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ADAPTIVE NONLINEAR MODEL PREDICTIVE
CONTROL USING A NEURAL NETWORK AND INPUT
SAMPLING

CROSS-REFERENCE TO RELATED APPLICATIONS

The present application claims priority to provisional U.S. Patent Application Serial No.
61/983,224 filed on April 23, 2014, titled, “Adaptive Nonlinear Model Predictive Control Using a

Neural Network and Input Sampling,” which is hereby incorporated by reference in its entirety.
FEDERALLY SPONSORED RESEARCH OR DEVELOPMENT

This invention was made with Government support under Contract No. CMMI-1130286
awarded by the National Science Foundation, and Contract No. W911NF-13-1-0122 awarded

by the Army Research Office. The government has certain rights in the invention.
BACKGROUND OF THE INVENTION
1. Field of the Invention

This invention relates, generally, to neural networks. More specifically, it relates to nonlinear

model predictive control of multiple input, multiple output systems.
2. Brief Description of the Prior Art

Model Predictive Control (MPC) is widely used in industry over a range of applications differing
in time scale and model complexity [1]. MPC operates by producing a future sequence of control
inputs and the corresponding output trajectory that optimizes a cost function, requiring an
internal model that represents the system to be controlled. Receding horizon MPC approaches
use this model to predict several steps in the future while implementing only the immediate next

step.

Although most MPC implementations use linear models, nonlinear models allow for better
performance over a wider operating range [2][3]. Furthermore, adaptive Nonlinear MPC
(NMPC) provides the additional benefit of enabling the model to be updated as plant dynamics

change.

Constraints on inputs and outputs may be appropriate in order to maintain feasible trajectories,
ensure safe operating levels, or regulate environmental pollutants. Industry demand for
handling hard constraints has steadily increased, and MPC is among the few control techniques

that are suitable to handle these constraints [4].

The Generalized Predictive Control (GPC) method [5] was the first to merge adaptive control
techniques with MPC. GPC handles plants with changing dynamics by using an adaptive linear
model and performs well despite unknown time delays, which is an advantage of MPC

approaches. One particular disadvantage of GPC over other MPC methods is that there is no
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guarantee that hard input and output constraints will be met. Although Clarke mentions the
potential of modification to handle constraints, neither the original GPC nor any of the nonlinear

GPC extensions mentioned below guarantee constraint satisfaction.

When implementing MPC, the model that is used for prediction is obtained in one of several
ways. While some take the model to be specified a priori [6][7][8], it is often practical to perform
system identification and fit a model from observed input output behavior [5]. The neural
network pattern recognition paradigm is useful for representing general nonlinear system
behavior, which is done by using computational building blocks called hidden units or neurons.
It is possible to capture nonlinear system behavior by training and updating a neural network to

predict the future response of the system based on past observations.

GPC has been extended to nonlinear systems using neural network models. The Neural GPC
algorithm enables control of a single input single output (SISO) plant [9]. It uses a network with
fixed parameters after the learning phase ends and hence is not an adaptive control algorithm.
The Neural GPC algorithm has been applied experimentally to a SISO nonlinear magnetic
levitation system using a network with only three computational units in the hidden layer [10].
Another neural-network-based NMPC approach called Explicit Black Box NMPC was recently
introduced but is also a SISO result that does not utilize the adaptive capability of a neural
network model [11]. Adaptive Predictive Control performs NMPC using neural networks for both
identification and control [12]. Like the other neural network results, the plant controlled by this
method is SISO.

NMPC has also been applied to nonlinear systems identified without the use of neural networks.
Fuzzy GPC is applied to the SISO, nonlinear, simple inverted pendulum [13], and Wuxi et al.
present an adaptive Fuzzy GPC implementation that controls a nonlinear time-varying SISO
plant [14]. In each case, the methods based on nonlinear Fuzzy models are described as
computationally costly. This is due to the intensive computational effort required to solve

Diophantine equations required in the GPC optimization.

When controlling a combustion system, constraints on inputs and outputs are necessary in
order to meet power demands, ensure safe operating levels, or regulate environmental
pollutants. For these reasons, the industry’s need for handling these constraints has steadily
increased, and MPC is arguably the control methodology most suitable to handle them [4]. MPC
uses an internal model that represents the system to be controlled, and produces a future
sequence of control inputs and the corresponding output trajectory that optimizes a cost
function, subject to constraints on functions of the inputs and outputs. Receding horizon MPC
approaches use this model to predict several steps in the future while implementing only the

immediate next step.

MPC is commonly applied in simulations to power plants [31][32][33][34], and, for applications
where no closed-form model is available, is typically applied in conjunction with an identified

system model. Linear MPC techniques often use a Least-Squares, Gradient Descent, or
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Newton method to fit a linear model to observed data [1]. Nonlinear MPC techniques, which are
far less commonly used, often fit a Neural Network, Neuro-Fuzzy, Nonlinear Polynomial, or

other Nonlinear State Space model to predict system behavior [35].

Due to environmental effects, normal wear, and fatigue, power plant combustion chambers can
exhibit time-dependent dynamic behavior. Furthermore, the addition of solar and wind power
plants, which provide intermittent power to the grid, has caused the duty cycle of traditional
power plants to fluctuate more than ever before. The neural network model form is suitable for
modeling the nonlinearities and time variation, which lead to suboptimal performance when they
are ignored. The Neural Generalized Predictive Control (Neural GPC) method [9][10] consists
of a Back Propagation Neural Network (BPN) and Newton-Raphson cost optimization. It is best
able to handle problems with nonlinearities and time variation among existing NMPC methods

because it balances speed of optimization with adaptive capability.

An analytical model for coal combustion has been derived [28]. This model has been used in a
Single-Input Single-Output (SISO) simulation of Gaussian Process NMPC [29], which requires
a priori specification of the plant’s dynamic equations and achieves rapid online computational
speed, at the expense of significant offline computation and a lack of robustness to plant

changes.

Accordingly, what is needed is a novel method for adaptive NMPC of multiple input, multiple
output (MIMO) systems that has the ability to enforce hard constraints on the system inputs
and states, but does not rely on linearizing the system or gradient based optimization. However,
in view of the art considered as a whole at the time the present invention was made, it was not
obvious to those of ordinary skill in the field of this invention how the shortcomings of the prior

art could be overcome.

All referenced publications are incorporated herein by reference in their entirety. Furthermore,
where a definition or use of a term in a reference, which is incorporated by reference herein, is
inconsistent or contrary to the definition of that term provided herein, the definition of that term

provided herein applies and the definition of that term in the reference does not apply.

