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57) ABSTRACT 

In a morphing system for creating intermediate images that, 
viewed serially, make an object in a source image appear to 
metamorphose into a different object in a target image, 
correspondences between feature points in the source and 
target images are determined by simulating the modes of 
motion of respective elastic sheets in which are embedded 
nodal points that correspond to respective feature points in 
the images. For each feature point, a generalized-feature 
vector is determined whose components represent the asso 
ciated nodal point's participations in the various motion 
modes. Correspondences between feature points in the 
source and target images are determined in accordance with 
the closeness of the points' generalized feature vectors. 
Correspondences thus determined can additionally be used 
for alignment and object-recognition purposes. 

18 Claims, 4 Drawing Sheets 
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5,590,261 
1. 

FNTE-ELEMENT METHOD FOR MAGE 
ALGNMENT AND MORPHING 

BACKGROUND OF THE INVENTION 

The present invention is directed to the feature-correspon 
dence problem encountered in object recognition, align 
ment, and morphing. 
Alignment is the mapping of points from a first, "source' 

coordinate system, in which, say, a prototype object is 
described, into another, "target' coordinate system, in which 
an object somehow related is described. A camera in an 
manufacturing apparatus, for instance, may produce a two 
dimensional image of a part waiting to be drilled. The image 
is expressed in terms of the target coordinate system, to 
which the drill-positioning system responds. The manufac 
turing apparatus, on the other hand, stores an internal model 
of a prototype of the part in terms of a source coordinate 
system, in which the locations to be drilled are also 
expressed. In order to drill the real-world part properly, the 
source coordinates of the model's holes must be mapped to 
target coordinates at which the drilling is actually to occur: 
the model and the real-world part must be aligned. 

Alignment is also a first step in morphing, in which 
intermediate images are generated to make an object in a 
given first, source image metamorphose into a given second, 
target image. In each intermediate image, a point corre 
sponding to a point in the source image is positioned by 
interpolating between a source-image point and a point in 
the target image with which the alignment process has 
associated the source-image point. 
A related problem is object recognition, in which the task 

is to determine whether an object in an acquired image is of 
the type represented in an internal model. 

All of these operations start with identification of feature 
points in the source and target images. These are typically 
the locations of edges, vertices, etc. that are of most visual 
interest. Generally inelegant but nonetheless workable meth 
ods that lend themselves to computer implementation have 
been used to identify feature points. But correspondences 
must then be assigned between feature points in the source 
image and those in the target image. To do this without 
human intervention is a problem. 
The reason for this can readily be seen. The input to the 

correspondence-assignment process is feature data in the 
form of position coordinates, and there is almost never any 
direct relationship between the coordinates, in different 
images, of corresponding feature points. A number of 
attempts have accordingly been made to determine corre 
spondences on the basis of feature-point descriptions that 
characterize different feature points in an image on the basis 
of their relationships to other feature points and the same 
image. A method described in Scott, "An Algorithm for 
Associating the Features of Two Patterns.” Proc. Royal 
Society of London, pp. 21-26 (1991), employs eigenvectors 
of a "proximity description matrix, which describes Gaus 
sian-weighted distances between point data. Shapiro et al., 
"Feature-Based Correspondence: an Eigenvector 
Approach,' Image and Vision Computing, 10(5): 283-88, 
June 1992, describes a further development of this method. 

This proximity method effectively assigns correspon 
dences in some circumstances, but it is not information 
preserving; i.e., the feature locations cannot be recovered 
from the description matrix. Moreover, the results of the 
computations that it employs are of limited value in mor 
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2 
phing, alignment, or other processes of which correspon 
dence determination is a prerequisite. 

SUMMARY OF THE INVENTION 
We have devised a correspondence-assignment technique 

that considerably reduces the degree to which humans must 
intervene in morphing, alignment, and object recognition. It 
employs elements of methods described in Pentland et al., 
"Recovery of Non-Rigid Motion and Structure' and Pent 
land et al., "Closed-Form Solutions for Physically-Based 
Shape Modeling and Recognition,” both in IEEE Trans. 
Pattern Analysis and Machine Intelligence 13(7), July 1991. 
In those papers, objects in acquired images were given 
descriptions in terms of the displacements that would occur 
in the positions of nodal points on a prototype deformable 
elastic body if springs were attached between those nodal 
points and (fixed-position) feature points in the acquired 
image. Determination of the spring-attachment points, 
which could be thought of as a type of correspondence 
assignment, was performed in one of the conventional ways, 
but the displacements were found by solving for what were 
referred to as "modal” displacement. The effect was to 
decouple the system equations and thus greatly reduce the 
computational burden. 
The present invention also employs modal displacements, 

but it uses them to find correspondences between feature 
points. Specifically, part of the correspondence-assignment 
process is mathematically equivalent to treating the feature 
points in each image as "nodes' similarly spaced in a 
respective elastic body (e.g., a "rubber sheet' if the images 
are two-dimensional) that has properties determined in a 
manner that will be described below. The behavior of each 
node in an image under various modes of the body's (often 
deformational) motion is computed, and the correspondence 
for a given node is determined on the basis of how similar 
its behavior is to that of its candidate mate in the other 
image. 

Like the methods described in the Pentland et al. papers, 
ours employs the "finite-element method, which is com 
monly used for simulating elastic-body motion, to determine 
the body's various motion modes. Although our method is 
based on the behaviors of the discrete nodes, this behavior 
cannot be determined without considering the effects of the 
rest of the body, which would, of course, undergo displace 
ment as the nodal points are displaced during the motion to 
be observed. The finite-element method therefore begins by 
postulating an interpolation function, which gives the dis 
placement of any (typically non-nodal) point as a function of 
that point's rest position (i.e., of its position in, say, the 
source image) and the displacements of all nodal points. 

According to an optional aspect of the invention, the 
interpolation function is a sum of Gaussian functions cen 
tered at the various nodal rest positions in a manner that will 
be described below in more detail. Such functions are 
particularly desirable because they readily adapt to the 
dimensionality of the data: a two-dimensional Gaussian 
function is readily factored into one-dimensional Gaussian 
functions. Moreover, they lend themselves to development 
of closed-form solutions to certain computations that the 
method requires. 
With the relationship between nodal and non-nodal posi 

tions thus assumed, we further assume a (possibly uniform) 
mass distribution throughout the body and a stress-strain 
relationship in its "material” so that it will vibrate as 
conversions occur between inertial and elastic energy. On 
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the basis of these assumptions, we can write the equations of 
motion of the system of nodal points and obtain from them 
eigenvectors that represent respective characteristic vibra 
tional modes of the system. 

Each component of an eigenvector is associated with a 
different node and represents the relative participation of 
that node in the motion of the vibrational mode that the 
eigenvector represents. The set of participation levels for a 
given node, ordered in accordance with their respective 
eigenvectors' eigenvalues and thus in accordance with their 
modal vibration frequencies, can be thought of collectively 
as a generalized feature vector, which associates that node 
with a point in a feature space. Correspondences between 
nodes can then be assigned in accordance with how close a 
node from one image is in the generalized feature space to 
its candidate mate from the other image. 

