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DIGITAL COMMUNICATION USING LATTICE DIVISION
MULTIPLEXING

CROSS-REFERENCE TO RELATED APPLICATIONS
[0001] This patent document claims priority to and benefits of U.S. Provisional Patent
Application No. 62/489,401 entitled “DIGITAL COMMUNICATION USING LATTICE
DIVISION MULTIPLEXING” filed on April 24, 2017. The entire content of the
aforementioned patent application is incorporated by reference as part of the disclosure of this

patent document.

TECHNICAL FIELD
[0002] The present document relates to wireless communication, and more particularly, to

data modulations schemes used in wireless communication.

BACKGROUND
[0003] Due to an explosive growth in the number of wireless user devices and the amount
of wireless data that these devices can generate or consume, current wireless communication
networks are fast running out of bandwidth to accommodate such a high growth in data traffic
and provide high quality of service to users.
[0004] Various efforts are underway in the telecommunication industry to come up with
next generation of wireless technologies that can keep up with the demand on performance of

wireless devices and networks.

SUMMARY
[0005] This document discloses techniques that can be used to implement transmitters and
receivers for communicating using a modulation technique called lattice division multiplexing.
[0006] In one example aspect, wireless communication method, implementable by a
wireless communication apparatus is disclosed. The method includes encoding information bits
as a periodic sequence of quadrature amplitude modulation (QAM) symbols, convolving the

periodic sequence with a periodic pulse function, thereby generating a filtered periodic sequence,
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transforming the filtered periodic sequence to a delay-Doppler domain waveform, converting the
delay-Doppler domain waveform to a time domain waveform, and transmitting the time domain
waveform.

[0007] In another aspect, a wireless communication method that includes transforming an
information signal to a discrete lattice domain signal, shaping bandwidth and duration of the
discrete lattice domain signal by a two-dimensional filtering procedure to generate a filtered
information signal, generating a time domain signal from the filtered information signal, and
transmitting the time domain signal over a wireless communication channel is disclosed.

[0008] In another example aspect, a wireless communication apparatus that implements the
above-described methods is disclosed.

[0009] In yet another example aspect, the method may be embodied as processor-
executable code and may be stored on a computer-readable program medium.

[0010] These, and other, features are described in this document.

DESCRIPTION OF THE DRAWINGS
[0011] Drawings described herein are used to provide a further understanding and
constitute a part of this application. Example embodiments and illustrations thereof are used to
explain the technology rather than limiting its scope.
[0012] FIG. 1 shows an example of a wireless communication system.

[0013] FIG. 2 pictorially depicts relationship between time, frequency and Zak domains.

[0014] FIG. 3 pictorially depicts the periodic and quasi-periodic nature of an information
grid in the Zak domain.
[0015] FIG. 4 pictorially depicts the transformation of a single Quadrature Amplitude

Modulation (QAM) symbol.

[0016] FIG. 5 pictorially depicts periodicity of a QAM symbol.

[0017] FIG. 6 is a graphical representation of an OTES waveform.

[0018] FIG. 7 is a graphical representation of a windowing function.

[0019] FIG. 8 is a graphical comparison of transmit waveforms of a single QAM symbol
using OTFS and OTFS-MC (multicarrier).

[0020] FIG. 9 shows a combined waveform for multiple symbols.

[0021] FIG. 10 shows a waveform of modulated QAM signals.
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[0022] FIG. 11 is a flowchart representation of an example of a wireless communication
method.
[0023] FIG. 12 is a flowchart representation of another example of a wireless

communication method.

[0024] FIG. 13 shows an example of a wireless transceiver apparatus.

[0025] FIG. 14 shows an example of a hexagonal lattice. The hexagon at the center region
encloses Voronoi region around the zero lattice point. The two lattice points with arrow
decoration are the basis of the maximal rectangular sub-lattice.

[0026] FIG. 15 pictorially depicts an example in which the Zak domain and the
time/frequency Zak transforms realizing the signal space realization lying in between time and

frequency realizations.

[0027] FIG. 16 shows a depiction of the Zak to generalized Zak interwining transformation.
DETAILED DESCRIPTION
[0028] To make the purposes, technical solutions and advantages of this disclosure more

apparent, various embodiments are described in detail below with reference to the drawings.
Unless otherwise noted, embodiments and features in embodiments of the present document may
be combined with each other.

[0029] Section headings are used in the present document to improve readability of the
description and do not in any way limit the discussion of techniques or the embodiments to the
respective sections only.

[0030] Traditional multi-carrier (MC) transmissions schemes such as orthogonal frequency
division multiplexing (OFDM) schemes are characterized by two parameters: symbol period (or
repetition rate) and subcarrier spacing. The symbols include a cyclic prefix (CP), whose size
typically depends on the delay of the wireless channel for which the OFDM modulation scheme
is being used. In other words, CP size is often fixed based on channel delay and if symbols are
shrunk to increase system rate, it simply results in the CP becoming a greater and greater
overhead. Furthermore, closely placed subcarriers can cause inter-carrier interference and thus
OFDM systems have a practical limit on how close the subcarriers can be placed to each other
without causing unacceptable level of interference, which makes it harder for a receiver to

successfully receive the transmitted data.
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[0031] The theoretical framework disclosed in the present document, including Appendix A
and Appendix B, can be used to build signal transmission and reception equipment that can
overcome the above discussed problems, among others.

[0032] This patent document discloses, among other techniques, a lattice division
multiplexing technique that, in some embodiments, can be used to implement embodiments that
can perform multi-carrier digital communication without having to rely on CP.

[0033] For the sake of illustration, many embodiments disclosed herein are described with
reference to the Zak transform. However, one of skill in the art will understand that other
transforms with similar mathematical properties may also be used by implementations. For
example, such transforms may include transforms that can be represented as an infinite series in
which each term is a product of a dilation of a translation by an integer of the function and an
exponential function.

[0034] FIG. 1 shows an example communication network 100 in which the disclosed
technologies can be implemented. The network 100 may include a base station transmitter that
transmits wireless signals s(t) (e.g., downlink signals) to one or more receivers 102, the received
signal being denoted as r(t), which may be located in a variety of locations, including inside or
outside a building and in a moving vehicle. The receivers may transmit uplink transmissions to
the base station, typically located near the wireless transmitter. The technology described herein
may be implemented at a receiver 102 or at the transmitter (e.g., a base station).

[0035] Signal transmissions in a wireless network may be represented by describing the
waveforms in the time domain, in the frequency domain, or in the delay-Doppler domain (e.g.,
Zak domain). Because these three represent three different ways of describing the signals, signal
in one domain can be converted into signal in the other domain via a transform. For example, a
time-Zak transform may be used to convert from Zak domain to time domain. For example, a
frequency-Zak transform may be used to convert from the Zak domain to the frequency domain.
For example, the Fourier transform (or its inverse) may be used to convert between the time and
frequency domains.

[0036] FIG. 2 shows the relationships among the various domains. The horizontal axis
represents time, the vertical axis represents frequency and signal in the Zak domain is shown as a

2-D shape in the (7, v), or delay-Doppler domain.
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[0037] A Zak waveform could be represented as a function of two variables - delay (1) and
Doppler (v). As disclosed later on in this document, a Zak waveform is periodic along the
Doppler variable and quasi-periodic (up to a phase term) in the delay variable.

[0038] FIG. 3 pictorially depicts the periodic nature of a Zak waveform in the two
dimensions delay (1) and Doppler (v), where each solid circle represents a QAM symbol based
on the data being carried in the Zak waveform.

[0039] FIG. 4 depicts a lattice domain representation of a QAM symbol 402. The lattice
domain is a transform domain representation using two dimensions represented by two
independent vectors (e.g., delay and Doppler or time-frequency). While not explicitly shown for
the sake of clarity, it is understood that the QAM symbol will mathematically occur periodically
in the vertical dimension in FIG. 4. Furthermore, while also not shown for the sake of clarity,
during operation, multiple QAM symbols will be mapped in the rectangle 404. Additionally, the
QAM symbol is quasi-periodic in the horizontal direction (representing time), and the
corresponding phases in each instance are shown by the equations below the graph.

[0040] FIG. 5 graphically shows the effect of integration along the v dimension. For
example, as shown by the equation 502:

!(ﬂ = j_x{z',v}dz_s

0
[0041] Z(x) represents the Zak domain to time transform, representing integration along the
Doppler domain v.
[0042] FIG. 6 is a graphical representation of an Orthogonal Time Frequency Space (OTFS)
waveform 602 plotted along the delay dimension (horizontal) and Doppler dimension (vertical
axis).
[0043] FIG. 7 is a graphical representation of a windowing function 702 using same
coordinate systems as in FIG. 6. The windowing function 702 operates along time and is
depicted along the delay dimension and stretches over one period of the OTFS waveform 602.
[0044] FIG. 8 is a graphical comparison of transmit waveforms of a single QAM symbol
using OTFS and OTFS-MC (multicarrier).
[0045] FIG. 9 shows a combined waveform for multiple symbols, depicting underlying

impulses and shaped pulses, as further explained herein.
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[0046] FIG. 10 shows a waveform of modulated QAM symbols along time (horizontal axis)
direction.

[0047] The sections numbered “A” and “B” below provide additional mathematical
properties and practical uses of the signal waveforms and graphs depicted in FIGs. 5 to 10.
[0048] A0, Introduction to OTFS modulation from Zak theoretic point

[0049] Next few sections explain the OTFS modulation from the Zak theoretic point of
view. This line of exposition push to the forefront the independent status of OTFS as a novel
modulation technique and reveals its unique mathematical attributes. This, in contrast to the
alternative approach of presenting OTFS as a preprocessing step over MC modulation which
somehow obscures the true nature of OTFES and also sacrifice some of its unique strengths. We

focus our attention on the following core theoretical topics:

[0050] (D) Heisenberg theory.

[0051] (2) Zak theory.

[0052] 3) OTFS modulation.

[0053] ) Symplectic Fourier duality relation between OTFS and Multi Carrier

modulations which is a particular case of the general relation between Radar theory and
communication theory.

