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(57) Abstract: Node controllers and power distribution networks in accordance with embodiments of the invention enable distrib-
uted power control. One embodiment includes a node controller including a distributed power control application; a plurality of
node operating parameters describing the operating parameter of a node and a set of at least one node selected from the group con -
sisting of an ancestor node and at least one child node; wherein send node operating parameters to nodes in the set of at least one
node; receive operating parameters from the nodes in the set of at least one node; calculate a plurality of updated node operating
parameters using an iterative process to determine the updated node operating parameters using the node operating parameters that
describe the operating parameters of the node and the set of at least one node, where the iterative process involves evaluation of a
closed form solution; and adjust node operating parameters.
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Systems and Methods for Optirnal Power Flow on a Radial Network

FIELD OF THE INVENTION
(66011 The present invention generally relates to optimal power flow and more specifically to a

closed form tterative processes for solving for optirmal power How.

BACKGROUND
(08021 An incredible amount of infrastructure is relied apon to transport electricity from power
stations, where the majonty of electricity is currently generated, to individual homes. Power sta-
fions can generate electricity in a mumber of ways including using fossil fuels or using rencwable
sources of energy such as solar, wind, and hydroelectric sources. Once electricity 1s generated 1t
travels along transmission Hnes to substations, Substations typically do not generate electricity,
but can change the voltage level of the electricity as well as provide protection to other grid infras-
tructure doring faults and ocutages. Frow here, the electricity travels over distribution lines to bring
electricity to individual homes. The jofrastructure used to transport electricity through the power
grid can be viewed as a graph comprised of nodes and hines. The power stations, substations, and
any end user can be considered nodes within the graph. Transmission and distribution hines con-
necting these nodes can be represented by lines,

[0063] Distributed power generation, electricity generation at the point where it is consumed, 18
on the rise with the increased use of residential solar panels and is fundamentally changing the path
electricity takes to many user's homes. The term “smart grid” describes a new approach to power
distribution which leverages advanced technology to track and manage the distribution of electric-
ity, A smart grid applies upgrades to existing power grid infrastructure including the addition of
more renewable energy sources, advanced smart meters that digitally record power usage in real
tivoe, and bidivectional energy fow that enables the generation and stora

e of energy 1o additional

s
o
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locations along the electrical grid.

SUMMARY OF THE INVENTION

[66064] Node controllers and power distribution networks in accordance with embodiments of the
invention enable distributed power control. One embodiument includes a node controller nclading:
a network mnterface, a processor, a memory containing: a distributed power control application; a
plurality of node operating parameters describing the operating parameter of a node; and a plurahity
of node operating paramcters describing operating parameters for a set of at least one node selected
from the group consisting of an ancestor node and at least one child node; wherein the processor
is configured by the distributed power control application to: send node operating parameters o
nodes in the set of at least one node; receive operating parameters from the nodes in the set of
at least one node; calculate a plurality of updated node operating parameters using an iterative
process to deternune the updated node operating parameters using the node operating parameters
that describe the operating parameters of the node, and the operating parameters of the set of at
ieast one node, where cach iteration 1o the iterative process wvolves evaluation of a closed {omm
solution; and adjust the node operating parameters.

[B805]  In a further embodiment, the iterative process further mcludes an alternating direction
method of multipliers (ADMM) process.

(66061 In another embodiment, the ADMM process further includes an x-update process, wherein
the x-update process comprises minimizing an augmented Lagrangian for an augmented Kelaxed
Optimal Power Flow (ROPF) expression.

(66671 In a still further embodiment, the x-update process is subject to the following constraints:
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where v 15 a complex voltage, » is a real portion and x is an imaginary portion of a complex
impedance, £ is a real portion and {J is an imaginary portion of a branch power flow, ¢ is a magni-
tude squared of the complex branch current, { is the a layer number, G 1s a set of child nodes, i 15
the node, j 1s the child node, and 4; is the ancestor node.
[OGE8]  In still another embodiment, the ADMM process {urther includes a z-update process,
wherein the z-update process comprises mnunizing an augmented Lagrangian {or an augmented
Relaxed Optimal Power Flow (ROPVF) expression.
[0809]  In a yet {urther embodiment, the z-update process further inclades calculating a closed
form expression of independent sabexpression.,
[0818]  In yet another embodiment, the ADMM process farther includes a Lagrange multiphier
update process, wherein the Lagrange multiplier update expression includes a set of Lagrange mul-
tipliers.
[6611]  In a further embodiment again, each Lagrange multiplier 1n the set of Lagrange multiph-

ers is evaluated by the processor using the foHowing expression:

where X is & Lagrange multiplier in the set of Lagrange multipliers, p is a constant, Ax+ Bz —¢
18 & constraint, £ is current iteration, and £ -+ 1 1s a next iteration.
(86121  Tn another embodiment again, the updated node operating parameters are further calen-
lated using the node operating parameters that describe a set of operating parameters of at least
one node selected from the group consisting of an ancestor node of the ancestor node and at least
one child node of the at least one child node.
(08131 In a further additional embodiment, the node operating parameters include power injec-
tion, voltage, branch current to the ancestor node, and branch power flow to the ancestor node

[0014] In ancther additional embodiment, a power distribution network including: one or more
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each node controller in the plurality of node controllers contains: a network interface; a node pro-
cessor; and a memory contamning: a distributed power control application; a plurality of node
operating parameters describing the operating paramneters of a node; and a plurality of node op-

erating parameters describing operating parameters for a set of at least one node selected from

N

the group consisting of an ancestor node and at least one child node; wherein the node processor

18 configured by the distributed power control application to: send node operating parameters to
nodes i the set of at least one node; receive operating pararueters from the nodes 1o the set of at
least one node; calculate a plarality of updated node operating parameters using an iferative pro-
cess to determine the updated node operating parameters using the node operating parameters that
describe the operating parameters of the node, and the operating parameters of the nodes in the set
of at least one node, where each iteration in the iterative process involves evaluation of a closed
form sohation; and adjust the node operating parameters,

[BG1S]  In a still yet further ernbodiment, the iterative process is part of g distributed process for
achicving Optinal Power Flow (OPF) that s simplified using a convex relaxation.

[6618]  In still yet another embodiment, the node controllers are modeled in the centralized corn-
puting system as a radial network.,

(60171 T a still further embodiment again, the node controllers are modeled in the centralized
compueting system using Kirchhofts laws,

[0B18] In still another embodiment again, the node controllers are modeled in the centralized
computing system using a branch flow model.

(66197 Another further embodiment of the method of the mvention imchudes: the ADMM pro-
cess further includes an x-update process, wherein the x-update process includes mininuzing an
augmented Lagrangian for an augmented Kelaxed Optimal Power Flow (ROPY) expression.

