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{Z7) Abstract

The pracent invention contains threz metheds for
guickly deducing the fundamental freguency of a com-
siex wave form or signal. One methed uses the rela-

Select candidate frequencies |
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ratios ¢f frequency differences, and
relaticnships siemming from the fact that harmonic fre-

© quencies ars medeled by functions of an integer varable

' rithmic scaies. records the frequencies of detectad partials

s such 2 mawch is Tound. pessible hammonic manking num-
{pers and the implied fundamental frequency can be ex-

whcse valyss recresent hamnonic ranking numbers. Ap-
oter methed depicts the predicted/moedeied relationships
of the harmenics of seiected fraquency registers on loga-

cn lixe scales. and moves the scales with respect to each
other searching for a match of thres harmonics. When

wacted directly. When the detected pamtials match more

Determine if candidate frequencies
are legitimate frequencies

ihat one ser of prediciedimedeled harmonic relaticnships,
atgorthms of the Arst merhed are used to select the da-
ducsd fyndamenual. By sull anothar method, harmoric
freqlzncies for @ pluraidity of rfundamendals are amassed
and orgonized so thar partials linked to an unknown fun-
Jamentai can be compired with them and the unknown

fundamental deduced.

Deducing fundamental frequency
from the legitimate frequenctes
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FASTFDH)FUNDANE%WALNEHHOD
CROSS-REFZRENCE
This epplication is related toc and claims—the
benefit of Provisional Patent Application Serial No.
60/106,150 filed October 29, 1998 which is.

incorpecrated herein by reference.

BACKGROUND AND SGMMARY OF TEXE INVENTION

This invention relates tc electronic music
croductlon and repreduction and to metheds for

modifying electronic analogs of soundéd during the

'3

H
e

cess of amplifying and enhancing the signals
generated by a note, and in general to systems haﬁing
the cbjective of guickly determining the fundamental
frequency of a compound wave which is the sum of
multiple frequencies.'

There 1s an irrecducible minimum limit to the
length of time reguired to measure the freguency of a
sine wave signal to a specified pitch accuracy (e.g.,
to 4 of a semitone). That minimum time is inversely
proportional to the Irequency of the signal being
processed. Keeping pitch accuracy constantc, the
minimum amount of time regquired to measure the
fregquency of a pure sine wave of 82.4 Hz would be
eight times longer than the minimum time required to
measure the freguency of 2 pure sine wave cf £335.2 Ez.
Accordingly, the lag zime Zor measuring and
reproducing the fundamental frequencies of low bacs
noces which are procducsd by instruments not
incorporating kevboards (or octher méans oL revealing

the fundamental freguency as a note is sounded)

o
[{]

propblematic. For examcle, when the signals from low

tass notes are processed by synthesizars hefore they
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are amplified and reproduced, an annoying lag time
commonly results. :

Throughout this patent, a partizl or partial

frequency is ~defined as & definitive energetic

5 frequency band, and harmonics or harmenic freguencies

are defined as partials which are generated in

accordance with &z phenomencn based on an integer

relationship such as the division ¢f & mechanical

cbject, e.g., a string, or cof an air column, by an

-
o

integral number ¢f ncdes. The relationships between
and among the harmonic frequencies generated by many
classes of oscillating/vibrating devices, including
musical instruments, can be modeled by a function G(n)
such that

is I, = f, x Gi{n)

where £, is the freguency cof the n*™ harmonic, £, is
the fundamental fregquency, known as the 1st harmonic,
and n 1is & positive integer which represents the
harmonic ranking number. Known examples cof such

20 functions are:
£, = £, x n; and,
£.= &, xn x[1 + (n® - 1) BI*.

Where P is a constant, typically .004.

A body of knowledge and theory exists regarding

V]
n

the nature and harmonic conzent of complex wave forms
znd the relationships between and among the narmonic
partials produced both by vibrating objscts and by
electrical/electronic analogs o©of such objects.

Examples of texts which contribute tc this bodvy of
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Instcrumencs by
Fletcher and Rossing, 2} Tuning, Timbre, Speactrum,

Scale by Sethares, and 3) Digital Processing of Speech
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Signals by Rabiner and Schafer. Alsc included are
knowledge and theory concerning varicus ways to
measure/determine frequency, such as fixed and
variable band-pass and band-stop filters, oscillators,
résonators, fast Fouriex transforms, ete. An overview
cf this body of knowledge 1is contained in the
Encyclopedia Britannica.

Examples of recéntrpatents which specifically
address ways to measure a fundamental frequency are:

U.S. Patent 5,780,759 to Szalay describes a pitch
reccgnition method that uses the interval between zero
crossings of & signal as a measure cof the period
length of the signal. The magnitude of the gradient
at the zero crossings is used to select the zero
crossings to be evaluated.

U.S. Patent 5,774,836 to Bartkowiazk et al. shows
an improved vocoder system for estimating pitch in a
speech wave form. The method first performs a
correlation calculation, then generates an estimate of
the funcdamental freguency. It then performs error
checking tc disregard "erronecus" pitch estimates. In
the process, it searches for higher harmcnics of the
estimated fundamental frequency.

U.S. Patent 4,429,609 to Warrander shows a device
and method which performs an A to D conversion,
removes fregquency bands cuLsids the azrea of interest,
and performs analysis using zerc Ccrossing time datea to

etermine the fundamental. It delays a reference

oR

8]

signal by successive amounts corresponding to
intervals between zero crossings, and correlates the
delavyed signal with the reference signal to determine

the furdamentzl.
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The present invention 1s a methed to quickly
deduce the fundamental £frequency of a complex wave
form or signal by using the relationships between and
among the frequencies of higher harmonics.

5 g The method includes selecting at least two
candidate freguencies in the signal. Next, it is
determined if the candidate freguencies are a group of
legitimate harmonic freguencies having a harmonic
relationship. Finally, the fundamental freguency is

10 deduced from the legitimate freguencies.

In one method, relationships between and among

detected partizal frequencies are compared to

comparable relationships that would prevail if zall

members were legitimate harmonic frequencies. The
15 relationships compared include frequency ratios,
differences in frequencies, ratios of those

diffzsrences, and unicue relationships which result
from the fact that harmonic fregquencies are modeled by
a function of a variable which assumes only positive
20 integer values. That integer wvalue is known as the
harmonic ranking number. Preferably, the function of
an integer variable is £, = £, x nx (8)*%" where § is

a constant and typically, 1 £ S < 1.002 and n is the

harmonic ranking number. The wvalue o©of §, hereafter
25 called the sharping constant, determines the degree to
which harmonics become progressively sharper as the
value of n increases
Other relationships which must hold 21f the
candidate partial freguencies are legitimate harmonics
30 stem from the physiczal characteristics of the

source oL the signal, 1.=., Tth2 nighsst and lowest
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fundamental frequencies it can pfoduce and the highest
hermonic frequency it can produce.
Another mwethed for determining 1legitimate
harmonic frequencies and deducing =z fundamental
5 frequency includes comparing the group cf candicdate
frequencies to a fundamental freguency and its
harmonics to find an acceptable match. One method
crsates a harmonic multiplier scale on which the

values of G{(n) ars recorded. Those wvalues are the

1=
(@]

fundamental fregquency multipliers for each value of n,
i.e., for each harmonic ranking number. Next a like
scale is created where the values of candidate partial
frequencies can be reccorded. After a group of
candidate partial frequencies have been detected and
15 recorded on the candidate scale, the two scales are
compared, i.e., they are moved with xrespect to each’
other to 1locate acceptable matches of groups of
cazndidate fregquencies with .groups o©f Tharmeonic
multipliers. Preferably the scales are logarithmic.
20 Wnen & good match is found, then a possible set of
ranking numbers for the group of candidate freguencies
is determined (or can be read off directly) from the
harmonic ranking number scale. Likewise the implied

fundamental freguency associated with the group of

B
in

legitimate partial candidate Ireguencies can be read

0
h
i

directly. It is the fregquency in the candidate

th

r

(!

quency scale which corresponds toe {(lines up with)

h

.

