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Method and System for Determining a Configuration of a Model Having a Collection of

Entities and Satistving a Set of Constraints

TECHNICAL FIELD

The present invention relates to computer models having g collection of entities and

satisfying a corresponding set of constratuts,

BACKGROUND OF THE INVENTION

Solving constrained systems and models is useful in many industrial applications, such
as, for example, computer-aided design (CAD) systems, operations research problems and the
hke. In typical parametric CAD systems, geometric models are represented by a collection of
geometric entities. The entities of the collection of entities are interrelated by a set of constraints,
typified by a set of constraint equations. As such, a user modifving entities of the model ideally
results ina corresponding modification of related entities in order to satisty the constraints. This
1s accomplished by the CAD system software solving the constrained equations of the model.
For example, a model of a square may be defined by the entities of four line segments. Examples
of constraints of such a model may include: the four line segments being of eqoal lenpth, two
mntersecting lines being perpendicular, and appropriate interconnections of line segments at the
end points of the line segments, When a user modifies a particular Hine segment by lengthening
the line segment, the three rematning line segments are correspondingly lengthened, in order to
maintain the shape of the square.

However, m exasting parametric CAD systems, as the number of constraints and entities
grow, the number of computations required for sobving the constraint equations increases
dramatically. As a resalt, existing parametric CAD systems cannot handle more than a few
hundred constraints without negatively affecting the speed and performance of the CAD system.
This design lmitation leads psers to work with smaller models, compromising model complexity

for speed and performance of the CAD system.
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SUMMARY OF THE INVENTION

The preseat invention is a wethod and system for providing a functionality for
determining the configuration of a model having a collection of entities and satisfying a set of
constraints.

According to an embodinient of the teachings of the present invention there is provided, &
non-transitory computer-readable storage medium having embedded thereon computer-readable
vode, the computer-readable code comprising program code for iraplementing a method for
determining a configuration of a model comprising a collection of entities satisfying a set of
constraints, the method comprising: {a) providing the collection of entities and the set of
constraints; (b) generating at least one tree, the at legst one tree inchuding a plurality of nodes, the
at least one tree including a root node, the root node having at least one child node, the nodes
having at least one child node defining parent nodes, the nedes lacking child nodes defining leaf
nodes, each node corresponding to a subset of the constraint equations; () for a subset of leaf
nodes, selving o parallel to satisfy the constraint equations of each of the leaf nodes: {d} for cach
parent node for which the constraint equations of the child nodes have been satisfied, solving to
satisty the constraint equations of the parent node, based on the satisfied constraint equations of
the corresponding child nodes; (€) repeating {d} until the constraiut equations of the root node
have been satisfied; (f) propagating the satisfied constraint equations of cach of the parent nodes
to the corresponding child nodes of each parent node, thereby determining the configuration of
the model satisfying the set of constraints; and (g) outputting the entities corresponding to the
deternuined configuration.

Optionally, the method further comprises: (h) providing a display organization module;
and {1} organizing for display the output entities corresponding to the determined configuration
of the model according to the satisfied set of constraints.

Optionally, solving to satisfy the constraint equations of each of the child nodes includes:
updating a state vector of the child node; and (i1} generating an updated statistical matrix
carresponding to the updated state vector,

Optionally, updating the state vector of each of the child nodes is based on a difference
between a first configuration, in which the constraint equations corresponding to the child node
are not satistied, and a second configuration, in which the constraint equations corresponding 1o
the child node are satistied.

Optionally, satisfying the constraint equations of each parent node includes: (i} predicting

a state vector for each of the child nodes of the parent node, each state vector corresponding to
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the updated state vector of cach child node of the parent node; and (i1} generating a predicted
statistical matrix corresponding to each of the predicted state vectors.

Optionally, satisfying the constraint equations of each parent node further includes: (1)
combining the predicted statistical matrices of the child nodes of the parent node into a single
combined statistical matnix; (1v) generating a combined state vector corresponding to the
combined statistical matrix; and (v} updating a state vector of the parent node based on the
combined statistical matrix and combined state vector,

Optionally, propagating the satistied constraint equations of each parent node includes:

1

(i} propagating the updated state vector of the parent nodes to each of the child nodes of the
parent node to apply an adjustment to the updated state vectors of cach of the child nodes of the
parent node; and (11) repeating (1) until the updated state vectors of the leaf nodes are adjusted.

Omptionally, the method further comprises: repeating {¢)3-{f) until a first accuracy condition
is satisfied,

Optionally, the repeating is iterative.

Optionally, the first accuracy condition is based on a residual vector.

Optionally, the entities are geomaetric entities.

Optionally, the geometric entities are two dimensional geometric entities.

Optionally, the geometric entities are three dimensional geometric entities.

Optionally, the method further comprises; (h) gencrating a matrix representative of the
model, the matrix having at least a first and second dimension, each of at least one vectors in the
first dimension of the matrix corresponding to a subset of the plurality of vanables, the matrix
being sparse in the first dimension, each node of the at least one tree corresponding to at least
ong of the vectors in the first dimension of the matrix.

Uptionally, the model 13 a nop-linear model.

Optionally, generating the matrix representative of the non-linear model includes: (i)
prior to (b), linearizing the non-hivear model 1o produce a tinear model; and (1) repeating (c)(f)
until a second aceuracy condition is satisfied.

Uptionally, the repeating is iterative.

Optionally, the second accuracy condition is based on a residual vector,

Optionally, the matrix is a sequentially lineanzed matrix.

Optionally, generating the at least one tree includes: (1) eréating a root node of the at least
one tree and placing at least one of the constraint equations m the root node; and (11} placing
constramt equations sharing at least one variable with the at least one equation in the root node in

respective child nodes of the root node.



15

20

[
hn

30

WO 2015/193894 PCT/IL2015/050613

Optionally, gencrating the at least one iree further includes; (1) placing constraint
equations sharing at least one variable with at least one of the constraint equations in the
respective child nodes in additional respective child nodes of the respective child nodes; (iv)
repeating {iit) until each of the constraint equations is placed in at least one of the nodes of the at
least one tree.

Optionally, the model has at least one degree of freedom.

Optionally, the method further comprises: (h) receiving as user input, instructions to
modify at least one entity of the coliection of entities; and (1) in vesponse 10 the user put,
solving to satisty the set of constraint equations o deternuing 4 new confignration of the model.

Optionally, the method further comprises: (3} outputting the entities corresponding to the
configuration of the model satisfyving the set of constraints.

Optionally, solving to satisty the constraint equations of the parent node, based on the
satisfied constraint equations of the corresponding child nodes is done in paraliel,

Optionally, the statistical matrices are covartance matrices,

Optinnally, the subset of leat nodes includes all of the leatnodes.

There is also provided according to an embodiment of the teachings of the present
mvention, a system for determining the configuration of a model comprising a collection of
entities and a set of constrawnts in a computer having software mstructions, the collection of
entities represented by a plurality of variables, cach constraint corresponding to at least one
constraint equation interrelating a subset of the plurality of variables, the system comprising: (a)
a computer system, the computer system including at 1east one processor, and at least one user
faput device, the computer system configured tot (1) receive user input {0 generate the model via
the at least one input device; (i1} generate at least one tree, the at least one tree including a
plurality of nodes, the at least one tree inchuding a root node, the root node having at least one
childd, the nodes having at least one child node defining parent nodes, the nodes lacking child
nodes defining leaf nodes, each node corvesponding to a subset of the collection of constraint
cquations: {11t) tor a subset of leaf nodes, solve in parallel to satisty the constraint equations of
cach of the leat nodes; (iv} for each parent node for which the constraint equations of the child
nodes have been satisfied, solve to satisty the constraint equations of the parent, based on the
satisfied constraint equations of the corresponding child nodes; {(v) repeat (1v) until the constraint
equations of the root node have been satsfied; (vi) propagate the satisfied constraint equations of
each of the parent nodes to the corresponding child nodes of each parent node, thereby
determining the configuration of the moded satistyving the set of constraints; and (vii} cutput the

eutities corresponding to the determined configuration,
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Optionally, the computer system further includes at least one display device, and the

computer system is further configored to: (viii) display the output entities, via the at least one

display device, of the determined configuration.

Optionally, the computer system is further configured to: (viii) receive user input to
modify at least ove entily of the collection of entities: and (ix]) solve to satisfy the set of
constraints to determine a new configuration of the model.

There 1s also provided according to an embodiment of the teachings of the present
invention, a system for determining the configuration of & model comprising a collection of
entities and a set of constraints 1 a computer having software instroctions, the collection of
entitics represented by a plurality of variables, each constraint corresponding to at least one
constraint equation mierrelating a subset of the plurality of variables, the system comprising: {(a)
a computer system, the computer system including a memory, at least one processor, at least one
user input device, and at least one display device; and (b) a computer generated maodel stored on
the memory of the computer system, the computer system configured to: (1) receive user input o
modify at least one entity of the collection of entities via the at least one input device; (11
generate at least one {ree, the af least one tree including a plurality of nodes, the at least one tree
meluding a root node, the root node having at teast one child node, the nodes having at least one
child node defining parent nodes, the nodes lacking child nodes defining leaf nodes, each node
corresponding to a subset of the collection of constraint equations; (i1} {or a subset of leal nodes,
solve in parallel to satisty the constraint equations of each of the leaf nodes; (iv} for each parent
node for which the constraint eguations of the child nodes have been satisfied, solve fo satisty
the constraint equations of the parent, based on the satisfied constraint equations of the
corresponding child nodes; (v) repeat (1v) until the consfraint equations of the root node have
been satisfied; (vi) propagate the satisfied constraint equations of each of the parent nodes to the
corresponding child nodes of each parent node, thereby determining the configuration of the
model satisfying the set of constraint; {vii) output the entities corresponding to the determined
configuration; and (viii} display the outpuol entities, via the at Teast one display device, of the
determined configuration.

There is also provided according to an embodiment of the teachings of the present
invention, a method for determining a configuration of a model comprising a collection of
entities satisfying a set of constraints, the method compuising: {a) providing the collection of
entities and the set of constraints, the collection of entities represented by a plurality of variables,
each constraint corresponding to at least one constraint equation intervelating a subset of the

plurality of variables; (b) generating at least one free, the at least one tree including a plurality of
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nodes, the at least one tree including a root node, the root node having at least one child, the
podes having at least one child node defining parent nodes, the nodes Tacking child nodes
defining leaf nodes, each node corresponding to a subset of the constraint equations; (¢} for a
subaet of leal nodes, solving in parallel to satisfy the constraint equations of each of the leaf
nodes; (d} for each parent node for which the constraint equations of the child nodes have been
satistied, solving to satisty the constraint equations of the parent node, based on the satisfied
constraint equations of the corresponding child nodes; {e} repeating (d) until the constraint
equations of the root node have been satisfied; () propagating the satistied constraint equations
of each of the parent nodes to the corresponding child nodes of each parent node, thereby
determining the configuration of the model satistying the set of constraints; and (g) outpuiting
the entities corresponding to the determined configuration,

There is also provided according to an embodiment of the teachings of the present
invention, a computer progrant that can be loaded onto a server connected through a network to a
client computer, so that the server running the computer program constitutes a server in a system
aceording to any of the embodiments described in this document.

