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SOUND/ELASTIC-WAVE SYSTEMS WITH FERMIONIC QUANTUM-LIKE
BEHAVIOR FOR PHASE-BASED ENCODING OF INFORMATION

FIELD
[0001] The present disclosure generally relates to sound and elastic-wave systems
with fermionic quantum-like behaviour and in particular to an approach for the phase-

based encoding of information.

BACKGROUND

[0002] Wave functions possess a spinor and a spatio-temporal part. The spinor part
leads to a non-conventional torsional topology of the wave function. In the long-
wavelength limit, field theoretical methods can be used to demonstrate that rotational
phonons can exhibit fermion-like behavior.

[0003] The understanding of elastic waves has been largely driven by the simple
paradigm of the plane wave and its periodic counterpart (the Bloch wave) in periodic
media. Significant progress has been achieved in unraveling the behavior of elastic waves
in phononic crystals and acoustic metamaterials. However, most of this progress has
been achieved through exploration of the geometrical complexity of these media. Inspired
by the discovery of topological insulators for which the electronic wave function is
supported in momentum space by manifolds with non-conventional topologies, recent
studies have shown the possibility of achieving electromagnetic waves and acoustic waves
with non-conventional topologies.

[0004] It is with these observations in mind, among others, that various aspects of

the present disclosure were conceived and developed.

BRIEF DESCRIPTION OF THE DRAWINGS
[0005] FIG. 1 depicts a schematic illustration of a discrete micromechanics model
that supports rotational waves.
[0006] FIG. 2 depicts a schematic illustration of the torsional topology of the wave

function for rotational modes in k space.
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[0007] FIG. 3 depicts a mass-spring system isomorphic to a block-spring system

supporting rotational waves only.

[0008] FIG. 4 depicts a schematic illustration of a device composite system
comprising a segment of a mass-spring system with fermion-like behavior sandwiched
between two semi-infinite harmonic chains.

[0009] FIG. 5 depicts the coefficient of transmission of a plane wave launched in
the right semi-infinite chain through the composite system of FIG. 4, with an inset depicting

a magnified region around the bottom of the positive branch of the band structure.
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DETAILED DESCRIPTION

[0010] The present application investigates the properties of wave functions in
phononic structures supporting rotational waves which can exhibit wave functions that take
the form of spinors. The non-conventional torsional topology of the wave function of
elastic waves with spinor characteristics leads to a constraint on the wave function
reminiscent of the Pauli-exclusion principle. This type of constraint introduces the notion of
fermion-like behavior of elastic waves. The presently discussed topological constraints on
elastic waves can improve phononic systems, permitting unique, robust designs and new
device functionalities by providing immunity to performance degradation caused by
imperfections or information coding and processing in the phase of the waves.

[0011] Previous investigations have shed light on various properties a 2D phononic
crystal (PC) constituted of stiff polymer inclusions in a soft elastomer matrix. The 2D PC
composed of a square array of polystyrene (PS) inclusions in a polydimethylsiloxane
(PDMS) elastomer matrix has been shown to be capable of supporting rotational waves.
Of particular interest are modes where the PS inclusions and the region of the matrix
separated by the inclusions rotate out of phase but also in phase. Following Peng et al.,
who demonstrated that a 1D lumped mass model could be used to describe rotational
modes in a 2D PC, a 1D mass spring phononic structure that could also support rotational
waves was introduced. This 1D model can be used to reproduce the dispersion relations
of the 2D system in a certain range, and it can subsequently be shown within Dirac’s
formalism that the wave function for rotational waves possesses a spinor-part and a
spatio-temporal part.

[0012] The present application discusses the geometric topology of the spinor-part
of the wave function, and shows that the spinor-part imparts a non-conventional topology
to the wave function. In particular, the spinor part of the elastic wave function is supported
in momentum space by a manifold with torsional topology. Furthermore, in the long-
wavelength limit of the 1D model, the concept of phononic structures that support
rotational waves and the concept of a Dirac representation of elastic waves within a field
theoretical framework are integrated with each other. This leads to the observation of
fermion-like behavior resulting from the spinor part of the wave function. In particular, it is

found that within the context of a “second quantization” of the rotational waves, the
3

SUBSTITUTE SHEET (RULE 26)



WO 2018/022801 PCT/US2017/044025

Substitute Specification
properties of their associated spinor lead to anticommutation rules for the creation and

annihilation operators.

[0013] After showing the possibility of fermion-like constraints on the elastic waves,
a second question related to the more practical aspect of this behavior is also posed:. what
are the implications of fermion-like phonon behavior? A partial answer to that question is
provided by introducing the concept of phase control of phonons through the specificity of
their fermion character. To that effect, the concept of a phononic structure-based
Y(phase)-bit is introduced, and it is demonstrated that one can operate on the -bit
through the structure’s physical parameters to transform the spinor state of the wave
function. More specifically, one can operate on and measure the spinor state of phonons
replicating known operations that are more commonly executed on fermions states like
spins.