[0054] Before proceeding into a detailed development, it is beneficial to give a brief outline.
In signal processing, it is traditional to represent signals (or waveforms) either in time or in the
frequency domain. Each representation reveals different attributes of the signal. The dictionary

between these two realizations is the Fourier transform:

{0.4} FT: Loft e W) - Laffs
[0055] Interestingly, there is another domain where signals can be naturally realized. This

domain is called the delay Doppler domain. For the purpose of the present discussion, this is
also referred to as the Zak domain. In its simplest form, a Zak signal is a function < {7-#! of two

variables. The variable 7 is called delay and the variable * 1is called Doppler. The function

A

¥AT Y g assumed to be periodic along ¢ with period ** and quasi-periodic along ¥ with

period T-. The quasi periodicity condition is given by:

F3Y )5 { o oy s i A N e anen £ 3 Feeas P U
(U4} GAT T, B s e EZEENy - T T
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~

[0056] for every ¥ %% € & The periods are assumed to satisfy the Nyquist condition ™
« ¥ = 1. Zak domain signals are related to time and frequency domain signals through canonical
transforms <+ and <% called the time and frequency Zak transforms. In more precise terms,

denoting the Hilbert space of Zak signals by #z. the time and frequency Zak transforms are

linear transformations:

9N
TG}
S B

0.4 Zs

[0057] The pair “+ and ¢ establishes a factorization of the Fourier transform FT =

3

% » {217 This factorization is sometimes referred to as the Zak factorization. The Zak
factorization embodies the combinatorics of the fast Fourier transform algorithm. The precise
formulas for the Zak transforms will be given in the sequel. At this point it is enough to say that
they are principally geometric projections: the time Zak transform is integration along the
Doppler variable and reciprocally the frequency Zak transform is integration along the delay
variable. The different signal domains and the transformations connecting between them are
depicted in FIG. 2.

[0058] We next proceed to give the outline of the OTES modulation. The key thing to note
is that the Zak transform plays for OTFS the same role the Fourier transform plays for OFDM.

More specifically, in OTFS, the information bits are encoded on the delay Doppler domain as a
Zak signal 17 #} and transmitted through the rule:

-\

(0.5} OGTES {a) = Sy lw v mivowdl,

[0059] where @ *= & {72} gtands for two-dimensional filtering operation with a 2D pulse

gy S 3
WLT M

using an operation Y& called twisted convolution (to be explained in the present
document). The conversion to the physical time domain is done using the Zak transform.
Formula (0.5) should be contrasted with the analogue formulas in case of frequency division
multiple access FDMA and time division multiple access TDMA. In FDMA, the information

bits are encoded on the frequency domain as a signal x(f) and transmitted through the rule:
(0.6} FOMA{my =FT{wilisx{ln,
[0060] where the filtering is done on the frequency domain by linear convolution with a 1D

pulse w(f) (in case of standard OFDM w(f) is equal an sinc function). The modulation mapping
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1s the Fourier transform. In TDMA, the information bits are encoded on the time domain as a

signal x(f) and transmitted through the rule:

LU TOMA (&) = Id (w {8} e {1},

[0061] where the filtering is done on the time domain by linear convolution with a 1D pulse
w(t). The modulation mapping in this case is identity.

[0062] Al. Heisenberg Theory

[0063] In this section we introduce the Heisenberg group and the associated Heisenberg
representation. These constitute the fundamental structures of signal processing. In a nutshell,
signal processing can be cast as the study of various realizations of signals under Heisenberg
operations of delay and phase modulation.

[0064] Al.1 The Delay Doppler plane. The most fundamental structure is the delay
Doppler plane ¥ = & equipped with the standard symplectic form:

SR e {7y, e} s 0y T o Ty i

[0066] for every 3 = (i) and vy = {ra.¢2} Another way to express ® is to arrange the
vectors ¥ #3¢ U2 a5 the columns of a 2 x 2 matrix so that © {12} is equal the additive inverse

of the matrix determinant.

[0067] The symplectic form is anti-symmetric * (¥} = =2 {891 thys, in particular
wi{v.vl =0 for every v £ V. We also consider the polarization form:

HERERY
Lo}

[0068] for every ¥1 7 ATy ¥ P NG ¥ AT 28 We have that:
(1.3 Sivy vy~ Alug oy mw{vg e,

[0069] The form f should be thought of as "half" of the symplectic form. Finally, we

@iy = exp{dwin}

denote by is the standard one-dimensional Fourier exponent.
[0070] A1.2 The Heisenberg group. The polarization form f gives rise to a two step
unipotent group called the Heisenberg group. As a set, the Heisenberg group is realized as Heis

K

=V x & where the multiplication rule is given by:

L) Fare i VL e ma} s D he v geris £ 95 o, oy
(3.5 VER A (U S} AU T U AN QLTI W, Uy

N
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[0072] One can verify that indeed rule (1.4) yields a group structure: it is associative, the

“Fig given by:

element (0, 1) acts as unit and the inverse of the element ¥

O b (v exp (28 (e e 27
faie . n
[0073] Most importantly, the Heisenberg group is not commutative. In general, %< i+
., Zp) 36 RS . (0,2} L= gl
Uz, T} 3 {¥1: %1} The center consists of all elements of the form ¥+ % ,# @5 The

multiplication rule gives rise to a group convolution operation between functions:

{1.5 By s g v

[0074] for every pair of functions Ruche € TV We refer to (1.5) as Heisenberg

convolution or twisted convolution. We note that a twisted convolution differs from linear

convolution through the additional phase factor exp
[0075] A1.3 The Heisenberg representation The representation theory of the Heisenberg
group is relatively simple. In a nutshell, fixing the action of the center, there is a unique (up-to
isomorphism) irreducible representation. This uniqueness is referred to as the Stone-von
Neumann property. The precise statement is summarized in the following theorem:Theorem 1.1

(Stone-von-Neumann Theorem). There is a unique (up to isomorphism) irreducible Unitary

representation ¥ ° Heis — I {HG guch that 7093 = alde
[0078] In concrete terms, the Heisenberg representation is a collection of unitary operators

e iae}

7wy 2 VNI forevery ¢ € V' satisfying the multiplicativity relation:

{ £ T N e o o 3 — N PPy o B -, - iy N PO
{38 Tivirowmiml =ewp 93T O we Ry + 1l

Ly WSS A At

[0079] forevery ¥its € ¥ In other words, the relations between the various operators in
the family are encoded in the structure of the Heisenberg group. An equivalent way to view the
Heisenberg representation is as a linear transform < {3 — Op iR} taking a function # & & {17}
and sending it to the operator i & ¥} given by:

.9 Hay = ; f{vydy,

}

vy
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[0080] The multiplicativity relation (1.6) translates to the fact that II interchanges between
Heisenberg convolution of functions and composition of linear transformations, i.e.,

(1.8 Wiy se By o {0 o 0 {Ag,

[0081] for every B i € €T{V

}. Interestingly, the representation 7, although is unique,
admits multitude of realizations. Particularly well known are the time and frequency realizations,

both defined on the Hilbert space of complex valued functions on the real line “* ™= &2 &, For

every © € R, we define two basic unitary transforms:

(1.
(110

[0082] for every ¥ ¥ H. The transform %= is called delay by <€ and the transform M i
called modulation by ¥ . Given a point ** = {7.#} € V" e define the time realization of the
Heisenberg representation by:

L1 seivi o= Lo Mo (@)

[0083] where we use the notation > to designate the application of an operator on a vector.
It is usual in this context to denote the basic coordinate function by ¢ (time). Under this
convention, the right-hand side of (1.11) takes the explicit form exp {/27¥ {t = 739 it~ 73

Reciprocally, we define the frequency realization of the Heisenberg representation by:

{1125 meivd oo Mo Ly (@),
[0084] In this context, it is accustom to denote the basic coordinate function by f

(frequency) Under this convention, the right-hand side of (1.12) takes the explicit form exp

ddmriyp - ’. By Theorem 1.1, the time and frequency realizations are isomorphic in the
sense that there is an intertwining transform translating between the time and frequency

Heisenberg actions. The intertwining transform in this case is the Fourier transform:

{113 Fim{fy = / axp {2 fE) o (B 42,
[0085] for every ¥ = ¢ ", The time and frequency Heisenberg operators

sy fv oy andd wy ez . . . .
sy o) and wy {v 2] are interchanged via the Fourier transform in the sense that:

£3.4 Flom (o) s ae {v o FT

5 J EERNR LI

10
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[0086] forevery © = ¥, We stress that from the point of view of representation theory the
characteristic property of the Fourier transform is the interchanging equation (1.14).

[0087] A2, Zak Theory

[0088] In this section we describe the Zak realization of the signal space. A Zak realization
depends on a choice of a parameter. This parameter is a critically sampled lattice in the delay
Doppler plane. Hence, first we devote some time to get some familiarity with the basic theory of
lattices. For simplicity, we focus our attention on rectangular lattices. The extension of the
theory to non-rectangular lattices (called Heisenberg lattices) appears in the more comprehensive
manuscript.

[0089] A2.1 Delay Doppler Lattices.

[0090] A delay Doppler lattice is an integral span of a pair of linear independent vectors

#1092 €V In more details, given such a pair, the associated lattice is the set:

{2.43 A= {ayg

b g ey e € B}

[0091] The vectors 1 2% g2 are called the lattice basis vectors. It is convenient to arrange

. . . R .
the basis vectors as the first and second columns of a matrix {-1', i.e.,:
(2.4 G= iy o

[0092] referred to as the basis matrix. In this way the lattice A G{ER , that is, the image
of the standard lattice under the matrix . The volume of the lattice is by definition the area of
the fundamental domain which is equal to the absolute value of the determinant of G. Every
lattice admits a symplectic reciprocal lattice, aka orthogonal complement lattice that we denote
by &~. The definition of A s

(3.3} At = {r e Viiwie Ay g & for every Mg A,

[0093] We say that & is under-sampled if & <~ A*. we say that <\ is critically sampled if
A = A% Alternatively, an under-sampled lattice is such that the volume of its fundamental

domain is > 1. From this point on we consider only under-sampled lattices. Given a lattice %,

we define its maximal rectangular sub-lattice as Re_ v
T argmindr >80 (v 03 £ A}
g o= osagmdn{r > 000y e AL

11
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[0094] When either ¥+ or ¥+ , are infinite, we define & = {0F we say a lattice & is
rectangular if & = A~ Evidently, a sub-lattice of a rectangular lattice is also rectangular. A

rectangular lattice is under-sampled if ¥ #*+ > 1. The standard example of a critically sampled

rectangular lattice is dvee = 3 , generated by the unit matrix:

N » i 0
{2.6) Groe = | .

[0095] An mportant example of critically sampled lattice that is not rectangular is the

hexagonal lattice Apey, see FIG. 14, generated by the basis matrix:

s
-4
~
%
~

[0096] where a = /2 /A3 The interesting attribute of the hexagonal lattice is that among

all critically sampled lattices it has the longest distance between neighboring points. The
maximal rectangular sub-fattice of Ay 1s generated by g and 2g, — g,, see the two lattice
points decorated with arrow heads in FIG. 14. From this point on we consider only rectangular
lattices.