(66201 Sull another further embodiment of the method of the nvention inclades: the x-update

S
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process is subject to the following constraints:
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where v is a complex voltage, v 15 a real portion and x is an maginary portion of a complex
impedance, £ 1s a real portion and {7 1s an imaginary portion of a branch power flow, ¢ is a magni-
tude squared of the complex branch current, { 1s the a layer number, { is a set of child nodes, i 1s
the node, j is the child node, and A; 1s the ancestor node.
(66211 In a further additional embodiment, the ADMM process further inclades a z-update pro-
cess, wherein the z-update process includes mininizing an augmented Lagrangian for an aug-
mented Relaxed Optimal Power Flow (ROPY) expression.
(6622 In another additional embodiment, the z-update process further comprises calculating a
closed form expression of independent subexpression.
(80231 Tn a still yvet further exnbodiment, the ADMM process farther comprises a Lagrange mul-
tipher update process, wherein the Lagrange multiplier update expression coraprises a set of La-
grange multipliers.
TGG24]  In still vet another embodiment, each Lagrange multiplier in the set of Lagrange multi-

phers is evaluated by the processor using the following expression:

[ Eo . P kil N
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where A is a Lagrange multiplier in the set of Lagrange multipliers, o is a constant, Ax+ 8z ¢
15 a constraint, & is current iteration, and &+ 1 is a next iteration.
[6G25) 1In a still further embodiment again, the updated node operating parameters are further

calculated using the node operating parameters that describe a set of operating parameters of at
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least one node selected from the group consisting of an ancestor node of the ancestor node and at
least one child node of the at least one child node.
[6626] In still another embodiment again, the node operating parameters include power mmjection,

voltage, branch current to an ancestor node, and branch power flow to an ancestor node.

BRIEF DESCRIPTION OF THE DRAWINGS

[6627] HIG. 1 s a diagram conceptually illustrating a power distribution network in accordance
with an embodiment of the mvention.

[6028] HIG. 2 is a diagram conceptually iliustrating nodes ntilizing node controllers connected
t0 a cominunication network in accordance with an embodiment of the invention.

(60291 FIG. 3 is a block diagram of a node controller in accordance with an embodiment of the
invention,

(86301 FIG. 4 is diagram llustrating a radial network in accordance with an embodiment of the
mnvention,

(86311 FIG. 515 a diagram Hustrating a relationship between nodes and operating parameters o
a branch flow model in accordance with an embodiment of the invention.

(08321 FIG. 6 1s a diagram ilustrating a partitioned radial network in accordance with an em-
bodument of the invention.

(66331 FIG. 7 is a flow chart illustrating a process to solve for optimal power flow utilizing a
closed form solution in accordance with an embodiment of the invention.

[0G34] FIG. 8 is a flow chart illustrating a process to solve for optimal power flow using alternat-
ing direction method of nmltiphiers 1 a closed form solution in accordance with an embodiment
of the invention.

[6638] FIG. 9 18 a flow chart illoastrating a process for a node to perform a distributed power
control application in accordance with an embodiment of the invention,

[0036] FIGS. 10A-10B are diagrams illustrating a set of nodes before and after an x-update step,

respectively, 1o accordance with an embodiment of the invention.

6.
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(06371 FIG. 11 is pseudocode illustrating a process for distributed power control in accordance
with an embodiment of the invention.

[0G38] FIG. 12A is a diagram illustrating a primal and dual residue over k iterations during a
sinulated distributed process in accordance with an emmbodiment of the invention.

(0639 FIG. 12B is a diagram ilustrating an objective value over k iterations during a simulated

distributed process m accordance with an emaboditoent of the wvention.

DETAILED DESCRIFTION

[6349] Turning now to the drawings, systems and methods for distributed control of power dis-
tribution systems configured as radial networks in accordance with embodiments of the invention
are lustrated, Radial networks have a tree topology where cach node 1s connected to a single
unigque ancestor and a set of unigue children and radial networks are commonly utilized in model-
ing the distribution side of the power grid. In many embodiments, processing nodes are distributed
throughout the power distribution network that coutrol power load, distributed power generation,
and remote battery storage. In several embodiments, the processing nodes control the operational
parameters of aspects of the power distribution network in an effort to achieve what is often re-
ferved to as Optimal Power Flow {(OPF). Achieving OPF involves optinuzing the operation of a
power system with respect to one or more objectives. These objectives can include (but are not
limited to) nunumizing the amount of power lost during the transmission of power {0 a user, nun-
imizing the cost of generating the power needed {or the system, and/or seeking to optunize other
general operational constraints.

(66411  In a number of embodiments, the processing nodes within the power distribution network
perform centralized, distributed, or hybrid processes that coordinate the control of the power dis-
tribution network. Centralized processes can use a centralized processing unit to calculate optumal
power flow of all nodes within the network, Distributed processes can be based upon messages
passed between the processing node and its ancestor and/or child nodes within the radial network,

Hybrid processes use a combination of centralized and distnibuted process steps. In several em-
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bodiments, individual processing nodes determine the voltage, power injection, current, and/or
impedance of a given power load, distributed power generation, or remote battery storage within
the power distribution network by performing a closed form caleulation using information received
by power and/or child nodes. In many embodiments, the specific closed form caleulation utilized
by the processing nodes 1s selected based upon a distributed solution for optirnal power low of the
power distribution network obtained using alternating direction method of multiphiers (ADMM),
Use of a closed form expression obtained in the manner described below can be particularty advan-
tageous relative to technigues {or perforning distributed control of a power distribution network
to achieve OPF requiring the use of an ierative optinmzation process at each processing node.
Specifically, performing a single set of calculations to obtain the control parameters as opposed to
repeatedly iterating a set of calculations to obtain the control parameters can be significantly more
computationally efficient and can enable the power distribution network to adapt to changes with
much lower latency, Additional coraputational efficiencies may be obtained by & conie relaxation
of the distribution network, for exaraple by using 4 second order cone program (SOCP) relaxation,
[0042]  Systems and methods for performing distributed control of radial power distribution net-
works to achieve OPYF and solutions to the distribated OPF problewm that can be utihized in the
wnplementation of such systems and methods in accordance with embodiments of the invention

are discussed further below.

Radial Power Distribution Networks

[6643] A power distribution network in accordance with an embodiment of the mvention is
shown 1n FIG. 1. Electricity is generated in power generator 102, Power transnussion lines 104
can transinit electricity between the power generator and power substation 106, Power substation
106 additionally can connect to large storage battery 108 which temporarily stores electricity, as
well as power distribution hines 110, The power distribution lines 110 can transmt electricity from
the power substation to homes 112, The howes can inchude solar panels 114, a house battery 116,

and/or an electric car 118, Power distribution networks can trapsmit electricity in many ways.
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When alternating current is used, voltage reverses direction at regular intervals. When only one
voltage source is used, the power distribution network is described as single phase. When several
sources are used, and the sources are distributed in equally spaced regular intervals (typically 120
degrees for a conunonly used three phase network), the power distribution network s described as
niltiphase balanced network, Single phase and mnitiphase balanced network problems can often
be solved with sitotlar analysis. Io the discussions to {ollow, networks that distribute power in
a single phase or a multiphase balanced mauner will both be referved to single phase networks,
An alternative method of distribating power is multiphase unbalanced. In this manner of power
distribution, several voltage sources are unevenly spaced. Multiphase unbalanced networks often
require a different analysis than single phase networks and will be referred to as multiphase net-
works.