Unlike the proximity methods for determining correspon 
dence mentioned above, the method of the present invention 
is information-preserving, and the underlying finite-ele 
ment-method model can be used to interpolate intermediate 
deformations in the morphing process and to perform other 
functions of which correspondence determination is a pre 
requisite, such as obtaining canonical descriptions for object 
recognition. While the method of the present invention, as 
applied to object recognition, has some similarities to other 
object-description approaches, such as the chord-length 
method described in Cootes, "Trainable Method of Para 
metric Shape Description.' Image and Vision Computing 
10(5): 289-94, June 1992, the chord-length method requires 
that full correspondences be given as an input, while our 
method determines those correspondences. 

Furthermore, by obtaining the eigenvectors through simu 
lation of a continuous body in which the sampled feature 
points are embedded, the present invention is not nearly as 
sensitive to the manner in which the images are sampled. For 
instance, if there are very different sampling densities in two 
images, then the matrices that result from the proximity and 
chord-length descriptions will differ considerably even if the 
object's pose and shape are identical, while the matrices 
produced by our method, which is based on simulation of the 
motion of the virtual material in which the feature points are 
embedded, would not differ to nearly the same extent. 
Moreover, our method provides the possibility of empha 
sizing or de-emphasizing certain features, as a result of 
external information that may be available, by varying the 
assumed material properties of the virtual material in accor 
dance with position in the elastic body. 

BRIEF DESCRIPTION OF THE DRAWINGS 

These and further features and advantages of the present 
invention are described below in connection with the accom 
panying drawings, in which: 

FIG. 1 is a block diagram depicting a morphing method 
that employs the teachings of the present invention; 

FIG. 2 depicts two images to be aligned; 
FIG. 3 depicts the result of a rigid-body transformation of 

one of the images; 
FIG. 4 depicts the result of a deformational transforma 

tion that employs only the lowest-eigenvalue deformation 
modes; 

FIG. S depicts the result of a deformational transforma 
tion that employs all of the deformation modes; 

FIG. 6 is a block diagram that depicts an intermediate 
image-generation process that does not apply scaling and 
rigid-body transformation separately from deformation; and 
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4 
FIG. 7 is a block diagram that depicts an intermediate 

image-generation process in which scaling, rigid-body, and 
deformational transformations are separately applied. 

DETAILED DESCRIPTION OF LLUSTRATIVE 
EMBODIMENTS 

FIG. 1 depicts in block-diagram form a morphing system 
that embodies the present invention. In practice, a common 
general-purpose computer, appropriately programmed, ordi 
narily performs most of the system's functions, although this 
arrangement is not necessary in principle. In most of our 
studies, for instance, we have employed a Sun SPARC2 
workstation to implement parts of the system, using disk 
stored programming, and have generated output images by 
laser printer and cathode-ray tube. We have also transferred 
the software to other platforms for such studies. But those 
skilled in the art will recognize that the present invention can 
be embodied in a wide range of digital computers with 
programming Stored in any type of storage medium. Indeed, 
if an application justifies it, dedicated circuitry not requiring 
separate programming can be used to implement the teach 
ings of the present invention. 

Although most of the system's functions will ordinarily 
be performed by common circuitry, we follow custom by 
using separate blocks to represent separate functions. Opera 
tion begins with an image from any appropriate image 
source 20. In a step represented by block 22, the locations of 
important point features in the image are extracted from that 
image. Such features, which are typically comers, points on 
edges, etc., are extracted in any convenient way. In principle, 
they could even be extracted by direct human selection. The 
result is a set of position vectors, each of which gives the 
position of a feature point in the source image. 

Initially, we will discuss the processing of the data from 
only the source image, although an identical operation is 
also performed on the target image. For the sake of sim 
plicity, the discussion will begin with a way in which the 
method can be applied to images that are in rough alignment, 
in which the centroids of the objects feature points are close, 
their rotational orientations differ, if at all, by only a little, 
and they are displayed at similar scales. These assumptions 
will then be relaxed to describe ways in which the invention 
can be applied to the more general problem. For purposes of 
explanation, moreover, we will assume that the image is a 
two-dimensional image, but the applicability of the method 
to images of any dimensionality will be apparent. 
As was stated above, the present invention is based on 

characterizing each of the extracted feature points, which we 
will hereafter refer to as "nodes,” in terms of their partici 
pations in the motion of various modes of (often deforma 
tional) motion of an elastic sheet in which they are assumed 
to be embedded. To identify these modes of motion, we need 
to consider the equation of motion of this system of nodes. 
The equation of motion describes the variations in the 
displacements of the various nodes from their rest positions 
as the elastic sheet vibrates or otherwise moves. 
The equation of motion is thus an equation in U, where, 

if there are n nodes, U is a 2n-component vector (in the 
two-dimensional case assumed in the example) representing 
the varying displacements from their rest positions that the 
nodes undergo during the elastic sheet's vibration. (Conve 
niently, although not necessarily, the position vector that the 
feature-extraction process yields for a node in the source 
image can be considered its rest position.) To determine 
what this motion will be, it is necessary to consider the 
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elastic and inertial forces imposed by the rubber sheet as 
well as any external, "input' forces used to force any 
deformation. These input forces are assumed to be restricted 
to lumped forces applied only at the nodes. The resulting 
equation is 

MUKU=F. (1) 

where M is a 2nx2n matrix, to be described below, that 
represents inertial effects, K is a 2nx2n matrix, which we 
will also describe below, that represents elastic effects, and 
F is a 2n-component vector representing two components (x 
and y) of force at each node. Note that the sheet is assumed 
to be perfectly resilient: the equation includes no damping 
factor. Such an assumption is convenient but not necessary. 

Each row of M is associated with one or the other of the 
two inertial-force components at a respective node, and a 
row's constituent components represent the contributions to 
that inertial-force component that result from respective 
acceleration components at the various nodes. In other 
words, a row of M is the transpose of a vector whose scalar 
product with Uis one or the other of the two components of 
inertial force experienced by the node with which that row 
of M is associated. 

In a similar manner, Krepresents the contributions of the 
displacements at all nodes to the elastic restorative force 
experienced by each node. 

Determining M and K requires an assumption concerning 
the displacements that occur at non-nodal points in the 
elastic sheet when the nodal points are displaced. That is, we 
need to find a displacement interpolation matrix H(x) such 
that: 

where u(x)=(u,v) is the displacement of a (not in general 
nodal) point whose rest position is X=(x, y). By assuming 
that the sheet material is isotropic, we can write equation (2) 
2S 

(3) 

0 0 ... O l, 

0 0 ... O hh ... h. v 

where the h's are functions of x. 
To determine the form that the h's should take, we first 

assume that deformation is a continuous function of posi 
tion. This continuity requirement dictates that, if x, is the rest 
position of the jth node, u(x) should approach (u,v) as X 
approaches x. This yields the requirement that h(x) be unity 
at node j and 0 at all other nodes. 

