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57 ABSTRACT 
A microwave lens for use in the transmission of micro 
wave energy, and a method of producing such a lens. 
The microwave lens of this invention transforms mi 
crowave energy passing through the lens to a desired 
specific phase and amplitude distribution. Both sur 
faces of the lens are contoured interdependently to 
provide the desired phase and amplitude distribution. 

20 Claims, 15 Drawing Figures 
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MICROWAVE LENS ANTENNA AND METHOD OF 
PRODUCING 

INVENTION MADE UNDER GOVERNMENT 
CONTRACT 

The invention herein described was made in the 
course of or under a contract or subcontract thereun 
der, with the department of the Air Force. 

BACKGROUND OF THE INVENTION 

This invention relates to microwave lenses used for 
controlling the distribution of microwave energy pass 
ing through such lenses and the method of producing 
such lenses. More specifically, this invention relates to 
microwave lenses capable of controlling both the phase 
and amplitude distribution of microwave energy pass 
ing through the lens by interdependently contouring 
the lens' two surfaces. 
Lenses presently used in microwave systems are of 

two types: (1) Lenses having a variable index of refrac 
tion, and (2) Lenses having a constant index of refrac 
tion. The variable refractive index lenses, of which the 
Luneburg lens is perhaps the best known example, 
achieve their focusing or energy concentrating prop 
erty by refraction of the energy. This refraction occurs 
as a result of the variation in the refractive index of the 
lens material. Lenses of this type, although very effec 
tive in theory, have the disadvantages of being very 
heavy and difficult to fabricate. The constant refractive 
index lenses presently available achieve their focusing 
and energy concentration properties by refraction of 
the microwave energy at one of the lens' two surfaces. 
These lenses are normally designed by setting an equa 
tion which defines the effective optical path length of 
any microwave energy ray emitted from a source lo 
cated at the lens' focal point and which passes through 
the lens and arrives at a reference plane, equal to a con 
stant. As is recognized by one skilled in the art, if the 
optical path length of all of the microwave energy rays 
is constant, the microwave energy will have a constant 
phase. Further, achieving microwave energy with a 
constant phase is commonly accomplished by letting 
one surface of the lens be flat and varying the other sur 
face as necessary. Such constant refractive index lenses 
are fairly easy to fabricate. However, both the variable 
refractive index lenses and the constant refractive 
index lenses presently in use, are designed strictly ac 
cording to phase distribution considerations. Ampli 
tude distribution of microwave energy which has 
passed through a lens of variable index of refraction or 
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and amplitude distribution of microwave energy pass 
ing through the lens is controlled as desired. 
Additional objects, features and advantages of the 

present invention will become apparent to those skilled 
in the art from the following detailed description and 
attached drawings. 

BRIEF DESCRIPTION OF THE DRAWINGS 

FIG. 1 is a diagrammatic illustration of a microwave 
lens system, and is used to aid the derivation of equa 
tions which describe the two contour surfaces of lens 
made in accordance with this invention. 
FIG. 2 illustrates, by the shaded area of the curve, the 

region where solutions exist for one of the equations 
derived in the specification. 
FIGS. 3-14 illustrate the contour of lenses having 

various indices of refraction and thicknesses, which 
contours were determined by the method of this inven 
tion. 
FIG. 15 is a flow chart of a computer program used 

in the simultaneous solution of transcendental equa 
tions necessary for determining the contours of the sur 
faces of the lens of this invention. 

DETAILED DESCRIPTION 

As was discussed heretofore, microwave lenses capa 
ble of controlling phase distribution only of microwave 
energy have been used for several years; however, the 
amplitude distribution of the microwave energy is un 
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a lens having a constant index of refraction is uncon- . 
trolled and varies widely, thereby resulting in low effi 
ciency. 

SUMMARY OF THE INVENTION 

Therefore, it is an object of this invention to provide 
a simple economical lens, and a method of producing 
such a lens, for use with microwave energy systems, 
such lenses overcoming all of the heretofore noted dis 
advantages of the presently available microwave lenses. 

Briefly, this invention comprises a microwave lens for 
use in the transmission of microwave energy and a 
method of production. The microwave lens is made 
from a dielectric material having a constant index of 
refraction. The exit and entry surfaces of the lens are 
interdependently contoured such that both the phase 
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controlled by these lenses and varies widely. This lack 
of control over the amplitude distribution has severely 
limited the use of microwave lenses. According to this 
invention, a novel and valuable microwave lens is dis 
closed which can transform microwave energy having 
a given power distribution at the lens focal point and 
passing through the lens into any desired predeter 
mined phase and amplitude distribution. Also disclosed 
is a method of fabrication. 
The lens of this invention has two interdependent 

contoured surfaces and a constant index of refraction. 
Although some lenses, used only for controlling phase 
distribution, have two contoured surfaces, most micro 
wave lenses presently available are typically plano 
convex lenses, having one contoured surface and one 
flat surface. However, since two surfaces may be 
shaped and contoured during fabrication of the lens, 
two physical constraints may be specified. Therefore, 
in the lens of this invention, in addition to the present 
practice of specifying the optical path lengths through 
the lens, which results in the desired phase distribution, 
the desired amplitude distribution of microwave energy 
which has passed through the lens is also specified. 
These two conditions are then used to determine the 
necessary interdependent contours of the two surfaces 
of a lens which is made of material having a particular 
index of refraction. The effect of the index of refraction 
of the lens material upon the contours of the two sur 
faces will be further discussed hereinafter. 
The specific problem, therefore, in fabricating a lens 