[6844] The power generator 102 can represent a power source including those using fossil fuels,
nuclear, solar, wind, or hydroelectric power, Substation 106 changes the voltage of the clectricity
for more etfficient power distribution. Solar panels 114 are distributed power gencration sources,
and can generate power to supply the home as well as generate additional power for the power grid.
House battery 116 can store excess electricity from the solar panels to power the horae when solar
epergy 1s unavaidable, or store electricity from the power grid to use at a later time. Substations
106, large storage batteries 108, howes 112, solar panels 114, house batteries 116, and electric cars
118 can all be considered to be nodes within the power distribution network and the distribution
tines 110 can be considered to be lines within the power distribution network. In combination,
the nodes and lines form a radial network. In many embodiments, node controllers are located
at nodes throughout the network to control the operating parameters of different nodes to achieve
OPE The type of control utilized can depend on the specifics of the network and may include dis-
tributed, centralized, and/or hybrid power control. Although many different systerns are described
above with reference to FIG. 1, any of 4 variety of power distribution network including node con-
trotlers ruay be utilized to perform power distribution as appropriate o the requirerents of specific

applications in accordance with embodiments of the wvention. Nodes utilizing node controllers
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connected to a communication network in accordance with various embodiments of the invention

are discussed further below,

Node Controller Architectures

[G345]  Nodes atilizing node controllers connected to a communication network in accordance
with an emibodiment of the invention are shown in FiG. 2. Nodes 202 can connect to commu-
nication network 204 using a wired and/for wireless connection 206. In some embodiments the
power distribution network can act in place of the conmmunication network., The conmmunication
network may also be connected to one or more centralized computers 208 to monitor calculations
made by or to send instructions to multiple nodes to, for example, control power distribution n
the network at g global level, Additionally, in many embodiments a database management syster
210 can be connected to the network to track node data which, for example, may be used to his-
torically track power usage at various locations over time. Although many systems are described
above with reference to FIG. 2, any of a variety of systeras can be utilized to perform connecting
nodes to a network as appropriate to the requirements of specilic applications i accordance with
embodiments of the wnvention. Node controllers in accordance with vanous embodiments of the
invention are discussed further below,

[6046] A node controller in accordance with an embodiment of the nvention is shown in FIG.
3. In various embodiments, node controlier 300 can perform calculations in a distnibuted manner
at a node in the radial network, The node controlier includes at least one processor 302, an VO
interface 304, and memory 306. The at least one processor 302, when configured by software
stored in mernory, can perform caleulations on and make changes to data passing through the VO
interface as well as data stored in memory. In many ernbodiments, the memory 306 includes soft-
ware inchuding the distributed power control application 308 as well as operating parameters 310,
operating parameters of ancestor and children nodes 312, and updated operating parameters 314, A
node can calculate updated operating pavameters by using a combination of its own node operating

parameters, and/or operating parameters received through the VO interface from its ancestor and

16,
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children nodes, and/or operating parameters received from a centralived computer in the case of
a centralized or hybrid approach. The distributed power control application 308 will be discussed
in greater detail below and can enable the node to perform calculations to solve for optitnal power
flow in a distributed manner, These distributed calculations performed on the current operating
parameters can specifically mvolve evaluating a closed form expression when solving for optirnal
power flow, Various operating parameters of a node that can be controlled by a node controller
are also discussed further below, and may include (but are note limiuted to) node voltage, current,
impedance, and power injection. Although a number of different node controller imiplementations
are described above with reference to FIG. 3, any of a variety of computing systems can be uti-
lized to control a node within a power distribution system as appropriate to the requivements of
specific applications in accordance with various embodiments of the invention. As noted above,
node controliers in accordance with many embodiments of the invention can control the operation
of nodes within a radial power distribution network in such a way as to approach OFPF. Use of node
controllers to implement OPF in a distributed manner within a radial network in accordance with

various embodiments of the tnvention are discussed further below.

Use of Node Controllers to Achieve Optimal Power Flow

130471 Node controllers in accordance with many embodiments of the invention utilize processes
that control nodes in a manner that attempts to achieve OPF in a computationally efficient manner.
in order to do this, a closed form expression has been developed enabling calculations to performed
at cach node concurrently. The term ‘closed form expression’ refers to a caleulation that can be
performed in a finite nuraber of operations. Overall the closed form solution for OPF can be more
computationally efficient and predictable to compute than the use of an iterative process by a node
controller to deternune operating parameters. Various models can be used to develop a closed {orm
solution that can be utilized to achieve OPV in a distributed manner.

[8048] The branch flow model {BFM) and the bas injection model (BIM} can be used for solving

the OPF problem. The BFM {ocuses on the current and power 1o the branches of the model, and

It
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the BIM focuses of current, voltage, and power injection at the nodes of the model. Although
the BEM and the BIM are generated with different sets of equations and variables, they produce
related solutions since they are both modeled based on Kirchhoffs laws, The process wtilized by
the processing nodes in accordance with various embodiments of the invention utilizes caleulations
determnined by the BEM. Many network shapes can be used to construct the BFM, such as a radial
network, In certain cases the structure of a vadial network can simphily the computations of the
power equations in the OPF problem. Additionally, a convex relaxation of the model can forther
simphily the calculations. An approach to solve OPF in a distributed closed form manner using a
second order cone program (SOCP) conic relaxation 1s descnibed in detail below. As can readily
be appreciated, any of a variety of techmques that can be utilized to solve the OPF in a distributed
closed form mannper can be utilized as the basis for configuring node controllers as appropriate to
the requirements of specific applications in accordance with various embodiments of the invention.
Therefore, the inventions described herein should not be considered to be himited to the specilic

closed form expressions discussed below.,

Branch Flow Model

(00481 A radial network in accordance with an embodiment of the invention is shown in FIG. 4.
In various embodiments, radial network 400 inchudes a node 402, Node 4072 has an ancestor node
464 and one or more children nodes 406. A radial network also has a vnigue root node 408, A
detatled discussion of these nodes is discussed further below, Although many radial networks are
described above with reference to FIG. 3, any of a variety of network configurations can be utilized
as the network shape as appropriate to the requirements of specific applications in accordance with
embodiments of the invention. The relationship between nodes and operation parameters ina BFM
18 chscussed farther below.

[GG38]  The relationship between nodes and operating parameters 1o a BFM 1s discassed in accor-
dance with an eraboditaent of the nvention 1s shown 1n FIEG. 5. A pode 502 has a unigue ancestor

node 5804, Node 502 and unigue ancestor node 5304 are connected by line 516, Both node 502
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and unique ancestor node 508 have a series of operating parameters. In many embodiments of
the invention, example operating parameters for node 502 include voltage 506 and power injec-
tion 510, Unigue ancestor node 508 has corresponding voltage 508 and power injection 512, The
fine 512 also has operating parameters which for example nclude an irapedance value as well as
a current and/or power injection 514, The relationship between nodes and operating values will
be discussed 1n greater detail below. Although woany operating parameters between two nodes in
a BEM are described above with respect to FIG. §, any of a variety of operating parargeters can
be utilized as operating parameters as appropriate to the regoivements of specific applications 1o

accordance with embodiments of the ivention.