(]

"1" ¢n the harmenic multiplier scale.
If the functicn G(n} is different for different

20 frequency recistsrs so that the narmcenlics in one
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registaer are related 1in ways that are
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regiscers, ~hen differenc harmeonic
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multiplier scales are generated, one for each of the
different frequency registers. Partial freguencies
are recorded on the scale appropriate for the
frequency register in which they £211 and are compared

5 with the harmonic multiplier scale which corresponds
to that frequency register.

In another matching method, the candidate
frequencies are compared to a plurality of detected
measured harmonic freguencies stemming from &

10 plurality of fundamental Ifregquencies. The detected
and measured harmonic frequencies are preferably
organized'into an array where the columns are the
harmecnic ranking numbers and the rows are the harweonic
frequencies organized in fundamental fregquency order.

15 When three or more detected partials align
sufficiently close to three measured harmonic
frequencies in a row of the array, the harmonic
ranking numbers and the fundamental are known.

23 Since the frequencies of the higher harmonics

20 normally can be determined more aquickly than the
fundamental freguency, ancd since the calculations te
deduce the fundamental fregquency can be performed in
a vary short time, the fundamental frequencies of low

bass notes can be deduced well before they can be

25 measured.

Cther advantages and novel features o¢if the
presaent invention will become apparent from the
fcliowing detailed description of the invention when
considered in conjunction with the accompanying

30 drawings.

ZEICF DESCETIPTTION OF TEZ DRAWING
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Figure 1 is a bleck diagram of a method of

~deducing the fundamentzal freguency according to the

presant invention.

Figure 2 1s a block diagram of &a specific
implementation of the method of Figure 1.

Figure 3 illustrates z logarithmic scale whereon
harmonic multiplisrs are displavyed for Harmonics 1
through 17 and a corresponding logarithmic scale
whereon the freguencies of four detected partials are
displayed.

Figure 4 is an enlargement of z selected portion

of the Figure 3 scales aftcer those scales are moved

H

elative to each other tc find a good match cf three

candidate frequencies with harmonic multipliers.
Figure 5 is an enlargement of a narrow freguency

band of Figure 4 showing how matching bits can be used”

ag a measurxe cf degree of match. 7

Figure € 1is a block diagram o¢f a system

implementing the method of Figures 1-4.

DETAITED DESCRIPTION OF TEE PREFERRED EMBODIMENTS

In order to deduce the fundamental freguency, f,,

Zrxcem higher harmonics, anomalous frequencies must be

creensd out and the harmenic ranking numbers of at

least one legitimate harmonic group must  he
lter

determined. A

It

raatively, the numker of unoccupied

harmonic positicns (missing harmonics) bracksted by

two legitimate harmonics mustc be determined. The
general mecthod, illustrated in Figurs 1, selects
candidace freguencies. Next, it dstermines 1f the
candidate freguencies are legitimate harmonic

5

a
freguencies having the sams underlying

(T

undamencal

[Le]
o
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frequency. Finally, the fundamental frequency is

deduced from the legitimate freguencies. -

Definitions and Notation
The following definitions and notation will be
used throughout this patent:

£y, fu, f.:The candidate fregquencies of a trio of
partials, organized in descending
frequency order.

Ry, Rw, Ry: The ranking numbers associated with f,,
£.. E..

Fo: The lowest fundamental freguency, £,
which can be produced by the source of
the signal.

Fy: The highest fundamental frequency, £;,
which can be produced by the source of
the signal.

Frax: Highest harmonic frequency which can be
produced by the source of the signal.

Eelzticnshivs and Limiting Ceonditions

The method uses relaticnships between and among
higher harmonics, the conditicons which limit choices,
the relationships the higher harmonics have with the
fundamental, and the range of possible fundamental

Irequencies. Examples are:

If fp, = f. x G(R;) models the freguency of the

=

. " harmonic, and

If £, fw and £, are legitimate armonic
freguencies, and
If Ry, R, and R, are the ranking numbers

assocciated with f£,, £, £,., then
the following ratico relationships must hold:

a) Ratios ci detected candidate fregu

(b

ncies musc

el approximately egual to ratios obtained by
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:

substituting their ranking numbers in the model of

harmonics, i.e., .

£y vy = T

E - R
fM - ff.. = fRM + fRL
5 b) The ratios of differences between detected

candidate freguencies must be consistent with ratios

of differences of modeled frecuencies, i.e.,
(£ = fu) = (fu- L)z(fRH_fRM)+(fRM_ fRL)

c) The candidate fregquency partials I, I£,, £,
10 which are candidate harmonics, must be in the range of
frequencies which can be produced by the source or the
instrument.
d} The harmonic ranking numbers Ry, R,, E, must
not imply a fundamental freguency which is below F, or
1g zgpove F,, the range of fundamental frequencies which
can be procuced by the source or instrument.
e} When matching integer wvariable ratios to
cbtain peossible trios of ranking numbers, the integer
E., in the integer ratio R,/ R, must be the same as the
20 integer R, in the integer ratio R, / R,, for example.
This relationship is used to join Ranking Number pairs
{Ry. Ry jand {R,, R

}into possible triocs {Ry, Ry, Ry }-

T
L

summarv of Methods

18]
n

The methcds analyze a group <©f partials or
candidate freguencies and ascertain whether or not
they include anomalous fregquencies. Preferably each
group analyzed will contain thres partials. If the

presence of one or more ancmalous Ireguencies is not

18}
(o]
(2
1

termined, the group 15 consicered to be & group of
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legitimate harmonic frequencies. The ranking number
of each harmonic frequency is determined, and the
fundamental fregquency is deduced. When the presence
of cone or more anomalous frequencies is determined, a
new partial or candidate frequency is detected,
measursed and selected and anomalous freguencies are
isclated and screened out. This process continues
uncil a group of legitimate harmonics frequencies
remain. In the process, the ranking numbers ot
legitimate harmonic fregusncies are determined and
verified. The fundamentzl fregquency is then computed
by a wvariety of methods. Adjustments are made

considering the degree to which harmonics vary from

f, = £, x n.

Method T

The following is an example of & mwethed
implementing the compact flow chart of the method of
Figure 1 to deduce the fundamental freguency and is
illustrated in Figure 2. The method tests a trio of
detected candidate partial freguencies to determine
whather 1its members consist only of lagitimate
harmonic frequencies cof the same . fundamental
fregquency. When that is not true, additionzal
candidate freguencies are inducted and substituted fo
cnes in the trio at hand until a trioc of legitimate
narmonics has been found. When such a trio is found,
th=s ranking numbers associzted with each member are

determined and the fundamental frequency is deduce

a.
The method as described herein illustrares the

14

kirds of logical cperations that will be accomplishe

L

either direcrtly or indirectliy. The

W]
0
T
[
fu
o

implementarcicon will incorporate shortcubts, elimina

r
h

PCT/US99/25294
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redundancies, etc., and may differ in other ways from
the implementation described below.

The method 1s presented as a set of steps
described in generzl terms and in parallel a numerical
example 1illustrates the reguired calculations for

various steps.

Definitions of Instrument Constants

K, is the highest harmonic ranking number which
will be assigned/considered. The valus of K, is set

by comparing the expected % error in the measursment

i

of the frequency of the K, harmonic with the wvalue

i

¢of the quotient of the integer ratio

(K, + 1) = K1 = [K, = (K, - 1)1
2 default value for K, will be set equal to 17 and
will be revised to conform tc knowledge of the
instrument at hand and the expected error in
frequency measurements.

K, is the maximum expected number of missing

harmonics betwesn two adjacent detected harmonic

th

reguencies. The default value of K, is set egual to

4]

K, is equal tc the expected maximum sum of the
missing harmonics between twoe harmonics containing
one intervening cr intermediate harmonic, plus 1.

The default value for K, is set equal to 1Z.

