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(57) ABSTRACT 
An exemplary embodiment of system, method and com 
puter-accessible medium can be provided to reconstruct 
models based on the probabilistic notion of causation, which 
can differ fundamentally from that can be based on corre 
lation. A general reconstruction setting can be complicated 
by the presence of noise in the data, owing to the intrinsic 
variability of biological processes as well as experimental or 
measurement errors. To gain immunity to noise in the 
reconstruction performance, it is possible to use a shrinkage 
estimator. On synthetic data, the exemplary procedure can 
outperform currently known procedures and, for Some real 
cancer datasets, there are biologically significant differences 
revealed by the exemplary reconstructed progressions. The 
exemplary system, method and computer accessible medium 
can be efficient even with a relatively low number of 
samples and its performance quickly converges to its asymp 
tote as the number of samples increases. 
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PATIENTS 

CROSS-REFERENCE TO RELATED 
APPLICATIONS 

0001. This application relates to and claims priority from 
U.S. Patent Application No. 61/896,566, filed on Oct. 28, 
2013, U.S. Patent Application No. 62/038,697, filed on Aug. 
18, 2014, and U.S. Patent Application No. 62/040,802, filed 
on Aug. 22, 2014, the entire disclosures of which are 
incorporated herein by reference. 

FIELD OF THE DISCLOSURE 

0002 The present disclosure relates generally to cancer 
progression models, and more specifically, to exemplary 
embodiments of an exemplary system, method and com 
puter-accessible medium for a determination of cancer pro 
gression models, which can include noise and/or biological 
noise and/or can use biological data from multiple patients. 

BACKGROUND INFORMATION 

0003 Cancer is a disease of evolution. Its initiation and 
progression can be caused by dynamic Somatic alterations to 
the genome manifested as point mutations, structural altera 
tions of the genome, DNA methylation and histone medi 
cation changes. (See e.g., Reference 15). These genomic 
alterations can be generated by random processes, and since 
individual tumor cells compete for space and resources, the 
test variants can be naturally selected for. For example, if 
through some mutations of a cell acquires the ability to 
ignore anti-growth signals from the body, this cell may 
thrive and divide and its progeny may eventually dominate 
part of the tumor. This clonal expansion can be seen as a 
discrete state of the cancer's progression, marked by the 
acquisition of a genetic event, or a set of events. Cancer 
progression can then be thought of as a sequence of these 
discrete progression steps, where the tumor acquires certain 
distinct properties at each state. Different progression 
sequences can be used, although some can be more common 
than others, and not every order can be viable. (See, e.g., 
References 14 and 25). 
0004. In the last two decades, many specific genes and 
genetic mechanisms have been identified that are involved in 
different types of cancer (see, e.g. References 3, 19 and 31), 
and targeted therapies that aim to affect the product of these 
genes are developed at a fast pace. (See, e.g., Reference 25). 
However, unfortunately, the causal and temporal relations 
among the genetic events driving cancer progression remain 
largely elusive. The main reason for this state of affairs can 
be that information revealed in the data can usually be 
obtained only at one, or a few points, in time, rather than 
over the course of the disease. Extracting this dynamic 
information from the available static, or cross-sectional data 
can be a challenge, and the combination of mathematical, 
statistical and computational techniques can be needed to 
decipher the complex dynamics. The results of the research 
addressing these issues will have important repercussions 
for disease diagnosis and prognosis, and therapy. 
0005. In recent years, several methods that aim to extract 
progression models from cross-sectional data have been 
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developed; starting from the seminal work on single-path 
models (see, e.g., Reference 32), up to several models of 
oncogenetic trees (see, e.g., References 2, 4 and 4), proba 
bilistic networks (see, e.g., Reference 17) and conjunctive 
Bayesian networks (see, e.g., References 1 and 11). Some of 
these models, use correlation to identify relations among 
genetic events. (See e.g., References 2, 4 and 5). These 
techniques reconstruct tree models of progression as inde 
pendent acyclic paths with branches and no consequences. 
More complex models (see e.g., References 1 and 11), 
extract topologies such as direct acyclic graphs. However, in 
these cases, other constraints on the joint occurrence of 
events can be imposed. 
0006. Accordingly, there is a need to address and/or solve 
at least some of the deficiencies described herein above. 