Modelling a Power Distribution Network

[6051] A distribution network can be modeled by a direcred tree graph 7= (N, £) where N 1=
10,... . n} represent the set of nodes (buses) and & represent the set of distribution lines connecting
the nodes (buses) in N, Index the root of the tree by 0 and let N ;= N\ {0} denote the other

nodes {buses). For each node i, it has a unique ancestor 4; and a set of children nodes, denoted by

;. The graph orientation is adopted where every line points toward the root. Hach directed line

i < £ denotes a Hine from § to A,
[0052] The root of the tree 7 can be an clement of the power distribution network, typically
a substation node (bus). It has a fixed voltage and redistributes the bulk power it receives from
the transmission network to other nodes (buses), For cach node (hus) i€ N, V, = lVgisiﬁf can bhe
defined as its complex voltage and v, 1= [V;|* can be defined as its magnitude squared. In addition,
$; 1= p;+ig; can be defined as its net comuplex power injection which is defined as generation minus
foad. Forcach ine i € &, et z; = r; 4+ Ly; be its complex impedance. Tn addition, §; can be defined as
the complex branch carrent from node (bus) i 10 A; and §; 1= |I,3 can be defined as its magnitude

squared. Furthermore, §; 1= F 4+ 1@; can be defined as the branch power How from node {(basy i to

A;. The notations are illustrated 1 FIG. 5. A variable without a subscript denotes a column vector
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with appropriate components, as summarized below.

1

v (v d ENY | pr={pn i € NY | g (g0 € N)

V= ({dl

3

m
~

N 2= (Pic) | 0=(0nic &)

Solving for OPF

FOG33]  An overview of a process for solving for optimal power flow in a vadial network atilizing
a closed form solution 1s Mlustrated in FIG. 7. The OPF model s inittialized 702, The nonconvex
model 1s relaxed 704 generating a convex model. A distnibuted closed form solution 1s calculated
706 using the convex model. Finally, results are generated 708, A detailed discussion of the

process follows,

{68347 Asnoted above, a branch flow model for radial networks 1s adopted, The process controls

a single phase network, therefore, the phase angles of voltages and cuwrrents are ignored and the

[

process uses only the variables x:={v. £, P, Q. p. g). Compared with bus injection model, the branch
flow model 1s more numerical stable and has broad application in distribution networks, Given the

network T, the branch flow model is defined by:

Vg, = Vi 2<3‘”g} YO0+ 8 (i?‘ }v?‘) e {1a)
Y (P i)t = B iaN (1b)
Fed

YA i) +ai=0 ieN (ic)
Jel

Pl =ity ice (1d)

where £, O = O for ease of presentation. Given a vector x that satisfies {1}, the phase angles of
the voltages and currents can be uniquely determined if the network s a tree. Hence this (relaxed}
ntodel (1) 15 equivalent to a full AC power flow model.

[B33S8] The OPF problem seeks to optimize certain objectives, ¢.g. total power loss, subject to

power flow cquations (1) and various operational constraings. An objective function that can be

14,
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utilized in accordance with many embodiments of the invention takes the following form:

Fix)=Y filpit) (2)

SN
[3ny

P

For instance, to minimize total power loss, set folpe) = Gand fi(p;. f;) = £ foreach i € N

[6836] In several embodiments, two operational constraints can be utilized. First, the power

injection at cach node (bus) i € N is constrained to be 1n g region §;, 1.2

I3 AY ] Py
(pisgi) €0 {3a)

(63571  Second, the voltage magnitude at cach load node {(bus) { € N, is constrained so that it is

maintained within a prescribed region, 1.e.

‘.fi /i‘ Vi /i‘ Tiz (3b)
Typically the voltage magnitude is aliowed to deviate by 5% frowm its nominal value, 1e. y; = 0.95°
and ¥; = 1.035°
[GG38] The OPF problem is:
OPF: min filpi £ (4
°

S.t. (D) and (3)

~

[G339]  The OPF problem (4} 1s nonconvex due to the equality (1d). This is relaxed to inequality

10

¥
+
)
o,
AN
=
-
/r\
z
-
|41
N
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resulting in a (convex) second-order cone program (SOCP)

ROPF: min X filpi &) (63
* N

S.t. {lay— (1), (8) and (3)

(66681 Clearly, ROPF (6) provides a lower bound for the original OPF problem (4} since the
original feasible set is enlarged. The relaxation can be called exacr if every optiral solution of
ROPF attains equality in {5) and hence 1s also optimal for the original OPE For networks with a
tree topology, SOCP relaxation is exact under sorne mild conditions.

(03611 The SOCP relaxation is assumed to be exact and this section develops a distributed al-
gorithm that solves ROPF, First a standard alternating divection method of multipher (ADMM)
is reviewed. Then the structure of ROPF 5 used to speed up the standard ADMM algorithm by

deriving closed form expressions for the optimization subproblems i each ADMM iteration.

Alternating Direction Method of Multipliers
[6062] ADMM blends the decomposability of dual decomposition with the saperior convergence

properties of the method of multipliers. It solves optimuration problem of the fornu

min - flx) gl
Xz
st xeX,, z€ X, (73
/il)v »-{»» f‘}z =iy g

where I, . are convex sets. In addition, A denotes the Lagrange multiplier for the constraint

Ax+Br=¢.

16,
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[0063] Then the angmented Lagrangian is defined as

Lol ) = flai+glo+ A (Ax+ Bz —¢)

\

+“§ HAx+ B — b|?

where 9 > (0 is a constant. When p = 0, the avgmented Lagrangian reduces to the standard La-

grangian. ADMM consists of the iterations:

FU e argwin Ly (x, 25 A9 (82)
xed )
[ SRS <= B 2\ Qh
z € argminlo(x™ T,z A" (8b)
e X, '
-t ISPV N == k-l (R
MU A (AT B ) (8¢)

[68664] Compared to dual decomposition, ADMM is guaranteed to converge to an optimal solu-
tion under less restrictive conditions. In a nuraber of enthodiments, the following conditions are

utilized:

o A B {9a)
s AT B A (9B

They can be viewed as the residuals for primal and dual feasibility. Under mild conditions, it can

be shown that

9 . §
Hm P~ =0, lims* =0
K—roo kom0
mnplying
: r e K k "
jm f) gl =p
hasel

[
:~!
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[6665]  In applying ADMM to ROPF, the structure of ROPF is first exploited to derive subprob-
lermns that are decoupled and can be solved concurrently. Closed form solutions are then derived
to these subproblems. Through decoupling of the solution, the subproblems can be solved by the
network controllers to achieve destributed OPE The standard idea of decoupling through local
vartables 1 explained in this subsection, which will be used 1o the next subsection.

[0366]  In many embodiments:

min  f(x) {10a)

X
st alx=b. i€l {(10b)
x e I, {(1Gc}

where f{x} is a convex function and K, is a convex set. The variable x must satisfy the linear
constraints (10b) {or all § € J as well as be o K. As 1s shown below, making the constraings
(1b) local so that the update (X) can be decomposed into several small optimiration sabproblems
that can be solved simultaneously gives a speedup. To this end, local copies are created of x and
they are computed in paraliel. Each copy satisfies a different subset of the constraints before the
algorithm converges. At optimality, all the local copies are required to be equal and hence satisfy

all the constraints.

Partitioning of Radial Network to Decouple Nodes

(80671 A partitioned radial network 1s shown in FIG. 6. In various embodiments, radial network
600 has a sinnjar structure to radial network 400 as shown in FIG. 4. Additionally, radial network
60 can be partitioned nto layers 602-608. In many embodiments layers are further partitioned
into even and odd layers. Odd layers are layer 1 602 and layer 3 606. Even layers are layer 2
664 and layer 4 608, Although partitioning radial networks is described with reference to FIG.

