1—)’)(0)+(3’)(1)—9’ (6)
Ely 1= (1—7’)(0) + ()’)(1) --?
E[V]“(H’)(O) +()(1)° =

Ely'1=(1-)0)" +@)(D)° —3’

Resulting from the IID property, the following identities are identified. It
should be noted that these identities on y also hold for f since 1t 1s also HD.

E[(yj)())k)] = E[y,JE[] = E[y]2 | if jzk (7)
E[(){;)(yk)(yz)] ED/;]ED/k]Esz] ED’] ik (8)
= E[yJ]ED)k ] if j#h=I
= E[yk]ED);] if kel
= ED’:]ED{; ] | if I#j=
=E["] O ifjEkeE
E[0)0)0)0m] = EDEDIEDIEY = EDT*  if jictim 9)
= E[y;] El) () (Vm)] if j#k, jH, j+m
— EDzk] E[()/j)(y;)(y,,,)] | 1t kij, k#l, kFm
— ED)I] E[O{;)O’/ )(ym)] | if 1:‘9: lik: [#m
= Elyn] E[(y )(wc)(w)] | if m#%j, m#k, m#/
= E[yj 1 Ely; ] E[y“] if j=k + [=m
= E[yj ] E[ym 1= E[y“] if j=1 + m=
= E[yj ] ED}k ] = E[y ] | if j=m * k=l
= E[y"] if j=k=I=m

Referring back to equation (2), the zero-mean, unit-variance properties for w may be-

:veriﬁed. That is, it can be shown that E[w]=0 and E[w*]=1.

Elw] = Elo (1 + Z()(B) i) %] ; o)
=0 (1 + 5i(HEFIEN]) E[xi]
=0 (1+24(/)B1y) (0) =
=0
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E[w?] = E[o? (1+ zj(fxﬂf,)om)) ) (11)
62 E[x ] (1+ 2X4(REBiyi] + EE BBy BBl yad)
=¢” B[x°] (1 + 22-(]‘)E[5]Ebf] + 306 )E[ﬁZ]E[y] |
+ A Z) - >i() E[ﬁ] EDT)
= ¢ B[x’] (1+2y5(HELS] + P2 )Ew ]
+ S ZR) = 25 E[ﬂ] )
= ¢* E[xz] (1 + 29F;B; + yF,B, + ¥*(F{F; — F2)B%)
= B[x’]
=1

Note here that the double sum was split into diagonal terms, where j=£, and
cross terms, where j#k. For the diagonal terms the expectation yields the second

statistical moment of the random variables, while for the cross terms, it yields the

- square of the mean due to the IID property of the random variables.

It 1s also necessary to verify that the new process, w, retains the whiteness
property of the original process, x. That is, it 1s necessary to show E[ww;] =0 if 7.
This is easily shown since the x; and y; and f; variables are all independent of each

other, and E[xx;] = 0 if i#.

E[ww;] =E[{o (1 + 2(f)(Bi-)(yi)) )} {o (1 + 2(f)B-)01-0) ()} ] (12)
= 0" B[xoy] E[{1 + X()(B-00i-0} {1 + Zi(D(B1-)(-)} ]
=0 1if i4, since E[xx;]=0 1f 1%/
Next, the kurtosis is computed for this random process. To do this the second
and fourth statistical moments of the random variable, w, are used. Equation(11)

gives the second statistical moment, so the fourth statistical moment is then

calculated.

E[W 1= E[U { 1 T Zj(f)(ﬁ? ) Vij) }’ (3@: ) ] (13)
= ¢" E[x J{1+ 4zj(f)E[B]ED’] + 62 Zk(f)(ﬁc)E[(ﬁlJ)(ﬂr k)]E[(Vu)()’: &) :
+ 42220 G TEIBL)Bi)(Bi-) IE[ (i) Qi) Vi) ] '“
T Z ZREIZm(f)(ﬁc)(f)(ﬁn) E[(ﬁu)(ﬁz k )(/81 1)()8: m)] E[(yu)(}’r k)(]"r 1)()”: m)] }

Now the multiple sums can be separated into terms of 4 equal indices, 3 equal

indices, 2 pair equal indices, 1 pair equal 1nd1ces and all unique. indices.

