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ABSTRACT 

Data are received that represents current prices of options on 
a given asset. An estimate is derived from the data of a cor 
responding implied probability distribution of the price of the 
asset at a future time. Information about the probability dis 
tribution is made available within a time frame that is useful 
to investors, for example, promptly after the current option 
price information becomes available. 
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Probability Density Curve 
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GENERATING AND PROVIDING 
INFORMATION ABOUT EXPECTED FUTURE 

PRICES OF ASSETS 

BACKGROUND 

0001. This invention relates to generating and providing 
information about expected future prices of assets. 
0002 Among the kinds of information available at web 
sites on the Internet are current and historical prices and 
Volumes of stock transactions, prices of put or call options at 
specific strike prices and expiration dates for various stocks, 
and theoretical prices of put and call options that are derived 
using formulas such as the Black-Scholes formula. Some web 
sites give predictions by individual experts of the future prices 
or price ranges of specific stocks. 
0003. A call option gives the holder a right to buy an 
underlying marketable asset by an expiration date for a speci 
fied strike price. A put option gives an analogous right to sell 
an asset. Options are called derivative securities because they 
derive their values from the prices of the underlying assets. 
Examples of underlying assets are corporate stock, commod 
ity stock, and currency. The price of an option is sometimes 
called the premium. 
0004 People who buy and sell options are naturally inter 
ested in what appropriate prices might be for the options. One 
well-known formula for determining the prices for call and 
put options under idealized conditions is called the Black 
Scholes formula. Black-Scholes provides an estimate of call 
or put prices for options having a defined expiration date, 
given a current price of the underlying asset, an interest rate, 
and the volatility rate (sometimes simply called volatility) of 
the asset. Black-Scholes assumes constant interest rates and 
Volatility, no arbitrage, and trading that is continuous over a 
specified price range. 

SUMMARY 

0005. In general, in one aspect, the invention features a 
method in which data is received that represents current 
prices of options on a given asset. An estimate is derived from 
the data of a corresponding implied probability distribution of 
the price of the asset at a future time. Information about the 
probability distribution is made available within a time frame 
that is useful to investors, for example, promptly after the 
current option price information becomes available. 
0006 Implementations of the invention may include one 
or more of the following features. The data may represent a 
finite number of prices of options at spaced-apart strike prices 
of the asset. A set of first differences may be calculated of the 
finite number of prices to form an estimate of the cumulative 
probability distribution of the price of the asset at a future 
time. A set of second differences may be calculated of the 
finite number of strike prices from the set of first differences 
to form the estimate of the probability distribution function of 
the price of the asset at a future time. 
0007. In general, in another aspect, the invention features 
a method in which a real time data feed is provided that 
contains information based on the probability distribution. 
0008. In general, in another aspect, the invention features 
a method that includes providing a graphical user interface for 
viewing pages containing financial information related to an 
asset; and when a user indicates an asset of interest, display 
ing probability information related to the price of the asset at 
a future time. 
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0009. In general, in another aspect, the invention features 
a method that includes receiving data representing current 
prices of options on a given asset, the options being associated 
with spaced-apart strike prices of the asset at a future time. 
The data includes shifted current prices of options resulting 
from a shifted underlying price of the asset, the amount by 
which the asset price has shifted being different from the 
amount by which the strike prices are spaced apart. An esti 
mate is derived from a quantized implied probability distri 
bution of the price of the asset at a future time, the elements of 
the quantized probability distribution being more finely 
spaced than for a probability distribution derived without the 
shifted current price data. 
0010. In general, in another aspect, the invention includes 
deriving from said data an estimate of an implied probability 
distribution of the price of the asset at a future time, the 
mathematical derivation including a smoothing operation. 
0011 Implementations of the invention may include one 
or more of the following features. The Smoothing operation 
may be performed in a volatility domain. 
0012. In general, in another aspect, the invention includes 
deriving a volatility for each of the future dates in accordance 
with a predetermined option pricing formula that links option 
prices with Strike prices of the asset; and generating a 
smoothed and extrapolated volatility function. 
0013 Implementations of the invention may include one 
or more of the following features. The volatility function may 
be extrapolated to a wider range of dates than the future dates 
and to other strike prices. The smoothed volatility function 
may be applicable to conditions in which the data is reliable 
under a predetermined measure of reliability. The implied 
Volatility function formula may have a quadratic form with 
two variables representing a strike price and an expiration 
date. The coefficients of the implied volatility function for 
mula may be determined by applying regression analysis to 
approximately fit the implied volatility function formula to 
each of the implied volatilities. 
0014. In general, in another aspect, the invention features 
a method that includes receiving data representing current 
prices of options on assets belonging to a portfolio, deriving 
from the data an estimate of an implied multivariate distribu 
tion of the price of a quantity at a future time that depends on 
the assets belonging to the portfolio, and making information 
about the probability distribution available within a time 
frame that is useful to investors. 

0015. In general, in another aspect, the invention features 
a method that includes receiving data representing values of a 
set of factors that influence a composite value, deriving from 
the data an estimate of an implied multivariate distribution of 
the price of a quantity at a future time that depends on assets 
belonging to a portfolio, and making information about the 
probability distribution available within a time frame that is 
useful to investors. 