This is a criterion conventionally imposed on Galerkin 
interpolants when the finite-element method is employed. In 
accordance with one aspect of the invention, we meet these 
criteria by forming the his from Gaussian basis functions of 
the following type: 
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6 
where O, the Gaussian function's standard deviation, affects 
the size of the neighborhood in which a given node's 
displacement significantly affects those of non-nodal points, 
and the user will ordinarily optimize performance by vary 
ing O in accordance with the scale of the image. 
The component functions h of the interpolation function 

H are respective sums of the n basis functions g: 

where the O's are coefficients that make (4) satisfy the 
Galerkin criterion set forth above. The matrix A of ot's that 
satisfy this first criterion is given by 

-1 

Block 24 represents computation of the G and A matrices, 
from which the interpolation function H can be determined 
by way of equation (4) in a step represented by block 26. 

It may sometimes be desired to satisfy a second Galerkin 
criterion, which guarantees that, if all nodal points' displace 
ments are the same, all other points' displacements are, too. 
A sufficient condition for this result is: 

This criterion, which is useful for smooth image interpola 
tion, can be met by replacing the relationship of equation (4) 
with the following: 

Having now determined the displacement-interpolation 
matrix H(x), we are ready to determine the mass matrix M, 
which relates the inertial force at each node to the accelera 
tions at all nodes. To find the value of the mass matrix M, 
we first note from equation (1) that each row of M relates a 
respective component of the lumped inertial force experi 
enced at a respective nodal point to the nodal-point accel 
erations U. Now, if p is mass density, the inertial surface 
force (force/unit area) at x is pi(x)=pH(x)U. The proportion 
of this surface force allocated to the ith node is h(x); i.e., the 
inertial-force contribution from the infinitesimal region dA 
to the force component (f, f) experienced at the ith node 
is ph(x)HUdA, so the vector F giving the total inertial 
force allocated to the various nodes is 

F-JapHHOdA, 

which, by comparison with equation (1), indicates that the 
mass matrix is given by: 

M=ApHHdA. 

If the Gaussian interpolation functions of equation (4) are 
employed, the integration region A can be an infinite plane, 
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and that is the region that we ordinarily employ. In the 
simplest case, the mass density p can be assumed to be 
uniform, but it is one of the advantages of the present 
invention that it lends itself to emphasizing certain features, 
if that is desired, by making the mass density depend on 
position in the elastic sheet. 
From the Zeros in the It matrix shown in equation (3), we 

see that: 

Mag O 
M= 

O Mbh 

where the nxn submatrices M and M, are positive semi 
definite symmetric matrices and M=M. It can be shown 
that: 

maaij - p7Lo' i aikaiji N g(x) , 

where 

g(x)--Li-xiliza'. 

Block 28 represents this mass-matrix calculation. 
We next evaluate the stress matrix K of equation (1), 

which relates the net restoration, or elastic, force at each 
node to the displacements at all of them. To evaluate it 
requires considering the behavior of the stresses throughout 
the elastic sheet, which in turn involves determining the 
strains. The X and y components of tensile (or compressive) 
strain at an arbitrary point x=(x,y) are du/dx and Ovidy, 
respectively, while the shear strains are respectively dufoy 
and dv/dx. To determine stresses from these, we assume a 
Young's modulus E and Poisson's ratio O. for the hypotheti 
cal sheet material. Although stress in the one-dimensional 
case is determined simply by multiplying the strain by 
Young's modulus, the two-dimensional case requires one to 
take into account shear stresses and the tendency of a 
stretched body to contract in the direction normal to the 
tensile strain to a degree given by Poisson's ratio. The 
resultant x-direction tensile stress O, is B(ou/dx+Odu/dy), 
where B=E/(1-0). Similarly, the y-direction tensile stress 
o, is 3(oufoy+oou?ox), while the shear stress O-BYou/ 
0x+dufoy), where y=(1-0)/2. By introducing a strain matrix 
B: 

Ohl Oh ohn 
ox O O ... O 

B(r)= O O Ohi dha ohn 
2 y - . . . . . 

Oh Oh, dhn dh1 Oh Ohn 
y oy y or 0. dx 

and employing the interpolation matrix H to express the 
non-nodal displacements in terms of the nodal ones, we can 
write the stresses at an arbitrary point x in matrix form: 
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8 
-continued 

C. 

C = B 1 
O 

O 

O 

To determine the contributions of these stresses to the net 
restorative force at the ith node, we consider the work 
performed in changing the strain at an arbitrary point x when 
an infinitesimal displacement du, occurs at the ith node. The 
work per unit area is the product of the stress and the 
increased strain at X. The increased tensile strain is simply 
(dh/dx)du, while the increased shear strain is (dh/dy)du, so 
an incremental displacement du performs (o, dh/dx+ 
o,0h/dy)du, per unit area of work at any arbitrary point x. 
This means that the contribution from a section dA at x to the 
net X-direction force component f, at the ith node is (odh/ 
dx+o,0h/oy)dA. Similarly, the contribution to they com 
ponent f, at the ith node is (o,0h?oy+O,0h/dx)dA. By i 

integrating over the entire sheet, therefore, we obtain 

F=ABCBUdA, 

where the components of F are the net restorative forces at 
the nodal points. Comparing this with equation (1) yields the 
following expression for the stress-interpolation matrix K: 

Kaa Kab 
K= BTCBAs - 

A. Ka Khi, 

It can be shown that the elements of K have the form 

- - -------------- - Y.Y2 kaaj Brt i dikaji 2 452 ((x-x)+ 

the elements of K, have the form: 

k BIt 1 + y 1 if X i. --- bbi ki ikit 2 42 

and the elements of K, and K have the form: 

kay-B(at ) is agai (; -)0-y)N gk(x) , 

Block 30 represents this stiffness-matrix computation. 
We have thus found the values of the mass matrix M and 

the stiffness matrix Kin equation (1), which can therefore be 
solved for U(t) if an input F is given. Initially, however, we 
are interested in finding the system's vibrational "modes,' 
which can be determined without assigning a specific value 
to F. The modes are the eigenvectors () of the matrix KM, 
i.e., the Solutions to the equation 

KG=CoMo, 

which are readily computed along with their corresponding 
eigenvalues co’. 
The mathematical significance of these solutions () is that 

they enable us to rewrite the equation of motion (1) as a 
decoupled system of equations. To demonstrate this, we first 
arbitrarily choose the magnitudes of the (bs so that they are 
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M-orthonormalized, i.e., 

T 1, i=j 
of Mic - 0, i7 j 

This enables us to write: 

obko- (5) 

and 

dotMob-I, (6) 

where I is the identity matrix, 

De (1, (2, (2nl, 

co? 

co? 

2 = 

(5, 

and, for reasons of convenience that will become apparent 
below, 

(0s (). 