- 10 -
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E[w']=¢" E[x"] { 1 (14)
+ A (HEIBIELY])
(-pai +6(2i(f7) ELB"[ED] :
(all unique) T (Zj(f)Zk(ﬁc) Z_](f )) E[ﬂ] ELV] )
(3-of-a-kind) T 4(Zj(f ) [ ]ED’ |
(-pai) 30500 - S B[S TEBI B IED]
(all unique) T (ZJU)Zk(ﬁC)Zl(f) 3 zj(f )Zk(ﬁﬁ) T zzj(f )) E[ﬁ] ED” ] )
(4-of-a-kind) T 1(21%4) EW]ED} ]
Grofarkind + A7) 2) - Zi(5')) EIB JEIB] ELVIED]
0-pai) + 3(zj(f V2k(fi) - Ej(f;‘)) E[8 ]sz] E[y” ]E[y ]
(1-pain) + 607 2D - Zj(f )zk(ﬁc ) — 255(F) 2k + 225(5))

E[S*1E[AT” EIY’IEDY]”
+ Q%) 2 )Zl(f)Em(fm) 621(f )2a(fi) 2a(f1)
+ 33 (AN + 8Z(F) i) — 6246 ) EIAT E[y] )
}

Substituting in for Fy, By, and E[y"],

E[w]—a E[x]{l (15)
| T 4(F1B1'y) |
(1-pair) L 6(F2B2y 5 1
(all unique) T (FIFI — F2) Bl 7 )
(3-of:a-kind) 4(F3B3y
(1-pair) o 3(F2F1 = F3) BQB]}’
(all unique) T (F Fi1F1 — 3K + 2F3) 313’)) )
(4-of-a-kind) + 1(F4B4‘}’
(3-of-a-kind) 4(F3F) — Fa) BsBU’
(2-pain) + 3(F2F2 — Fa) B,B,y”
(1-pair) + 6(F2F FI F 2F2 — 2F3F1 T 2F4) BZBI |
(all unique) + (F,F F,F; — 6F,F | F| + 3F,F, + 8F3F; — 6F4) B}
Gathering terms to get a polynomial function of y,
E[w']=0¢" E[x"] { 1 | (1_6)

F4)By*) |
= 1 y (4(1?1 - 3F2F1 + 2F4)B;” + 6(F2F1 — Fz — 2F3F1 + 2F4)ByB1” )

+ )? (4FB; + 6FB, + 4F3B; + F.B4)
+ 9 (6(F; -—-Pz)Bl2 + 12(F2F1—F5)B,By + 4(1?31?]—1**4)133131 +3(F2

+9* (Fr* - 6F2F1 + 31*“22 + 8F3F) - -6F4) B,*)

Equatlon (16) and equatlon (1 1) are used to compute the kurtosis of w. Since

those equations are both polynomial functions of y, therefore the kurtosis of w will be

a rational function of polynomials in y. Referring to equations (11) and (16), the

polynomial coefficients are:
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}’lo =1 (17)
4F1B1 + 6F2B2 + 4F;B; + F4B4

ng = 6(F1 —F)B? + 12(FaF) - F3)B2B; + 4(FaF: — F4)B3B, + 3(1:2 - 1:4)13,2

3 — 4(F 1 — 3F2F1 + 2F3)Bl + 6(F2F1 - F2 — 2F3F1 + 2F4)B2B1

g — (F] — 6F2F12 + 3F2 + 8F3F1 6F4) B1

do=1 - (18)
di =2FB; + F»2B, |
dy = (Fl2 — Fz)B12

kurtoms[w] E[w 1/ E[w’T’ (19)
= [0 E[x]{n0+3’771+7”’12+)’n3+?n4}]
/e E[x]{d0+)’d1+)’dz}]

Noting that E[x*]/E[x*]* = 3, since x is a Gaussian random variable,
kurtosis[w] = 3 { no+ym +y'm+ 'm + y'a )/ {do+ydh +4 ¥ (20)

Now the rational polynomial function in y can be optimized to find the value
of y which gives the largest kurtosis. To do this optimization, the partial derivative of

equation (20) 1s calculated with respect to y.

a/8)’(ktlrtOSL'%[W]) 3 [(4n4y + 3n3y° +2npp+my ) (dy® +diy+do)” (21)
—'(114)’ + ny° +an’ +my+ng)-2- (dy +dl)?"*do) (2dyy+d1) ]
/(d:;_y +dyy +dp )*

The maximum kurtosis will occur when the derivative is 0, so the maximum is
calculated by finding the value of y which makes the numerator of equation (21) equal
to 0. Canceling out one (‘dpy” + djy + dg ) term from both the numerator and

denominator, and then expanding and collecting terms in the numerator around

powers of y, results in:

(4ngy’ + 3ngy” + 2n7) + 1, ) (doy* +diy +do) : (22)
—(ngy 0y Fny Fmy+ng) -2 (2dyy+dp)

= )’ (2n4d; —n3d; ) |

T ’}l ( n3d; + 4ngdg — 2nady)

T y ( 3n3dp — 3n;ds ) .

