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This invention relates to wave transmission
networks and, more particularly, to networks
having frequency selective transmission charac-
teristics.

Frequency selective transmission networks hav-
ing the property of constant resistance character-
istic impedance have been known and used for
some time but heretofore only in the form of
two-terminal impedances or of ordinary. four-
_terminal networks. “An object of the present in-
vention is to extend this constant resistance prop-
erty to more complex structures, in particular
to eight terminal networks. WNetworks of this
type comprise four individual transmission paths
and are useful for the separation of currents of
' different frequencies as, for example, in carrier
current repeaters. The problem of connecting
these networks into a given transmission system
is greatly simplified by the present invention
since, by virtue of the constant resistance char-

" acteristic, reflection effects at the insertion points

Lo
&

551

o

are greatly reduced and, in many cases, substan-
tially eliminated.

The nature and the underlying principles of
the invention will be more fully understood from
the following detailed description and by refer-
ence to the attached drawings, of which

Pig. 1 illustrates schematically one form of
network embodying the invention;

Figs. 2 and 3 illustrate alternative forms of
the invention; . .

Pig. 4 is illustrative of the application of the
invention to telephone repeaters;

Fig. 5 shows a typical arrangement of one of
the component networks of the-system of Fig. 1;

Fig. 6 is a diagram illustrating a characteristic
of one of the networks of Fig. 5;

Fig. 7 represents another component network
of Fig. 1; and

Fig. & illustrates a characteristic of a complete

- system in accordance with the invention.

r; 18 and i2.

G5

5 cluding two component networks 9,

The network shown in Fig. 1 comprises two
parallel transmission paths extending between
pairs of terminals {, 2 and 3, 4, and each in-
10, in the
upper path, and tf, i2, in the lower path. Re-
sistances of value R are connected between ter-
minals {, 2 and 3, 4, and also between two ad-
ditional pairs of terminals 5, 5 and 1, 8, located
between networks 8 and 18 and networks i1 and
12, respectively.

The networks 8, 18, {{ and i2 are of the sym-
metrical lattice type and are similar in pairs,
networks § and i! being alike and also networks
The line and the lattice branch im-
pedances of networks 9 and 11 have values A and
B, respectively, and the corresponding branch
impedances of networks 18 and 12 have values C
and D, respectively. These impedances are pref-
erably pure reactances and may be chosen to give

(CL. 178-—44)

each network a desired type of transmission
characteristic. For example 9 and {1 may have
low-pass characteristics while 10 and 12 may be
of the high-pass type.

The order of the component networks is re-
versed in the one path with respect to-the other,
but otherwise the two paths have the same com-
position and therefore have equal transfer con-
stants. There is also a reversal in the intercon-
nection of the two paths at terminals 3 and £ with
‘respect to the connections at 1 and 2, the effect
of which is equivalent to the addition of a phase

10

shift of 180 degrees in one or other of the two ,

paths. ‘

This phase reversal, together with the similar-
ity between the two paths gives rise to a condi-
tion of conjugacy between the resistance paths
at terminals I, 2 and 3, 4, respectively. This may
be demonstrated as follows: Consider the resist-
ance R between terminals 3 and 4 to be replaced

by a short circuit and a voltage Eo applied to.
terminals { and 2. - Under this condition the total

current through the short circuit will be the re-
sultant of the séparate transmissions through the
individual paths, the output from the one path
being unable to pass beyond the short circuit into
the other path. From the principle of reciprocity
it follows that the current in the short circuit
from either one of the paths alone will not be
changed if the path is turned end for end. Since
such a reversal in one path would make the two

paths exactly alike, it follows that the output

currents in the short circuit will be of equal mag-
nitude and will completely neutralize each other
because of the relative reversal of phase due to
the circuit connections. Since no current flows
in the short circuit an impedance of any magni-
tude may be inserted therein without disturbing
the conjugacy. Similar considerations will show
that the resistance paths between terminals 5 and
& and between terminals 7 and 8 are also con-
jugate. In this case the two paths include net-
‘works 10, {{ and 9, 12 respectively, with inter-
mediate bridging resistances, and are similar in
composition to the two paths ‘considered in the
brevious case. A phase reversal is also present
in one path with respect to the other due to the
interconnections at the intermediate terminals
{, 2 and 3, 4.

When the four pairs of terminals are bridged
by equal resistances of value R it is possible, by
proper choice of the impedances of the component
networks, to make the input impedances of the
whole network at each of the four pairs of ter-
minals equal to the resistance R at all fre-
quencies. This is the same thing as giving the
system a constant resistance image impedance of
value R at all four of its pairs of terminals, the
image impedances of a transmission network be-
ing defined as the 1mpedances measured at each
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of the several pairs of terminals when the: other -
.pairs are closed through impedances which pro-

image impedances.

duce zero reflection effects at all frequencies; that
is when they are closed:through their. respective

acteristic may be found as follows: Ml
‘“Consider- the:input ‘impedance at terminals 4

" and 2. Since the resistance path-between 3 and

15

4 is conjugate to the path between | and-2, the
input impedance will-not be: affected. by the value