By employing equations (5) and (6), we can rewrite the 
equation of motion (1) in terms of modal displacements U 
defined such that U-dU; i.e., U=d"MU. We transform the 
equation of motion (1) thus: 

coMU-opKU-DF 

co'Mofid Kot-p'F 

ü+QU-d'F. (7) 

This is a system of decoupled scalar differential equations; 
i.e., equation (7) can be solved for any component of the 
modal displacement vector U without reference to any of its 
other components. 

Block 32 represents computation of the eigenvectors (b. 
This includes determining eigenvector direction in accor 
dance with the definition of eigenvector and assigning 
eigenvector magnitudes by the M-orthonormalization con 
straint mentioned above. But this constraint still leaves two 
possible values for each eigenvector, one of which is the 
negative of the other. We accordingly also choose between 
the two in a manner that will be described below. The 
eigenvectors are often referred to in related contexts as 
"mode shapes,” because the unforced (F-0) response of the 
imaginary resilient sheet to any initial deformation can be 
decomposed into a weighted sum of responses A(l), sin(oth 
0), where A and 6 are constants. 
As was stated above, we want to characterize each nodal 

point by its set of relative participations in the several 
modes. To this end, we write the modal matrix d in terms of 
generalized feature vectors v. 
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each of which defines the set of such relative participations 
for a respective feature and can be thought of as that 
feature's location in a generalized feature space. Associa 
tions between features in the source image and features in 
the target image are then determined by how close they are 
in the generalized feature space. 
Of course, the eigenvectors and eigenvalues computed for 

the source image will not in general be the same as those of 
the target image; indeed, the number of feature points, and 
thus of modes, in one image is not in general the same in one 
image as it is in the other. Something must therefore be done 
to make the two generalized-feature-vector spaces corre 
spond. One way of making the dimensionalities of the two 
generalized-feature-vector spaces the same is to truncate the 
generalized feature vectors at a given dimensionality. We 
have done this in some experiments by retaining only the 
lowest-frequency 25% of the components, because the 
higher-frequency modes are the ones most sensitive to noise. 
(For reasons that will be explained below, we additionally 
discard the lowest-frequency modes in certain applications.) 
Block 34 represents this truncation. Correspondences 
between dimensions in the two generalized-feature-vector 
spaces are then assigned in accordance with the positions in 
which they fall when they are ordered by the magnitudes of 
their respective eigenvalues and thus of their respective 
modal frequencies. This was our purpose in ordering fea 
ture-vector components by eigenvalue. 

Discarding the highest-eigenvalue modes (as well as, in 
situations described below, the lowest-eigenvalue modes) 
results in truncated generalized-feature vectors v, each of 
which defines the set of relative participations in the various 
modes for a respective feature and can be thought of as 
representing that feature's location in a truncated general 
ized-feature space. As FIG. 1 indicates, the operations 
described so far as being performed for one image are 
actually performed for both. 

All applications of the present method are based on 
determining how close the generalized feature vector deter 
mined for a feature (i.e., nodal) point in one image is to that 
determined for a feature point in the other image. Clearly, 
many measures of "closeness' can be used in this connec 
tion, and many criteria can be applied to such measures to 
determine correspondences. Those skilled in the art will find 
most to be more or less desirable for various applications. 
When the present invention is used for object recognition, 
for instance, an object in an acquired image may be con 
sidered not to be of the same type as that in a prototype 
image unless, say, the generalized feature vectors deter 
mined for a predetermined number or percentage of feature 
points in the acquired image are within a predetermined 
threshold distance from the generalized feature vectors 
determined for respective feature points in the prototype 
image. If this criterion is not met, the system will generate 
an indication at this point that the object in the acquired 
image is not of the tested-for type, as FIG. 1 indicates for 
purposes of explanation even though it is intended to rep 
resent a system for morphing, not object recognition. 

For alignment and morphing purposes, anchor points, on 
which development of the mapping function is based, are the 
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feature points in a given image whose generalized feature 
vectors are least distant from those of corresponding features 
in the other. Correspondences between points in the two 
images can be determined, for instance, by beginning with 
computation of an "affinity matrix” Z. If the ith and jth 
feature points in the source and target images, respectively, 
are respectively represented by truncated generalized feature 
vectors v,' and v', then each element Z of Z is given by: 

Z=lvi"-vill’. 

Block 36 represents this operation. For a perfect match 
between source pointi and target point j, z will be 0, while 
worse matches result in larger values of Z. 

In this connection, we briefly return to the sign-assign 
ment aspect of the eigenvector-computation operation 32. 
As was stated above, the eigenvector-definition and M-or 
thonormalization constraints leave two possible values for 
each eigenvector. Since eigenvectors are computed sepa 
rately for the two images, this could result in a great 
difference between the generalized feature vectors computed 
for corresponding feature points even in identical images if 
the eigenvector signs were assigned at random. We accord 
ingly choose signs in such a manner as to minimize differ 
ences between the generalized feature vectors for corre 
sponding features. 
We do this in a manner similar to that described in a 1991 

technical report by L. Shapiro of the Oxford University 
Robotic Research Group entitled “Towards a Vision-Based 
Motion Framework.” As that report states, the method is 
based on the assumption that objects in the two images are 
expected to correlate, and it arbitrarily considers the signs of 
the eigenvectors from one image to be correct. Each of the 
other image's computed eigenvectors is then tested to deter 
mine whether it or the opposite-signed eigenvalue mini 
mizes the distances between feature vectors. 

Specifically, one eigenvector at a time is considered in an 
iterative procedure. For each eigenvector in succession, an 
operation is performed that is equivalent to finding distances 
between "zero-stuffed' generalized-feature vectors, which 
are the same as the generalized-feature vectors determined 
from the originally computed eigenvector except that all 
components that correspond to eigenvectors not yet consid 
ered are set to zero. This results in a test affinity matrix Z. 
in which the elements are given by 

- - 2 aposillais ai.T 

where vis is the same as the ith feature vector from the 
source image except that all components corresponding to 
eigenvectors after the qth one are set to zero and v is the 
jth similarly stuffed feature vector from the target image. 
Each column of this matrix lists the squared distances in 
generalized feature space between one feature in the target 
image and all of the features in the source image, so the 
lowest value in each column is the square of the distance 
from the corresponding target feature to the closest source 
feature. All such lowest values are added together. The 
procedure is then repeated for the same eigenvector except 
that the signs of all of the qth target-image eigenvectors 
components are reversed to make the stuffed target-image 
vector; i.e., the qth component of viris reversed. If the sum 
of the lowest values is less this time, the qth target eigen 
vector's signs assume the reversed values. Otherwise, they 
retain their original values. This procedure continues until 
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12 
all eigenvectors, or as many as will be used in the truncated 
generalized-feature space, have been considered. 
We now return to the correspondence determination. For 

a source point i to be considered to correspond to a target 
point j, the following conditions may be imposed: Z must 
(1) be less than a predetermined threshold and (2) be a 
minimum both in the ith row and in the jth column. In most 
cases, this does not yield a match for every nodal point, but 
it ordinarily produces a number of correspondence pairs. We 
consider these to be pairs of “anchor' points. 