0016. Implementations of the invention may include one 
or more of the following features. The mathematical deriva 
tion may include generating a multivariate probability distri 
bution function based on a correlation among the factors. 
0017. In general, in another aspect, the invention features 
a graphical user interface that includes a user interface ele 
ment adapted to enable a user to indicate a future time, a user 
interface element adapted to show a current price of an asset, 
and a user interface element adapted to show the probability 
distribution of the price of the asset at the future time. 
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0018. In general, in one aspect, the invention features, a 
method that includes continually generating current data that 
contains probability distributions of prices of assets at future 
times, continually feeding the current data to a recipient elec 
tronically, and the recipient using the fed data for services 
provided to users. 
0019. In general, in another aspect, the invention features 
a method that includes receiving data representing current 
prices of options on assets belonging to a portfolio, receiving 
data representing current prices of market transactions asso 
ciated with a second portfolio of assets, and providing infor 
mation electronically on the probability that the second port 
folio of assets will reach a first value given the condition that 
the first portfolio of assets reaches a specified price at a future 
time. 
0020. In general, in another aspect, the invention features 
a method that includes receiving data representative of actual 
market transactions associated with a first portfolio of assets; 
receiving data representative of actual market transactions 
associated with a second portfolio of assets; and providing 
information on the expectation value of the price of first 
portfolio of assets given the condition that the second portfo 
lio of assets reach a first specified price at a specified future 
time through a network. 
0021. In general, in another aspect, the invention features 
a method that includes evaluating an event defined by a first 
multivariate expression that represents a combination of mac 
roeconomic variables at a time T, and estimating (e.g., using 
Monte Carlo techniques) the probability that a second multi 
variate expression that represents a combination of values of 
assets of a portfolio will have a value greater than a constant 
B at time T if the value of the first multivariate expression is 
greater than a constant A. The market variables represented 
by the first multivariate expression can include macroeco 
nomic factors (such as interest rates), market preferences 
regarding the style of company fundamentals (large/small 
companies, rapid/steady growth, etc.), or market preferences 
for industry sectors. 
0022. In general, in another aspect, the invention features 
a method that includes defining a regression expression that 
relates the value of one variable representing a combination 
of macroeconomic variables at time T to a second variable at 
time T that represents a combination of assets of a portfolio, 
and estimating the probability that the second variable will 
have a value greater than a constant Battime T if the value of 
the first variable is greater than a constant A at time T. based 
on the ratio of the probability of X being greater than A under 
the regression expression and the probability of X being 
greater than A. 
0023. In general, in another aspect, the invention features 
a method that includes defining a current value of an option as 
a quadratic expression that depends on the difference between 
the current price of the option and the current price of the 
underlying security, and using Monte Carlo techniques to 
estimate a probability distribution of the value at a future time 
T of a portfolio that includes the option. 
0024. The invention takes advantage of the realization that 
option prices for a given underlying asset are indicative of the 
market's prediction of the of the risk-neutral price of the 
underlying asset in the future (e.g., at the expiration of the 
option). Option price data may be used to derive the market's 
prediction in the form of an implied probability distribution of 
future risk-neutral prices. Additional explanation of the sig 
nificance of the phrase risk-neutral is contained in the Appen 
dix. 
0025. The implied probability distribution and other infor 
mation related to it may be made easily available to people for 
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whom the information may be useful, such as those consid 
ering an investment in the underlying asset, or a brokerage 
firm advising Such an investor. 
0026. Among the advantages of the invention are one or 
more of the following: Investors and prospective investors in 
an underlying asset, Such as a publicly-traded Stock, are given 
access to a key additional piece of current information, 
namely calculated data representing the market's view of the 
future price of the stock. Brokerage firms, investment advi 
sors, and other companies involved in the securities markets 
are able to provide the information or related services to their 
clients and customers. 
0027. Other features and advantages will become apparent 
from the following description and from the claims. 

DESCRIPTION 

0028 Details of implementations of the invention are set 
forth in the figures and the related description below. 
(0029 FIGS. 1, 2, and 3 are graphs. 
0030 FIG. 4 is a block diagram. 
0031 FIGS. 5, 6, and 7 are web pages. 
0032 FIGS. 8 and 9 illustrate user interfaces. 
0033 FIG. 10 shows data structures. 
0034. In general, the price of a call or put option is deter 
mined by buyers and sellers in the option market and carries 
information about the market's prediction of the expected 
price of the underlying asset at the expiration date. (The 
information does not include the premium that investors 
require for bearing risk, which must be estimated separately. 
The average long-term value of the risk premium is about 6% 
per year for all stocks and may be adjusted for an individual 
stock's historical responsiveness to broader market move 
ments.) 
0035. The information carried in the prices of options 
having various strike prices and expirations is used to derive 
probability distributions of the asset's price at future times 
and to display corresponding information to investors, for 
example, on the World WideWeb. 
0036 Basic Method 
0037 We first define some relevant terms. We define X as 
the strike price, c(x) as the theoretical call price function (the 
price of the call as a function of strike price), p(x) as the 
theoretical put price function, F(x) as the cumulative distri 
bution function (cdf) of the price of the underlying asset at 
expiration; and f(x) as the probability density function (pdf) 
of the asset price at expiration. By definition, f(x)=F'(x) (i.e., 
the probability density function is the derivative of the cumu 
lative distribution function). 
0038. The relationship between c(x), p(x), f(x), and F(x) 
can be succinctly stated as: 

0039. In words, the pdf is the second derivative of either 
the call price function or of the put price function A simple 
proof these relationships is given in the Appendix. The 
Appendix also contains other detailed information relating to 
the features of the invention. 
0040. This so-called “second-derivative method’ for com 
puting implied probability distributions from option price 
data is known in the academic literature, but apparently not 
very well known. For example, the standard textbook 
“Options, Futures, and Other Derivatives.” by John C. Hull 
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(Fourth Edition, 1999; Prentice-Hall) mentions implied prob 
abilities, but not the second-derivative method. Perhaps the 
best reference that we have been able to find is J. C. Jackwerth 
and M. Rubinstein, “Recovering probability distributions 
from option prices. J. Finance, vol. 51, pp. 1611-1631 
(1996), which has only six prior references. This paper cites 
D. T. Breeden and R. H. Litzenberger, “Prices of state-con 
tingent claims implicit in option prices. J. Business, Vol. 51, 
pp. 631-650 (1978) as the originator of a second-derivative 
method, although the latter paper nowhere mentions prob 
abilities. 
0041 Approximating f(x) from Finite Bid and Ask Option 
Prices 
0042 Equations (1a) and (1b) are obtained by assuming 
that the variable X is continuous and ranges from 0 to infinity. 
In practice, options are usually traded within certain price 
ranges and only for certain price intervals (e.g., ranging from 
S110 to S180 at S5 intervals). Thus, the call and/or put option 
prices are known only for a finite Subset of strike prices. 
Under Such circumstances, estimates of Equations (1a) and 
(1b) can be computed by taking differences instead of deriva 
tives as follows. 
0043. We assume that the option prices c(x) and p(x) are 
quoted for a finite Subset of equally-spaced Strike prices 
X nA, where n is an integer, and A is the spacing between 
quoted prices. Define c. c(nA), p. p(nA). Then the first 
derivatives c'(x) and p'(x) at x=(n+/2)A may be estimated by 
the first differences: 

MA Cn+1 Cn (7a) 
C+12 A 

MA Pn+1 - Pn (7b) 
P+12 A 

0044) The corresponding estimates of the cumulative dis 
tribution function: 

n as 

F, -1/21+6-1/2 (8a) 
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0045. The second derivatives c"(x) and p"(x) at x=nA may 
likewise be estimated by the second differences, i.e., differ 
ences of the estimates of the first derivatives: 

a = t2 in 12 =ht 2c - C-1 (9a) 
A A2 

Pn+1 - 2 Pn + Pn-1 (9b) 
p, = — . . 