Sten 1. Set constanos/paramezsrs for the instrument
¢r signal source.
Example: F, = 300 E=z, F, = 30 Hz, F = 2,100

Ez: K, = 17, K, = 8, ¥, = 12
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For simplicity and brevity, the function
desScribing the relationship between and among

narmonic frequencies G{(n) is assumed to be £, x n.

ten 2. Detect, measure and select the freguencies

m
93]

0

f three partials, for example. The freguencies are
detected and measured in the order in which they
occur. Three frequendies or partials, having an
energy level significantly above the zmbient noise

10 level for example, are selected as candidates of
possible legitimate harmonics. Eigher freguencies,
and consequently higher order harmecnic frequencies,
naturally are detected and measured first. The
following example assumes an exception where a lower

15 harmonic is detected before a higher one, and
illustrates how that exception would be processed.

Example: 15 freguency measured = 722 Hz,
2™ frequency measured = 849 Hz,
3™ frequency mezsured = 650 Hz.

20
Steo 3. The three candidate frequencies are
arranged in order ci frequency and lzbeled £,, £,
£..

Example: £, = 849 Hz, f, = 722 Hz, £, = €30 Hz.

N
tn

Szeo 4. Possible trios of ranking numbers are
determined for the candidats frequenci=s £ f.. £
The guotients of the ratiocs f,/f, and £,/ are
compared to the gquoCients of integer racios I,/I,,

30 where I, and I, ars beth < K,, & given thrashold.
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ratio, that integer ratio 1s retained as one
representing a pair of possible ranking numbers for
the frequency ratio it matches. The ratios may alsc

be f,/f, and £,/£ or f£,/f, and £,/£ or any of the

5 inverses.
Example: For £,/f, = 1.178, the closest integer
ratio quotients are 1.1818 = 13/11 and 1.1867 = 7/6

or 14/12. Note that 26/22 is not considersd because
25 » 17. For £,/f, = 1.111, the closest integer
10 ratio guotients are 1.111 = 10/S% and 1.10 = 11/10.
When the commen frequency cof the two ratios are
equal, then a possible tric of ranking numbers {Ry,
R,, R} is formed. In this example, it i1s when the
cdenominator of the integer fractien £,/f, is egqual
i5 to the numerator of the integer fraction f£,/f..
Example: Since only £,/f, = 13/11 and
£,/€, = 11/10 lead to the same ranking number for f,,
the only possible trio in this example is
{Ry, Ry, Ry }= {13, 11, 10 }.
20
Step 5. All possible trics of ranking numbers are
eliminated which imply & fundamental fregquency £,
cutside the range defined by F, and F,.

Example: The fundamental £, is the candidate

ha
n

freguency divided by its ranking number. The only
possible trio, {13, 11, 1¢}, is not screened out
because £, /13 = 65.308, £,/11 = 65.636, and

£./10 = 65.00 are 211 within the range defined by




S RS

WO 00/26896 PCT/US99/25294

-14-~

Cther difference ratios which could have bean
similarly used are D,,/D,, or Dy ./D, -

Example: Dy, = 845~722=127, Dy, = 722-650 = 72,
and Dy /Dy, = 127 / 72 = 1.764. |

Step 7. The guotient of the difference ratio
Dywx / Dup 1is compared to the quotients of small
intéger ratios I /I, where I, < K,, and I_ + I, < K,.
Note: Throughcut the example, the value of
10 K, = 8 and K, = 12. K, = 8 ccrresponds to the
assumption that f,; and £, differ by no more than 7
times the fundamental frequency, or the harmonic
ranking numbers R, and R, differ by no more than 7.
Likewise, K, = 12 assumes that £, and £, will differ
15 by no more than 11 times the fundamental frequency
and the ranking numbers R, and R, differ by no more
than 11. A cursory review of field data confirms
these assumptions. If the other difference ratios
are used, the values of K, and K, are appropriately
20 set using the same analysis.
Example: Dy ./ Dyy = 1.764 = 1.75 = 7/4. This
ratio at first qualifies fcr consideration beacause

7 < 8 and 7 + 4 < 12.

[}
(B]]

Step 8. Any difference ratic which implies &

fundamental frequency f, < F, is disqualified.
Example: Hare the difference ratioc 7/4
implies that the difference between the highest
frequency f,; = 843 Hz and the lowest fregusncy
30 £, = 650 Hz which eguals 1¢38 Ez, should be
acproximately equal to (7+4) or 11 times the

tuncamental fraguancov. Thus, the imp

—

)

ion is

r1ca

that £, = 12%/11 = 128 1, which iz less than F. = 30.

i
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The same is true for Dy,/I. and Dy /I;. This alone

implies that one or more ancmalous frequencies

exist. Step 9 will show that still another
comparison implies ancmalous frecuencies are in this

trio of candidate frequencies.

Step 9. Any tric of ranking numbers R,, Ry, R. is
disqualified if the integer ratic I_/I, which matches
the frequency difference ratic is inconsistent with
the corresponding ranking number ratios
(Ry-Ry) + (Ry-R,} .

_ Example: The only possible ranking number trio
was {13, 11, 10 }. It is screened out because

7/4 * (13 - 11) + (11 - 10) = 2.
Step 10. &a) If there are unresolvable
inconsistencies, go to Step 11i.

Example: The first time through, before a new
frequency is selected and anomalous fregquencies are
eliminated, there ware unresoclvable inconsistencies.
21l possible ranking nunber trios were screened out,
and the difference ratio led to an inconsistency.

b) If there are no unresolvable
inceonsistencies, and a consistent trio has therefore
been found to be legitimate, go to Step 17 to deduce

the fundamental freguency.

Example: In this case, after a new frsaguency
fzs been inductad and the 2™ frequency in the
original trio has been replaced, no unresolvable

inconsistencies are found as shown below.
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Step 11. Have all the frequencies that have been
measured and detected been selected? If noc, go to

Step 12, if yes, go to Step 16.

5 Steos 12-14. Tec find a tric of candidate

frequencies, the original three candidate
frequencies are used with one or more additicnal
candidate frequencies to determine & legitimate
cric. If it is the first time through the process

10 for a trio, proceed to Step 13 to select a fourth
candidate frequency and on to Step 14 to replace one
cf the frequencies in the trio. The determination
cof a legitimate trio consisting of the fourth
candidate freguency and two of the original trio of

15 candidate frequencies is conducted beginning at Step
3. |

If the first substitution of the fourth
candidate frequency does not produce a legitimate
trio, Step 12 proceseds directly to Step 14. A

20 gecond criginal candidate freguency is rzplaced by
the fourth candidate tec form a2 new tric. If this
dces not prcduce a2 legitimate tric, the fourth
candidzate will be substituted for a third original
candidate frecuency.

25 If no legitimate or consistent trio has been
found after substituting the fourth candidate
freguency for each of the freguencies in the
criginal crio, which is determined as thz third pass

through by Ste

‘g
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30 ' Example: Since there are unresolvable

onsiscencies in the original trioc {843, 722,

, & new fraguancy 1s sslacted. Thes new
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The value 845 is replaced by 602 to form the
trio {722, 650, 602}which is designated as new
candidate tric {£;, f,, £.}.

For f,,/f., = 1.111, the closest integer ratios

n

ara 10/9, 11/10, and 5/8.

for £f,/£, = 1.0797, the clcsest integer ratios
are 14/13, 13/12, and 15/14. There are no matching
ranking numbers. -

Again, no consistent trio is found.

10 A different frequency in the originsl trio is
replaced; i.e., 722 is replaced by 602 and the
original frequency €4¢ reinserted to form the trio
{829, 650, 602}which is designated as new candidate
trio {fy, L f.}.

15 For f,/f, = 1.206, the closest integer ratios

13/10, 17/13, and 14/11.