[0014] The 1D discrete mass-spring model that supports rotational modes forms the
foundation of a field theoretical representation of rotational modes in phononic structures.
The wave equation associated with that model is shown to be isomorphic to the Klein—
Gordon equation, and that equation is therefore factored using Dirac formalism to obtain
the wave functions and investigate their non-conventional topology in momentum (k)
space. Quantum field theoretic methodologies are used to analyze the properties of the
wave functions in the long-wavelength limit and find constraints on the wave function
reminiscent of fermion-like behavior. An application of these findings to the encoding and

processing of information in the wave function is disclosed.

Nonconventional topology of rotational waves in phononic crystals

One-dimensional discrete micromechanics model

[0015] The various embodiments makes use of a 1D mass-spring model that is
known to reproduce the dispersion relations of a 2D phonon crystal that supports rotational
waves. This model is based on a discrete linear one-dimensional micromechanics model
that includes longitudinal, shear and rotational degrees of freedom. This 1D discrete
lattice model comprises an infinite chain of square block elements connected with multiple

harmonic springs. Each element in the model is considered to have two translational
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degrees of freedom (displacement in the x and y directions) and one rotational degree of

freedom (rotation about an axis perpendicular to the xy-plane).

[0016] FIG. 1 depicts the repeatable unit cells for a monoblock lattice model 100
with periodicity (h). More specifically, FIG. 1 is a schematic illustration of a discrete
micromechanics model that supports rotational waves. Three different harmonic springs
(spring constants Ky, k1, and kj) connect different parts of the block elements 101. The
element in FIG. 1 has mass (m) and moment of inertia (/). The block constituting the nth
unit cell has x-displacement (u,), y-displacement (v,) and rotation component Wl gy,
and v, represent displacements associated with longitudinal and transverse vibrations,
respectively. The potential energy associated with the elastic connections 102 of elements

(n) and (n + 1) in the monoblock chain is written as follows:

H

By oy = TRl ~ 801 3 3 3o Vol TWet T et~ il 8y
I

rbana § & oy BmE S Y <l R e 1 F ol
where K= i;‘} e Ky = I Kymm ='TL“}* Pemft— 20y, o= O 2000

Accordingly, the equations of motion for the element in the nth unit cell of the monoblock

lattice are written as:

Sy o ‘)
) ‘.,)\ - f’:(}ﬁh;«j - 23\53 e {33 . } :2}
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Wy o OBK e
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[0017] The band structure of such a lattice would contain three bands corresponding

to the three degrees of freedom (u, v, = &3 However, for the sake of simplicity, this
model is presently restricted to the propagation of rotational waves by allowing only
rotation of the blocks about their center of mass and by constraining shear and longitudinal
displacements in the lattice. The equation of motion associated with the rotational degrees

of freedom (equation (4)) then takes the simpler general form:

S
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K=Ky — 2% and K =HK 4.
where "* T T T a0 AnE R
[0018] Dividing the equation by / yields the following rotational wave equation:
& R X, . 2 .
L Figy — 3 H- g =0 {5}

it g2 = and et = %,
[0019] Equation (6) takes the form of the discrete Klein—~Gordon equation. Equation
(6) involves the second derivatives with respect to continuous time and the discrete
second derivative with respect to position of the angular degree of freedom.
Subsequently, following the approach of Dirac in linearizing the relativistic Klein-Gordon
equation, a wave equation in terms of first order spatial and temporal derivatives can be
derived by rewriting the Laplacian: & =¥+t — 28« ~¥-1. | jn a “square root” form:

A= DY This can be done exactly by introducing the following first order differential

operator:

SEPCUNTIE A IR L TR A A P M
D=ed tns =g {}})A -‘\“(i a} A ()

5

AV g et — Pu a0 A7 P — e

In equation (7), - are the forward and backward finite differences

acting now on a two-vector. The 2 X 2 matrices e; and e, satisfy the conditions e e, = e,e, = 0 and
eje; + e;eq = I with I'representing the 2 x 2 identity matrix. This formalism permits the exact and formal
definition of the “square root” of the discrete Laplacian.

The Dirac-like equation for rotational waves corresponding to case |, then takes the form:

-

m\f—{ +igo R At el }f_aa;@r}@z» =0 (8
i of - -

'

where g, and a,, are the 2 x 2 Pauli matrices ((1) é) and (? Bl) respectively. The parameter

plays the role of mass in the relativistic Dirac equation. Applying the outer product @ leads to 4 x 4

3
{ Py
¥

matrices and ¢ is a four-vector: { <: i
[0020] This four-component representation is the consequence of the discrete
nature of the Laplacian. In contrast, with a continuous Laplacian, there is no distinction

between forward and backward derivatives and only a two-component representation is

6
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needed. This is the case in the long-wavelength limit. In this limit, having a two-

component spinor indicates that there is a coupling between waves propagating in
opposite directions (positive or negative) along the chain of blocks.