[0097] A2.2 Zak waveforms A Zak realization is parametrized by a choice of a critically

sampled lattice: '

“ ‘ {} H e } ~_

[0099] where 77" ¥* = 1. The signals in a Zak realization are called Zak signals. Fixing

~§‘Sr — ;.;"’Q

the lattice A, a Zak signal is a function ¥ * - that satisfies the following quasi

periodicity condition:

(2.9 w{e b A = e (278 (v, N i),
— E—- R o~ ; v ) P O S Fie i ..
[00100] forevery ¥ € Voand & & A Writing A kel ~# condition (2.9) takes the

concrete form:

(2303 (7 kT

{ N - f oy o Vi §m Y
(T br, v+ v = eup {(F2x0br b {m, ¥,

{00101} that is to say that ¥ is periodic function along the Doppler dimension with period
¥y and quasi-periodic function along the delay dimension with quasi period T# . In conclusion,

we denote the Hilbert space of Zak signals by He

12
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[00102] A2.3 Heisenberg action The Hilbert space of Zak signals supports a realization of

the Heisenberg representation. Given an element #& V7, the corresponding Heisenberg

{0 — ’J ;

- N I SR S crary & a2 3 a B
211 S fut e U = exp (278 {u, v — uld
B LITEATS L S N A

operator 7« {¥} is given by:**

[00104] forevery ¥ ©He 1 words, the element u acts through two-dimensional shift in
combination with modulation by a linear phase. The Hesenberg action simplifies in case the
element u belongs to the lattice. A direct computation reveals that in this case the action of U =

A € A takes the form:

£ P R T — N TSN 2 UYL O e
{2123 {m, (R v oF ) = exp (R2rw (A vl @ {u),

[00105] In words, the operator *= A g multiplication with the symplectic Fourier exponent
associated with the point A. Consequently, the extended action of an impulse function # = ()

is given by:

»
Y 1 ¢ I N S B fanh e st i omd fany od
FETRRE {}“L {1} > «} L L RABIFLIWY B \,-,»} [RERRTAS
.
WE
o
i F e Y R fay FUR DT N SR i Y g3
]‘ Y 3T Fluov — AR Y e dUY
nEE

[00106]  forevery ¥ € Hz. Infact, e () & & = R % & that is to say that the extended
action is given by twisted convolution of the impulse A with the waveform ¥ .

[00107] A2.4 Zak transforms There are canonical intertwining transforms converting
between Zak signals and time/frequency signals, referred to in the literature as the

time/frequency Zak transforms. We denote them by:
Be ot My Lyl
Ls

"y
N

[00109] As it turns out, the time/frequency Zak transforms are basically geometric

projections along the reciprocal dimensions, see FIG. 2. The formulas of the transforms are as

follows:
(2,163 ,{ el eid
Fa
(217} G = | ewGgniTiein £

[00110] for every ¥ € Hz . In words, the time Zak transform is integration along the

Doppler dimension (taking the DC component) for every point of time. Reciprocally, the

13
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frequency Zak transform is Fourier transform along the delay dimension. The formulas of the

inverse transforms are as follows:

{2.18) ZUMeyr ey om0 ) expigdnenanlg it S nTe g,

i
£y \ ek = o a5 Y Sy TR Lo \
{288 FM ey r oy o 5«. exp i fdnr {en SRR ey ned,

[00111] for every * © Ly {‘*M From this point on we will focus only on the time Zak
transform and we will denote it by &= D¢, Asan intertwining transform = interchanges
between the two Heisenberg operators = {2} and 7w {2, Tiie.,:

{200 Zomy v = mpivie &

L £l s “ ;\a.-‘} A T TG LD,

[00112]  forevery © € ¥, From the point of view of representation theory the characteristic
property of the Zak transform is the interchanging equation (2.20).
[00113] A2.5 Standard Zak signal Our goal is to describe the Zak representation of the

SO ER wr $EY e i 0 \‘ L0 T
{A.a*;* };N‘,} w N .
’ C ) otherwise

window function:

[00115] This function is typically used as the generator waveform in multi-carrier

-

modulations (without CP). A direct application of formula (2.18) reveals that ¥ = < REIET

given by:
{2.22) Firpl= Z wirnrapir —ar,

D e o b oo KE L) . .
[00116] One can show that # {&7¢: %5} = 1 for every # < {1} which means that it is of

constant modulo 1 with phase given by a regular step function along 7 with constant step given
by the Doppler coordinate v. Note the discontinuity of P as it jumps in phase at every integer
point along delay. This phase discontinuity is the Zak domain manifestation of the discontinuity
of the rectangular window p at the boundaries.

[00117] A3. OTFS

[00118] The OTES transceiver structure depends on the choice of the following parameters:

{B.ev} ) a filter function * < %'} and an information

a critically sampled lattice & = & {7+, 3}
grid specified by . 4f & N, We assume that the filter function factorizes as @ {75} = - v}y {7}
where the delay and Doppler factors are square root Nyquist with respect to

Ar = AN aud o= SM respectively. We encode the information bits as a periodic 2D

14
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sequence of QAM symbols # & & maAT mAr] with periods (N, M). Multiplying & by the
standard Zak signal P we obtain a Zak signal = P. A concrete way to think of # P is as the
unique quasi periodic extension of the finite sequence * AT, AP where n=0, .., N-1 and m
=0, .., M-1. We define the modulated transmit waveform as:

{3.4 Adfey = 2l {ussx

= Eluwrs,a P
[00119] To summarize: the modulation rule proceeds in three steps. In the first step the
information block ¥ is quasi-periodized thus transformed into a discrete Zak signal. In the
second step, the bandwidth and duration of the signal are shaped through a 2D filtering
procedure defined by twisted convolution with the pulse w. In the third step, the filtered signal is
transformed to the time domain through application of the Zak transform. To better understand

the structure of the transmit waveform we apply few simple algebraic manipulations to (3.1).

First, we note that, being an intertwiner (Formula (2.20)), the Zak transform obeys the relation:

{3 EL Gy s,a FY = T () o Fia s Y

[00120] Second, we note that the factorization * {row) = e (Tl {¥) can be expressed as
twisted convolution ¥ = Wsr ¥y W Hence, we can write:

3.3 Tl 8 P =

[00121] where Wi o= B L, \i and * stands for linear convolution in time. We refer to

P
P

the waveform < (& * £} a5 the bare OTES waveform. We see from Formula (3.3) that the

transmit waveform is obtained from the bare waveform through windowing in time followed by
convolution with a pulse. This cascade of operations is the time representation of 2D filtering in
the Zak domain. It is beneficial to study the structure of the bare OTFS waveform in the case ¥

is supported on a single grid point (aka consists of a single QAM symbol), i.c.,
a = 3 {nAT, mAN] 1 this case, one can show that the bare waveform takes the form:

{34y Bl Py t‘: exps {FRmyn{ K+ 0 /N VANV S {K v+ ndry,

.
F3y

[00122] In words, the bare waveform is a shifted and phase modulated infinite delta pulse

train of pulse rate > = i where the shift is determined by the delay parameter n and the

15
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modulation is determined by the Doppler parameter m. Bare and filtered OTFS waveforms
corresponding to a single QAM symbol are depicted in FIG. 6 and FIG. 7 respectively. We next

proceed to describe the de-modulation mapping. Given a received waveform @y, its de-

= 13

modulated image ¥ {¥x:! is defined through the rule:

(4.5 Plopd = w0y 27 (g1,

[00123]  where ** is the matched filter given by #¥* (s} = exp [ ~j2n
incorporate an additional step of sampling ¥ st (arowditforn =05 8- Lgnd w80 4
[00124] A3.1 OTFS channel model The OTFS channel model is the explicit relation

between the input variable x and the output variable y in the presence of a channel . We

(TR

. . . 3 2 1 WY F ooy li. {-‘.- .
assume the channel transformation is defined as & = (i where ™* = #17.¥} ig the delay

Doppler impulse response. This means that given a transmit waveform Y the received

I & A AU
= H {p 3

waveform ¥ex is given by:

.
JETR TN N U YRR L) S XY Y e
{3.63 Yo / R pdexp {fame{t - iy, (8 drde,
&£
T

[00126] If we take the transmit waveform to be ¥ =

reveals that;

feeo
(i}

[00127]

the form:

(3.5 g Ry e B
[00128] The delay Doppler impulse T represents the filtered channel that interacts with

the QAM symbols when those are modulated and de-modulated through the OTFS transceiver

) . ¥y . . N
cycle. One can show that under some mild assumptions ‘%:¢ is well approximated by #* &*~
where * stands for linear convolution and @' == w¥* = w {g the linear auto-correlation function.

= & {{} G ----- Tl W R oo

. . . I:? jeceet P “‘\:‘3‘
In case the channel is trivial, thatis™* U thus

after sampling we get (an approximate) perfect reconstruction relation:

16
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(3.8 yindr, mAsl coaindr mded

[00129]  forevery s =1, N —1and o =4 A -1

[00130] Ad. Symplectic Fourier Duality

[00131] In this section we describe a variant of the OTFS modulation that can be expressed
by means of symplectic Fourier duality as a pre-processing step over critically sampled MC
modulation. We refer to this variant as OTFS-MC. For the sake of concreteness, we develop
explicit formulas only for the case of OFDM without a CP.

[00132] A4.1 Symplectic Fourier transformWe denote by 7> (V) the Hilbert space of
square integrable functions on the vector space V. For every v £ ¥ we define the symplectic

exponential (wave function) parametrized by v as the function ¥ ° ¥ " < given by:

B R TR Sd inery F oo e 8 S e Y
(4.1} g, fud s exp (3w {vouwd),

[00134]  forevery ® = V. Concretely, if # = {7.¢} and ¥ = {7# then ¥ U} =
exp {72 (b7’ — 7

¥} Using symplectic exponents we define the symplectic Fourier transform

as the unitary transformation 3F @ L2 (3} = L2 {1V} gjven by:

S4an TN e Faeny
4. SE (g ()

== / excp {7 8mwiv, v e (07
{00135} The symplectic Fourier transform satisfies various interesting properties (much in
analogy with the standard Euclidean Fourier transform). The symplectic Fourier transform

converts between linear convolution and multiplication of functions, that is:

S s . TR N LR
{4.9; SE{gy v gul e 5F tg i S igal,

[00136] for every §i: g2 € L2 (VY Given alattice & < ¥, the symplectic Fourier transform
maps sampled functions on 4 to periodic function with respect to the symplectic reciprocal

lattice A~ . That is, if g is sampled and G = SF (g) then &in+a

Ve GHES forevery ¥ € Y oand
A7 = A% This relation takes a simpler form in case A is critically sampled since A+ == A
Finally, unlike its Euclidean counterpart, the symplectic Fourier transform is equal to its inverse,
that is SF = SF.

[00137] A4.2 OTFS-MC. The main point of departure is the definition of the filtering pulse

w and the way it applies to the QAM symbols. To define the MC filtering pulse we consider

17



WO 2018/200577 PCT/US2018/029209

o

sampled window function ¥ ¢ & =+ & on the lattice % = &7» & Z% . We define w to be the

symplectic Fourier dual to W:

T ess — O SR
IEE w = 8F § ) .