6, any of a variety of partitioming schemes can be utilized as appropriate to the requirements of

18,



WO 2015/179873 PCT/US2015/032482

specific applications in accordance with embodiments of the mvention. A detailed discussion of
partitioning a radial network into layers is described 1n detail below.

[6068] Formaily, let {5,,1 <1 <m} be a partition of J, 1.e. J; are disjoint and Uy oy, 0 = 1.

There are s+ 1 constraints defined by the sets X and

S+

(606691  In many embodiments, there are m-+ 1 copies (g, { A1 <i< m)) of the original variable,

The decoupled version of (1) is:

min ()

0
)=
Xz

st ze X, (1)

(06701 The termx = (£,

\

1 <0 <Cm) can be used to denote the variable obtained by stacking all
vectors x\', 1 < 7 < m. The last cquality can be relaxed for cach /. In addition, M can denote the

corresponding Lagrange multipliers and X 1= (A 1 </ <), Then the avgmented Lagrangian is

o, N
N Py ) A {INT ¢ (D) g {8 2
LotozA) = f {0+ 3 (WG —2) 4 S0 —2f7)
FrariN 2 /

The primal variables {x,z) and the multipliers & can be updated according to (8).

[B071]  Next, it can be shown that two partitions (m = 2) are sufficient for designing distributed
OPF algorithm using this approach.

[0072] A distributed algorithm can be derived for solving ROPF () that has the following ad-

vantages First, cach node (bus) ondy needs to solves a local subproblera in each iteration of (8).

19,
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Moreover, there is a closed form solution for each subproblem, in contrast to most distributed
processes for solving for OPF that employ iterative procedure to solve each subproblem. Second,
conururication is only required between adjacent nodes (buses).

(66731 An overview of the ADMM process to solve for OPFE, where each distributed calenlation
involves evaluation of closed form solotions 1s Hlustrated 1 FIG. 8. Nodes are witialized 802 prior
to perfortmng 804 the x-update calculation. To perform the x-update calculation, a node will re-
quest reqguired operating parameters from ifs ancestor and children nodes to enable performng this
calculation. The remaining calculations do not requre communication with neighboring nodes,
The z-update calculation is performed 806, and then the Lagrange multiplier update 1s calculated
S808. The end condition 18 checked 810, If the end condition has not been satisfied, the ADMM
process begins performing the x-update calcalation again, Otherwise, the process is complete. Al-
though the process of ADMM is described with reference to FIG. §, any of a variety of ADMM
variants can be utilized as appropriate to the requirernents of specific applications n accordance
with embodiments of the invention. A detailed discussion of each of the update steps utilized
in ADMM process sinular to those described above with reference to FIG. § follows. Obtaining
closed form expressions {or each of the update steps utilized 1n the distributed processes involves
rewritting the relaxed OPF problern in a marner that lends itselt to solving as a series of subprob-
lens.

[0874] The ROPF problem (8) is written in the form of (1{}} as:

a3

min ¥ filpid)
en

i f

e

8.t x satisties (la

x &K,

where K. o= {7 | z satisfies (3) and (5)}. Next, the constraints in (1a)-(1¢) can be partitioned to be
equivalently in the form of (11) such that the update 1 (¥) can be done sumultaneously by each

node (bus).
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[0075]

Then the co
work T is a tree

i 13 in the odd layer} and Jp ;

0076}

in particular, by (1a}, each node (bus) i needs the voltage v4, from ifs ancestor A,

Fach node {(bus) i € N can be treated as an agent with its local variables x; 1=

nstraints in X, are

focal, Le.

%amhe\ (far(

Under such partition, node (bus)i € Iy

{i e N'|iis in the even layer ). Let

ieyforiedi}, {=

. which is a bipartite graph and can be partitioned into two groups

[\

PCT/US2015/032482

NN SR UN IR
they are separable for each agent {. Note that the net-

I = fie N

{373 1s ondy coupled with nodes (buses) & € J2 {Jy).

Thus creating a

COPY Vg, representing the replication of vy, at node (busy i, On the other hand, in (Ib) and (l¢),

each node (bus) i needs £, P;, @, from all of its children j € C; and creating a copy ¢

each j < (i at node (bus)

(0677}

where (1a)-{12

depends on the partition that / belongs to

()

o) form (K}

-ROPH:
min ¥ filp \)7{(1’)
RN
si v = a(npY

'y Q““ + ’””( i

=
RO / 4+ g o
LC—m) e =0 ieNie
jels
/PQ\)Q (o2 )l o
(7 (@) =y ied
PR E3 N 64 NN N
(p," g, )6 ieN
- {2 e
vy <Y ieN
X =0 ie¢{1,2}
(0 , , )
J=1,2) and (124 — (125 §

i. Then the ROPF problem (6} can be written in the form«

of (11}

P Giaof

(123}

{12h)
{(12¢)
{124}
{(12¢)
(126

(12g}

form J(,. The value of the superscript {

e J1 {J2). Let A, vand g be Lagrangian

e
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nrnltipliers associated with g =0, specifically
RTE RY S VI [ PO B
})\“3,,1Z P;\m - P/‘Z’) = ?\4”5: Q:i’\ - Q,\’ ={}
Rs pg‘i) p/“\’ =0 | Aey (;/'\’ (}ﬁ = {}
s | 6 07 =0 e | P P =0
i | QL — 07 =0
v v["; ytz’ =0for jo
Denote
e AD P ) 0 g,
- (V;@,EEZ).i’;z),{,:?iz// (:)qqu)\)
DR GRS
Ao (A [ A=1,2,3,4.506)
g (ke 1.2,3)

Then the variables maintained by each node (bus) § are:

/N T i
ey L) b
1

Ay 1= {Y' / k‘,gv “V;JJIYJ jE ("!l'ﬂﬁlv ;\"7!{""7 }

[0078] The E-ROPY problem (12) can be solved in a distributed manner, 1.e. both the x-update
{(8a) and z-update (8b) can be decomposed into small subproblems that can be solved simulta-
neously, For case of presentation, the iteration number & 1s removed in (8) for all the variables,
which will be updated accordingly afier each subproblem 1s solved. The augmented Lagrangian

for modified ROPF problem is given 1o (13},

B2
£
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(132

{13b)

AN
()

o (PN {}(Z\} P(") I;‘Z\/ ()(” )(-" Ihoush
A AT S O R O (7} althoug

Notations are abused in {13) and denoted x; ; ;)
1L,AG X ’

R,

- . {h - L e . o
there arve 3 entries in x; , but 6 entries in z;. By (13¢), in the x-update step (Ra), solve
#

argmin Lo (v, o, A, v ) = argmin ¥ G; (x4,
& DRIHED ANy Ly oy f 2 g v
RN xe ¥ T

where

For each node {, the corresponding subproblem is

/N

min G{x'") (14)

. K RO B S O B (3}‘3 S8 g2 2y
AN P
—- 3\ 12 7 A
* (0N {2 )
(Pj,i =iy e =R
e 4
NOONF O 1) (6
(,jj: Coxji g =0,
= . ’

which takes the following form

min P HRAIE
x <

B2
42
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whose closed form solution is given as

| 1
x=—{B"(BB") 'Bc—~c
p P

(00791 Prior to perfornung the x update, each node § requests variables from its ancestor 4, and