“of the resistance in the branch 3, 4. The termi-

“nals 3 and 4 may therefore be assumed to be

~of. the -other transmission path “also’ short=cirs.
" cuited at. the output enid, then; if Z denote: the. -

o256

35

jshOrt—cirCuited?in'whichj,ca.’se ‘the input imped-
~ arce at'{ and 2 is simply the impedance. of the
~F - two transmission paths-in parallel.” Let Zi de-

20

note the impédance -of the path including ‘net-
works 9 and. 0 with the ‘output terminalsof 10
short-ciréeuited

total input im'p‘eda;née at !'an’d 2, LT
S 11,1 R
zz'm o

- The values of Zi and Ze may be determined from
30

: i1, being similar, will have the
same impedances and networks 10 and 12 :like~
wise. Let the opén circuit and short circuit im-

pedances. of 9 and 11 be denoted Zo and Zs re-

40

spéectively aniid let the corresponding impedances -

of networks-10°and 12 be denoted'by Yo and Ys.

- ~THe impedance Zi is that of the network 8 ter-

" minated by .an impedance made up of the par-
“allel combination of resistance R and :the short

value -
457

cireuit impedance of network 10 and has the

Z771+Zar ) -
gz oA ¢
T Z=2ig 17, - @
~where - : S i
. RY,
ZnTREY,

50

Substituting - the: value of Zrn in Equation 2’ and

. inverting, gives -

55
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1
‘R

1 1TRY, 4 Z(R+YDT

, 2 Z ROV, T Z) + Yoz,
In a like manner the value of Zz'is found to be
L 1 ITRZAY(R+Z)T -+ -
( ) SN0

7 :—Z—z—_—?o -R_(sti;zs)’i’ Y.Z, |

If the input impedance af terminals I, 2 is to be

a cornstant resistance of value R, then Z: and Z2

‘must be so related that :

1 1L
, R ANA
or I . .

= Baduadl i ShanlA. ekl S5t 4

[ RY.+Z(R+ Y):lJr
“ZL R(Y. 2+ V.2,

vl "G 2ot ve
Y LR(Y,+Z)+ Y2z,

° from which, by simplification, the relationship is
. obtained s - : e

11 2,1

RZz vz .Y, ©

In tﬁénhs of t‘h‘er line and lattice impedaﬁc'es,'

2,115,138

- In symmetrical systems the
" -image-impedances are equal and are equal tothe "
characteristic impedance. The._necessary -rela- ..
tionships between the ‘component network im--
pedances to achieve this constant resistance char-

the open circuit and short circuit impedances of:
‘the .component networks. ~“Since -each of these"
* networks is-symmetrical its.open and short cir- "
cuit impedances will be the same -at’ both- ends. -
_Networks -8 and

@

RZ3+ Yo(R‘l_Zé):] (5)

A, B, C and D, which make up -the networks

~8.to 12, Equation 6 becomes-

B TR 7. TR 2 TEA N
o LedrdotiGte)Etn) @
. Equations 6 and 7 set: forth- relationships of the

network impedances, and of the pbranch imped-

which may- be followed in choosing the imped-

A procedure-

“ances when lattice type networks are used, which.-
" must be fulfilled in order that the constant re-
- gistance-requirement may be’ met.

10

ances A, B, C and D in accordance with these

requirements will be described later. If will be
sufficient at this point to note

ments can always be met with physical imped-

- ance elements and that these -may be ‘selected

minals. .- A .
_In the network of Figure 1 the two transmission

v 1tpu - paths are of the balanced type and the network
and let 72 denote. the impedance - 1. oL ue e

is therefore suited for direct connection 10 trans-

sround. A, modified form Of “the invention -in

" which the two transmission. paths are of “the’
unbalaficed type is shown in Figure 2. In this -
network the component networks are designated- ..

9, 0’, 11’,-and 12’ and consist of ‘séries-shunt .
:impedance . combinations ‘with the series . im--

pedances inserted in only one line of each path.

that the require- . .
15

and proportioned to provide desired transmission:
characteristics between adjacent pairs of ‘ter-,

20

mission” lines. haying “both - sides “balanced. to-

25

50
Terminals 2; 4, 6 and 8 are- connected together ..

and to ground. To permit the grounding of one -

* side of each path a transformer-T1 is included

at one end of the upper. path and a second trans-

former Tz -at the

other end of the lower .path.

3%

These transformers. should :be’ similar in - their -

characteristics and should have unity transfor-
mation ratios. If they are similarly poled the

relative phase shifts. of the two paths will niot
be affected by their inclusion and the conjugacy

40

of ‘the opposite paifs of terminais will not be -

impaired. . The component networks in Figure 2

are shown as symmetrical: T- networks, 9 and--

. 11" having series impedancés F. and shunt im--

pedances G-and 18’ and 12’ having correspond-
ing “impedances H and K. “single section net-
works -only are shown, but it will e understood
that as many sections as desired may be used,

the showing being intenderd,to-'represent,simply ’
the unbalanced equivalents of the generalized
lattices of Figure 1. It should be noted, however,

that the component networks are of the series
terminated type. This is necessary where. the

- resistances R are connected in shunt to the com-
‘ponent network»termina.ls; as in Figures.1 and 2.