While certain aspects of conventional technologies have been discussed to facilitate disclosure
of the invention, Applicants in no way disclaim these technical aspects, and it is contemplated
that the claimed invention may encompass one or more of the conventional technical aspects

discussed herein.

The present invention may address one or more of the problems and deficiencies of the prior
art discussed above. However, it is contemplated that the invention may prove useful in
addressing other problems and deficiencies in a number of technical areas. Therefore, the
claimed invention should not necessarily be construed as limited to addressing any of the

particular problems or deficiencies discussed herein.

In this specification, where a document, act or item of knowledge is referred to or

discussed, this reference or discussion is not an admission that the document, act or
3/30
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item of knowledge or any combination thereof was at the priority date, publicly
available, known to the public, part of common general knowledge, or otherwise
constitutes prior art under the applicable statutory provisions; or is known to be

relevant to an attempt to solve any problem with which this specification is concerned.
BRIEF DESCRIPTION OF THE DRAWINGS

For a fuller understanding of the invention, reference should be made to the following detailed

description, taken in connection with the accompanying drawings, in which:

Figure 1 is a schematic diagram of adaptive sampling based model predictive control. The
control task is to provide inputs u to the plant such that outputs y match a reference trajectory.
The neural network model is identified online and provides the prediction information needed
by SBMPC to perform the MPC optimization.

Figure 2 is a flowchart of a minimal resource allocation network. The MRAN algorithm learns
the number of hidden units needed to represent the system and continually refines the

parameters of each hidden unit.

Figure 3 is a schematic diagram of a sampling based model predictive control summary. The

algorithm discretizes the input space and makes model-based state predictions, %, ;, in order

to minimize a cost function.

Figure 4 is a sampling based model predictive control graph. The graph is built by expanding
the most promising node to generate B child nodes. Each child node is assigned an input
sample, which is propagated forward through the model to predict a state for that node. The
potential cost of reaching that state is used to prioritize the nodes and select the most promising

candidate for the next iteration of expansion.

Figure 5 is a graph depicting a Single Output Neural Network ID comparison. Each neural
network is trained with sequential input and output data during the training phase. Prediction

error is based only on prediction of xo2.

Figure 6 is a graph depicting a Multiple Output Neural Network ID comparison. Identification
error is computed based on predictions for the three outputs, xoz, xco, xcoz. For this case, the
BPN adaptation converges more slowly, but two identification methods eventually attain

comparable prediction error.

Figure 7A through 7C depict Case 1 results for step tracking. Figure 7A presents the results for
Neural GPC. Figure 7B presents the results for SBMPCrsr. Figure 7C presents the results for
SBMPCsen. The neural network type affects overshoot due to larger BPN prediction errors.
SBMPC convergence, however, is still more rapid than that of GPC regardless of neural

network choice.

Figure 8 presents the Neural GPC Case 2 results. Penalties on CO and CO: are introduced
and Inputs, Oz tracking, and CO:z levels are plotted. The shaded upper and lower regions on

the input plots are infeasible regions beyond the input constraints. The value uzsaris input to
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the plant when the fuel rate constraint violation occurs. Because of this saturation of uz, tracking

performance is poor as us alone lacks the control authority to track the reference.

Figure 9 presents the SBMPCrsr Case 2 results. Penalties on CO and COz are introduced and
Inputs, Oz tracking, and CO: levels are plotted. The shaded upper and lower regions on the
input plots are infeasible regions beyond the input constraints. The controller adjusted the fuel
rate and damper angle to achieve both optimal burning efficiency and allowable carbon levels.

There are no violations of input constraints.

Figure 10 presents the SBMPCBPN Case 2 results. Penalties on CO and CO: are introduced
and Inputs, Oz tracking, and carbon levels are plotted. The controller adjusted the fuel rate and
damper angle to seek both optimal burning efficiency and allowable carbon levels. There are
no violations of input constraints. The predicted and desired curves match, which indicates that
neural network prediction error is the cause of the error in tracking between actual and desired

concentrations.

Figure 11 presents the Neural GPC Case 3 results. With plant changes occurring every 500
seconds, the model adapts and control inputs are updated simultaneously. The shaded upper
and lower regions on the input plots are infeasible regions beyond the input constraints. The
value uzsatis input to the plant when the fuel rate constraint violation occurs. Because of this
saturation of u», tracking is unsuccessful as us alone lacks the control authority to track the

reference.

Figure 12 presents the SBMPCrsr Case 3 results. SBMPCrsr successfully adapts to the plant
changes at 500 second intervals, and once converged, low tracking error and output constraint

satisfaction is achieved.

Figure 13 presents the SBMPCgpn Case 3 results. SBMPCgpy adapts to the plant changes. The
predicted and desired curves match, which indicates that neural network prediction error is the

cause of the error in tracking between actual and desired concentrations.

Figure 14 is an exemplary flow chart of a method for adaptive nonlinear model predictive control

of multiple input, multiple output systems.

Figure 15 is an exemplary flow chart of a method for adaptive nonlinear model predictive control

of multiple input, multiple output systems.
DETAILED DESCRIPTION OF THE INVENTION

An important application of neural networks is the identification of the dynamics of a nonlinear
system with no known closed-form model, especially a system whose dynamic behavior may
change with time. When this is done quickly and robustly, the model may be used for closed-
loop Nonlinear Model Predictive Control (NMPC). NMPC methods that rely on linearization
about an equilibrium point or excessive parameter tuning require a priori information that limits
the robustness of those methods for a system with changing dynamic behavior. The present

disclosure comprises a novel method for adaptive NMPC of multiple input, multiple output
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(MIMO) systems, called Sampling Based Model Predictive Control (SBMPC) that, like most
MPC approaches, has the ability to enforce hard constraints on the system inputs and states.
However, unlike other NMPC methods, it does not rely on linearizing the system or gradient
based optimization. Instead, it discretizes the input space to the model via pseudo-random
sampling and feeds the sampled inputs through the nonlinear plant, hence producing a graph
for which an optimal path can be found using an efficient graph search method such as LPA*
optimization. Although SBMPC can be applied to any form of a nonlinear model, here a radial
basis function neural network is used to model the nonlinear system due to its ability to
represent a very general class of nonlinear systems. Using the Minimal Resource Allocation
Network (MRAN) learning algorithm, the neural network size and parameter values may be
adjusted even while the controller is active. After presenting the general methodology, Adaptive
SBMPC is used in simulation to control the chemical concentrations of flue gas exiting a steam
boiler's combustion chamber, represented by a 3-state time-varying nonlinear model with two

inputs and three outputs.

