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MULTIPHASE FLOW IN POROUS MEDIA

RELATED APPLICATIONS
[0001] This application claims priority to and the benefit of a US Provisional
Application having Serial No. 62/155,799, filed 1 May 2015, which is incorporated by

reference herein.

BACKGROUND

[0002] A geologic environment can include one or more fluids that may be in,
adjacent to, etc., one or more porous media. For example, one or more fluids may
exist in reservoir rock. Depending on conditions such as pressure, temperature, etc.,
fluid or fluids may exist in multiple phases (e.g., consider liquid and gas phases).
Porous media may be characterized, for example, by one or more properties, such as,
for example, permeability. As an example, fluid may be move or flow within a geologic
environment due to one or more types of forces (e.g., pressure forces, buoyancy forces,
etc.). For example, an operation may include drilling a bore into reservoir rock
characterized by one or more permeabilities and flowing one or more fluids from the
reservoir rock to the bore or, for example, flowing one or more fluids from the bore to
the reservoir rock. Modeling of physical phenomena may assist in planning, executing,

etc., one or more operations.

SUMMARY

[0003] A method can include receiving information associated with a geologic
environment; based at least in part on the information, computing values associated
with multiphase fluid flow in the geologic environment using a viscous flow upwind
scheme and a buoyancy flow upwind scheme; and outputting at least a portion of the
computed values. A system can include a processor; memory operatively coupled to
the processor; and one or more modules stored in the memory that include processor-
executable instructions to instruct the system to receive information associated with a

geologic environment; based at least in part on the information, compute values
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associated with multiphase fluid flow in the geologic environment using a viscous flow
upwind scheme and a buoyancy flow upwind scheme; and output at least a portion of
the computed values. One or more computer-readable storage media can include
processor-executable instructions where the instructions include instructions to: receive
information associated with a geologic environment; based at least in part on the
information, compute values associated with multiphase fluid flow in the geologic
environment using a viscous flow upwind scheme and a buoyancy flow upwind scheme;
and output at least a portion of the computed values. Various other apparatuses,
systems, methods, etc., are also disclosed.

[0004] This summary is provided to introduce a selection of concepts that are
further described below in the detailed description. This summary is not intended to
identify key or essential features of the claimed subject matter, nor is it intended to be

used as an aid in limiting the scope of the claimed subject matter.

BRIEF DESCRIPTION OF THE DRAWINGS
[0005] Features and advantages of the described implementations can be more
readily understood by reference to the following description taken in conjunction with the

accompanying drawings.

[0006] Fig. 1 illustrates examples of geologic environments;

[0007] Fig. 2 illustrates an example of a geologic environment and an associated
matrix;

[0008] Fig. 3 illustrates an example of a method;

[0009] Figs. 4A and 4B illustrate example plots of fractional flow;

[0010] Figs. 5A and 5B illustrate example plots of fractional flow;

[0011] Figs. 6A and 6B illustrate example plots of linear displacement associated

with a one-dimensional model;

[0012] Fig. 7 illustrates an example plot of gravity fractional flow including
projected contours of values;

[0013] Figs. 8A, 8B, 8C and 8D illustrate example plots of derivatives of gravity
fractional flow;

[0014] Fig. 9 illustrates an example plot of discretization errors;
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[0015] Fig. 10 illustrates an example graphic of a two cell model with gravity for
two-phase flow;

[0016] Figs. 11A and 11B illustrate example plots of phase velocities associated
with a two cell model and specified boundary conditions;

[0017] Figs. 12A and 12B illustrate example plots of residuals for a two cell model
for phase-velocity based upwinds and for hybrid unwinds, respectively;

[0018] Figs. 13A and 13B illustrate example plots of trajectories of iterative
solutions associated with a two cell model for phase-velocity based upwinds and for

hybrid unwinds, respectively;

[0019] Fig. 14 illustrates an example of a method;
[0020] Fig. 15 illustrates an example of a system;
[0021] Figs. 16A and 16B illustrate example plots of three-phase relative

permeability models associated with the modified Stone’s method Il and the linear
interpolation method, respectively;

[0022] Figs. 17A and 17B illustrate example plots of three-phase relative
permeability associated with Stone’s method Il and the linear interpolation method,
respectively ;

[0023] Figs. 18A and 18B illustrate example plots of fractional flow surfaces
without effect of gravity for water phase and oil phase, respectively;

[0024] Figs. 19A and 19B illustrate example plots of fractional flow surfaces with
the effect of gravity for water phase and oil phase, respectively;

[0025] Fig. 20 illustrates a graphic of an example of a two cell model with gravity
for three-phase flow;

[0026] Figs. 21A, 21B and 21C illustrate example plots of fractional flows
between cells of a model;

[0027] Figs. 22A, 22B and 22C illustrate example plots of phase velocities
between cells of a model with initial upwind directions;

[0028] Figs. 23A, 23B and 23C illustrate example plots of phase velocities
between cells of a model with first updates of upwind directions;

[0029] Figs. 24A, 24B and 24C illustrate example plots of phase velocities

between cells of a model with second updates of upwind directions;
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[0030] Figs. 25A, 25B and 25C illustrate example plots of phase velocities
between cells of a model with hybrid discretization and linear interpolation relative
permeabilities;

[0031] Fig. 26 illustrates an example of a plot of phase velocities in a two cell
model associated with a phase potential upwind approach and associated with a hybrid
upwind approach;

[0032] Figs. 27A, 27B and 27C illustrate example plots of linear displacement in a
one-dimensional model;

[0033] Figs. 28A, 28B and 28C illustrate example plots of vertical segregation in
a one-dimensional model;

[0034] Fig. 29 illustrates an example plot of convergence of water and gas
saturations in a cell associated with a phase potential upwind approach and associated

with a hybrid upwind approach;

[0035] Figs. 30A, 30B and 30C illustrate example plots of vertical segregation
with non-zero total velocity in a one-dimensional model;

[0036] Fig. 31 illustrates an example of a method;

[0037] Fig. 32 illustrates example of blocks for solution techniques that may

implement a hybrid upwind scheme; and
[0038] Fig. 33 illustrates example components of a system and a networked

system.

DETAILED DESCRIPTION

[0039] The following description includes the best mode presently contemplated
for practicing the described implementations. This description is not to be taken in a
limiting sense, but rather is made merely for the purpose of describing the general
principles of the implementations. The scope of the described implementations should
be ascertained with reference to the issued claims.

[0040] Fig. 1 shows an example of a geologic environment 150 that may include
layers (e.g., stratification) that include a reservoir 151 and one or more other features
such as a fault 153-1, a geobody 153-2, etc. As an example, the geologic environment

150 may be outfitted with any of a variety of sensors, detectors, actuators, etc. For
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example, equipment 152 may include communication circuitry to receive and to transmit
information with respect to one or more networks 155. Such information may include
information associated with downhole equipment 154, which may be equipment to
acquire information, to assist with resource recovery, etc. Other equipment 156 may
be located remote from a well site and include sensing, detecting, emitting or other
circuitry.  Such equipment may include storage and communication circuitry to store
and to communicate data, instructions, etc. As an example, one or more satellites may
be provided for purposes of communications, data acquisition, etc. For example, Fig. 1
shows a satellite in communication with the network 155 that may be configured for
communications, noting that the satellite may additionally or alternatively include
circuitry for imagery (e.g., spatial, spectral, temporal, radiometric, etc.).

[0041] Fig. 1 also shows the geologic environment 150 as optionally including
equipment 157 and 158 associated with a well that includes a substantially horizontal
portion that may intersect with one or more fractures 159. For example, consider a well
in a shale formation that may include natural fractures, artificial fractures (e.g., hydraulic
fractures) or a combination of natural and artificial fractures. As an example, a well
may be drilled for a reservoir that is laterally extensive. In such an example, lateral
variations in properties, stresses, etc. may exist where an assessment of such
variations may assist with planning, operations, etc. to develop a laterally extensive
reservoir (e.g., via drilling and completing a well, fracturing, injecting, extracting,
monitoring, etc.). As an example, the equipment 157 and/or 158 may include
components, a system, systems, etc. for fracturing, seismic sensing, analysis of seismic
data, assessment of one or more fractures, etc.

[0042] As an example, a system may be used to perform one or more workflows.
A workflow may be a process that includes a number of worksteps. A workstep may
operate on data, for example, to create new data, to update existing data, etc. As an
example, a workflow may operate on one or more inputs and create one or more
results, for example, based on one or more algorithms. As an example, a system may
include a workflow editor for creation, editing, executing, etc. of a workflow. In such an
example, the workflow editor may provide for selection of one or more pre-defined

worksteps, one or more customized worksteps, etc. As an example, a workflow may
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be a workflow implementable in the PETREL™ software, for example, that operates on
seismic data, seismic attribute(s), etc. As an example, a workflow may be a process
implementable in the OCEAN™ framework. As an example, a workflow may
implement one or more simulator such as, for example, the ECLIPSE™ simulator as a
reservoir simulator or the INTERSECT™ reservoir simulator (Schlumberger Limited,
Houston Texas). As an example, a workflow may include one or more worksteps that
access a module such as a plug-in (e.g., external executable code, etc.).

[0043] Fig. 1 also shows an example of a sedimentary basin 160 (e.g., a geologic
environment), an example of a method 180 for model building (e.g., for a simulator,
etc.).

[0044] As an example, reservoir simulation, petroleum systems modeling, etc.
may be applied to characterize various types of subsurface environments, including
environments such as those of Fig. 1.

[0045] In Fig. 1, the sedimentary basin 160, which is a geologic environment,
includes horizons, faults, one or more geobodies and facies formed over some period of
geologic time. These features are distributed in two or three dimensions in space, for
example, with respect to a Cartesian coordinate system (e.g., x, y and z) or other
coordinate system (e.g., cylindrical, spherical, etc.). As shown, the model building
method 180 includes a data acquisition block 184 and a model geometry block 188.
Some data may be involved in building an initial model and, thereafter, the model may
optionally be updated in response to model output, changes in time, physical
phenomena, additional data, etc. As an example, data for modeling may include one
or more of the following: depth or thickness maps and fault geometries and timing from
seismic, remote-sensing, electromagnetic, gravity, outcrop and well log data.
Furthermore, data may include depth and thickness maps stemming from facies
variations (e.g., due to seismic unconformities) assumed to following geological events
(“iso” times) and data may include lateral facies variations (e.g., due to lateral variation
in sedimentation characteristics).

[0046] To proceed to modeling of geological processes, data may be provided,
for example, data such as geochemical data (e.g., kerogen type, organic richness, etc.),

timing data (e.g., from paleontology, radiometric dating, magnetic reversals, rock and
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fluid properties, etc.) and boundary condition data (e.g., heat-flow history, surface
temperature, paleowater depth, etc.).

[0047] In basin and petroleum systems modeling, quantities such as temperature,
pressure and porosity distributions within the sediments may be modeled, for example,
by solving partial differential equations (PDESs) using one or more numerical techniques.
Modeling may also model geometry with respect to time, for example, to account for
changes stemming from geological events (e.g., deposition of material, erosion of
material, shifting of material, etc.).

[0048] A commercially available modeling framework marketed as the
PETROMOD™ framework (Schlumberger Limited, Houston, Texas) includes features
for input of various types of information (e.g., seismic, well, geological, etc.) to model
evolution of a sedimentary basin. The PETROMOD™ framework provides for
petroleum systems modeling via input of various data such as seismic data, well data
and other geological data, for example, to model evolution of a sedimentary basin. The
PETROMOD™ framework may predict if, and how, a reservoir has been charged with
hydrocarbons, including, for example, the source and timing of hydrocarbon generation,
migration routes, quantities, pore pressure and hydrocarbon type in the subsurface or at
surface conditions. In combination with a framework such as the PETREL™
framework, the ECLIPSE™ simulator, the INTERSECT™ simulator, etc., workflows may
be constructed to provide basin-to-prospect scale exploration solutions. Data
exchange between frameworks can facilitate construction of models, analysis of data
(e.g., PETROMOD ™ framework data analyzed using PETREL™ framework capabilities,
ECLIPSE™ simulator capabilities, the INTERSECT™ simulator capabilities, etc.), and
coupling of workflows.

[0049] As mentioned, for application of a numerical technique, equations may be
discretized using a grid that includes nodes, cells, etc. To represent features in a
geologic environment, a structural model may assist with properly locating nodes, cells,
etc. of a grid for use in simulation using one or more numerical techniques. As an
example, a structural model may itself include a mesh, which may, at times be referred

to as a grid.
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[0050] As to numerical techniques, a numerical technique such as the finite
difference method can include discretizing a 1D differential heat equation for
temperature with respect to a spatial coordinate to approximate temperature derivatives
(e.g., first order, second order, etc.). Where time is of interest, a derivative of
temperature with respect to time may also be provided. As to the spatial coordinate,
the numerical technique may rely on a spatial grid that includes various nodes where a
temperature will be provided for each node upon solving the heat equation (e.g., subject
to boundary conditions, generation terms, etc.). Such an example may apply to
multiple dimensions in space (e.g., where discretization is applied to the multiple
dimensions). Thus, a grid may discretize a volume of interest (VOI) into elementary
elements (e.g., cells or grid blocks) that may be assigned or associated with properties
(e.g. porosity, rock type, etc.), which may be germane to simulation of physical
processes (e.g., fluid flow, reservoir compaction, etc.).

[0051] As another example of a numerical technique, consider the finite element
method where space may be represented by one dimensional or multi-dimensional
‘elements”. For one spatial dimension, an element may be represented by two nodes
positioned along a spatial coordinate. For multiple spatial dimensions, an element may
include any number of nodes. Further, some equations may be represented by certain
nodes while others are represented by fewer nodes (e.g., consider an example for the
Navier-Stokes equations where fewer nodes represent pressure). The finite element
method may include providing nodes that can define triangular elements (e.g.,
tetrahedra in 3D, higher order simplexes in multidimensional spaces, etc.) or
quadrilateral elements (e.g., hexahedra or pyramids in 3D, etc.), or polygonal elements
(e.g., prisms in 3D, etc.). Such elements, as defined by corresponding nodes of a grid,
may be referred to as grid cells.

[0052] Yet another example of a numerical technique is the finite volume method.
For the finite volume method, values for model equation variables may be calculated at
discrete places on a grid, for example, a node of the grid that includes a “finite volume”
surrounding it (e.g., consider a “center” node of a grid block that represents a finite
volume). The finite volume method may apply the divergence theorem for evaluation of

fluxes at surfaces of each finite volume such that flux entering a given finite volume
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equals that leaving to one or more adjacent finite volumes (e.g., to adhere to
conservation laws). For the finite volume method, nodes of a grid may define grid cells
(e.g., grid blocks).

[0053] Fig. 2 shows an example of a geologic formation 202 and a well 204 and
an example of a corresponding matrix 206 (e.g., a Jacobian matrix of derivatives, etc.).
As shown, the geologic formation 202 is spatially discretized into nine cells that are
regularly ordered in space as three layers with three cells in each layer. In the
simplistic representation of the geologic formation 202 of Fig. 2, the cells are numbered
1 to 9 and their corresponding equations for pressure (P) and saturation (S) can be
represented readily in the matrix 206 as diagonal terms and various off diagonal terms
that may define a band-width (e.g., a banded matrix). For example, cell 1 has
neighboring cells 2 and 4 that result in off diagonal terms (see, e.g., the entries in
column 1, rows 2 and 4). In the example of Fig. 2, the presence of the well 204
introduces additional terms to the system of equations for the geologic formation 202.
As shown, these additional terms appear along a border of the matrix 206 as associated
with cells 1, 4 and 7. Thus, the matrix 206 includes diagonal terms and various off
diagonal terms that may collectively define a band-width as well as border terms that
may define a border width.

[0054] As explained with respect to Fig. 2, characteristics of a spatial grid (e.qg.,
structured, unstructured, etc.) can dictate how equations are setup in a simulator (e.g.,
matrix size, condition, sparseness, etc.), which may impact computational resource
demands, computation time, convergence, etc. As an example, a structured grid may
provide a matrix (e.g., a Jacobian matrix) that may be less sparse, more “organized”,
etc., when compared to a matrix associated with an unstructured grid. Based on such
factors, a reservoir simulator may be configured to perform simulations of geologic
formations represented by structured grids.

