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SYSTEMS AND METHODS FOR THE TUNABILITY OF PHASE IN
QUANTUM-LIKE MECHANICAL ELASTIC SYSTEMS

FIELD
[0001] The present disclosure generally relates to quantum-like
mechanical elastic systems and in particular to an approach for the tunability of a phase

In quantum-like mechanical elastic systems.

BACKGROUND

[0002] There are two classes of phononic structures that can support
elastic waves with non-conventional topology, namely intrinsic and extrinsic systems.
The non-conventional topology of elastic wave results from breaking time reversal
symmetry (T-symmetry) of wave propagation. In extrinsic systems, energy is injected
into the phononic structure to break T-symmetry. In intrinsic systems, symmetry is
broken through the medium microstructure that may lead to internal resonances.

[0003] Mechanical analogues of electromagnetic and quantum
phenomena have a long history. For instance, Maxwell in his seminal paper "A
dynamical theory of the electromagnetic field" sought an elastic model of electrical and
magnetic phenomena and electromagnetic waves. Other mechanical models of physical
phenomena abound, including quantum mechanical behavior. For instance, the
localization of ultrasound waves in two-dimensional and three-dimensional disordered
phononic media serves as mechanical analogues of Anderson localization of electrons.
Tunneling of classical waves through phononic crystal barriers establishes a
correspondence with its quantum counterpart.

[0004] It is with these observations in mind, among others, that various

aspects of the present disclosure were conceived and developed.
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BRIEF DESCRIPTION OF THE DRAWINGS

[0005] FIG. 1 depicts a schematic illustration of a system composed of two
coupled one-dimensional harmonic crystals.

[0006] FIG. 2 depicts a schematic illustration of the system of FIG. 1 in the
limit M — oo, in which case the system of FIG. 1 becomes a single harmonic chain
grounded to a substrate.

[0007] FIG. 3 depicts a schematic representation of the manifold
supporting ¥ and @, illustrating the topology of the spinorial wave function and
associated symmetry properties.

[0008] FIG. 4 depicts the band structure of the mechanical model system
of FIG. 1 calculated using the Spectral Energy Density (SED) method.

[0009] Corresponding reference characters indicate corresponding
elements among the view of the drawings. The headings used in the figures do not limit

the scope of the claims.
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DETAILED DESCRIPTION

[0010] Mass-spring composite structures may be introduced as metaphors
for more complex phononic crystals with non-conventional topology and also allowing
for the exploration of a large parameter space of scalar Quantum Field Theory (QFT).
The elastic wave equation of motion of an intrinsic phononic structure composed of two
coupled one-dimensional (1D) harmonic chains can be factored into a Dirac-like
equation, leading to antisymmetric modes that have spinor character therefore non-
conventional topology in wave number space. The topology of the elastic waves can be
further modified by subjecting phononic structures to externally-induced spatio-temporal
modulation of their elastic properties. Also presented is a new found analogy between a
simple one-dimensional harmonic chain coupled to a rigid substrate subjected to a
spatio-temporal modulation of the side spring stiffness and the Dirac equation in the
presence of an electromagnetic field. The modulation is shown to be able to tune the
spinor part of the elastic wave function and therefore its topology. This analogy between
classical mechanics and quantum phenomena offers new modalities for developing
more complex functions of phononic crystals and acoustic metamaterials.

[0011] A new frontier in wave propagation involves media that have
broken time-reversal symmetry associated with non-conventional topology. Topological
electronic, electromagnetic, and phononic crystals all have demonstrated unusual
topologically constrained properties. There exist two-classes of phonon structures
possessing non-conventional topology, namely intrinsic and extrinsic systems. Time-
reversal symmetry in intrinsic systems is broken through internal resonance or
symmetry breaking structural features (e.g. chirality) and without addition of energy from
the outside. Energy is added to extrinsic topological systems to break time reversal
symmetry. A common example of an extrinsic approach is that of time-reversal
symmetry breaking of acoustic waves by moving fluids. Recently, extrinsic topological
phononic crystals have demonstrated the astonishing property of non-reciprocity and
backscattering-immune edge states and bulk states establishing classical equivalents of

topological electronic insulators. The non-conventional topology of elastic waves in an
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intrinsic topological phononic structure has been associated with the notion of duality in

the quantum statistics of phonons (i.e., boson vs. fermion).

[0012] The various embodiments disclosed are directed to methods for
modeling the topological properties of elastic waves in the two classes of topological
phononic structures, turning first to spinorial characteristics of elastic waves in crystals
composed of connected masses and springs. An externally applied spatio-temporal
modulation of the spring striffness can also be employed to break the symmetry of the
system further. The modulation is able to tune the spinor part of the elastic wave
function and therefore its topology. In addition to the mass spring systems discussed
below, other physical systems that support elastic waves that can be described by
Klein-Gordon-like equations include plates and phononic crystal plates, phononic
crystals which support rotational elastic waves, granular phononic materials, elastic and

sound wave guides with slowly varying cross sectional area.