Otherwise,-a shunt path would be:. provided: at

45

50

‘ea'c'h‘ pair - of terminals ‘which would have. zero. -

impedance at some frequency and would: there-

fore prevent the realization of the constant re-"

sistance characteristic. S

_Another form of the invention is shown in .-

Figure 3 which differs from that shown in Fig-

ures 1 and 2in that the resistances R are con-
‘nected in series between the component networks - -
] , The component networks..
- 9,10, 14 and 12, are shown as symmetrical lattices
-as .in-Figure 1, but the-unbalanced equivalents - -

instead of in shunt.

60

of these lattices may also be used as in Figure 2. - -

In the latter case the lower ‘line of the upper
path and the upper line of the lower path would
form the common grounded. conductor..” Trans-
formers-T: and Te inserted as in Figure 2 permit

“the-grounding to be effected and, with appro-

priate poling, maintain the conjugacy .of the

opposite pairs of. terminals.  When the unbal-

70,
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anced networks are used they should be of the
shunt terminated type for reasons converse to
those dictating the use of series terminations in
the network of Figure 2.

From considerations similar to those applied
to the analysis of the circuit of Figure 1 it may
be shown that the relationship required in this
case for securing a constant resistance imped-
ance characteristic at each of the four pairs of
terminals is expressed by :

Rz:Zon+2YoZé+Yqu (8)
or, in terms of the lattice impedances A, B, C and
D . !

R*=AB--1{A+B)(C+D)+CD )

An example of the use of the invention is il-
lustrated in Figure 4 which shows its application
to a carrier telephone or telegraph repeater of
the single amplifier type shown in U. 8. Pst.
1,874,492 issued Aug. 30, 1932, to A. G. Ganz.
The network illustrated corresponds to that of
Figure 1 in which the resistances are bridged
across the terminals of the component networks.
The two portions 14 and {5 of a transmission
line in which. the repeater is inserted are con-
nected to terminals f, 2 and 3, 4, respectively and
furnish the requisite bridging resistances. An
amplifier {3 is connected between terminals 5, 6
and 7, 8. The bridzing resistances being provid-
ed by suitable elements associated with the in-
put and output circuits of the amplifier.

In a multiplex carrier transmission system it

is customary to include all channels transmitting
in -one direction in a low frequency group and
those transmitting in the opposite direction in
& separate high frequency group. By making net-
works § and 1{ of the character of low-pass fil-
ters a path through the repeater from line 14
to line 15 is provided for the 10w frequency chan-
nels, this path including filter 8, amplifier 13 and
filter 1{. By making networks 18 and 12 of the
character of high pass filters a corresponding
path through the repeater from line I5 to line
14 is provided for the high frequency channels.
These paths may be made mutually exclusive by
the proper choice of the filter cut-off frequencies
and by providing adequate attenuation in the fil-
ters. .
The conjugacy existing between the opposite
pairs of terminals because of the reversal of the
interconnections at terminals 3 and 4 with re-
spect to those at terminals | and 2 not only per-
mits the constant resistance characteristic to be
obtained but alsc minimizes the possibility of
singing in the amplifier by the reduction or elim-
ination of feed-back from: the amplifier output
terminals 7, 8 to the input terminals 5, 6.

The general requirements for the constant re-
sistance condition of the networks have been
set forth in Equations 6, 7, 8 and 9. It remains
to be shown how the individual impedances of the
networks may be determined in accordance with
these requirements. This will be done by devel-
oping design formulae for a network of the type
of Figure 1, the general procedure outline being
applicable to the other forms of network.

Equation 7 which expresses the requirement for
the constant resistance condition in terms of the
branch impedances is general to the extent that
it does not depend on the character of the im-
bedances, which may be resistive or reactive or
may include both resistance and reactance. How-
ever, since it is desirable in practice that the sys-

3

tem should have definite selective properties the
component networks will preferably be composed
of substantially pure reactances and will have in-
dividual selective characteristics corresponding to
the prescribed requirements of the system. With
this in mind the illustrative eXample will corre-
spond to the arrangement shown in Figure 4 in
which networks 9 and 11 have low-pass transmis-
sion’ characteristics and networks {6 and 12 have
high-pass characteristics.

Assuming the lattice branches to be substan-
tially pure reactances and writing in place of the
impedances A, B, C and D the corresponding re-
actances Xa, Xn, X, and Xa, Equation 7 can be
transformed to

G5+ (3

1 1 1 1\2, 4
(g 2tz )5 o
or »
1 1 1 1\?, 4
F12+F22=(Z+E+Z+E> tm= D
where
1 1Y
r~(%-x)
and

1 1
n~(%-%,)

It is to be noted that the right hand side of Equa-
tion 11 is always positive and ranges in value be-
tween 4/R? and infinity, infinite values occurring
at each of the resonances of the reactarnces Xa,
Xb etc. To meet the constant resistance require-
ments the reactances must be so proportioned
that the sum Fi2-F42 varies in the same manner
as the right hand side of the equation.

_It may be shown by ordinary network analysis
that the insertion loss between terminals ( , 2 and
5, 6 is given by

F 2
ety =1+ F—f) 12)
and that between terminals 1, 2 and 1,8 by
F\2 '
e2°‘2=1+<F;> (13)

where a1 and a2 are the respective insertion losses.