0046 Either of these estimates of the second derivatives 
may be used as an estimate of the probability density values at 
X nA, i.e., f(nA): 

f.p..." or fc." 

0047 Moreover, the market prices of call and put options 
are usually given in terms of a bid-ask spread, and thus either 
the bid price ortheask price (or some intermediate value) may 
be used as the call or put option price. By using the bid and ask 
prices for both the call option and the put option, four esti 
mates of F(x) and f(x) may be obtained. These estimates may 
be combined according to their reliability in any desired way. 
For example, one might use the estimate derived from the put 
bid price curve for values of X less than the current prices of 
the underlying asset, and the estimate derived from the call 
bid price curve for values of X greater than S. Examples of c, 
p, F2, and f, are shown in FIGS. 1, 2, and 3 using the data 
of TABLE 1 (see below). 
0048 Tabular Data 
0049 TABLE 1 below shows sample bid prices of call and 
put options for strike prices of an asset ranging from S110 to 
$180 at $5 intervals and the cumulative distribution values 
F, and probability density values f, computed according 
to Equations (7)-(10) above. 
10050. In the table, the values for F, correspond to strike 
prices that are mid-way between the two strike prices used to 
compute F2. Thus, the cumulative distribution value 
shown to the right of the strike price S110 actually corre 
sponds to the strike price S112.5, and the value to the right of 
the strike price S115 actually corresponds to strike price 
S117.5, and so forth. 

(10) 

F, -1/2 p' -1/2 (8b) 

Strike Call 
price price 

10 42/8 
15 37/3 
2O 33 
25 28/8 
30 233/8 
35 19 
40 1478 
4S 11 
50 73/. 
55 53/8 
60 33/8 
65 2/16 
70 13/16 
75 SA: 
80 /4 

F, 12 from f, from F, -112 from f, from 
call price call price Put pricC2) put price put price 

O O 1C) O O 
O.O2S O.O2S 1(2) O.O12S O.O12S 
O.O2S O 3 1C) O.O12S O 
O.OS O.O2S 1(2) 0.0375 O.O2S 
O.12S 0.075 7/1() 0.0875 O.OS 
0.175 O.OS 7(2) O.15 O.0625 
O.225 O.OS 15C) 0.2375 O.O875 
O3S O.12S 213 1C) 0.3875 O.15 
0.525 0.175 43(2) O.S O.112S 
O6 0.075 7 1(2) O6 O.1 
O.7375 0.1375 101 (2) 0.725 O.12S 
O.825 0.0875 137C) O.82S O.1 
O.8875 O.0625 1C) O.85 O.O2S 
O.925 0.0375 221(2) O.925 0.075 

267C) 

(2) indicates text missing or illegible when filed 
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0051 Dynamic Estimates for F(x) and f(x). 
0052. In Equations (7)-(10), the call and put option prices 
were assumed to be static in the calculation of the cumulative 
distribution function F(x) and probability density function 
f(x) for a finite subset of strike prices x=n A. In the real world, 
the price S of the underlying asset changes with time, and 
there will be a corresponding change in option prices. As a 
first order approximation, if the prices increases by a small 
amount 8, then the option price curves will effectively shift to 
the right by the amount 8. (Here, 8 may be either positive or 
negative. For a more precise discussion of the shift, see the 
Appendix.) As a result, the price c(x) or p(x) now quoted at 
strike price X may be used as an estimate for the option price 
on the previous price curve at Strike price X'X-6. As a result, 
the prices on the previous curve at a new discrete subset of 
strike prices x=nA-ö become effectively visible. Given 
enough movements of the underlying price, therefore, we can 
effectively compute estimates of c(x), p(x), F(x) and/or f(x) 
for a Subset of strike prices X that is much more closely spaced 
than the Subset available at any one time. 
0053 Extrapolating and Smoothing Probability Distribu 

tions. 
0054. In a typical options market, the option prices are 
available only for certain expiration dates. In addition, the 
option prices are more reliable for options that are actively 
traded, which are typically nearer-term options at Strike 
prices near the underlying price. It is therefore desirable to 
extrapolate and interpolate probability distributions to times 
other than actual expiration dates and to wider ranges of strike 
prices. 
0055 Any standard extrapolation and smoothing tech 
niques may be used directly on the cumulative distribution 
values F, or probability density values f, to give a 
smoothed and extrapolated estimate of F(x) or f(x). Similarly, 
given such estimated curves for a discrete subset of future 
times T. Standard interpolation and extrapolation techniques 
may be used to estimate such curves for other specified values 
of T, or for a continuous range of T-0. 
0056. A less direct but useful approach is to perform 
extrapolation and Smoothing on an implied Volatility func 
tion, which is then used to calculate the other functions. Such 
as c(x), p(x), F(x), and f(x). The volatility rate of an asset 
(often simply called its Volatility) is a measure of uncertainty 
about the returns provided by the asset. The volatility rates of 
a stock may typically be in the range of 0.3 to 0.5 per year. 
0057. An advantage of performing extrapolation and 
smoothing on implied volatility curves is that different types 
of volatility curves (so-called “volatility smiles') are known 
and can be used as a guide to the extrapolation and Smoothing 
process to prevent "overfitting of certain unreliable data 
points. 
0058. The standard method of computing implied volatili 

ties is to invert the Black-Scholes pricing formula (see 
Appendix) for the actual call price c(x) or put price p(x) of an 
underlying asset at a given strike price X, given the underlying 
price S (current price of asset), risk-free rate of interest r, and 
T (expiration date). When this is done for a range of values of 
X, an estimate of an implied Volatility curve O(X) is obtained. 
This curve may be smoothed and extrapolated by any stan 
dard method to give a Smoothed curve s(x). Then correspond 
ing Smoothed put and call price curves may be computed 
using the Black-Scholes pricing formula and differentiated 
once or twice to give a Smoothed caf or pdf. Finally, given 
such estimated curves for a discrete subset of future times T. 
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standard interpolation and extrapolation techniques may be 
used to estimate such curves for other specified values of T, or 
for a continuous range of T-0. 
0059 Another new way to compute implied volatilities is 