By definition, w

}oom e {v)

is a periodic function on V satisfying w & &% 4 forevery # € ¥ and X & A,

Typically, W is taken to be a square window with 0/1 values spanning over a certain bandwidth

o A

B o= 3w, * 7+ Tn such a case, w will turn to be a Dirichlet sinc function

. T
and duration *

that is Nyquist with respect to the grid 4«.ss = 27 & 2280, \where:

(4.3} Arowm TN
(4.6} A o= M
[00140] More sophisticated windows designs can include tapering along the boundaries and

also include pseudo-random scrambling phase values. As before, the bits are encoded as a 2D

periodic sequence of QAM symbols * = F RAT AV iy period (N, M). The transmit
waveform is defined through the rule:

(4.7} My iy = Z{{w szl Py,

[00141] In words, the OTFS-MC modulation proceeds in three steps. First step, the periodic
sequence is filtered by means of periodic convolution with the periodic pulse w. Second step, the
filtered function is converted to a Zak signal by multiplication with the Zak signal P. Third step,
the Zak signal is converted into the physical time domain by means of the Zak transform. We
stress the differences from Formula (3.1) where the sequence is first multiplied by P and then
filtered by twisted convolution with a non-periodic pulse. The point is that unlike (3.1), Formula

(4.7) is related through symplectic Fourier duality to MC modulation. To see this, we first note

o ww t‘\ DR E SN * % R o WE e . .
that * ¥ 4 T X here X = 8F (2}, This means that we can write:
(4.5 sl P o= ; Wit N i -

RCY
= S WX (R (> P
=4

[00142] where the first equality is by definition of the Symplectic Fourier transform and the
second equality is by Formula (2.12). We denote Xw= W+ X. Having established this relation

we can develop (4.7) into the form:
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(4.0} Aye iy = SN X (A m (A e B
XA
= N N (A Eir (Ao P

AEA
— S Yo (A T (AT o B F
== S IAT T A B S8
- SRS 3
ALA
N N R NN
* ; X § Y\ v e
> X (Ala {2 o,
A&

SA

[00143] where the third equality is the intertwining property of the Zak transform and the
forth equality is by definition # = <} In case of OFDM without CP, the pulse p is given by
the square window along the interval 0.7 Consequently, the last expression in (4.9) can be

written explicitly as:

{410} =2 ; CTRRY - S T Ly M v g

{: Xy {ere e Yesp {2, - i)

i

[00144] The reader can recognize the last expression of (4.10) as MC modulation of the

(windowed) sequence of Fourier coefficients Xw. It is interesting to compare the transmit
waveforms of OTFS and OTFS-MC corresponding to single QAM symbols. The two structures

are depicted in FIG. 8. The main structural difference is the presence of discontinuities at the

grid points 7+ in the case of OTFS-MC.

[00145] BO. Introduction to OTFS Transceiver Operations from Realization
Theory Perspective

[00146] In the subsequent sections, we introduce yet another mathematical interpretation of
the OTES transceiver from the point of view of realization theory. In a nutshell, in this approach
one considers the signal space of waveforms as a representation space of the Heisenberg group
or equivalently as a Hilbert space equipped with collection of Heisenberg operators, each
associated with a different point in the delay Doppler plane. This representation space admits
multitude of realizations. The two standard ones are the time and frequency realizations and they
are related through the one-dimensional Fourier transform. In communication theory the TDMA

transceiver structure is naturally adapted to the time realization as QAM symbols are multiplexed
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along the time coordinate while the OFDM transceiver structure is naturally adapted to the
frequency realization as the QAM symbols are multiplexed along the frequency coordinate. The
main observation is that, there is a canonical realization lying in between the time and frequency
realizations, called the Zak realization. Interestingly, waveforms in Zak realization are
represented as functions on a two-dimensional delay Doppler domain satisfying certain quasi-
periodicity condition. The main message of this note is that the Zak realization is naturally
adapted to the OTES transceiver. Viewing the OTFES transceiver from this perspective extenuates
its novel and independent standing among the other existing transceiver structures. For

convenience, we summarize in the following table the main formulas presented in this note:

QP
Z-Heis
Z-Heis {lattice)

Zak to time Fije ¢ U2}

thie o Zak Fevime 2l {70} =

Zak to freg

fraqg to Zak
NoFak 1o Lak

Zak o N-Zak
P
Z

—sid window

[00147] where the Q abbreviate Quasi and Z abbreviate Zak.

[00148] B1. Mathematical preliminaries

[00149]  B1.1 The Delay Doppler plane Let " == &~ be the delay Doppler plane equipped
with the standard symplectic bilinear form & : Vox V- ggigiven by:

(1.1} iy sl = pyTe — Ty,

T

st

2 7o

[00151] for every ¥t = {r1.¢1} and U2 = {72:¥2} Apother way to express o is to arrange
the vectors v, and v, as the columns of a 2 x 2 matrix. The symplectic pairing w (v4, v;) is

equal the additive inverse of the determinant of this matrix, i.e..:

wivi.val = —ddet {y
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[00152] We note that the symplectic form is anti-symmetric, i.e., * { —w it thys, in

particular « (#:¥} = & for every v € V. In addition, we consider the polarization form

2.V« V -+ ® given by:

(1.2} S{vy. v} = 1y7a,

[00153] for every “1 = {Tt:11} and V2 = 17H: ¥ 2}, We have that:

(1.3} S{vy, o) — Flvavy} = wilvp el

[00154] The form ,8 should be thought of as “half” of the symplectic form. Finally, we
denote by ¥ (=} = exp {27i:} ig the standard one-dimensional Fourier exponent.

[00155] B1.2 Delay Doppler LatticesRefer to Section A2.1 above.

[00157]  B1.3 The Heisenberg group The polarization form < : ¥ ¥ — R gives rise to a
two-step unipotent group called the Heisenberg group. As a set, the Heisenberg group is realized
as Heis = ¥ » &7 where the multiplication rule is given by:

(141 {1, 27} - (v, 2

ey

= {t + iy
[00159] One can verify that indeed the rule (1.11) induces a group structure, i.e., it is

associative, the element (0, 1) acts as unit and the inverse of {¥: </ is | {—ee{d e elia T we

note that the Heisenberg group is not commutative, i.e., ¥1 %2 is not necessarily equal to ¥ ~ %1,

{ s

ol TR
The center of the group consists of all elements of the form * {421 2 = 5 The multiplication

rule gives rise to a group convolution operation between functions:

(1.1 f®

[00160] for every pair of functions Fiuf2 % (Heis). We refer to the convolution operation
& as Heisenberg convolution or twisted convolution.

[00161] The Heisenberg group admits multitude of finite subquotient groups. Each such
group is associated with a choice of a pair {A.£} where A < V' isan under-sampled lattice and
€: A — 5 {5 a map satisfying the following condition:

[00162] Using ¢ we define a section map : A — Heis given by €{A} = [X.€{A}l} One
can verify that (1.13) implies that € isa group homomorphism, that is £ {A1 + Az} =

€M (N} 1o summarize, the map * defines a sectional homomorphic embedding of :\ as a
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subgroup of the Heisenberg group. We refer to ©asa Heisenberg character and to the pair (A el

as a Heisenberg lattice. A simple example is when the lattice :\ is rectangular, i.c., A=A

this situation 714 = O thus we can take € = 1 , corresponding to the trivial embedding

€4Ar = (A1} A more complicated example is the hexagonal lattice =x equipped with

I O R
Chex « sz‘.ex pul s glven by:

2

4y,

(1.14; Eher iy + 120} = W {0

[00163] for every .7 < % An Heisenberg lattice defines a commutative subgroup A

(A, e (MY,

Heis consisting of all elements of the form A €A The centralizer subgroup of Im¥ jg

the subgroup 4~ % &', We define the finite subgotient group:

f1 1R PRI 3 i L LI A
{1.15} Heis{A,ei = A" x 5 /Imze,
[00164] The group Heis (4€! i5 a central extension of the finite commutative group A° /A

Y N C e e s .
by the unit circle 57 that is, it fits in the following exact sequence:

{1.16) 8% s Heis{A, e} — A5 /A,

[00165] We refer to Heis '+ €) as the finite Heisenberg group associated with the Heisenberg

lattice 145!, The finite Heisenberg group takes a more concrete from in the rectangular case.

Specifically, when * = & and € = 1, we have

multiplication rule given by:

(117} (kg dyom) {Relo oy = {hy Hha s + 5,0 (Giha /N ),

[00166] B1.4 The Heisenberg representationThe representation theory of the Heisenberg
group is relatively simple. In a nutshell, fixing the action of the center, there is a unique (up-to
isomorphism) irreducible representation. This uniqueness is referred to as the Stone-von
Neumann property. The precise statement is summarized in Section A1.3:The fact that  is a

representation, aka multiplicative, translates to the fact that 1! interchanges between group
ey =

convolution of functions and composition of linear transformations, i.e., p= i el )

G = ;

Since 7 *Id7 by Fourier theory, its enough to consider only functions /" that satisfy the

SR ACH ) Identifying such functions with their restriction to

Vo=V x{i}
(1}

condition J ¥ we

can write the group convolution in the form:
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[00169] Interestingly, the representation z, although is unique, admits multitude of
realizations. Particularly well known are the time and frequency realizations which are
omnipresent in signal processing. We consider the Hilbert space of complex valued functions on

the real line 7 = ©

“i. To describe them, we introduce two basic unitary operations on such
functions - one called delay and the other modulation, defined as follows:
{1.20) Dielay

{1.21) Maodulation

[00170] for any value of the parameter -+ = R and every function ¥ © # Givena point

¥ =1{7.#! we define the time realization of the Heisenberg representation by:

13

[00171] where we use the notation ™ to designate the application of an operator on a vector.

It is accustom in this context to denote the basic coordinate function by 7 (time). Under this

{

convention, the right hand side of (1.22) takes the explicit form % it —rhe{t -7}
Reciprocally, we define the frequency realization of the Heisenberg representation by:

Sy oy e . S N A (e
11.23) T (e e g = M e L, (s

[00172] In this context, it is accustom to denote the basic coordinate function by

f (frequency). Under this convention, the right hand side of (1.23) takes the explicit form

wwi=7{1¢if =¥} By Theorem 1.1, the time and frequency realizations are isomorphic. The
isomorphism is given by the Fourier transform:

{1.24) FT{o{f) = / exp{—2miftio (fdt,
o T

[00173] for every ¥ = ‘L. As an intertwining transform FT interchanges between the two

2,5

. e, o) Telw, o) .
Heisenberg operators 't *:~:and “f %~/ {e.;

{1.25) FTom™ {y,2) = 7% {1, 5} 0 FT,
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[00174] for every {#: %} From the point of view of representation theory the characteristic
property of the Fourier transform is the interchanging equation (1.25). Finally, we note that from
communication theory perspective, the time domain realization is adapted to modulation
techniques where QAM symbols are arranged along a regular lattice of the time domain.
Reciprocally, the frequency realization is adapted to modulation techniques (line OFDM) where
QAM symbols are arranged along a regular lattice on the frequency domain. We will see in the
sequel that there exists other, more exotic, realizations of the signal space which give rise to a
family of completely new modulation techniques which we call ZDMA.