which controls the phase and amplitude distribution of 
microwave energy in a predetermined and specific 
manner, is the determination of the necessary interde 
pendent contours of the lens' two surfaces which will 
transform microwave energy received from a source 
located at the lens focal point and having a given power 
distribution F (o), into the desired amplitude and phase 
distribution. Referring now to FIG. 1, there is shown a 
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schematic of a lens system. Lens 10, is rotationally sym 
metrical about axis 12 through the lens center. A mi 
crowave power source 14 is located at the focal point 
16 of the lens. The surface nearest power source 4 is 
hereby designated as the first surface 18, and the other 
surface is hereby designated as the second surface 20. 
Line 22 represents a plane perpendicular to the center 
axis and tangent to the second surface 20 of the lens at 
the center axis. A ray of microwave energy 24 travels 
from focal point 16 to point 26 on surface 18 of lens 10, 
is refracted by the first surface 18, and travels through 
lens 10 to point 28 on surface 20. The ray is also re 
fracted by surface 20 as it leaves lens 10, and travels to 
point 30 on line 22. To avoid confusion in the deriva 
tion of the equations hereinafter discussed, letters 
rather than numbers are used to designate some of the 
remaining notations used on FIG. 1. Line r represents 
the portion of ray 24 traveling in air from focal point 
16 to point 26 on the first surface. Line ro represents 
the distance along the center axis 12 from focal point 
16 to the first surface. The symbol a represents the 
angle between the center axis 12 and line r. The symbol 
do represents an incremental portion of angle or, and dr 
represents an incremental portion of line r. Lines 
represents the portion of ray 24 traveling through lens 
10. Line 32 is a line normal to the tangent of the lens 
at point 26. The symbol grepresents the angle between 
line 32 and line r. The symbol g' represents the angle 
between line 32 and lines. The symbol 6 represents the 
angle between line rand lines, and represents the angle 
between the ray of microwave energy before entering 
lens 10 and after entering the lens. X is the perpendicu 
lar distance from center axis 12 to point 28 on surface 
20 of lens 10. Y is the perpendicular distance from line 
22 to point 28 on surface 20 of lens 10. Line t is the dis 
tance along the center axis between surface 18 and sur 
face 20, and represents the thickness of the lens at the 
center axis. 
A mathematical relation involving the amplitude dis 

tribution of a lens can be obtained by writing an equa 
tion of energy conservation for the lens. For the system 
illustrated in FIG. 1, this equation is 
27TF(a) sinoda = 27t(x) x dx, (1) 

where F(a) in the illustration of FIG. 1 represents the 
amplitude distribution of microwave power at focal 
point 16 emitted from power source 14. The distribu 
tion of power by F(a) is in the units of power per unit 
solid angle. The function I(x) is the resulting amplitude 
distribution of power per unit area of plane 22. The re 
lation described by Equation (1) must also hold true 
for any increment of power passing through the lens 
and arriving at plane 22. Therefore, to express an arbi 
trary increment of power the terms 27T are canceled, 
and the expression rewritten in the integrable equation 

(2) J. F (ty) sin ada- f(x)A dx. 

Therefore, after normalization with respect to the total 
power, the equation 

| F (o) sin odoy I (x)Adr 
(3) = - 0 

O 
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4 
representing amplitude distribution across a lens is ob 
tained, where F(a) and (x) must be integrable func 
tions. 
An equation for expressing phase distribution of mi 

crowave energy passing through a lens may be obtained 
by setting the optical path length of rays of microwave 
energy passing through the lens equal to the desired 
phase distribution d(x) at plane 22. The general ex 
pression for a segment of optical path length is equal to 
f inds, where n is the index of refraction of the medium 
and ds is an increment of arc length along the ray. 
Therefore, by setting the expression equal to the de 

sired phase function, the equation 
db(x) = finds is obtained. (4) 

For the lens system illustrated in FIG. 1, the optical 
path length between focal point 16 and point 30 on ref 
erence plane 22 may be expressed as 
narr - intens - natr F b(x). (5) 

However, since the index of refraction of air is 1, Equa 
tion (5) becomes 

r -- nis -- Y = b(x). (6) 

The contours of the lens' two surfaces are interde 
pendent and are determined by phase and amplitude 
consideration. In the system illustrated by FIG. 1, the 
first surface 18 may be expressed in terms of the vari 
ables r and o, and the second surface 20 may be ex 
pressed in terms of the variables X and Y. Therefore, 
it is necessary that equations (3) and (6) be related, 
and that other equations containing r, o, X and Y be de 
rived. The appropriate interdependency and the neces 
sary equations can be obtained by proceeding as fol 
lows. 
Additional geometrical relations applicable to the 

lens system illustrated in FIG. 1 and which are needed 
to determine the two contoured surfaces of the lens 
ae 

the differential equation of the first surface 
which is 

1/r drfdo = tang; (7) 

Snell's Law which for the system shown in FIG. 1 can 
be expressed as 
sing = n sing'; (8) 

and the equations 
X = rsina -- s sin (ox-6); (9) 

g = 3' + 0; (10) 

and 

r cosa -- is cos (o-6) -- Y = r -- t. (l) 

The X and Y coordinates of the second surface 20 
can be obtained in terms of the variable paramcters r 
and a, angle 6, and the phase relation of equation (6), 
by first solving Equation (9) for is to obtain 

s = X-r sino/sin(or 6). (12) 