[0055] Fig. 3 shows an example of a method 310 that includes a calculation block
320 for calculating pore volumes, transmissibilities, depths and NNCs, an initialization
and calculation block 340 for initializing and calculating initial saturations, pressure and
fluids in place, and a definition and time progression block 360 for defining one or more

wells and surface facilities and advancing through time, for example, via material



WO 2016/178934 PCT/US2016/029924

balances for individual cells of a grid cell model of a geologic formation (e.g., with the
one or more wells as individual sinks and/or sources).

[0056] As an example, a grid cell model can include grid cells where properties
are defined with respect to a position or positions of a grid cell. For example, a
property may be defined as being at a centroid of a grid cell. As an example, consider
cell properties such as porosity (e.g., a PORO parameter), permeability in an x-direction
(e.g., a PERMX parameter), permeability in a y-direction (e.g., a PERMY parameter),
permeability in a z-direction (e.g., a PERMZ parameter) and net-to-gross ratio (e.g.,
NTG) being defined as averages for a cell at a center of a cell. In such an example,
the directions x, y and z may correspond to directions of indices (e.g., |, J and K) of a
grid that may model a geologic formation.

[0057] As to the initialization and calculation block 340, for an initial time (e.g., to),
saturation distribution within a grid model of a geologic formation and pressure
distribution within the grid model of the geologic formation may be set to represent an
equilibrium state (e.g., a static state or “no-flow” state), for example, with respect to
gravity. As an example, to approximate the equilibrium state, calculations can be
performed. As an example, such calculations may be performed by one or more
modules. As an example, a reservoir simulator may include a module for initialization
using data to compute capillary and fluid gradients, and hence fluid saturation densities
in individual cells of a grid model that represents a geologic formation.

[0058] Initialization aims to define fluid saturations in individual cells such that a
“system” being modeled is in an equilibrium state (e.g., where no external forces are
applied, it can be that no fluid flow takes place in a reservoir, a condition that may not
be obeyed in practice). As an example, consider oil-water contact and assume no
transition zone, for example, where water saturation is unity below an oil-water contact
and at connate water saturation above the contact. A cell (e.g., or grid cell) may
represent a point or points in space for purposes of simulating a geologic formation.
Where an individual cell represents a volume and where that individual cell includes, for
example, a center point for definition of properties, within the volume of that individual
cell, the properties may be constant (e.g., without variation within the volume). In such

an example, that individual cell includes one value per property, for example, one value
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for water saturation. As an example, an initialization process can include selecting a
value for individual properties of individual cells.

[0059] As an example, saturation distribution may be generated based on one or
more types of information. For example, saturation distribution may be generated from
seismic information and saturation versus depth measurements in one or more
boreholes (e.g., test wells, wells, etc.).

[0060] As mentioned, a reservoir simulator may advance in time. As an
example, a numeric solver may be implemented that can generate a solution for
individual time increments (e.g., points in time). As an example, a solver may
implement an implicit solution scheme and/or an explicit solution scheme, noting that an
implicit solution scheme may allow for larger time increments than an explicit scheme.
Times at which a solution is desired may be set forth in a “schedule”. For example, a
schedule may include smaller time increments for an earlier period of time followed by
larger time increments.

[0061] A solver may implement one or more techniques to help assure stability,
convergence, accuracy, etc. For example, when advancing a solution in time, a solver
may implement sub-increments of time; however, an increase in the number of
increments can increase computation time. As an example, an adjustable increment
size may be used, for example, based on information of one or more previous
increments.

[0062] As an example, a numeric solver may implement one or more of a finite
difference approach, a finite element approach, a finite volume approach, etc. As an
example, the ECLIPSE® reservoir simulator can implement central differences for
spatial approximation and forward differences in time. As an example, a matrix that
represents grid cells and associated equations may be sparse, diagonally banded and
blocked as well as include off-diagonal entries.

[0063] As an example, a solver may implement an implicit pressure, explicit
saturation (IMPES) scheme. Such a scheme may be considered to be an intermediate
form of explicit and implicit techniques. In an IMPES scheme, saturations can be
updated explicitly while pressure is solved implicitly. Another type of scheme is a fully

implicit scheme (e.g., fully implicit method, FIM). Examples of variations of such
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schemes include sequential FIM schemes, sequential explicit schemes, etc. Various
types of schemes exist, which may be implemented using one or more types of
numerical techniques (e.g., finite difference, finite element, finite volume, etc.).
[0064] As governing equations tend to be non-linear (e.g., compositional, black
oil, etc.), a Newton-Raphson type of technique may be implemented, which includes
determining derivatives, iterations, etc. For example, a solution may be found by
iterating according to the Newton-Raphson scheme where such iterations may be
referred to as non-linear iterations, Newton iterations or outer iterations. Where one or
more error criteria are fulfilled, the solution procedure has converged, and a converged
solution has been found. Thus, within a Newton iteration, a linear problem is solved by
performing a number of linear iterations, which may be referred to as inner iterations.
[0065] As an example, a solution scheme may be represented by the following
pseudo-algorithm:
/I Pseudo-algorithm for Newton-Raphson for systems
initialize(v);
do {
/INon-linear iterations
formulate_non_linear_system(v);
make_total_differential(v);
do {
/I Linear iterations:
update_linear_system_variables(v);
}
while((linear_system_has_not_converged(v));
update_non_linear_system_after_linear_convergence(v);

}

while((non_linear_system_has_not_converged(v))

[0066] As an example, a solver may perform a number of inner iterations (e.g.,
linear) and a number of outer iterations (e.g., non-linear). As an example, a number of

inner iterations may be of the order of about 10 to about 20 within an outer iteration
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while a number of outer iterations may be about ten or less for an individual time
increment.

[0067] As an example, a method can include a reception block for receiving data,
a simulation block for simulating physical phenomena and an output block for outputting
results. Such a method may include gridding (e.g., or meshing) a multidimensional
space that represents a geologic environment and performing, for example, one or more
processes, techniques, etc., to generate a solution or solutions as to physical
phenomena associated with the geologic environment. As an example, one or more
field operations in a geologic environment may be undertaken based at least in part on
such a solution or solutions (e.g., drilling, injecting, producing, fracturing, etc.).

[0068] As an example, multi-phase flow in a porous medium or media may be
modeled via flow and transport equations, which can be nonlinear. As mentioned, a
solution to a system of nonlinear equations may be achieved via an iterative technique;
however, convergence to a reasonable solution may not be guaranteed.

[0069] A solution technique for a system of nonlinear equations can include
discretization of one or more domains, for example, in space and/or time.

Discretization may be achieved via a spatial grid and, for example, time stepping. For
example, a system of equations may be solved for unknowns that are specified in space
via a grid (e.g., grid cell centers, grid cell nodes, etc.). As another example, a system
of equations may be solved for unknown locations in space and/or time, for example,
via an inverse technique.

[0070] As an example, a solution technique may involve an upwind scheme. An
upwind scheme may be considered as a class of numerical discretization techiques.

As an example an upwind scheme may be applied to solve a system of equations that
includes one or more hyperbolic partial differential equations (PDEs). A hyperbolic
PDE of order n may be considered to be a well-posed initial value problem, for example,
for afirst n 1 derivatives. As an example, a conservation law may be modeled at least
in part via a system of equations that includes one or more hyperbolic PDEs where the
conservation law states, for example, that a particular measurable property of an

isolated physical system does not change as the physical system evolves over time.
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[0071] As an example, an upwind scheme may implement an adaptive or
solution-sensitive finite difference stencil to numerically simulate a direction of
propagation of information in a flow field. For example, an upwind schemes can
attempt to discretize a system of equations that includes one or more hyperbolic PDEs
by using differencing biased in a direction determined by signs of characteristic speeds.
[0072] While hyperbolic PDEs are mentioned, a system of equations may include
one or more other types of equations. As an example, a system of equations may
include one or more ellipitic PDEs, one or more parabolic PDEs and/or one or more
hyperbolic PDEs. With respect to multiphase fluid flow, a pressure equation may be
elliptic with respect to pressure (e.g., P), noting that where density varies, the equation
may be parabolic. As an example, a saturation equation for saturation (e.g., S) can be
parabolic and, for example, can be hyperbolic where capillary pressure is ignored.
[0073] In modeling multiphase fluid flow, “total velocity” may be used in a
pressure formulation, which tends to be smoother than phase velocities, where total
velocity may be computed as a sum of individual phase velocities. For example, a two-
phase scenario can include two individual phase velocities, a three-phase scenario can
include three individual phase velocities, etc. As an example, a scenario may model
change of phase, for example, consider modeling flow with change of phase. As an
example, a scenario may model flow with respect to gravity, for example, where
bouancy and/or other phenonmea are taken into account.

[0074] As an example, reservoir simulation can include modeling flow in a porus
medium or media. As an example, a reservoir model may include relatively porus
media and media that may be relatively impermeable, which may, for example, bound
one or more porus media.

[0075] As an example, a reservoir simulation can include discretizing a model
with respect to space and/or time. In such an example, the discretization scheme (e.g.,
or schemes) can impact numerical stability of a time-stepping algorithm. Where gravity
is taken into account, multi-phase flow can be, for example, co-current and/or counter-
current depending on the relative strength of viscous and gravitational forces.

[0076] As an example, a method may implement one or more upstream

formulations, for example, in a finite volume method in the presence of gravity. For
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example, consider implementation of an upwind scheme that employs a hybrid form for
viscous and buoyancy flows. In such an example, the viscous part can include co-
current flow and a bounancy part that is counter-current with zero total velocity.

[0077] As an example, a method can aim to diminish non-convergence risk as to
an iterative solution technique, which may occur with phase-velocity-based upwind
approaches that incur discontinuous transmissibility functions in transitions between co-
current and counter-current flows. As an example, a hybrid upwind scheme may yield
relatively smooth, consistent discretization of transport equations in the presence of
gravity. As desribed in various examples, a hybrid upwind scheme can provide a
continuous transition of transmissibilities between co-current and counter-current flows,
which, in turn, helps to ensures numerical convergence of an iterative solution
technique for transport equations.

[0078] Various examples of equations are presented below that pertain to
examples of two-phase flow and that pertain to examples of three-phase flow (e.g.,
multiphase flow scenarios). For conveience, various equations are labeled “A” as to
examples of two-phase flow and various equations are labeled “B” as to examples of
three-phase flow. Various equations may be implemented in a scheme or schemes for
multiphase flow, for example, multiphase flow in a geologic environment that can

include one or more reservoirs.

A1. Introduction

[0079] For oil/gas reservoir simulation, numerical stability (e.g., instability
indicated by a non-converging solution) can limit time step size. A small time step
translates to more iterations as well as more numerical digitization error; whereas, a
larger time step translate to fewer iterations, perhaps a more rapid solution, however,
possibly with less accuracy (e.g., where a “jump” in time may fail to follow physical
phenomena).

[0080] Non-linear coupling exists in flow and transport problems, where
numerical stability may not be well understood. To improve numerical stability, a

reservoir simulators may employ a fully implicit formulation (FIM) of pressure and
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saturation. Such an approach may yield higher numerical diffusion in solution than, for
example, an implciit pressure and explicit saturation formation (IMPES).

[0081] In reservoir simulation, where non-convergence is encountered in an
iterative solution process of non-linear flow and transport equations, one approach to
address such non-convergence involves aggreessively reducing time-step size in an
effor to achieve numerical convergence, which can have an accompanying redution in
numerical efficiency.

[0082] Techniques that attempt to provide for stable time stepping in practical
reservoir simulation, include a trust-region that aims to ensure convergence in iterative
algorithms and a sequential fully implicit solution algorithm for nonlinear transport
problems that implements an unconditionally stable algorithm for two-phase flow in
porous media without gravity effect (e.g., to apply arbitrary large time steps, if the
gravity effect is negligible).

[0083] The effect of gravity and capillary pressure has been examined as its
impact on numerical stability of Newton’s method in solving non-linear transport
equations for two-phase flow. For example, gravity and/or capillary pressure can
induce counter-current flow that can incur a substantial numerical instability in reservoir
simulation.

[0084] Pressure and saturation solutions from coupled flow and transport
equations differ in their characteristics, as mentioned, pressure can be elliptic and
saturation can be hyperbolic. As an example, given such differences, numerical
algorithms may account for pressure and saturation in a somewhat “separate” manner.
[0085] As an example, a sequential fully implicit method (e.g., sequention FIM)
can allows for exploration of various different algorithms for pressure and saturations.
As an example, total velocity in a geologic environment may change quite slowly. As
an example, a total velocity-fractional flow formulation can facilitate development of a
stable-time-stepping algorithm. For example, in a multi-scale finite volume formulation
phase velocities can be computed from the total velocity. As an example, a scheme
can include calculating phase velocity based on upstream directions in a combination of

viscous co-current flow and gravitational counter-current flow.
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[0086] As an example, to provide for a stable numerical algorithm for a fully
implicit scheme, a method can implement an upwind direction in the presence of gravity,
for example, to account for flow direction, which may change from co-current to counter-
current or vice-versa. In such an example, upwind direction changes may yield
discontinuous derivatives of fractional flow in Newton iterations in solving the transport
equation for saturation. As an example, upwind directions, for given total velocity and
gravity effect, in a sequential fully implict formulation may be implemented.

[0087] Among conservative algorithms to solve the conservation equations, a
one-point upwind scheme may be employed in reservoir simulation. In such an
example, the transmissibility in discretized conservation equations is computed from the
properties of the cell in upwind. As an example, a phase velocity based upwind for
multi-phase flow in porous media in the presence of gravity may be implemented in
reservoir simulation.

[0088] As to gravity, various phenomena can depend on how a model is
discretized. For example, in the presence of gravity, neighboring cell properties can be
discontinuous, even in a discretized model with a relatively small cell size. For
example, as co-current flow becomes counter-current due to a gravity effect, numerical
difficulty may arrise due to discontinuous transmissibility functions that are strongly
dependent on upwind directions. Such phenomena (e.g., physical phenomena and
numerical phenomena) may explain why a reservoir simulator experiences numerical
difficulty in performing a simulation study.

[0089] Whether in a model or in a geologic environment, gravity force can induce
localized flow redistribution (e.g., move lighter fluid upward and heavier fluid downward).
In essence, this may be equated to an upwind direction as to a buoyancy force being
fixed, for example, being independent of pressure and a main flow field. As an
example, a consistent, smooth hybrid upwind method for multi-phase flow in the
presence of gravity may leverage such an assumption.

[0090] In Section A2, below, the transport equation is presented with gravity as a
general form of conservation equation. In Section A3, a hybrid upwind formulation for
multi-phase flow in porous media in the presence of gravity is presented and the

properties of fractional flow curves are examined. In Section A4, a derivation is
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presented for the total velocity and fractional flow formulation from the transport
equations of two-phase flow in porous media. In Section A5, mathematical and
numerical properties of hybrid upwind methods are examined, in comparison with the

other phase-velocity-based upwind methods.

A2. Conservation Law
[0091] The nonlinear conservation law for two-phase flow with gravity can be

expressed in a general form as

0S
a—;+V-(f1(S,82)u+f3(8,82)Cg)=—q1, (A1)

oS
q)a_tz"‘V‘(f2(81,82)u_f3(81,82)Cg)=_qz- (A2)
[0092] Here, the variable ® denotes porosity and { time. The subscripts 1 and

2 indicate the non-wetting phase (oil) and the wetting phase (water), respectively. The

f,,f, and f; are highly nonlinear fractional flow functions of S, and S,, and g, and

q, denote the source terms. The nonlinear functions f;, f, and f; are derived from

Darcy’s equations of two-phase flow in porous media in Section A4.

[0093] The total velocity U is the sum of phase velocities:
u=u, +U,, (A3)
and Cg Is a constant that depends on physical properties (i.e., densities, gravity

direction and permeability). In general, as the saturation has a unit constrain:
1=§,+S,, (A4)
one equation from Egs. (A1) and (A2) is independent.
[0094] In the presence of gravity, the phase velocities can be either co-current or
counter-current. The functional dependency of fractional flow functions can be
complex for counter-current flow because each phase may have a different upwind
direction. The conservation equations, Egs. (A1) and (A2), indicate that gravity
increases the flux of the lighter fluid upward (e.g., in the opposite direction of gravity)

and that of the heavier fluids downward (e.g., in the direction of gravity) and the sum of
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phase fluxes due to gravity effect remains approxmately zero. Further, the flux term

f3Cg can be independent of the flow condition, i.e., U, and dependent on the

saturation distribution. With recognition of such behavior (e.g., being acceptable for
various conditions), a continuous, stable upwind discretization of the multi-phase
conservation law with gravity can be formulated.