Having thus identified anchor pairs, we will use them to 
determine the function for mapping other points from the 
source image to the target image. There are a number of 
existing ways of determining a mapping function from 
feature-point correspondences, any of which can be 
employed in accordance with the broader teachings of the 
present invention. In the examples that follow, however, we 
will emphasize approaches that the present invention's cor 
respondence-determination method facilitates. 
We will start with a relatively simple example. This way 

works best when there is little difference in orientation 
between the images. In this approach, the mapping is 
obtained by simply applying the displacement-interpolation 
matrix H to a feature-point displacement vector U whose 
value is such as to displace the anchor points in the source 
image to the positions of the corresponding points in the 
target image. But the anchor-point determination, as was 
stated above, ordinarily determines correspondences for less 
than all of the feature points. We therefore do not yet have 
a complete set of values for the feature-point displacement 
vector U. 
To assign displacements of the other feature points, we 

can use various approaches. A simple one is the equilibrium 
approach, in which we observe the positions that the other 
feature points-i.e., the unmatched nodes-assume when 
we simulate applying to the matched, anchor nodes forces 
that at equilibrium displace them to the positions of their 
mates when no external forces are applied to the unmatched 
nodes. In the equilibrium equation 

in other words, we set to zero the components of F associ 
ated with unmatched nodal points, set the components of U 
associated with matched nodal points to the values that 
move them to their mates, and solve the resulting set of 2n 
equations in 2n variables for the components of U that 
correspond to unmatched nodal points. (In the typical, 
isotropic case, solving n equations in n variables gives the 
values for all 2n variables.) This operation, represented by 
block 40, yields a value Ult that translates the non 
matched nodes in the source image to locations that are not 
in general those of nodal points in the target image but are 
consistent with a deformation of the elastic sheet that causes 
the displacements found for the anchor points. 
By substituting this value of the nodal displacements 

Ult into equation (2), we can calculate the deformation by 
which any point (nodal or non-nodal) from the source image 
is mapped to a point in the target image. We have thus 
aligned the two images. That is, we have found a mapping 
function: 

(8) XTX-HO.) Usuit, 

where x is the location to which a point at X in the source 
image is mapped. 
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Another approach is to find the unknown elements of U by 
assuming U is made up of only 2p more-Zero modal com 
ponents if correspondences have been found for onlyp of the 
n nodes. This approach solves for the modal displacements 
directly, by using the equation: 

If we have found correspondences for p of then nodes, then 
we reduce the degrees of freedom by discarding 20n-p) of the 
high-frequency eigenvectors (columns (b). This yields a 
mode-truncated transformation matrix d. We then discard 
the rows of P which are associated with unmatched nodes. 
The resulting system of equations has 2p equations and 2p 
unknowns, so we can solve for the modal displacements 
directly. This again enables us to obtain a solution in closed 
form. 

By imposing an additional constraint, it is possible to find 
a solution for the displacements in which we allow the loads 
at unmatched nodes to be nonzero. We find loads at the 
unmatched nodes that minimize the strain energy E, 

The unknown nodal displacements and loads can be solved 
for via gradient descent. The resulting nodal displacements 
can be transformed into modal displacements via the modal 
transform. Alternatively, the minimum strain energy can be 
measured directly in terms of modal displacements, i.e.: 

E-AUKU=(dU)K(dU), 

E=AUTokopf 

E=AUTO.U. 

This strain energy equation enforces a penalty which is 
proportional to the squared vibration frequency associated 
with each mode. Since rigid body modes ideally introduce 
no strain, it is logical that their vibrational frequency co-0. 
The mappings described so far map all anchor points to 

their mates. This is not the most desirable mapping for all 
applications. But it is true for most applications that the 
mapping function desired will be one that minimizes or 
maximizes some function of the relationships between the 
positions of an anchor point's mate and the position to which 
the mapping function maps that anchor point. 

In some alignment applications in which noise is expected 
in the data, for example, it can be shown that highest 
probability of proper alignment is achieved by "moving' 
one image's anchor points not exactly to the others’ but 
rather to locations whose determination is mathematically 
equivalent to holding the target nodal points fixed and 
finding the source-image rest positions that result from 
placing between the points in anchor pairs virtual springs 
whose spring constants depend on the expected noise. In 
such cases, the equilibrium equation is solved as before, 
except that all displacement components are unknowns. 

Specifically, let us renumber the target-image feature 
points so that, if the ith source point is an anchor point and 
Xs is its location, X is the location of the target-image 
feature point that corresponds to it. Then, if the ith feature 
point is an anchor point, 
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A. 
where the k's are spring constants assigned in accordance 
with the expected noise level and, if the ith feature point is 
not an anchor point, 

, -8. 
This does not add to the total number of unknowns, because 
the anchor-point forces, although still unknown, are con 
strained to be proportional to displacement. 

Since in can be large, it may be preferable computationally 
to solve for displacement by way of decoupled equations. 
For this purpose, of course, we can use the modal displace 
ments U. That is, we can instead solve the decoupled 
equation: 

ki(xTi - Si), 

although using the spring version of F recouples the equa 
tion if the spring constants are not equal. Moreover, little 
inaccuracy is introduced-and some noise rejection is added 
in certain applications-if the computational burden is 
reduced further by computing displacement contributions 
from only the lower-eigenvalue modes. 

Another way of deriving an alignment from the anchor 
points, which we have sometimes employed, is to introduce 
a damping term into the system and then simulate the 
resulting motion. Specifically, we solve the dynamic equa 
to: 

for its not displacement, where D is a diagonal modal 
damping matrix assigned in a manner described below. 
The resulting modal dynamic equilibrium equation can be 

written as a system of mindependent equations of the form: 

where the f(t)'s are components of the transformed load 
vector F=(DF. 
The modal displacements can then be solved by way of 

any iterative numerical integration procedure. In our imple 
mentation we use the Newmark method, an implicit iterative 
numerical integration technique. The system is integrated 
forward in time until the change in load energy goes below 
a threshold 8, i.e.: 

This yields a rest displacement value Ult from which the 
mapping function follows immediately as before. 
The modal damping matrix D is diagonal because we 

assume Rayleigh damping. Under Rayleigh damping, the 
damping coefficients are linearly related to the mass and 
stiffness matrices: 

Transforming into modal coordinates, we obtain a diago 
nal modal damping matrix: 
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As a result, damping for the ith mode is a function of that 
mode's squared frequency of vibration: 

where o. and B are constants determined by the desired 
damping level. For instance, O=0.1, B=1/(2co), where co, 
is the highest eigenvalue being used, works well for the 2-D 
cases shown here. 