Modeling of Intrinsic Topological Phononic Structures

[0013] FIG. 1 depicts a schematic illustration of a system 100 comprising
two coupled one-dimensional harmonic crystals. The atoms 102A-C in the lower 1-D
harmonic crystal 110 and the atoms 101A-C in the upper 1-D harmonic crystal 120 have
mass m and M, respectively. The force constant of the upper 1-D harmonic crystal
springs 103A-D and the lower 1-D harmonic crystal springs 104A-D is taken to be the
same, K. The force constant of the coupling springs 105A-C is K;. The periodicity of the
crystal is a.

[0014] In absence of external forces, the equations describing the motion
of atoms 102A-C of harmonic crystal 110, denoted in the equation below by subscript
"n," and the of the atoms 101A-C of harmonic crystal 120, denoted in the equation

below by subscript "m," are given by:
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'm.");t“ = Kg{iaay ~ 28y + Mg 3+ By — gy ) o= {la}
i% i Y
Mo s}: = KolPyer — B0y + Rye 1) - Kfivzx Hpd = O {ib}
[0015] In the long wavelength limit the discrete Lagrangian is expressed

as a continuous second derivative of position. Taking M = m for the sake of simplicity

and mathematical tractability, the equations of motion (1a,b) can be rewritten as:

& ) 3 ‘§ "
BT » g \;
{ T T+ l=90 {2}
where | is the 2x2 identity matrix, p=(", '), U=(}) is the displacement vector,

and B% = % Equatlon (2) takes a form similar to the Klein-Gordon equation.

Usmg an approach paralleling that of Dirac, equation (2) can be factored into the

following form:

(las+ppr]-i50){lag+p]+ig0)w=0 {3)

[0016] Eq. (3) introduces the 4x4 matrices:

PR ool o B

squ’uonsof([A +[S’B—]—l— lP 0 and [A +ﬁB—]+l— lP 0

1
]
{
1/’1 fl
[0017] The wave functions ¥ = Y2 and P = 22 are 4 vector
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respectively. Wand P are non-self dual solutions. These equations do not satisfy time
reversal symmetry (t —» —t), T-symmetry, nor parity symmetry (x - —x) separately. In
the language of Quantum Field Theory, ¥ and W represent “particles” and “anti-
particles”.
[0018] Seeking solutions of ([A2 + BB i] - iiC) Y = 0 in the plane
9 ot ox V2 B P

wave form: ¥; = a;e'**e*** with i=1,2,3,4 gives the Eigen value problem:

'v"‘“é‘i;ﬁl -+ §i13 + @il + 3?{'{3% = §

3 . ¥ 3 3 . %\'
Wiy~ fkay - dag + day =0 @

‘ “‘“ﬁ&ﬂ; S i 4 3&"; e {gﬁq\ =
where &=-= . Associated are two dispersion relations: @ = +pk and

V2
w = +/(Bk)? + 2aZ. The first set of dispersion relations corresponds to branches that
start at the origin k=0 and relates to symmetric Eigen modes. The second set of
branches represents anti-symmetric modes with a cut off frequency at k=0 of av/2.
Assuming that a; =a, =ar and that a; =a=ap , for the symmetric waves
characterized by the first set of dispersion relations, then the equations (4) reduce to
(w+ Bk)ag =0 and (w — Bk)ag = 0 which are satisfied by plane waves of arbitrary
amplitudes, ar and ag, propagating in the forward (F) or backward (B) directions,
respectively. This is the conventional character of Boson-like phonons.
[0019] Turning to the Eigenvectors that correspond to the second set of

dispersion relations, and using the positive Eigen value as an illustrative example:

w = ++/(Bk)? + 2a?, one of the degenerate solutions of the system of four linear

equations (4) is:
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where a, is some arbitrary constant and the negative signs reflect the anti-symmetry of
the displacement. Other solutions can be found by considering the complete set of
plane wave solutions ¥; = a;et**eti@t with j=1,2,3 4 as well as the negative frequency
Eigenvalue. The key result is that the second dispersion curve in the band structure is
associated with a wave function whose amplitude shows spinorial character (Eq. 5). In
this case, the displacement of the two coupled harmonic chains are constrained and the
direction of propagation of waves in the two-chain system not independent of each
other. For instance, at k~0, the anti-symmetric mode is represented by a wave which
enforces a strict relation between the amplitude of a forward propagating wave and a
backward propagating wave. This characteristic is representative of Fermion-like
behavior of phonons. As k — oo, w —» +pk, the first two terms in equation (5) go to zero
and only one direction of propagation (backward) is supported by the medium (third and
terms in Eq 5). This example illustrates the difference in topology of elastic waves
corresponding to the lower and upper bands in the band structure of the two-chain
system. The constraint on the amplitude of waves in the upper band imparts a
nonconventional spinorial topology to the Eigen modes which does exist for modes in
the lower band. The topology of the upper band can be best visualized by taking the
limit M - o. In that case, the system of FIG. 1 becomes a single harmonic chain
grounded to a substrate 201, as illustrated in FIG. 2.