There 15 also provided according to an embodiment of the teachings of the present
invention, a compmier program that can be lvaded onto a computer connected through a network
0 a server, so that the compuoter runmng the computer program constitutes a client computer in a

system according t© any of the embodiments described in this document,

BRIEF DESCRIPTION OF THE DRAWINGS

The mvention is herein described, by way of example enly, with reference to the
accompanying drawings, wherein:

FIG. 1 is a flowchart for performing a process for determining a configuration of a model
having a collection of entities and satisfying a corresponding set of constraints according {6 an
cmbodiment of the invention;

FIG. 2 illustrates an example of tree having mualtiple generations;

FIG. 3 1s a flowchart of a tree generating process according to an embodiment of the
invention:

FIG. 4 is a flow chart for solving to satisfy constraint equations of a child node according
to an embodiment of the invention;

FIG. § is a flow chart for solving to satisfy constraint equations of a parent node
according to an embodiment of the invention;

6
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FIG. 6 is a flow chart for adjusting solved constraint equations of a child node according
to an embodiment of the invention;

FiG. 7A 15 a schematic diagram of a generalized representation of an exemplary
processing unit for performing the process of FIG. 1

FIG. 7B 15 a block diagram of a computer system for housing the processing unit of FIG.
T

FIG. R tlusirates an example of a geometric constraint satisfaction problem;

FIG. 9 illusirates a matrix representative of a linearized system of equations of the
geomelric constraint satisfaction problem of FIG. §;

FIGS. T0A-10B illustrate a tree generated from the matrix of FIG. 9.

FIGS, TIA-11D illustrate statistical matrices corresponding to state vectors of nodes of
the tree of Fi{3. 10B;

FIGS. 12A-12C Hustrate predicted statistical matrices corfesponding to state vectors of
nodes of the tree of FIG. 108

FIGS. 13A-138 (ustrate combined statistical matrices corresponding to stale vectors of
nodes of the tree of FIG. 108;

FIGS. 14A-14B illustrate index matrices corresponding to the nodes of the ree of FIG,
1OB;

FIGS. 15A-15D illustrate adjustment matrices for adjusting state vectors of nodes of' the

tree of FIG. 10R.

DESCRIPTION OF THE PREFERRED EMBODIMENTS

The present invention 1s a method and system for providing & functionality for
determining the configuration of a model having a collection of entities and a set of constraints.

The principles and operation of a method and system according to the present invention
may be better understood with reference o the drawings and the accompanying description.

A previously developed method for modeling stochastic processes, referved to as
Muitiscale Autoregressive estimation (MAR estimation}, may be applied to solving systems of
Linear equations represented by matrices with unique properties. MAR estimation is a
generalization of a Kalman filter for time having a complex tree-like structure, In order to apply
MAR estimation to solving such systems of linear equations, the stochastic process problem is
formulated in terms of numerical calenlations. However, the realization of constraint equations in
the context of MAR estimation is not straightforward, and relies on the recognition of unique
properties of the above mentioned matrices. Accordingly, although many of the mdividual

-

!



10

LA

b3
L]

30

WO 2015/193894 PCT/IL2015/050613
components may be known in other fields, the embodiments described herein are not
straightforward combinations of such components, but are rather synergistic technigques which
lend to enhanced results and reduced computational complexity and computation time.

The embodiments disclosed herein are applicable to a vanety of models defined by a
collection of entities, which satisty a set of constraints, and are of particular value when applied
to CAL systems. In the context of this document, the term “entity” or “entities™ penerally refers
tn objects represented by at least one variable, which may be set and modified. In CAD systems
for example, the entilies are geometric entities of varying dimension. Examples of two-
divaensional geometric entities include, but are not limited to, line segments, circles, ellipses,
splines, arcs, and the like. Examples of three-dimensional geometric entities include, but are not
limited to, planes, spheres, cones, frustums, cubes, cylinders, and the like.

In the context of this document, the term “constraint™ or “constraimis”™ generally refers to
a restriction on individual entities or on groups of entities. The constraint on an entity or groups
of entities 1s represented by a constraint equation or equations, while entities are represented by
corresponding variables. Each constraint equation provides an infervelation between a subset of
the vartables corresponding to the entities. Once a constraint of a model is set, the constraint
should be satisfied regardless of modifications made to entities of the model.

Note that a model may be tully coustrained, over-consirained, or under-constrained. This
means that the nuniber of constraint equations may be equal 1o the degrees of freedom of the
moded (1.e. the number of variables), greater than the degrees of freedom of the model, or less
than the degrees of freedom of the medel, respectively.

Note that in cerlain systems, constraint equations may contradict each other, and as such,
the constraints cannot be maintained, Accordingly, the embodiments disclosed herein are
directed to systems of constraint equations which lack contradictions. Furthermore, the
embodiments disclosed herein are directed to models which have at least one degree of freedom.

The above mentioned entities are objects in two or three dimensional space and may be
represented by a Cartesian coordinate system, such as (x,y) or (xg,2). Note that the representation
of entities may also be accomplished by use of polar coordinate systems. Using polar coordinates
may be advantageous in satisfying certain constraints. For instance, coustraints which restrict the
angles at which a line can be positioned are preferably satisfied by using polar coordinates.
Therefore, in a preferred embodiment, the entities are represented by both Cartestan and polar
coordinates. Accordingly, a single line segment is represented by six variables: two x variahles,

two v variables, & magnitude variable, and an angle variable, According to certain embodiments,
. E &
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solving constraint equations involves selecting which sets of variables assoctated with a model
are used in solving the equations.

Throughout this decument, mathematical equations and formulas are presented in order
to better demounstrate the method and system according to the presented embodiments. In such
equations and formulas, matrices are represented by capitalized bold-faced Halicized letters {e.g.
1. Vectors are represented by lowercase bold-faced italicized letters {e.g. ¢). Scalars are
represented by lowercase italicized letters {e.g. g). Superscripts of matrices and vectors indicate
terations of vealizations of the matrices and vectors. The transpose of a matrix @ is writien as
QT . The inverse of a matrix O is written as @

it 15 also noted that the indexing of the vectors and matrices deseribed herein begin from
zero, as 1s common with high level programming languages which may be used to tmplement the
embodiments described herein,

Before explaining at least one embodiment of the invention in detail, it is to be
understood that the invention 1s not necessarily limited in its application to the details of
construction and the srrangement of the components and/or methods set forth in the following
description and/or Hlustrated in the drawings and/or examples. The invention is capable of other
embodiments or of being practiced or carried out in various ways. Initially, throughout this
document, references are made to directions such as, for example, up and down, top and bottom,
and the Hike. These directional references are exemplary only to illustrate the invention and
embuodiments thereot.

Refer now to FIG. 1, an exemplary flowchart of a process 18 for solving a system of
equations representative of @ model having g collection of entities and satisfyving a corresponding
set of constraints. Solving the system of equations of & model is interchangeably referred to
hervein as determining the configuration of the model or solving the constraint equations of the
model. The collection of entities and the corresponding constraints apphied to the entities are
provided in step 100, The entitics and the constraints may be provided by a user through a user
input device or leaded from a memory module, as will be discussed with reference to FIGS. 7A
and 7B.

As previously mentioned in the context of CAD systems, georetric models are
represented by a collection of geometric entitics. The geometric entities may be configured ina
variety of ways, with the constraints corresponding to the entities being satisfied in 4 preferred
configuration. Typical geometric entities and constraints are represented by a system of non-
linear equations, where the non-linear eguations represent a constraint or constraints placed on a

group of entities.
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Such non-linear systems can be more easily represented as @ constraint vector equation
Fizp =y, where F(z) is a vector function, ¢ is a vector of variables, describing geomelric entities
of the model and y is a “measurement vector” of the non-linear system of constraint equations. A
K-length variable vector z has components zg, 25, z¢ . Similarly, an N-length measurement
vector p has COMPOBENtS ¥i, ¥ Par

Most typieally, such systenss of non-linear equations are solved hy first linearizing the
non-linear equations to generate an approximate Hnear system corresponding to the non-linear
systemn. The system of non-linear equations is linearized to produce a system of Hnear equations
in step 102, A preferved Hoearization method is an iterative method based on sequential
lincarization. Accordingly, the above vector function #z) can be represented as follows:

Fio)=Feh + A% -0+ (H

Vector 3 represents an initial guess of the Hoear approximation for the first iterative siep.
Matrix 4" is a matrix of partial derivatives of the vector function Fz) evaluated at z°, where the
i vow and /7 column of 4% can be represented as foltows:

(A% = (0F; 7 byt (2)

Preferably, 47 is a two-dimensional matrix having N-rows and K-columns. In a preferred
embodiment. the rows of 47 correspond to the constraint equations of the model, and the
columns of 4“correspond to the variables of the model.

Since the non-linear system of equations is linearized, on the first iterative step, instgad
of solving for 7 of the non-lnear system of equations Fz) =y, the lnear system 4%z = 1% is
sobved.

Ignoring the non-linear terms i expression (1), the vector yﬁ can be represented as:

Py Pt e 4% (3

Note that the system of equations 4 e y? miay be generally more convenient to solve
than 4" = 3", where #*is a residual vector of the initial guess vector 2%,

Accm‘éingiy: the residual vector #*

rﬁ — (‘gﬂ z ﬁ - }H{‘;‘}) (4}

can be represented as follows:

1f the vector zis the solution to 4% = ¢, then the solation 2! of A%z = 3 is given by the
difference of 2* and 2. - namely o' = 2% - 2.

Subsequently, on the second lingarization iterative step, 27 is provided as the initial guess.
As such, for iteration &+, the Hinear system to be solved is 4%z = 3%,
where the matrix 4% is a matrix of partial desivatives of the vector funclion 7z} evaluated at 2
siailar to A” in equation (2). Specifically, equation {2} can be generatized to (4%, o aby s

) £
Oz )
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Simiar to the first non-linear iteration, when the non-linear terms of equation (1) are

. . p k ~ o &y o B N . ¢
ignored, the vector 3" can be represented as ¥ =y - Fz") + 4% Accordingly, instead of solving

Ap=f the system of equations 4%z = # is solved, where #* is the residual vector of the vector

7 Accordingly, the residual vector #* can be represented as follows:

et =Ry (5)

The iterations of the sequential linearization method continue until the norm of residual
vector #* 1s small enough to provide a desired accuracy.