Equation (12) is then substituted into equation (6) and 
the resulting equation rewritten as 
n/sin(a-6) X -- Y - d(x) - r +rn sincyl sin(a-b) 

(3) 
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Equation (12) is also substituted into Equation (11) 
and the resulting equation rewritten to yield 

(cos(a-0)/sin(o-0) X + Y = r + t-r coso. -- 
Irsinoycos(a-6)/sin(a-0). (14) 

5 
From equations (13) and (14), expressions for X and 
Y, the coordinates of the second surface which are re 
lated to the phase distribution of power through a lens, 
can be written as 

(15) O 

- r -t- r(1 - COS 
X-r sin a+(olo) sin (oy - 0) n-cos(a-0) 
and 15 

(16) 
Y= n (ro-- t-i-cosa)-(p(x)-r) cos (oy -8) 

n-cos (a - 0) 
- - - - - - - - --------------------------. 20 
Integrating the right hand side of equation (3) we ob 
tain 

? F(a) sin ada 
(17) -=-f(t), 25 mov re-mawa X 

I F(a) sin ada Korna) 
where F(x) represents the value of 

? I (x)Ydr 30 
0. - - y - - - --- m - 

after integrating and Ka represents the value of 
imax 

0. ... . .-- 

after integrating and evaluating. Krma. will be a con 
Start. 

Therefore, Equation (17) can be rewritten as the gen 
eral equation 40 

? F(a) sin ado 
O 

(18) F(x)= Kerma) 
? F(ov) sin odoy 

- - - - ------ ----------------------- 45 

Equation (8) and equation (10) can be combined to 
give equation 

sing = n sin(3-0). (19) 

Equation ( 19) can then be expanded to SO 
sing = (singcos6 - cosgsind). (20) 

Equation (20) can be rewritten as 
sing(ncos0-1) = n sin6cos(3. (2) 55 

and finally equation (21) can be rewritten as 
tang - nsin8/ncos6-1. (22) 

Combining equation (22) with equation (7) yields 6O 
drfday = rn sin8/n cost-1 (23) 

Equations (15), (16), (18) and (23) are the general 
relations for determining the contours of a lens built in 65 
accordance with this invention. The specific desired 
phase distribution p(x) and amplitude distribution (x) 
must be substituted in these equations before they can 

872 
6 

be used to calculate lens contours to produce the de 
sired distributions. Also, the feed power distribution 
F(a) must be chosen to make the equations complete. 
Maximum gain of an antenna is achieved when both 

amplitude distribution and phase distribution are uni 
form or constant. Therefore, in the following preferred 
embodiment, equations (15), (16), (18) and (23) are 
further developed for the specific case of determining 
the contour of the two surfaces for a microwave lens 
which will provide a substantially uniform phase and 
uniform amplitude distribution. That is, b(x) and I(r) 
are constant. For either phase or amplitude distribu 
tions other than uniform distribution, an integrable 
function expressing the desired variations must be sub 
stituted for d(x) and I(x) in the equations, and the 
equations developed in a manner similar to that de 
scribed in the following preferred embodiment. 

PREFERRED EMBODIMENT 

For a lens having uniform phase distribution, b(x) as 
expressed by equation (6) is set equal to a constant, 
such that equation (6) becomes 

r – nies -- Y - K1, (24) 

and from FIG. 1 it can be seen that the constant K may 
be chosen to equal the optical path length of the center 
ray such that equation (24) becomes 

r -- ns -- Y = r - nt, (25) 

where n equals intens, r equals the distance along the 
center axis 12 between focal point 16 and the lens first 
surface 18, and t equals the distance along the center 
axis 12 between the lens first surface 18 and the sec 
ond surface 20. Therefore, 

db(r) = r -- nt. (26) 

Substituting ro + nt for d(x) into equations (15) and 
(16), rearranging and cancelling terms we obtain new 
equations for X and Y 

ton-1)-r(1-cosa). 
(27) X = r sin cy- - COS (a-0) sin (or - 6) 

n (ro-- t+coso)+(r-ro-h nt) cos(a-0) (28) y=- -- 

In a like manner, if uniform amplitude distribution is to 
be achieved I(x) of equation (3) must also be a con 
stant. Therefore, F(r)/K ) of equation (17) be 
comes XIX' and we obtain 

f"F (a) sin ada 
F(a) sin ada 

Taking the square root of equation (29) and rearrang 
ing yields the equation 

(29) 

112 

|F(a) sin ado 0 

(30) X = x : - 
? max (o) sin odoy 
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Normally the distribution of power from power source 
12 is preferably isotropic over the solid angle sub 
tended by the lens. That is F(a) is a constant. There 
fore, if F(o) is a constant it can be put outside the inte 
gral and eliminated. Therefore, equation (30) be 
COS 

d 

I 
famax ? sin a day 
O 

112 
sin odor 

(31) X-FXmax 

Substituting the value of X as expressed by equation 
(27), we obtain 

t(n-1)-r(1-cos a) . - 
n-cos (a - 6) sin (a - 0) 

I 
max . | sin cyday 

O 

r sin a -- 

(32) 112 
sin odoy. 