\]
H
(D

Fer f,/f, = 1.0737, the closest integer ratios
are 14/13, 13/12, and 15/14.
£/, = 17/13 @nd £,/f, = 13/12 form a possible
20 ranking number trio which is
{R.,, Ru, R, }={17, 13, 12}.
(£, - £ ) = (£, - f) = 199/48 = 4.146 =4,

(Ry - Ry)+( Ry -~ R = 4/1 = 4, which is
congistent with the freguency difference ratio.
+R,=50.17. All are
All conditions are met and therefors Ry, R,, and

B, are assumed tc =z= 17, 12 and 12 respsctively and

30 ccnsidered a legltimate tric. The Zundamental
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Step 315. A fifth and sixth candidate frequencies
are selected. The fourth frequency is combinéé with
the fifth and sixth candidate frequencies to form a
new beginning tric and the methad‘will be executed
sﬁarting with Step 2. Step 12 will be reset to zero

pass throughs.

Step 16: If after zll freguencies detected and
measured have been selected and determined by Step
11 and no consistent or legitimate trio has been
found at Steps 7-10, the ldwest of all the
frequencies selected will be considered the

fundamental.

Step 17. Deduce the fundamental freguency by any.
one of the fecllowing methods for example wherein

G{n} = n, £,= B4S EHz, f,= 650 Hz, £, = €602 Hz,

{Ry, Ry, Ryy={17, 13, 12)}:
a) £, = £,/R,
b) £, = £, /Ry
c) £, = £, /R,

d) £, = (L4 - £ <+ (Rgy - Ry
) + (Ry - R)

£) £, = (fy - £, )+ (Ry - Ry}

Example: After a consistent legitimate trio of
freguencies with associate ranking numbers is found

to be {843, 650, 602} and {17, 13, 12):

a) f, = 849/17 = 49.%4 Hz
b) £, = 650/13 = 30.00 Hz
<) £, = §02/12 = 50.17 E=z
d) F, = {349 - 650) =+ (17 - 13} = 29.75 Hz
a) £, = (&30 - 502) + (13 - 12) = 48.00 Hz
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The deduced fundamental could be set egual to any of

a variety of weighted averages of the six computed

values. For example:

The average value of £,, using the ratio method

LN

of computation, e.g., aj

E=z.

The wvalue of f,,

through ¢

zbove, = 50.04

considering that fregquency

difference method which spans the largest number of

harmonice, as given by £) above,

10

= 49 .4,

Averaging the values of f, computed by the ratio

methods and the difference methed which spans the

greatest number of harmonics gives

{50.04+49.4)+2=4% .58,

These three averaging methods should produce

15
frequency. The last is preferred
data indicate z better averaging

1

o) If the harmonics of the

had besn modeled by the function

=

20 L, = £,.xn x (8)°, where S>1,

reasonable values for the deduced fundamental

unless/uncil field
method.

instrument at hand

2 more precise

method of deducing the fundamental wculd be as

follows:

it

a) £ o= (f=ST)eR,

- . ~logsRy,
(IH_‘JS 52 “)+R

b

log, &
L)+ R

25

®!
It
1l

L (fL = L

lor, R

£S5 (5, +3

.

1]
—

Il

[

G
Fh
n

" -

[(£, =S80 (5 sghun

(Ry - R}

MR
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£) £, = [(fﬂ+s‘°ﬁz“u) _(fL;s‘%zRL)] + (By - R

If the sharping constant S had been set equal to
1.002, the deduced values of the fundamental would
have been as follows:

a) £, = 49.535 Hz.

b) £, = 45.63 Hz.
<) f, = 49.81 Hz.
ad) f, = 49.22 Hz.
e) £, = 47.51 Hz.
£) £, = 48.88 Hz.

| The average wvalue of f,, using the ratio method
of computation, e.g., a) through c} above, equals
49.66 H=.

The value of f,, considexing that frequency
difference method which spans the largest number of
harmeonics as given by f) above, equals 48.88 Hz.

Averaging the valuess of f, computed by the ratioc
method and the difference method which spans the

greatest number of harmonics gives
(49.66 + 48.88) + 2 = 49.27.

Any of these three averaging methods may be
used to deduce the fundamental. The last is
preferred.

If after Stepn 9 1is completfed, Ctwo or more
consistent sets ¢ ranking numbers remain, the
fundamental £, should be recalculated with each set
of ranking numbers and ths lowest Irsgusncy obtained
which is consisten: with conditicns described in
Steps 2 through ¢ is selected as the deduced

fundamental ifreguency f,.
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£. = £, x G(n) = £, x n x (8) 10%“llwhere 1 ¢S < 1.003.
The latcter function, with S being this close to 1,
implies that £, / £, will be approximately equal to
the integer ratio n/m, that the ratio of the
frequency differences (f,-f,)+(f,~f,) will be

poroximately egual to a small integer ratio and

[/l

that £,-f, ={X - Y) x £, .

In the ceneral case, trios of legitimate
iarmonic partials are isolated and their
cerresponding ranking numbers are determined by

a) Comparing the quotients of f£,+ £, and £, + £,
to the guotients of ratios G(R,) + G(R,} and
G (R} + G(R.) respectively.

b) Comparing the frequency difference ratios
(f, - £4) + (f, — £,) with function difference ratios
[G (Ry ) — G(RY] + (G(Ry — G(RY].

¢) Comparing fundamental freguencies that are
implied by possible combinations of ranking numbers
to both the lowest fundamental freguency and the
highest harmonic-frequency that can be proauced by

the instrument at hand.

Methegd 131
2n alternative method for isclating trios of
detected partials which consist only of legitimate

harmonic fregquencies having che same underlying

h
i
{h

L&

[

al frequencies, for finding their

1

[t

fu

ssociated ranking numbers, and for determining the
fundamental freguency implied by each such trio is

illustcrated in Figures 3, 4 and S. Thes method marks

v
',_J
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and tags detected parti gquenciss on a
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between and among those partials to a like
1ogarithﬁic scale which displays the relationships
between and among predicted/modeled harmonic
frequencies.

5 ' Hereafter an example is used to clarify the
general concepts. It illustrates a method that
could be used to match or find a best fit of
received signals to the signatures or patterns of
narmonic frequencies and only illustrates the kinds

10 of logical operations that wculd be used. The
example should be considered as one possible
incarnaticon and not ccnsidered as a limitation of
the present invention.

For purposes of this example it is assumed that

15 the harmonics produced by the instfument at hand are
modeled by the function £, = £, x n x (8)'9,* , where
n is a positive integer 1, 2,.., 17, and & is &z
constant equal to 1.002. Based on that function, =z
Harmonic Multiplier Scale, hereafter czlled the HM

20 Scale, is established where each gradient markex
represents a cent which is 1/100 of a semitone or

1/1200 of an octave. The first mark on the scale

represents the harmonic multciplier 1, i.e., the
number which when multiplied by £, gives £,. Each
25 successive mark on the scale represents the previous

multiplier number itself multiplied by [2 x g]/*+?°°
Assume that a string of bits is used each
representing one cent. The n™ bit will reprasent

the multiplier [(2 x §)l/300)(n-dd Selected bits
30 along the EM Scale will represent harmonic

multipliers and will be tacged with the apprepriats

harmonic number: I, will ke represantsc by
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by bit 1200, £, by bit 1902, £, by bit 2400,.., £,, by
bit 4%05. This scale is depicted in Figure 3.
Another sczle is established for marking and
tagging candidate partial freguencies as they aré
deﬁected. The starting gradient marker, represented
by bit 1, will represent the frequency F,; the next
by FLx[(2x $)Y**°1' | the next by F, x [(2 x §)¥29]2,
The n® bit will represent F, x [(2 x §)¥¥%]sl  Thig
scale is known as the Candidate Partial Frequency
Scale and is hereafcer called the CPF Scale. It is
depicted along with the HM Scale in Figure 3.

- As partials are detected their freguencies are
marked and tagged on the CPF Scale. When three have
been so detected, marked and tagged, the CPF Scale
is moved with respect to the HM Scale, searching fqr
matches. If a match of the three candidate
frequencies is not found anywhere alcng the scales,
another partial frequency is detected, marked and
tagged and the search for three that match
continues. When members cf z trio of candldate
parcials match a set of multipliers on the CPF Scale
to within & specified limit, then the candidate
frequencies are assumed tc be legitimate harmonic
frequencies, their ranking numbers matching the
ranking numbers c¢f their counterparts on the CPF
Scale. Likewise, the implied fundamental can be
daeduced directly. It is the freguency position on
the CPF matching the "1" on the HM Scale.