[0095] From this section, the oil-phase saturation is considered to be a primary

variable and S without a phase index denotes S,. The discretized conservation law,

Eqg. (A1), can be given by

DV,
Tt'(s,."+1 =S+ D (S Sy +£5,;(S,,S,)C,) = -y, (A5)
jeNi
[0096] Here, ; denotes the neighboring cells of cell I ; and the subscript Jf

denotes the properties at the interface of cells / and j. The fractional flow functions
are, in general, dependent on the saturation of the cell 1, S,-, and that of the

neighboring cell j , S;.

;- The phase saturations, S; and S, in f;; and f;; are

kept to allow each phase flow to have a different upwind direction.

A3 Upwind Methods in Discretization

[0097] Reservoir simulation aims to achieve stable computation in the presence
of heterogeneous permeability and complex physics associated with phase behavior
and multi-phase flow. A fully implicit scheme (e.g., FIM) may be employed in practical
studies, even though large numerical dispersion can be experienced. As an example,
phase-velocity-based upwinds may be used in reservoir simulation.

[0098] Below, a phase-velocity-based upwind approach and Godunov’s upwind
approach are examined, noting that the latter may be implemented in reservoir
simulation, which may, for example, converge to an entropy solution in an explicit

scheme.

0099] These two approach are not inherently C' continuous. As such,
[ PP y

Newton’s iterative method may experience difficulty in numerical convergence. To
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reduce risk of numerical non-convergence, a method can inlcude implementing a hybrid
upwind approach for multi-phase flow with gravity that, for example, employs different
upwinds for viscous flux and gravitational flux. In such an approach, upwinds may
include a first set of upwinds for viscous flux and a second set of upwinds for
gravitational flux. For example, such an approach may associate one type of physical
phenomenon with a first set of upwinds and a second type of physical phenomenon with
a second, different set of upwinds.

[00100] As an example, a method can include implementing different upwinds for

viscous flux and for gravitational flux via a hybrid upwind approach to achieve C'
continuity. Such a method can be consistent with the phase-velocity-based upwind
method for two limit cases, pure viscous flow and gravitational segregation. The
mathematical properties of the hybrid upwind method are, in a detail, set forth in Section
A5.

A3.1 Phase-velocity-based upwinds

[00101] In the sequential fully implicit algorithm (e.g., sequential FIM), the
saturation equations are iteratively solved with the total velocity fixed to preserve the
conservation of mass (i.e., divergence free). The algorithm for co-current flow can be
implemented by the total velocity and fractional flow formulation. However, for the case
of counter-current flow, the original fractional flow that is dependent on a single

saturation has to be modified to maintain mass conservation at the cell interface. If the
relative permeability at the boundary of cells / and j is determined by the upstream

saturation of phase «, the phase velocity at the cell boundary is given by:

k. (S7
i =k (a5 g, n6)

(24

where Ap is the pressure difference and VH is a unit vectorin Z direction. Here,

the phase saturation at the interface of the cells / and j is defined by

S¢=87 if uf=0

i =

=Sy if ujf <0. (A7)
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[00102] The fractional flow functions at the interface of the cells / and j are

rewritten as

— 1 Q2
i §(S1.S2) = (S, ) (A8)
— 1 Q2
f3,1(S1,S;) = £5(S;, S5).- (A9)
[00103] Phase velocities can be co-current or counter-current depending on the

flow and gravity directions. In practical reservoir simulation, the phase velocity is
computed by the phase potential difference and the relative permeability of the phase
saturation in upwind. This can simplify computation of the phase velocities at the cell
interface. Nevertheless, as the phase velocity is a combined velocity from viscous and
gravity forces, the upwind direction can easily be altered due to small potential
differences from gravity equilibrium. In reservoir simulation, such discontinuous upwind

changes can destabilize numerical convergence.

A3.2 Hybrid upwind method
[00104] In the previous subsection (A3.1), upwinds based on the phase velocity
are set forth. In this subsection, an example of a different upwind method that is

dependent on flow types (e.g., viscous and gravitational flows) is set forth. The flux at

the boundary of cells / and J includes two parts: (1) f1u,.j from viscous flow and (2)
f,Cg from gravitational force.
[00105] The viscous part employs the upwind from the total velocity, uj, direction

and the gravitational part has a fixed upwinds for phases that are dependent on the
gravity direction and the density difference in phases. The phase upwind cell due to

the total velocity can be defined by
Sy =S¢ if u;=0
= Sf‘ if u; <0 (A10)
and due to the gravity is defined as
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1

Sg;=S] and S3;=S7 if (x;—x;)-g=0

Sg; =S and S3;=S7 if (x;-x;)-g<0. (A11)
[00106] The fractional flow functions can be given by

f, 1(S1.S2) = 1,(S},S7) (A12)

3/](8118) f(SGU’ Glj) (A13)
[00107] Note that the upwinds on viscous part are dependent on the total velocity

direction that may be changing slowly or staying in the same direction and the

gravitational part has fixed upwinds that are independent of the flow field. This tends to

make the hybrid upwind approach stable and consistent. Further its C' -continuity can
help with convergence of an iterative Newton solution of nonlinear transport equations.
Note that two different upwinds with viscous flow and gravitational flow (e.g., viscous
flux and gravitational flux) entail an adjustment term in the discretized Darcy’s flow Eq.
(AB):

vy ,11 vl
= k2; (Ap+ p,9gVH) + (- 9 91YS (o, = Py)- (A14)
’1/'1 Aoy 7

[00108] Figs. 4A and 4B show plots of fractional flow for m=1 and m=5 (e.g., m

being a viscosity ratio) where Fig. 4A is for f, and where Fig. 4B is for f;.

[00109] Figs. 5A and 5B show plots of fractional flow curves for phase 1 where

Fig. 5A is for m= 1 and where Fig. 5B is for m= 5 (e.g., m being a viscosity ratio).

A4. Two Phase Flow in Porous Media

[00110] Darcy’s law for two phase flow with gravity can be written as
= —kK, 444,(VP + ;1 gVH) (A15)
kK, 21(VP + p,gVH). (A16)
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[00111] From Egs. (15) -(16) it is possible to derive
uy = £(S)u +£(S)C, (A17)
u, =f,(S)u - £,(S)C,, (A18)

where S denotes the saturation of phase 1 (i.e., oil). The total velocity is defined as
u=u,+u, (A19)

and the fractional parameters are given by

f,= kr,1kr,1 + mkr,z (A20)

f, =mK, K., +mKk,, (A21)

fy =mk, K, oK, 1 + MK, 5. (A22)
[00112] Here, m is the viscosity ratio, 1/y,. The velocity due to gravity force

can be characterized by a variable, Cg,

Cq =kg(p2 — P11 VH, (A23)
where U, is a characteristic velocity and H is the height. Note that velocities u, U,
and U, in Egs. (A17) and (A18) are also non-dimensionalized with respect to U, .
Thus, variables may be nondimensionlized with respect to characteristic variables, /C,
Us, t,(=1,/u,), and p,(= Uglyialk).
[00113] The f, and f, with the viscosity ratio m=1 and 5 are plotted as a

function of S in Figs. 4A and 4B, respectively. The first fractional flow curve f, is a

monotonic S-shaped function with one inflection point. The second fractional flow
curve due to gravity force is a maximum point and two inflection points in the left and
right had sides of the maximum point. When these two curves are combined to yield a

total fractional flow curve, the curves can become non-monotonic depending on the

ratio of viscous (U ) and gravity (Cg). It is instructive to examine fractional flow curves

from Eqgs. (A17) and (A18). It is possible to choose the total velocity as the characteristic

velocity (U, = u). In Figs. 5A and 5B, plots show the fractional flows for phase 1 (
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F, = u,/u) with viscosity ratios 1 and 5, respectively, and quadratic relative

permeabilities.

kr,1 = 312 (A24)
k., =S5=(1-8)°. (A25)
[00114] The fractional flow curves are monotonic if 0 < ng <1, whereas it can

become a non-monotonic function for ng >1 or ng < 0. The fractional flow can

be less than zero or larger than one, depending on the directions of gravity force and
velocity. This can cause numerical difficulty if Newton iterations of the nonlinear

equations do not take the actual pattern of theses curves into account. Note that the

fractional flow curve from negative Cg and positive U is equivalent to that from
positive Cg and negative U. In practical simulation with fixed coordinates, it is

possible to maintain Cg positive, but the mean velocity can be either positive or

negative. Note that without loss of generality, the case with negative mean velocity is

equivalent to the case of positive mean velocity with negative Cg by selecting an

appropriate coordinate to make the mean velocity positive.
[00115] Figs. 6A and 6B show linear displacement in a one-dimensional model
with 40 cells between top and bottom boundaries. The gravity is in a z direction and

pressures at top and bottom boundaries remain constant. The initial saturation is

S, =1(S,, =0)) for z>0. Fig. 6Ais for a high pressure gradient, Fj,, =0 and
Fyot =100, and Fig. 6B is for a low pressure gradient, F,, =0 and F,, =40.

[00116] Fig. 7 shows gravity fractional flow (f;), including projected contours.

[00117] Figs. 8A, 8B, 8C and 8D show first and second order derivatives of gravity
fractional flow: Fig. 8A (df,/dS;), Fig. 8B (df,/dS,), Fig. 8C d*f,/dS? and Fig. 8D

a’f,ldS?.
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[00118] For the hybrid upwind discretization method, f; can be shown to be

dependent on two neighboring cell saturations. The functional form and its first and

second derivatives may be examined. In Fig. 7, the functional form f; is plotted as a

function of saturations of cell / (lower in z-direction) and j ( upper in z-direction). It

clearly shows that f, becomes maximum at S; =1 and Sj =0 that is the most
unstable situation from the gravity equilibrium. It is noteworthy that f; becomes zero at
the other three corners ( S; =0,S; =0, §;=1,5;=0 and S;=1,S;=1). Further,
a monotonically decreasing function from the maximum point (S,- =1 ,Sj =0). These

properties may be utilized in designing an under-relaxation method for iterative

saturation solution to be in trust regions. The first and second derivatives of f; are

plotted in Figs. 8A, 8B, 8C and 8D.
[00119] As an initial examination of the consistency and convergence of the
hybrid-upwind scheme, a time-dependent problem is solved using different upwind

methods: phase-velocity-based and hybrid upwinds. A one dimensional vertical

problem with 40 cells is employed with S,,, =1.0, S;;, =0,and F,, =0. Two

different pressure conditions are appleid at the bottom to control viscous and gravitation

flow: (a) F,,; =100 and (b) F,,, =40. Ina high pressure gradient case (a) the

ot
saturation may be more dispersive and in the second case the front may become stiffer
as the gravity force tends to segregate the saturation. The saturation profiles from
these two cases are shown in Figs. 6A and 6B, respectively. The differences in solution
in (a) is almost negligible; but whereas in (b) it can be observed that a more dispersive
solution from the hybrid upwinds exists. The solution differences are shown to be

within an order of discretization error.

A5. Some Mathematical and Numerical Properties of an Example Hybrid Upwind
Method
[00120] In reservoir simulation, a switch in the upwind direction entails a new

iteration with updated upwinds. As discussed in A3.2, the fractional flow in the hybrid
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upwind method can be dependent on the total velocity for the viscous part and the
gravitational part can employ fixed upwinds. Since the total velocity field tends to be
more stable in numerical simulation than the phase velocity, the upwind switch in the
hybrid upwind scheme may be minimal.

[00121] As an example, an unlimited time step size may be stably used without
gravity effect, in which the total velocity is weakly dependent on the mobility ratio and
the flow direction is fixed due to the fixed locations of production and injection wells.
Since the phase-velocity-based upwinds have been used in practical applications of
reservoir simulation, it can be informative to compare these two upwind methods in
mathematical properties; especially, discretization errors, monotonicity, convergence,
and continuity in derivatives.

[00122] An examination of the numerical stability (convergence rate) of the hybrid
upwind method and differences in converged solutions from the phase-velocity-based
and hybrid upwind methods demonstrates various features of the hybrid upwind
method. As the solutions are dependent on a discretization scheme, one may first
examine whether the difference in solutions is of the same order of discretization errors

for smooth saturation fields.

AS5.1. Discretization error

[00123] The phase-velocity-based upwind finds use in reservoir simulation.
Differences in the discretization errors from the phase-velocity-based upwind and the
flow-type-based hybrid upwind set forth herein may be examined. For simplicity of

analysis, the flux equation of Eq. (A17) is examined for the given system of constant u

and Cg. The flux function between cells / and j can be expressed by a function of

a saturation, S , whose value is between the values of cell saturations, S,- and Sj.

uj =f(SHu; +£,(S)C,, where §;<S"<S; or §;<S <8,
(A26)

[00124] The discretized approximation of flux can be in a general form expressed

as
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=7(S,S))u; +1(S.S))C, (A27)

[00125] By applying the Taylor series expansion, it is possible to obtain

£(S')=£(S.S,)+ a"1(8 -S)+SL(S-8)+ O((S - 8)1) + O(S - 5

l
(A28)

[00126] Using a smooth spatial distribution of saturation, it is possible to estimate

the discretization errors :

E = uy(S;,S)) — us(S) =1 (F(S;,S;) = H(SNu + (£:(S1,S)) - H(SNC, |

of,
=|(u8—§ gas)(s S)+(u 1+C 3)(S -S)| (A29)

J

+0((S"-85))+0((S" - S))%).

[00127] Eq. (A29) indicates the discretization errors associated with hybrid
upwind method have approximatly the same order of magnitude (O(h)). It is still
instructive to examine discretization errors from hybrid upwind methods. These are

examined as to the phase velocity between two cells with (1) U, =1 and Cg =1 and
(2) u, =0.1 and Cg =5. Here, it can be assumed that the saturation is linearly
distributed: the upper cell has Sj =0.5+0.5aAh and the lower cell has

S, =0.5-0.50Ah . The « is the spacial gradient of saturation and Ah is the grid

size. The interface saturation between cells / and j is constant, S =0.5. Trials

included computing the discretization error in U, by changing the grid size Ah.
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[00128] Fig. 9 shows discretization errors of U;. As shown, two upwind methods

between cells / and jwere examined; the phase-velocity based upwind and the
hybrid upwind based on flow types. Assuming the saturation is linearly distributed, the

upper cell j has saturation (0.5 + 0.5aAh) and the lower cell / has

(0.5—-0.5aAh) . The first case involves co-current flow with 1, =1 and C, =1; and

the second case includes counter-current flow with 4, =0.1 and Cg =5.

[00129] Such a numerical exercise also represents the discretization error if

(S; —S;) < ah, where the saturation can be approximated linearly in the neighborhood

of a fixed point. The numerical computed phase velocity, U,, has a very weak

dependency on the upwind methods, either for co-current and counter current flows. If
the saturation is distributed in less stable mode (aAh < 0), the counter flow rate will
increase. It can be noted that the discrepancy between the two upwind methods
increases, but still remains within approximately the same order of discretization error.
As discussed, the discretization errors from both the upwind methods tend to be similar.
This numerical test helps to verify that numerical accuracy of the hybrid upwind

approach is comparable to the phase-velocity-based upwind approach.

A5.2. Monotonicity

[00130] Monotone approximation may be examined, for example, as the flux

function between two cells, F,,,(U,w)tends to be non-decreasing in the first argument
and non-increasing in the second argument: i.e., forany w, F_,(Uw)<F_,(v,w)
and F,(Wu)<F p,(W,v) if u<v.

[00131] In a hyperbolic system of transport equations from the IMPES method, it
may be shown that a monotone difference scheme with the standard upstream yields an
acceptable physical solution. Although the standard upwind method includes
numerical diffusion, the numerical diffusion can stabilize the solution in multi-

dimensional flow where velocity and saturation interacts.
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[00132] The numerical flux from upstream difference may be well-defined,
Lipschitz-continuous and consistent. Further, in two-phase flow an upstream scheme
can also be convergent to the entropy solution if the Courant—Friedrichs—Lewy (CFL)
condition is satisfied. An upwind scheme can be more dispersive than a Godunov
scheme, but both of them exhibit Lipschitz-continuity.

[00133] The next subsection demonstrates that an example hybrid scheme based

on flow types is C'- continuous, which can help as to convergence in Newton
iterations. In these example trials, the upwind scheme is shown to be monotone and to
yield a physically consistent solution. As an example, an implicit scheme with phase-
based upwind may converge to an entropy solution of the conservation law for an
arbitrary CFL number. As an example, an implicit scheme with hybrid upwinds may be
shown to satisfy a monotonic flux assumption.