4 v ( 2npdy — 4ned; — nid;’)

(nydo — 2ned; )

- To find the value of y which maximizes the kurtosis, the roots of equation (22)
are calculated. By definition, y must be between 0 and 1, so the root within this range

that gives the largest kurtosis is chosen. Any standard closed-form or iterative root

finding methods may be used. One useful method of finding this root 1s to compute
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the derivative of this polynomial, and perform a Newton-Raphson search beginning at

y=0.2. Note that the derivative is easily computed as

0/dy ( equation (22) ) =4y’ ( 2n4d; —nzd; ) | (23)
5 + 3% (n3d; + 4nydy — 2nads) | :
+ 2y ( 3n3dy — 3n;d; )
+  (2npdg —4ngd; — myd; )
To summarize, an amplitude-modulated, zero-mean, unit-variance, white
10 random scﬁquence is calculated with the amplitude modulation determined by a
random variable, f. The kurtosis of the sequencé w; 1s closely related to E[f], so a
probability distribution can chosen for a normalized random variable, 5, such that
E[f’]=1 and the kurtosis can be manipulated by applying a scaling factor to this
normalized random variable, f=(a—1)f". The probabilify distribution may be an
15  arbitrary probability distribution as long as it meets the assumptions. In practice, the .
- random véfiable ‘would be chdéen to be non-negative, Whi.ch will ensure that equation
(5) is valid. By way of example, but not by Way of limitation, three useful choices are
listed for this distribution: constant value=1, a uniform distribution, or a chi-squared
- distribution with DOF=2. | |
20 Those skilled in the art will note that the duration of the filter impulse
response determines the duration of the shot noise “events” that increase the noise
amplitude above the baseline, so from a practical perspective it is useful to choose a
filter with impulse response duration similar to the duration of tfansients in the real-
world data. Filter impulse responses with a long response time are not desirable since
25  this will filter out the variations of the shot noisﬁe, and fherefore would restrict the
ability to manipulate the kurtosis of the sequence w;. The filter impulse Tesponse -
~ should also be non-negative, so that the shot noise always increases the vibration level
above the baseline level, however, negative values may be used as long as equation . .
(5) remains valid. -
30 F1G. 4 grai)hs time waveforms for some real-world data, compared to
- equivalent waveforms produced by a standard random controller with Gaussian
probability distribution, and those produced by tﬁe new method disclosed herein. The
measured data was taken using an accelerometer mounted vertically inside a car while

the car was driven down the road. As can be seen 1 FIG. 4(a), this measured data |

35  exhibits a level of continuous random vibration, with sporadic bursts of higher
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vibration levels when the car rides over bumps in the road. FIG. 4(b) demonstrates
typical waveforms generated using the traditional random control method with a
Gaussian probability distribution. While this waveform is random, it does not exhibit
the wide variations in amplitude levels, instead providing the consistently uniform
amplitude level which typifies Gaussian random variables. FIG. 4(c) demonstrates
typical waveforms generated using the new random control method disclosed herein,

with a kurtosis equal to that of the measured data. This waveform exhibits more

‘variation in the amplitude, and more of the larger peaks exhibited by the real-world

data.
FIG. 5 compares the average PSD for the three time waveforms shown in FIG.
4. The PSD for the three waveforms are the same within the expected variability m

PSD calculations from random data. This demonstrates that the new method allows

 increased kurtosis while at the same time reproducing the desired PSD.

FIG. 6 compares the probability distribution for the three time waveforms
shown in FIG. 4. Here the differences among the waveforms become evident. The
waveform generated by the traditional random control exhibits a probability
distribution characteristic of a Gaussian random variable, as expected, with the
probability density becoming insignificantly small for amplitude levels above 4 times
the RMS level. The measured road data exhibits a narrower central peak, with
extended “tails” with significant probabilities as high as 6 times the RMS-level. The
wavefofm for the new random control method also exhibits the same narrower éentral
peak and extended “tails”“, and as such it reproduces the probability distribution of the
actual road much better than the traditional method. The kurtosis measure bears this
out as well, giving kurtosis values of 4.8 for the measured waveform, 3.0 for the

traditional random control method, and 4.8 for the new random control method.