[00175] The finite Heisenberg representation. It is nice to observe that the theory of the
Heisenberg group carry over word for word to the finite set-up. In particular, given an
Heisenberg lattice {2 €/, the associated finite Heisenberg group Heis (- €} admits a unique up to
isomorphism irreducible representation after fixing the action of the center. This is summarized
in the following theorem.

[00176] Theorem 1.2 (Finite dimensional Stone-von Neumann theorem). There is a unique
(up to isomorphism) irreducible unitary representation ¥« - Hels (A ) — L7 {H) guch that

T ALY =

N 2 _ ﬁ A + ,-"; A

2% Moreover 7« is finite dimensional with dim ® = & where

[00177] For the sake of simplicity, we focus our attention on the particular case where

A=E{r. Bz

0} g rectangular and € = 1and proceed to describe the finite dimensional

counterparts of the time and frequency realizations of "¢ To this end, we consider the finite

dimensional Hilbert space 7txv=5%{

SATY
N

AV} of complex valued functions on the ring £/, aka - the

s

finite line. Vectors in 7 can be viewed of as uniformly sampled functions on the unit circle. As

in the continuous case, we introduce the operations of (cyclic) delay and modulation:

{1.26% Loigiimy = gim—n},
{1.273 Moleotimd = winm/Nigiml,
[00178]  forevery ¥ € i~ and # = /¥ noting that the operation m — n is carried in the

cyclic ring £/¥, Given a point {h/vy 7o) € A% e define the finite time realization by:

¢ O 3 g . - y . N -
R TR a PR AT L T }i— T N e :‘x,f_ §om
‘\i,;n&j T VR, 80T (2 1 8 = X }_—.e T

4
& i
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[00179] Denoting the basic coordinate function by # we can write the right hand side of (1.28)

iy f

in the explicit form #¥ {{{n — &} /N 1wt — &} Reciprocally, we define the finite frequency
realization by:

ST freq rr. ., 3 R O . foan
§1.293 g, o kfrs it st e =2 Mg o Ly,

[00180] Denoting the basic coordinate function by m the right hand side of (1.29) can be

written in the explicit form #+ {—f/N}y (= — I} By Theorem 1.2, the discrete time and
frequency realizations are isomorphic and the isomorphism is realized by the finite Fourier

transform:

Vo
{1.30) FFT (o (mj= S  exp{—2mimm N},

n=G

[00181] As an intertwining transform the FFT interchanges between the two Heisenberg

L 2 E T Freg {ar Yy

operators “= ‘™ “fand T¢ Ui el

{1.31} FFT onl™ (v, 2) = a0 {v. 2} o FFT,

[00182]  forevery o) = Heis (A, e}
[00183] B2. The Zak realization
[00184] B2. 1 Zak waveforms See previous discussion in A2.2. In this section we describe a
family of realizations of the Heisenberg representation that simultaneously combine attributes of
both time and frequency. These are known in the literature as Zak type or lattice type realizations.
A particular Zak realization is parametrized by a choice of an Heisenberg lattice (A, €) where A
R

is critically sampled. A Zak waveform is a function ¥ that satisfies the following

AR
quasi periodicity condition:" =4
[00186] There is an alternative formulation of condition (2.1) that is better suited when

considering generalizations. The basic observation is that the map € defines a one dimensional

i

CANEY S I e " B LANES SEC R
¢ satisfying the extra condition that == ™ ¢ This

representation
representation is given by #- 4.2 =« s Indeed, verify that:

RS I R SX R o -" Y ‘ H ——
{22} Ty 3} W {Ag, fyd =
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.. - ,\ N ‘\\g . . . . v S Loy o
00187 In addition, we have that T (A £ AL = L iiving the relation t € < ker 7.
, piying
oo .. . _ . [ SO SRk S (e
Hence 7=, is in fact a representation of the finite Heisenberg group Heis {4-¢} = AxSH I

Using the representation <, we can express (2.1) in the form:

o~

2.4 e Ay =0 {8 (v, A} {*, (A b {'z..\}} .

SXT

[00188] We denote the Hilbert space of Zak waveforms by “* 4+ F<! or sometimes for

B

short by .15 “%e- For example, in the rectangular situation where & = &+ apd £ == 1. condition

o i 4

(2.1) takes the concrete form **°

=

- PR B owas ais fysfear 3}
Toa 8 - PR 20 P {ERT )

' 3T that is, ¥ is periodic
function along the Doppler dimension (with period #+ ) and quasi-periodic function along the
delay dimension. Next, we describe the action of the Heisenberg group on the Hilbert space of

o “;Li
N £

Zak waveforms. Given a Zak waveform , and an element ¥ <} ¥ Heis, the action of

the element on the waveform is given by:

\

St

vy = -@¢{fhu,v—ullglv—u),
In addition, given a lattice point X € A | the action of the element © *) = {4 1A pares the
simple form:

[00189] where in the first equality we use (2.4), in the second equality we use (2.1) and the
polarization equation (1.3) and in the third equality we use (1.13). To conclude, we see that

TEEINY . T . . . . .
AN i given by multiplication with the symplectic Fourier exponent associated with the

point A As usual, the representation gives rise to an extended action by functions on ¥ . Given a

o ST
}»’. N T)

function * = ™ ¥ ! its action on a Zak waveform

o - H . .
SYE AN o ab i P A T TUE) A gy 1)
(2.6} {{,\ (fn g dwi gy {0} == ’1 Fiwd AGARECE RS SRR
'
¥

i VNt \
EREREIG AR R S R4
{",:’:‘?“”
. TEiRY o oY RS
[00190] From the last expression we conclude that ' i} & ¥ =4&% pamely the extended
P y

action is realized by twisted convelution of the impulse h with the waveform ¥ .
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[00191] B2.2 Zak transformsSee also section A2.4. By Theorem 1.1, the Zak realization is
isomorphic both to the time and frequency realizations. Hence there are intertwining transforms
interchanging between the corresponding Heisenberg group actions. These intertwining

transforms are usually referred to in the literature as the time/frequency Zak transforms and we

“2?} -‘:S'(’.'Eﬁli-\,t‘ D He = Huwe =€ \ &Y
(2N .:'_::i‘-(;(‘ ‘ : /}"{“.; — /}"’ ==
denote them by:* } resy ¢ 7 Thfenry J

[00193] As it tums out, the time/frequency Zak transforms are basically geometric pro-

jections along the reciprocal dimensions, see FIG. 2. Formally, this assertion is true only when

v 0y 8 Z0,00)

is non-trivial, i.e., when the

A =

the maximal rectangular sublattice * =

g ¢
T i P

rectangular parameters X Assuming this condition holds, let - T2 Fr denote

the index of the rectangular sublattice A; with respect to the full lattice A, 1e.,”

example, when ** = Nec we have Tr = ¥» = Land N = 1 When & = Aner we have

N e ;X, N A‘; FOI'

r = @ oand ¥ = 279 and consequently N = 2. Without loss of generality, we assume that

[00194] Granting this assumption, we have the following formulas:

53

e
£ GY 54 FoAYEEY s At e e
{2.9] Aatmee iHED s / @it g )i,
40
BT o P ey e Y e
‘.i-—“}} B I AN B f G T T,
s

[00195] We now proceed describe the intertwining transforms in the opposite direction,

which we denote by:

{:i}\ ’3{‘;‘-5:1}»:- s '?{~
(2123 Hive, — H

~tinge

. . . i Frea
[00196] To describe these we need to introduce some terminology. Let “+  and prres
denote the time and frequency realizations of the Heisenberg representation of the group Heis

F A 1Y pibme pfrec o~ N . TT . .
(A 1) b U E U gre the unique (up to multiplication by scalar) invariant vectors

bixy

under the action of ‘¢ through T and 7Y respectively. The formulas of (2.11) and (2.12)

arc:
{213
N3
Ze bimne ‘\\“\ “’\'M pi= E . S ,f}t“ i (o (B/N i (r+ 7 (AN + )
Frexdd nl
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N o=

[00197] In the rectangular situation where A=A and € = 1 wehave and
B w BTG o Substituting these values in (2.13) and (2.14) we get:

{2.16} = STt (i nd

[00198] In addition, in the hexagonal situation where * = Aex and € = €hexs we have

A o Y ve o Ol L RiBwme vy Afveq 4 0 o
N=2%r7 =6 =2 and b = (1,4}, 8779 = (1.~} Substituting these values

in (2.11) and (2.12) we get:

P B el
{217}

S fomy i 1 r‘,)__‘_q__. )‘;‘\] e dey ’r'\;
Soe freg HEOE N (,.u:\ LR I \!' o (\.'

[00199]  Furthermore, one can show that “sue. © Zeza X T hence the pair of Zak trans-
forms constitute a square root decomposition of the Fourier transform, reinforcing the
interpretation of the Zak realization as residing between the time and the frequency (see FIG. 15).
As mentioned before, the characteristic property of the Zak transform is that it interchanges
between the Heisenberg group actions:

[00200] Proposition 2.1. We have:

£y - e fn€ Fae W) b " e eblme Ve

‘-*r§~9_§ Zme,e AT AT, T ) o= R N

5y = T N UG S 1 -7 O SO U R
{2 260 ) Lfpags VB VK } R (RENE I O SN

for every o & M, and (v, 21 &
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{00201} Example 2.2. As an example we consider the rectangular lattice A

»} and the trivial Heisenberg character € = 1. Under these choices, we describe the

oy B
Z i

Zak realization of the window function:

1 & e
,.-‘.-} 3 N e FEY ( i {} = } e
{,..\...i} 2 Q?} = ") .
: ’ | 1 U otherynse

{00202} This function is typically used as the generator filter in multi-carrier modulations

(without CP). A direct application of formula (2.15) reveals that is given by:

(2.2 Piroy=Y dlvnrdplr —ar.

[00203]  One can show that * {(#7: &/7r b= oy every a, b € 10: 1} which means that it is
of constant modulo 1 with phase given by a regular step function along ¥ with constant step
given by the Doppler coordinate . Note the discontinuity of P as it jumps in phase at every
integer point along delay. This phase discontinuity is the Zak domain manifestation of the
discontinuity of the rectangular window p at the boundaries.