Xmax 

Therefore, we have the four equations (23), (27), 
(28) and (32) which when solved will describe a mi 
crowave lens having constant phase and constant am 
plitude, in terms of the two variables r and a for the 
first surface, and the two variables X and Y for the sec 
ond surface. 
Therefore, obtaining a solution for equations (23) 

and (32) will determine the first surface. 
In order to integrate equation (23), an initial point is 

needed. The initial point may be obtained by proceed 
ing as follows. By using equation (32), the region in 
which the integral curves of equation (23) lie for given 
values of n and t can be derived. Rearranging equation 
(32), and performing the integration gives equation 

(33) 

sin (a - 0) - Xmax 
n-cos (or -0) V1 - cos aa V1 - cos a -r sin a 

t(n-1)-r(1 - coso) 

The extreme values of the left hand side of equation 
(33) may be found by differentiating with respect to 
or and setting the derivative equal to zero. Performing 
these operations yields: 

34 f( sin (a - 6) in cos (a - 6) - 1 - 0 do n=cos(a-9)T(n-cos (a - 9)?' 
Rearranging and cancelling terms gives the equation 

cos(a - 6) = 1/n. 
(35) 

From equation (35) the equation 
sin(a - 0) = Vn - 1/n can be determined. (36) 

Therefore, 

(37) sin (c.9) s+-- 
n-cos(a-6) TVn-1 

20 

------ 45 

65 

8 
Substituting the value of equation (37) back into equa 
tion (33) yields the equation 

(38) 
- 1 s Xia V1-cos o-r sin or 
Vn-lv1-cos anat (n-1)-r(1-cos cy) 

S. 1 
10 ----------- - - - - Vn2 - 1 

Equations (16) and (25) are also used to help deter 
mine the initial point. Eliminating Ybetween equations 
(16) and (25) yields the equation 
r(1-cosoy) -- s(n-cos (or 8) = t (n-1). (39) 15 

Referring to FIG. 1, and using equation (39), it can be 
seen that for s > 0, equation (39) becomes r(1-cosa) 
s (n-1)t. (40) 

Therefore, from equation (38) and (40) it can be 
shown that 

(41) 
25 Xmax 

v V(n-1)(1-cos o) -- t (n - 1) O Sr S 1 cos cymax 
Vn- 1 sin oy -- 1 - cos or 

for 

30 (42) 
t’(n - 1)(1 - cosoma) 

rS -1 a ---------- oys COS ( X(n+1) ) 
and 

35 (43) 

Xmax V(n' - 1)(1 - cos a) - t(n - 1) 
Vicos ama 

Vn-1 sin a + cosa - 1 40 

Xmax 
1-cosa. V(n-1)(1 - coso)+t (n - 1) 

srs Smas 
Vn- 1 sin ox-cos og -- 1 

for 

(44) or 2 coS ( m 
t' (n - 1)(1 - cos cya. 

X(n+ 1) ) 

50 The integral curves of equation (23) are contained 
within a region determined by equations (41), (42), 
(43) and (44). 
Referring again to FIG. 1 and equation (39), it can 

be seen that as the distances between the first and sec 
55 ond surface approaches zero, equation (39) becomes 

r(1-cosa) = t (n-1) 
60 (45) 

If 8 is the value of or at which the two lens surfaces meet 
and rs is the value of r when o = 8, equation (45) be 
COeS 

rs (1-cos8) = ton-1). 
(46) 
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By normalizing equation (46) with respect to r and (5 3) . . . . . . . -------, ------ - - 
rewriting, an equation for 8 can be written aS Os ' - (n-1) (2-n -lt') (l-cos ov) -- (n-1)t' 

s r" s -- as --- 8 = cost(1-t" (n-1)) . . . . Vn-1 sin o-cos o-- 1 
(47 s for . . . . s 

54) as cos- (1 -- D -) where t'=t/r ( > vus 2-(n-1)t'n + 1 
An interesting aspect of equation (47) is that the angle d 
6 is the maximum value of a, and consequently deter 
mines the maximum obtainable lens radius for given 10 - - - - f 
values oft' and n, since this is the angle at which the (55) V(2-(n-1)}(n-1)(1-cos a)-(n-1)!' 
two surfaces meet. Thus, the required initial point for Vn- 1 sin oy -- cos cy 
equation (23) in normalized coordinates is 1, 8. f 
The value of 6 is also needed at this initial point. This Sr's V(2-n - 1)(n° 1)(1 cos a) -- (n-1)t' 

initial value of 6 may be obtained by proceeding from 15 Vn- 1 sin a -cos o + 1 . 
equation (33). Normalizing equation (33) with respect for 
to r and substituting 8 for on gives the equation 

(48) 
n-cos(a-9) ton-1)-r'(1-cosa) 

wherer' riro , t'=t/rs and X", = Xo?rs. It 
should also be noted, that Xn equals r sin8. 
Taking the limit of equation (48) as a-d 8 and r 
271 yields 

sin (6-6)/n-cos(8-6) -> 0/0, an indeterminate form. 
(49) 

However, letting 6, be the value of 8 at a = 8, and ap 
plying L' Hospital's rule to the right hand side of equa 
tion (48) results in the equation 

25 

30 

(50) 35 

- since) --limit --vuum 
n-cos (6-6) is 11 

"- Xtr- sin - - -r' cos a - sin ov dr: 40 

d f 

-r' sin a +T (cos a -1) 
Normalizing equation (23) with respect to r results 
in the equation 

dr/da = r n sin . In cos6-1. (51) 

Substituting equation (51) into equation (50) and tak 
ing the limit as a -> a. and r" -> 1 the equation 

(52) 
sin (cy - 0.) 