As will be subsequently described, the computational complexity of the solution to the
approximate linear system of equations represented by 4%z = ¥* is reduced by using a specific
structure of the matrices A",

For convenience, the general structure and properties of the collection of the matrices 4%,
A, A% ete. will be discussed with reference to a matrix 4. The present method of solving the
constrained systent as described herein exploits several properties of the mairix A,

It s heretu recognived that 4 s a sparse matrix. In the context of this document, the term
“sparse matrix” generally refers to a matrix in which the majority of the elements of the matrix
are zero. In the particular matrices of the present embodiments, the matrix 4 is sparse row-wise.
in other words, the majority of the elements along each row of 4 ave zevo. For example, in many
typical CAD models, the total number of variables used to represent the entities being on the
order of thousands to hundreds of thousands. However, the number of variahles used to represent
gach equation in the system of equations is typically less than 10, This corresponds to a matrix
with thousands of columns, yet each row having less than 10 non-zero elements.

As will subsequently be described, the sparseness of the rows of 4 allows for the solving
the linear systenm of equations using matrices of dimensions much less than the dimensions of 4.
Since typical operations with matrices involve computationally complex operations, such as, for
example, matrix inversions, using matrices of reduced dimension reduces significantly
computational complexity.

Note that although the values of the elements of the matrices 47, 47, 47, ete, may be
different, the peneral structure and sparseness of the matrices remains the same from iteration fo
iteration of the linearization step 102, This means that the locations of the non-zero elements of
the matrices are maintained from iteration to iteration.

Also note that although the methiod as described thus far has pertained to models having
entities and constraints represented by a system of non-lincar equations for which iterative

linearization is carried out in step 102, other embodiments are possible in which the entities and
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constraints of the models have an inherently linear relationship, and as such, do not require
lincarization as described in step 102,

To tacilitate the explotation of the sparse properties of the matrices previously described,
matrix 4 is represented as a tree or as a forest including a plurality of trees.

With contimued reference to FIG. 1, the representation of the relevant matrix ds a tree or a
forest is shown in step 184, As will be subsequently described in more detail, the representation
of the matrix as a tree or eollection of trees facilitates efficient, accurate, and reduced
computational complexily 1 solving the approximated lincar system of equations.

Refer now to FIG. 2, an example of a tree 28 The tree 20 includes a plurality of nodes
(1A, 220A-2208, 2304-230F and 248A-248D. The nodes of the tree 28 are connected by a
plurality of branches 250A-250B, 260A-260F and 270A-278D. The nodes of the tres 28 include
aroot node 2HIA and a plurality of child nodes 220A-2208, 230A-230F and 240A-246D. In the

4
~

seach

8

context of this document, the term “root node™ generally refers to the node from which all other
nodes of a tree descend. fu the context of this document, the term “child node™ or “children™
generally refers to the nodes which descend, directly or indirectly, from the root node.

i the context of this document, the term “parent node™ generally refers to the node from
which a child node directly descends from. For example, the parent node of the child node 2204
1§ the root node 2184 and the parent node of child node 248C is the node 230D, Note that each
child node has only a single parent node. Conversely, each parent node can have more than one
child node. For example, the node 2380 has two children: the child node 2406C and the child
node 24808 In the context of this document, the term “leal node™ generally refers to a node
which lacks childven. For example, the nodes 2308-230C, 230K and 240A-240D and are leaf
nodes. As should be apparent, a root node lacks a parent node.

It should be apparent that the naming convention and structure of the tree 28 is generally
simitar to that of a human famuly tree, and the naming convention used to describe the
refationships between nodes of a tree is generally similar to the naming convention used to
describe the relationships between members of a family tree.

In the context of this document, the term “sibling node™ generally refers to nodes which
share a parent node. For example, the nodes 240A and 240B are sibling nodes. In the context of
this document, the term “grandparent node” generally refers to nodes which are the parent node
of the parent node of a child node. For example, the grandparent of the node 240A is the node
228A. In the context of this docwment, the term “grandchild node™ generally refers to a node that
15 a chilil node of a child node. For cxample, the node 2464 is a grandchild of the root node

220A. and the node 2308 is a grandchild of the root node 2164,
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From the above definitions, similar definitions of great-grandparent, great-great-
grandparent, ete. should be apparent to one of ordinary skall in the art. In the context of this
document, the term “ancestor node™ or “ancestor”™ generally refers to a node from which another
node descends, either directly or indirectly. For example, the root node 2108A is an ancesior node
of each of the nodes 220A-2208, 230A-236E and 249A-2400, and the node 2268 is an ancestor
node of the nodes 2300, 230E, 246 and 24050,

As should be apparent, the generated tree has an inherent generational structure, with the
oldest generation of nodes being situated at the top of the tree and the youngest generation of
nodes being situated at the bottom of the tree. As such, as the progression is made from the top
{i.e. the rool node) of the trée towards the bottom of the tree, the generations of the nodes
become vounger. Similarly, as the progression s made from the botiom of the tree towards the
top of the tree, the generations of the nodes become older, The generational structure of the
generated tree is better understood with reference to the example of the tree 26

With continued reference to FIG. 2, tree 20 has four generations of nodes, A first
generation 210 of nodes preferably includes only the root node 218A, situated at the top of the
tree structure. A second generation 226 of nodes preferably includes all of the child nodes for
which the node of the first peneration 210 is a parent. In the example of the tree 28, the second
generation 228 of nodes includes the nodes 220A-2208. A third generation 230 of nodes
preterably includes all of the child nodes for which the nodes of the second generation 226 are
parents, n the example of the tree 26, the third generation 238 of nodes includes the nodes
230A-230D. A fourth generation of nodes 248 preferably includes all of the chitd nodes for
which the nodes of the third generation 230 are parents. In the example of the tree 29, the fourth
generation 240 of nodes inchudes the nodes 240A-240D.

Each node of the tree which is generated, or equivalently constructed, in step 104
corresponds 1o a constraint equation or equations, and anslogously a row or several rows, of the
linear system of equations.

The tree ts generated in a wanner such that the tree satisties several necessary conditions
as well as several preferable conditions. The necessary conditions provide convergence of the
process as will be described in more detatl below. Accordingly, one such necessary condition
requires that the constraint equations corresponding to & particular node and the parent node of
the particular node be hnearly independent.

Farthermore, the following two neeessary conditions correspond to the structure of the
tree. The first necessary condition corresponding to the structure of the tree requires that if a

varidble corresponding 1o an entity is represented in a particular node and an ancestor of the

N
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particular node, the same variable is also represented in the intermediate nodes between the
ancestor node and the particolar node, For example, it a variable is represented in the leaf node
2404 and the root node 2104, the same variable is preferably represented in the nodes 22084 and
230A.

The second necessary condition on the structure of the tree requires that any variable
represented in two nodes which descend from two different branches are also represented in all
of the parent nodes between the two nodes up to and including the common ancestor of the two
nodes. For example, if' a variable 15 represented in the nodes 240A and 2368¢, the same variable
is preferably represented in the nodes 2304 and 226A. n another example, supposing that a
variable is represented in the nodes 240A and 240C, the same variable is preterably represented
i the nodes 230A, 2284, 230D, 2208 and 210A.

With regard to the preferable conditions, 1t is preferred that the tree includes a relatively
large nomber of branches. As a result, a larger number of branches allows for computations on
mnltiple nodes to be carried out in parallel. The advent of parallel computing techniques, such
as, for example, multi core processors and cloud computing systems, facilitate the exploitation of
this preferred tree structore.

Furthermore, it is preferred that the frec is constructed such that, in addition to satisfying
the above mentioned necessary conditions, cach node represents a relatively small number of
constraint equations. In a most preferved form, each node represents a single constraint equation,
The number of variables in cach node 18 preferably relatively small (while the number of nodes
inn the tree may be relatively large). This preferved condition also contribuies to reduced
computational complexity as previously menticned.

The relatively small number of variables in cach node allows for the use of matrices of
reduced dimension in ordér to reduce computational complexity, As previcusly mentiongd, in
typical CAD models, the number of variables used to represent each constraint equation in the
system of equations is typically less than 10. As a result, the matrices used for matnix operations,
in particular matrix inversion, are smaller than 180 by 10 matrices.

Supposing that the maximum number of varigbles in each node is less than a fixed
number 4, the computational complexity for sobving the system of eguations using the process 10
is approximately Q(NG). Accordingly, the computational complexity increases hnearly with the
number of equations in the system of egquations. Therefore there is a linear O(N) growth of
computational complexity with the growth of the number N of constraint equations.

Note that the above estimate for computational complexity is dove withoot taking into

account the parallelization of caleulations. The calculations on different branches of the tree may
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be done m parallel. For most regolar trees, such as, for example, dyadic trees, the maximal length
of a branch may be approximately O(log(N}), and thus for such trees the growth of complexity
is approximately C{log(Ni.

Reter now to FIG. 3, a non-limiting exemplary flowchart of a tree penerating process 39
for gpenerating a tree according to step 184, The tree generating process 38 is an example of a
process for generating a tree, which satisfies the above-mentioned conditions. Note there may be
other methods for generating trees, which satisfy the mentioned conditions, and the process 38 is
only an exemplary process for tree gencration.

A result of the process 36 is the placement of constraint eguations of the matrix 4 at
nodes of the generated tree. For the purposes of the description of the process 38, constraint
equations are denoted by lowercase bold-faced italicized underhined letters {e.g. ¢).

Nodes of the generated tree are denoted by lowercase italicized subseripted letters. Inthe
example below, all nodes contain only ong constraint eguation. For convenience, a particalay
node and the equation placed in that particular node share the same index value. For example, if
the first equation gy is placed in the root node, the root node is denoted by s,

The equations include g subscript, which corresponds o the row of the matrix 4. The set
of variables of an equation are denoted by capitalized bold-faced italicized endecdined letters
{e.g. ). The set of variables corresponding to i equation ¢ is denoted by 3. As shorthand
netation, the equation of a node can be written as a function of the equation variables as g J7).

As previously mentioned, in a preferred embodiment the equations correspond to the
rows of the matrices 4 {’5 A Ag, ete., referred to in general as the matrix 4. Recall that the matrix
A has Nerows and K-columns, where N is the number of constraint equations and K is the
number of variables. The plirase “putting an equation in a node™ or “placing an equation in g
node” refers to the act of associating a constraint equation with a specific node. Note that the set
of variables of a node may be interchangeably referred to a3 a vector of variables of a node or as
a “state vector” of a node.

I step 362, a new treeis created. In step 3, aroot node is created in the tree created in
step 302, and a constraint equation 1s placed in the root nede. Note that any equation from the
matrix can be placed in the root nede in step 304, Supposing that an squation ¢ (3} is placed in
the root nede created 1 step 304, a next step 306 is to determine if there are other equations
which can be placed in the root node as well.

if there are other particular equations having the set of variables 8 for which 2 is a

subset of H, or for which J1; 18 & subset of B, the equations associated with the set of variables
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8 are placed 1n the root node along with any extra variables corresponding to the other
particular equations.