[00134] Fig. 10 shows an example of a two cell model with gravity where an
interface exists between the two cells of the model.

[00135] Figs. 11A and 11B show phase velocities in the two cell model with the
boundary conditions: u, =0.01, Cg=0.05 and S, =0.4 inFig. 11Aand S, =0.8

in Fig. 11B. The PhV denotes the velocities computed by the phase velocity upwind
and Hyb by the hybrid upwind method and Gdn by the Godunov method.

A53. C' continuity

[00136] The transmissibility between two cells is dependent on the choice of
upwind properties in relative permeability. The upwind direction in horizontal flow (no
gravity effect) does not tend to change due to semi-permanent locations of injection and
production wells. The vertical multi-phase flow can change quickly in the presence of
strong gravity and weak viscous force. Further, the saturation distribution along the
flow direction is gradual with some dispersion in horizontal flow, whereas the fluids tend
to be vertically segregated due the continuous effect of buoyancy force.

[00137] In various example trials, sharp saturation changes can be noted between
the neighboring cells in the vertical direction (e.g., 100 % oil to 100 % water). The

upwind direction, as a result, has an influence in the vertical phase velocity. This
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strong dependency of upwind direction incurs numerical difficulty in applying large time-
steps in reservoir simulation. As an example, a hybrid upwinds approach for flow
types can reduce the dependency of phase velocity on upwind-direction changes
because the vertical buoyancy part can be set to employ, for example, a fixed upwind
(e.g., counter-current flow).

[00138] It is, thus, instructive to examine phase velocities from phase-velocity-
based and hybrid upwind methods with a model. For example, consider the two-cell
model depicted in Fig. 10 in which the upper and lower boundaries have the cell

saturation and pressure, S,,, F,, and S,

op P, respectively. If fluid motion is

ot
governed by viscous force or gravitational force, the phase flux functions tend to be the
same in both the phase-velocity-based and hybrid upwind methods. However, in the
case that viscous flow and gravitational flow are both of concern, phase velocities will
tend to show differences due to an upwind approach.

[00139] Figs. 11 A and 11B depict the phase velocities between cells 1 and 2 by a
phase-velocity-based scheme and a hybrid upwind scheme. Both are computed using
Egs. (A17) and (A18). In Fig. 11A, itis assumed S, =0.4 andin(b) S, =0.8. In
the plots, Godunov fluxes are shown, for example, to compare phase velocities.

Godunov fluxes may be given by Eq. (A32), further below.

[00140] In numerical experiments, it can be assumed that the total velocity and

gravity number are constant (U, = 0.1 and Cg =0.05) and the viscosity ratio is

m =5 and the quadratic relative permeability curves are employed. If the cell
saturations are identical (S; =S, =0.4 in Fig. 11Aand S, =S, =0.8 inFig. 11B),
the three upwind methods yield substantially equal fluxes. When the counter-current
flow occurs (e.g., S; =0.45), the phase-velocity-based upwind scheme changes

discontinuously the fractional flow dependency from one upstream saturation to two
phase-velocity-based-upwind saturations. As a result, discontinuous derivatives of the
fractional flow curves exist in Fig. 11B. The Godunov method also displays

discontinuous derivatives due to the upwind switching criterion, as shown in Eq. (A33),

which is dependent on the saturations and the reflection (sonic) point (S~ = 0.697).
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The Godunov method is designed for explicit time stepping, however, it can show that
the flux function has a kink which does not affect the method’s performance in an
explicit time setup.

[00141] In Fig. 1B, S, > S’ the flux function becomes constant for S,>0.6.

The flux function calculation can become complex and ambiguous when a counter-
current flow occurs. The phase-velocity based upwind may yield non-convergent
solutions for a system with heterogeneous flux functions. Such conernes are
associated with an explicit method that may be accurately solved by a Riemann solver;
however, the time-step size can be limited by the CFL conditions.

[00142] As mentioned, a hybrid upwind scheme may be implemented via an
implicit technique, which may yield a more stable (e.g., and dispersive) solution than an
explicit technique. The CFL condition does not apply in the implicit method. In an
implicit scheme, Newton iterations can become non-convergent if derivatives of flux
functions become discontinuous. The non-convergent behavior can be due to
discontinuity occuring in local regions (some grid blocks). A stable time-stepping
scheme can entail flux functions of continuous first order derivatives (C1(Q) ). As
shown in Fig. 11 the hybrid upwind scheme can provide flux functions with continuous
first derivatives (e.g., f e C'(Q)).

[00143] Figs. 12A and 12B show residuals for a two cell problem with the values of

S and S§*'. The initial saturations are S' =SJ =1 and the boundary cell

saturations are Sy,, =0.4 and S, =0.2. The time step size At =10, u, =1,

Cg =5 and m=1. Fig. 12A shows phase-velocity based upwinds and Fig. 12B

shows hybrid upwinds based on flow types (viscous and gravitational).

[00144] Figs. 13A and 13B show trajectories of iterative solutions for a two cell
problem with the values of S™' and S§*'. The initial saturations are S =Sj =1

and the boundary cell saturations are S,,, =0.4 and S, =0.2. S;,,=0.4 and

Spot =0.2. Thetime step size At=10, u,=-1, C,=5,iand m=1. Fig. 13A
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shows phase-velocity based upwinds and Fig. 13B shows hybrid upwinds based on flow

types (viscous and gravitational).

A5.4 Numerical convergence

[00145] The two-cell problem of Fig. 10 is examined. The initial saturations of
cells 1 and 2, are given by S1” = Sg =1 and the top and bottom boundary include cells

with Sy, =0.2 and Sy, =0.4. The time step size At=10, y,=-1 and C,=5.

In Figs. 12A and 12B, contour lines are plotted for the L, norm of residual for the value

of estimated solution Sf' 1 and Sg” from the formulation with phase-velocity-based
upwinds in Fig. 12A and that with the hybrid upwind based on flow types in Fig. 12B.
The contour lines from the phase-velocity based upwinds show the discontinuity in first

derivatives at S;=0.54 and S, =0.54. L, norm is Lipschitz continuous, but not
C'-continuous. In comparison, the L, norms of residuals from the hybrid upwinds are

C' continuous. This property can establish stable Newton iterations in solving
nonlinear saturation equations.
[00146] For this numerical example, numerical convergence trajectories are

examined from various initial guesses of a solution. Eight initial guesses of the solution
are examined: (S*"° 8*19)=(0,0),(0,0.5),(0,1),(0.5,0),(0.5,1),(1,0),(1,0.5)
and (1,1)). The convergence trajectories from the phase-velocity-based upwinds and
the hybrid upwinds based on flow types are plotted in Figs. 13A and 13B, respectively.
As the initial guesses are far away from the converged solution, a restriction can be

implemented to ensure that the iterative solution does not oscillate; A"S; <0.3 for

iterations v and cell /. As an example, an under-relaxation criteria can be developed
to expedite the iterative Newton solutions. In this example, the restriction criterion is
sufficient to examine the iterative convergence behavior from the different upwind
method. As shown, the hybrid upwinds tends to take fewer Newton iterations than the

phase-velocity-based upwinds. The convergence trajectory from the initial guess,
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(S{’”"’,SQ”"’) =(0,1), demonstrate the difference in iterative solutions. The

convergence trajectory from the phase-velocity-based upwinds goes through the upwind

direction changes at S5 : 0.54. It took more iterations than the solution from the

hybrid upwinds (6 versus 3 iterations).

[00147] Even though the two different upwinds yield solutions of about the same
order of discretization error, they converge to different solutions when the viscous and
gravitational forces tend to be relatively equal. Such a difference may tend to be
pronounced if the discretization is large in comparison of saturation changes as in this

example. Solutions from the phased-velocity-based upwind and the hybrid upwind

converged (S, S5) =(0.3092,0.3896) and (0.2927,0.3624), respectively.

The differences will tend to become smaller, for example, if the model is discretized with

more cells.

A6 Remarks

[00148] In the presence of gravity, the fractional flow tends to not be a monotonic
function and multi-phase fluids can flow in co-current or counter-current directions. The
upwind scheme based on phase velocity incurs a numerical instability due to
discontinuous upwind changes in fractional flow if the multi-phase flow changes from
co-current to counter-current.

[00149] The conservation equation from two phase flow in porous media with
gravity includes two parts: viscous flow and gravitational flow. The gravitational part is
counter-current with zero total velocity. An example hybrid upwind scheme based on
flow types, co-current for viscous flow and counter-current for buoyancy flow, may
employ one point upwind for the former and fixed counter-current upwinds for the latter.
Such a hybrid upwind scheme can help to ensure smooth transitions of fractional flow
(e.g., when the flow changes from co-current to counter-current, or vice versa).

[00150] As to mathematical and numerical properties of the hybrid upwind

scheme, in comparison with the phase-velocity-based upwind method, the phase-

velocity-based upwinds incur discontinuous derivatives of fractional flows (not C'

continuity) in transition between co-current and counter-current flows, that can result in
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non-convergence in iterative Newton solutions. In practical reservoir simulation, most
numerical instability is due to the upwind direction changes in non-linear iterations. In
contrast of phase velocities, the total velocity tends to change slowly, for example, due
to fixed positions of source and sink (wells). As an example, a hybrid upwind scheme
can handle upwind direction changes during Newton iterations. As shown, a hybrid
upwind scheme can gives approximatley the same order of discretization error as a
phase-velocity-based upwind scheme and may yield a slightly more dispersive solution
than a phase-velocity-based upwind scheme. An implicit scheme with hybrid upwinds
may satisfies a monotonic flux assumption. As a result, such an implicity, hybrid
upwind scheme may provide a monotonic solution.

[00151] In developing a stable time-stepping algorithm for multi-phase flow in
porous media, a smooth, consistent discretization of the conservation equation with
gravity is devised. As an example, nonlinear coupling between pressure and saturation
may be analyzed to devise an under-relaxation scheme, which may allow, for example,

relatively large and stable time-stepping.

A7 Godunov method
[00152] In the Godunov scheme, the upwind does not depend on phase velocity

and the fractional flow can be written as

f90(S) =£,(S1-S) (A30)

£7°9(S) = 1,(S,1-S). (A31)
[00153] The total flux function is defined by

f(S) = £ (S)u; + £ (S)C,,. (A32)

[00154] The Godunov fluxes are given by
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min  f(S) for S, <Sg,

SE[SL,SR]

f(S.,Sg) = (A33)

max f(S) for S, =Sk
SelSp .S, |

[00155] The Godunov method uses a Riemann solver. Eq. (A33) indicates that
the flux function as a function of S, is not C'-continuous at the sonic point of the flux

function.

Example Method

[00156] Fig. 14 shows an example of a method 1410 that includes a reception
block 1420 for receiving information associated with a geologic environment, a
computation block 1430 for, based at least in part on the information, computing values
associated with multiphase fluid flow in the geologic environment using a viscous flow
upwind scheme 1432 and a bouyancy flow upwind scheme 1434, and an output block
1440 for outputting at least a portion of the computed values.

[00157] The method 1410 is shown in Fig. 14 in association with various
computer-readable media (CRM) blocks 1421, 1421 and 1431 as well as 1433 and
1435. Such blocks generally include instructions suitable for execution by one or more
processors (or cores) to instruct a computing device or system to perform one or more
actions. While various blocks are shown, a single medium may be configured with
instructions to allow for, at least in part, performance of various actions of the method
1410. As an example, a computer-readable medium (CRM) may be a computer-

readable storage medium that is non-transitory and that is not a carrier wave.

Example Scenario

[00158] Fig. 15 shows an exmalpe of a scenario 1500 that includes inputs 1510,
outputs 1520 and a system 1550. As shown, the inputs 1510 can include field data
1511, model data 1512 and other data 1513 and the outputs 1520 can include fluid

physics 1521 (e.g., values associated with multiphase fluid flow), field development plan
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information 1522 and field operation information 1523. In the example, the system
1550 can include one or more information storage devices 1552, one or more
computers 1554, one or more network interfaces 1560 and one or more modules 1570.
As to the one or more computers 1554, each computer may include one or more
processors (e.g., or processing cores) 1556 and memory 1558 for storing instructions
(e.g., modules), for example, executable by at least one of the one or more processors.
The memory 1558 may provide for storage of information, for example, data received
for processing via one or more of the one or more processors 1556, data processed via
one or more of the one or more processors 1556, etc. As an example, a computer may
include one or more network interfaces (e.g., wired or wireless), one or more graphics
cards, a display interface (e.g., wired or wireless), etc.

[00159] In the example scenario, modules 1433 and 1435 of Fig. 14 are shown as
corresponding to viscous flow and bouancy flow, respectively. An example of two cells
is also illustrated as cell i and cell j where an interface exists between these cells. At
the interface, fluxes may exist. For example, a viscous flux and/or a gravitation flux
may exist at the interface. As shown, the viscous flux may be characterized in part by
a total velocity and the bouyancy flux may be characterized in part by gravity. In such
an example, the viscous flux may employ an upwind scheme based at least in part on a
direction of the total velocity and the bouyancy flux may employ an upwind scheme
based at least in part on a direction of gravity.

[00160] As an example, upwinds for viscous flow can be dependent on a direction
of total velocity, which may change relatively slowly and/or substantially maintain a
particular direction for some amount of time. As an example, upwinds for bouyancy
flow (e.g., gravitational flow) can be assigned to a fixed direction (e.g., a direction of
gravity) and may be formulated to be independent of a flow field. Such an approach to
upwinding may be referred to as a hybrid upwind scheme, which may exhibt numerical
stability and be consistent.

[00161] As an example, the scenario 1500 may provide for defining the structure
and properties of a reservoir, understanding fluid and rock physics, preparing a field

development plan and optionally performing one or more field operations.
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[00162] As an example, multiphase flow may include one or more of two-phase
flow, three-phase flow, etc. Three-phase flow in a reservoir model may be simulated
via a simulator, for example, a computing system that includes one or more processors,
memory operatively coupled to at least one of the processors and instruction stored in
the memory that may be executable by at least one of the processors to simulate
physical phenomena that can occur in a reservoir, for example, with and/or without
intervention (e.g., injection, production, heating, etc.). As an example, a reservoir may
be subjected to one or more enhanced oil recovery techniques (EOR). As an example,
a reservoir may be subjected to one or more fracturing operations (e.g., hydraulic
fracturing). As an example, a simulator may operate in conjunction with one or more
other simulators, plug-ins, modules, etc., which may, for example, provide for modeling
of one or more interventions, etc.

[00163] As an example, a simulator may operate in an iterative manner to
generate a solution to a system of equations. For example, a Newton method may be
applied where a solution may be found via a plurality of iterations that “converge” (e.g.,
to achieve an error or errors that are less than a target error or target errors).
Depending on the system of equations and imposed boundary conditions, etc.,
convergence may or may not occur (e.g., within an number of iterations, within an
acceptable target error, etc.). As an example, non-convergent iterations can occur in
Newton method-based solution techniques for a system of nonlinear transport
equations.

[00164] As an example, a method can include iteratively solving a system of

equations using a consistent, C' continuous discretization of transport equations that
aims to ensure a smoothly convergent solution. Such a system of equations may

account for numerical characteristics of three-phase flow such that a simulator can

implement a consistent, C' continuous discretization of transport equations that results
in a smoothly convergent solution.

[00165] As an example, consider three-phase relative permeabilities as germane
to mathematical properties in solving nonlinear transport equations. Three-phase
relative permeabilities may be difficult to measure in a laboratory. As an example, such

permeabilities may be correlated with two-phase relative permeabilities (e.g., oil-gas
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and water-oil systems). As an example, numerical convergence of non-linear transport
equations entail that three-phase relative permeabilities correlations tend to be a
monotonically increasing function of phase saturation and that consistency conditions of

phase transitions are satisfied. As an example, a method can include applying a linear

interpolation method, for example, to yield consistent, C' continuous three-phase
relative permeabilities, for example, where two phase relative permeabilities are
relatively monotonic and differentiable.

[00166] As an example, a method can include applying a hybrid upwind (HU)
scheme for multiphase flow (e.g., for two-phase flow to three phase flow, etc.). In such
an example, the phase flux can be divided into two parts based on the driving forces:
viscous and buoyancy. In such an example, the viscous-driven and buoyancy-driven
fluxes can be upwinded differently. Specifically, the viscous flux, which can be co-
current, can be upwinded based on the direction of the total velocity. Pure buoyancy-
induced flux has been shown to be dependent on saturation distributions and can be
counter-current.