n-cos (6-8) 

*as sin 6 8 sin 8n sin 6 
2 (1 - cos 6) COS in cos 0 - 0 

Inte-1 (cos 8-1)-sin 8 in cos 6, 
is obtained from which 6, the initial value of 6 may be 
found. 
As was mentioned heretofore, the integral curves of 

Equation (23) are contained within a region deter 
mined by Equations (41), (42), (43) and (44). Nor 
malizing these equations with respect to r yields: 

50 

55 

60 

65 

(56) a a cost ( p-Afrien) 
ax - / F. S. - - - - - - - - - - - - - - - - - - - 

sin (a - 6) Voss 1 - cos o-r' sin 20 For purposes of illustration, a sketch of the region de 
termined by equations (53), (54), (55) and (56) 
(where n = 1.414 and t = 0.5) is shown by the shaded 
area in FIG. 2. The lens of maximum radius, for the 
values of n and t' given above may be determined from 
the values of r and a at the points P and P' shown in 
FG. 2. 
A continuous solution to equation (24) will not exist 

unless 

f6(r, oz) = r n sin6In cos6-1 
(57) 

is a continuous function in the region of interest. No 
tice that f6(r,a) has a singularity at the value of 6 
given by 

6 = cost 1/n. 
(58) 

Thus, if n and 8 are chosen such that 6 d. 6, the func 
tion f6(r, a) cannot be determined in the 6-interval in 
which the solution must lie. For this case, the region 
given by equations (52) through (55) are undefined, 
and no solution of equation (23) can be obtained. This 
situation arises when large values of aperture angle a 
and small values of refractive index n are chosen. 
Therefore, to determine the contours of the two sur 

faces of a microwave lens fed from a power source 
having isotropic power distribution over the solid angle 
subtended by the lens, and having an output of con 
stant power and phase distribution, simultaneous solu 
tions to equations (23) and (32) are needed. The solu 
tions of these two equations being subject to an initial 
condition which may be obtained by equation (52). 
The solutions of equations (23) and (32) will deter. 
mine the contour of the first surface. The contour of 
the second surface is then found by using equations 
(27) and (28). Equations (23), (32) and (52) are non 
linear, and therefore require numerical solutions. In 
the specific example hereinafter discussed, a numerical 
method of solving equations (23), (32) and (52) is set 
Out. 
FIGS. 3 through 14 illustrate the surface contours of 

twelve 5.00 inch radius constant phase and constant 
amplitude lenses determined in accordance with this 
invention. FIGS. 3 through 8 illustrate the calculated 
surface contours of lenses having an arbitrarily se 
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lected angle 8 of 44.3°. FIGS. 9 through 14 illustrate setting advantage that this thickness offers rigidity 
the calculated surface contours of lenses having an ar- without the necessity of a supporting backup structure 
bitrarily selected angle 8 or 90. Table I sets out the pa- normally used with conventional antennas. This elimi 
rameters n, t' and 8 used to calculate the contours of nation of backup structure further reduces the thermal 
the 5.00 inch radius lenses illustrated by FIGS. 3 5 distortion. In addition, the materials glass, glass 
through 14. Thus lenses which perform the same focus- ceramic and ceramic have a very low loss tangent, and 
ing may be evaluated with regard to other characteris- the index of refraction variation with frequency is very 
tics. small over the microwave frequency range. This last 

point is of considerable importance, since it means that 
TABLE I 10 a lens made from these materials will not limit the band 

Illus- Sub- Index Normal- Lens width of the antenna. For example, in a case of a horn 
trated tended of Refraction sized Radius lens combination, the band width of the antenna is lim Figure Angle (r) at Microwave thickness (inches) Frequencies (t') ited only by the band width of the feed horn. 
3 22.5 1.25 0.3 5.00 Another desirable property is that these materials 
4. 22.5° 375 0.2 5.oo o 5 22.5° 618 o, 15 will not deteriorate with the exposure to the sun as do 
6 22.5° 789 0.0952 5.00 many other materials. Also, these materials with the 

it is 83. 38 exception of some foam glasses are impervious to 
9 45° 1.25 1.72 5.00 moisture. Therefore, the use of lenses made of such 

3. 3. 83; S3 material may eliminate the need for a radome. Some 
2 45° 1789 0.372 500 20 specific materials which are considered well suited for 

: 3. 23. 9:39: 6. use with this invention are listed in Table II below. As 
can be seen from Table II multiform fused silica is an 
excellent material. It has low thermal expansion and An evaluation of all the contours illustrated by FIGS. a can be formed in a precision mold thereby eliminating 3-14 show that the lens thickness varies inversely with 25 the refractive index of the material if the focal point costly machining operations. It can also be made with 

remains the same. Further, as the refractive index is an index of refraction of approximately 1789 which aS 
increased the surface goes from convex to concave, was discussed heretofore allows the fabrication of a 
and for an intermediate value of n = 1.789, the contour constant phase and amplitude lens with one flat sur 
of one of the surfaces is substantially planar as is shown o face. In addition, the material is opaque to sunlight, 
in FIGS. 6 and 12. A lens having one planar or flat sur- which eliminates the possibility of damaging the an 
face is of considerable interest, as the fabrication cost tenna by pointing it to the sun. Table II below sets out 
of a lens with a flat surface is much lower than the cost some of the characteristics of lenses made from vari 
of fabricating a two contoured surface lens. It should ous suitable materials. All of the lens have a diameter 
be noted, that the index of refraction of a material var- is of 18 inches and identical focusing characteristics. 