[0020] In that limit, the displacement v in equations 1(a,b) is negligible.
2 2
Equation (2) becomes the Klein-Gordon equation: ZT;‘ — 323712‘ + a?u = 0 with a? =

K,/m and B? = K,/m. This equation describes only the displacement field, u. Equation

(3) can be written as the set of Dirac-like equations:
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] & & 9% ? G . « Y S
o2+ iBo, = ial|W =0 (62)

{@ zl{?gy} Fohs xmf} o (5b)

01

2 o)and () and 1is the 22

where o, and g, are the 2x2 Pauli matrices: (
identity matrix.

[0021] Rewriting the solutions yields the form: ¥, = W(k, wy) =
Coér(k, wy) eDiote®kx gng @, = P(k, w,) = coér(k, wy) ePiote®Ekx where &, and
&, are two by one spinors. Inserting the various forms for these solutions in equations

(6a,b) lead to the same Eigenvalues that were obtained for the upper band of the two-

chain system, namely by w = +/ a? + B2k2.

[0022] Again, note that the band structure has two branches
corresponding to positive frequencies and negative frequencies. Negative frequencies
can be visualized as representing waves that propagate in a direction opposite to that of
waves with positive frequency. Two by one spinor solutions of equations (6a) and (6b)

for the different plane wave forms are summarized in the table below.

gtike gt ot gkt R i oty gyt
€&
& ( §f€s} ~ & ) {’ Weed ﬁi&t \ fdus ﬁ?k’”) (e ﬁi&: :

e g BB 4(\,‘%&{' g B i,@m w gk 1 Wes S
[0023] This table can be used to identify the symmetry properties of ¥ and

¥ in the allowed space: k, w, and leads to the following transformation rules:
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Tuma (¥(0,K)) = ¥(0,0) (7a)
oy
Tuw(¥(w, k) = i0,¥(~w, k) 7oy

which lead to the combined transformation:
?’mwm{‘i’i\m@ &}} = it‘}‘v‘@{“ﬁ& “fi‘? {?@}
Eeaw

[0024] T;’Z’S_"}c and Tw;ﬁ—kw are defined as transformations that change the

sign of the frequency and wave number, respectively. As one crosses the gap at the

origin k=0, the multiplicative factor "i" indicates that the wave function accumulated a

phase of g The Pauli operator g ,enables the transition from the space of solutions ¥ to

the space of ¥, and the orthogonality condition is ¥, ¥ = 0.

[0025] The topology of the spinorial wave functions that reflects their
symmetry properties is illustrated in FIG. 3, a schematic representation of a manifold
300 supporting wave functions ¥ and ¥. The manifold 300 exhibits a local quarter-turn
twist 305 around a 0 point along axis k or, in other words, at k=0. Square cross section
302 of the manifold reflects the orthogonality of ¥ and ¥. Colored arrows are parallel
transported on the manifold along the direction of wave number. Their change in
orientation is indicative of the phase change.

[0026] Treating a in equations 6(a,b) as a perturbation, &, provides further
information relating to the properties of the spinorial solutions. When a = 0, equation

6(a) reduces to the two independent equations:

9
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& & y
(é? B m} 9y =90 {9a)
(;ﬁgit + g? = 0 (9

whose solutions correspond to plane waves propagating in the forward direction, ( )

with dispersion relation w* = Bk and the backward direction, 1[)2 with dispersion

relation w™ = Bk. Rewriting equations (9) yields the form:

{;’?; .fg )%}% = ir@‘m ST {10a)

3 g . ihw e e A

(Gt B5:) 2 = tegl) = izelte™ (10b)
[0027] Solving for the particular solutions to first-order, 1/}51) and wgl),

which follow in frequency the driving terms on the right-side of equations (10a, b), yields

their respective amplitudes:

{:fi = ey e P i‘{ i ‘}}

£y o £ S £ S ‘£‘£ l\}}

BRI wtepk T wtews R {340,
[0028] Since w* = w™ at k=0 only, the amplitude of the first-order

perturbed forward wave, a,, changes sign as k varies from —oo t0 +o00. A similar but
opposite change of sign occurs for the backward perturbed amplitude. These changes
of sign are therefore associated with changes in phase of r and — for the forward and
backward waves as one crosses the origin k=0. These phase changes (sign changes)
are characteristic of that occurring at a resonance. The gap that would occur at k=0 in
the band structure of the harmonic chain grounded to a substrate via side springs,

should the perturbation theory be pushed to higher orders, may therefore be visualized
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as resulting from a resonance of forward waves driven by the backward propagating
waves and vice versa. However, since to first-order the amplitudes given by equations
(lla,b) diverge at the only point of intersection between the dispersion relations of the
forward and backward waves, analytic continuation may be used to expand them into

the complex plane:

2 & & g W R
1 DR W e - {128
i {R}‘M‘“‘ 8&\\1\@ ‘“3‘#&“%}? { L&}
fy 5 s i {iZb
T whapkely | +2Pkyin (120)

where n - 0 continues the Eigen values w™~ and wTinto the complex plane.