Figure 4 shows the portion oi the scales in
which the detected candidats freguencies lie after
the scales have been shifted to reveal a good

atl"\

zalignment of threaz Irsguencies, i.e., the 4

i
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fragquency detected, 421 Hz, combined with the 1st
and 3% frequencies detected, 624 Hz and 467 Hz.

Cne methcd for measuring the degree of
alignment between a candidate partisl and a harmenic
multiplier is to expand the bits that mark candidate
partial frequencies and harmconic multipliers into
sets of multiple adijacent bits. In this example, on
the HM Scale, 7 bits are turned on either side of
each bit which marks a harmenic multiplier.
I.ikewise, on the CPF Scale, 7 bits are turned on
either side ¢f each bit marking a candidate partial
frequency. As the scales are moved with respect to
each other, the number of matching bits provides a
measure of the degree of alignment. When the
number of matching bits in a trio of candidate
frequencies exceed a threshold, e.g., 37 out of 45
bits, then the zlignment of candidate partials is
considered to be acceptable and the candidate

fregquencies are designated as a trio of legitimate

harmenic frecuencies. Figure S illustrates the
degree of match, e.g., 12 out of a possible 15,
between one candidate partial frequency, i.e., 624

Ez, and the multiplier for the 12% harmonic.

When an acceptable alignment or match is found,
the implied ranking numbers are used to test for.
unrescolvable incensistencies using the logical Steps
6 through § oI Methed 1. TIf no unresolvable
inconsistencies are founcd and the impliec
fundamental 1s lowsr then F, or higher than ¥,, then
the scales are moved in search of alignments |
implving a2 higher fundamental or z lower fundamental

raspectively. When no unresclvable inceonsistcencies

i

[
bhertwesn F

area found and ths Impli=d fundamznta .

—
1.4
(b
in
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and F,, then the implied fundamentalvf1 becomes the

deduced fundamental.

Some classes of instruments/devices have
resonance bands and/cr registers which produce
harmonics which are systematically sharper than
those in other rescnance bands and/or registers.
Likewise, the harmonics of some instruments may be
systematic and predictable in some frequency bands
and not in others. 1In these cases, Method II can be

used as follows:

1. Isolate the freguency bands where § is
consistent throughout the band.

2. RBuild an HM Scale to be used only for the
frequencies in that frequency band based on the S
for that band.

3. Build other HM Scalies for other freauency
kands where different values of S apply.

4. When frecuencies are detected, locate them
in the CPF Scale which is constructed with the value
of S appropriate for the band that contains that
frequency.

©. Ignore detected frequencies which lie in
frequency bands where the harmonics are not
predictable.

6. Search for mazches between harmonic
iplier patterns and detected candidate frequency
erns using like scales (same & value).

:3

wle
patt

Method ITI

EAnother method of deducing the funcemental
regquency entalls the detection and measurement or
calculation of harmonic freguencies for a plurality
fundamental freguencies. The freguencies ars
crganized in an array with fundamental freguencies
being the rows and harmonic ranking numbers being
the columns. When a noce with unknown fundamental
frequency is played, the frsguencies <©I the higher

harmonics, as they ars detacted, are comdared row by
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row to the harmonic frequencies displayed in the
array. A good match with three or more frequenciesiﬁ
in the array or with frequencies interpolated from |
members of the array indicate a possible set of
ranking numbers and a possible deduced fundamental
fregquency. When a trio ¢f detected freguencies
matches two or more trios of frequencies in the
array, and thus.twe or more fundamental frequencies
are implied, the deduced fundamentzl frequency is
set egqual to the lowest of the implied fundamental
frequencies that is consistcent with the notes that
can ke produced by the instrumeﬁt at hand. The
array 1s an example cf only one method of organizing
the frequencies for guick access and other methods
may be used. '

Methods I, II and III above can be used to
isclate aﬁd edit anomalous partials. For example,
given a moncphonic track of music, after all
partials have been detected during a pericd of time
winen the deduced fundamental remains constant, these
methods could be used to identify all partials which
are not legitimate members cf the set of harmonics
generated by the given fundamental. That
infoermation could be used, for example, for a)
editing extraneous scunds from ths track of music;
or b) for analyzing the anomalies to determine their
source.

Normally three cor mors legitimate harmonic
frequencies will be reguired by either Merhod I, II,

or III althocugh in some special cases only two will

1

n
b
1
rh

ice. In order to deduce the fundamencal

th
H

zguency Lrom twe high-order harmonics, the

1y
9}

llowing conditcions must grevail: ;o It must ke

(u
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known that aﬁomalous partial frequencies which do
not represent legitimate harmonics are so rare that
the possibility can be ignored; and b} The ratic oﬁ
the two freguencies must be such that the ranking
5 numbers of the two frecuencies are uniqguely
established. For example, suppose the two
frequencies are 434 Hz and 404 Hz. The quotient of
the ratio of these frequéncies lies between 14/13
and 13/14. If F, = 30 Hz, then the ranking numbers
16 are uniguely established as 14 and 12, since brake
434 + 15 = 28.9% which is less than 30 and thus
disqualified. The difference of the two candidate
frequencies is 30, which 1s acceptable since it is
not less than ¥, . Also, the ratio (F,-F.)+(R,-R,) =30
15 which again is not less than F,.
The function f = £, x n x (8§)¥," is used to
model harmonics which are progressively sharper as n
increases. S is a sharping constant, typically set
between 1 and 1.003 and n is a positive integer 1,
20 2, 2,.., T, where T is typically equal to 17. With
this function, the value of S determines the extent
of that sharping. The harmonics it models are

consonant in the same wav harmonics are consonant

when £, =n x £,. I.e., 1f £ and £, are the n*™ and
25 m™ harmonics of 2 note, then
fn/fm=f2n/f:‘.m=f3n/flmz"‘szn/fkm

where k is a positive integer.
A system which implements the method is shown
in Figure 6. A preprocessing stage receives or
30 picks up the signal from the source. It may include

pickup for a string on a musical inscrument. The

Qs

preprocessing also condictlions the sigral. This may

12 . 1 B

include normalizing the amrlizuds of the inpu-
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signal, and freguency and/or freqﬁency band

limiting. Next a frequency detection stage isolates

frequency bands with enough energy to be

significantly above ambient noise and of approprizte
5 dsfinition.

The fast find fundamental stage perfcorms the
analysis of the candidate frequencies and deduces
the fundamental. The post processing stage uses
information generated by the fast find fundamentzl

10 stage to process the input signal. This could
include amplification, modification and other signal
manipulation processing.

The present method has described using the
relationship between harmonic fregquencies to deduce

15 the fundamentzl. The determinatiocn of harmonic
relationship and their rank alone without deducing:
the fundamental alsc is of valus. The fundamental
frequency may not be present in the waveform. The
higher harmonics may be used to find cther harmonics

20 without deducing the fundamentzl. Thus, post
processing will use the identified harmonics
oreseant.

Although the present invention has been
described with.respect to notes produced by singing

25 voices or musical instruments, it may includs other

sources of a complex wave which has a fundamentsa

tr

i

quency and higher harmonics. These could includse

a speaking volcs, complex machinery o©r othexr
mechanically vibrating elements, for example.

30 Alchough the present invention has been
described and illustrated in detzil, 1t is to be

clearly understood that the same is by way oI

:llustration and example onlv, and ig not tc be
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taken by way of limitation. The spirit and scope of
the present invention are to be limited only by the

terms of the appended claims.
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What is claimed:

1. A method of deducing z fundamental
frequency £rom harmonics present in a signal, the
method comprising:

selecting at least two candidate frequencies in
the signal;

determining if the candidate freguencies are a
group of legitimate harmonics freguencies having a
harmonic relationship; and

deducing the fundamental freguency from the

legitimate frecuencies.