first to compute a finite subset of cdf values F, 2 and then to 
invert the Black-Scholes cdf formula (see Appendix) at these 
values. When this is done for a range of values of X, an 
estimate of a generally different implied volatility curve O(x) 
is obtained, called the cdf-implied volatility curve. Again, this 
curve may be smoothed and extrapolated by any standard 
method to give a smoothed curve s(x). Then a corresponding 
smoothed caf may be computed from the Black-Scholes cdf 
formula, and differentiated once to give a Smoothed pdf. 
Finally, again, given Such estimated curves for a discrete 
Subset of future times T. Standard interpolation and extrapo 
lation techniques may be used to estimate Such curves for 
other specified values of T, or for a continuous range of T-0. 
0060 Some advantages of using the cdf-implied volatility 
curve rather than the conventional implied volatility curve are 
that the computations are simpler, at least from an estimate of 
F(x), and that it fits better with the multivariate techniques to 
be discussed below. 
0061 A particular method for finding a smoothed and 
extrapolated implied volatility curve ey(x,T) as a function of 
both strike price X and time T to expiration is as follows. The 
Volatility curve is assumed to be approximated by a quadratic 
formula 

0062. The coefficients {a} are determined by regression 
to fit the available data regarding O(X,T) as closely as pos 
sible. Given the Smoothed curve s(x, T), corresponding 
smoothed cdfs for different X’s and T’s) may be computed 
from the Black-Scholes cdf formula for each time T, and 
differentiated once to give a smoothed pdf. An alternative 
procedure, with numerical advantages, is to use a quadratic fit 
like the above for a function s(x,T), and then invert the 
Black-Scholes cdf to find ey(x,T). See the Appendix for the 
academic history of Such approximations of s(x,T). Another 
useful variation is to fit es(x,T) with a quadratic function of X 
at times T which are specific expiration dates, then linearly 
interpolate at other times T. 
0063 Treatment of Multiple Assets 
0064. The techniques described so far give probability 
distributions for the future values of a single asset based on 
option price data for that asset. However, in many cases an 
investor may be concerned with multiple assets, for example 
all of the stocks in his or her portfolio, or in a mutual fund, or 
in a certain index. Moreover, the investor may be concerned 
with the relations between one group of assets and another. 
0065. A general method for dealing with such questions is 
to generate multivariate probability distributions for all assets 
of interest. A multivariate caf may be written as F(x, X. . . . 
, X), where the variables (X, X2,..., X.) are the values of the 
in assets of interest. 
0.066 We will assume that we know from the techniques 
described above or otherwise the marginal cdfs F.(x) for each 
of the individual variables. As a first step, we may define for 
eachX, a functiony,(X), called a “warping function. Such that 
y(x,) is a standard normal (Gaussian) variable with mean 0 
and variance 1. This is simply done by defining y,(x,) Such 
that F(x)=N(y,(x)) for all values of X, where N(x) denotes 
the cdf of a standard normal variable. The function y,(x,) may 
be simply described in terms of O(x). See the Appendix. 
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Under mild technical conditions such as having a marginal 
cdf that varies monotonically, Such a warping function y,(x,) 
has a well-defined inverse warping function X,(y). 
0067 Second, we assume that we can find the historical 
pairwise correlations between the warped standard normal 
variablesy,(x,). These correlations may be computed by stan 
dard techniques from any available set of historical asset price 
data. We denote by Cthe nxn correlation matrix whose entries 
are these historically-based correlations. Because each of the 
variablesy,(x,) is standard normal, the diagonal terms of Care 
all equal to 1. 
0068. Now let F(x1, ..., x) denote the cdf of a multi 
variate Gaussian random n-tuple with Zero mean and covari 
ance matrix C. Define 

0069. Then F(x,x, ..., x) is a multivariate cdf that (a) 
has the correct (given) marginal cdfs F.(x,); and (b) has the 
correct (historical) correlations between the warped standard 
normal variables y(x). We use this cdf to answer questions 
involving the variables (X1, X2,..., X). 
0070 For example, the investor might have a portfolio 
consisting of a given quantity of each of these assets. The 
value of such a portfolio is the sum 

where h, represents the quantity of the ith asset in the portfo 
lio. The investor might be interested in an estimate of the 
probability distribution of the value x of the whole portfolio. 
(0071. Such an estimate may be obtained by Monte Carlo 
simulation. For Such a simulation, a large number N of 
samples from the multivariate Gaussian cdf F(y1,..., y) 
may be generated. Each sample (y1,...,y) may be converted 
to a sample (X1, X2, . . . . X) by using the inverse warping 
functions X,(y). The value x of the total portfolio may then be 
computed for each sample. From these N values of X, the 
probability distribution of x (e.g., its cdf F(x)) may be esti 
mated. 
0072. In practice, it is useful to save the N multivariate 
samples in a large database. Then the cdf of any quantity 
whose value is a function of the variables (x1, x2, ..., x) may 
be estimated from this database. For example, if the investor 
would like to know the cdf of some alternative portfolio with 
different quantities of each asset, this can be quickly deter 
mined from the stored database. 
0073. An investor may also determine the effect of one 
portfolio (or event(s) or variables such as interest rates, P/E 
ratios, public interest in a certain sector of the market) on 
another portfolio as follows. Assume that the first portfolio is 
represented by X, where 

where each x, may be viewed as the price of a portfolio 
component, and the second portfolio is represented by y, 
where 

y-g-g-x2+ . . . .gw. (31) 

where each y, may be viewed as the price of a portfolio 
component or more broadly as any macro-economic variable 
(macroeconomic, fundamental, or sector related). 
0074 Consider the “what-if" question: letting A and B be 
given positive constants, if X2A at time T, what is the prob 
ability that y2B at time T. This question can be answered by 
creating a Monte Carlo database as above for the multivariate 
cdf F(x1, x2, . . . , X) corresponding to time T, identifying 