[0021] When considering the short-wavelength four-component spinor solution, the
first two components represent propagation of waves in the positive direction and the next
two components propagation in the negative direction. The two components for the
positive direction and the two components from the negative directions reflect a lifting of
degeneracy due to asymmetry of the forward and backward finite different in the discrete
Dirac equation. The solutions of equations (8) are automatically solutions of equation (6),
but the converse is not true.

[0022] As will be seen later, the directions of propagation of the wave are expressed
separately in the Dirac wave function. The £ in equation (8) corresponds to choices of the
sign of the parameter a (i.e. choice of positive or negative “mass” in Dirac’s formalism).

First seeking solutions of equation (8) with the negative value, equation (8) becomes:

[C% + BLAAT 4 BAT ia-f}g& =8 {9
a9t ! i
€A B and ) are the d v 4 matvives;
80 10 5‘8{3“3"‘ SR I B 18 )
60 01 g ¢ ¢ § ¢ &1 ¢ LD
UL L 6«1 ¢ 0 6 0 6 oy {00 10
Ni} i 8 f}f § 0 8 8, \m‘i & 0 G;\ g 44 ‘1’
[0023] It is easily verifiable that CC = 1, AA =BB =0, AB+BA =-1,and C (AA" +

BA™) + (AA" + BA”) C = 0, which are the conditions necessary to recover the wave
equation (6) by applying the operator in equation (9) twice (with appropriate % sign).
Equation (9) is the basis for a discussion of rotational waves with non-trivial topologies in
phononic structures.

PP < ] o N S S
s EN it fw z,z,m_ wand k

[0024] Seeking solutions in the form of plane ¥
are the angular frequency and wavenumber, respectively. Recalling that “h” is the spacing

distance between blocks, equation (9) yields the system of equations:
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ety feagy -+ e

&R

2 Py Y ;. '
wiorg 4 1 €y - ey =10

e (16}
~foty ~ S1e™ ~ Dy ~ gy = 9
w1~ 2 e s - fvag =0
This system of equations admits two doubly degenerate eigenvalues:
53 H .':‘..\‘2' aF AR 43 R S : F o AuT e ‘S{:& P
= i‘ﬁ W - PR - n il e TRH } = -‘UE‘\ R o i*i\;,- SR “:}— i} e
[0025] The negative frequency can be interpreted physically as follows. Since the

angular field ought to be a real-valued quantity, it can be written as the sum of a complex
term and its complex conjugate. The negative frequency is associated with the complex
conjugate term. The rotational mode at the origin, k = 0, has a finite frequency. Note that
equation (11) gives two branches with positive and negative frequencies that do not

intersect at the origin unless a = 0.

[0026] The dispersion relations are periodic and defined in the first Brillouin zone:

oL 2
NIy PR

wg Choosing the positive or negative branches of the dispersion relations, the four

eigenvectors can be determined:

fﬁ'ﬁ 3
, -
g k:
ey
\};l"- — {ji & oot Joeh (12m
3 o5
&4 | B ) A
3 E ] Sb% sk k¥
Ve e HET T
The upper signs in equations (12a) and (12b) correspond to the positive branch of the
band structure (w > 0) and the lower signs to the negative branch (w > 0).
[0027] Similarly, the following equation can be solved:
§ E {13}
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[0028] The operator in equation (13) is the complex conjugate of the operator in
) ) ) ) I T L
equation (9), so, seeking solutions in the form of plane waves, * with
J=1,2,3,4 yields the four eigenvectors:
{1 )
“—A - :‘;i SN g o St ()
3 ﬁ‘i &
.~‘}
N { e R g ety
;; — i;:,: gl eeiinh | et oS {145
Non-conventional topology of rotational waves
[0029] Turning to an investigation of the topology in k space of the solutions given
by equations (12a), (12b) and (14a), (14b), it is easy to show the following relations:
{iRad
{15k
L1Ac
{153

[0030] In equations (15a)—(15d), the = symbol represents the complex conjugate.
wand ¥ are orthogonal and satisfy; ¥ =% The relations given by equation (15) indicate
that the wave function has a periodicity of ¥ The topology of the wave function is more
easily illustrated by considering the parallel transport of two orthogonal vector fields along
a closed loop corresponding to * € 1. The first vector field represents the wave function
¥ and the second vector Seld the complex conjugate of ¥+, This non-conventional
torsional topology is illustrated in FIG. 2 in the form of a torus 200 with a square cross
section 205 that exhibits four 90" twists.

[0031] Starting at the top of the figure, the red arrow and green arrow represent the

two orthogonal wave functions ¥ @ ¥ respectively. The red arrow points in a direction
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perpendicular to the plane of the figure and the green arrow points in a direction within the

plane of the figure. As the vector fields are transported along the first twist, the green

arrow is now pointing in the plane of the figure and the green arrow becomes

perpendicular to that plane, thatis ¥ tusms it ¢
[0032] The red arrow transported through the first twist now makes a right angle
with the red arrow at the starting point. This means that the wave function

¥ R accumudated a phase of 3% The process is repeated through the second twist. The red
arrow transported through the second twist is now parallel to the red arrow at the origin but
is pointing in the opposite direction and satisfies the condition: ¥ + P =—9®. This
means that the wave function ¥ has accumulated & phase of =% The vector fields can be

transported through the third and fourth twists (not illustrated in the figure) to close the loop

By =l

in k space and reach the starting point. At that point; ¥
[0033] The torsional topology of the wave function results from its spinor
characteristics that endow it with fermion-like character. This character is analyzed in
further detail below. To simplify the mathematics, only the long-wavelength limit is

considered.