2. A method according to Claim 1, wherein
determining legitimate frequencies includes using
one or more of ratio c¢f the candidate frequencies,
difference cf the candidate freguencies and rztio of

the candidate freguency with the difierence.

3. A methed according to Claim 2, including
determining if the ratios are equal to z ratio of
harmonic model I, = £, x G{n) where £, is a

fundamental frequency and n is & ranking number of

the candidate freguency.

4., A method according to Claim 3, wherein

G(n) = n x {(S)*.* whers & is az conscant.

{8

n

A methed accerding to Claim 3, wherein

i

(nn)

)
I
!
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€. A method éccording to Claim 1, whefein
determining legitimate freguencies incluces .
determining if a ratio of the candidate
freqgquencies is substantially equal to a ratio of

acceptable harmonic ranking numbers.

7. A method according to Claim 1, wherein
determining legitimate freguencies includes
deztermining accertable harmonic ranking numbers for

the candidate freguencies.

8. A method according to Claim 7, wherein
acceptable harmonic ranking numbers are determined

as a function cf the source of the signal.

S. A method according to Claim 1, including
gselecting three candidate frequencies in the signal
and determining legitimate harmonic freguencies
includes using cne or more of ratios cf tche
candidate freguencies, differences of the candidate
freguencies, and ratioc of differences of the

candidate freguencissg.

10. A method according to Claim ¢, including
determining three acceptable harmonic ranking
numbers for the candidate frequencies from the

ratios of the three candidate freguencies.

11. A method according to Clzim S, including
determining ratics of integers which are
substantially equzl to the ratios of the candidate
fregquencies and determining harmonic ranking numbefs

for each candidate fregquency from a match of

m
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numpber from the integer ratios of cne of the

candidate fregquency with the cther two candidate

freguencies.

12. The method according te Claim ¢, including
determining harmonic ranking numbers for the
candidate frequencies; and determining if the

i

[N

erence ratio is egual tce the ratio of the

£E
difference of the ranking numbers.

13. The methed according to Ciaim ¢, including
determining a ratio of integers which are
substantially egual to the difference ratio; and
determining if the integers of the ratio are in a

predetermined range.

14. A method according to Claim 13, including
determining if the integers of the ratio are each
pelow a first value and the sum of the integers is

below a second value.

15. A methed accerding to Claim 2 including
selecting a fourth candidate Zrsguency in the signal
if the first threes czndidate signzl ars not

determined to be group ¢f legitimate freguencies and

4

ietermining 1f the fourch candidate freguency and

cr

wo of the first threes candidats frem

ancies ars a
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frequency and its higher harmonics to find at least

one acceptable match.

17. A method according to Claim 16, wherein a
harmonic scale is created for the harmonics, a
candidate sgcale is created for the candidate
frequencies, ancd the candidate scale and the
harmeonic scale are moved relative to each other to

find at leasc cone acceptable match.

18. A method according to Claim 17, wherein
the candidate scale and the harmconic scale are

logarithmic scales of the same base.

19. A method according te Claim 17 including:
creating a plurality of harmonic scales and
correspending candidate scale of different harmonic

relationships.

20. A method according to Claim 1é including
storing a plurality of groups of harmonic

freguencies with their ranking numbers and comparing

in}

hea candidates freguencies to the group of harmonic

frecuencies to detarmine at least one acceptable

0.

m=t

rding to Claim 1 wherein
legitimaete freguencies includes:
creating a logarithmic harmonic scale for a group
o harmonics; creating a lcgarichmic candidate

ate frequencies of the same

; and moving che
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harmernic scale relative to

4]

candidate sczle znd th
each other to find at least one acceptable match.

22. A methed according to Claim 21, including

decermining the ranking number of the candidate
frequencies from the match ©of the candidate scale to

the harmonic scale, and using the ranking numbers to

ermine a group of legitimate freguencies.

T

de

23. A methcdé according te Claim 1, including
determining the ranking number of the legitimate
freguencies; and wherein the fundamentzl fregquency
is deduced using one or more of the legitimate
frequency being divided by its ranking number and

differences of the legitimate frequencies being

divided by differences cof their ranking numbers.™

24. A method acccrding to Claim 23, wherein

the funcamental frequerncy is deduced using &

weighted average of the guotients.

25. A method acceording to Claim 23, wherein
the fundamental freguency is deduced by dividing
(S)*°e.", where n is the

the legitimate fraguencies by 2

ranking number and S is a constant.

€. A methed of determining a fundamental

ta

freguency f[rom harmonics presen

method comprising:

selecting at least two candidate fregquencies in

the signal; and

[oR
!
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m
e
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deducing ths Zun

erence and harmonic ranking number of
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candidate frequencies.

27. A method cof determining a set of partial
frequencies in a signal which are legitimate
harmonic frequencies of a common fundamsncal
freguency, the method comprising:

selecting at lezast two candidate frescuencies in
the signal;

comparing relationships of the candidate
frequencies with corresponding mocdeled relactionships
of harmonic freguencies;

determining & harmonic ranking number for each
candidate frequency; and

deducing the common fundamental freguency from

the candidate frequencies and the ranking numbers.

28. A method according to Claim 27, wherein

the modeled relationship is

Fag

£.= £, x n x (81", where n is the ranking number,

Z, is a fundamental freguency and S is a constant.

29. A metlzcd of determining a set ci partial
frequencies 1in & signal which are legitimarte
harmonic freguenciess of a common fundamental
frecuency, the methed comprising:

selecting at least twe candidate frsguencies in
che signal;

&
logarithmic candidats scale; and
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the candidate frequencies are legitimate harmonic

frequencies of a common fundamental freguency.

30. A method according to Claim 29, including
:determining harmeonic ranking numbers for the
candidate frequencies and the common fundamental
freguency of the candidate frequencies from the

ccmparison.

31. A method according to Claim 29, wherein
the modeled relaticonship is
f.o= £, x n x ($)*,", where n is the ranking number,

f, is a fundamental frequency and S is a constant.

32. A method of determining a set of partial
frequencies in & signal which are legitimate
harmonic frequencies of a common fundamental
frequency, the method comprising:

selecting at least two candidate freguencies in

comparing the candidate freguencies to a’
plurality of groups cf harmonic frequencies to find
acceptable matches; and

selecting the lowest deduced fundamental
frequency from the acceptable scale matches as the
legitimate harmenic freguencies of a common
fundamental Ireguency.

33. A methed according to Claim 1, including

storing the method as instructions in a digital
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Figure 1

Select candidate frequencies

Detemmine if candidate frequencies
are fegitimate frequencies

Deducing fundamental frequency
from the legitimate frequencies
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Step 8.
Step 9.

Step 10.
Step 11,
Step 12,
Step 13.
Stc:a 14.

Step 15.
Step 16.

Step 17.
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-Figure 2
Set constants for Instrument or source (F,,, F|, Fy ax G0}, K, K, Ky)
Select three candidate frequencies.
Designate candidate frequencies f,, f,,, {,.
Determinc possible trios Ry, B, R for £, , f,, .
Disqualify trios which imply f, <F_or {; >F,,.
Form {requency diffcrcnc.e ratios.
Initially qualify.

Disqualify difference ratio which implies
fi<F.

Disqualify ranking number trios which
are inconsistent with difference ratios.

Does one or more consistent trios of Ranking numbers remain? Yes - 17

No i
All frequency selected? Yes - 16
No |
1" No- 397 No-~14
Yes | Yes - 15

Select new frequency.
Yes |

Replace one of the frequencies
in the o £, f,, f with the new candidate. - 3

Select 2 new frequencies, - 3
Set the f, equal to the lowest candidate frequency.