While the process as described so far works well for a 
restricted, but nonetheless important, class of problems, a 
more-general approach requires some modifications. These 
modifications are required when the orientation, absolute 
position, and/or scale of one image differs significantly from 
that of the other. These situations necessitate two major 
adjustments. One is that the truncated feature vector, which 
defines the generalized feature space, is made for correspon 
dence-determination purposes by discarding not only the 
highest-eigenvalue modes but also the lowest. This leaves 
only intermediate-eigenvalue modes to define the truncated 
feature space. The lowest-eigenvalue modes are discarded 
because there typically are several zero-eigenvalue modes, 
which represent translation and rotation, so position in 
truncated generalized feature space is undesirably sensitive 
to position and orientation if the zero-eigenvector modes are 
included. Some of the other low-eigenvalue modes should 
also be discarded if any significant differences in scale are 
expected, since scale differences tend to contribute (unde 
sirably) to those modes. Elimination of these lowest-eigen 
value modes also reduces the adverse perspective effects that 
result from the use of different camera angles. In the 
two-dimensional case, therefore, we have typically elimi 
nated the six lowest-eigenvalue modes from the truncated 
generalized-feature vectors. 
The second major adjustment is that, if the approximate 

difference in scale is known, an appropriate adjustment 
should be made to the interpolation functions. For example, 
if an object in one image is expected to be twice as large as 
that in the other, the value of the standard deviation O used 
in the Gaussian interpolation basis functions for the first 
image should be twice that used in those for the second 
image. 

With the exception of these two adjustments, the initial 
operation of determining anchor points is the same in the 
more-general approach as it is in the initially introduced 
approach. One could derive the mapping function from the 
anchor points in the same way, too, i.e., by solving for the 
remaining feature-point displacement and applying the inter 
polation function to the displacement vector thereby deter 
mined. 

Particularly when the alignment is to be used for mor 
phing, however, we prefer an approach that includes a step 
in which the anchor pairs are used as the basis for an 
intermediate, non-deformational alignment of the remaining 
points by a method described by Horn in "Closed-Form 
Solution of Absolute Orientation Using Unit Quaternions,” 
Journal of the Optical Society of America, vol. 4, p. 629, 
April 1987. We prefer to employ this method, which we will 
outline below, because it provides explicit translation, rota 
tion, and scaling values. It thus lends itself to morphing 
because it allows the rates of progressive translation, rota 
tion, and scaling in successive intermediate images to be 
easily controlled separately from deformation. 
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16 
Although we pointed out that the method is readily 

applicable to images having only one dimension or having 
three or more dimensions, we have assumed for purposes of 
the discussion so far that the image in the example is 
two-dimensional. In the following discussion of the Horn 
method for determining scaling and rigid-body transforma 
tions, however, we will assume that the image is three 
dimensional, because certain aspects of the method are 
degenerate for two-dimensional images, so a three-dimen 
sional exposition of these aspects will be clearer. 

In accordance with this assumption, we begin with three 
dimensional anchor points: 

Si 

Sie S,i 
Si 

in the source image to which correspondences have respec 
tively been determined for points x in the target image. We 
first find the centroids of the anchor points: 

The translation value for a rigid-body transformation then 
is simply the difference between the centroids: x=x-x. 
(This is a departure from the Horn method.) To find the 
Scale, we first subtract the centroids from the individual 
vectors. The results are primed vectors that express the 
locations of the matched nodal points in terms of their local 
coordinates: 

--- sis, Xs 

XTRX1 ct 

We then find the scales in accordance with 

1 
2 

S. 

The next step is to determine a rotation. In accordance 
with Horn's approach, we find this by way of "quaternions.” 
A quaternation has been described variously as a four 
component vector, a composite of a Scalar and an ordinary 
vector, and a complex number having three different imagi 
nary parts. We denote a quaternion by a symbol having a 
circle above it. A quaternion can be expressed in the foll 
lowing manner: 

9 -aotiatjayi-ka 

where i, j, and k are separate imaginary parts defined thus: 

Multiplication of quaternions is accordingly defined as fol 
lows: 
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9 = rogo - ra. - rygy - 4 + i(ro4 + rao try1. - 4y) + 

j(roay - ry. + ryqo + ra) + k(ra- + ray - rya + rao) 
A dot product is also defined: 

P 9-pogotpatpaylp.a. 

18 

Sa + Sy + Saz Syz - Say Sar - Sz Sy - Syr 
Syz - Say St. - Syy - Sz Sy + Syr Sex + Sr. 
Sex - Sz Sy + Syx -Str + Syy - Sz Syz + Say 

5 Sy - Syx Sex + Sg Syz + Say -Su - Syt Sez 

corresponding to the most-positive eigenvalue, where 

r St. FX sixti, SyF X csiyai, Finally, complex conjugation is defined for quaternions: 10 is: 

9 *-go-iq, jq-kg. and so on. 
From that quaternion, we can obtain the rotation matrix R 

from which it follows that: as was described above. Putting the rotation, translation, and 
15 scaling together: 

( *=q+a+a+g. 
Now, if we consider an ordinary vector r to be represented X, is Rx. +...+x, 

by a purely imaginary quaternion: 20 
gives a non-deformational transformation that minimizes the 
mean-squared error E given by 

res0+irijrikr, 
2 

then it can be shown that the vector r" that results from E= xrigidi - Till. 
rotation through an angle 6 about the axis defined by the unit 25 

T 

sole co, co.) can be obtained by the following For simplicity in introducing the concept, we have 
p described the way in which to find a rotation, scale, and 

a 0 translation that minimize the error on a mean-squared basis. 
r' q r q k, 30 In actuality, we prefer to minimize the error on a confidence 

where weighted basis, i.e., on a basis in which each point's 
contribution to the determination of these parameters 

d = cos + (ico, + joby + ka).)sin depends on the distance in generalized-feature space 
35 between it and its mate. In terms of affinities Zij for instance, 

A ival ion is obtained i b we can employ weights co-1/(1+z). When we use these 
in equivalent rotation is obtaine in vector terms y weights, the centroids become weighted centroids: multiplying the vector r by a rotation matrix R derived from 

the rotation-representing (unit-magnitude) quaternion: 
2 wisi 2 wixTi 

40 S. and T = - 
r's X. wi X. i rwu i=1 =1 

where 

go + q-q-q. 2(digy - 404) 2Cd4+ gogy) 
R = 2(qrgy + qoq) go-q+ q-q. 20ayaz - goq) 

2044 - 404y) 204:4y + 404) go-g-gy + q. 

Now, our purpose in introducing the quaternion concept is 
to use it to express the desired rotation. The rotation desired 
is the one that, when combined with the above-determined 
scaling and translation, maps anchor points in the source 
image to locations in the target image that result in the 
least-squares error between those points and the points in the 
target image to which the anchor points correspond. 

Horn demonstrated that, if a quaternion is thought of as a 
four-element vector (q, q, q q, the quaternion corre 
sponding to the desired, error-minimizing rotation is the unit 
eigenvector of the following matrix: 

50 

Weights are used in determining the scale factor: 
1 
2 

X willxtil i=1 
See - 

X willisill i= 

55 

and the entries in the matrix of which the rotation-repre 
60 senting quaternion is the eigenvector are also modified: 

Sir F Wixsixti, Sry - X wix'siy'Ti, etc. 
R 

The result is a non-deformational transformation that 
yields a rough alignment of the source and target images. 
FIG. 2 depicts a prototype tree and a target tree with which 

65 
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it is to be aligned. FIG. 3 shows the result of translation, 
rotation, and Scaling. 