[00167] In three-phase flow, the buoyancy effect can be expressed as a sum of
two buoyancy effects from two-phase flows, i.e., oil-water and oil-gas systems. As an
example, an upwind scheme for the buoyancy flux term from three-phase flow may be a
sum of two buoyancy terms from two-phase flows. The upwind direction of the
buoyancy flux in two phase flow can be fixed such that the heavier fluid goes downward
and the lighter fluid goes upward.

[00168] As an example, an implicit hybrid upwind (IHU) scheme for three-phase
flow can be locally conservative and produce relativiey monotone physically-consistent
numerical solutions. As in two phase flow, in a IHU scheme, the flux of a fluid phase
may remain continuous and differentiable as the flow regime changes between co-
current and counter-current conditions as a function of time, or (Newton) iterations.
Such an approach is in contrast to a standard phase-potential-based upwinding
scheme, in which the overall fractional-flow (flux) function is non-differentiable across

the transition between co-current and counter-current flows.

B1. Introduction
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[00169] Nonlinear coupled transport equations in reservoir simulation may be
solved by a fully implicit method (FIM) with implicit (backward-Euler) for time and phase-
potential-based upwinding (PPU) for the phase fluxes. For individual Darcy phase-flux,
single-point upwinding based on the gradient of the phase potential (phase pressure
plus gravity head) may be used. The implicit-PPU FIM formulation yields a system of
coupled nonlinear discrete residual (mass conservation) equations, which can be solved
for a given timestep. A Newton-based method may be used as the nonlinear solver.
The number of mass conservation equations per control volume can be equal to the
number of components used to describe the subsurface flow process. For instance,
there can be two nonlinear conservation equations per cell for immiscible two-phase
flow and three nonlinear conservation equations per cell for immiscible three-phase
flow. Reservoir simulators may, at times, suffer from difficulties in obtaining converged
numerical solutions of the coupled nonlinear system of residual equations for the
chosen timestep. For example, even though FIM may be unconditionally stable, the
nonlinear (Newton) solver may not be unconditionally convergent. Convergence
problems associated with a nonlinear solver can lead to limits on timestep size. Such
problems may affect the robustness of a simulator and limit an ability to perform
reservoir simulations of highly detailed subsurface models for one or more time spans of
interest. Moreover, such difficulties with a nonlinear solver may be expected to increase
as the multiscale physics associated with subsurface recovery processes gets much
more complex.

[00170] For two-phase flow with no gravity effect, nonlinearity in solving the
transport equations can be caused by the S-shaped fractional flow curves. As an
example, a physics-specific solver strategy for nonlinear two-phase flow in porous
media can be implemented, whereby properties of the flux function to guide the Newton-
based iterative updating of the saturation. Such an approach proposed an
unconditionally convergent algorithm for two-phase flow without buoyancy. Specifically,
the nonconvex, but monotone, fractional-flow (flux) function was divided into two trust
regions delineated by the inflection point. If the local (cell) saturation update proposed
by the full Newton step would cross the inflection saturation, the update is chopped

back to the inflection point.
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[00171] Two phase flow in the presence of gravity adds additional complexity in
fractional flow functions. In the presence of both viscous and buoyancy forces, the
different fluid phases (here, two) can flow together (co-current), or in opposite directions
(counter-current), across an interface. As the flow switches between co-current and
counter-current states, the upstream direction for one of the phase velocities changes.
In the standard phase-potential-based upwinding (PPU) scheme, the upstream direction
of a phase flux is determined based on the overall phase-potential difference. It follows
that the overall fractional-flow function obtained using PPU is non-differentiable across
the boundary between the co-current and counter-current flow regimes. So, as the flow
regime switches between co-current and counter-current states, the upstream direction
obtained using PPU switches accordingly, and the numerical flux becomes
discontinuous. Note that neighboring cells in a reservoir model can have quite different
properties, especially in, for example, absolute permeability; thus, in the presence of
strong buoyancy forces, discontinuities in the PPU numerical-flux can be quite severe.
Such discontinuities can lead to ill-conditioned Jacobian matrices and convergence
problems in the Newton-based iterative process.

[00172] As an example, a hybrid upwind scheme (HU) for two phase flow in the
presence of gravity may be implemented. In such an example, the viscous-driven flux
tends to be co-current with respect to the total-velocity, and the buoyancy-driven flux
tends to be counter-current (bell-shaped with zero end-points). Thus, for example, the
upstream for the numerical viscous-flux can be determined by the total-velocity flow
direction across the interface. For the counter-current numerical buoyancy-flux, the
upstream can be fixed such that the lighter fluid moves upward and the heavier fluid
moves downward. Such an approach can help to ensure a smooth transition, for
example, as the numerical overall fractional-flow may change from co-current to

counter-current (or vice versa) conditions. Such an HU scheme can be, for example,

C'-continuous. Such a HU scheme can gives an order of discretization errors in the
PPU approach.

[00173] In reservoir simulation a three-phase flow region can occur in one or more
parts of a reservoir model and can become a challenging numerical problem in

convergence of the non-linear iterative solution. For example, consider numerical
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difficulty that can be traced to inconsistent (or substantially non-monotonic) three-phase
relative permeabilities that may be used and, for example, complex phase upwind
directions (e.g., as in a conventional phase-potential-based upwind method). As an
example, three-phase relative permeabilities may be understood better and handled in a
manner that aims to ensure consistent, convergent solution. As an example, such an
approach may then be applied in an extended HU (e.g., developed for two-phase flow)
that can be applied to three-phase flow with gravity.

[00174] Three-phase relative permeabilities are can be time-consuming to
measure in a laboratory. As a result, three-phase relative permeabilities may be
correlated with two phase relative permeabilities (e.g., oil-water and oil-gas systems).
Furthermore, three phase relative permeability measurements at a laboratory may not
be suitable or applicable for certain reservoir simulations, for example, because of
differences in length scales (e.g., from 1-2 inches cores to 10 ft to 100 ft grid blocks).
As an example, an approach can aim to provide relative permeabilities for reservoir

simulation that have “nice” mathematical properties (e.g., consistency, substantial

monotonicity, and C continuity), which may act to diminish unwarranted numerical
difficulties in simulation. Consistency and monotonicity of the modified Stone’s method
Il and the linear interpolation method for three-phase relative permeabilities are
discussed below and, the later is employed for various analyses and numerical
computations (e.g., as it demonstrates better mathematical properties over the former).
[00175] The three phase transport equation can be expressed in total velocity and
fractional flow formulation. From this formulation, buoyancy force in three-phase flow is
a sum of buoyancy forces in two two-phase flows, e.g., oil-water an oil-gas systems.

As an example, an approach developed for the hybrid upwind scheme for two phase
flow with gravity may be extended to three-phase flow with gravity. The heaviest fluid
may be water and move down from buoyancy effect, and the lightest fluid may be gas
and move upward from gravity effect. The buoyancy force for an intermediate fluid such
as oil may be balanced between the buoyancy forces (e.g., between oil-water and oil-

gas systems). Based on physical principles, the hybrid-upwind scheme for three-phase

flow with gravity can be designed to yield consistent, C' continuous discretization.
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[00176] In Section B2, mathematical properties of the modified Stone’s method |l
and linear interpolation method for three-phase relative permeabilities are discussed
and the linear interpolation method is selected for reservoir simulation. In Section B3,
the transport equation of three-phase flow with gravity is set forth and fractional flow
formulations derived. In Section B4, an example of a hybrid upwinding discretization
scheme for three-phase flow in porous media in the presence of gravity is set forth and
the properties of the fractional-flow functions are examined. In Section B5, the
mathematical and numerical properties of the hybrid upwinding method are briefly
discussed and compared with a phase-potential based upwinding method, and in
Section B6, some numerical examples with the Hybrid Upwinding Method for linear
displacement, gravity segregation problems are presented.

[00177] Figs. 16A and 16B show three-phase relative permeability models where
the points are experimental data and the lines are from the modified Stone’s method Ii

for Fig. 16A and the linear interpolation method for Fig. 16B.

B2. Three-Phase Relative Permeability

[00178] Three-phase flow in porous media is not particularly understood owing to
the complexity of physical phenomena and practical difficulty in measuring three-phase
relative permeabilities. In a reservoir conditions, three-phase flow can occurs in one or
more areas, which may be limited. Nonetheless, three-phase flow may appear in a
reservoir simulation because of a length scale of one or more grid blocks likely involves
a combination of two-phase flows in the block. In such a situation, an understanding of
how three-phase relative permeabilities are measured or calculated and their relevance
in reservoir simulation can be helpful.

[00179] Due to the complexity of three-phase relative permeability measurements,
three-phase relative permeability may be approximated by a combination of two two-
phase relative permeabilities, e.g., water-oil and oil-gas systems or other systems. As
an example, three-phase relative permeabilities correlations that may be used in
industry. As an example, a simulator may apply the Linear interpolation method, for
example, for reservoir simulation. The modified Stone’s method Il may be employed in

industry, but its substantially non-monotonic characteristics and negative values of the
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correlations often incur difficulties in numerical convergence. Baker proposed two
simple correlations for three-phase relative permeabilities: Saturation-Weighted
Interpolation and Linear Interpolation. Heiba also studied three-phase relative
permeabilities with a statistical network model and percolation theory, and later stated
that the Linear interpolation method can approximate statistical/percolation results.
[00180] The mathematical characteristics of the modified Stone’s method Il and
the Linear interpolation method are discussed and then a simple combination of two-
phase flows that is consistent with Linear interpolation method and Saturation-Weighted
Interpolation. With this interpolation, as an example, one may build a relativliey stable

algorithm for three phase flow in the presence of gravity.

B2.1 Modified Stone’s Method Il

[00181] Stone observed that gas and water relative permeabilities are the same
functions in the three phase as in two-phase flow. He then derived oil relative
permeability by considering the effects water and gas have on the total relative
permeability. Dietrich and Bondor modified Stone’s method Il to ensure the oil relative

permeability is consistent at connate water saturation and zero gas saturation.

1
kro :k—

rocw

(krow t krw)(k + krg) - (krw t krg) (B1)

rog

[00182] Here, K, K., and K, areoil, water and gas relative permeability,

respectively. The Kk

ooy 1S Oil relative permeability at connate water saturation, K, is

oil relative permeability in the oil-water system, and kmg is oil relative permeability in

the oil-gas system. Note that S, is used to evaluate K,, and K.,

and S, is directly

used to calculate k,g and kmg. The relative permeabilities for the water and gas

phases are approximated to the same functional form from two-phase relative

permeabilities, such as the water relative permeability is computed from the water
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relative permeability from oil-water system and the gas relative permeability from the

gas relative permeability from the oil-gas system.

krw = krwo(Sw) (B2)
Ky = Krgo(Sy) (83)
[00183] Here, k,go and k,wO denote the relative permeabilities of gas in the oil-

gas system and water in the water-oil system, respectively.

[00184] The modified Stone’s Method Il may be employed in reservoir simulators.
As evidenced in Fig. 16A, the oil relative permeability from the modified Stone Il method
may yield substantially non-monotonic behavior, especially in the region of low km.
This non-monotonic behavior can poses a numerical challenge in reservoir simulation.
Three-phase relative permeability is difficult to experimentally measure and not many
consistent data are available. Furthermore, as discussed, the three-phase flow in
reservoir simulation may be likely due to a large scale of grid-block that includes a
combination of two-phase flows. Consequently, it does not particularly warrant
employment of a complex nonlinear functional form such as the modified Stone’s

method |l for three-phase relative permeability in reservoir simulation.

B2.2 Linear Interpolation Method

[00185] Heiba investigated three-phase flow by a statistical percolation theory.

Later, Heiba proposed a straight-line interpolation between K.,

and k,og with
constant k,0 in a ternary diagram of three-phase relative permeability. Baker also
proposed a linear interpolation method, in which the relative oil permeability can be
approximated by a straight line between two saturations that give identical k,0 in the

oil-water and oil-gas systems. It is identical to Heiba’'s method. The Linear interpolation

method is depicted in Fig. 16B. Heiba proposed that the oil-phase phase relative

permeability at given Sg and SW is given by solving the non-linear equation:
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SQ = Sv?/w (kro) — SW
Sgg (kro ) S\?VW (kro ) - ch

(B4)

[00186] Here, Sgg(k,.o) is the gas saturation at which the measured oil relative
permeability is K, in the gas flood carried out at the irreducible water saturation, S, .

Sy (k.,) is the water saturation at which the measured oil relative permeability is K,

in a water flood of oil.

[00187] Baker also proposed the same model, linear interpolation model, and
formulate a nonlinear programming problem to determine the straight line that intersects
the relative permeabilities of gas-oil and oil-water systems to yield the same oil relative
permeability and passes the point of given three-phase saturation. In the following, it is
shown that the Linear interpolation method can be recast as a two-domain model with
two-phase flows that can be solved algebraically.

[00188] For given uncertainties in experimental measurements and the scaling
issues in a reservoir model, the linear interpolation method appears to be a monotonic
method that has been successfully applied in reservoir simulation. As shown in Fig.
16B and in Eq. (B4) , a straight-line interpolation method by Heiba’s solution is
equivalent to split three phase into two two-phase (o-w and o-g) regions in which the oil
relative permeability is identical in two regions.

[00189] As an example, a method may include implementing the following
algorithm (e.g., for reservoir simulation, etc.), with reference to an oil, water and gas
system; noting that one or more other types of systems may be considered and
handled.

[00190] When a cell with saturations (S,,S,,, S, ) is split into the two regions (L,

for the oil-gas system and L2 for the water-oil system), the mass balance and

saturation constraint equations yield become the following equations:

1=L +L,, (B5)
1=8, +S, + S, (B6)
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1=8}+S,, (87)
1=82+82, (B8)
S, =LS) + 1,52, (B9)
S, =LS,, (B10)
S, =1L,S2, (B11)

where the superscripts 1 and 2 denote the saturations in L1 and L2. The equivalence

of oil relative permeability in two domains is given by

1\ — 2
krog (So) - krow(so) (B12)

[00191] Assume the two-phase relative permeabilities are given by simple Corey-

type exponential functions:

Krog(S3) = C1(S))™, (B13)
kg0 (Sa) = C(S)™2, (B14)
Kow(SZ) = C5(S2)™, (B15)
Ko (S2) = C4(S2)™. (B16)
[00192] Substituting Egs. (B13) and (B15) into Eq. (B12) , it can be obtained
4 m
S = (%)me’ (S5)™ =c5(SH™, (B17)
3

where C; =(c,/c,)""™ and m, = m/m;. From Egs. (B5) - (B11) and (B17) it can be
obtained a nonlinear equation for the fraction L1 for the oil-gas region:

S\
0=1—1SWL —05(1—L—gj (B18)
M 1
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[00193] Eq. (B18) can be iteratively solved by Newton’s method. S} and S2
can readily computed from Egs. (B5) - (B12) and the oil-phase relative permeability
becomes
— 1\ — 2
kro - rog(So) - krow(so) (B19)
[00194] The relative permeabilities for water and gas are proposed to use the

same ones in two-phase flows that are given in Eq. (B2) .

[00195] If Mg isone(e.g., M =my), L1 can be analytically solved.
_—b++b%*-4ac
L= (B20)
2a

where
a=1-c¢; (B21)
b=§, +¢sS;,-1+¢s (B22)
C=-C5S, (B23)

B2.3 A combination of two-phase flows

[00196] The linear interpolation method, discussed in the previous section, was

derived from statistical network and percolation theory. As discussed in B2.2, the oil
relative permeability can be interpreted as a combination of two-phase flows in which
the oil relative permeability is the same. The saturation-weighted interpolation method
splits the three-phase into oil water and oil-gas systems by assuming the oil saturation
remains the same in the two two-phase flows. This linear interpolation methods
intrinsically imply that the weight factor of two phase relative permeabilities are
computed from the split of the three phase flow into two two-phase flows. As mentioned
before, the three-phase flow may occurs in a quite limited domain in a reservoir model,
and three phase saturation in a grid may be arguably due to a combination of two phase
flows in a discrete grid of a reservoir model. With such considerations at hand, relative

permeabilities for water and gas may be given as:
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Kg(Sy) = Likgo(Sy) (B24)

K (S) = LoKnyo(Sy) (B25)
[00197] For the Correy type two-phase relative permeabilities, consider:

Kio(So) = Lic(S5)™ + L,€5(S5)™, (326)

ko (Sy) = Lic,(1- 8™, (B27)

k., (S2)=L,c,(1-S2)™. (B28)

[00198] Figs. 17A and 17B show three-phase relative permeability models in
Baker where the points are the experimental data by Hossin and the lines are from

Stone’s method (Fig. 17A) and the linear interpolation method (Fig. 17B).