Analysis of fermion-like behavior in the long-wavelength limit

Dirac equation in the long-wavelength limit

[0034] In the long-wavelength limit, k 2 0, equation (6) reduces to
RS T ‘
o R et =l {16}
Sl [t o

[0035] Note that equation (16) is also that of a system composed of a one-

dimensional harmonic chain 301 composed of masses 302 (m) connected to their nearest
neighbors by springs 303 with spring constant k; and connected to a rigid substrate by
springs 304 which constant is k (see FIG. 3). The relation between the equation of this

spring-mass system 300 and the rotational wave equation (16) is obtained by setting

- S P . i
2 e g i and 8% =y

In the long-wavelength limit, this is a system composed of a
string embedded in an elastic medium. The isomorphism between the block-spring system

and the mass-spring model will be used in subsequent calculations.
10
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[0036] Equation (16) admits plane wave solutions with eigenvalues given by

B} St s R
a8y = b e 4 Bikins

. At k=0, the eigenmode with frequency w = a correspond to point B
in FIG. 2. Note that to obtain the dispersion relation, equation (16) was solved by
assuming plane wave solutions. These solutions correspond to traveling waves.

However, the dispersion relation indicates that, for instance, at k = 0 the group velocity is
zero, that is the eigenvector solution to (16) is a standing wave. Since a standing wave is
the superposition of two waves traveling in opposite directions, equation (16) is unable to
reveal the standing wave character of its solutions. Furthermore, the amplitude of the two
oppositely traveling waves forming a standing wave have to be the same. Equation (16)
does not impose any constraint on the amplitude of its plane wave solutions. For k # 0, the
group velocity approaches the phase velocity only when k — < the solutions of equation
(16) have mixed standing and traveling wave character. These solutions ought to be the
superposition of waves traveling in opposite directions, whose amplitudes are not
independent of each other, but are wavenumber dependent. It is these very observations
that make the factorization of equation (16) into direction-specific equations necessary.
[0037] Equation (16) is isomorphic to the continuous relativistic Klein-Gordon
equation. Here, again, following the approach of Dirac in linearizing the relativistic Klein—
Gordon equation, the goal is to derive a wave equation in terms of first order spatial and
temporal derivatives:

1 1
3
5 b a3

T & 1

3 R . Y i —

3 N N ‘. \ N Rod MR
(g v+ ¢ =0 {13h3
i aig X }

4

where gy and gy are the 2 x 2 Pauli matrices and I'is the 2 x 2 identity matrix.
[0038] Note that these equations are not self-dual. Taking the complex conjugate of
equation (17a) results in equation (17b), indeed the first two terms are real and only the

last term changes sign. In particular, this results from the negative sign of the second term

in the Klein-Gordon equation (16), which involves the multiplicative imaginary number “I” in
the second term of the Dirac-like equations (17a), (17b).

[0039]

Thea ¢ = w*. S0 while v & 2 solution of eguation {178) it complex confugate §5 not o solution o (1%aL & b

"
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solnbing 0 eqguation 1T8L I the langsage of Guansum Reld
nantely “parkicies” ;s.:a;i “antiparticies”

T
i

hetry, i and o sepresent tws differest phsicd envites,

32 Isgrangik banoliie
The Divac-fke equaton { Vi divived in the provious seotion can be oitained from the lagrasgan
s 1l {183}

e
Sy

eymatian conjugars of ¢ The Laprasgian (V80

r‘%{;‘ —_— 3) T o
o TifEEy— = R { 18R
nE g

The Lagrange's equation of motian for the el variables ¢ 15 given by

R
] %
|- = {181
EES NI PR
LR LN

{4

=

ation (I8 by replacing © by T and ¥ by . Using

63
=

Arn cquation of mudion fe *‘1 field ¢ can abse be obiain from o
appreacy, g s maght‘zmm ¢ ppcover squations {180 and (19

Solutions of the long-wavelength Dirac equation

[0040] Having established the Dirac equation and its Hermitian conjugate (17a),
(17b), it is expected that there exist solutions in the form of plane waves, and since these
are matrix equations, there exists a solution that contains a spinor part (i.e. a two by one
part matrix). The solutions may therefore be written to be presented in the form:

P NS LR TR o 115 i
= {pSpif, ﬁ.:;;}s‘ Tl oI EHY ang

X where & and & are two by ofe SPIRBTS. |ngerting

v

the various forms for these solutions in equations (17a), (17b) lead to the same

eigenvalues that were obtained with the Klein-Gordon equation, namely:

=3¢ a? + #8EhE. The spinor part of the solutions for the different plane waves & summmarized in Tadk

Tatded

Thue I vine soines solutions o sonatans

Peed
i,

[0041] The spinors in Table 1 are given to within any complex constant co.