In some applications, only a non-deformational transfor 
mation is desired. In one type of object-recognition system, 
for instance, acceptance may have two steps, the first being 
that of identifying anchor points by means of generalized 
feature vectors as was described above. If that step yields 
enough matches, the second step may be to determine 
whether the error that remains after only non-deformational 
transformation is within predetermined limits. To reflect this 
possibility, FIG. 1 includes an "Object Not Recognized' 
output of the alignment step 42 even though FIG. 1 depicts 
a morphing apparatus. Certain alignment applications, too, 
may be based on the assumption that a non-deformational 
mapping is more likely to be reliable than one based on 
deformation. 

But other alignment applications, such as morphing, 
require a mapping function that can include deformation. To 
this end, we return to the finite-element method and, for 
purposes of explanation, to our assumption of two-dimen 
sional images. Our approach is to find the anchor-point 
displacements that will move the source-image anchor 
points to intermediate locations from which the non-defor 
mational transformations will move them to the target-image 
points to which they correspond. The displacements that 
result in these intermediate locations are readily found in 
accordance with 

... = } lin S. 

where the ith feature point is assumed to be an anchor point. 
The resulting displacement values are employed as elements 
of a displacement vector U that specifies displacements 
for all of the source-image feature points, and one of the 
methods described above is used to find the other U 
elements. 

With U. determined, we now use it to find the mapping 
function. Simply applying the interpolation matrix H to the 
displacement vector Up results in a mapping that so 
deforms the source image as to move the anchor points to 
intermediate points from which the non-deformational trans 
formation is needed to move them to the target-image points 
to which they correspond. The proper mapping function is 
therefore computed to apply the scaling, rigid-body, and 
deformational transformations: 

RxTi - x0 - xs) +xt - xsi, 

equil 

(9) 

This alignment mapping is valid for the general case; 
reflection reveals that equation (8) is a special case of 
equation (9) in which the separately applied scaling is unity 
and the separately applied translation and rotation are both 
ZO. 

As was mentioned above, it may sometimes be preferable 
for the mapping function to employ displacement compo 
nents that correspond to only some of the modes. In such a 
case, it is convenient to express the mapping function thus: 

x=xotsREx-i. HosUni)+. 
where 

Unico'MUnit 

and 3 is a diagonal vector in which elements that correspond 
to unused modes are zero and the other diagonal elements 
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20 
are unity. FIG. 4 shows the effect of using only the lowest 
eigenvector modes, while FIG. 5 shows that of using all 
modes. 

Having completed the alignment operation, we now turn 
our attention to the remaining morphing operations 44 (FIG. 
1), which involve the generation of intermediate images that, 
shown in succession, make an object in the source image 
appear to metamorphose into an object in the target image. 
This is accomplished by image-to-image interpolation, of 
which any of a number of conventional types can be used to 
practice the present invention. Additionally, some of the 
following examples will demonstrate ways that take par 
ticular advantage of the finite-element method's results. 

In one simple interpolation approach, a location in the kth 
intermediate image corresponding to each source-image 
location is identified by adding to the source-image location 
that source location's displacement vector multiplied by 
k/(L+1), where L is the number of intermediate images. The 
value (gray-scale or color) at that point in the intermediate 
image is a value determined from the source-point value by 
multiplying the difference between the source-point value 
and the target-point value by k/(L+1) and adding the result 
to the source value. 

Although such an approach is simple, it is not flexible in 
the sense of lending itself to adjustments for the purpose of 
heightening the sense of physical reality. The latter purpose 
is served by methods that take advantage of the deformation 
modes previously described. Such methods can conve 
niently be described in terms of "flow fields.” A flow field is 
a dense vector field that indicates the directions in which 
intermediate-image points corresponding to given source 
image points "move” from one image ("frame') to another. 
Just as the nodal displacements can be represented as the 
linear superposition of the decoupled modal displacements, 
the image flow field can, in arrangements in which the 
non-deformational transformations are not computed sepa 
rately, be represented as the superposition of decoupled 
modal flow fields. 
The component of nodal displacement between source 

and target image contributed by the ith mode is the product 
of the ith mode shape vector d, and the ith component of 
U. If we call the ith U component is then the 
contribution u of the ith mode to the source-to-target 
displacement of point x is given by 

For intermediate frames, the contributions from the vari 
ous modes can be modulated by animation functions B(t), 
where t is a time-representing variable that assumes a value 
of Zero at the source frame, increases with successive 
intermediate frames, and reaches unity at the target frame. 
These functions act as animation control knobs, choreo 
graphing the mixture of modal flow fields. This is illustrated 
in FIG. 6. 

For each of a plurality of values of t, 0<tzl, then, an 
intermediate displacement field u(x,t) is determined in 
accordance with the operation defined in FIG. 6 to generate 
an intermediate image on any appropriate display device 46 
(FIG. 1), such as a cathode-ray tube or a paper or film 
printer. That is, for each of a plurality of points x in the 
source, a location X,+u(x,t) in the kth intermediate image 
is assigned a color value c interpolated between the color 
value c(x) at that source-image point and the color value 
cx+u(x,1) at the corresponding point in the target image 
in accordance with 
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ck-T(k, Cr, c.) 

where T is any appropriate color interpolation function such 
that 

and 

T(l, ca, c)-cr. 

By independently varying T and the B.'s, we can maxi 
mize the physical plausibility or other desired characteristics 
of the morphing. 

If significant rotation was necessary to align the source 
and target images, the value Unit as was explained above, 
is determined in such a way that it does not move the 
source-image anchor points all the way to their correspond 
ing target locations; instead, it moves them only to inter 
mediate locations from which the non-deformational trans 
formation will result in the corresponding target locations. 
For the general case, therefore, we perform the morphing in 
accordance with a process depicted in FIG. 7. This process 
can be expressed as follows: 

where R(t) is a time-dependent rotation matrix generated, in 
accordance with the method described above, from the 
following quaternion: 

d sin{1 - 0.3 (t) 0} sinos () 6 
d(t) = sin 69 dist sing dT, 

where 

the quaternion representing the rigid-body rotation to the 
target orientation is q, and 0 is the spherical angle between 
the quaternions: 

e=cos( f. d). 

The anchor-point-determination process described here 
has a wide range of applications. In the morphing applica 
tion, for instance, the source and target images are typically, 
although not necessarily, obtained by digitizing camera 
generated natural images, and the output images are gener 
ated by any appropriate apparatus for printing or otherwise 
displaying computer-generated images. The image sources 
for object recognition and alignment may be cameras, too, 
but they may also be other image-generating equipment, 
such as computer-aided-design apparatus. 
Of course, the cameras are not necessarily simple two 

dimensional still or video cameras. They may instead be 
stereo cameras for generating three-dimensional data. Par 
ticularly for medical applications, moreover, they may not 
simply be optical cameras but may instead be X-ray, 
positron-emission, magnetic-resonance, or other types of 
imaging devices from which two-, three-, or, if time is 
included, four-dimensional images are generated by com 
puter-implemented methods such as tomography. Other 
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sources, such as well-logging equipment, which produce 
one-dimensional images, can produce source and/or target 
images, too. 