[0029] At the origin, k=0, both amplitudes are pure imaginary quantities

and therefore exhibit a phase of ig. This is expected as equations (12a,b) are

representative of the amplitude of a driven damped harmonic oscillator, which also

shows a phase of g with respect to the driving frequency at resonance. It is instructive to

calculate the Berry connection for these perturbed amplitudes. The Berry connection
determines the phase change of a wave as some parameter takes the wave function
along a continuous path on the manifold that supports it. Since the Berry phase applies
to continuous paths, it cannot be used to determine the phase change across the gap of
the presently discussed system i.e. between the positive and negative frequency
branches of the band structure. Therefore, the Berry connection is instead calculated for
the first-order perturbed solution which still remains continuous but may capture the
interaction between directions of propagation, with the intention of characterizing the
topology of the spinorial part the wave function (Eg. 12a,b), by calculating the change in

phase of the waves as one crosses k=0.

[0030] It is important first to normalize the spinor: & = (Zi) This
2

1
Ll ey =
X7 1

~ ot
normalized spinor takes the form § = (;1) =
2 +2Bk+iy

). The Berry connection is
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. L3 0F gt Q0] i 00 . ,
given by A(k) = —lf*£ = —ida} aakl —iag %. Several analytical and algebraic

manipulations yield:

O e AARARN 3 FRRRRLRN ‘ “ ?? § ':3 b
[0031] In Equation (13), the contribution to the Berry connection of @; and

@ are identical. Using the identities: limﬂ*mxzanz = 8(x) and 8(ax) = %6(x), leads to

Ak) = Z8(k) + S 8(k) (14)
[0032] The contribution of each direction of propagation to the spinorial

part of the wave function accumulates a g phase shift as one crosses the origin k=0.

Model of Extrinsic Phononic Structures

[0033] For intrinsic phononic structures, the spinorial character of the
elastic wave function in the two-chain system and one chain coupled to the ground are
known, per the discussion above. Still unknown is the behavior of field ¥ when the

parameter a (spring stiffness, Kp) is subjected to a spatio-temporal modulation, i.e.
a = a,+ a,2sin(Kx + 2t) where a, and a, are constants. Here, K = ZT" where L is

the period of the modulation. 2 is the frequency modulation and its sign determines the
direction of propagation of the modulation. The question arises as to the effect of such a
modulation on the state of the fermion-like phonons. The periodicity of the modulated

one-dimensional medium suggests solving for solutions of equation (1) in the form of

Bloch waves: ®(x,t) = ¥, T, ¥(k, g, t)e'®+9* where x € [0, L]. The wave number k is

limited to the first Brillouin zone: [_T"%] and g = ZT"I with I being an integer. Choosing

equation (6a) yields the modulated Dirac-like equation in the Fourier domain:

12
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8y
O3+ 1B (ik") ~ il | (i, 1)
~a Pl + K, t)e™ — (k" ~ K, e ¥ = 0 (18)
where K" =k + g.

[0034] Consistent with QF T approaches, equation (15) is solved using
perturbation theory and in particular multiple time scale perturbation theory up to
second-order. The parameter a;is treated as a perturbation €. The wave function is

written as a second-order power series in g, namely:

TR T g 3 'y R N . . e { ;'\'_."4“‘4;;4 - . %W ‘3§'§_\; T g e
PR g Tty ﬁ?ﬁ‘gﬁ’i&&- RO T S R & t (R rp B B 88 PWR et )

[0035] Here 3 with i=0,1,2 are wave functions expressed to zeroth, first
and second-order. The single time variable, ¢, is replaced by three variables
representing different time scales: T, = t, 7, = &t, and 1, = &%t = £21,. Equation
(15)can subsequently be decomposed into equations to zeroth, first and second order in

€. The zeroth-order equation may include the Dirac-like equation in absence of

modulation:
1 {} Y R XX o X T ) o % . S
Exss pitg + i JIRTY ~ ferpd } PR r 1 ) = 0 {18}
1 8 E i »
[0036] As discussed previously, its solutions take the form

©) .
O(k* 10, T,T, ) = (a1 ) =a (”w°+ﬁ k ) e'»0% gnd a© represent the orbital and the
¢ ( » L0, b, 2) ago) 0 \/Fﬁk* P

spinorial parts of the solution, respectively, once again using the usual Eigen values:

w3 = a® + B?(k")?. Inserting the zeroth-order solution into equation (15) expressed to

13
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first-order leads to secular terms that can be eliminated by assuming that the wave
functions at all order are independent of ;.