TABLE II 
Index of re 

Thickness fraction (n) at Opaque 
Weight at center microwave Loss tan- Density to visible 

Material (lbs.) (inches) frequencies gent (lbs./ft.*) light 

Fused silica.................................................................... 18.9 186 1.96 2 x 10-5 137 No. 
Corning Glass Works multiform fused silica... 20.75 2.27 1789 7 x 0-4 24.7 Yes. 
Corning Glass Works foam glass Code 7928...... 20.2 2.89 1.62 2.8 x ()-4 93.5 Yes. 
Corning Glass Works glass ceramic Code 96.06.................... 16 1.33 2.81 3.3 x 10-4 162.3 Yes. 

ies as the frequency varies. Therefore, the particular SPECIFIC EXAMPLE 
value of the index of refraction given for a particular 
material is the index of refraction of that material at mi 
crowave frequencies. 
Although lenses built in accordance with the teach 

ings of this invention could be fabricated from any ma 
terial with the desired index of refraction, including 
various plastics, it has been found that glass, glass- 55 
ceramics and ceramics are particularly suitable materi 
als. The suitability of such materials for this use is pri 
marily a result of the superior thermal properties of the 

The required surface contours of a constant phase 
50 and constant amplitude lens having a 5.00 inch radius, 

an index of refraction of 1.25, an angle 8 of 22.15 and 
a value oft' equal to 0.3 is determined by this example. 
Solutions for 6 and 6 are obtained at selected values of 
between 0 and 22.15 by the Newton-Raphson itera 
tive method. This method is described in the book by 
F. B. Hildebrand titled "Introduction to Numerical 
Analysis' and published by McGraw-Hill in 1956. To 
use this method, equation (57) is brought into the form materials. 

In the construction of conventional antennas, suit- 60 
able dimension tolerances may be achieved under f(0) = 0. 
ideal conditions. However, maintaining these toler 
ances under the temperature extremes of normal oper 
ating conditions is somewhat difficult. The low coeffi 
cient of thermal expansion of glass, glass-ceramics or 65 
ceramics greatly diminishes the problem of thermal R 
distortion. Although in some cases the thickness of the 6 = 0- f(0)/f(0), 
lens may result in more weight, such a lens has the off- (60) 

(59) 

The equation 
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where the prime denotes differentiation with respect to 
6, is used for the iteration which is continued until it 
converges for a solution of equation (59). It can be 
seen from the geometry, that 6 must lie between 0 and 
m/2. When a trial value of 8 was chosen in this range, 
the method converged quite rapidly, usually within four 
or five iterations. 
The first-order differential equation was solved with 

the use of a fourth-order Runge-Kutta integration pro 
cess. This process is described in Volume 2 of the work 
by I.S. Berezin and N.P. Zhidkov titled "Computing 
Methods,' and published by Pergamon Press in Lon 
don in 1965. The error per unit step-length is of order 
h, where h is the increment in the independent vari 
able. Formulas which yield higher orders of accuracy 
are quite cumbersome and difficult to work with and 
are not necessary, since the accuracy provided by the 
fourth-order formula is quite good. A particular advan 
tage of the Runge-Kutta process is that it requires 
knowledge only of the initial point, while most other 
methods require the evaluation of several higher-order 
derivatives at the initial point. Equation (23) can be 
written symbolically as 

dr'? do = f(r', a.) 
(6) 

where the dependence of f(r', ov) on r" and o is on the 
angle 6 defined implicitly by equation (48). The fourth 
order Runge-Kutta formula which was used for Equa 
tion (61) is 

r' = r + 1/6 k + 2k1 + 2k, + k, (62) 

where 

ka- hf(r'an), 
k is hf (r' -- K, o' -- h/2) 
k = hf(r' + k2 on + hf2) 

k3 hf (r', -- k2,an -- h) 
and 

h on + 1 on. 
The calculation of each k requires the evaluation of 
f(r',a) for a different value of r' and a. This, in turn, re 
quires the solution of equation (48) for these values of 
r and a. The program for calculating the first lens sur 
face is outlined in the brief flow chart of FIG. 15. The 
repeated calculation of 6 for each of the k's was accom 
plished by writing a subroutine for solving equation 
(48) by the Newton-Raphson method which was called 
at the appropriate times during the execution of the 
program. The coordinates of the first surface are then 
used as input data necessary to calculate the contour of 
the second surface using equations (27) and (28). 
Random values of 6 and 6 were checked for accu 

racy by substitution back into equations (48) and (52) 
written in the form of equation (59). In each case, the 
value of f(0) or f(0) was less than 10, indicating that 
the calculated value was indeed a root of the equation. 
The stability of the solution to equation (23) obtained 
with the Runge-Kutta formula was checked by using 
some point on the contour other than the initial point 
as the starting point and running the iteration back 
wards. This is done simply by reversing the sign on the 
increment of the independent variable. In each check 
case, exactly the same contour points were obtained 
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with the iteration proceeding in either direction. The 
calculations were carried out on a General Electric 265 
time-shared computer. FIG. 3 illustrates the contour of 
the lens' two surfaces as determined by the above de 
scribed iterative method. The contours of the other 
lens set out in Table and illustrated by FIGS. 4-14 
were also determined by the above described iterative 
method. 
Although the present invention has been described 

with respect to specific details and certain embodi 
ments thereof, it is not intended that such details be 
limitations upon the scope of the invention except inso 
far as is set forth in the following claims. 