Since it is desired that the path through net-
work 8 have a low-pass characteristic and that
through network {2 a high-pass characteristic,
it is apparent from Equations 12 and 13 that the
ratio F2/F1 must be small in the low-pass range
and large in the high-pass range. That is,
must be small in the range where ¥ is large and
vice versa. . )

The character of the frequency variations of
P2 and F? may readily be determined in any par-
ticular case. A suitable form for the low-pass
networks 8 and {1 is illustrated in Figure 5 in
which Xa is characterized by a single finite res-
onance and X» by two finite resonances.  From
considerations of ordinary filter theory the res-
onance of X, will oceur at a irequency lying be-
tween the two resonance frequencies of Xe.

In terms of the resonance frequencies ¥;2 may
be expressed by

AO Azw
F2 =['; _wg B

Wiy

A4w _ Aew 2
tas ws? wz—wmz] s

where o denotes 2 = times frequency, wi2, w22, and
w32 correspond to the three resonance frequencies,
and Ag, A2, A4 and As are constants. The res-
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25

4

onance . frequencies.-all .o¢cur in: the low-pass

+transmission range and at these frequencies Fi?

become ‘infinite. - e
- Equation 14 may be -transformed by ordinary

algebraic processes to- the: form

R e w2—;w112>'sz—-me)(iué-'—wmz—)]Z o
3| i i5’
- B [ w<wg_wl2z WP —wg? S\ W — os? 7 (17‘5)7 :

where ~ .

- 2
wW11W21031
W1We20932 2l

and- wii, wzi, w3, correspond to frequencies at

which Fi2 has zero values.

7 These frequencies, if real; all lie above the lko——r
- pass range, buf in the general case certain of -
- them may be imaginary ‘or complex: )

Py -in the faqtorial

The general-expression for

: '26_ form of Equation 15.may be writtenas-

L Gps=m(et ) o
A= wns=,_1'(w?—ws‘z"’_)» a6

' w‘hei‘erll'[' indicates a prodﬁqt of terms of the type
following it and. m is the number of factors in
42, that is, the .m_u’nber’ of poles or, the number

- of zeros. - -

30

. By.a. proper cho‘ige,vdf ‘critical frequencies de-
fining the zeros and poles in Equations 15 and 16

- the frequency variation of Fi? may be made ‘to
~take ‘the form illustrated by ‘the curve in Fig. 6

which is characterized by a. series of equal min-
ima between the polesin the low frequency range
and a corresponding series of equal maxima be-

" ‘tween. the zerss in the high frequency -range.

Moreover the values of Fy2 in the high. frequency

" range may be made so small as to be completely

45

Coml negligible. -
<40 :
. frequencies and

The design proceeds by detérminihg the critical
the ‘element: valués of the low-

_pass. network so that the minima, of F12 in the low -

frequency range are equal to 4/R? and so that the
descending portion of the Fi? characteristic in the

range

through the value 2/R? at a predetermined fre-

quency marking the division of the ranges.
‘A complementary: characteristic is next deter-

" mined for F2? having minima in the high fre-

.50

quency range likewise equal-to 4/R? and having its

descending portion -intersect that. of 2 at the

“predetermined dividing frequency, its: slope at

" this point being equal that of Fi? but of opposite

85

sign.. This ensures a minimum -at-the dividing-

frequency .the value’ of which ‘will- be 4/R2.
Since the values of Fi? in-the high frequency
range .are negligible and those of Fe2'in the low

“frequency range are - likewise negligible the sum

- 60

‘of .the two quantities gives. aseries: of ‘minima
each of value 4/R? and alternating ‘in the fre-

quency scale with a-series of infinite. values as
It develops-also that -
the form of Fi2-Fa? agrees with that of the right

required by Equation 11,

. hand side of Equation-11 and hence that the con-

-85

stant resistance requirement is. met. Ihavefound

that the neglect of the low values of Fi%.in the
‘high frequency range and of the corresponding

“values of Fa? affects the resistance of the system to,

70

-~ an extent of less than one part in 5000 in practical :

cases.

"0 e choice of the critical frequencies of Fi2 to
. give the required frequency variation is based on

" the - following expansion theorems -for ‘elliptic

o

functions which follow from relationships: given

in Ellipti¢ Functions; by A. Cayley; published by.

-Expressions of the form sn (¥, @) denote

. kind, of modulus k;; o

between the high and the low values passes -

-tionship .

“tity

9,115,188

‘G.Bell and Sons, London, England,

“tion, 1895, pages 265 and 267.

C4'\/}(_1Sn‘(iluK1, k)= Cai/zsh(uK,'k)
. som . (=DR2UY,

R el

11

=Cp/ksn(uR,k) T | ———— 5~
- b =1 ,l—kzsn2<;K,k)sq2(yK,k)J

Wherein the following notations are-used:

- sines of modulus @ and argument y, the modulus

being a positive numeric- of value- less than
unity; o '

K is the complete elliptic integral of the first kind,

-of modulus k; .
K1 is the complete -elliptic

1-—':sn2(g§K,k) ‘
sn( =

- nf='21§‘_1+1

7).

o=l kor( 2Kk )~ kort(uK, ©) |
. elliptié;

inrte'gra,lr of ﬁhe first -

an

second edi- -

0

 (18) o

30

Cz, C:-and Cs are numerical constants ‘and °% -

sn(uK.k)- is the variable parameter.

following manner.