Sep. 22, 2011 

those samples for which X2A, and then using only these 
samples to estimate the probability that y2B. More generally, 
any conditional cdf of the form F(x|E) can be estimated 
similarly, where X is any function of the variables (X, X. . . . 
, X) and E is any event defined in terms of the variables (X, 
X2, X). 
0075 Similarly, suppose an investor would like to know 
whether it is reasonable to believe that a certain stock or 
portfolio X will have a value greater than a given constant A at 
time T. This kind of question can be addressed by estimating 
the conditional cdf of some other related and perhaps better 
understood variable (or combination of variables) y at time 7", 
given that x2A. If the resulting distribution for y does not 
look reasonable, then the investor may conclude that it is 
unreasonable to expect that X2A. 
(0076 Applications that Use the Probability Distribution 
Information 
0077. A wide variety of techniques may be used to accu 
mulate and process the information needed for the calcula 
tions described above and to provide the information to users 
directly or indirectly through third parties. Some of these 
techniques are described below. 
(0078. As shown in FIG. 4, the probability distribution 
information can be provided to users from a host server 102 
connected to a communication network 104, for example, a 
public network such as the Internet or a private network such 
as a corporate intranet or local area network (LAN). For 
purpose of illustration, the following discussion assumes that 
network 104 is the Internet. 
007.9 The host server 102 includes a software suite 116, a 
financial database 120, and a communications module 122. 
The communications module 122 transmits and receives data 
generated by the host server 102 according to the communi 
cation protocols of the network 104. 
0080. Also connected to the network are one or more of 
each of the following (only one is shown in each case): an 
individual or institutional user 108, an advertisement pro 
vider 110, a financial institution 112, a third party web server 
114, a media operator 122, and a financial information pro 
vider 106. 
I0081. The operator of the host server could be, for 
example, a financial information source, a private company, a 
Vendor of investment services, or a consortium of companies 
that provides a centralized database of information. 
I0082. The host server 102 runs typical operating system 
and web server programs that are part of the Software Suite 
116. The web server programs allow the host server 102 to 
operate as a web server and generate web pages or elements of 
web pages, e.g., in HTML or XML code, that allow each user 
108 to receive and interact with probability distribution infor 
mation generated by the host server. 
I0083 Software suite 116 also includes analytical software 
118 that is configured to analyze data stored in the financial 
database 120 to generate, for example, the implied probabil 
ity distribution of future prices of assets and portfolios. 
0084. The financial database 120 stores financial informa 
tion collected from the financial information providers 106 
and computation results generated by the analytical Software 
118. The financial information providers 106 is connected to 
the network 104 via a communication link 126 or the financial 
information providers may feed the information directly to 
the host server through a dialup or dedicated line (not shown). 
I0085 FIG. 4 gives a functional view of an implementation 
of the invention. Structurally, the host server could be imple 
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mented as one or more web servers coupled to the network, 
one or more applications servers running the analytical soft 
ware and other applications required for the systemandone or 
more database servers that would store the financial database 
and other information required for the system. 
I0086 FIG. 10 shows an example of a data feed 150 sent 
from the financial information provider 106 to the host server 
102 through the communication link 126. Information is 
communicated to the host server in the form of messages 151, 
152. Each message contains a stream of one or more records 
153 each of which carries information about option prices for 
an underlying asset. Each message includes header informa 
tion 154 that identifies the sender and receiver, the current 
date 155, and an end of message indicator 158, which follows 
the records contained in the message. 
0087. Each record 153 in the stream includes an identifier 
156 (e.g., the trading symbol) of an underlying asset, an 
indication 158 of whether the record pertains to a put or call, 
the strike date 160 of the put or call, the strike price 162 of the 
put or call, current bid-ask prices 164 of the underlying asset, 
bid-ask prices 166 for the option, and transaction volumes 
168 associated with the option. The financial information 
provider 106 may be an information broker, such as Reuters, 
Bridge, or Bloomberg, or any other party that has access to or 
can generate the information carried in the messages. The 
broker may provide information from sources that include, 
for example, the New York Stock Exchange and the Chicago 
Board of Options Exchange. 
0088. The financial database 120 stores the information 
received in the information feed from the financial informa 
tion providers and other information, including, for example, 
interest rates and volatilities. The financial database also 
stores the results generated by the analytical software, includ 
ing probability distribution functions with respect to the 
underlying assets and assets that are not the Subject of 
options. 
0089. The probability distribution information is gener 
ated continually (and essentially in real time) from the incom 
ing options data so that the information provided and dis 
played to users is current. That is, the information is not based 
on old historical data but rather on current information about 
option prices. 
0090. In addition, other soft information can be accumu 
lated, stored, and provided to users, including fundamental 
characteristics of the underlying assets, including prices, 
volatility values, beta, the identification of the industry to 
which the asset belongs, the yield, the price to book ratio, and 
the leverage. Other information could include calendars of 
earnings forecast dates, earnings forecasts, corporate action 
items, news items that relate to an industry, and the Volume of 
institutional holdings. 
0091. The messages from the information provider 106 
may be sent in response to requests by the host server 102, the 
information may be sent to the host server 102 automatically 
at a specified time interval, or the information may be sent as 
received by the information provider from its sources. The 
financial database 120 may be maintained on a separate server 
computer (not shown) that is dedicated to the collection and 
organization of financial data. The financial database is orga 
nized to provide logical relationships among the stored data 
and to make retrieval of needed information rapid and effec 
tive. 
0092. The user 108 may use, for example, a personal com 
puter, a TV set top box, a personal digital assistant (PDA), or 
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a portable phone to communicate with the network 104. Any 
of these devices may be running an Internet browser to dis 
play the graphical user interface (GUI) generated by the host 
Server 102. 
(0093. The host server 102 may provide probability distri 
bution information on the network 104 in the form of web 
pages and allow the individual user 108, the financial institu 
tion 112, the third party web server 114, and the media opera 
tor 124 to view the information freely. The host company that 
runs the host server 102 may generate revenue by, for 
example, selling advertisement space on its web pages to an 
advertisement provider 110. The host server 102 may also 
provide proprietary information and enhanced services to 
individual users 108, financial institutions 112, third party 
web servers 114, and media operators 122 for a subscription 
fee. 
(0094. The host server 102 may have a direct link to the 
financial institutions 112 to provide tailored information in a 
format that can be readily incorporated into the databases of 
the financial institutions 112. Financial institutions 112 may 
include, for example, investment banks, stock brokerage 
firms, mutual fund providers, bank trust departments, invest 
ment advisers, and Venture capital investment firms. These 
institutions may incorporate the probability distribution 
information generated by the analytical software 118 into the 
financial services that they provide to their own subscribers. 
The probability distribution information provided by the host 
server 102 enables the stockbrokerage firms to provide better 
advice to their customers. 
0.095 A third party web server 114 may incorporate prob 
ability distribution information into its web site. The infor 
mation may be delivered in the form of an information feed to 
the third party host of web server 114 either through the 
Internet or through a dedicated or dial-up connection. 
(0096 FIG. 10 shows an example of a data feed 182 sent 
from the host server 102 to the third party web server 114 
through communication link 128. Data feed 182 carries mes 
sages 184 that include header information 186, identifying 
the sender and receiver, and records 188 that relate to specific 
underlying assets. 
0097. Each record 188 includes an item 190 that identifies 
a future date, a symbol 192 identifying the asset, risk-neutral 
probability density information 193 and cumulative distribu 
tion information 194. The record could also include a symbol 
identifying a second asset 195 with respect to the identified 
future date, and so on. Other information could be provided 
Such as a risk premium value with respect to the risk-neutral 
values. 
(0098. Examples of third party web servers 114 are the web 
servers of E*TRADE, CBS MarketWatch, Fidelity Invest 
ments, and The Wall Street Journal. The third party web 
server 114 specifies a list of assets for which it needs prob 
ability distribution information. Host server 102 periodically 
gathers information from financial information provider 106 
and its own financial database 120, generates the probability 
distribution information for the specified list of assets, and 
transmits the information to the third party web server 114 for 
incorporation into its web pages. 
(0099 Examples of the media operator 124 are cable TV 
operators and newspaper agencies that provide financial 
information. For example, a cable TV channel that provides 
stock price quotes may also provide probability distribution 
information generated by the host server 102. A cable TV 
operator may have a database that stores the probability dis 
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tributions of all the stocks that are listed on the NYSE for a 
number of months into the future. The host server 102 may 
periodically send updated information to the database of the 
cable TV operator. When a subscriber of the cable TV channel 
views the stock price quotes on a TV, the subscriber may send 
commands to a server computer to the cable TV operator via 
modem to specify a particular stock and a particular future 
date. In response, the server computer of the cable TV opera 
tor retrieves the probability distribution information from its 
database and sends the information to the subscriber via the 
cable network, e.g., by encoding the probability distribution 
information in the vertical blank interval of the TV signal. 
0100. Likewise, a newspaper agency that provides daily 
transaction price quotes may also provide the probabilities of 
stock prices rising above certain percentages of the current 
asset prices at a predetermined future date, e.g., 6 months. A 
sample listing on a newspaper may be “AMD 83 88 85 
A40%', meaning that the AMD stock has a lowest price of 
S83, highest price of S88, a closing price of S85 that is higher 
than the previous closing price, and a 40% probability of 
rising 10% in 6 months. 
0101 The analytical software 118 may be written in any 
computer language such as Java, C, C++, or FORTRAN. The 
Software may include the following modules: (1) input mod 
ule for preprocessing data received from the financial data 
Sources; (2) computation module for performing the math 
ematical analyses; (3) user interface module for generating a 
graphical interface to receive inputs from the user and to 
display charts and graphs of the computation results; and (4) 
communications interface module for handling the commu 
nications protocols required for accessing the networks. 
01.02 
0103) A variety of web pages and user interfaces can be 
used to convey the information generated by the techniques 
described above. 