[0037] This equation takes the form:

ng Pyl iBo k") ~ layl I PR 10,150 =
i Ty
fEtﬁ"{m (k" + K. 1y, .gf_z}ﬁ.ﬁ?ﬁm — \@i}{;{ - K, Ty, ) 3«-&3}3@} an

[0038] The solutions of the first-order Dirac equation are the sum of
solutions of the homogeneous equation and particular solutions. The homogenous
solution is isomorphic to the zeroth-order solution, it will be corrected in a way similar to
the zeroth-order solution as one accounts for higher and higher terms in the

perturbation series. The particular solution contains frequency shifted terms given by:

A gty o R aitag-itg
!!&3?9 e f‘;ig WYY & ‘&i& [ty

{1} — By et tita o R adnsita
’54‘3_,‘;&- gzg@wg Ry 4 &\36&3\3 Hytg

[0039] The coefficients by, by, by, b; are resonant terms:
SRR PR i‘. ‘i}} S h 1 ¥ S AR o ¢ 5 g e
Bk} = o IR 4 K bl (RN (g + )+ B0
Ty &g '
R TR “Wi - {‘Q\\t e AR ‘g' FOROR R Sl 2 \ o N X
B R m oo @R S R oo BTR  Giog ~ R 2 R0
’ g g

{

By (k") = o {

Je

e 3% T R W}
gy (R b K g + 8~ R bty

¥ 3 AW & N e
(e + RF ~{BRP ~

BLORY s i §f~*-;§ R Koy ~ 81 - BRO) S ey (B - KD
3 { mﬁ e ﬁ}g i iif&‘}: - {3%
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[0040] The preceding relation make use of the definition: wy + 2 =
wo (K" + K) + 2 and wy — 2 = wy (k' — K) + 2, with the time dependencies omitted for
the sake of compactness.

[0041] To order of €2 the Dirac-like equation is written as:

I
{@Y F, + iffo LIk}~ &{%f}:ﬁ” LA N 29

X f{@\h &+ Koy, 3‘3} el Wi}{&\ = Kyt ﬁ‘*{ﬁ?iﬁ;? 33\3

©) g+

0042 The derivative WO T072) leads to secular terms. The
[ aT:
2

homogeneous part of the first-order solution does not contribute secular terms but the
particular solution does. Combining all secular terms and setting them to zero leads to

the conditions:

3{3\£}\t(§ g s S : b

lm{;;;w V)6 + i RO (192)

N Wrrsonm o o @
P i@ OF + a6 {19b}

with the definitions:
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( 1 1 :
E_{m@{&f‘} - QP - @ik ) (k) + 0 - wik - K

{; o I S NI S S S R IR MR RN S S SN
‘L{mﬁiﬁ mz s @v + m {m{;{& & $§}~ mﬁw i{’}}
o { {og(K) ~ 0~ B+ KD i (gl + ) - Bk — K 1
{{m ) -0 — ik + K) (wplk) + 0¥ — @k ~ K
[0043] Notably, these quantities are asymmetric. The terms G, G'and F

diverge within the Brillouin zone of the modulated systems when the condition

(wo(k?) + 2)2 — wi(k” — K) - 0 s satisfied but not when (wo(k*) — 2)? — w3 (k" +
K) — 0. This asymmetry reflects a breaking of symmetry in wave number space due to
the directionality of the modulation.

[0044] Equations (19a,b) impose second-order corrections onto the
zeroth-order solution. Multiplying the relations (18a,b) by eZei®o% translates them into
terms of Y@ at which point they may be subsequently recombined with the zeroth-order
equation (3). This procedure reconstructs the perturbative series of equation (15) in

terms of ¥ @) only:

o (2~ 104 ) + By (K ~ 1y} ~ iag + me M PO 1) = 30)
o %(G+G') 0
with (Ak ) =2 and my» = &%, and further making use of the relation — = —+
k* ﬁ(G_G’) BTU
2 9
& P
[0045] Equation (20) shows that equation (15) describing the dynamics of

elastic waves in a harmonic chain grounded to a substrate via side springs, whose
stiffness is modulated in space and time, is second-order isomorphic to Dirac equation

in Fourier domain for a charged quasiparticle including an electromagnetic field. The
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quantity @, plays the role of the electrostatic potential and A+ the role of a scalar form
of the vector potential. The parentheses (% — i(zﬁk*) and (ik* — iAy+) are the Fourier

transforms of the usual minimal substitution rule. ag + my+ is the dressed mass of the
quasiparticle. The mechanical system provides a mechanism for exchange of energy
between the main chain modes and the side springs. The side springs lead to the
formation of a fermion-like quasiparticle while their modulation provides a field through
which quasiparticles interact. The strength and nature of the interaction is controllable
through the independent modulation parameters, a,, 2, and K.