Let K’ and K1’ denote the complete elliptic in-

tegrals of -the first kind, of moduli L

, VIR
and S :
NIk
respectively, and let: :
g=e 'K e
: S T T(20):
T K o
B g1 =e ,7'_1? A
then K and Ky’ are such that SRR
'K @
‘and qi=qr - (22)

Knowing g _and n the value of g is detefmined

" The quantities K, K1, K, ki, are related in the -

[ SRR
[ %3

40

i

and the corresponding value of %1 can be found -

“from - standard tables of elliptic :functions. -For
the cases of interest in-connection with the pres-
ent invention 71 is small-and’ may be determined
with ‘great accuracy

The value of K1 follows from its definition.
From Equation 18 it ‘will be seen that the quan-

Co/ksn(nuKy, k)

expressed as a function of sn (U, K, %) has m

poles, or infinite values, corresponding to thezero

“yalues -of the denominatorfactors: and has an -
“equal number of related zeros which occur in a
_-different- range -of -values 'of the argument $n
" (u, K, k). In accordance with the known princi=

@

53
from- the approximate rela- - :

60 .

ples of elliptic. functions the square of the above .

- indicated gquantity goes through a series of equal
and-a series -of equal- =~ -

minima between the poles
maxima between -the zeros.:
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The values of the minima are given by

C2
i —7{; , (24)
and the maxima, by
C2ky
the ratio of the maxima
equal to ki2, :

The constants C; and C: are found by com-
paring the expressions in which they appear as
sn (4 K, k) approaches infinity. This gives rise
to the relationship

G___ G
K"/}_—HKIW/ &y
Since the va,riation of the function

C{\/Esn(ﬁ uKl, k1)

corresponds to the desired variation of the quan-
tity Fi, the design of the low-pass networks is
readily accomplished by identifying F1 with the
summation expression of Equation 17 or with
the product expression of Equation 18.

For this purpose let a value of w, denoted by
wo, be chosen in the neighborhood of the desired
cut-off of the low-pass network., For the present
this may be chosen arbitrarily, The critical
values of w, namely ws1 and ws2, in Equation 16
are now chosen such that

(25)
to the minima being

(26)

@ _wo

where
—  [2s s=m
ps=1/k5n<~;K, k)l:l 27)

and the variable frequency ratio wo/w is identified
with
—\/I:sn(uK, k)

The value of the modulus % is chosen with ref-
erence to the degree of discrimination required
of the network. As the value of the modulus ap-
proaches unity the poles and zeros of P2 move
close to wo and the characteristic is marked by
low minima and high maxima, Reducing the
value of the modulus separates the critical fre-
quencies and at the same time increases the ratio
of the minima to the maxima. In the case of a
network of small degree of complexity, for ex-
ample one having two poles and two Zeros, a
modulus value of 0.9 will ensure a satisfactorily
sharp discrimination by the network and will re-
sult in a ratio of the minima to the maxima
greater than 5000. For more complex networks
higher values of the modulus may be taken and
because of the larger number of poles and zeros
both the sharpness of discrimination and the
ratio of the minima to the maximsa are greatly
increased.

In the case of the network illustrated in Fig. 5,
for which the function F:i? has three poles and
three zeros, Equations 26 and 27 give the follow-
ing values for the critical frequencies

wn=wy+/ ESH(%K, k) = wo/p1

wo = w0+1/ ESH(;‘K, k ) =wo/p2
3] = Wp—+ ksn(gK, k) = wg/p3
wip=w?fwn
= o wyy
and

eza= wo?[wy

5

Substituting these values in the right hand side
of Equation 18 and identifying this with F1 gives

P [Czwt).l>1217221-')32(w2 — 1) (e — wp?) (P — wy?) (28)
v ® (e — w1970 — 0 (o — cage?

which agrees with Equation 15 when
G_1
>~ wopipips
Substitution of the same values in the right hand
side of Equation 17 gives

wo_ 20wy (1—kpA)(A —pi*k)

%) w?— g

20w/ (1—kp YA —plk)
6 — wg?

200V (1—Ep2)(1 —p32/k)] (29)

@ — wyy?

1
T

F1=C3[

This equation corresponds to Equation 14 and en-
ables the constants Ao, As, etc. in that equation to
be determined in terms of the chosen elliptic
function parameters so that the desired varia-

10

15

20

25

tion of P12 will be secured. Since each term in -

Equation 14 represents the susceptance of g
branch path containing only a simple inductance
or the combination of an inductance and capacity
in series the determinations of the A’s leads di-
rectly to the element values,

The required value of Cs follows from Equations
25 and 26. Equation 25 gives the value of the

‘minima of Fi2 between the poles, which, in ac-

cordance with the design requirements must be
equal to 4-+R2-  Accordingly

o=k 30)

and hence, from Equation 26

_ kK

_R IlKl

For the cases of interest, that is where the net-
works have relatively sharp discrimination and
high attenuation, the value of K: will not differ
sensibly from =/2 and the approximation for Cs

4WEK

R ax

Cs 31)

(&)

may be used.