0104 For example, referring to FIG. 5, a GUI 700 enables 
a user 108 to obtain a range of financial services provided by 
the host server 102. The user 108 may see the implied prob 
abilities of future prices of marketable assets 706 having 
symbols 704 and current prices 708. The information dis 
played could include the probabilities 714 (or 718) of the 
asset prices rising above a certain specified percentage 712 
(or falling below a certain specified percentage 716) of the 
reference price 710 within a specified period of time 720. 
0105 For the convenience of the user 108, GUI 700 
includes links 730 to institutions that facilitate trading of the 
assets. The host company that runs the host server 102 sells 
advertising space 728 on the GUI 700 to obtain revenue. The 
GUI 700 also has links 726 to other services provided by the 
host server 102, including providing advice on lifetime finan 
cial management, on-line courses on topics related to trading 
of marketable assets, research on market conditions related to 
marketable assets, and management of portfolios of assets. 
0106 Referring to FIG. 6, the GUI 700 also may display 
an interactive web page to allow the user 108 to view the 
market's current prediction of future values of portfolios of 
assets. The past market price 734 and current market price 
736 of the asset portfolios 732 are displayed. Also displayed 
is the price difference 738. The GUI 700 displays the prob 
ability 744 (or 746) that the portfolio 732 will gain (or lose) a 
certain percentage 740 within a specified time period 742. 
Examples of portfolios include stock portfolios, retirement 
401K plans, and individual retirement accounts. Links 748 
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are provided to allow the user 108 to view the market's current 
forecast of future price trends of the individual assets within 
each portfolio. 
0107 Referring to FIG. 7, in another user interface, the 
GUI 700 displays an interactive web page that includes 
detailed analyses of past price history and the market's cur 
rent forecast of the probability distribution of the future val 
ues of a marketable asset over a specified period of time. The 
GUI 700 includes price-spread displays 750 representing the 
cumulative distribution values of the predicted future prices 
of an asset over periods of time. The price-spread display 
750a shows the price distribution data that was generated at a 
time three months earlier. A three-month history of the actual 
asset prices is shown as a line graph for comparison to give the 
user 108 a measure of the merit of the price distribution 
information. The price-spread display 750b represents the 
predicted cumulative distribution values of the asset prices 
over a period of one month into the future. The left edge of 
display 750b, of course, begins at the actual price of the asset 
as of the end of the prior three-month period, e.g., the current 
DELL stock price of $50. The probability distribution infor 
mation implies, for example, a 1% probability that the stock 
price will fall below $35, and a 99% probably that the stock 
price will fall below S80 in one month. GUI 700 includes 
table 752 that shows highlights of asset information and graph 
754 that shows sector risks of the asset. A box 755 permits a 
user to enter a target price and table 757 presents the prob 
ability of that price at four differentfuture times, based on the 
calculated implied probability distributions. 
0.108 Referring to FIG. 8, in another approach, a window 
402 is displayed on a user's screen showing financial infor 
mation along with two other windows 408 and 410 showing 
probability distribution information. The individual user 108 
could have previously downloaded a client program from the 
host server 102. When the user is viewing any document, e.g., 
any web page (whether of the host server 102 or of another 
host’s server), the user may highlight a stock symbol 404 
using a pointer 406 and type a predetermined keystroke (e.g., 
*ALT-SHIFT-Q') to invoke the client program. The client 
program then sends the stock symbol as highlighted by the 
user to the host server 102. The host server 102 sends prob 
ability distribution information back to the client program, 
which in turn displays the information in separate windows 
408 and 410. 