SUMMARY OF EXEMPLARY EMBODIMENTS 

0007 To that end, an exemplary system, method and 
computer-accessible medium for generating a model of 
progression a disease(s) using biomedical data of a patient(s) 
can be provided. Such exemplary system, method and 
computer-accessible medium can be used to, for example, 
obtain the biomedical data, and generate the model of 
progression which includes (i) states of the disease or (ii) 
transitions among the states based on the obtained biomedi 
cal data. The model of progression can include a progression 
graph. The progression graph can be based on a causal 
graph. The model of progression can include a directed 
acyclic graph, where nodes of the DAG can be atomic events 
and edges represent a progression between the atomic 
events. The model of progression can be further based on a 
noise model, which can include a biological noise model, an 
experimental noise model or a combination thereof. The 
biological noise model can be used to distinguish spurious 
causes from genuine causes. 
0008. In some exemplary embodiments of the present 
disclosure, the biomedical data can include genomics, tran 
Scriptomics, epigeneomics or imaging data and/or can 
include information pertaining to a normal cell(s), a tumor 
cell(s), cell-free circulating DNA or a circulating tumor 
cell(s). The states of the disease can be determined by 
genomics, transcriptomics or epigeneomics mutational pro 
files, and/or by a causality relationship whose strength is 
estimated by probability-raising by an unbiased estimator(s). 
The unbiased estimator can include a shrinkage estimator(s), 
which can be a measure of causation among any pair of 
events atomic events. 
0009. In certain exemplary embodiments of the present 
disclosure, the disease can include cancer. Further biomedi 
cal data related to a further patient(s) can be received, and 
information about the further patient can be generated based 
on the model of progression and the further biomedical data. 
The information can be a classification of a further disease 
(s) of the further patient(s). 
0010. These and other objects, features and advantages of 
the exemplary embodiments of the present disclosure will 
become apparent upon reading the following detailed 
description of the exemplary embodiments of the present 
disclosure, when taken in conjunction with the appended 
claims. 

BRIEF DESCRIPTION OF THE DRAWINGS 

0011 Further objects, features and advantages of the 
present disclosure will become apparent from the following 
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detailed description taken in conjunction with the accom 
panying Figures showing illustrative embodiments of the 
present disclosure, in which: 
0012 FIG. 1 is a graph of an exemplary shrinkage 
coefficient according to an exemplary embodiment of the 
present disclosure; 
0013 FIGS. 2A and 2B are graphs of optimal w datasets 
of different sizes according to an exemplary embodiment of 
the present disclosure; 
0014 FIGS. 3A and 3B are graphs illustrating an exem 
plary comparison of noise-free synthetic data according to 
an exemplary embodiment of the present disclosure; 
0015 FIGS. 4A and 4B are diagrams of a set of exem 
plary reconstructed trees according to an exemplary embodi 
ment of the present disclosure; 
0016 FIGS. 5A and 5B are graphs illustrating an exem 
plary reconstruction with noisy synthetic data and w=/2 
according to an exemplary embodiment of the present 
disclosure; 
0017 FIGS. 6A and 6B are graphs of an exemplary 
oncotree reconstruction of an ovarian cancer progression 
according to an exemplary embodiment of the present 
disclosure; 
0018 FIGS. 7A and 7B are charts illustrating the esti 
mated confidence for ovarian cancer progression according 
to an exemplary embodiment of the present disclosure; 
0019 FIGS. 8A and 8B are graphs illustrating the exem 
plary reconstruction with the noisy synthetic data where w-0 
according to an exemplary embodiment of the present 
disclosure; 
0020 FIG. 9 is an illustration of an exemplary block 
diagram of an exemplary system in accordance with certain 
exemplary embodiments of the present disclosure; 
0021 FIGS. 10A and 10B are diagrams of examples of 
screening-off and background context according to an exem 
plary embodiment of the present disclosure; 
0022 FIG. 11 is a diagram of exemplary properties 
and/or procedures according to an exemplary embodiment 
of the present disclosure; 
0023 FIGS. 12A and 12B are diagrams of exemplary 
single-cause topology according to an exemplary embodi 
ment of the present disclosure; 
0024 FIGS. 13A and 13B are diagrams of exemplary 
conjunctive-cause topology according to an exemplary 
embodiment of the present disclosure; 
0025 FIG. 14 is a diagram of caveats in inferring syn 