The high pass network, for which the function
F9? has to be complementary to 2, has to meet
the requirement that its function F»2 must have
negligibly small values in the low pass range, have
minima equal to 4--R2 in the high pass range,
and must have the rising part of its character-
istic intersect the descending part of Fi2 at the
point 2-+R? with a slope equal to that of F42 and
opposite in sign. .

These requirements are most readily met by
making the schematic form of the network such
that F2 has the same number of poles and zeros
as F1 and locating the poles and zeros symmetri-
cally with the corresponding poles and zeros of
F1 with respect to the cross over frequency, which
will be denoted by we+2r. The poles of Fy and
F2 will thus oecur in pairs having o as their geo-
metric mean and the zeros will likewise oceur. in
similarly related pairs. . :

The cross over point we will not be the same as
w0 Which appears in the formulae for ¥ but will
be slightly lower. The mathematical determina-
tion of this point is rather lengthy and only the

(32) -
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o w25 therefore be derived from Equation 29 by the sim-

L w,

10 o for the function F to be determined and also,

15 .

. *50

“explicit formula

6
for the tatio of we t0 wo Will be
given here. B L R BN

" \/ 17.—_(}'1—1;‘2;.)[; 2log (14D s Jf?ﬁ]z

I Fa—
~=nlog g
(33)

In design practice,vt'he valtie: wo Will generally be
assigned.  Equation 33 then permits the value

from the required symmetry of the ‘two systems,

a ‘corresponding value which will be denoted by '

wo’ for the function Fz. The values of wo and wo’
are related to we by the equation

g =ed (38

Using - the same prihciplfes ‘as discussed above

formulae” for Fa corresponding to Equations 28
and 29 ¢an be develobed, but it is simpler-to de-

termine F2 directly from Equation 29 taking ad-. -

" vantage of the symmetry of the Fiand Fa char-

230

" -:_acteristics. -For each value of » above wc the func- -
“tion  Fe2.will have the same value as Fi? at the

proporticnality: lower frequency- we’=-w. Fa may

ple.expedient of replacing o therein by —ed+w.
The negative sign appears in this transformation

_to take account of the difference in-sign of the

reactances of coils-and of condensers which repre-
sent complementary .. impedances. SRR
._'The .terms of the expression thus
will incliide two kinds; one set will directly rep-

‘resent; physically- realizable susceptances and the
remainder will. represent physically- realizable
‘susceptances when -the sign is changed. . Those

representing directly realizable susceptances-are
identified with Xc and the others with Xa.: The

- schematic form of the high-pass network thus

KL

obtained is-illustrated in Fig. 7. - The reactance X
comprises a"capacity and a resonant circuit con-
nected  in parallel. and the reactance Xq com-

" . prises two: simple resonant éircuits: connected. in

L Vparallel.

45

50

_ shows the curves of the two fﬁnctibns 12
and F2? and their sum plotted against the loga~
rithm. of frequency. - Curve 3. represents B2,

- Fig. 8

curve ‘{4 rapresents F2? and ‘the looped pottions

of the two curves together with dotted curve (2

represents their sum: The, cross- over frequency

is designated by fe, the poles of Fi? by fis, foa,

- and fa, and the.poles of Fo? by the inversely re-

60

65

- having’ complementary transmission bands.con=-

5

~dem

lated frequencies 7’1z, fls2; and f'35. .The sym-

‘metry of the two characteristics about fc is clear--
;55' 1y-shown by this: figure. ) B

While “the foregoing procedures give -the -de--
sired networks as symmetrical lattices, these may
be reduced by known ‘procedures to unbalanced
types of networks such as bridged—T -or ladder
networks suitable for use in the unbalanced type

~of network shown in Fig. 2.

. :What is claimed is: " . -

‘1:7A-wave transmission network,cbmprising two.

paths connected in parallel between-a first pair

of “terminals and & second pair .of ‘terminals, a
pair of symmetrical frequency selective networks

nected in tandem in one of said paths, a pair of

- respectively similar- networks. connected in tan-

em in"the other of said paths, -but in reverse
order with respect to the networks in said first

" currents-in one of said paths with respect to-the

currents in the other whereby said pairs of ter-
minals are made to be conjugate to each other..
"9, A wavetransmission.network eomprisi‘ng- two

“with the equation-

_sistance.

found -for- Fz -

path; and means for reversing the phase of the

"2,115,138

paths connected iri parallel between a first pair

of terminals and a second pair of terminals, a
pair of symmetrical frequency selective networks
having complementary transmisison bands ‘con-

nected in tandem in one of said paths, a.pair of &

respectively similar networks connected in tan-

“dem i the other of said paths, ‘but-in reverse

order with r_e,spect fo the networks in the‘;s,aid

first paths, said networks having open.circuit and

short circtiit impedances related in accordance

] 2771

. 1
+yz.tv,v,

- ZoZs

1
R

210

5

where Zo and Zs are feébecﬁively the' open 'cir- i

cuit -and the short:circuit impedances of the one
pair of similar networks, Yo and Ys are the cor-

networks, and R is an. arbitrarily ‘assigned - re-

transmission network ~comprising

3. A wave-

two paths- connected: in- parallel between' & first
-pair of terminals and asecond pairof terminals, a
‘pair of symmetrical frequency selective networks ~
‘having complementary transmission bands con-
nected in tandém in one of said paths, a pair-of