I claim: 
1. A lens for providing microwave energy having pre 

determined desired phase and amplitude distribution, 
said microwave lens being made of a dielectric material 
having a constant index of refraction, said lens having 
first and second interdependent contoured surfaces for 
refracting microwave energy, both of said surfaces 
being rotationally symmetrical about a center axis, said 
lens being adapted to receive energy from a microwave 
source, said source being located at the focal point of 
said lens, said first surface of said lens, which first sur 
face is the nearest surface to said source, being defined 
by the parameters r, which is the distance from said 
focal point to said first surface and which represents 
the line of travel of a ray of microwave energy from 
said focal point to said first surface and, o, which repre 
sents the angle between r and said center axis, and the 
second surface thereof being defined by the parame 
ters, which represents the perpendicular distance 
from said center axis to said second surface, and y, 
which represents the perpendicular distance from a ref 
erence plane to said second surface, said reference 
plane being tangent to said second surface at said cen 
ter axis, said first and second surfaces further being 
characterized in that said parameters r, or, x and y are 
determined by solving the equations 

X = r sin o + (e(x)-r-t-r(1-cosa) sin (cy- 0). 
n-cos (oy - 6) 

n (rotti cos cy) - (p(x)-r) cos (ox-6) 
Y n-cos (a - 6) 

y 

dr rn sin 6 
dan cos 0-1 

and 

? F(o) sin odoy 
F(x) = K -t 

f "F(a) sin ado 
0. 

wherein 
d(x) is a function of x representing the desired phase 

distribution of power at said reference plane, 
F(a) is a function of a representing the initial power 

distribution from said microwave source per unit 
angle, 

r is the distance along the center axis from said focal 
point to said first surface, 

t is the distance along the center axis between said 
first surface and said second surface, 

s w 
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n is the index of refraction of the material from which 
the lens is made, 

6 is the angle between the line of travel of a ray of mi 
crowave energy before said ray enters said lens at 
said first surface, and after said ray enters said lens, 

F is a function of X derived by integrating 

and 

Karna) is a constant derived by integrating and evalu 
ating 

| max (x)xdx, 

wherein 
I(x) is a function of x representing the desired ampli 
tude distribution of power per unit area of said ref 
erence plane, and 

x is the radius of the lens. 
2. The microwave lens of claim 1 wherein said lens 

is fabricated from a material selected from the group 
consisting of glass, glass-ceramic and ceramic. 

3. The microwave lens of claim 1 wherein said func 
tion F(o) is a constant. 

4. The microwave lens of claim 1 wherein said func 
tion I(x) is a constant. 

5. The microwave lens of claim 1 wherein said func 
tion d(x) is a constant. 

6. The microwave lens of claim wherein said func 
tions F(o) and I(x) are constants. 

7. The microwave lens of claim 1 wherein said func 
tions F(a) and gb(r) are constants. 

8. The microwave lens of claim 1 wherein said func 
tions 1(x) and b(r) are constants. 

9. A lens for providing microwave energy having con 
stant phase and amplitude distribution, said microwave 
lens being made of a dielectric material having a con 
stant index of refraction, said lens having first and sec 
ond interdependent contoured surfaces for refracting 
microwave energy, both of said surfaces being rotation 
ally symmetrical about a center axis, said lens being 
adapted to receive energy from a microwave source, 
said source being located at the focal point of said lens, 
said first surface of said lens, which first surface is the 
nearest surface to said source, being defined by the pa 
rameters r, which is the distance from said focal point 
to said first surface and which represents the line of 
travel of a ray of microwave energy from said focal 
point to said first surface and, o, which represents the 
angle between r and said center axis, and the second 
surface thereof being defined by the parameters, x 
which represents the perpendicular distance from said 
center axis to said second surface, and y, which repre 
sents the perpendicular distance from a reference plane 
to said second surface, said reference plane being tan 
gent to said second surface at said center axis, said first 
and second surfaces further being characterized in that 
said parameters r, a, x and y are determined by solving 
the equations 

16 

X = r sin (t(n-1)-r(1 - coso)Dis O) sin (or - 0), 

n (rott Cos or) + (r-ro-- nt) cos (a - 6) 
S Y n-cos (cy - 6) 

dr rn sin 6 
don cos 0-1 

O 
and 

t(n-1)-r(1 - cos cy) . 
r Sin o- n-cos (cy - 6) sin (a - 6) 

15 
12 

? sin odo 
- Xmax i. 

| sin odoy 
2O O 

wherein 
r is the distance along the center axis from said focal 
point to said first surface, 

t is the distance along the center axis between said 
first surface and said second surface, 

n is the index of refraction of the material from which 
the lens is made, and 

0 is the angle between the line of travel of a ray of mi 
crowave energy before said ray enters said lens at 
said first surface, and after said ray enters said lens. 

10. The microwave lens of claim 9, wherein the initial 
value of the angle 6 equals 0, and is determined by the 

25 

30 

equation 
35 

sin (a-0) -- - - - - ---- -------m-m-m-n -aw - - - - wr 

n-cos (8-6) 

40 Xmax sin 6 - sin 6n sin 6 
2rs (1 cos 6) cos 8 in cos 6 - 1 

G - To (cos 6-1)-sin 6 in cos 6-1 

5 wherein 
6 is the maximum value of the angle or, 
xn is the radius of the lens, and 
r is the value of r when or equals 8. 
11. The microwave lens of claim 9, wherein said lens 

is fabricated from a material selected from the group 
consisting of glass, glass-ceramic and ceramic. 