Deduce {,.
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---------- 12 harmonic multiplier
!
, ! '
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------------- 624 Hz.
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!
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AR EEmE D,

SBo. fRInS5nEE LB R BB L 1/1, RN B Erte
(Ry-Ry ) + (Ry-Ry ) A—F, MIHEAEHE R, Ry R BI=F
HE DB,

flan. RETEMHE=FTHE {13, 11, 10}. EHEFEH,
Jy 747 (1311 + (11-10) =2,

A

I 10, a) BUWFEAHFEA—E (unresolvable inconsistenies),
e N 2R 1

wlan. F—uoBE, —MEFEREEFERERERHRZ
A, TEAEAMHEA 2. PTER RN R=SHERLE, £
SFEAA—IL

b)) RINEEAMAEA—E, Ba, —HN=E4HcC2 &M
e p, WBAZE 177, UHEREREMNE,

flan. EEMERLT, —PMHMMECLESIANERFENZ
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FAFHE_PNECERBAZE, BEEAABAEA—E, W
TEFTR.

FIE 1, TECLmNEaMENMEDEWERTE? BN
2, AL E 12, BuE, #APE 6.

~

S 12-14. ATHE—MEEFEHN=EH, RIBHN="TRIEMZE
H5—A8E— U L inEE SR EH, e TMaEN=
Fh. WT—P=F4E, BuEREE-—xaedx—IE, MH#HAEER
13, CLEHE—NE 4 REHE, #ADE 14, UBR=ZF4HPr—
MREE . BE SN EEMENRGIREHIE=ZFHP R
BRI S E=F A NS E 3 FFIRET.

BB TR EMERE | KRREE~E - MEEMN =54,
TIMEIR 12 BEREAPE 14, —NF R R REMZE b g {zE
R, UER—IMHHN=284. RUXEE~ELE—1PEEN=
F, MV RIEEBURE ZRIFIRIENE,

B, F=UuBIESR 12 WEEE: BHEEENERNRTRE
“EETHNE—MEZE, BERUEANE -8 =%4,
MNP ER 15,

Blan: FATERIGHI=F4 {849, 722, 650} PFEARHAEIA
—8, WIEE—IHFIHE. ZHPEEE 602 H, .

#{H 849 | 602 FTERAR, LIERC=FE {722, 650, 602}, %4
W EEAFRFEE=ZEH L, fy -

£y /£, =1111, SEETREELE 109, 11/10, F09/8,

B £,/ £,=1.0797, SEFFIERELLE 14/13, 13/12, 1 15/14.
AFETEICEC I 2L

mHE, WA —ER=F K.
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FEFIRHZF AT D ARSI, B, 722 B 602 ff
EfC, BIEARBHIMZE 849, DITBAL=E4H {849, 650, 602}, %
Erte EEAFRBRE=F4HA{, o L}

K £/ £, =1.306, BRI KELLR 13/10, 17/13, M 14/11,

A £y / £,=1.0797, #EEORREELE 14/13, 13/12, 1 15/14.

£/ £, =17/13, T £ / £, =13/12, BHE— A EHME=F4,
THE:  {Re Ry RU={17, 13, 12}

(f- fy ) + (fy - f.) =199/48=4.146~4,
(RyRy ) + (Ry-R ) =4/1=4, CE5HERELHR .

mHE, f,+~R/~49.94, f,,+~R,=50, f,+R=50.17. FiE &L
KF F =30.

T &4 2, Bk, Ry, Ry, M R EEN: 43E
17, 13 #1112, {EEFAFE 849, 650, 602 HIAAR— I EHMN=&HE.
DEELE 17 FEETME,

SR 15— DRI NREMB L. BIRRSBIRGE
WA S, UMM =54, a8 hEE 3 T
WAT. PR I12BHEMNEI 0B,

SE 6. RAPTERIMNERNAFEL SR 11 CEUZEMR
EZfE, BE SREGHEN=Z84% LK 7-10 CEeyEkE, e
B EE A2 T B B AR AR A N

SRR 17, B HE PR MR R ER, flw, Kb,
G (n) =n, f3=849H,, f, =650H, , f =6021H, ,
{Ry, Ry Ryy={17, 13, 12}:

a) f= /Ry
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b) fi=1f, /Ry
c) f=f/R,
d f=(f;-f, ) +~ (Ry-Ry )
e) f= (fy - ) + (Ry-Ry )
D= (f;-f) + (Ry-Ry )
Blin. WE—THFHENHREN - SN eEME=84HE
(849, 650, 602}F1{17, 13, 12}Z/&:
a)  £,=849/17=49.94 H,
b)  f=650/13=50.00 H,
¢)  £=602/12=50.17 H,
d)  f= (849-650) + (17-13) =49.75 H,
e) = (650-602) + (13-12) =48.00 H,
£)  fi= (849-602) + (17-12) =49.4H,
ZHEWREERERESET 6 M EENSFNBCFAEME
{aT{E., Fin:
FRLRWERTE, B, M ad) Bl o), WEREH f HFEEE
=50.04 H,.
EREIMNERERE, Bz ENERE, BE O U e el
18, vfi%fsf%uf fI{E=49.4 H,.
i b VER ST R KW E T EE, SRR f 1
EH:
(50.04+49.4) —+2=49.58,
X R TIENAZ AR EE SRS SEE. mEMEN
ER, BRAFEBBEUETIN— D EIF T .
D) BRI F AR FRBIZ F LGB BE £=f,Xn X (S)ke " ##
Bk, XE, S>1, —MERBFMMERESMN ARG FTEETR.
a) = (f;+S"%R) <Ry
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b)  f= (f,+S°R ) =R,

c)  fi= (f, =S8R ) +R,

A = (SR - (f, 8% ) 1% (Ry-Ry)

e)  fi=[ (f,58°") - (f, =S8R D ]+ (Ry-Rp)

£) = (F+S98Ra) - (f, +8S08% ) 1+ (Ry-Rp)
HE T AN S D8 REST 1.002, MEFHHERERIT
THI BT -

a)  f=49.535H, .

b)Y  f=49.63 H, .

¢) f=49.81H,.

) f=4922H, .

e) f,=47.51H,

f) f,=48.88 H; -

SRt ERE, Bl A ad) B o), WESBWE f HTPHHE
T 49.66 Hy. _ -

ERBBHEERE, BAZENERE, RIE O UERGEN
A, HEESf I{EST 48.88 Hy.

BT AR R ERI SR ER AR, BRI f W
ER:

(49.66+48.88) +2=49.27 .
X =FER IR R A R LU TR EE . SEEMNER
EI.

BB 9 e /G, PIPEE ML E—BsI A R E,
NEE §{ NS EENE -1 ERHE, KEMNERNE, e85
o IR 3 B 0 RIARI A —EL WOEFREAHER M E T INE [,

AT TR SRR 0 45 8 5] &R e v2 S AR LU
f=£,XG (n) = f, X n X (8) g HAA, XH, 1<$<1.003,
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BEREHEE, S BRXHAEL 1, BEE f/ f, B RAFTEHK
nm , SWEERLE (f - §,0) + (f - §) BKAZET—MDPW
B, DK f£~X-Y) Xf .

AE—REERT, AENZESEN=Z84Es8, el
FIRT Ets TR ERE

a) iy +f M, ~LHESHEG (R +G (Ry Bk
g (R, +G (R KRS RBHTIE.

b) EEEEL (f,-f,) + (fy-f) SRHEEL
(G (Ry-G (Ry ) J5[ (Ry) -G (R) JHATHE:.

o) KMrEMTA RRA SR ENETNESEFAN RS
ARG TR Mg m 1z F AR AT L

FHiE

H—Mor e BN EN=5ARNFENE 3, 485 Fiw,
ZoERARHARREEMNESHIENGEEZ EMEMAMR, UE
HEIEMNMHXHE, HHEHE M IEN=84dREErNET
A, ff”?ﬂfﬁlﬂﬁﬂiﬁi%&* M EmELE—XNEFE B,
K iX e fr B R R G — R MBR R T BRI R F 5%
ZIEHI R BHIE Mﬁﬁ@m

ATHEN—DOFRIEE—RMNSE. BERE M RARIEE
BCERINZ RN ASEEEEN &GS ERRESHNAE, I
HINERERERNEEEENFER. 120 F NIz A B AR
—FP Al RE ORI, TOASSZ AN B —F R .