While the preferred embodiments of the invention have been illustrated and
described, it will be clear that the invention is not so limited. Numerous
modifications, changes, variations, substitutions and equivalents will occur to those
skilled in the art without departing from the spirit and scope of the present invention
as defined by the appended claims. As used herein, the terms "comprises,”
"comprising," or any other variation thereof, are intended to cover a non-exclusive
inclusion, such that a process, method, article, or apparatus that comprises a list of
elements does not include only those elements but may include other.elements not

expressly listed or inherent to such process, method, article, or apparatus.

_14 -
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CLAIMS:

1. A vibration control system for simultaneously controlling both frequency spectrum

and kurtosis of a random vibration, comprising:

at least one transducer for measuring motion of a test object, wherein the transducer produces

an output;

an analog-to-digital (A/D) converter to convert the transducer output to a digital motion
signal;
a first converter to convert the digital motion signal to a power spectral density (PSD)

representation;

a first comparator for comparing the signal PSD to a reference PSD for compensating a

desired drive PSD for error;
a second converter to convert the digital motion signal to a kurtosis value;

a second comparator for comparing the kurtosis to a reference value, wherein the second

comparator produces an output for compensating the kurtosis of a noise generator for error;

a noise generator with kurtosis set by the output of the second comparator, wherein the noise

generator produces an output;

a third converter to convert the desired drive PSD to a filter function;

a filter to shape the frequency spectrum of the output from the noise generator to produce a
digital drive signal; and

a digital-to-analog (D/A) converter for converting the digital drive signal to an analog signal

to drive a vibration generator.

2. The vibration control system as in claim 1 wherein an additional converter converts

the digital drive signal to a PSD representation; and

the first comparator uses a ratio of the signal PSD and the digital drive PSD to compensate the

desired drive PSD for error.

3. The vibration control system as in claim 1, wherein the first converter further

determines the cross spectral density between the digital drive signal and the digital motion signal.

4. The vibration control system as in claim 3, wherein the first comparator uses the cross

spectral density for compensating the desired drive PSD for error.
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5. A method of simultaneously shaping frequency spectrum and kurtosis of a random
process comprising the steps of:

generating a non-Gaussian white noise with prescribed kurtosis;

filtering the non-Gaussian white noise using a linear filter;

adjusting a first feedback control to control the linear filter for achieving a desired frequency

spectrum; and

adjusting a second feedback control to adjust the non-Gaussian white noise to achieve a

desired kurtosis.

6. A method of producing a zero-mean, constant-variance, white noise output with
adjustable kurtosis comprising the step of:

generating a zero-mean, unit-variance (Gaussian white noise source;

amplitude modulating the Gaussian white noise source by a modulation variable; and

adjusting the modulation variable to achieve a desired kurtosis.

7. A method of producing a zero-mean, constant-variance, white noise output with

adjustable kurtosis comprising the steps of:

generating a zero-mean, unit-variance Gaussian white noise source; and

amplitude modulating the Gaussian white noise source by a deterministic sequence.

8. A method of producing a zero-mean, constant-variance, white noise output with

adjustable kurtosis comprising the steps of:
generating a zero-mean, unit-variance (Gaussian white noise source; and

amplitude modulating the Gaussian white noise source by a pseudo-random sequence.

9. A method of producing a zero-mean, constant-variance, white noise output with
adjustable kurtosis comprising the steps of:
generating a zero-mean, unit-variance Gaussian white noise source; and

amplitude modulating the Gaussian white noise source by a random sequence.

- 16 -
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10. The method of producing a zero-mean, constant-variance, white noise output as in

claim 9, wherein the modulation variable is a constant baseline level with additive filtered random shot

No1se.

11. The method of producing a zero-mean, constant-variance, white noise output as in

claim 9, wherein an additive shot noise is not filtered.

12. A method of controlling a random signal with simultaneous control of both power
spectral density (PSD) and kurtosis comprising the steps of:

measuring a control signal using a transducer;

converting the control signal to a PSD vector;

comparing the control PSD vector with a reference PSD vector to provide a compensated PSD
vector,

converting the compensated PSD vector to a filter function;

converting the control signal to a kurtosis value;

comparing the control kurtosis value with a reference kurtosis value to provide a compensated

kurtosis value;

adjusting the kurtosis of a white noise random generator with the compensated kurtosis value;

and

filtering the white noise from the random generator by the filter function to provide an output

signal used to drive a control process.
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