12
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[0042] Note that the wave functions ¥ ¢ ¥ will eventually be promoted to the rank

of creation and annihilation operators. Additionally, if a = 0, equation (17a) becomes

{ifx g“"'\ = {L

By 10 =0 Using a plane wave solution with % " this equation

3 TN
R e
31 Saah b

reduces to the system:
[0043] Twao solutions can be obtained for the angular velocity of the plane wave
w= 188 These correspond to plane waves propagating in the positive and negative
directions. In this case, the components of the two-spinor, a; and a; are now independent
of each other and independent of the wavenumber. The amplitude of the plane wave
propagating in the positive direction is independent of that of the wave propagating in the
opposite direction. When a# 0, from Table 1, the components of the two-spinor are not
independent of each other. This indicates that the directions of propagation are not

independent of each other anymore. It is the parameter a that couples those directions.

Energy and anticommutation
[0044] The Hamiltonian density associated with the Lagrangian, L. It is given by the
Legendre transformation:

— _{i'f) - .
H= - £20)

i

aL
a(dy/at)
(20) and using equation (18b), yields the Hamiltonian density:

Where the momentum conjugate: [] = = ya,. Inserting this expression in Equation

Jadr
= U g
H=ygmy— {21}

[0045] As mentioned previously, the quantity ¥ is now promoted to an operator

(using the same symbol i to represent the operator) and a representation is used whereby

the field ¢ is expanded into plane waves and their complex conjugate:

g=3

N P TR & mé&i‘z‘% £
‘:“" J} {8

E t}\»ﬂ.\. 2 ‘3‘{{&\:\ i i

s

-

[0046] Similarly, the Hermitian conjugate of the ¥ operator can be written:

13
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R

e

E &, a,ad g’

The quantities ¢ are creation and annihilation operators, respectively. Inserting

equations (22) and (23) into equation (21) and integrating over all space results in:

N {t,\ e 3 'l 3 IR
F= j(wf_ " ‘i —;mwmm ——e et i g
= G2 N
8 &

=

3. Ly Sy ToeS L

SN N 3 e i A

Ei%“ ’F\:;f by em i i ! dy i R
e d

o #
Yy graeedw B addiy
o labey [ iy o R

o

sw’ \\h f’:}ﬁ“ \3. 1\ X {z%}

[0047] The spatial integrals in equation (24) can be replaced by their respective
delta functions, .& &.-& Using Table 1, it can be shown that Euerdy = §‘“::— 3*\“?
and it can be shown that § ¥ 58 = £2:%%% =0 Taring the constant ¢2 = —i to obtain an
energy in the form of a real number, the energy of the system becomes:
E=>"wlfo — &} (25
[0048] To avoid the negative contribution to the energy in equation (25) and
following the methods of quantum field theory, anticommutation rules need to be imposed
on the creation and annihilation operators. That is:

05,8} = Bt H 88 = & {28
With these anticommutation rules, the energy takes the form

g }: solda + 83} oan
[0049] In equation (27), the terms that arise from the delta function of equation (26)
have been lumped into a negative zero-point energy, Ep = -}yl
[0050] The anticommutation rules given by equation (26) also imply that By = 0.

This is Pauli’s Exclusion Principle, which states that more than one particle per state

cannot be created. The anticommutation rules indicate that the rotational modes have
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fermion character. A physical interpretation of these anticommutation rules suggests that

the fields given by (22) and (23) are composed of forward and backward traveling waves
whose relative amplitudes are determined solely by the spinor part of the wave function

gete Attemptlng to add an additional traveling component to one of the quasi-

standing solutions via the operator é:7%*‘~“§§'would create a new state that could not be a
solution of the Dirac equations (17a), (17b). Such a state is not allowed. This restriction

provides a physical interpretation of Pauli’'s Exclusion Principle.

Number operators

[0051] It was shown above that the energy is an invariant. This invariant is the
consequence of the time reversal symmetry of equations (17a) and (17b). There exist
other symmetries. In particular the Dirac-like equations are invariant upon the
transformation involving a phase shift. Consequently, it can be shown that the number

operator:

is also an invariant. Starting from the field operator given by equation (22), k can be

replaced by —k in the second term of the summation. This leads to:

ChEwt L X Voot a8 R o W e ¥ RN R @ RS ,,se? ST %
PRy = E: Q~Erhyq\e:\f:‘ L SOt “}-- ::i ?@g\\mﬂﬂy“t + hpe™ ‘\v (28]
[0052]
3 v\\ﬁ;« 4“& f& M‘*s**? \3{;\
[0053] Inserting equations (29) and (30) into (28), and following the same approach
as before, yields:
AY T } Rl = v e = TR
N=Q§{,ﬂ*§€}g)‘\5\“ + 5 Rrend {301
T A
[0054] Using Table 1 for the spinors and their Hermitian conjugate yields:
M=) e+ b (33)
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This is clearly an invariant. The operator %% count the number of waves propagating in a

given direction and by correspond to the number of waves propagating in the opposite
direction. Considering a field representation that includes only one type of plane wave and

therefore, looking at the first term of equation (32), provides a definition for the operator:

Ne= —Hadimd (33
f4d
[0055] Recalling that ¥ sfi = 2ir =@+ 8kh + w0 — 8. the spinors can be
renormalized with respect to the arbitrary complex constant ¢o. The last equality suggests
. . L YL S, =Yooy +io,) = 61y
the introduction of direction switching operators =+ = 27 # ¥/ = galand
S — {00} . ) y $. =1 : :
S-=3(0x=i0y) =(]0) These operators anticommute: Yi¥. 483 =1 Using this
later relation permits equation (33) to be reformulated in the form:
T S R SR -

The operator iS + § — ag,defines the occupancy of one of the directions along the chain of

w+pkh
20

mass and springs. Its eigenvalues are given by n = é‘_kiS +85 -0 = The

operator iS — § + g, defines the occupancy of the other opposite direction. Its

w;ikh. Considering the dispersion

eigenvalues are given by: n;, = {1%5 -S40 =

relation for the positive branch of the band structure, w = +./a? + f2(kh)?, the

eigenvalues n; and ny, can be rewritten in terms of the wave vector k only:

ek
ﬁi‘ _ E n ;‘3;;-,5; L{’ 235\
2{; i ‘\*i’)} b

At the origin of the band structure, k=0, and nj, = n;, = 1/2. The direction occupancy is
the same for the two opposite directions; hence the state of the system is described by a
standing wave. For k — oo, nj; = 1, and nj, = 0, the phononic structure supports a pure
traveling wave with only one direction favored. For finite k, one has the superposition of
traveling and standing waves. By spanning the dispersion relation, one spans the
“direction” states. One can quantify the “amount” of traveling wave character of the wave

function with the quantity: (n; —nj). When expressed as a function of frequency, this
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Voz-g2

quantity takes the functional form: (nf —n;) = . This clearly shows that the wave

function character evolves from a pure standing wave at w = « to a pure traveling wave as
the frequency increases to infinity.

[0056] The fermion-like behavior of the rotational wave opens up opportunities in the
control of the direction of propagation of elastic waves. For instance, it has been shown
that the two-spinor solution represents coupling between waves propagating in opposite

directions. The spinor part of the wave function can be projected on the orthonormal basis

((1)) and ((1)) representing the possible directions of propagation of the wave. This enables

information to be encoded in the relative weight (phase) of the directions of propagation by
controlling the wavenumber, k. This control can enable applications in the field of

information processing, as discussed below.

Applications to information processing

Phase control ()-bit

[0057] The properties of rotational waves and their fermion-like behavior can be
used to encode and process information, relying upon the isomorphism between the block-
spring model and a mass-spring system (see FIG. 3) when considering a device that is
composed of a segment of mass-spring system isomorphic to the block-spring system
supporting the rotational waves sandwiched between two semi-infinite harmonic chains
(FIG. 4).

[0058] The number of masses in the central region of the sandwich is denoted N..
Assume that all the masses, m, have the same value, and that the spring constants of the
semi-infinite regions 401 are the same as the mass-to-mass spring constant, K;. The
spring constant of the side springs 404 is K,. Recall that these parameters map onto the
parameters characterizing the rotational wave equation via the relations: a? = Ko/m and °
= Kqm.

[0059] Of particular interest is the transmission of plane waves launched from the
left semi-infinite chain through the fermion-like segment. For this, the transmission

coefficient of the composite system 400 of FIG. 4 is calculated, employing the methods of
17
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the Interface Response Theory (IRT). The use of this method to calculate the transmission

coefficient of infinite harmonic chains 401 perturbed with harmonic finite side chains 404 is
known to those of ordinary skill in the art.

[0060] FIG. 5 depicts the transmission coefficient as a function of frequency for a
segment composed of N, = 80 masses with side springs, withm =1 and K; =1, i.e. B2=1.
The side springs 404 have stiffness K> = 0.1, i.e. a = 0.316.

[0061] The transmission coefficient is zero for frequencies up to the value w = a =
0.316. This zero transmission corresponds to the gap in the band structure of the
rotational waves. Waves that are launched and propagate in the right semi-infinite
harmonic chain cannot propagate through the central segment of the composite. Inside
the passing band of the central segment, transmission occurs. The oscillatory nature of
the transmission coefficient is due to the finite size and the discrete nature of the central
segment. The frequency equal to 2 corresponds to the upper frequency of waves that can
be supported by a discrete one-dimensional harmonic chain. The decrease of the
transmission coefficient as the frequency of 2 is approached results from the curvature
(zero group velocity) of the band of the one-dimensional harmonic chain. Therefore, a
one-to-one correspondence between the long-wavelength limit result (dotted line) and the
transmission through a discrete system cannot be established.