[00204] B3. The generalized Zak realization

[00205] For various computational reasons that arise in the context of channel equalization
we need to extend the scope and consider also higher dimensional generalizations of the standard
scalar Zak realization. Specifically, a generalized Zak realization is a parametrized by an under-
sampled Heisenberg lattice (A €) Given this choice, we fix the following structures:

[00206] Let Heis (A€} = A tox SYA, , be the finite Heisenberg group associated with

P

(A€} see Formula (1.15). Let ¥~ = 14 1 8 pe the index of 4 inside A~ Finally, let T« be the

finite dimensional Heisenberg representation of Heis (Aved At this point we are not interested in
any specific realization of the representation ' ¢ .

2V = T hat satisfy

[00207] A generalized Zak waveform is a vector valued function ¥
the following ** ¢ , quasi-periodicity condition:
(3.1 (o Ay = {26, A0 {7” I3 o o) Ix

3

[00208] forevery ¥ € ¥ and A € A*. Observe that when the lattice A is critically sampled,

we have N = 1 and condition (3.1) reduces to (2.3). In the rectangular sitnation where
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PUREEY:

A=28,¢=1 wecantake "~ "¢ thus the quasi-periodicity condition (3.1) takes the
explicit form:

B P T SN : ¢§ P S N R P LR DR AN ¥ s e [ 3
(\-5‘2} AT A R .7; Tedm iR {4.;.‘ BN A Lo 2T !--’}} .

{

. 9 e {3 N = (ki liv) .
[{00209] where we substitute ¥ = {7: ) ang & = W10 T ) gy particular, we see from

(3.2) that the nth coordinate of ¥ satisfies the following condition along Doppler:

[00210] (3.3} o ir e iim ) s {—nd /N, (ropy,
[00211]  forevery {r,1) € V and I € Z. we denote by He = H{V. %) the Hilbert
space of generalized Zak waveforms. We now proceed to define the action of Heisenberg group
on H:. The action formula is similar to (2.4) and is given by:

SRR f \

[00212] \3;) {7»’ (o, ‘\> e <,-;?} {2 A %) fu {?.5: - 7‘) @A At

[00213]  forevery ¥ £ F and {#,2) € Heis. Similarly, we have {Felihe e ptin =
Erfee (A il {v) for every A € AL

[00214] 3.1 Zak to Zak intertwining transforms

{00215} The standard and the generalized Zak realizations of the Heisenberg representation
are isomorphic in the sense that there exists a non-zero intertwining transform commuting

between the corresponding Heisenberg actions. To describe it, we consider the following setup.
We fix a critically sampled Heisenberg lattice (A, €)and a sub-lattice &’ € A of index N. We

denote by £ the restriction of € to the sub-lattice A’ Our goal is to describe the intertwining

transforms (See FIG. 16):

(3.5) Lo Hor Mo,
{3.6) Few 1 H s Hee

[00216] We begin with the description of Zew Let £ €T be the unique (up-to
multiplication by scalar) invariant vector under the action of the subgroup ¥ £ = 8{7) € Heis
A% through the representation Ter namely, ¢ satisfies the condition:

e A A e LA B (o
[00217] for every A € A. Given a generalized Zak waveform ¥ € Hoo the transformed

Fooi oy . .
waveform <+ ¥/ is given by:

§y 0 facd Can Y e £ e Y
{3.7) Seer iy o) = {{ i),

30



WO 2018/200577 PCT/US2018/029209

{00218} for every ¥ € V. In words, the transformed waveform is defined pointwise by

taking the inner product with the invariant vector - We proceed with the description of et e
To this end, we define the Hilbert space of sampled Zak waveforms. A sampled Zak waveform is
a function © : A" — € satisfying the following discrete version of the quasi-periodicity
condition (2.3):

£ WPN L 3 R AN e P AT el LAY
(3.8} S{d 4 Ay = @ {3 {d AN w, (A7 b {d),

[{00219] for every 3 & A™ and A € & We denote the Hilbert space of sampled Zak

HINH w ). HAIANS w ) s e 4 .
: P77 One can show that ** 2" > “</ is a finite dimensional vector space

VAT = A A= N

waveforms by

The Hilbert space of sampled Zak waveforms admits an

A

of dimension

action of the finite Heisenberg group Heis { This action is a discrete version of 2.4) given
by:

{3.9) fme{d. ) o :;i)} {;8?"} s E {;;’3 {‘(5‘, A r)}; @ {-{\‘" - } .
o= 3 R R _"\ . A 87 v R
[00220] forevery “ = HA™. %o} and points 2+ ¢ € A We can now define the

intertwining transform ~¢¢

. = . o= B (o)
Given a Zak waveform ¥ € e the transformed generalized waveform ¥ Zeslelis a

function on J taking values in the N dimensional Hilbert space 714377} =<7 defined by:
{3.1; SO0 = (=8 8 e le w8,

[00221] for every v € ¥ and § & A For the sake of concreteness, it is beneficial to
describe in detail the rectangular situation. We consider a rectangular lattice &4 = &, with trivial
embedding € = 1 and the sublattice " = Z (7.8} 2 Z{0. Nv»-}. Evidently, we have WA= N
For these particular choices, the structures described above take the following concrete form:
e The finite Heisenberg group associated with (¢ is given by:
Heis {A &) = A A X 8F o 8,

e

¢ The finite Heisenberg representation of Heis , s given by:

FU A B
Teld) = &

¢ The orthogonal complement lattice of A’ is given by:

A = E i NS E0,e,).

¢ The finite Heisenberg group associated with A given by:
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Heis { A 6":} = A’ FA

Ty, . o mm rbiNR
Lisgivenby © T et where:

o The finite Heisenberg representation of Heis S

tune g
T {

o NG N e 2 4
(BT 4Y, c]-e‘.-’_,‘.‘ =z L‘{-‘:il.{;{,

I

e The invariant vector under 7+ (A € {Aj} = 7o (AL M 2 X ig given by:

. Ly
= a (i),

[00222] Substituting in Formula (3.7), we get:

& oy N e d S A — PRI o F 3N
{3.11} Sy (@)l = O pivh

- Lf'_’i'; .\E\
[00223] In words, the conversion from generalized to standard Zak waveforms is “simply” to

take the zero coordinate at each point * = ' In the opposite direction, given a Zak waveform

¥ € HIVTed s restriction to the lattice A is periodic with respect to translations by

. . . AL A L TN - e & OE AT
elements of 4, hence is a function on the quotient group X /A = &/ {e avectorin &N

Substituting in Formula (3.10), we get that:

Zo e} (ryun) =

i B A R S e P TR )
w (e {l = N e {r+ 7 (1= LN ) i)

[00224]  forevery ¥ & H (VW) gpq (7w} €V,

[00225] B4. ZDMA transceiver embodiments

[00226] In this section we describe the structure of the ZDMA transceiver incorporating the
Zak realization formalism. In addition, we describe a weaker version that can be implemented as
a preprocessing step over multi-carrier modulation.

[00227] B4.1 Transceiver parameters

[00228] The ZDMA transceiver structure is based on the following parameters:

(1) An Heisenberg critically sampled lattice {4

waveforms ¢ LV R

¢/ giving rise to the Hilbert space of Zak

(2) A transmit and receive filter functions e e €001

= Y Y e D {0t = o= L
(3) A non-degenerate pulse waveform ¥ = H{V.7) satisfying < (¥} ¥ Y for every v € V.
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{00229} The transmit function *'tx is a function on the delay Doppler plane that plays the

role of a two dimensional filter, shaping the transmitted signal to a specific bandwidth and

specific time duration. The receive function ¥ is principally the matched filter to *'tx We

will assume, henceforth that it is defined as ¥ = ¥
(4.4 Weelr) = wX{e)

. \"J‘ { A k JRIGE ('" "t"}.\

{F s

[00230] for every ¥ € V. In addition, we assume that the function * Wix can be

B qee

decomposed as a twisted/Heisenberg convolution %' = ¥y & ith WIOLE W+ g 5 one
dimensional function supported on the delay axis and ¥ is one dimensional function supported

on the Doppler axis. One can verify that:

{42 w7y, ) = we (7)) (),

[00231] for every {7 #} € ®% = V. The benefit in considering such decomposable filters is

that most of their attributes can be expressed in terms of simple analysis of the two factors. In

e g X D X ‘j(!*
THS S Y where Hr

. . . . . . . . . X
particular, in this situation the received matched function is given by ™
and ¥~ are the respected one dimensional conjugate functions familiar from standard signal

processing, i.e.,:

(4.3} wX i

{4.4) :* o= wni-el

{00232} forevery 7 € X and » € ® respectively. In typical situation, we require the one

dimensional filter ¥+ to be a square root Nyquist with respect to a bandwidth

& = {}

B> e, wel s (8B} = U for every non-zero integer &, and, reciprocally, we require the

one dimensional filter %+ to be square root Nyquist with respect to a duration
*

i

f

T D, e wX s, (T

oot {k .
b7 Do every non-zero integer /. To proceed further we need to
choose a basis of the lattice A:

(4.5) A= Zg 2 Ly,
[00233] Granting such a choice we can define the pulse P to be the unique quasi-periodic

F2 { rrere < Bepn Y < s B < . .
function that satisfy * tagy + b2} for every b < ad < 1 Note that when the lattice is
rectangular and the basis is the standard one, such pulse is described in Example 2.2. Before

describing the transceiver structure we need to explain how to encode the information bits. These
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TV

are encoded into a periodic function ¥ € V¥ with respect to the lattice A. In typical situations

we assume that x is a sampled A- periodic function of the form:

: N

(4.6} o= S wingmid{ng /N Smge /MY,
LT

[00234] where V. A € K7 yre fixed parameters defining the density of the delay Doppler

o

information lattice Ax.as = Zgi/N &

2 /3. In more canonical terms, x is a function on the

information lattice ' ¥.3 that is periodic with respect to the sub-lattice AT Avas The
expression for x is particularly simple when the lattice is rectangular. In this case it takes the
form:

(4.7 e N

s T SN B, FRDY

ey

[00235] B4.2 Transceiver structureHaving specified the underlying structures and pa-
rameters we are now ready to describe the ZDMA modulation and de-modulation transforms.
Given a periodic function * € /A encoding the information bits, we define the modulated
waveform #= = &7 through the rule:

{4.58} Al = e T Qb o {2

>

. Cape o far . E2V
Lepdgme e { e & {787

3
¥

o~
Z

[00237] where “#me.g ig the Zak transform converting between Zak and time domain
waveforms, see (2.7). In words, the modulation first transforms the information function into a
Zak waveform through multiplication by multiplication with P. Next, it shapes the bandwidth
and duration of the waveform through twisted convolution with the two dimensional filter w.
Last, it transforms the tamed Zak waveform into a time domain waveform through application of

the Zak transform. To get a better understanding of the structure of the transmit waveform and

the actual effect of two dimensional filtering we apply several algebraic manipulations to get

more concrete expressions. First, we note that <tiwe.¢; is an intertwining transform thus obeying
the relation:

TES . NI ERNE e Yo B
{4.93 Fiiew U} o (- Py = VP D d o 2

. PN = TR . Yl L T
[00238] Second, assuming *ex = U & W e can write i (W 5 Wel g the
composition time H" {w- i« ¥ (wid thus expressing the two dimensional filtering operation as

cascade of two consecutive one dimensional operations:
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{4.10 Ay = IR e ® )

Ht‘imi— {2

-

iy % 4 Wi Bimee te - F

[00239] where * stands for linear convolution on & and % = FT7 (). We refer to the
waveform times {2 F¥ aq the bare ZDMA waveform. We see from Formula (4.10) that the
transmit waveform is obtained from the bare waveform by applying the time window it
followed by a convolution with the pulse ¥~ In addition, one can verify that when x is sampled
on the lattice 5. € V. gee (4.6), the bare waveform is an infinite delta pulse train along the
lattice:

TR ER RTINSV NN & B S U i e e
{4183 A = (/N U+ /M Ul o

7 is the projection of the lattice Awas on the delay axis. The

projected lattice takes a particularly simple form when A=A

[00240]  where the lattice >

is rectangular. In this case we
have:

{4023

[00241] We now proceed to describe the de-modulation mapping. Given a received

el .. . g Do )
waveform ¥'x we define its de-modulated image ¥ = " V¥'=</ through the rule:

{1.13} e

N . .
A e S e Y e HoLL fin )
Dag § 52 I {2 e (RS

[00242] We stress the fact that y is a Zak waveform (to be distinguished from a periodic
function). We often incorporate as part of the de-modulation mapping another step of sampling y

2. = {‘:: ar ‘_-'_.‘-,?';\' . .
e € MUAN M Te) which is a

on the lattice *¥.31 _thus obtaining a sampled Zak waveform
function on ¥4 satisfying the quasi periodicity condition:

ERES e {8 Ny = (3 A (0T ()

[00243]  To conclude, assuming ¥ = #s € TlAwar/dM g, sampled periodic function, the

. . L. . 2w, & HAAN . T
ZDMA transceiver chain converts it into a sampled Zak waveform #» = * (Ao ar: 7o) Overall,
the composition transform ¥ <. is a linear transformation:

{415} Do M TiA g A — H{dy s,

[00244] taking sampled periodic functions to sampled Zak waveforms. In particular, we have

that both the domain and range of 7* = Mare finite dimensional vector spaces of dimension ¥ - Af
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. In the next subsection we will analyze in more detail the exact relation between the input
variable x and the output variable y.
[00245] B4. 3 Input output relationWe first assume the channel between the transmitter

and receiver is trivial. Furthermore, we assume the received filter is matched to the transmit

*
. : Uipn LN H ] U i : :
filter, i.e., ¥™ 7 " For simplicity we denote * = *x and assume w is decomposable, i.e.,

© - At this stage we do not assume anything about the specific structure of the one

dimensional filters ¥+ and . Given an input function # £ “{¥7/A% 4 direct computation reveals

that ¥ = Do M) i given by:

(4.16) y o= I {w®) o I () o (e )
= Yf ‘:U_* s } fcj: . P}
= {\ > Fwlwia P
[00247] So we see that y is given by the twisted convolution of x « P by the auto-correlation

filter ** & w. Our goal is to calculate an explicit formula for ¥ 2 . First we note that

: X wmw X g X :
Smce i S e s Wwe can write!
{417 ¥ gw = w¥ 3w B

PN G - SPT
[00248] where 7 e Wy =S v UWe s the one dimensional auto-correlation function

. .. . {2, - X
of the delay filter w,. In addition, since *¢~ ' is supported on the ¥ axis and * 1is supported on v
axis, we have the following simple relation:

IFRES R ot e .
(A8 wy eyt {r ey s

/.-* \

. NS e .
! we can write ¥ T WAT, ¥} ip the form:

[00249] Thus, for any given point (7 ¥/

{4.18} w* S, v = -21.‘;:') {ri®
oYy - - .
- T o= My e ® . . i
[00250] where T " We note that the definition of ¥+ depends on the

point ¥ which is not apparent from the notation we use. Formula (4.19) is always true and is
pivotal to get approximations of w* %4 under various assumptions on the filters *= and ®'»-
The case of interest for us is when *= and %:-are square root Nyquist with respect to a
bandwidth B and a duration T € R=% respectively and, in addition, £- 7" 3 L. In this case we

2
R

"=y which in turns imply that:

. R Y ' * B S IUEREE S
can approximate 7 3= el f) e e s
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[
Dy
fasd
*
2]

e

[00251]  In particular, in the rectangular situation where 3 = A B =N and = 8ve guch

bl Faes

that ¥4 = 1 _placing the QAM symbols on the lattice Ax.a = & {7 /N W& 1

e

{4.21} o= IIf ("'«.{5* & '?f..‘} o {w P

- T
P o4 .

[00252] thus allowing perfect reconstruction without equalization when the channel is
AWGN. Next, we describe the input-output relation in the presence of a non-trivial channel
H = [ (hy where £ = 7 {7} 5 the delay Doppler impulse response. For the sake of the analysis,

it is sufficient to assume that /4 is a single reflector, i.e.,

I

N N S P )
To) G Qs — o

iy 1) = 8{7 —7mn, 10— g == o) . .
Ali el =0 3 ¥ Vo “} In the following computation we use the

{7 — 7o) and 8., = ¢ {1 —

short notations %7« = ¢ 7 “a

-

¥ai- Given an input ©

":.)C‘ ’OF"‘-’.:"?\;- .
pe= Do H o M {x] is given by

74 a direct
computation reveals that the transmit-receive image

{4,290 o= (w* & A3 o (s P,

L N .
& h @ To do that, we first

[00253] Our goal is to calculate an explicit formula for
write:
(4.29)

3
N

[00254]

[00255]

RN . Ay s
] ITi ‘f"i"ii‘x' v 1)

{\*i.x;.,{)_}

[00256] where 7 ¥ i If we assume that - and > are Nyquist with respect to

a bandwidth B and a duration 7 respectively, and, in addition have # -7 3 1 and 14 <08 then we

£2)
N

. P BN o gy . . .
can approximate 10~ ~ = and @™~ w6 which, in turns, imply:

y < Y
{4 wx @@ s foeoael®aop!®

[00257] B4.4 Channel acquisitionLooking back at the input output relation ¥ = #au &

Foo o I wheve B o= ™ &R g . . ey .
e ) wheve e = @™ @2 & @, ywe proceed to derive a simple acquisition scheme of the filtered
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channel impulse response fee To this end, we fix a point ¥o € V" and consider the standard
pulse structure Plagi+bge} = 1 for 05 ad < L Given these choices, we define the pilot
structure as the Zak waveform ¥

[00259] B4.5 Weak ZDMA. In this subsection, we describe a weak variant of the ZDMA
transceiver that can be architected as a pre-processing layer over multi-carrier transceiver. We
refer to this transceiver as w-ZDMA. The definition of the w-ZDMA transceiver depends on
similar parameters as the ZDMA transceiver we described before however, with few additional
assumptions. First assumption is that the transmit and receive filters are periodic with period 4,

N . -

= SF {1

wgy ¢ o VTS S 24 2
e e £ THA) axfen) where W e

ie., . in other words, "/t i are

discrete window functions and SF is the symplectic Fourier transform. The support of the

window Wi determines the bandwidth and duration of the transmission packet. Typically, we

take the receive filter to be matched Vs = Wix or, equivalently, that W = Yes- Another
assumption is that the generator signal * € * (¥ satisfy the orthogonality condition:

{4.27) PP,

[00261] We note that condition (4.27) is equivalent to Gabor orthogonality condition of the

i owm R FEy . . PR S 0 0 W S O R S S
waveform & == Ftimec (5 with respect to the Heisenberg lattice e = {{Ae (A} sh e AL

. . - - {p o mRe X € ORY) b pb.
To see this, let A € A and consider the inner product " LA e Al Bop,

[00262] Now write:

sime s PR N
F N S WP I S S AR,
W E EACELAL )

(4.98)

§ X
Do A0
[00263] where in the second equality we use the fact Liime.s is an intertwining transform

VA

and in the fourth equality we use (2.5). Given an input function * < encoding the

information bits, we shape the band and duration of the transmitted waveform through periodic
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T e 3D

convolution with Wex, 18-, Yex ¥ & Overall, the signal x is modulated according to
the following rule:

(420 M) = B ({tng w1 P

[00264] It is illuminating to compare Formula (4.29) with Formula (4.8). One observes that
the main difference is in the way the shaping filter is applied where in ZDMA it is applied

TR iy

through the operation of twisted convolution * ™ % & 3t £} and in w-ZDMA through the

operation of periodic convolution # = { (e # &) P We next explain how the modulation rule

(4.29) can be expressed as a layer over multi-carrier modulation scheme. To this end, let us write

w s 2in the form & ¥ ¥ = SF(H X } where © = SF{X} , that is:
{4.30% W {n) e Y @i (AN HT(AY X{AY,
XA

[00265] For every & = V. Hence:

Fomee e x o} Py = §:n (A} Fmene (€ (= {0, A0 FY
§ W {\\' Tﬁ:.""\,\.:\ met‘\‘ \ &
(3313 } WA N A Fagee 77 {0 6 {0 0 P

. s
TR ‘f '}

A
= § WAL XN a0 ) e o p
\

{ 1‘ e (W R

1N S

[00266] In case the Heisenberg character ¢ = 1“e.g., when & = A» g rectangular, the

M) = FERE R g A

modulation formula becomes * SE{21 2 P We now proceed to describe the

de-modulation rule implemented at the receiver side. Given a time domain waveform i , the

receiver demodulates it according to the following formula:

£ A S W fes N D
{4.32) D{wnd = Zeiime (00) 7

[00267] Observe that when the channel is identity, due to the orthogonality condition (4.27),
we obtain perfect reconstruction after composing modulation and demodulation:

{4.33) DoAiz) = « FF
= x-1

= o
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[00268] We further note that the orthogonality condition is not essential for achieving perfect
reconstruction. In fact, one needs to impose is that ¥ is non-degenerate, that is, that FP g
nowhere vanishing. For non-degenerate ¥ one can reconstruct the input x as:

= To Mz /PP,
[00269] The use of general non-degenerate generator functions give rise to non-orthogonal

variants of the w-ZDMA transceiver. For a non-trivial channel transformation of the form

Er o .binae gy, I S
£ gt {L{}} WP to AT

4
E (AR

[00270] where the second equality is the definition of 2, the third equality is the intertwining

property of the Zak transform and the last equality is the definition of **. Finally, let ¥ = {7}
where 0 5 7, ¢ < L and evaluate ¥ at

§4.358% i) =0 (8 goean ¢ {8 fvg, eV o o — ug) Plu — va) P v}

[00271] Assuming *? is small compared to the lattice dimensions and that P is a continuous

function we get the approximation (The continuity assumption of G does not always hold, for

example in the most common case when G &7 Winay) © the case of the standard window
function.)
{4.35) y{ey = ow{e— e Ple)Pie)

"'f\\ 2 N
= LY ¥,

i{S{wg, v}, ¥ {(—Flve vl > ]

[00272] where for the approximation we used the fact that
and that £ {v — o} = P (] by continuity. Note that when P corresponds to the standard window
(see Example 2.2) the approximation (4.36) is no longer valid since P is not continuous at the
boundaries of the fundamental cell. We leave it to the reader to compute the appropriate
approximation in this case.