B2.4 Discussion

[00199] The approximation of total mobility reduction in Stone’s method is
plausible, but not rigorously proven by theoretical analysis or experimental
measurements. As measurements of three-phase relative permeability can be difficult to
achieve in a laboratory, the models of three-phase relative permeabilities may be
constructed from relative permeabilities of two two-phase flows (water-oil and oil-gas

systems). As an example, one or more models in reservoir simulation may entail a

smooth, monotonic function in C continuity. As an example, an approach may
include a smooth, consistent transition between two-phase and three-phase relative
permeabilities, for example, to help to ensure numerical convergence in finite difference

simulation:

lim kro(Sw’So’Sg) = krow(Sw’So) (B29)
Sg—>0
lim Ky (Sy: S5, Sq) = Ko (S Sp) (B30)
Sg—>0
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M Kyo(SiSorS) = Krog (S5 Sy) (831)
SW—>0
M Kig(Si:S0rSg) = Kigo(S5:Sy) (832)
S,,—0

[00200] In Fig. 17A and Fig. 17B, the oil-phase relative permeabilities, computed

by Stone’s method and the linear interpolation method are depicted, respectively, for a

simple system with quadratic two-phase relative permeabilities and SWC = 0. Both
methods yield similar k., forhigh S, , but very different one for small S,. Stone’s

method gives unphysical, negative kr0 in low S0 that has to be removed. This may

cause inconsistency and non-convergence in flow solution. Stone’s method does not

satisfy the consistency condition in Eq. (B29) - (B32). This non-monotonic behavior for

low SO is also evident in the results in Fig. 16A. In comparison, the linear interpolation

method produces smooth, monotonic relative permeabilities, as shown in Fig. 17B.
Further, this linear interpolation scheme is based on a statistical network and
percolation theory of multi-phase flow in random porous media, without ad-hoc
approximation (e.g., as may exist in some models). The three-phase relative
permeability can be sought to be identical to two-phase relative permeability if one
phase asymptotically disappears. The modified Stone’s method Il does not satisfy this
type of fundamental consistency.

[00201] Assuming accurate three-phase relative permeabilities are available in
micro scale (i.e.,of 1-2 inches in core scale), a method may upscaled relative
permeabilities for one or more simulation grid blocks (e.g., consider length scales of the
order of about 10 ft to about 100 ft or possibly more). As three-phase flow may be
quite localized in a reservoir model and limited in pore level, the three-phase flow in
reservoir simulation can be due to the fact that a simulation grid includes multiple two-
phase flow domains. In this interpretation, the mixed-two-phase flow model may be
implemented because it is valid, independent of scales and it has nice mathematical
properties of monotonicity and continuity. Considering large uncertainties in three-

phase relative permeabilities, the linear form of the combination of-two-phase flow
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model, e.g., the linear interpolation method, may suffice in practical application of
reservoir simulation. In various discussions that follow, the linear interpolation method is

selected as an example to be used in flow computation.

B3. Fractional Flow
[00202] Three-phase flow with gravity is considered. As in the two-phase flow

stability analysis by Lee, capillary pressure is not included in in the analysis.

[00203] Darcy’s law for three phase flow can be written as
U, = kK11, (VP + p,gVH). (B33)
[00204] Here, K is permeability, U is phase velocity, K is permeability, s is

viscosity, H denotes the height and p is density. The subscript ¢ denotes the
phase properties (i.e., o =W,0,g for water, oil and gas phases, respectively). From

equation (33), consider:

Uy = f1(SW’So’Sg)UT o f4(SW’So’Sg)Cg1 - f5(SW’Soasg)Cg21 (B34)
U, = fZ(SW’SO’Sg)UT + f4(SW’So’Sg)Cg1 o fG(SW,SO,Sg)Cg3, (B35)
Ug = 15(Sy, Sp, Solur +15(Sy,, S5, Sg)Cy2 + 15(Siy1 Sp, Sy)Cy3- (B36)

[00205] The total velocity can be defined as:
Ur =u, +U, +U, (B37)

and the fractional parameters can be given by

fi = KK + MoK, + M3k, (B38)
f,= M,k K., + Mk, + Mk, (B39)
fy = MaK oKy + Mok, + MoK, (B40)
f, =Mk K. k., + Mk, +Mk., (B41)
fs = MaK K oKy + MoK, + MsK,, (B42)
fo = MoMaK oK, oKy + MoKy + Mk, (B43)
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where M, is the inverse of fluid viscosity ratio with respect to water viscosity, g, /i,
(e.9. My =, lu, and My = g4, /p,). The velocity due to gravity force can be

characterized by variables, Cg,-,

Co1 = k(P — Po) iy VH, (B44)
Co2 = k9(py, — Pg) U VH, (B45)

where U, is a characteristic velocity. Note that velocities Uy and U, in Egs. (B34)-

(B36) are non-dimensionalized with respect to U, . Since there is a constraint for
saturations:

1=S§, +S, +S,, (B47)
two equations in Egs. (B34)- (B36) are independent. An approach may choose
equations U,, and U, for independent equations and also choose S, and S, as

independent variables by substituting Sg by 1— S0 — SW. In addition, an approach

may assume that water is the heaviest phase, oil is the intermediate phase and gas is

the lightest phase: p,, = p, = Pgy - Note that the fluxes due to buoyancy force are

dependent on saturation distributions, independent of pressure and total velocity.

Furthermore, the total net flux from the buoyancy force remains to be zero.

[00206] Figs 18A and 18B show fractional flow surfaces with no gravity effect: M2
=0.2, My=10. Cy =C,, =0 where Fig. 18A is for water phase Fig. 18B is for oil

phase.

[00207] Figs. 19A and 19B show fractional flow surfaces with gravity effect: M2=
0.2, My=10. Cy =5,C,, =10 where Fig. 19A is for water phase Fig. 19B is for oil

phase.

3.1 Examples with a model with uniform oil saturation
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[00208] It can be instructive to examine fractional flow surfaces from Eqgs. (B34)
and (B35):
Fv=uylurl, Fo=u,lur]. (B48)

[00209] An approach may choose an example with mobility ratios, M2 =0.2 and

M, =10 and quadratic relative permeabilities,

k., =S (B49)

[00210] In Figs. 18A, 18B, 19A and 19B, plots are plotted for the fractional flow
surfaces for no gravity (Cyq = C,, = 0) and strong gravity (C,y =5 and C,, =10),
respectively. The fractional flow curves are monotonic for small Cg1 and ng,
whereas it can become a multi-valued function for large Cg1 and ng. Note that

depending on the directions of gravity force and velocity, the fractional flow can be
smaller than zero or larger than one. Such a situation may cause numerical difficulty if
the Newton nonlinear iteration does not take into account the actual pattern of these
surfaces.

[00211] From Egs. (B34) and (B35) an approach can derive the bounding curves

where the fractional flow becomes zero.

0=ur +Cyky, — M3Cysk g (B51)

[00212] For quadratic relative permeabilities, equations (B50) and (B51) become

0=u;+CySi - M;Cps(1- S, - S,)° (B53)

B4. Upwind Schemes
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[00213] As an example, the overall fractional-flow function of two-phase flow, in
the presence of buoyancy, can become nonmonotonic, which reflects that the two
phases flow in opposite directions across an interface (counter-current flow). The
conventional upwinding method of the phase velocities, which is based on the overall
phase potential (PPU) suffers from nonlinear convergence difficulties due to
discontinuous changes in the upwinding direction of the fluid phases, as a function of
time, or Newton iterations. Since the viscous-driven flux is co-current with respect to the
total-velocity, and the buoyancy-driven flux tends to be counter-current (bell-shaped
with zero the end-points), an approach can implement, for example, a hybrid upwind
(HU) scheme for two-phase flow. For example, consider the upstream for the viscous
flux as being determined by the total-velocity flow direction across the interface.

[00214] For the counter-current buoyancy flux, the upstream can be fixed such
that the lighter fluid moves upward and the heavier fluid moves downward. Such an
approach can help to ensure a smooth transition as the overall fractional-flow changes
from co-current to counter-current (or vice versa) conditions. Three-phase flow in
porous media can exhibit complex flow behaviors in the presence of gravity due to
multiple density differences in fluid phases. As an example, a HU scheme for two-phase

flow can be extended to three-phase flow, for example, in a manner that will make the

numerical scheme becomes consistent and C' continuous. For example, in the “A”
sections above, the two-phase flow equations may be extended to three-phase flow, for

example, per the description in “B” section.

B4.1 Phase-Potential-based Upwind (PPU) Scheme

[00215] If the relative-permeability at the interface between cells / and J is

determined by the upstream saturation of phase « (S

»j )» then the phase-velocity at

the interface is given by:

M[Vp + p,gVH] (B54)

(24

K
ua’ij =_k I’,O{(
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where Vp is the pressure gradient, and VH is a unit-vector in the Z direction.

Here, the upwind phase saturation at the interface between cells / and J is defined

by
Sa,ij=Sa,i if pi_pj+pa(Hi_Hj)20
[00216] Eq. (55) is the single-point PPU scheme. In this scheme, the upstream of

a phase is determined by the direction of the phase velocity dictated by the local overall
gradient of the phase-potential due to both viscous and buoyancy forces. Thus, for a
given interface, depending on the overall phase-potential gradient of each phase, the

two phases may flow in the same (co-current), or opposite (counter-current), directions.

The fractional-flow functions at the interface between cells / and j are rewritten as:

£ (S S6rSy) = F(Sy 5, S5 1 Sg i), Where 1=1...6 (B56)

where f, —f; are the viscous-force-induced fractinonal flow functions, and f, —f; are

the buoyancy-force-induced fractional flow functions. Since both viscous and buoyancy
forces contribute to the overall phase-velocity, determining the upwind direction based
on the overall gradient of the phase-potential can be a source of numerical difficulties in
Newton solvers. This is because the upstream direction is then quite sensitive to small
differences in the pressure. The sensitivity can be particularly strong when the local
force balance is dominated by buoyancy (i.e., close to gravity equilibrium). In practice,
the flip-flopping of the upwind direction of the phase velocities as a function of time, or
Newton iterations, due to small changes in the overall phase-potential difference can
lead to convergence problems. Note that flip-flopping across a very small number of
interfaces is enough to prevent the global Newton loop from reaching an acceptable

numerical solution.

B4.2 Hybrid Upwind (HU) Scheme
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[00217] In a HU scheme for two-phase flow, an approach can consider that the
viscous flux is upwind based on the total velocity and the buoyancy flux is upwind by a
physical rule that the bouyancy force moves the heavier fluid downward and the lighter
fluid upward with respect to to the downward gravity direction. That is, upwinding of the
buoyancy-driven fractional-flow is fixed by the density difference between the two
phases and the orientation of the interface with respect to gravity, and it does not
depend on the local pressure distribution. Treating the viscous and buoyancy fluxes
differently can lead to a locally conservative and smooth approximation.

[00218] As an example, phase fluxes and fractional flow functions for three-phase
flow in Egs. (B34) - (B36) in the HU scheme for two-phase flow may be extended to

three-phase flow. The phase fluxes of three-phase flow can be composed of two parts:

(1) fuy, for 1 =1-3 due to the viscous force, and (2) f,Cg for /=4 -6 due tothe

buoyancy force. As in two-phase flow, the fluxes due to buoyancy force are independent
of pressure and velocity field and dependent on saturation distributions (e.g., solely
dependent thereon). The buoyancy fluxes in three phase flow include buoyancy fluxes
from two-phase systems. In addition, the sum of the phase fluxes tends to remain
approximatley zero.

[00219] As an example, a method that can be implemented by a simulator (e.g., a

computing system, etc.) may include an upwinding scheme that treats the viscous flux

differently from the buoyancy flux. For example, the viscous fractional flow, f1 for
/ =1-3, can be upwinded based on the direction of the total-velocity, Urj. And, as an

example, the buoyancy flux can be first split into contributions from two two-phase
systems. In such an example, for each two-phase system, a method can include
applying the upwind direction as in two-phase flow: the heavier fluid moves down, and
the lighter fluid moves up. Treating the viscous and buoyancy fluxes differently can
lead to a locally conservative and smooth approximation, for example, even for the
three-phase flow. The differentiable flux approximation allows for smoother evolution
of the nonlinear solution, and it can also lead to improvements in the performance of
Newton-based nonlinear solvers.

[00220] The upwinding cell with respect to the total-velocity may be defined as:
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S/;=S,; If u;;=0

o
=S,; If ur;<0. (B57)
[00221] The upwinding direction due to buoyancy may be defined as:

S¢,=S,, S5;=8,, Stw=s,, SE9=58m=g

w,ij w,j gir o 01 So,j 0,jf 0,j1

if (x;—x;)-g=0

(B58)

SE.=S SG =S,, SgM=5,, S =85=5

w,if w,i? g,/ o, 0,j1 “o,j 0,if 0,

if (x;—x;)-g<0.

(B59)

[00222] That is, for the buoyancy flux, the upstream direction can be determined
as follows: the heavier fluid moves downward, and the lighter fluid moves upward in

each two-phase combination in Egs. (B34) - (B36). The intermediate-phase oil

saturation can be determined whether the buoyancy force is due to water-oil (Sf,jwo),

SG og

Gwyg
0j S

oil-gas ( ), or water-gas ( o )system. So, for such a hybrid scheme, the

fractional-flow functions can be defined as:

£ (S0 S0:Sg) =i(Sw 1 SosSey) »for 1=1-3 (B60)
1 (SurS0:Sy) =Sy S5 Say) (861)
fs1 (S SorSy) = 15(Sia 1+ Sei®, Se ) (B62)
fo.1 (S SorSy) = 15(Se ;,Ser?, Se ) (B63)
[00223] The gravitational direction of oil phase can be determined by the direction

of buoyancy forces in water-oil, oil-gas and water-gas systems (i.e., S& i and S¢ i)

Note that the upwinding direction for the viscous flux depends on the total-velocity
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direction, which may change slowly in time. The upwinding for the buoyancy-driven

flux can be fixed independently of the pressure field. This resulting hybrid upwinding

scheme can be smooth (C1 -continuity), and that can help an iterative Newton solver.
Note that such a hybrid scheme can be conservative and consistent.
[00224] The two different upwinding strategies for the viscous and buoyancy fluxes

lead to the following form of the discrete Darcy equation Eq. (B54) :

YU U 6 96
_ U v wili
Uy = Kl j(VP+ p,gVH) + 3 (-1 + =5 (p, - p)gVH.
‘ /17// /17//
(64)
[00225] Fig. 20 shows an example of a two cell model with gravity for three-phase

flow (see also, e.g., Fig. 10 as to two-phase flow).

[00226] Figs. 21A, 21B and 21C show examples of fractional flows between cells
i and j with M, =0.2 and M, =5 and quadratic relative permeabilities : Fig. 21A

is for f, with S,; =S, ; =0.3, Fig. 21B is for f; with S;; =S, ; =0.3, and Fig.
21Cisfor fy with S,,; =S, ; =0.3.

[00227] Figs. 22A, 22B and 22C show phase velocities between cells / and J
with the initial upwind directions: Phase-Potential-based Discretization with Linear

Interpolation Relative Permeabilities, ur =0.4, C,;, =2, Cp, =5, S,; =0.2,
S, =04, M,=0.2, M, =5:Fig. 22Aisfor U, Fig. 22B is for U, ;, and Fig.
22C isfor Uy

[00228] Figs. 23A, 23B and 23C show phase velocities between cells / and J
with the first updates of upwind directions: Phase-Potential-based Discretization with

Linear Interpolation Relative Permeabilities, ur =0.4, C,, =2, C,, =5 , S;; =0.2
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. Sy =04, M,=0.2, M, =5:Fig. 23Ais for U,,;, Fig. 23B is for U, ;, and Fig.

w,ij
23C is for Ug ;.
[00229] Figs. 24A, 24B and 24C show phase velocities between cells / and J

with the second updates of upwind directions: Phase-Potential-based Discretization with

Linear Interpolation Relative Permeabilities, ur =0.4, C, =2, C;, =5, S;; =0.2

H

S,; =04, M,=0.2, M, =5:Fig. 24Ais for U,;, Fig. 24B is for U, ;, and Fig.
24C is for Ug ;.