_responding values for the other: pair of stmilar
a0 -

respectively similar networks connected in tandem-

in"the other of said paths, but in reverse order .
with respect to the networks in the: said first

paths, said networks having open circuit and

30 -

short circuit impedances related .in- accordance

with the equation = ~
. ,’R2=Zon+2YoYs+ Yo¥s

where Zo and_Zg are respectively the open circuib
and the short circuit impedances’.of the one pair

of .similar networks, Yo and Ys are the corre-
“sponding values for the other pair of similar net-
‘works, and R is an arbitrarily assigned resistance. -

4. A transmission network comprising two

‘paths extending in parallel between a pair of in-
‘put. terminals and a Ppair ‘of output terminals,
“two frequency selective networks having substan-

AL

tially complementary . transmission bands dis-
posed.in tandem in one of said paths, and two :

‘respectively similar networks disposed in tandem
in I_feverse, order in the other of said paths, the
- networks of one of the similar pairs being defined ‘5

by two frequency characteristics fi(w) and f2(e)

'whiqhgjqint;ly;,determ,ine'ﬁheir transmission prop- -

erties, and the networks of the other similar pair -

being likewise defined by frequency. characteris- .

tics. f3(w) ‘and fi(w), and the said networks be-

ing so proportioned that the quantity -~

@) — £ ) — B

has all of its minimum- values. equal. -
5. A transmission. network ~comprising two

paths connected in parallel between a pair of

input_terminals and a’ pair -of -output-terminals;

two frequency selective networks having-substan--.: -

tially complementary _transmission bands dis-

65

posed-in tandem in-one: of-said paths, and two.

respectively similar networks disposed in tandem

in reverse order in the other of said paths, said .

similar pairs being -eacli” characterized by - two

“networks being’ composed of Substantially pure- . o
‘reactance elements, the networks of one of the

~70 ;

reactances. Xa and Xp-eéach having a plurality of

critical frequencies, and the networks of :the -~ -

other similar pair being likewise characterized by

reactances Xc and Xd, the magnitude-of said:
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" reactances and the values of their critical fre-
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tlally complementary

quencies being so proportioned that the quantity

-5 ()
X, X X Xy
has all of its minimum values equal.

6. A transmission network comprising two
paths connected in parallel between a pair of
input terminals and g pair of output terminals,
two frequency selective networks having sub-
stantially complementary transmission bands dis-
posed in tandem in one of said paths, and two
respectively similar networks disposed in tandem
In reverse order in the other of said paths, said
networks being composed of substantially pure
reactance elements, the networks of one of the
similar pairs being each characterized by two
reactances X. and Xi each having a plurality of
critical frequencies, and the networks of the
other similar pair being likewise characterized by
reactances Xc and Xq, the magnitude of said re-
actances and the values of their critical frequen-
cies being so proportioned that the quantity

(X — X2 (X, — X2

has all of its minimum values equal,

7. A transmission network comprising two
paths connected in parallel between a pair of
input terminals and a pair of output terminals,
two frequency selective networks having substan-
transmission bands dis-
posed in tandem in one of said paths, and two re-
spectively similar networks disposed in tandem in
reverse order in the other of said paths, said net-
works being composed of substantially pure re-
actance elements, the networks of - one of the
similar pairs being each characterized by two
reactances X, and X» each having a plurality of
critical frequencies, and the ‘networks of the
other similar pair being likewise characterized
by reactances X. and X4, the magnitude of
said reactances and the values of their critical
frequencies being so proportioned that the
quantity '

11 )2

X X
has a plurality of infinite values alternating with
uniform minimum values in a prescribed fre-
quency range, and the quantity

L_Ly
Xc Xd
has a like plurality of infinite values at frequen-
cies in an adjacent range and has minimum
values equal to those of the first mentioned
quantity.

8. A ftransmission network comprising two
paths connected in parallel between a pair of in-
but- terminals and a pair of output terminals,

two frequency selective networks having substan-~:

tially complementary transmission bands dis-
posed in tandem in one of said paths, and two

respectively similar networks disposed in tandem

in reverse order in the other of said paths, said
networks -being composed of substantially pure
reactance elements, the networks of one of the
similar pairs being each characterized. by two
reactances Xz and X» each having a plurality of
critical frequencies, and the networks of the
other similar pair being likewise characterized

by reactances X: and Xa, the magnitude of said.

reactances and the values of their critical fre-
quencies being so proportioned that the quantity

(Xg—Xp)2
has a plurality of infinite values alternating with

7

‘uniform minimum values in g prescribed fre- -

quency range, and the quantity
(Xe—Xa)2

has a like plurality of infinite values at frequen-
cies in an adjacent range and has minimum val-
ues equal to those of the first mentioned quantity.