[00273] FIG. 11 is a flowchart representation of an example of a wireless communication
method 1100. The method 1100 may be implemented at a transmitter-side in a wireless
communication system. The method 1100 includes encoding (1102) information bits as a

periodic sequence of quadrature amplitude modulation (QAM) symbols. For example, the

40



WO 2018/200577 PCT/US2018/029209

periodic sequence may be periodic in the symbol period domain. For example, the perioidicity
may also be exhibited along the Doppler dimension in a delay-Doppler domain representation of
the QAM-modulated data bits. The method 1100 includes convolving (1104) the periodic
sequence with a periodic pulse function, thereby generating a filtered periodic sequence. For
example, as described in Section A.0, the convolution operation may be mathematically
represented as Fourier Transform or as a 1-D convolution with the sinc function. The method
1100 includes transforming (1106) the filtered periodic sequence to a delay-Doppler domain
waveform, converting (1108) the delay-Doppler domain waveform to a time domain waveform;
and transmitting (1110) the time domain waveform.

[00274] As described in the present document, the transforming operation 1106 may be
performed by applying a Zak transform to the filtered periodic sequence. In some embodiments,
the periodic pulse functions used in operation 1104 may include Dirichlet sinc function. Some
examples are further described in Section A4.2 and with respect to FIG. 7 and FIG. 9. In some
embodiments, a tapering window may be applied for the convolution operation. Some
embodiments are described in Section A4.2.

[00275] In some embodiments, for example, as described in Section A.2, the encoding
information bits as a periodic sequence incudes encoding the information bits as a two-
dimensional periodic sequence having a periodicity of N in a first dimension and M in a second
dimension, where N and M are integers.

[00276] Accordingly, in some embodiments, the time domain waveform as described with
respect to operation 1110 may be transmitted over a wireless channel. The waveform may
include a sequence of modulated QAM symbols, without having to add cyclic prefix. The time
domain waveform may correspond to a mathematical equivalent of the results of operations 1102
to 1108. For example, in some embodiments, the generation operation 1104 may be followed by
conversion to time domain waveform, without going through an intermediate delay-Doppler
stage.

[00277] FIG. 12 is a flowchart representation of another example of a wireless
communication method 1200. The method 1200 can be implemented by a wireless transmitter.
The method 1200 includes transforming (1202) an information signal to a discrete lattice domain
signal, shaping (1204) bandwidth and duration of the discrete lattice domain signal by a two-

dimensional filtering procedure to generate a filtered information signal, generating (1206) a
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time domain signal from the filtered information signal, and transmitting (1208) the time domain
signal over a wireless communication channel.

[00278] For example, in some implementations of the method 1200, the discrete lattice
domain includes a Zak domain. As described further in Sections A and B, the two-dimensional
filtering procedure includes a twisted convolution with a pulse. In some embodiments, the pulse
is a separable function of each dimension of the two-dimensional filtering. Some example
implementations are described in Sections A0, A3.

[00279] The method 1200 may be implemented by a transmitter device for transforming
modulated signals that use QAM (or quadrature phase shift keyed) constellations and are
generated using 2D filtered versions of a lattice domain signal. Notably, no cyclic prefixes are
inserted within the periodic signal, thereby saving any overheads of transmission that are wasted
in the conventional OFDM techniques. As previously discussed, the filtered periodic sequences,
generated during the method 1100 also similarly eschew the use of cyclic prefixes, thereby
saving overhead of traditional OFDM communication.

[00280] FIG. 13 shows an example of a wireless transceiver apparatus 1300. The apparatus
700 may be used to implement various techniques described herein. The apparatus 1300 includes
a processor 1302, a memory 1304 that stores processor-executable instructions and data during
computations performed by the processor. The apparatus 1300 includes reception and/or
transmission circuitry 1306, e.g., including radio frequency operations for receiving or
transmitting signal and/or receiving data or information bits for transmission over a wireless
network.

[00281] It will be appreciated that techniques for data modulation are disclosed in which
information signal can be transmitted using multiple QAM subcarriers without using a cyclic
prefix. In some embodiments, a modulation technique, called OFDM-MultiCarrier (MC) may be
used in which QAM symbols are convolved with a periodic pulse function. In some
embodiments, a Zak domain representation of a signal is used for shaping bandwidth and
duration of a modulated information signal.

[00282] The disclosed and other embodiments, modules and the functional operations
described in this document can be implemented in digital electronic circuitry, or in computer
software, firmware, or hardware, including the structures disclosed in this document and their

structural equivalents, or in combinations of one or more of them. The disclosed and other
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embodiments can be implemented as one or more computer program products, i.e., one or more
modules of computer program instructions encoded on a computer readable medium for
execution by, or to control the operation of, data processing apparatus. The computer readable
medium can be a machine-readable storage device, a machine-readable storage substrate, a
memory device, a composition of matter effecting a machine-readable propagated signal, or a
combination of one or more them. The term “data processing apparatus’” encompasses all
apparatus, devices, and machines for processing data, including by way of example a
programmable processor, a computer, or multiple processors or computers. The apparatus can
include, in addition to hardware, code that creates an execution environment for the computer
program in question, e.g., code that constitutes processor firmware, a protocol stack, a database
management system, an operating system, or a combination of one or more of them. A
propagated signal is an artificially generated signal, e.g., a machine-generated electrical, optical,
or electromagnetic signal, that is generated to encode information for transmission to suitable
receiver apparatus.

[00283] A computer program (also known as a program, software, software application,
script, or code) can be written in any form of programming language, including compiled or
interpreted languages, and it can be deployed in any form, including as a standalone program or
as a module, component, subroutine, or other unit suitable for use in a computing environment.
A computer program does not necessarily correspond to a file in a file system. A program can be
stored in a portion of a file that holds other programs or data (e.g., one or more scripts stored in a
markup language document), in a single file dedicated to the program in question, or in multiple
coordinated files (e.g., files that store one or more modules, sub programs, or portions of code).
A computer program can be deployed to be executed on one computer or on multiple computers
that are located at one site or distributed across multiple sites and interconnected by a
communication network.

[00284] The processes and logic flows described in this document can be performed by one
or more programmable processors executing one or more computer programs to perform
functions by operating on input data and generating output. The processes and logic flows can
also be performed by, and apparatus can also be implemented as, special purpose logic circuitry,
e.g., an FPGA (field programmable gate array) or an ASIC (application specific integrated

circuit).
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[00285] Processors suitable for the execution of a computer program include, by way of
example, both general and special purpose microprocessors, and any one or more processors of
any kind of digital computer. Generally, a processor will receive instructions and data from a
read only memory or a random access memory or both. The essential elements of a computer are
a processor for performing instructions and one or more memory devices for storing instructions
and data. Generally, a computer will also include, or be operatively coupled to receive data from
or transfer data to, or both, one or more mass storage devices for storing data, e.g., magnetic,
magneto optical disks, or optical disks. However, a computer need not have such devices.
Computer readable media suitable for storing computer program instructions and data include all
forms of non-volatile memory, media and memory devices, including by way of example
semiconductor memory devices, e.g., EPROM, EEPROM, and flash memory devices; magnetic
disks, e.g., internal hard disks or removable disks; magneto optical disks; and CD ROM and
DVD-ROM disks. The processor and the memory can be supplemented by, or incorporated in,
special purpose logic circuitry.

[00286] While this patent document contains many specifics, these should not be construed
as limitations on the scope of an invention that is claimed or of what may be claimed, but rather
as descriptions of features specific to particular embodiments. Certain features that are described
in this document in the context of separate embodiments can also be implemented in
combination in a single embodiment. Conversely, various features that are described in the
context of a single embodiment can also be implemented in multiple embodiments separately or
in any suitable sub-combination. Moreover, although features may be described above as acting
in certain combinations and even initially claimed as such, one or more features from a claimed
combination can in some cases be excised from the combination, and the claimed combination
may be directed to a sub-combination or a variation of a sub-combination. Similarly, while
operations are depicted in the drawings in a particular order, this should not be understood as
requiring that such operations be performed in the particular order shown or in sequential order,
or that all illustrated operations be performed, to achieve desirable results.

[00287] Only a few examples and implementations are disclosed. Variations, modifications,
and enhancements to the described examples and implementations and other implementations

can be made based on what is disclosed.
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CLAIMS
What is claimed is:

1. A wireless communication method; comprising:

transforming an information signal to a discrete lattice domain signal;

shaping bandwidth and duration of the discrete lattice domain signal by a two-
dimensional filtering procedure to generate a filtered information signal;

generating a time domain signal from the filtered information signal; and

transmitting the time domain signal over a wireless communication channel.

2. The method of claim 1, wherein the discrete lattice domain includes a Zak domain.

3. The method of claim 1, wherein the two-dimensional filtering procedure includes

a twisted convolution with a pulse.

4. The method of claim 3, wherein the pulse is a separable function of each

dimension of the two-dimensional filtering.

5. The method of claim 1, wherein the time domain signal comprises modulated

information signal without an intervening cyclic prefix.

6. A wireless communication method, implementable by a wireless communication
apparatus, comprising:

encoding information bits as a periodic sequence of quadrature amplitude modulation
(QAM) symbols;

convolving the periodic sequence with a periodic pulse function, thereby generating a
filtered periodic sequence;

transforming the filtered periodic sequence into a delay-Doppler domain waveform;

converting the delay-Doppler domain waveform to a time domain waveform; and

transmitting the time domain waveform.
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7. The method of claim 6 wherein the transforming comprises applying a Zak
transform.
8. The method of claim 6, wherein the periodic pulse function comprises a Dirichlet

sinc function.

9. The method of claim 6, wherein the convolving the periodic pulse function

comprises applying a tapering window function.

10. The method of claim 6, wherein the encoding information bits as a periodic
sequence includes encoding the information bits as a two-dimensional periodic sequence having

a periodicity of N in a first dimension and M in a second dimension, where N and M are integers.
11. A wireless communication device comprising a memory storing instruction and a
processor, wherein the instructions, when executed by the processor, cause the processor to

implement a method of any of claims 1 to 10.

12. A wireless signal transmission apparatus comprising a memory, a processor and

transmission circuitry, the apparatus implementing a method recited in any of claims 1 to 10.
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