Subsequently, the remaining constraint equations are checked for whether any of the
subseguent equations share any variables with the root node. The set of such equations is
referred to as set G. 1 ¢ s not empty (ie. there is at least one other equation sharing some
variables with the root nede), a child node of the root node is created for one of the squations
with sharved variables, and the equation is placed in the child node of the root node. The creation
of the child node and placement of such a constraint equation in the child node is done in step
310, Subsequently, similar to step 306, the remaining equations of set G are checked for the
subset condition with the variables of the child node. Any of the equations of set G, which satisfy
the subset condition, are added to the child node in step 312, Note that if (7 1s an empty, the tree
generating process 30 checks whether all of the equations are represented in the tree, Checking
whether set G is empty is done in decision step 308.

Onee all constraint equations satistying the subset condition have been added to the
particular child node in step 312, more child nodes of the root node can be created. Step 314
checks whether there are any more equations in the set G not represented by the previously
ereated child node. If there are, a new child node of the root node 18 created, and one of the
equations in G 18 placed 1o this new ¢hild node. This is equivalent to checking whether there are
any more equations in set 7 sharing variables with the root node. If there are no more such
equations, all of the children of the root node have been created, and the process 3¢ moves on to
creating the child nodes of the children of the root node.

Step 316 is stmilar to step 308, However a new set & for each of the child nodes is
created. Accordingly, foreach child pode, if the corresponding set 7 is not empty (i.e. there is at
least one other equation sharing some variables with the child node), a child node of the child
node (step 310} is created and vne of the equations with sharved variables is placed in the child
node of the child node, As suchs, steps 308-314 are repeated until the child nodes of all children
of the root node have been created with all associated equations placed in each node (1e. all
generations of nodes have been created with all associated equations placed in each node.

Note that at any peint if the relevant set 7 is empty, the process moves to step 318, In
step 318, the consiraint egpations of the matrix are checked for placement in any of the
previcusly created nodes of the tree. If all of the equations of the matrix are accounted for in the
nodes of the tree, the process 3§ moves onto final step 320, Ifhowever, not all of the equations
are aceounted for, a new {ree s vreated (step 302), and the subseguent steps 304-318 are repeated

for the new tree. This results in the system of equations being represented as a forest of trees.
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Naote that each tree of the forest may be processed independently, and ds such may decrease
computational complexity.

As aresult of steps 302-318, a tree may be constructed in which not all of the above
mentioned necessary conditions are satisfied. Specifically, an equation variable in a particular
node and an ancestor of the particular node may not necessarily be in the equations of all
intermediate nodes, Furthermore, an equation variable placed in two nodes, which descend from
two different branches, may not be placed in all of the parent nodes between the two nodes ap fo
and including the common ancestor of the two nodes. The above mentioned situations are
referred to herelnafter as “collisions™. Collisions are handled in step 328,

Accordingly, if an eguation variable in-a particular node and an ancestor of the particular
node 1s absent from any of the intermediate nodes, the variable is added to the state vectors of
such intermediate nodes. Likewise, if an equation variable in two nodes, which descend from
two different branches, is absent from any of the parent nodes between the two nodes up to and
including the common ancestor of the two nodes, the variable 15 added to the state vectors of
such podes.

Note that the collision handling in step 320 is a brute force approach which may be ideal
inn certam situations. However, situations may arise i which the handling of collisions as
described 1 step 320 may lead to a large number of variables being added to nodes in multiple
generations of the tree. In such situations, other collision handling methods may be preferable in
order toavoid increased computational complexity.

As previously mentioned, in step 104, the relevant matrix is represented as g tree or as a
forest including a plurality of trees, The mumber of trees representative of the matrix is a function
of the structure of the matrix. Specifically, the number of trees s a function of the constratut
equations relating the entitics and the constraints, as discussed with reference to the iree
generating process 34

It is noted herein that since the general structure and sparseness of the linearized matrices
do not change frow iteration to iteration of step 102 as previousty mentioned, generating the tree
or forest in step 184 needs to be carried out only once. However, the values of the variables
associated with the entities change from iteration to iteration of step 192, and as such, the nodes
of the tree or trees generated in step 104 correspond to the elements in the rows of hinear systemn
of equations represented by matrices 4%, 47, 47, ete. This is depicted in a decision step 103, After
the first inearization iteration of step 102, the tree has not yet been generated, and as such, the
tree s generated according 1o step 104, In subsequent linearization terations of step 102, the tree

has already been generated, and as such, the tree generation step 104 1s skipped.
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Although not explicitly depicted in step 102, the linearization process also inchudes
normalization of the linearized system of equations. Typically, normalization invelves dividing
the inttial guess vector by a certain value, preferably the maximum absolute value of the values
of the Initial guess vector. This ensures that the values of the initial guess vector are bounded
between ~1 and 1. As a result of normalization, calculated values based on the normalized
linearized matrices vield results which do not blow up to large nembers which may cause
aceuracy and memory allocation problems. Note that the previously mentioned normalization
technique is only one of a variety of normalization techniques, which may be used to keep the
resulting caleulated values from hecoming exceedingly large.

As previously mentioned, embodiments are possible in which the entities and constraints
of the models have an inherently linear relationship, and as such, do not requure inearization as
described 1o step 102, However, there may be beuefits o normalize inherently linear models, and
as such, normalization similar {0 as discuss above is also preferable in such embodiments.

The method for solving the approximated linear system of equations using the tree
structure generated in step 104 operates by satisfying the constraint equations of a subset the leat
nodes and progressively satisfying the constraint equations of parent nodes until the constraint
equations of the voot node are satisfied. Once the constraint equations of the root node are
satisfied, the solution for each satisfied node, beginming from the root node, 18 propagated down
to the leafl nodes through each of the child nodes of the tree,

Refer again to FIG. 1, steps of satisfying the constraint equations of the nodes of the tree.
The steps are described with reference to the tree 20 of FIG. 2 unless expressly stated otherwise.
As previously mentioned, each node of the tree corresponds to at least one constraint cquation,
and analogously at least one row of the matax representing the linear system of equations.

Beginning with a subset of the leaf nodes, the constraint equations of each node in the
subset of leaf nodes is solved i step 106, The process in which the constraint equations of a
node are solved may be referred to interchangeably as solving to satisty the constraint equations
of a node, solving 4 node, or as performing a “measurement update” on a node,

In a preferred but non-Hmiting nnplementation, the subset of leaf nodes wmclodes all leaf
nodes, and 15 most preferably identically equal to the set of all leaf nodes. In the example of' the
tree 24, the preferred subset of leaf nodes includes nodes 24042400, 238B-230C and 238K, As
should be apparent, the leaf nodes can be solved in parallel, reducing the computation time for
solving the overall system of equations.

Onee the constraint eguations of each node of the subsct of Jeaf nodes has been satisfied,

the task is to satisty the constraint equations of the corresponding parent nodes, based on the
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mezsurement updates of the corresponding child nodes. A corresponding parent node may be
solved after all of the child nodes of the parent node have been solved, This is performed in step
108, Note that a set of parent nodes for which all of the corresponding child nodes have been
solved may be solved in parallel. In the example of the tree 26, the parent nodes 1o be solved in
step 108 are the parent nodes 2364 and 2308 Note that solving to satisfy the constraint
equations of a parent node based on the messurement updates of the corresponding child podes is
referred to interchangeably as performing a prediction for the solution of the parent node based
on the measurement updates of the corresponding child nodes. In other words, the solution of the
parent node 2304 is predicted based on the solutions of the child nodes (leaf nodes) 2484-2408.
The predicted solutions ot the parent nodes are used as a basis for solving the parent nodes.

As should be apparent, the process of solving the nodes of the tree described in steps 106
and 108 begins with all leaf nodes and progresses to the next generation of nodes. Note that a
particular parent node may be solved as soon as all of the child nodes of the particular parent
node are solved. Therefore, waiting for nodes to be solved, which are not child nodes of the
particular parent node, is not necessary.

Step 108 18 repeated until the root node of the tree is solved. As such, after cach
exgcution of step 108, a decision step 109 s executed to determine the subsequent step based on
whether or not the root note has been solved. If the root node has not yet been solved, step 108 is
repeated. It the root node has been solved, the process 1} moves on to step 110,

The process of execnting the steps 106, 108 and 109 may be referved to collectively as
performing a “fine-to-coarse update” on the nodes of the tree. Accordingly, in the “fine-to-coarse
update”, direction of moving along the tree is from the leaf nodes of the tree to the root node of
the tree. Step 110 may be referred to as performing a “coarse~to-fine update”™. Accordingly, in the
“eoarse~-to-fine update”, the direction of movement along the tree is from the root node to the
leaf nodes.

in step 114, the solution of the root node is propagated down to cach of the child nedes in
the tree. The solution of the root node is used to correct, or equivalently to adjust, the solution of
the children of the root nodes. The adjusted solutions of the c¢hildren of the root nodes are used to
adyust the solutions of the grandehildren of the roet node. The propagation is continued until the
solutions of all of the leaf nodes have been adjusted. In the example of tree 26, the solution of the
root nodde 210A s used to adjust the solutions of the nodes 220A-220B. In tum, the adjusted
sohation of the node 2284 15 used {o adjust the solotions ot the nodes 230A-230C. Similarly, the
adjusted solution of the node 2268 is used to adjust the sofutions of the nodes 2301-230K.

Finally. the adjusted solutions of the nodes 2304 and 230D are vsed to adjust the solutions of the
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nodes 240A-2408 and 2402401, respectively. As should be apparent, the solution of the root
node propagates through each of the child nodes of the tree until reaching all of the {eaf nodes.

Refer now to FIGS, 4 and 5, flowcharts of exemplary processes 40 and 8¢ for carrying
out the steps 186 and168. As previously mentioned, the result of step 146 is that a subset of leal’
nodes, preferably all of the leaf nodes, is solved. Accordingly, the process 48 performs the
measurement updates for such leaf nodes in step 106, as well as the subsequent measurement
upsdates for the parent nodes of the tree based on the updated child nodes in step 108, The steps
of the process 40 are herein described for a single node 5. The process 40 is carried out for all
remaining nodes, and will be understood by analogy thereto unless expressly stated stherwise.
The processes 40 and 58 as will be described are based on caleulated matrices and vectors
corresponding to each node. As such, for a given node s, a matrix M corresponding to the node s
15 written as M(s). Simitarly, a vecior B corvesponding to the node 5 is written as #{(s). Moreover,
the calculated matrices of the processes 48 and 50 are statistical matrices. In the context of this
document, the lerm “statistical matnix” generally refers to a matrix which provides statistical
information about the clements of the vector(s} from which the matrix is derived. In other words,

: . £ s b bt it e d Tt " 4
the matrix element in the i row and j column represents statistical information about the 7 and

7 elements of the vector(s) from which the matrix is derived, In particularly preferred

entbodiments, the statistical matrices are covariance matrices, and as such, the statistical
information in the i row and /* column represents the covariance between the i and j
clements of the vector(s) from which the covariance matrix is derived.