[0046] The mechanical system allows for the exploration of a large
parameter space of scalar QFT as the functions ¢, and A, can be varied by
manipulating the spatio-temporal modulation of the side spring stiffness. It is likely,
therefore, that this classical phononic system can be employed to examine the behavior
of scalar QFT from weak to strong coupling regimes, as well as at all intermediate
couplings. Further, the capacity to separate the ratio of the effective potentials opens
venues for the experimental realization of scalar fields whose behavior could previously
only have been theorized.

[0047] Returning to equation (20), its solutions are solutions of equation

(18) with spinorial part a®® (k*, 7,) satisfying the second-order conditions given by

equations (19a,b). These conditions can be reformulated as g = iMa where the vector
2

(0) ’
a= (a ) and the matrix M = (i, g) Solutions of this 2x2 system of first-order linear

1
()]
a,

. . . ~ ~ i ~ il ~
equations are easily obtained as: @ = C&e'*™2 + C’e’e!* ™z where 1', &, and &'are the

Eigen values and Eigen vectors of the matrix M. The coefficients € and ¢’ are

. e ~ ,/w0+pk*> :
determined by the boundary condition: lim,_y @ = a, ( Nrr=3dh The Eigen values
N2 N2

_ G+G } G-G 2 _ G+ } 6G-G 2 :
A= —* (—2 ) + Ffand A = —~ (—2 ) + F# are then found. The respective

. ~ G-G/ 1
Eigen vectors are & = agy/ wo(k*) = BK*F TR and

! 2
52
17
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& = ag/wy(k*) = Bk'F i The coefficients are given by € =
N2
(“2;‘) +1
1 1 wo(kK) -k GG’ G-G"\2 , 1 _ wok)-BK | GG’
F {wg(k*)+ﬁk* 2F + (ZF) +1} and €' = 2 { wO(k*)+/?k*+ 2F +

2\/(“;—;}')2“
G-G"\2 i, s . . G-G/ .
(7) + 1}. Although the quantities G, G’ and F may diverge, the ratio —.— remains

finite.

[0048] The directed spatio-temporal modulation impacts both the orbital
part and the spinor part of the zeroth-order modes. The orbital part of the wave function
is frequency shifted to w, + €24 and w, + €24’. The quantities €24t and €24't represent
phase shifts analogous to those associated with the Aharonov-Bohm effect resulting

from electrostatic and vector potentials @,+ and A,+. Near the resonant condition,

1 1

* 2 20 i ~
(wo(k*) + 2)* — wi(k* — K) — 0, the Eigen value 4 — Tt T

does not diverge. Since the frequency shift, €24’ is expected to be small compared to

wo(kY), the orbital term ez — 1. Considering that the lowest frequency wy is ay, this

condition would occur for all k. Therefore, the term e!@ot€*4)70 _ giwoTo wil| essentially
contribute to the band structure in a perturbative way similar to that of the uncorrected
zeroth-order solution or homogeneous parts of the first or second-order equations. The
spinorial part of the zeroth-order solution is also modified through the coupling between
the orbital and "spin" part of the wave function as seen in the expressions for € and &’.
This coupling suggests an approach for the manipulation of the "spin" part of the elastic
wave function by exciting the medium using a spatio-temporal modulation. Again, these
alterations can be achieved by manipulating independently the magnitude of the
modulation, a;as well as the spatio-temporal characteristics 2 and K.

[0049] The perturbative approach used here demonstrates the capacity of
a spatio-temporal modulation to control the "spin-orbit" characteristics of elastic modes
in a manner analogous to electromagnetic waves enabling the manipulation of the spin

state of electrons. However, the pertubative method is not able to give a complete
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picture of the effect of the modulation on the entire band structure of the elastic modes.
For this, the vibrational properties of the mechanical system are also investigated
numerically beyond perturbation theory by calculating the phonon band structure of the
modulated elastic Klein-Gordon equation, since its Eigen values are identical to those of
the modulated Dirac-like equation. The present calculation uses a one-dimensional
chain that contains N=2400 masses, m=4.361x107kg, with Born-Von Karman boundary
conditions. The masses are equally spaced by h=0.1 mm. The parameters k,;=0.018363
kgm?s? and k,=2.295 kgs™. The spatial modulation has a period L=100h and an

angular frequency 2 =1.934x105rad/s. Also chosen is the magnitude of the modulation:
a; = %ao. The dynamics of the modulated system is amenable to the method of

molecular dynamics (MD). The integration time step is dt=1.624x10®s. The dynamical
trajectories generated by the MD simulation are analyzed within the framework of the
Spectral Energy Density (SED) method for generating the band structure. To ensure
adequate sampling of the system's phase-space the SED calculations are averaged
over 4 individual MD simulations, each simulation lasting 2%° time steps and starting
from randomly generated initial conditions. FIG. 4 illustrates the calculated band
structure of the modulated system.