. . . o - . )
children j € . In particular, the node can obtam vﬁ.i vy and y; from its ancestor 4; and x 75, 4
: L1 i PR o

from all of its children j € ;. After the x update, the node can send the updated variables back to

its ancestor A; and its children j € O, As will be shown, only the x update reguires cormmunication

with neighbors,
(008G Based on {13b), in the z-update step, solve

argoun Lo{x, 2, A, v g} = arg n}};? X Hi{z).
: (&

PN P

¢ SR e

where

FEG
7 'i) )'\ W
(i @\
W
o b .
jedy /
The subproblem solved by each node i 15
min  Hi{z)
(22 Az - (8,
3NES N~ A A T N A
S.t (I.’ ) (\i-/t ; _\_ 14 {"i
v, < v(z" < P
A4 I D W
(p; 4 ) €5
7
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[6081] Suppose fi{ pl)!’i } is linear or quadratic in its argument, Let 1 = {I(;

V".\'z)

1]

down by K in the above problem. Then it takes the following foron

5
. N - . N -
min }w {(vi +ecvi) (16)
¥ it
222
8.t Y Va S wTVivs
Yy S¥3SH
(ys.y6) €8
Note that {vi,....y4) and {vs, v} are independent in the optimization problem (18). Thus two
W " /i » NED 6} " 7

independent subproblems exist. The first subproblem solves

min 3507 ) s 3536) €5,

£

{vs,vg) = K

where [x|7 = min{b, max{x,a}}. The second subproblem solves

s ) .
min Y7 )
Via¥2.Y3.¥4 P
8.t ¥i+ 5 <k yava

-

y; - Y3 i 3"73

i

which determines the update of (y,...,v4). After the z-update, the Lagrange multipliers are up-
dated for the relaxed constraints as (8¢). Both the z-update and roultiphier update steps only 1ovolve
local variables of an agent and no communication is requived. Finally, the stopping criteria for the
algorithm is specified. Empirical results show that the the solution is accurate enough when both

the primal residual #* defined in (9a) and the dual residual s° defined in (9b) are below 1074/N,

25.
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where N is the number of nodes {buses). A derivation of the closed form expression follows.

Derivation of Closed Form Expression
[B0B2]  As shown above, to determine the update of {yy,...,ys} the following expression can be

utihized:

s
>« b (e s )
Pi: mym § {v7 +civi)

~ 5

o AP,
st YiHyI S kTyavy

where y, > 0. If R can be defined as K 1= y ‘f +- yg_, then P1 can be written equivalently as

P2: min X (vi e+ FIR)

o~
FN]

where

Yisyz

{ 2

RN . Y D N A 2

f'\R) = mmlz“’(y‘;‘—i—giyi) SLoyy Yy = RT
i=1

(00831 P2 can be solved utilizing the removing the constraint R* < K ysys from P2 so it can
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become:

3
\¢

/

4
. c Y ;
min L (vF 4 evi) + FA

in various embodiments, an optimal solution can be given by

“ o, €4
,73 .:; R )7 A - ..;;.
- P . A3 o 10n A in o~ By . .
41 It can be proven [in Leroma 0.1 to follow] that 8= < k79394, {93, ¥4, R} is also optimal {o
(G84] Tt can be proven [in Leroma 0.1 to follow] that 8% < &-$394, (¥3.¥4,K) is also optimal for

Lemma 8.1, X can be a convex set and f{(v),g{(v) : R® — R be convex differentiable functions.

Denote v* 1= argiin, o1 f(y) | g(y) <O} and § 1= argmin, .y f{v). Then

S

Proof. The Lagrangian of ming o { f{y) s.t. g{y} <0} can be written as

\
WSS

LS

where A

> ) is the Lagrangian multiplier of g(v) < 0. In many embodiments, g(y™) canbe g{y") <

{0, then the KET conditions indicate that the optimal primal v* and daal A* satisty

gV < AT =0

NS

£

This can mean y* = argmin, g f(v) = J, which contradicts g(9) > 0. £

=1

b2



WO 2015/179873 PCT/US2015/032482

Otherwise, the optimal solution to P2 satisfies R? = &%vyyy and the derivation can proceed as
follows.

[BO8S] R = k. /V3)4 can be substituted Into f{R) and P2 becomes

P3:ming(ya,va) Sty ]

where g( 3, }1\ -

E {(y7 +eyi) +hTyays - k\// C] O3/ Y34 (17
I

i~ . . s " . h ‘; “i > o)
[0686]1 S, can be set of local minima of g(y3,va) is denoted by S =: {{v3, ) | 5;;; =0, "ioxin =05
Additionally, 57 can be a set of feasible local minima to P3 and 5{y3) = argmin,_z(y3, v} and
is denoted by 8 0= 8, N {vq v vy € 1y, 4] L. Then, in some other erabodirnents, the optimal
J & & RYeae) 4/ L W3S 3]

sofution to P3 lies o

{60871 It can also be proven that by obtaining all the elements in 5, 5, s equivalent 1o solving
a polynomial equation with degree of 4 [in (Lemma (.2) to follow,]. In addition, it can be proven
that solving #{y3) is equivalent to solving a polynomial equation with degree of 3 [in (Lemma (1.3}

to follow]. This umplies there can be a closed form expression to P2 and P1,

e 7

Lemma 8.2, g(y3,ya) can be defined in (17). Then the ser of local minima of g(y3,v4): S can be

written s

vz, yva) H{va,v4,22,21) satisfies (18) and 71 satisfies (19}



WO 2015/179873 PCT/US2015/032482

I : .
vi o= (o - o) = e~ ) (18a)

vy {2z cg) — K2y - 03)) (18%)

»»Cl—:*—C; O
e (18¢)

s
o
o
—
3
o
~
=
e
[}

L 2
LPETEN g (%)

which means (18) can be used to solve (19) and recover {z3,24).
Proof. A derivative of g{yz, v4) can be taken with respect 10 y3, vy to give

JESSE—
Il

i 2
dg 2 VT g
-~ = 2vi3t+o3+kys—kt—me— [ — =0
avys Fa iy3
- fo 2
dg [T fyy

")
= 2yi+cia+kTys -k

which can be equivalent to

-3 n .
234 eayy = 2v7 - cayy (280

- 2 ‘¢ : 2 g
(2ys+ &7y He)(Qya + ko ys b og ) =k

2/
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(i8a} and (1¥b) can be substituted into (20} and (21), to generate

12 c Pla
~ K7Cq . K703 .
g e - N el 1A W= — z ~5 f;," y
g H(—o+ 5 Jvy =5 {—og 3 V2o 223
N
207 T O3 72
Tp3p = KT (23)
4
in addition, (23} can be substituted into (22), to generate (19). 3
Lemma 0.3, /i(ys) can be defined as h{vs) 1= argmin, g(y3.va). Then
vy = min{g{ya,y4) | yq satisfies 24O}
fr3 3
: A
Y e i {1, g - =y & £y A
ya) eaya b kTys - e = (24)

Proof. Let Sp{vs) 1= {ya | gf’: = 0}, which is the set of all local minima of glys, v4) with fixed ys.