[0062] However, the general trend of an increase in transmission as the frequency
increases from the bottom of the passing band of the central segment structure is
representative of both the discrete and long-wavelength limit fermion-like behavior. The
most important observation is that a one-to-one correspondence between a measurable
scalar quantity can be established: the transmission coefficient and the spinor

characteristics of the wave that can be supported by the central segment of the composite.

[0063] For instance, for an incident wave & &t @ =« =01, | the transmission

coefficient is zero and the spinor part of the wave function takes on the form: . The

components of the spinor vary monotonically as the frequency is increased (i.e. the

wavenumber k is increased) until it takes a form approaching: v <#%

Lok A similar tuning
of the spinor part of the wave function can be achieved by fixing the frequency of the

incident waves and varying the stiffness ¥2 {18 & of the side springs relative to the

18

SUBSTITUTE SHEET (RULE 26)



WO 2018/022801 PCT/US2017/044025

Substitute Specification
stiffness of the 1D harmonic chain. From a practical point of view, this could be achieved

by using springs composed of an elastic material whose stiffness is dependent on the
magnitude of an externally applied electromagnetic wave (e.g., materials exhibiting photo-
elastic effects) or on an external magnetic field (e.g., a magneto-elastic medium).

[0064] Defining a basis set |0) and |1) whose matrix representation takes the form of

(%) and () permits the creation of a superposition of state (w0 +viwil at fixed &

oF w{w i +v gt} at fixed @ Note that launching the incident wave from the right-hand
side of the composite harmonic chain corresponds to an incident wave with w < 0. In that

i =g k=0, the spinor takes the value of )
case, for instance for @ = ik =0y, the spinor takes the value e Y 1,

[0065] This spinor is equivalent to the value a (_11) to within a factor of -1.

Therefore, for a given incident wave of frequency w, the operation of tuning a can be
visualized between zero and w = « as that of a Hadamard transformation. As seen
previously, the Hadamard transformation can then be physically achieved by moduloating
the strength of an external stimulus such as the magnitude of an external field. In its matrix

representation, the Hadamard transformation takes the form () and transforms a wave
launched from the left () into the standing wave, whose spinor is proportional to (7). It
also transforms a wave propagating from the right ((1’) into the standing wave whose spinor
part is proportional to (_%).

[0066] The action of applying the Hadamard gate a second time is equivalent to
detuning the parameter o between from w = « to zero. This transforms the states (1) and
() back into the traveling states () and (3). This transformation can be detected easily
through the change in transmission from zero to 1. The control of the relative magnitude
and sign of the spinor components of the wave function enables the encoding of
information in the phase of the superposition of states. A system like that of FIG. 4 is
defined as a y(phase)-bit. The -bit can be operated on through the system’s physical
parameter a via some external stimulus to transform the spinor state of the wave function.
The Hadamard gate is an example of such an operation. The spinor state of the central
segment of the y-bit can be determined by measuring a single scalar quantity, namely the
transmission coefficient. The question that then arises is that of the encoding of

information on multiple y-bits and the possibility of operating on them, addressed below.
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Operations on multiple y-bits

[0067] Consider y-bits, i = 1,2, each prepared in the state: i = ¥l + vty The
side springs in these two -bits are again composed of material whose stiffness is
dependent on some external stimulus. Two external stimuli are applied on each y-bits
independently at this time. As seen In the previous section, this is achieved by launching a
wave with frequency w > w; to the right in each left semi-infinite chain. The transmission
coefficient is measurable for each bit and takes on the value T(a;). The two-bit system is
in the initial product state: |¢;)®]¢;). One can now operate on this product state by
defining a function f(x) such that the product state becomes: |£)®f(¢,)®¢,). Because
there is a one-to-one relation between T(a;) and |¢;), this can be achieved by constructing
a physical device that links the value of a, (i.e., the magnitude of the external stimulus
acting on the second -bit) to that of the transmission coefficient of the first y-bit. For

instance, one can define a, (T(al)) = f(T(a;)). The new state of the second y-bit will

R Bt
P R
Vi it

S This procedure enables

Y RN e 1Y @ POy
R TS RS
H ) DONRY R s Ky

therefore take the form * :

parallelism in the application of the operating function. This type of operation can be
applied straightforwardly to a system of N1i-bits, which could lead to parallel operations on
the N-bit product state.

Conclusions

[0068] A 1D discrete block-spring model that supports rotational waves was
investigated. This 1D discrete model was then analyzed within the Dirac’s formalism to
show that rotational waves are characterized by wave functions that include a spinor part
and a spatio-temporal part. The spinor part is related to the coupling between the senses
of wave propagation. The spatio-temporal part of the wave function retains its plane-wave
character.

[0069] The topology of the wave function in k-space was also investigated to show
that the wave function possesses a non-conventional torsional topology. The wave

function is supported by a square cross section torus manifold exhibiting four 90" twists.
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This manifold has a periodicity of :T , Where h is the periodicity of the 1D phononic
structure.