The present disclosure comprises an adaptive NMPC approach known as Adaptive Sampling
Based Model Predictive Control (Adaptive SBMPC). The optimization approach, which dis-
cretizes the input space using sampling, does not require gradient computation and easily
handles the changes in model structure that occur as a neural network grows or shrinks. The
approach introduced here has potential application in a wide variety of domains, including

process control, automotive engine control, power system control, and robot motion planning.

Sampling Based Model Predictive Optimization, the optimization portion of SBMPC, has been
successfully applied to trajectory generation for robot systems with highly nonlinear plant
dynamics [15]. However, in those applications, the dynamics were well known and modeled
analytically. In addition, a receding horizon was not used. In this research SBMPO is used with
a receding horizon, hence becoming SBMPC. More importantly, the nonlinear model is
identified online and updated while the system is being controlled. Hence, this is the first
adaptive form of SBMPC and it is demonstrated that this method is feasible for real time

implementation.

To model nonlinear dynamics, a special class of neural networks was employed, called the
Radial Basis Function (RBF) network, which has been shown to be general enough to represent
arbitrary nonlinear functions of multiple variables [16][17]. In this research an RBF network is
trained and adapted online using the Minimal Resource Allocation Network (MRAN) learning

algorithm [18] to produce high-fidelity nonlinear models from limited sequences of training data.
Methodology

The Adaptive SBMPC approach to nonlinear MPC consists of identification of an approximate
system model during the learning phase followed by simultaneous identification and control
during the control phase. As shown in Figure 1, a neural network is used to model the plant

dynamics and SBMPC is used to generate actuation signals to control the plant. A summary of
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the MRAN identification algorithm and the details of the SBMPC methodology is described
below, a full description of the MRAN algorithm may be found in [18].

The MRAN Identification Network

The Minimal Resource Allocation Network (MRAN) algorithm implemented in this research was
developed by Yingwei et al. and is fully described in [18]. It is based on the Resource Allocation
Network algorithm, a general method for function approximation [19]. The advantage over other
methods is that the network eventually reaches a constant size despite increasing the length of
the training set. Yingwei et al. extended RAN to MRAN by adding a pruning step. MRAN has
been applied here to process control, but it is sufficiently general to represent many other

systems with little or no alteration of the algorithm’s tuning parameters.

MRAN Methodology. The MRAN algorithm, depicted in Figure 2, begins with an empty network

(N =0) and uses prediction error criteria at each time step k to determine whether an additional
hidden unit is necessary to represent the system. In each algorithm iteration, the network is
refined to reduce prediction error either via addition of a hidden unit or an Extended Kalman
Filter (EKF) adjustment of the parameter vector of all current hidden units. Hidden units that
have low relative contribution over a designated number of time steps M, are removed from the

network in the pruning stage.

This research extends the MRAN pruning logic by allowing multiple pruning criteria, each
represented by a significance threshold &y« and consecutive limit My« If any one of these
criteria is met by a given hidden unit, the unit is pruned. By allowing for pruning behavior that
specifies both fast-acting pruning behavior (with smaller &,«) and long-acting pruning behavior
(with larger dyx), the multistage approach to pruning gives more flexibility to trade off network

size and prediction accuracy.

Control systems based on system identification typically have a learning phase, during which
an excitation signal is input to the system in open loop in order to initially model its dynamics.
Some real systems, however, could potentially produce undesirable outputs if the command
signal is purely open loop. In these cases, it is helpful to employ a low level controller that is

active during the learning phase to prevent unsafe or undesirable states.
Sampling Based Model Prediction Control

As a means of solving Model Predictive Optimization problems without computing gradients,
Sampling Based Model Predictive Control (SBMPC) has been developed and implemented on
experimental platforms [20] [21][22]. SBMPC may be applied to solve the nonlinear optimization

problem described by Equation 1,

N-1
{u(k)...ﬂrll(ligl+1v—1)} Z Clylk+i+1)—rlk+i+1) (D
=0
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where the cost function C(+) = 0, subject to the nonlinear state space equations of Equations 2
and 3,

x(k+1) =g(x(k+i—1D,utk =i-1)), (2)
y(k) = h(x(1)), (3)
and the constraints,
X(k + ) € Xree V i <N, 4)
u(k +i) € Uppee Vi< N, (5)

where r(k) is the reference input and Xsee and Uree represent the states and inputs respectively
that do not violate any of the problem constraints. SBMPC is described in Figure 3 and is easily
applied to both linear and nonlinear models, combining techniques for sampling the input
domain with an efficient graph search method such as LPA*. The details of SBMPC are given

in [22]. Below, two aspects of SBMPC are emphasized.

Sampling the Input Domain. The field of path planning in robotics has seen recent innovations

that have used sampling techniques [23][24]. SBMPC involves the sampling of the space of
allowable inputs. Halton sampling, in particular, is a method based on the low-discrepancy
Halton sequences that has been shown to provide representative sample sets consisting of
fewer points than sets generated using pseudo-random numbers or regular grids [25][26].
Satisfaction of input constraints is automatic, since it is the allowable inputs that are sampled,
and since the inputs are propagated forward through the model, no inversion of the model is

needed.

The Graph Search. Using the current state and input samples, several nodes are computed by

propagating the model and added to a graph with tree connectivity, as illustrated in Figure 4.
The branchout factor B, a tuning parameter of the algorithm, determines how many child nodes

are generated when a particular parent node is expanded.
Combustion Plant and Neural Network Identification

A simulation of the application being studied, power plant combustion, was used to demonstrate
both Adaptive SBMPC and Neural GPC. The plant description below is taken as ground truth,
and the dynamics described are initially unknown to the algorithms. The RBF and BPN neural

network identification algorithms were tasked with learning the plant behavior.
Description of the Plant

The PK 401 boiler, used for power generation of up to 200 megawatts, has a combustion
process that has been modeled by Cretnik [27]. For this research, two inputs and three outputs
were considered. The first input, the air flow damper angle ¢ € [0°,90°] determines the volume

flow rate of air, (m%/s), according to the relationship in Equation 6,
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where Omax specifies the air flow when the damper is fully open. This nonlinear damper-to-flow

relationship is used in [28]. Air was assumed to be composed of 79% nitrogen and 21% oxygen.