[00230] Figs. 25A, 25B and 25C show phase velocities between cells / and J
from Hybrid Discretization with Linear Interpolation Relative Permeabilities, u; =0.4,

Ca=2 Cpp=5,5,,=02, §,;,=04, M,=0.2, M, =5:Fig. 25A s for u

wij

Fig. 25B is for U, ; and Fig. 25C is for Uy ;.

B4.3 A numerical example of phase velocities between two cells

[00231] It is instructive to compare phase velocities between two cells, computed
by HU and PPU. A two cell model is depicted in Fig. 20. The cell / is the lower cell
and cell | is the upper cell with respect to the gravity direction. In the HU discretization
method, the buoyancy terms, f;, f; and f;, depend on the two cell saturations on
either side of the interface. Figs. 21A, 21B and 21C show plots of these terms as a

function of the oil saturations of cells / (lower in z-direction) and J (upper in z-

direction) with fixed S ; =ng =0.3 in fy and S, =Soj =0.3 in fy and

Swi = SWj =0.3 in f;, respectively. In Fig. 21A f, has amaximumat S,; =1-3S;

and SOJ =0 , which is the most unstable state from the gravity equilibrium. The f4
becomes zero at the other three corners (S,; =0,S,;=0; S;; =0,S,; =1-S, ;;

and S,; =1-S

0790, =1=Sy;). Further, f; decreases monotonically from the
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maximum point (S,; =1-S

079, =0). The fy and f; also have similar smooth,

monotonically varying surfaces in the parameter domain of SW,,- and SW and that of

Sg

[00232] Using the two cell model in Fig. 20, phase velocities from PPU and HU

g

and S

g respectively.

i

schemes are examined. In this numerical computation, Uy =0.4, Cyy =2, C;, =9,

M, =0.2,and M, =5 are employed. For simplicity of demonstration, the gas
saturations remains to be constant in both cells (e.g., S;; =0.2 and S,; =0.4). In

PPU, as the phase upwind directions are not known before the pressure and saturation

computations, an approach can first assume the lower cell (cell /) is the upwind cell for
the phases, and then compute the phase velocities by Egs. (B34) - (B36). If the
computed phase velocity directions and the assigned phase upwind directions are not
identical, the phase velocities are computed again with the updated upwind directions
until they agree for the phase velocities.

[00233] The phase velocities from PPU scheme with the initial upwind directions

are plotted in Figs. 22A, 22B and 22C . The water phase moves downward while the

gas phase moves upward in the entire domain of So,,- and SOJ-. The oil phase flow is in

positive direction for S,; <0.482 and negative direction for S,; >0.482. Since the

initial upwind directions are assumed from cell /, the phase velocities are dependent on

the saturation of cell /. In the second iteration, the upwind directions are updated,
based on the phase velocities in the first iteration with the initial upwind directions.
[00234] The phase velocities from the second iterations with updated upwind
directions are shown in Figs. 23A, 23B and 23C. Note that the phase velocities are
quite different from those from the initial ones. The Figs. 23A, 23B and 23C illustrate
that the phase velocities are sensitive to the phase upwind directions. The differences
are especially manifested due to a large contrast in two cell saturations. As the upwind
directions from the first iteration and the computed phase velocity directions from the
second iteration are not completely matched, a process can update the upwind

directions again and compute the phase velocities. The results are shown in Figs. 24A,
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24B and 24C. The phase velocity surfaces are much smoother than those from the

previous two iterations. Nevertheless, the oil-phase velocity are not continuous in the

first derivative w.r.t. cell saturations as the upwind direction changes at S, ; =0.315.

This may create numerical difficulty in the Newton iterations of nonlinear solution.
[00235] The phase velocities from HU are depicted in Figs. 25A, 25B and 25C.
Recall that the HU scheme may implement fixed upwind directions for viscous and

gravitational terms. The phase velocities with HU smoothly varies in the whole

parameter domain of S,; and SOJ-. The first derivatives of phase velocities w.r.t the

cell saturations are also continuous. The smooth, continuous derivatives of fractional

flow in HU will help convergence in Newton iterations for nonlinear solver.

[00236] Fig. 26 shows phase velocities in the two cell model with M, =0.2,
M, =5, u;=0.4, Cg,=2, Cg,=5. The lower cell / has constant saturations:

S,; =0.7,and S;; =0.2. The gas saturation in the upper cell j is also fixed,
Sg’j =0.2. The PPU denotes the velocities computed by the phase potential upwind,

HU by the hybrid upwind method.

B5. Mathematical Properties

[00237] Three-phase flow may be found in a quite localized region or regions in a
reservoir simulation model and it can pose a numerical challenge in solving a non-linear
transport equation by Newton iterations. Various plots discussed herein demonstrate
that the numerical difficulties can be due at least in part to inconsistent three-phase
relative permeabilities and/or complex upwinding schemes in the presence of gravity. In
this section some mathematical properties associated with three-phase flow are
discussed. The elliptic region in three-phase flow is discussed and mathematical
properties of an HU scheme for three-phase flow are examined. Mathematical
properties of HU for two phase flow; discretization error, discrete monotonicity, and
continuity of derivatives may be examined. Mathematical properties of three-phase

flow can be investigated by a similar analysis.
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Elliptic Region of Three-Phase Flow:

[00238] Three-phase flow without diffusion can possibly yield an elliptic region in
which the flow field becomes unstable. This elliptic region can possibly occur in a very
limited small domain of three-phase flow with no numerical diffusion and it can also
entail that three phase relative permeability is a function of two saturations (e.g., Stone’s
type model). Furthermore, Bell demonstrated that the numerical simulation yields a
stable solution that passes through the elliptic region with reasonable numerical
diffusion. As an example, an approach may thus assume that the elliptic region is
unlikely encountered in practical numerical simulation. In the following numerical
example, it is demonstrated that an example algorithm can yield a stable simulation
result for the problem that Bell designed to investigate an elliptic region in three-phase

flow.

1
C Continuity:
[00239] The discontinuity in the derivatives of fractional functions flux can plays a
detrimental role in numerical convergence. If the three-phase relative permeability is

continuous and the phase upwind directions are fixed, the fractional functions of HU is

C' continuous in Egs. (B60) - (B63), as long as the total velocity does not change the

direction. In comparison, the phase upwind directions from PPU are dependent on

saturations, and the fractional flows, as a result, are not C' continuous. If the fluid
motion is governed by viscous forces, the discrete flux functions will be identical for both
the upwinding methods.

[00240] In gravitational segregation, PPU and HU can yield identical
discretizations for two-phase flow, while different discretizations for three-phase flow
due to the presence of an intermediate phase (i.e., oil). The flow direction of the
intermediate fluid can be upward or downward, depending on the buoyancy force
balance between water-oil and oil-gas systems. The upwind direction of the
intermediate fluid can create different discretizations for PPU. When viscous and
gravitational driving forces are hightened, the phase velocities computed using the two

different discretization schemes are unlikely to be the same as in two-phase flow.

61



WO 2016/178934 PCT/US2016/029924

[00241] The C' continuity of fractional flows can be numerically demonstrated

from the example of two cell model of Fig. 20. In Fig. 26 the plot shows the phase

velocity profile along SOJ- with constant So,,- = 0.7 from the phase velocity surfaces of
Figs. 24A, 24B, 24C, 25A, 25B and 25C. The phase velocities, computed with HU, are

C' continuous, but the u, from PPU is C' discontinuous at S,,j =0.29, where the

upwind direction of oil phase changes from the lower cell / to the upper cell j. Inthe
figure, the value of U, is enlarged by a factor of 10 to manifest the discontinuity of the
first derivative of U, with respect to SO’ i

[00242] The transmissiblity between two cells can depends on the choice of
upwinding direction for the relative permeability. As discussed earlier, the upwinding
direction for horizontal flow (no gravity effects) changes very little in time. This is due to
the strong permeability heterogeneity and the semi-permanent locations of injection and
production wells. In the vertical/inclined direction, the details of the multiphase flow can
change rapidly in the presence of strong buoyancy and weak viscous forces. As a
result, the saturation distribution along the flow direction tends to change smoothly with
some dispersion in the horizontal direction, whereas the fluids tend to be vertically
segregated due to the continuous presence of gravity. Thus, sharp saturation changes
between neighboring cells in the vertical direction (e.g., 100 % oil to 100 % water) can
be observed often, especially far from sources/sinks (wells).

[00243] As to implicit time discretization of nonlinear conservation laws, in FIM
simulations with the standard PPU scheme, as the flow switches between co-current to
counter-current states, at least one of the phase-flux derivatives becomes
discontinuous. Such local discontinuities tend to be implicated in convergence problems

of nonlinear (Newton-based) solvers. A stable time-stepping scheme is expected to

benefit from flux functions that have continuous first-order derivatives (C1 (Q)).

Discrete Monotonicity
[00244] A PPU scheme may be more dispersive than a Godunov scheme, but

both schemes tend to obey Lipschitz-continuity. A PPU scheme with implicit time
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discretization (i.e., standard FIM) may converge to the entropy solution of the nonlinear
conservation law for arbitrary CFL numbers. Using a monotone approximation of it
may be shown that the monotonicity of two-phase flow with HU. The monotone
difference approximation may be extended to implicit time discretization of the nonlinear
mass conservation equation for two-phase flow.

[00245] If the phase velocities are co-current, the « -phase flux increases with

respect to Sa,,- and decreases with respect to Sa,,- +1- Moreover, the flux is a standard
upwind with respect to Uy. As an example, an approach may include examining the

monotonicity result in the vertical direction where f, —f5 enter. In other directions, a

standard PPU may be used.

[00246] In the hyperbolic system of transport equations from the IMPES method, a
monotone difference scheme with the standard PPU scheme can yield physical
numerical solutions. Although implicit PPU is accompanied with relatively large
numerical diffusion effects, numerical diffusion may help to stabilize the solution in multi-
dimensional models with complex interactions between the phase velocities and the
saturation field.

[00247] Monotonicity for a system of scalar transport equations can exist. The
three-phase flow in an example approach can have two independent unknowns for each

cell.

Discretization Error:
[00248] The PPU upwinding scheme has been used in reservoir simulation and

the differences in the discretization error between the PPU and HU schemes have been
examined for two-phase flow. The discretization erroris O(h), if the fluxes between cell

includes the properties of the two neighboring cells, either two- or three-phase flow.

Without losing generality, the HU and PPU can have the same order of discretization
error, O(h).
[00249] Figs. 27A, 27B and 27C show linear displacement in a one-dimensional

model with 100 cells between the left and right boundaries. The pressures at left and
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right boundaries are held constant. The initial saturation is
S, =0.01,5,=0.49,5,=0.5 for x>0, F;;;; =0 and P, =10.

B6. Numerical Examples of Linear Displacement and Gravity Segregation

B6.1 Horizontal displacement of three-phase flow

[00250] The first example is concerned about a linear displacement of three-
phase flow in the horizontal direction without gravity effect. The problem was originally
constructed by Bell to study the elliptic region in three-phase flow. As discussed in the
previous section, the elliptic region is unlikely encountered in actual numerical
simulation, unless the numerical experiment is carefully designed to enlarge the elliptic
region and reduce numerical diffusion. As an example, an approach may adapt a
numerical approach to examine the numerical stability of three-phase flow without

gravity effect. For example, consider an approach that includes a model with 100 cells

with the constant potential boundary conditions, Flez =10 and Fyy = 0. The initial
saturations in the model are S, =0.01, S, =0.49 and S, =0.5, and the fluid at
the left boundary has constant saturations: S, =0.99, S, =0 and S, =0.01. The

viscosities of fluids are 1, =0.8, 1, =1 and g, =0.05, respectively.

[00251] An approach can employ the linear interpolation method for three-phase

relative permeabilities with quadratic relative permeabilities for two-phase flow (e.g.

K., = Sj ). The saturation profiles at { =0,10,50,100,200 and 300 are shown in
Fig. 27A, 27B and 27C. In Fig. 27A, the injection fluid of water propagates as a

Buckley-Leverett front, whereas the oil phase forms a bank due to the low mobility of
viscous oil phase in Fig. 27B. The gas phase moves quickly due to its low viscosity and
high relative permeability in Fig. 27C. Note that as the oil bank becomes large, the
injection rate becomes smaller due to a high viscosity of oil-phase. A small time step
size Af=1 (CFL :0.5 ) was employed to ensure numerical convergence in time-
stepping. The simulation converges consistently within four Newton iterations in
nonlinear solution. As the formulation is consistent and the relative permeabilities are

reasonably constructed in the linear interpolation method, the flow calculation of three-
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phase flow does not incur numerical difficulty. An approach also used the modified
Stone’s method Il Eq. (B1) for this problem. The first cell had negative relative
permeability for oil-phase, but it did not create numerical difficulty as long as the oil-
phase is kept non-negative in nonlinear iterations. For this horizontal linear
displacement the simulation results from the three-phase relative permeabilities of the
modified Stone’s method Il are basically identical to those from the linear interpolation
method of three-phase relative permeabilities.

[00252] Figs. 28A, 28B and 28C show vertical segregation in a one-dimensional
model with 10 cells between no-flow top and bottom boundaries. Gravity is in the

negative z-direction. The initial saturation distribution in the model is uniformly

distributed as S, =0.3,5, =0.4,S, =0.3 . The phase saturation developments are
depicted asS,,, S, and S;.
[00253] Fig. 29 shows the convergence of SW and Sg in cell 1 in the iterative

solution with PPU and HU discretization. The fluids are uniformly distributed as

S, =0.4,5,=0.3 and S, =0.3 inthe model.

B6.2 Vertical gravity segregation of three-phase flow with zero total velocity

[00254] In an example, an approach investigates vertical gravitational segregation
of three-phase flow. In gravitational segregation of two-phase flow with zero total
velocity, HU and PPU yield the same upwind discretization. In three-phase flow, the
intermediate phase (oil) can flow upward or downward depending on the relative
strength of buoyancy forces from oil-water and oil-gas systems. As a result, even with a
negligible total velocity, the upwind discretization schemes from HU and PPU can yield

different results. In this example, an approach may employ a model with 10 cells and

the viscosities and densities of fluids can be given by 14, =1,4, =95, 1, =0.2 and

Py =1,0,=0.3,p, = 0.1, respectively. Three-phase relative permeabilities are

computed by the linear interpolation method with quadratic two phase relative

permeabilities. The fluids are completely mixed as an initial condition (
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S,=04,5,=03,and S;,=0.3 at t=0). No-flow conditions are applied at the

upper and lower ends of the model and a constant time step size (Af =1) is used
throughout the simulation.

[00255] The evolution of phase re-distributions are depicted in Fig. 28A, 28B and
28C. The water phase moves to the lower section, the oil phase to the middle section
and the gas phase to the upper section of the model. The saturation development is
very stable and monotonically approaches to the steady state. The initial time step may
entail about 7-8 iterations, but at later time, the simulation entails one or two iterations to
converge. It was also tried to solve the problem with PPU. The PPU includes upwind
updates for each phase at each outer iteration of pressure solution. This can cause
numerical difficulties because the Newton iterations are strongly dependent on the
smoothness of the gradient of fractional flow surfaces. The fractional flow surfaces from
PPU included discontinuous gradients of fractional flow. With the specified physical and
simulation parameters the iteration with PPU did not converge at the first time step.

The iteration trajectories of SW,1 and Sg’1 at the first time step are compared in Fig.
29. The HU provides a solution that is basically convergent after a few iterations,
whereas the solution from PPU diverges as the simulation takes more iterations. The
PPU method may use a smaller time-step size to yield a convergent solution. This
example clearly demonstrates that HU yields a monotonically convergent and consistent
solution. Note that the final segregation speed becomes slow because the small relative
permeability for low saturation hinders the natural segregation process.