[0050] More particularly, FIG. 4 depicts the band structure of the
mechanical model system of FIG. 1 calculated using the Spectral Energy Density (SED)
method. The band structure is reported as a contour plot 400 of the natural logarithm of
the SED versus frequency and reduced wave number. The horizontal axis includes a
range 405 to the right of the first Brillouin zone [— T, n] so as to highlight the asymmetry
and therefore the modulation-induced symmetry breaking of the band structure. Brighter
branches 401 correspond to the usual zeroth-order type wave (ei@ok+910) Fainter
branches 402 are parallel to the brighter branches 401 and are characteristic of first-
order waves (el(@ok+9)2)70),

[0051] FIG. 4 retains the essential features of the unperturbed band
structure but for frequency shifted Bloch modes wy (k™) + 2 and two band gaps 404A
and 404B in the positive half of the Brillouin zone. The frequency shifted modes are

illustrative of the first-order particular solutions. Second-order frequency shifted modes
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wo(k™) + 20 do not show in the figure due to their very weak amplitude. The two band

gaps 404A and 404B occur at the wave vector kgap defined by the condition (wo(kgap +

9)+0) - wi(kyqp +9 — K) = 0 for g=0and g=K. It is the band folding due to the
spatial modulation which enables overlap and hybridization between the frequency-
shifted Bloch modes and the original Bloch modes of the lattice without the time
dependency of the spatial modulation. The hybridization opens gaps in a band structure
that has lost its mirror symmetry about the origin of the Brillouin zone. Considering the
first gap and following a path in k space, starting at k=0 at the bottom 403 of the lowest
branch, the wave function transitions from a state corresponding to a zeroth-order type

Jwgtpk
Voo

characteristics of the first-order wave with orbital part (e!(®®*")-9%) and spinor part

wave, with orbital part (ei“0®)%0) and spinor part ( > to a wave having the

(z:l) The control of the position of the gap through 2 and K enables strategies for tuning
2

the spinorial character of the elastic wave. The effect of these 'spin-orbit' manipulations
of the elastic system can be measured by examining the transmission of plane waves
as shown in FIG. 4.

[0052] It is also instructive to consider the symmetry of the Dirac-like equations in
the presence of spatio-temporal modulation to best understand its effect on the spinorial
character of the wave function. In the case of a modulation with a general phase ,

equations (6a,b) take the overall form:

{s:}\ é;; RARditei il {fgad = o sindx 1t + {;@;} Yo ) (218

(Pagy T e 5T 3 : | :

‘ \?" o :} ; © S R ¥ ] U b i $33 : 3

{&“ g}« + IR, ;%;” 4 el Al sin{ Ky + 0+ f;})} Yo {21k

4 R ¥ 3 % ’ <« 38 e ' ‘\‘j : :
[0053] Applying the joint T-symmetry and parity symmetry to equation

(21a) does not result in equation (21b) for all phases ¥ but a few special values. The
modulated Equations (21a,b) have lost the symmetry properties of the unmodulated

Dirac equations (Eq. 6a,b). The gap that formed at kyap in FIG. 4 is therefore not a Dirac
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point. The transformations Tfé’:_"ic and T“’;:k‘" do not apply near kgap. The constraints

imposed on the spinorial component of the elastic wave function may be released in the
vicinity of that wavenumber. This constraint was associated with Fermion-like wave
functions which have the character of quasistanding waves, i.e. composed of forward
and backward waves with a very specific proportion of their respective amplitudes. The
release of the Dirac constraint associated with the impossibility for the medium to
support forward propagating waves (+kgap) but only backward propagating waves (-kgap),
may lead again to Boson-like behavior with no restriction on the amplitude of the

backward propagating waves.

CONCLUSION

[0054] As shown above, phononic structures can be modeled using two
coupled one-dimensional harmonic chains and one harmonic chained grounded to a
substrate that exhibit intrinsic non-conventional topology. This topology is associated
with wave functions that possess spinorial and orbital components. The spinorial
character of the wave function imparts a fermion-like character to the phonons. This
behavior is reflected in a constraint on the amplitude of forward and backward going
waves. Also presented is a scalar Quantum Field Theory that demonstrates a new
analogy between the one-dimensional elastic system subjected to a spatio-temporal
modulation of its elastic properties and the one-dimensional Dirac equation including an
electromagnetic field. The directional spatio-temporal modulation enables the tuning of
the spinorial and orbital components of the wave function. Since the spatio-temporal
characteristics of the modulation are independent of each other they offer powerful
means of controlling the spinor components of the elastic wave.