AT RBRER—FT, BE: IEFURRETE N TRE R
f=fi X n X (8) & #iMfy, XH, n 2— 1P EELIL, 2
17, 11 S 15T 1.002 WEH. MiEzR, —MEEEEE
Br (LATRFRZ A BM ZHr) #iEsr, B, §— P EBERSER

15



S2—, BRERFEM 1100 BEIEEK 1/1200. Z£FH LHE—
FiRAEZ &S 1, B, 3A f RLLEEER, B8 . £
LR FRE AR R — S S A S F[2 XS]V AR F .
BERHE-HBA (bits), B—RIRREHZ . B n B ERMER
[(2Xxg)120tn- D ¥t HM T AT BN IARZ EEE KA
ESET S HERL: £ D 1, £, B4 1200, f, A7 1902, f, HH
7 2400, -+, f; B4 4905 XK. ZEHWE 3 7R,

FH—F WS, DMEFRCNS R A B pRIE 0 F R
FrapmIsERRS, B 1K, BRARMEF ; T H
FLX [@XSVH0) , BF—4, B F X [XS)™MPRE . En
POARER FLX [@XS)M0 o ZEREE IR EIE o EREY,
LLF#R CPF HHr. ©5 HM HFM—ig 7B 3 .

L EWAIET, EATRMEEAZMNERE CPF M E. 4
EANBEARXFEFRAN, AR FHERE, CPF EM4EX T HM EFNE
3], FIRUCED. BA07C &Y 83T 1 7 &0 F R 2 = ARk AR i
—ALE, MB—ADSFHMERRN . SRS, SIREEN=
MG, HRIES T — = F AR RS E— N E IR B A T
Bl CPF BH LRI —A BN, THREmEE B E 2 ENZ R,
eI 57 CPF &HHr L H X #B(counterparts) M B #X ILEC . [&)
fEih, FrRE S RETREEREY . ©R&T CPF LHMENESE
HM Fht B/ “1” L.

B 4 FAREMPIRS, TZES, ENRBEHEER=AME
HI—MFRiREZ S, BRI SR T, B, & 4 X
WA T, 421 H, , SETEIEE 1 FNEE 3 #2R, 624H, F1467H,
He.

R B — MRS 4 A — N2 T 15 4 8] /Y A #E (alignment)
BREMTERY KA, ZAAFIERIE S TR LZEEH, el
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A ZANEBIEAI S . EXAEIFF, £ HM F L, 7 MiESs
AFRICTT F A PRI S (tumed). [EFEML, FE CPF &ML,
7 MUEF DR ICRIE S TRV WL . X HHETAEXY
Bzhit, UCECAIIECERE —NMEEREN KD . BFE—MEIE
FR=F AP EFEEL— N EER, Fliin, 45 A 37
AL, MHEZE 7 F FHRES AR Z AT, RIEMEREFEEFRN
—NEHT SRR =EH., B 5 FRERAEE, i, £
IRk iz, B, 624H,, 58 R EZHREHE—1 8RN 15
MR 12. |

BT WA EE TR ECHE SR BN, RAEAE 1 % 6-9,
FrBa-& B B0 SRR A M A —2L » BRINEE AN AR—
HaE], FrREmEE 2L  FREEL §, F5, MEHDH
W), FHIMNEET N EENEFTEE N FRAZEFTHEE,
I E DN A—EH RN, IRENESHRAEEEL AL 2
@, R, FAEErEE [, TAEMER.

FEERFRF/EFEREFLE T R/RTX, EM7ERNEZEM
A T EHEEEHRR/EFROZEER. RfHh, SR8
ZEE LA R LR R RN ] TR, T e S0 IEAR R
FEXEAFE T, HiE N EETE T RS BFH.

1. 0% S EE N Him —E ST .

2. BI—/HEM EFir, JRATET S BB FZamar fsiE.

3. BEN5H—1HM B, FATEEH S AEMERN .

4. HFEGENE, BENIEME CPF FEF, ZEWMA S B
HEME, S PWEEEHTE S 2R,

5. BTN e, XER I E SRR T AN A IO A S
Mo

6. AFHZELZH GARER S ), F7Z T 1550 =M £
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) ek AR AR 2 2 18] ) TR EC .

Fik Ul

Sy — R HE W R R A TR R E R WA E EE T AT
FRRZEME, XEMBEREE-—MMTEEETME, JIZZFHM
kSR, SN EERUEFARNETAREFN, BENZ
T TR T A TR AT B B AT i 5 RN TE RS R B AR
8o HiZBESH=AaE =AU EE R R FILEC (good match)ELE
55 MIZBEF 4 1R AR E B R IFUCEC R 7~ — Al BE R £ A —
AN BEMHERE TR, H— I EENNSR=EH 57 %E+
M ERERADU LEFARLE, FRRASHASERL L
EFEN, #HNESAREREETESHNETMENEKE,
CESHETFHRRBESFENTF . ZEIRE— A ERERE
TR HEINZE ) —F 5 M, HemmEmeT DARE .

FHEEFE L IO A ERTaRNRERTEE. flin, 4
E—NREEEER, B NEIEGTEHAEN>EHEENZE, 34
R ESHRE— TN, ZETEGERRIRNMGHNAREEEY
PR RN EERS NS, SELEMER, #lu, B+ 2
MBSk OB AFEMICRNES: 83 b)) 2R ENERA, LR
FEEATHIE.

RETE SRENBELT, REAMSEMNZERRZT, 4
WE, FEL I EF NDEER=ASE =L FEERZ SHE,
AT MNP EGZ FHER B EE IR, THMLELAME: a &
MAEANEREHZENFESEMELTR, UBNZRTEEMERE
WARS; 1 b) FAERNE IR RN S —
WS, Fitn, REFAFER 434H, 30 404H,, ZSAE BRI
LEFE 14/13 F115/14 Z 8. {Ran £,=30H, , FRFE, MrEvuie—ihzE
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SC 14 F1013, ENPRRS & F(brake) 434+15=28.9 , /MF 30, X
¥, RHEER, BMEEMERNEL 30, 2YUEZH, BERHESR
INTF, . BF, BE: FeFOR;RY=30 , PIADTFL .

BE f=f X n X (8) P& ATAZEHEIML, XEZHEM
Bz gL E. S RESNEH, BEREAL 1—1.003 206, n
BTEEHL, 2, 3, -, T, X8, TEFET 17. IREZRE
B S KMERMEERNER. M f= n Xf, B, S5Z&FKIEMNTT
A—#, BAAKEEFRZENN. B, B M £, R—EF
B n WA m iz, X, £/4=f /=0 /= =f /. » EF, k
= IR

SHZFENRAHFZAER 6 . AR TREFEHRER
BERES. BRI UEE - MRS DZMNBES. B eiET
(conditions){5 5. XFLIEEFMAGE SRR, IR/l
RIRB BT, BE, H—POESNE S 8 EE R E KT,
ZAN I D RN EEEHFIESNNE. 5

RE KB EERERFLEMER ST HENZES. FHBER
FABEREREEEL~ENELR, UABEZRAES. XAIUA
FERUR. ARIEERNE S BRELHE.

AFECEHR THAZ EMNEZ AR RARIEMES. R
ERZFERANCNMM, MAKNEY, KBEENER. EEFW
ZUUAFETERS. ANz E0UA TR X cWZE, ™
AHEWEE. X, BEOMEKERARERINZE. |

REARKPCAFMIEEE R £NBE ST THAE, He
AUAFLTHERENR, ZEREE - EE MRSz &,
XECREEEE: Pl —ANEENEE, Z2RVREEE LTS
BB E.

s

o
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=

B

4
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F$E2. EEZ/MEERE.
PR3 BEEEHMES, f, .
HIB4 BEF, f, fHTEN=ZE (RH, o RDe
FIES5.  HRRE f ¢ BE fOF, BH=F
IR 6. FASAEZELL.
TR ¥PRE.
YRS HREER f,<F RELL.
PR HRSEEA—RENEN=F
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P15, ®EF 2 NEFIRE. —
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