9. A transmission network comprising two

paths connected in parallel between a- pair of
input terminals and a pair of output terminals,
two frequency selective networks having substan-
tially complementary transmission bands dis-
bosed in.tandem in one of said paths, and two
respectively similar networks disposed in tandem
in reverse order in the other of said paths, said
networks being composed: of substantially pure
reactance ‘elements, the networks of one of the
similar pairs being each characterized by two re-
actances X, and Xp each having a plurality of
critical frequencies, and the networks of - the
other similar pair being likewise characterized
by reactances X, and X, , the said reactances X
and X having poles alternately at frequencies in
& prescribed range having the values

- 2s
fﬂ/ksn<mK, Ic)

wherein fo is a frequency marking one end of the
prescribed range, m is the total number of -poles,
and s is an integer taking the successive values
1 to m, and the said reactances Ze-and X4 have
a like number of poles alternately at frequencies
in an adjacent range having values inversely re-
lated by a common constant to those of react-
ances Xa and Xp. - )
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10. A transmission network comprising two -

baths connected in parallel between a_ pair of
input terminals and a bair of output terminals,
two frequency selective networks having substan-

‘tially . complementary transmission bands dis-

bosed in tandem in one of said baths, and two
respectively similar networks disposed in tandem
in reverse order in the other of said baths, said
networks being composed of substantially pure
reactance elements, the networks of one of the
similar pairs being each characterized by two re-
actances X. and Xy each having a pPlurality of
critical frequencies, and the networks of the
other similar pair being  likewise characterized

by reactances X: and Xa, the susceptances
1 .
X, -
and
Y
X3

having poles alternately at frequencies in a pre-.

scribed range having the values

— 2s
f(n/ksn<m1<, k)
wherein fo is a frequency marking one end of ‘the
prescribed range, m is the total number of poles,
and s is an integer taking the successive values
1 to m, and the susceptances

1
X,

and
1
Xy
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have a like number of poles alternater a.trfre-; -

quencies in an adjacent range having values in-

75




8

10 .
~ two frequency selective networks ‘having substan-

versely related by a common constant to those
susceptances o : : .

1000
Xa

Vand B

_.1‘— E

N . X5 . N
‘11, A transmission network comprising two

paths extending in parallel between a pair of in-

put terminals and a pair of output terminals,

tislly complementary trarismission bands disposed

- jn-tandem in one of said paths, and two respec~

20

peing likewise defined

15 tively similar networks disposed in tandem in re-

_works of “one of -the -similar pairs- being defined

verse order in the other: of said. paths, the net-

by two ‘frequency. characteristics fi(w) -and f2(w)

‘which jointly determine their transmission prop-.

erties, and the networks-of the other similar pair
by frequency characteris-
tics f3(w) and fa(w); and the said networks being

80 proportioned that the poles of the quantity

5
" at frequercies having

30°

BRI S : e
7" has a like number of poles in

G [fl(w)‘flfz(w)]z )
lie within a prescribed frequency'range»a‘nd oeceur
substantially the values

k . 2s. 4, -
foﬁsn(Qm K k) |
wherein fo is a frequency marking one end of the
preseribed Tange, m’is the total number of poles,

‘and s i an -integer- taking the successive values
1. to. 7, and the quantity - - '

an
occurring -at frequencies inversely related by a

o ¢ommon constant to.those of the ﬁifst r;_igntiqned -

- quantity.

540

2120 A constant resistance hetWOrk combination
comprising a pair -of symmetrical frequency se-

" lective networks “having substantially comple~

“mentary transmission bands, one

pair of termi-

@@
adjacent range - - _
wherein R is an

| 2,115,138

nals of each

of-said networks being connected 0 -

a common pair of input-terminals, equal ‘resist- -

the other pairs of terminals
and additional ter-

ances connected to
of said networks- respectively,

minating impedances connected in. paraliel with'

said resistances,.the additional impedance con-
nected to each network being equal to the .short-
circuit impedance of the other network. — i

13.. A constant resistance system in accordance
with claim. 12 in which the said frequency: selec-
tive  networks  are proporticned in accordance
with the relation - P : Lo IT T

i 1 1 2., 1

- ®mzz VAT -

where R is the value of the resistances connected
to the network terminals, Zo and Zs.are Tespec~
tively the open cireuit and short-circuit imped- -
ances.of one network and Yo and Ys are respec-

tively the open circuit and short-circuit imped- 2

ances of the other network. -
. 14. A wave transmission network ‘having six
terminals arranged- in’.three pairs, -comprising

(=18

10

three transmission paths arranged: to ‘intercon-

nect each pair of terminals with each other

pair, 2

frequency selective. networks having substantially -

complementary transmission bands included re--

 spectively in two of said paths -and a network

comprising two tandem- connected portions cor-

cluded in the third of said paths, said- comple-.
‘entary networks being “of symmetrical struc-

“ture and Teing proportioned so that

R R Q- L
 ®TZZ YA

short-circuit impedances’-of one complementary
network and Yo and: Ys are the corresponding:
impedances-of the other complementary network.

STDNEY DARLINGTON.

responding to-said complementary networks -,in-,f3_(>),- :

~ wh ) arbitrarily assigned resistance, -
7, and Zs are respectively the open circuit and’

40