The second input was fuel mass rate @, € [0.7,1.3] kg/s. Modifying these two inputs influences
chemical concentrations in the flue gas exiting the boiler. The three gas concentrations of
10 interest, xp,, Xco, Xco, € [0%, 100%], were the outputs of the control system and change

according to Equations 7 through 9:

—x0, (@ + @ (V4 — V) + 210 — 100V,P;)

%o, = - )
C —xeo (@4 @ (Vg — V) + 1.866ax] 0p)
Koo = 7 , ®
o =xgo, (@4 @ (V- Vo) + 1.866(1 — )x! ¥f) 0

15  where Vs (m3/kg) is the theoretical volume of gas produced by the combustion of 1 kg of fuel,
Vo (m3kg) is the theoretical volume of Oz needed for total combustion of 1 kg of fuel, a is the
fraction of Carbon that reacts to form CO, xg is the Carbon fraction of the fuel mass, and V (m3)
is the chamber volume. The numerical value of each of the parameters used in the simulation

is presented in Table 1.
20 TABLE 1

SIMULATION PARAMETERS

Symbol Parameter Value(s)
%] Gas Production Constant 2.399 x 10 md/kg
Vo 02 Consumption Constant 1.543 x 108 m3/kg
x! Fuel Carbon Fraction 0.8087
v Volume of Chamber 0.01 m3

Prmax Maximum Air Flow 1.833e2

T Control Period 10s
T Simulation Integration Step 1x10%s
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The concentration of x,, was monitored as a metric of efficiency. For this particular boiler, x,
was compared to the value that is optimal for burning efficiency xo,0pe, @ value that is
prescribed in [36] as an empirical function of ®r. When the flue concentration is above optimal,
the oxygen-rich reaction is burning at excessive temperature, and energy is wasted via heat in
the flue gas. In oxygen-deficient reactions, where the flue concentration is below optimal,

energy is wasted in the form of unburned fuel escaping in the flue gas.

In order to consider the boiler's environmental impact as well as its mechanical efficiency, the
O2-only analytical model used by Grancharova et al. has been extended to compute carbon
monoxide (CO) and carbon dioxide (CO-2) concentrations as well. Both pollutants are regulated
by the UN Kyoto Protocol as well as by governments of individual nations, which tax excessive
carbon emissions [30]. CO2 is the most prominent and strictly-regulated greenhouse gas, and
in proximity to humans, CO excess is harmful and potentially fatal. While this research included
these two greenhouse gasses, other key pollutants such as nitrous oxides (NOx) were not

considered because their formation process is not well understood [37].
Neural Network Identification

Identification of the nonlinear system dynamics was achieved by training both RBF and BPN
neural network models. The MRAN identification algorithm [38], described above, was used to
train the RBF network, while the more standard back propagation adaptation rule [39] was used
to train the BPN network. A key distinction between the two identification approaches is that for
BPN, a fixed network size must be assumed, while the RBF adds new hidden units when

needed to model newly seen data.

For this simulation, the BPN network was initialized with random parameters for each hidden
unit, and the RBF network was initialized with no hidden units. To determine the network size
for the BPN network, system identification simulations were run with integer network sizes
between 1 and 400 hidden units. The network size of 39 hidden units produced the smallest
cumulative error, so this network size was assumed for the cases presented. The ability to learn
the size of the network while the identification algorithm runs is an advantage of MRAN learning

over back propagation.

The simulation was run on one CPU core of a 2.0 GHz quad-core AMD laptop with 6 gigabytes

of RAM. All algorithms were implemented in C.

During neural network training, a sequence of white noise over the allowable range for each
input was provided as the open loop excitation signal. These signals as well as the measured
outputs that result from the inputs were sequentially passed to the identification algorithms.
Identical sequences were used for the BPN and RBF networks. Comparison Figures 5 and 6

plot the error metric of Equation 10,

100

eprealld) = ) lly(e =) =90k = DI, (10)

i=0
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where ||-|| denotes the Euclidean norm, on the vertical axis and the CPU time on the horizontal
axis. While in the single output case, Figure 5, the RBF network predicts with lower error than
the BPN network, the prediction error between the two is comparable in the three output case,

Figure 6.
Neural Network Tuning

The process of tuning the MRAN algorithm includes the tuning of the Extended Kalman Filter
parameters, g, po, and R. These were tuned according to the procedure given in [40]. Next, the
error thresholds, E1, E2, and, E3, and the pruning thresholds, &1 and dp,2, were given values
of 0, resulting in automatic addition of a hidden unit, with no pruning possible, at each time step.
The remaining parameters were set with an initial guess based on parameters used in another
application of MRAN [38]. From this starting point, the thresholds were systematically increased
by monitoring the error data values of e+, e2, and e3 during the execution of MRAN with training
data. These initial values result in rapid growth of the number of hidden units. The network was
then tuned to slow this growth. After each run, each error threshold parameter was modified by
computing the 20t percentile of the corresponding error data. This process was repeated until
the resulting post-training size of the neural network decreased to about 200. This size
represented an acceptable trade-off between prediction accuracy and computational time.
Likewise, the pruning thresholds, 0,1 and J,.2, were modified using the 15t and 1/10% percentile

values of e2. The resulting tuning parameter choices are given in Table 2.
TABLE 2

MRAN PARAMETER CHOICES

Symbol Parameter Value(s)
E1 Instantaneous Error Threshold 0.00209
E2 RMS Error Threshold 0.005
E3 Basis Vector Spacing Threshold 0.16

E3pec E3 Geometric Decay Rate 0.9985
E3min E3 Decay Floor 0.03
M RMS Average Window 48
N* Maximum Hidden Units 480
K Overlap Factor 10.0
q Kalman Step Parameter 0.5
po New Parameter Variance 5.0
R Assumed Sensor Noise Variance 0.0
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Mp Pruning Window 1 800
Mp2 Pruning Window 2 2000
Op.1 Pruning Threshold 1 2x10°%
Op.2 Pruning Threshold 2 1x104

The tuning parameters for the BPN identification algorithm, given in Table 3, were chosen

through an iterative process, beginning with an initial guess based on parameters a, n, and L

that were used in another application [40]. From this starting point, the parameters were

modified and used for an identification simulation. The parameter configuration yielding the

10 smallest overall prediction error was retained. Since BPN requires outputs scaled within 0 and

1, the scaling multiplier and biases were selected to transform the outputs into the range [0,1],

based on the minimum and maximum y values observed in the training data. The number of

hidden units Ny was selected by running the BPN algorithm on the training data for each Ny

between 1 and 400 and selecting the value resulting in the lowest prediction error.