It is noted that in the subsequent sections of this document, matrices and vectors having a
subscript of 2 (e.g. @ and g2} are used for performing the measurement updates previously
mentioned 1o generate updated matrices and vectors, The resulting updated matrices and vectors
are denoted by matrices and vectors without any subscripts, and are used for performing the
prediction previously mentioned to generate predicted matrices and vectors. The resulting
predicted matrices and vectors are denoted by matrices and vectors having a subscript of 7 {e.g.
8y and ¢7)

In step 402, & “measurement matrix” C{s) Is generated for each node s for which the
process 40 is performed. The measurement matrix is obtained from the Hnearized matrix 4 by
selecting the rows of the lincarized matrix, which correspond to the constraint equation{s} of the
node s, with all columns corresponding to variables not included in node s removed.

In general, the measurement matrix of each node is of size m by p, where m s the number

of constraint equations, which correspond to the node s, and p is the number of variables
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mcluded in the node s. 1o is equal to one, then p is equal to the number of non-zero entries n
the row corresponding to the node «.

In step 404, a “measurement innovation™ vector ws} s calculated. The vector w(s) is
based in part on the components of the measured output vector ¥ corresponding to the node 3,
written as y(s}. As should be apparent, y (s) is of size m by /. The vector (s} is also based in pan
on a state vector az{s} of the node s, The state vector xa(s) 18 of size p by J. The state vector xp(s)
is representative of the solution of the node s at a given instant. As previously mentioned, since
the process H) involves ascending the tree from the leaf nodes to the oot node, and subsequently
descending the tree from the root node 1o the leat nodes, the state vectors of the nodes are
dynamiic. The values of the state vectors at the end of the process 18 are the ultimate selutions to
the nodes. In a decision step 414, the decision of whether the process 48 is performed on & leaf
node or a parent node 18 made. If the process 40 1s performed on a leaf node, the state vector
xp(s}) 15 an all zero vegtor, as shown in step 416, H the process 48 is performed on a parent node,
the state vector x{s) is a calculated vector, as shown in step 418, The calculated state vector is
caleulated by the process 58 as will be subsequently described.

The vector s} can be represented as follows:

vs) = pis) ~ Cls) xx(s) {6)
it should be apparent that v(s) 1s also of size m by 1. The fnnovation vector (s} is essentially an
error vector which describes the differeuce between a configuration in which the constraint
equations of the node s are satisfied, and a configuration in which the constraint cguations of the
node s are not satisfied.

A statistical matrix, most preferably a covartance matrix, ¥{s) corresponding to »{s) is
calculated in step 406, The covariance matrix F{») can be represented as follows:

(s) = C(s) Pols) CTs) + Ris) (7)
where (s} 15 a statistical matrix, most preferably a covariance matrix, of the state vector xa(s).
Similar to the state vector, the value of the matrix Pa{s) is dependent on the decision step 414, If
the process 40 is performed on a leaf node, the matrix Py{s) is an identity matrix (also shown in
step 416). If the process 40 is performed on a parent node, the matrix £.(5) is a calcolated matrix
{also shown in step 418). The calculated matrix Pafx) is caleulated by the process 56 as will be
subsequently described.

The matrix #{s) is of size p by p. In the context of this document, the term “identity
watrix” generally refers to a mairix with equal number rows and columms, with elements along
the main diagonal being equal to one, and all other elements egual to zero. The matrix R(s)is g

statistical matvix of size m by m. Most preferably B(s) is the covariance matrix of “rogasurement
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notse” when performing the process 40, The matrix B(s} is preferably an m by » identity matrix
multiphed by a noise factor &, The noise factor & is a design parameter, and is preferably chosen
hased 1 part on the desired accuracy of the resultant solution to the approximated linear system
of equations. Preferably, the order of magnitude of § is roughly half the order of magnitude of
the desired aecuracy. The accuracy is a divect vesult of the magnitude of the residual vector v, For
example, if the residual vectar r has a magnitude preferably less than 107, than the noise factor
J is preferably chosen to be approximately 107, As should be apparent, the matrix ¥{s} is also of
size m by m,

With continued reference to FIG, 4, subsequent to step 404, a “gain matriz™ K{s) is
calculated in step 408, The gain matrix K(s) can be represented as follows:

K(s) = Pus) C(s) ¥7s) (8)
where ¥'{s) is the inverse of Ms). The gain matrix K{s} is of size p by m. Based on the gain
matrix £(s), an updated state vector x{3} is calevlated in step 410, The updated state vector x{(s) is
of the same size as the nitial state vector x:(s), namely size p by 7. The updated state vector x(s)
can be represented as follows:

x(s) = xs) + K(s) v(s) ©)

Finally, an updated covariance matrix P(s) corresponding to the updated state vector x(s)
is caleulated in step 412, Matrix P(s) can be vepresented as follows:

Pls)={ 1 K{s) T} ) Py {10
where the matrix £ 1s a p by p identity matnix. As should be apparent, the updated covariance
miatriz P{s) is of size p by p.

As g result of the process 48, the leaf nodes are solved by caleglating the updated state
vector x{s} and the updated covariance matrix P(s), As will subsequently be discussed, these
updated vectors and matrices are used to predict the solutions to the parent nodes of the leaf
nodes and 1o the parent nodes of other child nodes.

Refer now to FIG. 5, an exemplary process 88 for carrying out the process of step 108.
Similar to the process 44, the process 58 is herein described for a single parent node s for which
all of the chuld nodes of the parent node s have been solved. Suppose that the parent node s has ¢
child nodes, which have been updated by the process 48, For the purposes of this document, the
chuld nodes of the parent node s are referred to as child nodes 54, sz, #5... 55 The goal of the
process 38 is to predict state vectors x(s;), x50}, Xp{s:)... x4(5,) for the parent node s based on
the updated state vectors x{(s;), x{s2} ... x(s,) produced by process 48 The predicted state vectors

are of size p by 1, where p is the number of variables corresponding to the parent node s.
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In step 582, the indices ot the predicted state vectors x (s, xe(=:), Xe(53)... xp(5,) are
determined. To determine the indices of the predicted state vectors, the list of indices of variables
comumon (o the parent node s and each of the child nodes sy, 53, 85... 55 s compiled. In a non-
limiting implementation, each predicted state vector 1s initialized to the all zero vector. Looking
at the variables of the parent node 3, the indexed location of each of the parent varigbles in the
child node s, 1s returned and entered in the index predicted state vector for the child node ;. This
process is continued for the remaining child nodes sz, 53... 5. Based on the indices determined in
step 502, the predicted state vectors x5}, xp{s2), x,053). .. x3{s,) are determined in step 504.
With reference to FIG. 2, an example of the determining the above mentioned predicted

state vectors is described. Suppose the parent node s corresponds to the node 336A. There are
two child nodes in this example, and as such ¢ = 2. The child nodes 5, and s; correspond to the
child nodes 2404 and 2488, respectively. Suppose a variable vector x is of length twelve. The
varighle vector x can be written as x = (xy Xy Xz X3 Xy X5 X X7 X3 ¥o Xz X713 Suppose further that
the parent node s corresponds to variables (x5 x;; xy0), while the child node &5 corresponds to the
variables (x5 xg x5 x4} and the child node s corresponds to the variables {ry xu x5 x:/). The
positions of the shared variables between the parent node s and the child node s; are vsed to
construct the predicted state vector x,{s;). The variahle in the 0 position of the parent node s
does not appear in the child node s;. As such, the 0% position of x{5;} rémains zero, The variable
in the 1¥ positon of the parent node s appears in the 3" position of the child node s;. As such, the

~1d
3

P position of x;{s /) corresponds to the 3% position of x(s). The variable in the 2™ position of

nd

the parent node s appears in the 2™ position of the child node s;. As such, the 2° position of
x{37) correspongds to the pnd position of x(s,;}. Therefore, the predicted state vector x45;) can he
written as

xp(s ) = {0 2(s (3} x{&, 2
The same process can be carried ouwt for the predicted state vector x(s;), which also vields the
same predicted state vector as x(s; )

With continued reference to FIG. 5, statistical matrices, most preferably covariance
matrices, corresponding to the predicted state vectors are generated in step 506. Specifically, the
covariance mairix £y{ap(s:}) corresponds to x4(s; ), the covariance maatrix £{x{s,)) corresponds
{0 x4{s:}, and s0 on, The generated predicted covanance matrices fall out naturally from the child
node updated covariance matrices Pls;), Pso) PG Pla) from step 432, For a given child
node, for example child node s, the rows and columns corresponding to the common variables
of the child node and the parent node s arve placed in the predicted covariance matrix Prlx;{(s/))

corresponding to the list of indices of variables commeon to the parent node s and the ¢hild node
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s;. All other elements of the predicted covanance matrix Prc{s))) are zero, with the exception
of clements along the main diagonal, which are set to 1.

Recall the above example for which the index vector of x(s;) 1s {0 3 2). As such,
Pilxg(s,)) is a 3 by J matrix. In g non-limiting implementation, £;0e;(s ) is initialized to a by 3
matrix of all zeroes. The appropriate elements of the updated covariance matrix £(s,) are chosen
for Pr{x{s;) based on the index vector onter product (03 )70 3 2). As a result, all of the
elements in the 0 row of Piix(s;)) are equal to zero. All of the elements in the 07 column of
Pylxi{s)) are equal to zero, except for the element with the indices (0, 0), which is setto 1. The
clement in the ¥ row and 17 column of Pilx,(s,)) is equal to the element in the 3% row and 3™
colamn of P(s;). The element in the 1% row and 2™ colunmn of Filxis) s egual to the element

e
&

inn the 3 row and 2™ colummn of P(s;). The element in the 2™ row and 1% column of Pi(x;(s))) is

equal to the element in the 2” row and 3 column of P(5,). The element in the 2 row and 2™
cotunn of £,(x;(3,)} s equal to the element in the 2™ row and 2™ column of P(s)).

In step 508, the covariance matrices of the child nodes sy, 51, 335... 54 predicted in step 506
are combined into a single covariance matrix of the parent node s, written as Pa{s). The matrix
(s}, is the same matrix described in the process 40, However, the matrix resulting from step
SO8 13 a matrix used for updating 4 parent node, not the leat nodes. Accordingly, the combined
matrix is used as input to step 484, The combined covariance matrix can be represented as
follows:

Py = (TP sy - D) (15
where the summation is carvied out over the index of the child nodes (i = {, 2, 3...¢).