12. The microwave lens of claim 9, wherein one Sur 
face of said lens is substantially planar. 

13. A method of making a lens for providing micro 
wave energy having predetermined desired phase and 
amplitude distribution, said microwave lens being 
made from a dielectric material having a constant index 
of refraction, said lens having first and second interde 
pendent contoured surfaces for refracting microwave 
energy, both of said surfaces being rotationally sym 
metrical about a center axis, said lens being adapted to 
receive energy from a microwave source, said source 
being located at the focal point of said lens, said first 
surface of said lens, which first surface is the nearest 
surface to said source, being defined by the parameters 
r, which is the distance from said focal point to said first 
surface and which represents the line of travel of a ray 

50 

55 

60 
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of microwave energy from said focal point to said first 
surface and, a, which represents the angle between r 
and said center axis, and the second surface thereof 
being defined by the parameters, x which represents 
the perpendicular distance from said center axis to said 5 
second surface, and y, which represents the perpendic 
ular distance from a reference plane to said second sur 
face, said reference plane being tangent to said second 
surface at said center axis, comprising the steps of 
contouring said first surface according to the equa- 10 

tions 
drfdoy - r n sin6/ncos6-1 and 

I F(a) sin ado 15 
O 

9 ax? 
? max (a) sin odoy 
0. 

and contouring said second surface according to the 20 
equations 

2(x)-r-t-r(1- in (oy - 6 (e(v)-ro-t-r(1-coso) sin (a - 9) 
n-cos (a - 6) 25 

and 

n (rat t + cos cy) (p(x) - r) cos (a - 6) Y 
n-cos (a - (9) 30 

wherein 
d(x) is a function of X representing the desired phase 

distribution of power at said reference plane, 
F(a) is a function of a representing the initial power 35 

distribution from said microwave source per unit 
angle, 

r is the distance along the center axis from said focal 
point to said first surface, 

t is the distance along the center axis between said 40 
first surface and said second surface, 

n is the index of refraction of the material from which 
the lens is made, 

6 is the angle between the line of travel of a ray of mi 
crowave energy before said ray enters said lens at 45 
said first surface, and after said ray enters said lens, 

F is a function of X derived by integrating 

I(x)xdx, ? (x) 50 
and 

Kerma) is a constant derived by integrating and evalu 
ating - - 'w - 

? " I (x)xdx, 55 
() 

wherein 
I(r) is a function of X representing the desired ampli 
tude distribution of power per unit area of said ref 
erence plane, and 

x is the radius of the lens. 
14. The method of claim 13 wherein said function 

F(a) is a constant. 
15. The method of claim 13 wherein said function 

I(r) is a constant. 
16. The method of claim 13 wherein said function 

(b(r) is a constant. 

65 
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17. The method of claim 13 wherein said functions 
F(a) and (x) are constants. 

18. The method of claim 13 wherein said functions 
F(a) and d(x) are constants. 

19. A method of making a lens for providing micro 
wave energy having constant phase and amplitude dis 
tribution, said microwave lens being made from a di 
electric material having a constant index of refraction, 
said lens having first and second interdependent con 
toured surfaces for refracting microwave energy, both 
of said surfaces being rotationally symmetrical about a 
center axis, said lens being adapted to receive energy 
from a microwave source, said source being located at 
the focal point of said lens, said first surface of said 
lens, which first surface is the nearest surface to said 
source, being defined by the parameters r, which is the 
distance from said focal point to said first surface and 
which represents the line of travel of a ray of micro 
wave energy from said focal point to said first surface 
and, ov, which represents the angle between r and said 
center axis, and the second surface thereof being de 
fined by the parameters, x which represents the perpen 
dicular distance from said center axis to said second 
surface, and y, which represents the perpendicular dis 
tance from a reference plane to said second surface, 
said reference plane being tangent to said second sur 
face at said center axis, comprising the steps of 
contouring said first surface according to the equa 

tions 
dr/day = r n sin6Incos8-1 and 

(i(n-1)-r(I-cosa) S. C. ( n-cos (cy - 6) ) sin (oy -8) 

112 
sin odoy 

Xmax 
sin ado 

and 
contouring said second surface according to the 
equations 

X = r sin (t(n-1)-r(1-cos a) sin (a - 9) 
n-cos(a-0) 

and 

n (ro- t- cos a) + (r-rant) cos (a - 6) 
Y n-cos (or -0) 

wherein 
r is the distance along the center axis from said focal 
point to said first surface, 

t is the distance along the center axis between said 
first surface and said second surface, 

n is the index of refraction of the material from which 
the lens is made, and 

6 is the angle between the line of travel of a ray of mi 
crowave energy before said ray enters said lens at 
said first surface, and after said ray enters said lens. 

20. The method of claim 19, wherein the initial value 
of the angle 6 equals 6, and is determined by the equa 
tion 
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sin (a -0) wherein 
n-cos (8-6) o 8 is the maximum value of angle o, 

X sin 6 sin 6n sin 6 x is the radius of the lens, and 
x awaraama w AAYA Y sw alammamraramamrams is the value of r when or equals 6. 

2rs (1 - cos 8) cos 8 in cos 6 - 1 5 r is r when o' cq 
n sin 6 

(cos 8 1) - sin 8 k is : k is 
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