15

TABLE 3

BPN PARAMETER CHOICES

Symbol Parameter Values(s)
Nx Hidden Units 19, 39, 39*
a Learning Rate 5.7
n Momentum Coefficient 5000, 2778.7, 2778.7*
L Network Gain 0.007
My y1 Scaling Multiplier 6.0
B4 y1 Scaling Bias 0.0
M- y2 Scaling Multiplier 105t
B y2 Scaling Bias 0.57
M3 ys Scaling Multiplier 2.0t
Bs ys Scaling Bias 0.0t

*Case 1, Case 2, and Case 3, respectively.

TOnly applicable to Cases 2 and 3.

Control Results

20 In order to clearly compare the control results, Adaptive SBMPC was implemented not only in

the typical configuration, using the RBF network, but also with the BPN network used by Neural
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GPC. These two implementations are here referred to as SBMPCrsr and SBMPCgpn. Three
cases are presented: a SISO problem, a MIMO problem, and a time-varying MIMO problem.

The two control inputs and outputs are given by Equation 11,
u =@, u; =Py, (1D
and the three plant outputs are given by Equation 12:
V1= X0, Y2 = Xcor Y3 = Xco, (12)

The second input, fuel mass rate @, is prescribed over time as an exogenous input in Case 1,
but specified by SBMPC or GPC as a control input in Cases 2 and 3. The outputs to be

controlled are the flue volume concentrations of oxygen, carbon dioxide, and carbon monoxide.

For each trial, 120 seconds of processor time was used to initially train the neural network.
During this phase, inputs consisted of uniform white noise within the constrained range for each
input, u, (k) € [0°,90°] and u, (k) € [0.7,1.3] kg/sec. The MRAN learning algorithm starts with
an empty neural network and learns the network size during this training period. The back
propagation network, initialized with random hidden unit parameters between -0.5 and 0.5,
assumed a fixed network size, which was provided a priori. The same prediction horizon N = 4
and control horizon Nc = 2 were used for both SBMPC and GPC. The complete list of tuning

parameters is given in Tables 2 and 3 above and in Tables 4 and 5.
TABLE 4

SBMPC PARAMETER CHOICES

Symbol Parameter Value(s)
B Branchout Factor 60
N Prediction Horizon 4
Ne Control Horizon 2
TABLE 5

GPC PARAMETER CHOICES

Symbol Parameter Value(s)
N Prediction Horizon 4
N Control Horizon 2
£ Solver Tolerance 10
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Imax Maximum Newton lterations 1500
s Constraint Sharpness 10-1®
4x103
A Damping Factor 9x 10°
9 x 10%*

*Case1, Case 2, and Case 3, respectively.
Case 1: Time-Invariant SISO Problem

The first simulated case was the problem addressed by Grancharova et al. in Problem P3 of
[29], in which only the mechanical efficiency of the burner was considered for optimization. In
this case, ®r was specified externally, and only a single control input ¢ was used. The control
task was to seek the concentration of oxygen x,, in the flue gas that was optimal for burning
efficiency X0y oper @ value that was prescribed as a function of ®r . The cost function being

optimized is presented in Equation 13,

N-1

€= Cnecld) (13)

i=

has a single quadratic cost term given by Equation 14,

2
Cnec®) = (0, e+ ) = %0, 0k +0) (14

and control signals were determined by sampling inputs in bounded increments such

that Equation 15 is true,
—-0.5° < A¢p £0.5° (15)
in any two consecutive time steps.

After the 60-second learning phase for Case 1, the number of RBF hidden units had converged
to 19. The number of hidden units remained constant throughout the control phase of the
simulation. SBMPC and GPC both successfully used the learned models to track the reference
signal. The results from three run configurations when Neural GPC was used is presented in
Figure 7A, when SBMPCrsr was used is presented in Figure 7B, and when SBMPCgry was
used is presented in Figure 7C. SBMPC demonstrated more rapid convergence for the SISO
case, while requiring less computation time as seen in Table 6. The neural network
performance was similar, as seen by comparing SBMPCrsr and SBMPCgen plots, although
SBMPCrsr achieved lower overshoot, due to initially larger prediction errors of the BPN

network.
TABLE 6

14/30



WO 2016/010601 PCT/US2015/027319

10

15

ADAPTIVE SBMPC RUN TIME STATISTICS

Median CPU Times

Control Algorithm

Plant Configuration

N. GPC SBMPCrsr SBMPCsrn
Case 1 4 ms 3ms 1ms
Case 2 1780 ms 583 ms 1050 ms
Case3 1770 ms 790 ms 804 ms

Longest CPU Times

Control Algorithm

Plant Configuration

N. GPC SBMPCrsr SBMPCsrn
Case 1 3770 ms 821 ms 1950 ms
Case 2 7790 ms 1780 ms 2120 ms
Case 3 7350 ms 4720 ms 7720 ms

Case 2: Introducing a Carbon Penalty Cost

Case 2, and extension to three outputs, considers greenhouse gases CO and COz: in order to
control environmental impact of the power plant. The updated cost function is given by Equation

16,

N-1

C= Z Cenv(i) + Crnec (l) (16)
=0
where
Ceny = Cco + Ceo, a7
and
0, xco < Lco
Cco = { 18
o (xco = Lco)Peo xco < Leo (18)
0, Xco < LCO
C = { z z 19
€0z (xco, = Lco,)Pco, » Xco, < Lco, (19)
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The cost function introduces terms that linearly penalize pollutant levels above the respective
thresholds Ly, and L, with penalty slopes Py, and P,,. The limitations on CO and CO: are
implemented as soft constraints via these linear penalties rather than hard constraints. This is
done because initial conditions and time variation of the plant yield states in violation of the
desired range of outputs. Starting from this initial condition, the use of hard constraints would
allow no feasible solutions. Instead, a large penalty was placed on outputs above desired levels

to so that optimal control strategies must quickly bring the outputs into compliance.

For Cases 2 and 3, there were two control inputs, air inlet damper angle ¢ and fuel rate ®r. In
addition to the constraints on the damper angle, fuel rate is constrained on {Umin, Umax} = {0.7

kg/s, 1.3 kg/s}. A saturation function given by Equation 20,

Umax, U < Upin,
Usar (u) = U, Unin S U = Upgy, (20)
Umax U > Uy

is applied to the control signals, so that whenever either of the constraints is violated,

the limiting value is passed to the plant instead. The reference trajectory X0y 0per @

sinusoid, simulates the requirement of power plant boilers to meet demands that vary

over time.