Taking the derivative of g{va, y4) with respect to ys gives

3 L Jard i
= Qygbog ATy -k ) [ =0,
advi 2 \/ Vi

which 1s equivalent to (24). Solving (24) 15 eguivalent to solving a polynonual equation with degree

of 3.

Communication Between Node Controllers

[BO88] Referring back to FIG. 8, the process performed by node controllers in accordance with
many embodiments of the invention involves performing the x-update calculation 804, the z-update
calculation 806, and the Lagrange multiplier update 808 until an end condition is reached 810, As
noted above, the calculations performed 1n each of the x-update, z-update, and Lagrange multiplier

update calculations involve the evaluation of closed form expressions. The mformation exchange

30.
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that occurs during the update calculations is illustrated in FIGS. 9, 10A and 10B. A node re-
quests and makes local copies 902 of current operating parameters from its ancestor and children
nodes. Updated operating parameters are calculated 904 based upon current operating parameters
of ancestor and children nodes, After this caleulation is performed, the updated operating pararn-
eters are sent 906 to ancestor and children nodes. The end condition 1s checked 908 and if if has
not been met the process begins again by reqoesting and making local 902 copies of current op-
erating parameters from ancestor and children nodes, Otherwise the process is complete and it
ends. The specific operating paraineters passed between nodes and their ancestors and/or children
nodes before and after the x-update process is illustrated 1 FIGS, 10A and 108, As can readily
be appreciated, additional communication and/or information can occur between nodes during the
execution of the distributed processes by the node controllers.

[G6G89]  The above discussion provides a detailed descussion of the manner in which closed form
solutions can be developed for subproblerns that can be solved by mdividual node controliers to
achicve a distributed solution to achieve OPF in a radial powe distribution network, The manner in
which the solutions outlined in the above discussion can be utitized to itnplement processes that are
executed 10 node controllers 1n accordance with varnious embodiments of the 1nvention s discussed

further below.

Implementing Distributed Power Control Processes

[6090] A variety of techniques can be utilized to implement processes for execution by node con-
trollers to achieve distributed OPF based upon closed {orm expressions developed using techniques
stinilar o those outlined above. Pseudocode that can be utilized to mmplement processes executed
by node controllers to achieve distributed power control in accordance with various embodiments
of the invention is ustrated wn FIG, 11, The psuedocode primarily follows a process simplar to
those outhined above with respect to FIG. 8. The psuedocode takes as wnputs the network topolgy.
In many embodiments, the network topology 1s predeterruined and distributed to each node con-

trotler. In several embodiments, the network topology is discovered by the node controllers using
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any of a variety of well known network discovery protocols. Additional inputs inchude power injec-
tion region, voltage region, and line impedance. The psuedocode nitialize the variables and then
proceeds to perform the x-update, z-update, and Lagrangian multiplier update in a manner similar
to the processes described above until a stopping condition 1s reached. At which point, the process
outputs new voltage and power injection parameters for use by the node controller in the localized
control of the power distribution network. As discussed above, execution of the psuedocode by
node controliers distributed throvhgout a power distribution network can achieve OPE Specific
sinnulations of the OPV performance achieved using distiibuted power control in accordance with

various embodiments of the invention is discussed further below,

Case Study Using a Distributed ADMM Power Control Process

(0691 To demonstrate the scalability of the distributed processes described herein, the perfor-
mance of the distributed processes was simulated on a model of a 2,065-bus distribution circut
in the service territory of Southern Calitormia Hdison, The sunulation involved 1,409 houschold
foads, whose power consumptions are within 0.07kw-7.6kw and 142 comuercial loads, whose
power consumptions are within Skw-36.5kw. The simulation also included 135 rooftop PV pan-
els, whose nameplates are within (0.7—4.5kw, distnbuted across the 1,409 houses.

[3092] The network is unbalanced three phase. It is assumed that the three phases are balanced
and considered a single phase network. The voltage magnitude at each load bus 1s allowed within
10,95, 1.05] per unit (pu), ie. ¥ = 1.057 and v, = 0.957 for i € N, The control devices are the
rooftop PV panels whose reactive power injections are controlled, The objective s to minimize
power loss across the network, namely fi{p;, &) = € fori € N in (2). Each bus is a node and
there are 2,065 nodes in the network that include node controllers configured to solve the OPF
problem i a distributed manner using the various techniques described above.

[0693]  The simulation was implemented in Matiab 2013a and ren on Macbook pro 2013 with 1S
dual core processor, The following aspects are the main focus of the simulation. Solution feasi-

bility: the primal residual #* defined in (9a) measures the feasibility of the solution for ADMM.
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N\

NE— 2412 with respect to the

242

iterations k. Optimality: the dual feasibility error 5% defined in (9b) rueasures the optimality of
the solution for ADMM, Using a distributed process similar o the processes described above, the
dual residual ¢° = pllzF — 21| with respect to the iterations &, Computation time: the proposed
distributed aigorithm is run on a single machine. The total time can be divided by the number of
agents to roughly estimate the time required for each agent to execute its own distirbuted process
{exchading communication overhead).

[06%4] Duning the simulation, the stopping criteria was that both the primal and dual residual be
below 1074V and FIG, 12A illustrates the evolution of 7' /N and s5/+/N over iterations k. The
stopping criteria arc satisfied after 1, 114 iterations. The evolution of the objective value s dlus-
trated in FIG, 12B. It takes 1,153s to run 1,114 iterations on a single computer. Then the average

tivoe spent by each agent is roughly 0.56s {excluding comumumication overhead) when distributed
processes are utilized.

[G395]  Moreover, the advantage of deriving closed form expression is shown by comparing the
computation time of solving the subproblems between an off-the-shelf solver {CVX) and dis-
tributed processes implemented 1 accordance with an embodiment of present invention. In par-
ticular, the average computation time of solving the subproblem in both the x and ¢ update 1s
computed. In the x update, the average time required to solve the subproblem is 1.7 » 107%s for
the simulated distributed process but 0.2 for CVX. In the  update, the average time required to
solve the subproblemt is 5.1 x 10 %s for the simulated distributed process but 0.3s for CVX, Thus,
each ADMM iteration takes about 6.8 x 1074 but 0.5s for using 4 conventional solver,

(86961  Although the present invention has been described in certain specific aspects, many ad-
ditional modifications and vanations would be apparent to those skilled o the art, It is therefore
to be understood that the present wnvention can be practiced otherwise than specifically descenibed
without departing {rom the scope and sparit of the present invention including (but not himited (o)
performing the distributed processes here with respect to a sub-network only in a hybrid unple-

mentation of an OPF process in which some nodes are centraily controlled, other nodes receive

(42
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some operational parameters from a central node and calculate other operational parameters in a
distributed manner, and still further nodes operate in a completely distributed manner communicat-
ing only with ancestor and/or children nodes. Thus, embodiments of the present invention should
be considered m all respects as illustrative and not restrictive. Accordingly, the scope of the -
vention should be determined not by the embodiments ilustrated, but by the appended claims and

thew equivalents.
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What is claimed is:

1. A node controller, comprising:
a network interface;
& Processor;
& Memory confaining:
a distributed power control application;

a plurality of node operating parameters describing the operating parameter of a
node; and

a plurality of node operating parameters describing operating parameters for a set
of at least one node selected from the group consisting of an ancestor node and at least one
child node;

wherein the processor is configured by the distributed power control application to:

send node operating parameters to nodes in the set of at least one node;

receive operating parameters {rom the nodes in the set of at least one node;

calculate a plurality of updated node operating parameters using an iterative
process to deternuine the updated node operating parameters using the node operating
parameters that describe the operating parameters of the node, and the operating parameters of
the set of at least one node, where each tteration n the iferative process involves evaluation of
a ¢losed form solution; and

adjust the node operating parameters.