[0055] Practical physical realization of the modulation of elastic medium
stiffness can be achieved by exploiting a variety of non-contact approaches including
the photo-elastic effect, the magneto-elastic effect, and the piezoelectric effect. The
analogy between classical mechanical systems such as the ones illustrated herein and
guantum and electromagnetic phenomena offer a new modality for developing more

complex functions of phononic crystals and acoustic metamaterials.
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CLAIMS

1. A method for modeling quantum systems, the method comprising:

providing an intrinsic phononic structure comprising mechanical
components;

factoring an elastic wave equation of motion of the instrinsic phononic
structure into a Dirac-like equation;

determining antisymmetric modes of the intrinsic phononic structure based
at least in part on the Dirac-like equation, wherein the
antisymmetric modes have spinorial character and impute a
topology of the intrinsic phononic structure in wave number space;
and

applying a directed spatio-temporal modulation to the intrinsic phononic
structure, wherein the modulation tunes the spinorial character of
the wave equation thereby modifying the topology of the intrinsic

phononic structure.

2. The method of claim 1, wherein the spinorial character of the wave function

imparts a fermion-like character to phonons in the structure.

3. The method of claim 1, wherein the spinorial character is tuned by applying a

constraint on the amplitude of forward and backward going waves.

4, The method of claim 1, wherein the intrinsic phononic structure comprising
mechanical components further comprises phononic crystals supporting

rotational waves.

S. The method of claim 4, wherein the phononic crystals comprise:
a first harmonic crystal comprising a first series of three or more masses
aligned along a first axis, the first series of three or more masses

linked together by a first series of springs, wherein each spring is
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longitudinally aligned along the first axis and disposed between two
adjacent masses of the first series of three or more masses;

a second harmonic crystal comprising a second series of three or more
masses aligned along a second axis, the second axis parallel to the
first axis and the second series of three or more masses linked
together by a second series of springs, wherein each spring of the
second series of springs is longitudinally aligned along the second
axis and disposed between two adjacent masses of the second
series of three or more masses;

a third series of springs, each spring longitudinally aligned perpendicular
to the first axis and the second axis; and

wherein each spring of the third series of springs couples a first mass of
the first series of three or more masses to an associated second
mass of the second series of three or more masses, thereby

coupling the first harmonic crystal and the second harmonic crystal.

6. The method of claim 4, wherein a single phononic crystal is coupled to a rigid
substrate, the single phononic crystal comprising:

a series of three or more masses aligned along a first axis, the series of
three or more masses linked together by a first series of springs,
wherein each spring of the first series of springs is longitudinally
aligned along the first axis and disposed between two adjacent
masses of the series of three or more masses:

wherein a second series of springs couples the phononic crystal to the
rigid substrate, each spring of the second series of springs
longitudinally aligned perpendicular to the first axis and each spring
of the second series of springs couples a mass of the series of
three or more masses to the rigid substrate; and

wherein the rigid substrate is aligned generally parallel to the first axis.
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7. The method of claim 1, wherein the directed spatio-temporal modulation is

applied by exploiting the photo-elastic effect.

8. The method of claim 1, wherein the directed spatio-temporal modulation is

applied by exploiting the magneto-elastic effect.

9. The method of claim 1, wherein the spatio-temporal modulation is applied by

exploiting the piezoelectric effect.

10.  An apparatus for modeling quantum systems, the apparatus comprising:

a first harmonic chain comprising three or more connected masses linearly
aligned along a first axis;

a second harmonic chain comprising three or more connected masses
linearly aligned along a second axis, the second axis aligned
parallel to the first axis;

wherein the first harmonic chain and the second harmonic chain are
coupled and the coupled harmonic chains exhibit topologically
constrained properties; and

wherein the coupled chains display an elastic behavior in response to a
spatio-temporal modulation of elastic properties of the coupled

chains, the elastic behavior being isomorphic to quantum systems.

11.  The apparatus of claim 10, wherein the spatio-temporal modulation is applied by

exploiting the photo-elastic effect.

12.  The apparatus of claim 10, wherein the spatio-temporal modulation is applied by

exploiting the magneto-electric effect.

13.  The apparatus of claim 10, wherein the spatio-temporal modulation is applied by

exploiting the piezoelectric effect.
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14.  The apparatus of claim 10, wherein the coupled harmonic chains have a non-

conventional topology.

15.  An apparatus for modeling quantum systems, the apparatus comprising:
a harmonic chain comprising three or more connected masses linearly
aligned along a first axis;
a rigid substrate aligned generally parallel to the first axis;
wherein the harmonic chain and the rigid substrate are coupled and the
coupled harmonic chains exhibit topologically constrained
properties; and
wherein the coupled chain and substrate displays an elastic behavior in
response to spatio-temporal modulation of elastic properties of the
coupled chain and substrate, the elastic behavior being isomorphic

to quantum systems.

16.  The apparatus of claim 14, wherein the spatio-temporal modulation is applied by

exploiting the photo-elastic effect.

17.  The apparatus of claim 14, wherein the spatio-temporal modulation is applied by

exploiting the magneto-electric effect.

18.  The apparatus of claim 14, wherein the spatio-temporal modulation is applied by

exploiting the piezoelectric effect.

19.  The apparatus of claim 14, wherein the coupled harmonic chains have a non-

conventional topology.

20.  The apparatus of claim 14, wherein the quantum systems are describable by a

Dirac equation.
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