It is thus apparent that the present invention has a wide 
range of applications and therefore constitutes a significant 
advance in the art. 
What is claimed is: 
1. A method of processing images by determining a point 

in a target image comprising electronically encoded target 
points that corresponds to a given point in a source image 
comprising electronically encoded source points, the method 
comprising the steps of: 
A) defining first and second simulated elastic bodies 

associated with the source and target images, respec 
tively, each body comprising body points which 
include nodal points; 

B) identifying source and target feature points among the 
source and target points, respectively; 

C) for each of the images, computing the mode shapes of 
the modes of collective motion of nodal points of the 
body associated with that image and whose positions 
with respect to each other are the same as those of the 
feature points in the associated image, each of said 
mode shapes being an eigenvector comprising eigen 
vector components, each eigenvector component being 
associated with a different nodal point and representing 
the relative participation of that nodal point in the mode 
to which the eigenvector corresponds, and thereby 
associating with each feature point a generalized fea 
ture vector whose components represent the participa 
tions as embodied in the eigenvector components, of 
that feature point's associated nodal point in respective 
modes; 

D) assigning to each of a plurality of the source feature 
points a target feature point associated with a general 
ized feature vector whose difference from that associ 
ated with that source feature point is sufficiently small 
according to a predetermined criterion; 

E) determining a mapping function of source points to 
target points in accordance with the relationships 
between the target feature points to which source 
feature points are assigned and the points to which the 
mapping function maps those same feature points; 

F) identify the point in the target image that corresponds 
to the given source point by applying the mapping 
function to the given source point; and 

G) based on the correspondence, processing at least one 
of the source and target images or generating at least 
one intermediate image therebetween. 

2. A method as defined in claim 1 wherein the mapping 
function is non-deformational. 

3. A method as defined in claim 1 wherein the mapping 
function applies to each source point a respective target 
point whose displacement from that source point is the sum 
of the products of (A) the displacements from source feature 
points of intermediate points that result when subjected to 
scaling and a rigid-body transformation, in the target feature 
points with which their respective source feature points are 
associated and (B) respective sums of interpolation func 
tions evaluated at that source point. 

4. A method as defined in claim 3 wherein the interpola 
tion functions are Gaussian functions centered on respective 
source feature points having locations in the source image, 
the centering being accomplished such that each Gaussian 
function assumes its maximum value for an argument cor 
responding to the position of its respective source feature 
point. 
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5. A method as defined in claim 1 wherein the step of 
computing the mode shapes includes employing as the 
displacement of each body point in each simulated elastic 
body a value equal to the sum, evaluated at that body point, 
of the products of the displacements of that simulated elastic 
body's nodal points and respective interpolation functions, 
each interpolation function being a sum over the nodal 
points of Gaussian functions, centered on the respective 
nodal points such that each of the Gaussian functions 
assumes its maximum value for an argument value corre 
sponding to the position of its respective nodal point. 

6. A method as defined in claim 1 wherein the source and 
target images are one-dimensional images. 

7. A method as defined in claim 1 wherein the source and 
target images are two-dimensional images. 

8. A method as defined in claim 1 wherein the source and 
target images are three-dimensional images. 

9. A method as defined in claim 1 wherein the images are 
n-dimensional images, where n>3. 

10. An apparatus for processing images by determining a 
point in an electronically encoded target image comprising 
target points which include target feature points that corre 
sponds to a given point in an electronically encoded source 
image comprising source points which include source fea 
ture points, the apparatus comprising: 
A) body-defining circuitry for defining first and second 

simulated elastic bodies associated with the source and 
target images, respectively, each body comprising body 
points which include nodal points; 

B) mode-shape-computation circuitry for computing, for 
each of the images, the mode shapes of the modes of 
collective motion of nodal points of the body associated 
with that image and whose positions with respect to 
each other are the same as those of the feature points in 
the associated image, each of said mode shapes being 
an eigenvector comprising eigenvector components, 
each eigenvector component being associated with a 
different nodal point and representing the relative par 
ticipation of that nodal point in the mode to which the 
eigenvector corresponds, and thereby associating with 
each feature point a generalized feature vector whose 
components represent the participations, as embodied 
in the eigenvector components, of that feature point's 
associated nodal point in respective modes, 

C) correspondence circuitry for assigning to each of a 
plurality of the source feature points a target feature 
point associated with a generalized feature vector 
whose difference from that associated with that source 
feature point is sufficiently small according to a pre 
determined criterion; 

D) map-determination circuitry for determining a map 
ping function of source points to target points in 
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accordance with the relationships between the target 
feature points to which source feature points are 
assigned and the points to which the mapping function 
maps those same feature points; 

E) point-identifying circuitry for identifying the point in 
the target image that corresponds to the given source 
point by applying the mapping function to the given 
source point and generating an indication of the point 
thus identified; and 

F) image-processing circuitry for processing, based on the 
correspondence, at least one of the source and target 
images or generating at least one intermediate image 
therebetween. 

11. An apparatus as defined in claim 10 wherein the 
mapping function is non-deformational. 

12. An apparatus as defined in claim 10 wherein the 
mapping function applies to each source point a respective 
target point whose displacement from that source point is the 
sum of the products of (A) the displacements from source 
feature points of intermediate points that result, when sub 
jected to scaling and a rigid-body transformation, in the 
target feature points with which their respective source 
feature points are associated and (B) respective sums of 
interpolation functions evaluated at that source point. 

13. An apparatus as defined in claim 12 wherein the 
interpolation functions are Gaussian functions centered on 
respective source feature points having locations in the 
source image, the centering being accomplished such that 
each Gaussian function assumes its maximum value for an 
argument corresponding to the position of its respective 
source feature point. 

14. An apparatus as defined in claim 10 wherein the 
mode-shape-computation circuitry employs as the displace 
ment of each body point in each simulated elastic body a 
value equal to the sum, evaluated at that body point of the 
products of the displacements of that simulated elastic 
body's nodal points and respective interpolation functions, 
each interpolation function being a sum over the nodal 
points of Gaussian functions, centered on the respective 
nodal points such that each of the Gaussian functions 
assumes its maximum value for an argument value corre 
sponding to the position of its respective nodal point. 

15. An apparatus as defined in claim 10 wherein the 
source and target images are one-dimensional images. 

16. An apparatus as defined in claim 10 wherein the 
source and target images are two-dimensional images. 

17. An apparatus as defined in claim 10 wherein the 
source and target images are three-dimensional images. 

18. An apparatus as defined in claim 10 wherein the 
images are n-dimensional images, where n>3. 
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