[00256] Figs. 30A, 30B and 30C show vertical segregation with non-zero total
velocity in a one-dimensional model with 10 cells between the top and bottom

boundaries. Gravity is in the negative z-direction. The pressures at top and bottom

boundaries are held constant, F,, =0 and F,;; =2.5, and the saturations at the

bottom and top boundaries are kept SW =1 and Sg =1, respectively. The initial

saturation distribution in the model is uniformly distributed as

Sy =0.3,S,=0.4,S, =0.3. The saturation profile developments are plotted for S,
S, and S
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B6.3 Vertical gravitational segregation of three-phase flow with non-zero total velocity
[00257] In a numerical algorithm with PPU, two phase flow with strong gravity and
small non-zero total velocity often becomes numerically unstable and no-convergent
due to the frequent changes in phase upwind directions at the unit-flux point. This
upwind-switch problem can be worse in three-phase flow because one more additional

phase velocity is involved. As an example, an approach may be examined with non-

zero total velocity. Water flows from the bottom boundary with F,,, =2.5 and
SW =1 and the pressure at the top boundary is kept at F{,Op = 0. Note that the

approach can use the HU upwind with the linear interpolation method for three-phase
relative permeabilities. The evolution of saturation profiles is depicted in Figs. 30A, 30B
and 30C. With the injection of water from the bottom boundary the saturation
development of this example is drastically different from that of the previous case with
zero total velocity. The water saturation builds up quickly near the bottom boundary
and the gas moves out from the top boundary.

[00258] The numerical simulation entails four iterations to solve nonlinear
saturation equation at the beginning and one or two iteration at the later time. The HU
method with the linear interpolation method of three-phase relative permeability makes
this problem stable and convergent with a few iterations. Note that this example
problem is likely challenging in solving with the conventional numerical method with

PPU and Stone’s relative permeability.

B7. Remarks
[00259] In reservoir simulation three-phase flow can be numerically challenging in

non-linear Newton iterations because a numerical convergent algorithm entails a

consistent, monotonic, and C' continuous discretized formulation. Consistency and
monotonicity of three phase relative permeabilities of modified Stone’s method Il and
linear interpolation method have been examined. The modified Stone’s method Il has
a negative oil relative permeability in the region where the oil (an intermediate phase)

saturation is low. The simulation grid block can include two- or three-phase flow in the
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Newton iteration or time-stepping. As an example, to help to ensure smooth
convergence in reservoir simulation, three-phase relative permeability can satisfy the
consistent transition condition between two-phase and three-phase flows. This
transition can be smoothly changing and consistent to help to ensure numerical
convergence. Considering uncertainties in laboratory measurements and scaling
issues in three-phase relative permeabilities in simulation, the linear interpolation
method for three-phase relative permeabilities can be used in numerical computations.
[00260] In the presence of buoyancy, the overall fractional-flow function of three-
phase flow can become quite complex, because the three phase flow includes a
multiple combination of phase upwind directions. It reflects that the three phases flow
in co-current, counter-current directions across an interface. As in two phase flow, the
conventional upwinding method of the phase velocities, which is based on the overall
phase potential (PPU) suffers from nonlinear convergence difficulties due to
discontinuous changes in the upwinding direction of the fluid phases, as a function of
time, or Newton iterations.

[00261] By extending two phase flow with gravity, an example approach can
include implementing an hybrid upwinding (HU) scheme for three-phase flow with
gravity. The phase flux can be divided into two parts: (1) viscous-force-driven flux and
(2) buoyancy-driven flux. The viscous-force-driven flux is co-current with respect to the
total-velocity, and the buoyancy-driven flux is represented by a sum of buoyancy-driven
fluxes in two two-phase-flow systems. The upstream for the numerical viscous-flux in
two-phase flow is determined by the total-velocity flow direction across the interface.
For the counter-current numerical buoyancy-flux, the upstream can be fixed such that
the lighter fluid moves upward and the heavier fluid moves downward. For the
intermediate fluid oil phase, the buoyancy force may be counter balanced between the
upward buoyancy from oil-water system and the downward one from oil-gas system,
with respect to the gravity direction. Such a hybrid method can help to ensure a
smooth transition of fractional-flows in multiple co-current and counter-current (or vice

versa) conditions for three-phase flow.

[00262] As in two-phase flow, an example HU scheme can be C'-continuous.

Such an HU scheme can gives the same order of discretization errors as a PPU
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approach. In numerical examples, the implicit scheme with hybrid upwinding yield a
monotonic numerical solution. The hybrid upwinding method may yield monotone
numerical solutions to the nonlinear hyperbolic conservation law; moreover, the
monotone solutions converges to the entropy solution upon refinement.

[00263] In reservoir simulation, numerical instabilities can be associated with
changes in the upwinding direction at some interfaces during the nonlinear solution
process. In contrast to the phase velocities, the total-velocity tends to change slowly in
time. This is largely due to the spatial heterogeneity of the permeability and the
positions of the sources and sinks (wells), which may be fixed. As an example, a
hybrid upwinding method can account for this behavior by treating the viscous flux,
which is controlled by the total-velocity, differently from the buoyancy flux, which tends
to be counter-current and independent of the total-velocity (or pressure) fields. Thus,
the hybrid method can be less sensitive to changes in the local pressure distribution
compared with a standard phase-based strategy. As a result, the hybrid method
effectively diminishes frequent switching in the upstream direction associated with a
standard scheme.

[00264] As an example, a hybrid upwind scheme for nonlinear three-phase flow in
the presence of viscous and buoyancy forces may be employed by a simulator to
simulate phenomena in a reservoir. Such a hybrid scheme can be consistent,
monotone, and convergent, and it can have smooth first-order derivatives as the flow
moves in a mixture of co-current and counter-current conditions. Such a hybrid
scheme can provides, for example, a robust, framework to design unconditionally

convergent time-stepping algorithms and nonlinear (Newton-based) solvers.

Example Method

[00265] Fig. 31 shows an example of a method 3150 that includes a reception
block 3160 for receiving data, a simulation block 3170 for simulating physical
phenomena and an output block 3180 for outputting results.

[00266] The method 3100 is shown in Fig. 31 in association with various
computer-readable media (CRM) blocks 3151, 3161 and 3171. Such blocks generally

include instructions suitable for execution by one or more processors (or cores) to
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instruct a computing device or system to perform one or more actions. While various
blocks are shown, a single medium may be configured with instructions to allow for, at
least in part, performance of various actions of the method 3150. As an example, a
computer-readable medium (CRM) may be a computer-readable storage medium that is
non-transitory and that is not a carrier wave.

[00267] Fig. 32 shows various blocks including a hybrid upwind scheme block
3210, which may be implemented as part of one or more solution techniques, such as,
for example, IMPES 3220, FIM 3230, sequential explicit 3240, sequential FIM, and one
or more other techniques 3260.

[00268] As an example, a method can include receiving information associated
with a geologic environment; based at least in part on the information, computing values
associated with multiphase fluid flow in the geologic environment using a viscous flow
upwind scheme and a buoyancy flow upwind scheme; and outputting at least a portion
of the computed values. In such an example, the viscous flow upwind scheme can
include a total velocity direction and/or the buoyancy flow upwind scheme can include a
gravity direction. As an example, a total velocity direction can be based at least in part
on phase velocities of multiple phases of multiphase fluid flow.

[00269] As an example, computing can include discretizing a system of equations
via a grid that defines grid cells. In such an example, an interface can exist between
two adjacent grid cells where, for example, the interface includes an associated viscous
flow equation and an associated buoyancy flow equation. In such an example, the
viscous flow equation can include total velocity and/or the buoyancy flow equation can
include gravity (e.g., a specified gravity direction, etc.).

[00270] As an example, multiphase flow can include multiphase flow in at least
one porous medium.

[00271] As an example, a method can include computing viscous flux as being
dependent on total velocity and buoyancy flux as being independent of total velocity.
[00272] As an example, a method can include computing that implements a
viscous flux upwind scheme and a buoyancy flux upwind scheme as a hybrid upwind
scheme for nonlinear three-phase flow in the presence of viscous forces and buoyancy

forces.
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[00273] As an example, a method can include computing co-current flow and
counter-current flow. In such an example, one or more transitions may occur for such
flow.

[00274] As an example, a method can include computing that utilizes relative
permeabilities that are C' continuous.

[00275] As an example, a method can include computing that utilizes at least one
three-phase relative permeability correlation that is a monotonically increasing function
of phase saturation.

[00276] As an example, a method can include computing that implements an
iterative solver for a nonlinear system of equations where the iterative solver includes at
least one processor.

[00277] As an example, a system can include a processor; memory operatively
coupled to the processor; and one or more modules stored in the memory that include
processor-executable instructions to instruct the system to receive information
associated with a geologic environment; based at least in part on the information,
compute values associated with multiphase fluid flow in the geologic environment using
a viscous flow upwind scheme and a buoyancy flow upwind scheme; and output at least
a portion of the computed values. In such an example, the viscous flow upwind
scheme can include a total velocity direction and/or the buoyancy flow upwind scheme
can include a gravity direction.

[00278] As an example, one or more computer-readable storage media can
include processor-executable instructions where the instructions include instructions to:
receive information associated with a geologic environment; based at least in part on
the information, compute values associated with multiphase fluid flow in the geologic
environment using a viscous flow upwind scheme and a buoyancy flow upwind scheme;
and output at least a portion of the computed values. In such an example, the viscous
flow upwind scheme can include a total velocity direction and/or the buoyancy flow
upwind scheme can include a gravity direction.

[00279] As an example, a method can include receiving data; simulating physical

phenomena based at least in part on the data to generate simulation results; and
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outputting at least a portion of the simulation results. Such a method may include
simulating multiphase flow in a porous medium (e.g., or porous media).

[00280] As an example, a method can include simulating viscous flux as being
dependent on total-velocity and buoyancy flux as being independent of total-velocity.
As an example, simulating can implement a hybrid upwinding scheme for nonlinear
three-phase flow in the presence of viscous forces and buoyancy forces. As an
example, simulating can simulate co-current flow and counter-current flow.

[00281] As an example, simulating can simulate viscous-driven fluxes and
buoyancy-driven fluxes. For example, where viscous-driven fluxes are upwinded
based on direction of total-velocity and, for example, where buoyancy-driven fluxes are
represented as a sum of two buoyancy terms from two-phase flows. As an example,
an upwind direction of buoyancy-driven fluxes in two-phase flows can be fixed such that
a heavier fluid is downward and a lighter fluid is upward.

[00282] As an example, a method can include simulating where relative
permeabilities are C' continuous. As an example, simulating can include at least one
three-phase relative permeability correlation that is a monotonically increasing function
of phase saturation.

[00283] As an example, simultating can include implementing an iterative solver
for a nonlinear system of equations, for example, where the iterative solver implements
an iterative Newton mehtod.

[00284] As an example, a system can include a processor; memory operatively
coupled to the processor; and one or more modules stored in the memory that include
processor-executable instructions to instruct the system to receive data; simulate
physical phenomena based at least in part on the data to generate simulation results;
and output at least a portion of the simulation results.

[00285] As an example, one or more computer-readable storage media can
include processor-executable instructions where the instructions include instructions to:
receive data; simulate physical phenomena based at least in part on the data to
generate simulation results; and output at least a portion of the simulation results.
[00286] As an example, C® may correspond to a connection without tangency

(e.g., an edge), C' may correspond to a tangent connection and C? may correspond to a
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curve continuous connection. As an example: C° may represent just touching; C' may
represent tangent, which could possibly include a sudden change in curvature; and C?
may represent continuous curvature.

[00287] As an example, one or more computer-readable media may include
computer-executable instructions to instruct a computing system to output information
for controlling a process. For example, such instructions may provide for output to a
sensing process, an injection process, a drilling process, an extraction process, etc.
Such instructions may be communicated via one or more networks (e.g., cellular,
satellite, Internet, etc.).

[00288] Fig. 33 shows components of a computing system 3300 and a networked
system 3310. The system 3300 includes one or more processors 3302, memory
and/or storage components 3304, one or more input and/or output devices 3306 and a
bus 3308. As an example, instructions may be stored in one or more computer-
readable media (e.g., memory/storage components 3304). Such instructions may be
read by one or more processors (e.g., the processor(s) 3302) via a communication bus
(e.g., the bus 3308), which may be wired or wireless. The one or more processors may
execute such instructions to implement (wholly or in part) one or more attributes (e.g.,
as part of a method). A user may view output from and interact with a process via an
I/0O device (e.g., the device 3306). As an example, a computer-readable medium may
be a storage component such as a physical memory storage device, for example, a
chip, a chip on a package, a memory card, etc. (e.g., a computer-readable storage
medium).

[00289] As an example, components may be distributed, such as in the network
system 3310. The network system 3310 includes components 3322-1, 3322-2, 3322-3,
... 3322-N. For example, the components 3322-1 may include the processor(s) 3302
while the component(s) 3322-3 may include memory accessible by the processor(s)
3302. Further, the component(s) 3302-2 may include an I/O device for display and
optionally interaction with a method. The network may be or include the Internet, an
intranet, a cellular network, a satellite network, etc.

[00290] Although a few example embodiments have been described in detail

above, those skilled in the art will readily appreciate that many modifications are
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possible in the example embodiments without materially departing from the
embodiments of the present disclosure. Accordingly, such modifications are intended
to be included within the scope of this disclosure as defined in the following claims. In
the claims, means-plus-function clauses are intended to cover the structures described
herein as performing the recited function and not just structural equivalents, but also
equivalent structures. Thus, although a nail and a screw may not be structural
equivalents in that a nail employs a cylindrical surface to secure wooden parts together,
whereas a screw employs a helical surface, in the environment of fastening wooden
parts, a nail and a screw may be equivalent structures. It is the express intention of the
applicant not to invoke 35 U.S.C. § 112, paragraph 6 for any limitations of any of the
claims herein, except for those in which the claim expressly uses the words “means for”

together with an associated function.
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CLAIMS

1. A method comprising:

receiving information associated with a geologic environment;

based at least in part on the information, computing values associated with
multiphase fluid flow in the geologic environment using a viscous flow upwind scheme
and a buoyancy flow upwind scheme; and

outputting at least a portion of the computed values.

2. The method of claim 1 wherein the viscous flow upwind scheme comprises a

total velocity direction.

3. The method of claim 1 wherein the buoyancy flow upwind scheme comprises a

gravity direction.

4. The method of claim 2 wherein the total velocity direction is based at least in part

on phase velocities of multiple phases of the multiphase fluid flow.

. The method of claim 1 wherein the computing comprises discretizing a system of

equations via a grid that defines grid cells.

6. The method of claim 5 wherein an interface exists between two adjacent grid
cells.
7. The method of claim 6 wherein the interface comprises an associated viscous

flow equation and an associated buoyancy flow equation.

8. The method of claim 7 wherein the viscous flow equation comprises total
velocity.
9. The method of claim 7 wherein the buoyancy flow equation comprises gravity.
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10. The method of claim 1 where the multiphase flow comprises multiphase flow in at

least one porous medium.

11.  The method of claim 1 wherein the computing comprises computing viscous flux
as being dependent on total velocity and buoyancy flux as being independent of total

velocity.

12. The method of claim 1 wherein the computing implements the viscous flux
upwind scheme and the buoyancy flux upwind scheme as a hybrid upwind scheme for

nonlinear three-phase flow in the presence of viscous forces and buoyancy forces.

13.  The method of claim 1 wherein the computing comprises computing co-current

flow and counter-current flow.

14.  The method of claim 1 wherein the computing comprises utilizing relative

permeabilities that are C' continuous.

15.  The method of claim 1 wherein the computing comprises utilizing at least one
three-phase relative permeability correlation that is a monotonically increasing function

of phase saturation.

16.  The method of claim 1 wherien the computing comprises implementing an
iterative solver for a nonlinear system of equations wherein the iterative solver

comprises at least one processor.

17. A system comprising:
a processor,
memory operatively coupled to the processor; and
one or more modules stored in the memory that comprise processor-executable

instructions to instruct the system to
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receive information associated with a geologic environment;

based at least in part on the information, compute values associated with
multiphase fluid flow in the geologic environment using a viscous flow upwind scheme
and a buoyancy flow upwind scheme; and

output at least a portion of the computed values.

18. The system of claim 17 wherein the viscous flow upwind scheme comprises a
total velocity direction and wherein the buoyancy flow upwind scheme comprises a

gravity direction.

19.  One or more computer-readable storage media that comprise processor-
executable instructions wherein the instructions comprise instructions to:

receive information associated with a geologic environment;

based at least in part on the information, compute values associated with
multiphase fluid flow in the geologic environment using a viscous flow upwind scheme
and a buoyancy flow upwind scheme; and

output at least a portion of the computed values.
20.  The system of claim 19 wherein the viscous flow upwind scheme comprises a

total velocity direction and wherein the buoyancy flow upwind scheme comprises a

gravity direction.
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