0109 When the client program is invoked, a window 422 
may be displayed showing the different types of price infor 
mation that can be displayed. In the example shown, the 
“Probability distribution curve' and “Upper/lower estimate 
curves are selected. Window 408 shows the price range of 
AMD stock above and below a strike price of S140 from July 
to December, with 90% probability that the stock price will 
fall between the upper and lower estimate curves. Window 
410 shows the probability density curve f(x) for AMD stock 
for a future date of Aug. 15, 2000. The user may also specify 
a default function curve. Such that whenever an asset name is 
highlighted, the default function curve is displayed without 
any further instruction from the user. 
0110 Tabular data such as those shown in TABLE 1 may 
be generated by the host server 102 and transmitted over the 
network 104 to devices that have limited capability for dis 
playing graphical data. As an example, the individual user 
108 may wish to access asset probability distribution infor 
mation using a portable phone. The user enters commands 
using the phone keypad to specify a stock, aprice, and a future 
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date. In response, the host server 102 returns the probability 
of the stock reaching the specified price at the specified future 
date in tabular format suitable for display on the portable 
phone screen. 
0111 Referring to FIG.9, a portable phone 500 includes a 
display screen 502, numerickeys 506, and scrolling keys 504. 
A user may enter commands using the numeric keys 506. 
Price information received from the host server 102 is dis 
played on the display screen 502. Tabular data typically 
includes along list of numbers, and the user may use the scroll 
keys 504 to view different portions of the tabular data. 
0112. In the example shown in display screen 502, the 
AMD stock has a current price of S82. The cumulative dis 
tribution values F(x) for various future prices on Aug. 15, 
2000 are listed. The distribution indicates a 40% probability 
that the stock price will be below S80 implying a 60% prob 
ability of the stock price being above S80. Likewise, the 
distribution indicates an 80% probability that the stock price 
will be at least S90, implying a probability of 20% of the stock 
price being above S90. 
0113. Other embodiments are within the scope of the fol 
lowing claims. 

1. A method comprising: 
receiving data representing current prices of options on a 

given asset, 
deriving from said data an estimate of a corresponding 

implied probability distribution of the price of said asset 
at a future time, and 

making information about said probability distribution 
available within a time frame that is useful to investors. 

2. The method of claim 1 in which the data represent a finite 
number of prices of options at spaced-apart strike prices of the 
asset, and also including 

calculating a set of first differences of said finite number of 
prices to forman estimate of the cumulative probability 
distribution of the price of said asset at a future time. 

3. The method of claim 2 also including 
calculating a set of second differences of the finite number 

of strike prices from the set of first differences to forman 
estimate of the probability distribution function of the 
price of said asset at a future time. 

4. A method comprising: 
receiving data representing current prices of options on a 

given asset, 
deriving from said data an estimate of a corresponding 

implied probability distribution of the price of said asset 
at a future time, and 

providing a real-time data feed containing information 
based on said probability distribution. 

5. A method comprising: 
providing a graphical user interface for viewing pages con 

taining financial information related to an asset; and 
when a user indicates an asset of interest, displaying prob 

ability information related to the price of the asset at a 
future time. 

6. A method comprising: 
enabling a user to identify an asset of interest, the asset 

being one for which data representing current prices of 
options on the asset are available, 

deriving from said data an estimate of a corresponding 
implied probability distribution of the price of said asset 
at a future time, and 

providing a display of a probability distribution of prices of 
the asset at future times. 
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7. A method comprising: 
enabling a user to indicate a future time and to identify an 

asset of interest, the asset being one for which data 
representing current prices of options on the asset are 
available, and 

displaying to the user a distribution of the probability that 
the asset will reach prices within a range of prices at the 
future time. 

8. A method comprising: 
receiving data representing current prices of options on a 

given asset, the options being associated with spaced 
apart strike prices of the asset at a future time, 

the data including shifted current prices of options result 
ing from a shifted underlying price of the asset, the 
amount by which the asset price has shifted being dif 
ferent from the amount by which the strike prices are 
spaced apart, and 

deriving from said data an estimate of a quantized implied 
probability distribution of the price of said asset at a 
future time, the elements of the quantized probability 
distribution being more finely spaced than for a prob 
ability distribution derived without the shifted current 
price data. 

9. A method comprising 
receiving data representing current prices of options on a 

given asset, the options being associated with spaced 
apart strike prices of the asset at a future time, 

deriving from said data an estimate of an implied probabil 
ity distribution of the price of said asset at a future time, 
the mathematical derivation including a smoothing 
operation, and 

making information about said probability distribution 
available within a time frame that is useful to investors. 

10. The method of claim 9 in which the smoothing opera 
tion is performed in a volatility domain. 

11. The method of claim 9 in which the smoothing opera 
tion is performed in the domain of the option prices or in the 
domain of the probability distribution information. 

12. A method comprising: 
receiving data representing current prices of options on a 

given asset, the options having strike prices at future 
dates, 

deriving a volatility for each of the future dates in accor 
dance with a predetermined option pricing formula that 
links option prices with strike prices of the asset; 

generating a Smoothed and extrapolated Volatility func 
tion; 

and using the Volatility information to generate informa 
tion within a time-frame that is useful for investors. 

13. The method of claim 12 in which the volatility function 
is extrapolated to a wider range of dates than the future dates. 

14. The method of claim 12 in which the volatility function 
is extrapolated to strike prices other than the strike prices of 
the options. 