In step 510, the state vectors of the child nodes s, 2, 93... 54 predicted in step 504 are
combined into a sungle state vector of the parent node 5, written as x(s). The vector x;(s), is the
same gs the vector described in the process 44, However, the vector resulting from step 518 is a
vector used for updating a pavent node, not the leaf nodes. Accordingly, the combined state
vector is used as put to step 404. The combined state vector can be represented as follows:

xofs) = Pofs) £ P s xls) (12)
where the summation is carried out over the index of the child nodes (i = 7, 2, 3...4).

As presioasly mentioned, step 1088 is repeated antil the root node has been solved, Onee
the root node has been solved, the solution of the root node is propagated down to each of the
child nodes in the free (step 118).

Let ¥(sp) represent state vector of the oot node s The updated state vector of the root
node 5y 1s propagated from the root node to each of the chdld nodes of the tree. The propagation

adjusts the predicted state vectors of the child nodes of the reot node. Once the child nodes of the
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root node are adjusted, the same process s carried out for the child nodes of the children of the
root node and so on, until all of the leaf nodes have been adjusted.

Refer now to FIG. 6, a flowchart of an exemplary process 60 for carrying out the process
of propagation as described in step 118, Suppose that the nodes 5, 52, 83.., 5, arve the child nodes
of the root node s¢. In step 604, for each of the child nodes of the parent node, an adjustment
factor is applied to the predicted state vectors xp{s;), 37082, 3{s3)... xi(s5,) obtained from step
504 and the updated state vectors x{(s ), x{s;), x{53). .. x{5,) produced by the process 40, For a
child node 5;, an adjusted state vector X(s;} can be expressed as follows:

(s) = x(5) + T )5 xo() (13)
where the matrix (s} 1s a function of the updated covariance matrix P(s;} and the inverse of the
predicted covariance matrix Ps). Specifically, each matrix J(s/) can be expressed as foullows:

Hsi) = Pl Fl(s) Prlisy) (14)
where the matix F(s,} is an index matrix. Ina non-limiting implementation, the clement in the
row and /" column of the matrix Fis) is equal to /it and only if the * index of the state vector
of node s; and the 7 index of the state vector of the parent node of the node 5; correspond to a
comimon variable, All other elements of the matrix F{s,) are substantially zevo.

The matrix Ks;) can be thought of a8 a permutation matnix, or an adjustment matrix,
which permutes the elements of the predicted covariance matrix £y{s based on the shared
variables between the child node s; and the parent node of the child node s;. As should be
apparent, the matnx J{v;} is caleulated in step 682 prior to step 604,

Sieps 602 and 604 are repeated for the child nodes of the given parent node {initialized as
the reot node} urtil all of the state vectors of the cluld nodes of the parent node have been
adjusted. This is depicted in a decision step 886, Once all of the state vectors of the child nodes
of the parent node have been adjusted, the process 68 moves down one generation as shown in
step 618, Note that 1f all of the state vectors of the leaf nodes have been adjusted, the process 60
is necessarily executing steps 682 and 684 at the nodes of the youngest generation of the tree,
and as such, cannol move down another generation upen completion of step 684, This implies
that all of the state vectors of the nodes of the tree have been adjusted. Once the state vectors of
the leal nodes have been adjusted. the process 68 ends, Checking whether the state vectors of the
leal nodes have been adjusted s depicted in a decision step 608, The adjusted state vectors of the
nodes provide the solution to the approximated linear system of equations,

Recall that the accuracy of the resultant solution is based in part on the noise factor . 1f
the resultant sccuracy does not satisfy an accuracy comdition, the steps 106-110 are repeated.

This 1s depicted by decision step 111, This is typically accomplished by calculating a new
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residual vector and subtracting the resultant solution from the new residual vector. The resultant
subtracted difference is typically normalized. As such, the process is iterative based on the
solutions to the approximated linear system of equations. In certain exemplary non-limiting

unplementations of the process 10 for CAD systems, the nuniber of iterations is typically in the

n

range of 2-5 iterations.

Once the resultant linear aceuracy condition is satisfied {step 111), the accuracy of the
resultant solution to the non-linear system of equations is checked. Recall that the above solution
is the solution to the first iterative step in the linear approximation. As such, if' the accuracy of
the residuals of the non-linear system of equations does not satisfy an accuracy condition, the
10 steps 102-111 ave repeated. This is depicted in a decision step 124. In certain exemplary non-
limiting implementations of the process 18 for CAD systems, the number of iterative steps for
the linear approkimation 18 in the range of 2-4 iterative steps. As a resalt, the process 18 is
preferably implemented as a dual terative process, where the lterations of the linearization step

have 2-5 sub-tterations,

—
3547

Completion of all iterations results in a configuration of the model in which the
constraints as applied {o the entities are satisfied. As such, the variables corresponding to the
entities are produced for output. In the nop-limiting implementation of the process 16 for CAD
systerns, this entails outputting the updated values of the variables of all of the entitics.

Refer now to FIG. 74, a high-level partial block diagram of an exemplary system 79
20 configured to implement solving the system of equations according to the present invention, The

system (processing system) 78 inclodes a processor 782 (one or more) and four exemplary
memory devices: a RAM 764, a boot ROM 786, a mass storage device (hard disk) 708, and a
flash memory 716, all communicating via a common buos 712, As is known in the art, processing
and memory can include any computer readable wmedium storing software and/or firmware and/or
25 any hardware element(s) including but not limited to field programmable logic array (FPLA)
element{s}, hard-wired logic element(s), field programmable gate array (FPGA) element(s), and
application-specific integrated circuit (ASIC) element(s). Any instruction set architecture may be
used n processor 782 ingluding but not limited to reduced instruction set computer {RISC)
architecture and/or complex instruction set computer (CISC) architecture. A module (processing
30 module) 714 15 shown on the mass storage device 788, but as will be obvious to one skilled in
the art, could be tocated o any of the memory devices.,
The mass storage device 788 13 a non-limiting example of a non-transitory computer-

readable storage medium bearing computer-readable code for implementing the solving
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methodology described herein. Other examples of such computer-readable storage media include
read~only memories such as CDs bearing such code.

The system 70 may have an operating system stored on the memory devices, the ROM
may include boot code for the system, and the processor may be configured for executing the
boot code to foad the operating system to the RAM 704, executing the operating systew to copy
computer-readable code to the RAM 764 and exscute the code.

The network connection 726 provides communications to and from the system 78.
Typically, a single network connection provides one or more links, including virtual connections,
to other devices on local and/or remote networks. Alternatively, the system 78 can include more
than one network connection (not shown), each network counection providing one or more links
to other devices and/or networks. The system 70 can be implemented as a server or client
respectively connected through a network (o a client or server,

The ernbodiments disclosed herein may be provided as a computer program product, or
software, that may include a machine-readable medium (or computer-readable medium) having
mstructions stored thercon, which may be used to program a computer system, such as, for
example, the system 78, to perform 4 process or processes according to the embodiments
disclosed herein. In erabodiments directed to CAD systems, the computer program product, or
software, may be implemented as a plag-in for existing CAD software programs.

Note that the system 70 may be implemented as part of a computer system 768 including
a display 72, a user input device 74, and a display organizing module 76, as shown in FIG. 7B,
The display 72 may be any suitable type of display for displaying data output from the system
70, including, but not limited to, a computer monitor and an LCD screen. The user input device
74 may be any type of device suitable for allowing a user to provide conmumands to the system 70,
including, but not lhnited to, a keyboard and a mouse. Alternatively, the system 7¢ may be
implernented as a stand-alone computer system including the display 72, the input user device
74, andd the display organizing module 76,

The types of commands provided to the system 76 via the user input device 74 allow for
a user to instruct the system 79 o perform actions including, but not limited to, generating
models, moditying models, saving models and loading models. As such, the user may generate a
model and the corresponding entities and constramts. Subsequently, the user may modify the
entities, resulting in related entities being properly adjusted based un the solving of the constraint
eguations. Furthermore, generated models may be stored in memory, such as the flash memory
718, and may be subsequently loaded from memory to enable modification and manipulation by

the user via the user input device 74.
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As previously mentioned, snbsequent to completion of all Herations, the variables of the
enfities arve produced for output. The display orgamzing module 76 organizes the output entities
for display, as shown in step 116. The orgamzed outpud entities are provided to the display 72 for
visnalization by the user. Providing the display orgamzing mwodule 76 corresponds to step 14
The output entitics may alternatively be stored to a third party device or displayed viag a third
party display device.

In order to better explain the embodiments presented hercin, an example for solving a
system for two-dimensional geometric entities 18 provided. The intent of the example provided i3
te ilustrate in more detail the steps in the process 18 for solving a system of equations. Note that
the variables of the entities are preferably floating pownt data types, and most preferably double
precision data types. For convenience, the values of many of the varigbles and matrices in the
example deseribed hevein are shown only to four decimal places, with the several exceptions
showing greater decimal precision. In the provided example, the noise factor & is chosen as
having a value of 107,

Refer now to FIG. 8, a first line segment L; and a second hine segment L. The line
segment enfities L; and £; are constrained by a single coustraint, namely perpendicularity. As
shown m FIG. &, line segment £; 15 defined by two end peints in Cartesian coordinates: Py (10,
7.5y and Py (17.5, 12.5). Sumilarly, line segment L; 18 defined by two end points in Cartesiag
coordinates: M (20, 10) and P2 (25, 51 As should be apparent, n the initial configuration of the
line segments, the Hne segments are not perpendicular.

Based o the above entities, a variable vector is penerated. The inttial vector tngludes
eight varigbles: Po (xg. vol £ (v, 300 P (o vy and Py (xg. v3). As previously mentioned,
perpendicalarity constraints may be more easily solved by using combination of Cartesian and
polar coordinates. As soch, each line segment has a magnttade (ength) and angle. Line segment
£.; has magmtude dp (9.0139) and angle a4 (0.5880). Line segment L; has magnitude &, {7.0711)
and angle a; (<0.7854). This vields a total of twelve variables for the two entities. The entities are

expressed as the following system of non-linear equations:

Xp=xebdly Cos ap (15)
Yo Vo + d{, gin o { H})
X3 =X+ dycos ay {1
vy = vt dpsinay (18)

Adding the perpendicularity constraint adds a fifth equation to the above system of
equations. The perpendicularity constraints can be represented as follows:

G- = -2 (19}
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The vector of variables 7 is expressed as

=Xy Yo %) Yo do e X3 Yaxz Yo ody @iy =20 zp 22 5y Z4 25 Ts 2y 5w Ty Zio Fud
The initial values of the variables are used as the initial gness vector z°, and as such is written as:
=10 7.5 17.5 12,5 9.0139 (0.5880 20 10 25 § 7.0711 -0.7854).

5 As previcusly mentioned, normalizing is accomplished by dividing by the maximum
absolute value of the values of the initial guess vector, which in the present example is 25.
Normalization results in the following vector

=04 03 0.7 0.5 03606 0.5880 0.8 0.4 1.0 0.2 0.2828 -0.7854).