thetic lethality relations according to an exemplary embodi 
ment of the present disclosure; 
0026 FIG. 15 is a diagram of an exemplary pipeline 
and/or procedure for a exemplary CAncer PRogression 
Inference (“CAPRI) according to an exemplary embodi 
ment of the present disclosure; 
0027 FIG. 16 is a set of diagrams and reconstruction 
trees for DAGs for Small exemplary data sets according to 
an exemplary embodiment of the present disclosure; 
0028 FIG. 17 is a set of diagrams and reconstruction 
trees and forests for Small exemplary data sets according to 
an exemplary embodiment of the present disclosure; 
0029 FIG. 18 is a set of diagrams illustrating exemplary 
conjunctive causal claims according to an exemplary 
embodiment of the present disclosure; 
0030 FIG. 19 is a set of graphs illustrating comparisons 
with conventional progression models; 
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0031 FIG. 20 is a further set of graphs illustrating 
comparisons with conventional progression models; 
0032 FIG. 21 is an even further set of graphs illustrating 
comparisons with conventional progression models; 
0033 FIG. 22 is a set of charts illustrating the exemplary 
reconstruction of disjunctive causal claims with no hypoth 
esis according to an exemplary embodiment of the present 
disclosure; 
0034 FIG. 23 is a set of diagrams illustrating the exem 
plary reconstruction of synthetic lethality with hypotheses 
according to an exemplary embodiment of the present 
disclosure; 
0035 FIG. 24 is a diagram illustrating exemplary pro 
gression models according to an exemplary embodiment of 
the present disclosure; 
0036 FIG. 25 is a diagram illustrating further exemplary 
progression models according to an exemplary embodiment 
of the present disclosure; 
0037 FIG. 26 is a diagram illustrating exemplary CAPRI 
procedures according to an exemplary embodiment of the 
present disclosure; 
0038 FIG. 27 is a set of exemplary diagrams and charts 
illustrating the accuracy and performance of the exemplary 
CAPRI according to an exemplary embodiment of the 
present disclosure; 
0039 FIGS. 28A-28D is a diagram illustrating an exem 
plary procedure according to an exemplary embodiment of 
the present disclosure; 
0040 FIGS. 29 A-29D are graphs illustrating exemplary 
tests of the exemplary Polaris procedure according to an 
exemplary embodiment of the present disclosure; 
0041 FIG. 30 is a diagram of an exemplary Polaris mode 
according to an exemplary embodiment of the present 
disclosure; 
0042 FIGS. 31A-31D are graphs illustrating exemplary 
performance results for Polaris, BIC, and clairvoyant DiProg 
on CMPNs: 
0043 FIGS. 32A-32D are exemplary graphs illustrating 
further exemplary performance results for Polaris, BIC, and 
clairvoyant DiProg on DMPNs: 
0044 FIGS. 33A-33D are exemplary graphs illustrating 
yet further exemplary experimental performance results for 
Polaris, BIC, clairvoyant DiProg on XMPNs: 
0045 FIGS. 34A-34F are exemplary graphs illustrating 
an exemplary C.-filter rejects hypotheses prior to optimiza 
tion of the score according to an exemplary embodiment of 
the present disclosure; and 
0046 FIG. 35 is a flow diagram of an exemplary method 
for generating a model of progression of a disease according 
to an exemplary embodiment of the present disclosure. 
0047 Throughout the drawings, the same reference 
numerals and characters, unless otherwise stated, are used to 
denote like features, elements, components or portions of the 
illustrated embodiments. Moreover, while the present dis 
closure will now be described in detail with reference to the 
figures, it is done so in connection with the illustrative 
embodiments and is not limited by the particular embodi 
ments illustrated in the figures and appended claims. 