15. The method of claim 9 also including 
generating a smoothed Volatility function using only data 

that are reliable under a predetermined measure of reli 
ability. 

16. The method of claim 9, further comprising: 
generating an implied Volatility function formula having a 

quadratic form with two variables representing a strike 
price and an expiration date; 

wherein coefficients of the implied volatility function for 
mula are determined by applying regression analysis to 
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approximately fit the implied volatility function formula 
to each of the implied volatilities. 

17. A method comprising: 
receiving data representing current prices of options on 

assets belonging to a portfolio, 
deriving from said data an estimate of an implied multi 

variate distribution of the price of a quantity at a future 
time that depends on the assets belonging to the portfo 
lio, and 

making information about said probability distribution 
available within a time frame that is useful to investors. 

18. A method comprising: 
receiving data representing values of a set of factors that 

influence a composite value, 
deriving from said data an estimate of an implied multi 

variate distribution of the price of a quantity at a future 
time that depends on assets belonging to a portfolio, and 

making information about said probability distribution 
available within a time frame that is useful to investors. 

19. The method of claim 18 in which the mathematical 
derivation includes generating a multivariate probability dis 
tribution function based on correlations among the factors. 

20. A graphical user interface comprising: 
a user interface element adapted to enable a user to indicate 

a future time; 
a user interface element adapted to show a current price of 

an asset; and 
a user interface element adapted to show the probability 

distribution of the price of the asset at the future time. 
21. A method comprising: 
continually generating current data that contains probabil 

ity distributions of prices of assets at future times, 
continually feeding the current data to a recipient electroni 

cally, and 
the recipient using the fed data for services provided to 

USCS. 

22. A method comprising: 
receiving data representing current prices of options on 

assets belonging to a portfolio, 
receiving data representing current prices of market trans 

actions associated with a second portfolio of assets, and 
providing information electronically on the probability 

that the second portfolio of assets will reach a first value 
given the condition that the first portfolio of assets 
reaches a specified price at a future time. 

23. A method comprising: 
receiving data representative of actual market transactions 

associated with a first portfolio of assets; 
receiving data representative of actual market transactions 

associated with a second portfolio of assets; 
providing information on the expectation value of the price 

of first portfolio of assets given the condition that the 
second portfolio of assets reaches a first specified price 
at a specified future time through a network. 

24. A method comprising 
evaluating an event defined by a first multivariate expres 

sion that represents a combination of macroeconomic 
variables at a time T, and 

estimating the probability that a second multivariate 
expression that represents a combination of values of 
assets of a portfolio will have a value greater than a 
constant B at time T if the value of the first multivariate 
expression is greater than a constant A. 
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25. The method of claim 24 in which the probability is 
estimated using Monte Carlo techniques. 

26. A method comprising 
defining a regression expression that relates the value of 

one variable representing a combination of macroeco 
nomic variables at time T to a second variable at time T 
that represents a combination of assets of a portfolio, and 

estimating the probability that the second variable will 
have a value greater than a constant B at time T if the 
value of the first variable is greater than a constant A at 
time T. based on the ratio of the probability of X being 
greater than A under the regression expression and the 
probability of X being greater than A. 

27. A method comprising 
defining a current value of an option as a quadratic expres 

sion that depends on the difference between the current 
price of the option and the current price of the underlying 
security, and 

using Monte Carlo techniques to estimate a probability 
distribution of the value at a future time T of a portfolio 
that includes the option. 

28. A method comprising 
by machine, performing computations to determine a 

cumulative probability distribution function (cdf) for a 
price of an asset at a future time (T) based on prices of 
options on the asset, the options being at two or more 
strike prices X for the asset, the computations including: 

determining a cumulative-distribution-function-implied 
volatility (CDF-implied volatility) of the asset as a func 
tion of the prices of the options by estimating a finite set 
of cdf values based on the prices of the options, and 

for each of the estimated calf values in the finite set, deter 
mining, as the CDF-implied Volatility, a statistical mea 
sure for which probability of exercise of an option, as 
determined by an option pricing model, agrees with the 
estimated caf value, for the time T and for an interpo 
lated Strike price corresponding to the estimated caf 
value, given a current price of the asset, 

the determined CDF-implied volatilities representing an 
estimated curve of CDF-implied volatility as a function 
of the prices of options at the strike prices X. 

29. The method of claim 28 comprising 
smoothing the estimated curve of CDF-implied volatility. 
30. The method of claim 29 comprising estimating param 

eters in a parameterized smooth probability distribution, the 
parameters chosen to best fit, with the cdf of the parameter 
ized distribution, the smoothed estimated curve of CDF-im 
plied volatility. 

31. The method of claim 28 comprising estimating param 
eters in a parameterized probability distribution, the param 
eters chosen to best fit, with the cdf of the parameterized 
distribution, the estimated curve of CDF-implied volatility. 

32. The method of claim 29 comprising 
computing a probability density function (pdf) by differ 

entiating the smoothed CDF. 
33. The method of claim 28 comprising 
estimating CDF-implied volatility values at two or more 

future times T for which option prices are available, and 
interpolating and extrapolating associated variances to 
obtain interpolated and extrapolated values of the CDF 
that are implied at other future times. 

34. The method of claim 28 in which the probability of 
exercise option, as determined by an option pricing model, is 
adjusted for risk aversion. 
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35. The method of claim 33 in which the adjustment for risk 
aversion comprises shifting the CDF values at a given price X 
to a higher price x by estimating stock returns in terms of a 
market return regression factor, together with standard long 
term estimates for market returns. 

36. The method of claim 28 in which the estimated CDF 
values are for returns on a portfolio of assets, provided by 
Monte-Carlo calculations in a modeled multivariate distribu 
tion of joint returns on the assets. 

37. The method of claim 28 in which the estimating of a 
finite set of cdf values comprises estimating by finite differ 
ence differentiation. 
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38. The method of claim 28 in which the statistical measure 
comprises a standard deviation. 

39. The method of claim 38 in which the option pricing 
model assigns a probability of exercise at a future time based 
onalognormal distribution determined by the standard devia 
tion, adjusted for time to expiration, together with additional 
parameters available to an investor at a present time. 

40. The method of claims 28,38, and 39 in which the option 
pricing model comprises the Black-Scholes option pricing 
model. 