For case 2, the length of the training phase was 120 seconds. After the training phase, the
number of hidden units converged to 199. By the end of the simulation, the number of units had

increased to 201.

The data for the second case, shown in Figures 8, 9, and 10, gives the Case 2 results for Neural
GPC, SBMPCgsr, and SBMPCxgrn, respectively. CO levels, which remained at zero throughout
the control phase, are not plotted. Although CO was generated during the training phase, by
nature of the combustion process the constraint on CO: is the more stringent of the two
constraints, and meeting the constraint on CO:2 forced the CO level to zero. In Figure 8, Neural
GPC fails to track the reference due to an input constraint violation, which occurred because
GPC produced a fuel rate that was out of bounds. The damper angle alone lacks the control
authority to track the reference trajectory. SBMPCrsr converges with small error and
satisfaction of output constraints as shown in Figure 9. Prediction errors are rapidly corrected
in the first few time steps of the control phase. Figure 10 illustrates that SBMPOgpn network
similarly achieves overall constraint satisfaction, but the tracking is less effective due to the
prediction error of BPN. The execution time of SBMPOrsr was improved over that of
SBMPOgen, as seen in Table 6, which is primarily due to the smaller number of graph node
expansions required when model predictions are more accurate. This time is also directly
proportional to number of hidden units required to represent the system. The MRAN algorithm
converged to 201 hidden units, whereas the fixed number of hidden units for the BPN network

was 39.

Case 3: Control System Adaptation Under Changing Dynamics
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The third simulation case demonstrates the versatility of the adaptive algorithms as changes in
plant dynamics are introduced that require active model updates. The online identification
algorithms are able to quickly adjust to changing plant behavior, either by back-propagation
(BPN) or the EKF optimization of MRAN (RBF).

In the simulation, plant dynamics were applied as step parameter changes at the beginning of
each 500 second interval of simulation time. The nature of the changing boiler dynamics is
presented in Table 7. Each change is from the normal dynamic behavior, such that the changes

mentioned are in effect during the interval but revert back to the normal values.

TABLE 7

TIME VARIATION OF SIMULATION PLANT DYNAMICS

Time (s) Description Quantitative Changes

0 to 500 Normal Boiler Operation None
500 to 1000 Constricted Air Flow Drax is 36% smaller
1000 to 1500 Damp Fuel 120 added to comprise 5%
1500 to 2000 Smaller Chamber Volume 15% reduction in volume

For case 3, the length to the training phase was 120 seconds. After the training phase, the
number of hidden units converged to 199. By the end of the simulation, the number of units had

increased to 205.

The data for the third case, shown in Figure 11 for Neural GPC, Figure 12 for SBMPCrgrs, and
Figure 13 for SBMPCsen, indicate that after each shift in plant dynamics, the neural networks
were adapted and prediction errors were corrected. In Figure 11, Neural GPC exhibited
significant and sustained tracking error due to the u2 input constraint violation that was
mentioned previously. SBMPCrsr achieved similar tracking behavior as shown in Figure 12 and
did not violate the input constraints. Similar results were produced by SBMPCgen as shown in
Figure 13, and no input constraints were violated. After each plant change, the neural networks
quickly adapt to decrease the prediction error and, as in Case 2, the improved neural network

prediction accuracy leads to lower computational cost for SBMPCrsr compared to SBMPCaen.
Run Time Statistics and Real Time Feasibility

The computational times presented in Table 6 were measured during simulation execution for
each of the three cases. The timing period begins before the SBMPC or GPC control routine
and ends after control routine has computed the next control input. Median and worst case
performance over each simulation run are presented. Benchmarking statistics of median and

longest CPU times are given. The longest CPU times reflect the transient solve times that occur
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initially, and the median CPU times indicate the computation cost after these transient periods.
The control period for this application is 10 seconds, so the measured computational times are
all within feasibility requirements for real time implementation. The real time requirement was
met by each algorithm, but compared to GPC, SBMPC achieved better overall computation
performance in addition to better tracking performance. Either algorithm could be tuned to run

more quickly, but this comes at the expense of diminished tracking performance.
Tuning the Control Algorithms

Compared with the neural network algorithms, the NMPC algorithms involved less effort to tune.
For both SBMPC and GPC the prediction horizon N = 4 was chosen large enough to limit the
overshoot of the transient behavior of the controlled system. For both algorithms the control

horizon Nc = 2 was chosen to keep the computations small.

After these were fixed, the only remaining SBMPC tuning parameter is the branchout factor B.
This parameter allows a trade-off between low computational cost (small B) and low tracking

error (large B). The value B = 60 was selected after trial simulations with various values.

In order to tune the Newton solver of GPC, a solver tolerance ¢, iteration limit /max, input
constraint sharpness s, and damping factor A were selected. The parameters € and /max allow
for a trade-off between computational cost and tracking error, so they were selected to match
the Case 1 steady state tracking error performance of SBMPC. The parameters s and A, if not
properly selected, led to instability of GPC. The damping factor was selected based on trial and
error, which was a tedious process because this search spanned many orders of magnitude
before producing stable results. The value of s = 10-'2 suggested in [9] produced stable solver
results. Smaller values also produced stable results, while larger values led to instability. Even
though the solver results were stable in the sense that the Newton solver converged to finite
values, no tuning configuration was found that avoided an input constraint violation under the

conditions of Cases 2 and 3.
Conclusions

Adaptive SBMPC, an adaptive approach to nonlinear model predictive control, was applied in
simulation to a combustion control problem from the literature. For comparison, the nonlinear
dynamics of coal combustion within a commercial boiler were learned and controlled using
Neural GPC as well as Adaptive SBMPC. SBMPO was demonstrated as an efficient nonlinear
optimization, and was performed with close reference tracking achieved. Strengths of SBMPO,
including computational speed, ease of tuning, and compatibility with any model, were
demonstrated. The major strengths of the RBF network are the ability to modify the neural
network structure during controller operation and the ability to learn plant behavior without the

a priori specification of network size.

The original problem was extended to consider additional outputs and an additional control
input as well as time-varying plant dynamics. Adaptive SBMPC was shown to be capable of

rapid adjustments to changes in plant behavior and efficient nonlinear optimization for MIMO
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systems. With worst case execution times well under the ten-second sampling interval achieved

for the combustion problem considered here, there is potential for real time implementation.