Note that the angle variables are not normalized.

19 The matrix 4" is generated using the results of expression (2) {o linearize the above
normalized non-linear equations, The generated matrix 4" is shown in FIG. 9, As a result. a
systemn of five linear equations with twelve variables is obtained. Note that the matrix 4" is
recognized to be sparse row-wise in that the tivst four rows have four non-zero elements and the
last row has two non-zero elements. As should be apparent, the initial output vector 3 is given

15 by ={0.1176 -0.1764 0.1571 0.1571 1.5708)". The resulting residual vectoris ¥’ = (0 8§ 0
{1 -0,19739555984088089)",

Referring to FIGS. 10A and 108, the process 30 is used to construct a tree 1008, For
simplicity, the equation in the 0™ row of 4% {s placed in the root node ;. No other eguations are
placed 1n the root node. The equation in the root node s denoted eolzy 22 24 z35). Bquations ez

20 zy z4 zo) and edzs z;) share variables in common with the vanahles of the root node, As such,
equations ¢z 23 2o =s) and g4zs zp) are placed in the child nodes s; and sy, respectively. The
node s; does not have any children. The node 54 has two child nodes: s; and s;. Equations ex(zg
s¢ Zie 2o and €32y se zpe 2 are placed in nodes s and 3, respectively,

As should be apparent. there ts a collision with respect to the nodes 23, 93, and s, Since

25 the variable 2y appears in the equations of the child nodes s» and s but does not appear in the
parent node, the variable is added to the parent node 54 a8 shown in FIG. 10B, according to step
328 of the tree generating process 30 previously described. As should be apparent, the leaf nodes
are the nodes &7, 87, and 55,

Upon completion of the construction of the tree 1600, the steps of the process 46 are

30 executed to update the leal nodes sy, 52 and 53, The measurement matrix {s;) for the node s» is
the 2™ row of 4% with the zeroes removed, and can be expressed as Cfss) = (<1 1 -0.707] 0.2y

Using equations (63-(10}, the tollowing matrices and vectors are caleulated: xy{ss) = (0 ¢

OO, #s2) =0, v(s2) =0, ¥(sy) = 2.5400 + 8, K{s;) = (-0.3937 03037 -0.2784 -0.0787), and
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x{s2) = (00 0 0). The matrix Ps;) is represented as shown in FIG. 11A. The caleulations for the
node 5z resplt in the same vectors and matrices as for the node 57 above.

Similar caleulations are made with respect to the node s;. The measurement mairix for
the node s, is the 1% row of 4” with the zeroes removed, and can be expressed as C(s;) = (-1 1 -
(1.5547 ~0.3},

Lsing equations (63-(10), the following matrices and vectors are caleulated: xa{s;) = (00
00y, pls) =0, w(s) =0, Fls;)= 23977 4 8, K{s )= (-0.4171 04171 -0.2313 -0.1251), and
x(s;) = (0 0 0 0}, The matrix £{s,) is represented as shown in FIG. 11B.

The steps of the process 88 are executed to predict the state vectors and covariance
matrices. Since the updated state veciors x{s:} and x(ss) are zern vectors, the predicied state
vectors xp{sz) = (0 0 0) and xa(s3) = (0 ¢ 0). The predicted covariance matrices Pilxy(s:)) and
Bi{xdss)) are identical and are shown in FIG. 124,

Using equations (11} and {12}, the combined covartance matrix and combined state
veotor of the node s, ave caleulated. Accordingly, xx{s4) = (0 0 0). The combined covariance
matrix £:{5,} is shown in FIG. 13A.

Now the steps of the process 46 are execumied to update the node s, The measorement
matrix for the node sy can be expressed as (s ={-1 1 0}

Using equations (6)-{ 10}, the ollowing matrices and vectors are caleulated: (s, = -
019734, v(sg) = -0.1974, sy = (0.5098 -0.4901 0V, and a(ss) = (-0.1006 0.0968 0}. The
matrix Plag) 1s represented as shown ia FIG. 11C. The matrix P(s,) is shown with higher decimal
precision to highlight the fact that the matrix P(s,) is nearly singular since the first two rows of
£(s.) are nearly equal. However, the matrix Ps)is not singular, and therefore a matrix inverse
can be catculated.

The non-singularity of the matrix £(s,), and all such updated covariance matrices, is due
to the noise factor § as will be explained in subsequent sections of the description.

The steps of the process 56 are executed to predict the state vector and covariance matrix
based on the node 5. Since the updated state vector x(s;} 1s a zero vector, the predicted state
veetor (s ) = {0 0 0). The predicted covariance matrices £r{xs{s;)) s shown in FIG. 12B,

Similarly, the steps of the process 58 are executed to predict the state vector and
covariance matrix based on the node »,. Sinee the updated state vector x{sy) is non-zero, the
resulting predicted state vector xy(s,) = (0 0 0 -0.1006). The predicted covariance matrix
Prxi{s4)) is shown in FIG. 12C.

Usmg equations {11} and (12}, the combined covariance matrix and combined state

veetor of the root node sy is calenlated. Accordingly. the combined state vector x2(sg) ts
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caloulated asxo{sp) = (0 0 0.0071 -0.0987) The combined covariance matrix Pafs;) 1s shown in
FIG. 13B.

Finally, the steps of the process 40 are executed to update the root node sy, The
measurement matrix for the node s, can be written as Cisp) = (-1 1 -0.8321 0.2).

Using equations {6)-(10), the fellowing matrices and vectors are caleulated: y(sq) = 0,
visg) =0, Fisp) = 26325 + 8, K(sa) = {-0.3799 0.3799 -0.2774 0.0475), and &{s4) = (-
0.00973255962702836 0.00975255962702836 O -0.0975255967579110). The malrix Plsg) s
shown in FIG. 11D,

At this stage, the root node s, has been updated, and the process of propagating the
updated state vectors of all of the nodes down to the leaf nodes can begin. Accordingly, the steps
of the process 60 are executed to facilitate the aforementioned propagation,

tnittally, the updated state vector of the root node s is propagated to the child nodes s,
and 5. As previousty described, the matrices Fs;) and Fis,) are determined based on the
common indices of the child nodes and the parent node. The matrices Fls;) and Fs;) are shown
w FIGS. 14A and 14B, respectively.,

Using equation (14), the matrices ;) and J(s4) are calculated as shown in FIGS. 15A
and 15B, respectively.

Using equation (13}, the adjusted state vector ¥{s,) can be expressed as X{(x,) =
(0.0146.288394405426 -0.0146288394405426 (¢ -(.09752559675791 19,

The calenlation of the adjusted state vector £(s,) 18 not shown for convenience. The
adjusted state vector X{s4) is propagated to the leaf nodes sy and 5z, Using egnation {14), the
matrices Js») and Hs3) are calcalated as shown in FIGS, 15C and 15D, respectively,

Finally, using equation (13}, the adjusted state vectors X{x:) and X(s3} are caleujated. The
calculations yield (s} = (-0.0099869961 5539714, 0.00998699615539714, O,
0.0998699620533214) and K3 = (<0.00998699615539715, 0.00998690615539715, O,
0.0998099620533214).

Collecting all of the values of the variables from the solved state vectors X{sq), %(s,),
X{ss), X35}, and {54}, as should be apparent, the vector
¢ = (-0.00975255962702836 0.014628839440542553 0.00975255962702836 -
(.014628639440542553 0 -0.097525596757911864 -0.0009865961553971376
~0.00998699615539715 0.0099869961553971376 0.009986996155360715 O
0.099869962053321423). Taking the difference between the normalized initial guess vector 7

and 7' vields z = {0.40975255962702839 0.28537116055945744 (.69024744037297159

Loy
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0.51462883944054261 0.3605351275463989 0.68552820030547934 0.809986G961 5539715
.40008099615330719 0.99001300384460289 (0.19001300384460287 0.282842712474619
~0.883526812545076972).

Calculating the new residual vector yields # = (0.0000000000975255848301 15974 -
0.00000000014628834255070444  0.0000000000998700011578535
(.000000000099869973402277878
-0.0000000010386473903167825),

The nomn of the new residual vector is of the order of 107, which as mentioned earlier, is
not as accurate as desived for typical CAD systems. Accordingly. the “No™ branch of decision
step 111 is selected, thus repeating steps 106 and 108, Repeating steps 106 and 108 produces a
new residual vector with norm on the order of 107 which, as previcusly mentioned, is of
sufficient accuracy for most typical CAD systems.

Recalling that the above solution is based on the first iteration of the linear approximation
to the non-linear system of equations, the norm of the residual vector of the non-linear system of
equations i3 calculated. Accordingly, the norm of such g vecter is on the order of 107, which is
nof as accurate as desired for most typical CAD systems. Accordingly, the “No™ branch of
decision step 124 is selected, thus repeating steps 106 and 108 (step 104 can be skipped since the
free 1000 was already generated). The second iteration of the linear approximation to the non-
lincar system of equations yields a residual vector norm on the order of 107", which may stil} not
be as accurate as desired. Accordingly, the “No™ branch of decision siep 124 1s selected again,
thus repeating steps 106 and 108, The third #eration of the linear approximation to the nou-linear
systern of equations vields a residual vector notm on the order of 1077, which ts within the
typical desired accuracy for many typical CAD systems. Accordingly, the “Yes” branch of
decision step 124 is selected, ending the computation steps of the process 10,

As previousty mentioned, the noise factor & 1s a design parameter preferably chosen
based in part on the desired aceuracy of the process 16, Note that the updated covariance
matrices calculated by the process 40 are maintained as non-singular matrices due to the chosen
value of the noise factor §. As previcusly mentioned with reference to matrix £(s,) in FIG. 11,
the matrices may be pearly singular, In fact, if noise factor values which are too small are
chosen, the updated covariance matrices would become singular, causing the process 18 to end
after a single teration.

Note that although an the process as described thus far has pertained to an exemplary
embodiment for determining a configuration of a model having geometric entities as applied to

CAD systems, other embodiments are possible in which the entities are non-geometric entities.

>
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Such embodiments are of value in a variety of industrial applications, and may be of particular
value in operations research problems. An example of such an applicable operations research
problem 1s location selection. Such operations research problems involve the location of
facihities, such as warehouses and the Hke, for supplying demand to a set of customers. For gach
customer, there 15 an associated cost of supplying the customer from a facility location. The goal
of the location selection problem is to choose a subset of locations at which to establish facilities,
and then to assign each customer to a facility, in order to reduce total cost. Accordingly, the
constraints of such a problem ensure that all customers are supplied from one of the facilities and
prevent any custorsers from being assigned to a location lacking a facility.

Other examples of applicable operations research problems include, but are not Hmited
10, job scheduling problems in machine production industries, automobile manufacture
sequencing problems, vehicle routing problems, and crew rostering for air travel.