2. 'The node controller of claim 1, wherein the iterative process further comprises an

atternating direction method of multiphers { ADMM) process.

3. The node controller of claim 2, wherein the ADMM process further comprises an

(42
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x-update process, wherein the x-update process comprises minimizing an augmented

Lagrangian for an augmented Relaxed Optimal Power Flow (ROFE} expression.

4. The node controller of clainn 3, wherein the x-update process is subject to the

following constraints:

{H 0 . @) {n NN A
e — N DAY . v A\ .! _____
vy =y z.(i,fi b3y 8 e R xT )
OO @) 3
3 NS . i \&/ A
2« '{_7.' _zdi,fi,’)j_pi —‘PI
i
{ i ) . n e
X {\"“)Jz éi,i*xa’) gy 4
HS O

where v 1s a complex voltage, » is a real portion and x is an imaginary portion of a complex
impedance, £ is a real portion and @ is an imaginary portion of a branch power flow, £ is a
magnitude squared of the complex branch current, [ 15 the 4 layer number, € 15 a set of child

nodes, 7 15 the node, j is the child node, and A; is the ancestor node.,

8. The node controller of claima 2, wherein the ADMM process farther comprises a

z-update process, wherein the z-update process comprises nununizing an augmented

Lagrangian for an augmented Relaxed Optimal Power Flow (ROFE} expression.

6. The node controller of clairn 8, wherein the z-update process {urther coraprises

calculating a closed form expression of independent subexpression,

7. The node controller of claim 2, wherein the ADMM process further comprises a
Lagrange multiplier update process, wherein the Lagrange multiplier update expression

comprises g set of Lagrange multiplicrs.

8. The node controller of claiva 7, wherein each Lagrange multiplier in the set of
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Lagrange multipliers is evaluated by the processor using the following expression:

v

P e AR (AT BT )

>.2

where A is a Lagrange multiplier in the set of Lagrange multipliers, p is a constant, Ax+ Bz —¢

15 a constraint, & is current iteration, and &+ 1 is a next iteration.

8. The node controller of clairn 1, wherein the updated node operating parameters are
further calculated using the node operating parameters that describe a set of operating
2 2 £
parameters of at least one node selected from the group consisting of an ancestor node of the

ancestor node and at least one child node of the at least one child node.

16,  The node controller of claim 1, wherein the node operating parameters include
power wjection, voltage, branch current to the ancestor node, and branch power flow to the

ancestor node.

11, A power distribution network, comprising:
one or more centralized computing systems;

4 conununications network:

a plurality of node controllers, wherein each node controller in the plurality of node

controtlers contains:
a network mterface;
a node processor; and
a MeTory containing:
a distributed power control application;

a plurality of node operating parameters describing the operating pararncters

of a node; and

(42
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a plurality of node operating parameters describing operating parameters for
a set of at least one node sclected from the group consisting of an ancestor node and at least
one child node;

wherein the node processor is configured by the distributed power control

application to:

send node operating parameters to nodes in the set of at least one node;

receive operating parameters {rom the nodes in the set of at least one node;

calculate a plurality of updated node operating parameters using an iterative
process to determine the updated node operating parameters using the node operating
parameters that describe the operating parameters of the node, and the operating parameters of
the nodes m the set of at least one node, where each iteration in the ierative process mvolves
evaluation of a closed form solution; and

adjust the node operating parameters.

12, The power distribution network of claim 11, wherein the iterative process is part
of a distributed process for achieving Optimal Power Flow (OPF) that s sumplified using a

convex relaxation.

13, The power distribution network of claim 12, wherein the convex relaxation is a

second order cone program (SOCP),

14, The power distribution network of claim 11, wherein the node controllers are

modeled in the centralized computing system as a radial network.

18, The power distribution network of claim 11, wherein the node controllers are

modeled 1o the centralized computing system using Kirchhotls laws,

16, The power distribution network of claim 11, wherein the node controliers are
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modeled in the centralized computing system using a branch flow model.

17. The power distribution network of claim 11, wherein the tterative process further

comprises an alternating direction method of multiphiers (ADMM) process,

18,  The power distribution network of claim 17, wherein the ADMM process further
comprises an x-update process, wherein the x-apdate process comprises minimizing an

augmented Lagrangian for an augmented Relaxed Optimal Power Flow (ROPE) expression,

18, The power distribution network of claim 18, wherein the x-update process is

subject to the following constraints:

/V\\ 7 /7 73N ’
&0 {opl '\!/) PN
Vai =V —2{\!",1”1 +¥Q J + & '\il*Ll\;
O A0 N D
)\ A A\ AT )\
(P =ty 0l =P,
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(3}7; — e =0
N V4

where v is a corplex voltage, r is a real portion and x is an imaginary portion of a complex
inpedance, P s a real portion and @ is an imaginary portion of & branch power flow, £ is a
magnitude squared of the complex branch current, [ is the a layer number, G 15 a set of chid

nodes, § 1s the node, ;18 the child node, and 4, is the ancestor node.

-

28.  The power distribution network of claim 17, wherein the ADMM process further

comprises a v-update process, wherein the z-update process comprnises minimizing an

augimented Lagrangian for an augmented Relaxed Optimal Power Flow (ROPF) expression.

21, The power distribution network of claim 28, wherein the z-update process further

comprises calculating a closed form expression of independent subexpression,

22, The power distribution network of claim 17, wherein the ADMM process further

39,
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comprises a Lagrange multiplier update process, wherein the Lagrange multiplier update

expression comprises a set of Lagrange multipliers.

23. The power distribution network of claim 22, wherein cach Lagrange multiplier in

the set of Lagrange muitipliers is evaluated by the processor using the following expression:

;\A“K'{r'l — ;‘A“K + p{\ig\:ki 4 B;IHI (.\;

where A is a Lagrange multiplier in the set of Lagrange multipliers, p is a constant, Ax+ Bz —¢

18 & constraint, k is current iteration, and £+ 1 18 a next teration.

24, The power distribution network of claim 11, wherein the updated node operating
parameters are further calculated using the node operating parameters that describe a set of
operating parameters of at least one node selected from the group consisting of an ancestor

node of the ancestor node and at least one child node of the at least one child node.

25, 'The power distribution network of claim 11, wherein the node operating
parameters include power injection, voltage, branch current to the ancestor node, and branch

power flow to the ancestor node.

40,
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Distributed Process of Optimal Power Flow
Input: network 7, powaer injection region §;, voltage region (v, 7)), line impedance z
Qutput: voltage v, power injection =

1. Initialize the variables with any number,

2. Herate the foliowing step until a threshold.
a. x-update: each agent i solves (14} o update x.
b. z-update: each agent { solves (16} to update =.
¢. multiplier update: update 4, 11,y by (8¢}
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