Comparison results were presented for a combustion system identification and control problem.
The MIMO system was identified using BPN and RBF neural networks and the Adaptive
SBMPC and Neural GPC control systems were used to perform NMPC. The results presented
in Case 3 are the first control results of a time-varying MIMO plant using Neural GPC as well
as the first control results for SBMPC implemented with the BPN neural network model. The
results indicate that both neural network structures are capable of representing the nonlinear
system and both control methodologies easily handle the SISO control case. When the MIMO
problem was considered, Neural GPC tended to violate the input constraints, which led to poor
reference tracking. By design, Adaptive SBMPC cannot violate input constraints and good
tracking results were achieved using both the RBF and BPN neural network structures.
Adaptive SBMPC generally achieved better computational times and in the worst case did not

exceed the control period of 10 seconds.

Figure 14 illustrates a general flow diagram of various embodiments of a method 1400 for
adaptive nonlinear model predictive control of multiple input, multiple output systems. At step
1405, a plurality of inputs may be generated. Each input may further comprise an input state,
and the collection of inputs and input states may comprise an input space. One or more hard
constraints may be imposed at step 1410 on the inputs and the inputs and input states. At step
1415, a function may be executed to discretize the input space and generate a first set of
sampled inputs. A nonlinear model may be executed at step 1420. The nonlinear model may
generate one or more outputs based on the sampled inputs. A graph generating function may
be executed at step 1425 that generates a graph of the sampled inputs and outputs. At step

1430, an optimizing function may be executed to determine an optimal path for the graph.

In various embodiments of the method 1400, the graph generating function of step 1425 may
comprise determining a node having a high probability of leading to a minimization solution to
the nonlinear model. The node may be expanded to generate a first plurality of child nodes.
One sampled input may be selected from the first set of sampled inputs and assigned to a child
node, and this assignment may be carried out for each child node. A state may then be
determined for each child node, and which child node has the highest probability of leading to
a minimization solution to the nonlinear function may be determined. The high probability child

node may be expanded to generate a second plurality of child nodes.

In various embodiments of the method 1400, the nonlinear model of step 1420 may be modified
based on one or more of the outputs generated from the first set of sampled inputs. The function
operative to discretize the input space may then be used to generate a second set of sampled

inputs.

Figure 15 illustrates a general flow diagram of various embodiments of a method 1500 for

adaptive nonlinear model predictive control of multiple input, multiple output systems. At step
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1505, a plurality of inputs may be generated. Each input may further comprise an input state,
and the collection of inputs and input states may comprise an input space. One or more hard
constraints may be imposed at step 1510 on the inputs and the inputs and input states. At step
1515, a pseudo-random sampling function may be executed to discretize the input space and
generate a first set of sampled inputs. A nonlinear model may be executed at step 1520. The
nonlinear model may generate one or more outputs based on the sampled inputs. A graph
generating function may be executed at step 1525 that generates a graph of the sampled inputs
and outputs. At step 1530, an optimizing function may be executed to determine an optimal

path for the graph.

In various embodiments of the method 1500, the graph generating function of step 1525 may
comprise determining a node having a high probability of leading to a minimization solution to
the nonlinear model. The node may be expanded to generate a first plurality of child nodes.
One sampled input may be selected from the first set of sampled inputs and assigned to a child
node, and this assignment may be carried out for each child node. A state may then be
determined for each child node, and which child node has the highest probability of leading to
a minimization solution to the nonlinear function may be determined. The high probability child

node may be expanded to generate a second plurality of child nodes.

In various embodiments of the method 1500, the nonlinear model of step 1520 may be modified
based on one or more of the outputs generated from the first set of sampled inputs. The function
operative to discretize the input space may then be used to generate a second set of sampled

inputs.

Various embodiments may be stored or implemented on computer readable medium or a
computer readable storage medium. A computer readable storage medium may be, for
example, but not limited to, an electronic, magnetic, optical, electromagnetic, infrared, or
semiconductor system, apparatus, or device, or any suitable combination of the foregoing. More
specific examples (a non-exhaustive list) of the computer readable storage medium would
include the following: an electrical connection having one or more wires, a portable computer
diskette, a hard disk, a random access memory (RAM), a read-only memory (ROM), an
erasable programmable read-only memory (EPROM or Flash memory), an optical fiber, a
portable compact disc read-only memory (CD-ROM), an optical storage device, a magnetic
storage device, or any suitable combination of the foregoing. In the context of this document, a
computer readable storage medium may be any tangible medium that can contain, or store a

program for use by or in connection with an instruction execution system, apparatus, or device.

A computer readable sighal medium may include a propagated data signhal with computer
readable program embodied therein, for example, in baseband or as part of a carrier wave.
Such a propagated signal may take any of a variety of forms, including, but not limited to,
electro-magnetic, optical, or any suitable combination thereof. A computer readable signal

medium may be any computer readable medium that is not a computer readable storage
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medium and that can communicate, propagate, or transport a program for use by or in

connection with an instruction execution system, apparatus, or device.

Programs embodied on a computer readable medium may be transmitted using any appropriate
medium, including but not limited to wireless, wire-line, optical fiber cable, radio frequency, etc.,
or any suitable combination of the foregoing. Computer programs for carrying out operations
for aspects of the present disclosure may be written in any combination of one or more
programming languages, including an object oriented programming language such as Java,
C#, C++ or the like and conventional procedural programming languages, such as the "C"

programming language or similar programming languages.

Aspects of the present invention may be described herein with reference to flowchart
illustrations and/or block diagrams of methods, apparatus (systems) and computer program
products according to embodiments of the invention. It will be understood that each block of
the flowchart illustrations and/or block diagrams, and combinations of blocks in the flowchart
illustrations and/or block diagrams, can be implemented by computer program instructions.
These computer program instructions may be provided to a processor of a general purpose
computer, special purpose computer, or other programmable data processing apparatus to
produce a machine, such that the instructions, which execute via the processor of the computer
or other programmable data processing apparatus, create means for implementing the

functions/acts specified in the flowchart and/or block diagram block or blocks.

These computer program instructions may also be stored in a computer readable medium that
can direct a computer, other programmable data processing apparatus, or other devices to
function in a particular manner, such that the instructions stored in the computer readable
medium produce an article of manufacture including instructions which implement the

function/act specified in the flowchart and/or block diagram block or blocks.

The computer program instructions may also be loaded onto a computer, other programmable
data processing apparatus, or other devices to cause a series of operational steps to be
performed on the computer, other programmable apparatus or other devices to produce a
computer implemented process such that the instructions which execute on the computer or
other programmable apparatus provide processes for implementing the functions/acts specified

in the flowchart and/or block diagram block or blocks.