Additionally, the process described herein mav be of particular value in induostrial
optimization problems for resource distribution, such as, for example, the distribution of gas
from multiple sources to multiple consumers through a pipelined network. In such a resource
distribution problem, the gas may be redistributed at each consumer point in the network.
Accordingly, the constraints of such # problem are defined by the redistribution of gas. Such
problems may also be solved using a linear programming simplex method which is reliant on the
mversion of large matrices. The mversion of a matvix having # rows and # colamns can be
considered as solving » systems of equations, each system of equations having # variables and #
equations. Accordingly, the above mentioned resource distribution problem may be solved by
directly applying the process described herein to invert the matrices required by the simplex

method.

It will be appreciated that the above deseriptions are intended only to serve as examples,
and that many other embodiments are possible within the scope of the present invention as

defined in the appended claims,
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WHAT I8 CLAIMER IS,

L. A non-transitory compuier-readable storage medium having embedded thereon
computer-readable code, the computer-readable code comprising program code for implementing
a method for determining a configuration of a model comprising a collection of entities
satistying a set of constraints, the method comprising:

(4) providing the collection of entities and the set of constraints, the collection of
entities represented by a plurality of variables, cach constraint corresponding to
at least one constraint equation interrelating a subset of the plurality of
varigbles:

(b}  gencrating at least one tree, the at least one tree including a plurality of nodes,
the at least one tree including a root node, the root node having at least one
child node, the nodes having at least one child node defining parent nodes, the
nodes lacking child nodes defining leaf nodes, each node corresponding to a
subset of the constraint equations;

{c) for a subset of leaf nodes, solving in parallel to satisfy the constraint equations
of each of the leaf nodes:

{d) for each parent node for which the constraint egoations of the child nodes have
been satisfied, solving to satisfy the constraint equations of the parent node,
based on the satisfied constraint equations of the corresponding child nodes;

{e} repeating {(d) nntil the constramt equations of the root node have been satisfied;

(1) propagating the satishied constraint equations of each of the parent nodes to the
corresponding child nodes of each parent node, thereby determining the
configuration of the model satisfving the set of constraints; and

{g} outputting the entities corresponding to the determined configuration.

2. The method of claim 1, further comprising:
{h) providing g display organization module: and
(i} organizing for display the output entities corresponding to the determined
configuration of the model according to the satisfied set of constraints,
b}

3. The method of claim 1, wherein solving to satisfy the constraint equations of each of
the child nodes ncludes:
{1 updating a state vector of the chuld node: and
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(it} generating an updated statistical matrix corresponding to the updated state

veolor,

4. The method of claim 3, wherein updating the state vector of each of the child nodes is
based on a difference hetween a first configuration, in which the constraint equations
corresponding to the child node are not satisfied, and g second confipuration, in which the

constraint eguations corresponding to the child node are satisfied,

3. The method of claim 3, wherein satisfying the constraint equations of each parent
node mclades:

{1) predicting a state vector for cach of the child nodes of the parent node,
cach state vector eorresponding to the updated state vector of each child
node of the parent node; and

{11} generating a predicted statistical matrix corresponding to each of the

predicted state veciors.

6. The method of claim 5, wherein satisfying the constraint equations of each parent
node further inciudes:
(i} combining the predicted statistical matrices of the child nodes of the
parent node into a siugle combined statistical matrix;
{tv)  generating g combined state vector corresponding to the combined
statistical matrix; and
(v} updating a state vector of the parent node based on the combined

statistical mairix and combined state vector.

7. The methed of claim 6, wherein propagating the satisfied constraint equations of each
parent node mcludes:
{1 propagating the updated state vector of the parent nodes to cach of the
child nodes of the parent node to apply an adjustment to the updated state
vectors of each of the ¢hild nodes of the parent node; and

(it} repeating {1} until the updated state vectors of the leaf nodes are adjusted.

8. The method of claim 1, further comprising:

Lo
tn
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(1) repeating (c)-{1) untdl a first accuracy condition is satisfied.

9. The wethod of claim 8, wherein the repeating is iterative.

10. Themethod of claim 8, wherein the first accuracy condition is based on a residual

YECIOr.

t1, The method of claim 1, wherein the entities are geometric entities.

12. The method of claim 11, wherein the geometric entities are two dimensional

geormelric entities.

13, The method of claim 11, wherein the genmetric entities are three dimensional

geometric entities,

14, The method of claim 1, further comprising:

(1) generating a matrix representative of the model, the matrix having at least a
first and second dimension, cach of at least one vectors in the first dimension
of the matrix corresponding to a subset of the plurality of variables, the matrix
being sparse in the first dimension, each node of the at least one tree

corresponding to at least one of the vectors in the first dimension of the matrix.

15, The method of claim 14, wherein the model is a non-linear model.

16. The method of claim 14, wherein generating the matrix representative of the non-
linear model includes:
{1} prior to (b}, linearizing the non-linear model to produce a linear model;
and

(i1} repeating (¢)-{f} until a second accuracy coudition 1s satisfied.

17. The method of claim 16, wherein the repeating is iterative.
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18. The method of claim 16, wherein the second accuracy coudition is based on a residual

VeCtor.

19, The method of claim 15, wherein the matrix i3 a sequentially linearized matrix.

20. The method of claim 1, wherein generating the at least one tree includes:
(1) creating @ root node of the at least one tree and placing at least one of the
constraint equations in the root node; and
(it} placing constraint equations sharing at least one variable with the at least
one constramt equation in the root node 1 respective child nodes of the

root node.

21. The methaed of claim 20, wherein generating the at least one tree further includes:

(i1} placing constraint cquations sharing at least one variable with at least one
of the constraint equations in the respective child nodes in additional
respective child nodes of the respective child nodes;

{1tv)  repeating (1) until each of the constraint equations s placed in at least

one of the nodes of'the at east one tree.

22. The method of claim 1, wherein the model hag af least one degree of freedom,

23. The method of claim 1, further comprising:
{ty receiving as user mput, instructions to modify at least one entity of the
collection of entities; and
{1) in response to the user input, solving to satisfy the set of constraint equations to

determine a new configuration of the model.

24, The method of claim 23, further comprising:
{1 outputiing the entilies corresponding to the configuration of the model

satisfying the set of constraints,

1
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25. The method of claim 1, wherein solving to satisfy the constraint equations of the
parent node, based on the satisfied constramt equations of the corresponding child nodes is done

i paraliel.

26. The method of any of claims 3, 5 or 6, wherein the statistical matrix is a covariance

matr.

27. The method of elaim 1, wherein the subset of leal nodes includes all of the leaf nodes.

28. A system for determining the configuration of a model comprising a collection of
entities and a set of constrainis in a computer having software instructions, the collection of
entities represented by a plurality of variables, each constraint corresponding to at least one
constraint equation interrelating a subset of the plurality of variables, the system comprising:

{a} a computer system, the computer system including at least one processor, and
at least one user input device, the computer system configured to:

{1} receive user input to generate the model via the at least one input device;

{13 generate at least one tree, the at least one tree including g plurality of
nodes, the at least one tree including a root node, the root node having at
least one child, the nodes having at least one child node defining parent
nodes, the nodes lacking child nodes defining leaf nodes, each node
corresponding to a sabset of the collection of constraint equations;

(11} for a subset of leaf nodes, solve in parallel to satisfy the constraint
equations of each of the leaf nedes;

{iv)  for each parent node for which the constraint equations of the child nodes
have been satisfied, solve to satisfy the constraint equations of the parent,
based on the satistied constraint equations of the corresponding child
noades;

{(¥) repeat (v until the constraint equations of the root node have heen
satisfied;

{(vi)  propagate the satisfied constraint equations of each of the parent nodes to
the corresponding child nodes of each parent node, thereby determining
the configuration of the model satisfying the set of constraints; and

{vii}  outputthe entities corresponding {o the determined configuration.
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29. The system of claim 28, wherein the computer system further includes at least one
display device, and the computer system is further configured to:
(viii} display the output entitics, via the at least one display device, of the

determined configuration.

30, The system of claim 28, wherein the computer system is further configured to:
(viii} recetve user input to modify at least one entity of the collection of entities;
and
{ix}  solve 1o satisfy the set of constraints to determine a new configaration of

the model.

310 A system for determining the configuration of a model comprising a collection of
entities and a set of constraints in a computer having software instructions, the collection of
entities represented by a plurality of variables, each constraint corresponding to at feast one
constraint equation interrelating a subset of the plurality of variables, the system comprising:

{a} a computer system, the computer system including a memory, at least one
processar, at least one user input device, and st least one display device; and

() a computer generated model stored on the memory of the computer svstem, the
computer systern configured to:

{0 receive user input to modify at least one entity of the collection of entities
via the at least one input device;

(i} generate at least one troe, the at least one tree including a plurality of
nodes, the at least one tree including a root node, the oot node having at
least one child node, the nodes hayving at least one child node defining
parcnt nodes, the nodes lacking child nodes defining leaf nodes, each node
corresponding to a subset of the collection of constraint equations;

(i} for a subset of'leaf nodes, solve in parallel to satisfy the constraint
equations of each of the leaf nodes;

{iv}  for each parent node for which the coustraint equations of the child nodes
have been satisfied, solve to satisty the constraint equations of the parent,
based on the satistied constraint equations of the corresponding child
nodes;

{v} repeat (wv) uniil the constraint equations of the root node have been
satistied:
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{vi}  propagate the satisfied constraint equations of each of the parent nodes to

the corresponding child nodes of each parent node, thereby determining

the configuration of the model satisfying the set of constraint;

{vii}  output the entities corresponding 1o the determined configuration; and

{viit} display the output entities, via the at least one display device, of the

determined configuration.

A2. A moethod for determining a configuration of a model comprising a collection of

entities satisfying a set of constramnts, the method comprising:

{a)

el

(e
()

(g}

providing the collection of entities and the set of constraints, the collection of
entities represented by a pharality of variables, each constraint corresponding to
at least one constraint equation interrelating a subset of the phurality of
variables;

generating at least one tree, the at least one tree including a plurality of nodes,
the at least one tree including a root node. the root node having at least one
child, the nodes having at least one child node defining parent nodes, the nodes
tacking child nodes defining leaf nodes, each node corresponding to a subset of
the constraint equations;

for a subset of leaf nodes, solving in parallel to satisty the constraint equations
ot each of the leal nodes;

for cach parent node for which the constraint eguations of the child nodes have
been satistied, solving to satisfy the constraint equations of the parent nede,
based on the satistied constraint equations of the corresponding child nodes;
repeating {d) until the constraint equations of the root node have been satisfied:
propagating the satisfied constramt equations of each of the parent nodes to the
corresponding child nodes of each parent node, thereby determining the
configoration of the model satisfying the set of constraints; and

outputting the eptities correspouding to the determined configaration.
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