[0070] The 1D system, in the long-wavelength limit, has been shown to exhibit
fermion character. The fermion-like behavior of phonons discussed herein arises from the
coupling between waves propagating along the positive and negative directions and from
the projection of the wave function on the orthogonal space of direction of propagation.
This fermion behavior is associated with constraints reminiscent of Pauli's Exclusion
Principle. The present exclusion principle is a reflection of the exact nature of the
eigenvectors of the wave equation projected on the space of directions. The eigenvectors
of the phononic structures presented above are not simply plane waves but a
superposition of plane waves traveling in opposite directions. These superposition states
can be visualized as quasi-standing waves possessing a standing wave character and a
traveling wave contribution. For a given wave vector, it is the fixed ratio of the amplitudes
of the standing wave component and of the traveling wave components that constrains
wave propagation and imposes an exclusion principle-type restriction. That is, an
additional traveling wave cannot be superposed with the same wave vector without
creating a new quasi-standing wave that is not solution of the wave equation.

[0071] One application of the properties of the wave function associated with its
spinor character has been demonstrated. Encoding of information in the elastic waves that
are supported by the phononic structures described above leads to the potential of
operating simultaneously on the components of the spinor part of the wave functions.
These operations act on the phase of states that can be written as superposition in a basis

d - bits,

of pure forward or backward direction state and are calle The present disclosure

provides opportunities in operating on the states of multiple g-bits,

in a parallel fashion.
[0072] Finally, it is necessary to list some of the challenges that may be
encountered in realizing experimentally a device that exhibits the fermion-like behavior
described herein. These challenges are associated with (a) the difficulties in exciting
rotational elastic waves, (b) difficulties in exciting only pure rotational modes without
exciting other longitudinal or transverse modes, (c) loss resulting from the intrinsic
viscoelastic properties of the media constituting the device, and (d) loss resulting from

geometrical non-linearity associated with rotational degrees of freedom.
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CLAIMS

1. A method for encoding information in a phononic structure, the method comprising:

providing a phononic structure having a fermion-like behavior and supporting
elastic waves, the phononic structure describable by a wave function,
wherein the wave function has a spinor part, the spinor part having
one or more components; and

modifying the one or more components of the spinor part, wherein
modifications of the components of the spinor part act on phase-bits,
each phase-bit having a state comprising a superposition of waves
propagating in a direction through the phononic structure;

wherein the state of the phase-bits is associated with information encoded

therein.

2. The method of claim 1, wherein the waves only propagate in a pure forward direction

and a pure backward direction.

3. The method of claim 1, wherein the phononic structure supports rotational waves

characterized by wave functions including a spinor part and a spatio-temporal part.

4. The method of claim 1, wherein the phononic structure comprises springs, the springs

comprising an elastic material.

5. The method of claim 4, wherein the elastic material has a stiffness, the stiffness

dependent on the magnitude of an externally applied electromagnetic wave.

6. The method of claim 4, wherein the elastic material has a stiffness, the stiffness

dependent on the magnitude of an external magnetic field.

7. A system for encoding information in a phononic structure, the system comprising:
a phononic structure having a fermion-like behavior and supporting elastic

waves, the phononic structure describable by a wave function,
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wherein the wave function has a spinor part and the spinor part has

one or more components; and

one or more phase-bits having a state comprising a superposition of waves
propagating in a direction through the phononic structure, wherein
operating on the components of the spinor part of the wave function
acts on the acts on the state of the phase-bits;

wherein the state of the phase-bits is associated with information encoded

therein.

8. The system of claim 7, wherein the waves only propagate in a pure forward direction

and a pure backward direction.

9. The system of claim 7, wherein the phononic structure supports rotational waves

characterized by wave functions including a spinor part and a spatio-temporal part.

10. The system of claim 7, wherein the phononic structure comprises springs comprising

an elastic material.

11. The system of claim 10, wherein the elastic material exhibits photo-elastic effects.

12. The system of claim 10, wherein the elastic material exhibits magneto-elastic effects.

13. A system for encoding and operating on information in a phononic structure, the
system comprising:

a phononic structure having a fermion-like behavior and supporting elastic
waves, the phononic structure describable by a wave function,
wherein the wave function has a spinor part and the spinor part has
one or more components;

two or more phase-bits having a state comprising a superposition of waves
propagating in a direction through the phononic structure, wherein

operating on the components of the spinor part of the wave function
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acts on the state of the phase-bits, wherein the state of the phase-bits

Is associated with information encoded therein; and

a device linking a magnitude of an external stimulus on a second phase-bit to
a transmission coefficient of a first phase-bit, wherein two external
stimuli are applied on the first phase-bit and the second phase-bit

simultaneously by launching a wave into the phononic structure.

14. The system of claim 13, wherein the waves only propagate in a pure forward direction

and a pure backward direction.

15. The system of claim 13, wherein the phononic structure supports rotational waves

characterized by wave functions including a spinor part and a spatio-temporal part.

16. The system of claim 13, wherein the phononic structure comprises springs comprising

an elastic material.

17. The system of claim 16, wherein the elastic material exhibits photo-elastic effects.

18. The system of claim 16, wherein the elastic material exhibits magneto-elastic effects.
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