The advantages set forth above, and those made apparent from the foregoing description, are
efficiently attained. Since certain changes may be made in the above construction without
departing from the scope of the invention, it is intended that all matters contained in the
foregoing description or shown in the accompanying drawings shall be interpreted as illustrative

and not in a limiting sense.

It is also to be understood that the following claims are intended to cover all of the generic and
specific features of the invention herein described, and all statements of the scope of the

invention that, as a matter of language, might be said to fall therebetween.
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Glossary of Claim Terms

LPA* (Lifelong Planning) optimization: A computer algorithm used for pathfinding and graph
traversal that uses a best-first search combined with a heuristic to determine a least-cost path
from a first node to one of a plurality of goal nodes. Even when the costs are allowed to change

over time, the method produces an optimal path.

Child node: One or more nodes generated by an optimization algorithm after the most

promising node has been found.

Discretize: The process of converting continuous attributes, features, or variables to discrete

or nominal attributes, features, or variables.

Graph generating function: A function capable of producing a two-dimensional (or higher

dimensional) plot of inputs and outputs to a model.

Hard constraint: Conditions for variable which must be satisfied.

Input: A value for a variable in a model.

Input space: The collection of all possible inputs to the model and the states of those inputs.

Input state: A minimum set of variables that fully describe the system and its response to any

given set of inputs.
Minimal resource allocation network: A sequential learning algorithm for neural networks.

Model-based state prediction: Predictions of the state of a system used to minimize a cost

function.
Node: a point in a network at which lines intersect, branch or terminate.

Nonlinear model: A mathematical representation of nonlinear relationships in experimental

data.

Optimizing function: A process of optimizing a mathematical function with respect to some

variables in the function while enforcing constraints on those variables.

Pseudo-random sampling: the generation of pseudo-random numbers that are distributed

according to a given probability distribution.

Radial basis function neural network: a type of single-layer artificial neural network for

application to problems of supervised learning.

Receding horizon: The process of shifting the prediction horizon further into the future with

each iteration of a plant model.
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5 What is claimed is:

1. A method for adaptive nonlinear model predictive control of multiple input,

multiple output systems, comprising:

generating a plurality of inputs, each input further comprising an input
state, the plurality of inputs and input states collectively comprising an input

10 space;

imposing one or more hard constraints on the inputs and the input

states;

executing a function operative to discretize the input space and

generating a first set of sampled inputs;

15 implementing a nonlinear model and generating one or more outputs

based on the sampled inputs;

executing a graph generating function and generating a graph of the

sampled inputs and the outputs; and

executing an optimizing function and determining an optimal path for
20 the graph.

2. The method of claim 1, wherein the function operative to discretize the input

space comprises a pseudo-random sampling.

3. The method of claim 1, wherein the nonlinear model comprises a radial

basis function neural network.

25 4. The method of claim 1, wherein the non-linear model comprises a minimal
resource allocation network learning algorithm.
5. The method of claim 1, wherein the output generated by the non-linear

model comprises model-based state predictions to minimize a cost function.

30 6. The method of claim 1, wherein the graph generating function further

comprises:

determining a node having a high probability of leading to a

minimization solution to the nonlinear model;
expanding the node to generate a first plurality of child nodes;

35 assigning one sampled input selected from the first set of sampled

inputs to each child node;
determining a state for each child node;

determining which of the child nodes has the highest probability of

leading to a minimization solution to the nonlinear function; and
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expanding the high probability child node to generate a second

plurality of child nodes.

The method of claim 1, wherein the optimization function further comprises

a receding horizon.

The method of claim 1, further comprising modifying the nonlinear model
based on one or more of the outputs generated from the first set of sampled

inputs.

The method of claim 8, wherein the function operative to discretize the input
space generates a second set of sampled inputs based on the modified
nonlinear model.

The method of claim 1, wherein the optimizing function comprises LPA*
optimization.

A method for adaptive nonlinear model predictive control of multiple input,

multiple output systems, comprising:

generating a plurality of inputs, each input further comprising an input
state, the plurality of inputs and input states collectively comprising an input

space;

imposing one or more hard constraints on the inputs and the input

states;

executing a pseudo-random sampling function to discretize the input

space and generating a first set of sampled inputs;

implementing a nonlinear model and generating one or more outputs

based on the sampled inputs;

executing a graph generating function and generating a graph of the

sampled inputs and the outputs; and

executing an optimizing function and determining an optimal path for

the graph.

The method of claim 11, wherein the non-linear model comprises a minimal

resource allocation network learning algorithm.

The method of claim 11, wherein the output generated by the non-linear
model comprises model-based state predictions to minimize a cost function.

The method of claim 11, wherein the graph generating function further

comprises:
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determining a node having a high probability of leading to a

minimization solution to the nonlinear model;
expanding the node to generate a first plurality of child nodes;

assigning one sampled input selected from the first set of sampled

inputs to each child node;
determining a state for each child node;

determining which of the child nodes has the highest probability of

leading to a minimization solution to the nonlinear function; and

expanding the high probability child node to generate a second

plurality of child nodes.

The method of claim 11, further comprising modifying the nonlinear model
based on one or more of the outputs generated from the first set of sampled
inputs.

The method of claim 15, wherein the function operative to discretize the

input space generates a second set of sampled inputs based on the
modified nonlinear model.

A non-transitory computer readable medium containing computer program
instructions, which when executed by one or more processors causes a

device to:

generating a plurality of inputs, each input further comprising an input
state, the plurality of inputs and input states collectively comprising an input

space;

imposing one or more hard constraints on the inputs and the input

states;

executing a pseudo-random sampling function to discretize the input

space and generating a first set of sampled inputs;

implementing a nonlinear model and generating one or more outputs

based on the sampled inputs;

executing a graph generating function and generating a graph of the

sampled inputs and the outputs; and

executing an optimizing function and determining an optimal path for

the graph.

The non-transitory computer readable medium of claim 17, wherein the

graph generating function further comprises:
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determining a node having a high probability of leading to a

minimization solution to the nonlinear model;
expanding the node to generate a first plurality of child nodes;

assigning one sampled input selected from the first set of sampled

inputs to each child node;
determining a state for each child node;

determining which of the child nodes has the highest probability of

leading to a minimization solution to the nonlinear function; and

expanding the high probability child node to generate a second

plurality of child nodes.

The non-transitory computer medium of claim 17, further comprising
modifying the nonlinear model based on one or more of the outputs

generated from the first set of sampled inputs.

The non-transitory computer medium of claim 19, wherein the function
operative to discretize the input space generates a second set of sampled

inputs based on the modified nonlinear model.
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