DETAILED DESCRIPTION OF EXEMPLARY 
EMBODIMENTS 

0048. The exemplary biological notion of causality can 
be based on the notions of Darwinian evolution, in that it can 
be about an ensemble of entities (e.g., population of cells, 
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organisms, etc.). Within this ensemble, a causal event, (e.g., 
c) in a member entity may result in variations (e.g., changes 
in genotypic frequencies); Such variations can be exhibited 
in the phenotypic variations within the population, which 
can be subject to Darwinian positive, and Subsequently, 
Malthusian negative selections, and sets the stage for a new 
effect event (e.g., e) to be selected, should it occur next; it 
can then be concluded that “c De'. 
0049. While there could be other meaningful extensions 
of this exemplary framework (see, e.g., Reference 3), it can 
be sufficient to describe the causality relations implicit in the 
Somatic evolution responsible for tumor progression. Via its 
very statistical nature, those relations that only reflect “Type 
level Causality, but ignore “Token-level Causality”, can be 
captured. Thus, while it can be estimated, for a population of 
cancer patients of a particular kind (e.g., atypical Chronic 
Myeloid Leukemia, aOML, patients) whether and with what 
probability a mutation, such as SETBP1, would cause cer 
tain other mutations, such as ASXL1 single nucleotide 
variants or indel to occur, it will remain silent as to whether 
a particular ASXL1 mutation in a particular patient was 
caused by an earlier SETBP1 mutation. 
0050 Exemplary Hume's regularity theory: The modern 
study of causation begins with the Scottish philosopher 
David Hume (1711-1776). According to Hume, a theory of 
causation could be defined axiomatically, using the follow 
ing ingredients: temporal priority, implying that causes can 
be invariably followed by their effects (see, e.g., Reference 
4), augmented by various constraints, such as contiguity, 
constant conjunction1, etc. Theories of this kind, that try to 
analyze causation in terms of invariable patterns of Succes 
Sion, have been referred to as regularity theories of causa 
tion. 
0051. The notion of causation has spawned far too many 
variants, and has been a source of acerbic debates. All these 
theories present well-known limitations and confusion, but 
have led to a Small number of modern versions of commonly 
accepted, at least among the philosophers, frameworks. For 
example, the theory discussed and studied by Suppes, which 
is one of the most prominent causation theories, whose 
axioms can be expressible in probabilistic propositional 
modal logics, and amenable to algorithmic analysis. It can 
be the framework upon which the exemplary our analyses 
and procedures can be built. 
0052 Regularity theories can have many limitation, 
which are described below. Imperfect regularities: In gen 
eral, it cannot be stated that causes can be invariably (e.g., 
without fail) followed by their effects. For example, while it 
can be stated State that "smoking can be a cause of lung 
cancer, there can still be some smokers who do not develop 
lung cancer. 
0053 Situations such as these can be referred to as 
imperfect regularities, and could arise for many different 
reasons. One of these which can be a very common situation 
in the context of cancer can involve the heterogeneity of the 
situations in which a cause resides. For example, some 
Smokers may have a genetic susceptibility to lung cancer, 
while others do not. Moreover, some non-smokers may be 
exposed to other carcinogens, while others may not be. 
Thus, the fact that not all Smokers develop lung cancer can 
be explained in these terms. 
0054 Irrelevance: 
0055 An event that can invariably be followed by 
another can be irrelevant to it. (See, e.g., Reference 5). Salt 
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that has been hexed by a sorcerer invariably dissolves when 
placed in water, but hexing does not cause the salt to 
dissolve. In fact, hexing can be irrelevant for this outcome. 
Probabilistic theories of causation capture exactly this situ 
ation by requiring that causes alter the probabilities of their 
effects. 
0056 Asymmetry: 
0057. If it can be claimed that an event c causes another 
event e, then, typically, it can be anticipated to claim that e 
does not cause c, which would naturally follow from a strict 
temporal-priority-constraint (e.g., cause precedes effect tem 
porally). In the context of the preceding example, Smoking 
causes lung cancer, but lung cancer does not cause one to 
Smoke. 
0058 Spurious Regularities: 
0059 Consider a situation, not very uncommon, where a 
unique cause can be regularly followed by two or more 
effects. As an example, Suppose that one observes the height 
of the column of mercury in a particular barometer dropping 
below a certain level. Shortly afterwards, because of the 
drop in atmospheric pressure, (the unobserved cause for 
falling barometer), a storm occurs. In this settings, a regu 
larity theory could claim that the drop of the mercury 
column causes the storm when, indeed, it may only be 
correlated to it. Following common terminologies, such 
situations can be due to spurious correlations. There now 
exists an extensive literature discussing Such subtleties that 
can be important in understanding the philosophical foun 
dations of causality theory. (See, e.g., Reference 2). 
0060. The following exemplary notation will be used 
below. Atomic events, in general, are denoted by Small 
Roman letters, such as a, b, c, . . . ; when it can be clear from 
the context that the event in the model can be, in fact, a 
genomic mutational event, it can be referred to directly using 
the standard biological nomenclature, for example, BRCA1, 
BRCA2, etc. Formulas over events will be mostly denoted 
by Greek letters, and their logical connectives with the usual 
“and” (W), “or” (V) and “negation’ (...) symbols. Standard 
operations on sets will be used as well. 
0061 Which quantity can be referred to, can be made 
clear from the context. In the following, P(x) can denote the 
probability of X: P(x sy), the joint probability of X and y, 
which can be naturally extended to the notation P(x & y i. 

. 8 y) for an arbitrary arity; and P(x|y), the conditional 
probability of X given y. For example, X and y can be 
formulas over events. 

0062. As with causal structures, ce, where c and e can 
be events being modeled, in order to denote the causal 
relation “c causes e”. The notation to p e can be general 
ized with the meaning generalized mutatis mutandis. 
0063. According to an exemplary embodiment of the 
present disclosure, an exemplary framework to reconstruct 
cumulative progressive phenomena, such as cancer progres 
Sion, can be provided. The exemplary method, procedure, 
system, etc. can be based on a notion of probabilistic 
causation, which can be more Suitable than correlation to 
infer causal structures. More specifically, it can be possible 
to utilize the notion of causation. (See e.g., Reference 30). 
Its basic intuition can be as follows: event a causes event b 
if (i) a occurs before b and (ii) the occurrence of a raises the 
probability of observing event b. Probabilistic notions of 
causation have been used in biomedical applications before 
(e.g., to find driver genes from CNV data (see e.g., Refer 
ence 20), and to extract causes from biological time series 
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data (see e.g., Reference 22)), however, it can be believed 
that there was a lack of any inference of progression models 
in the absence of direct temporal information. 
0064. With the problem setting (see e.g., Reference 4), 
according to an exemplary embodiment of the present 
disclosure, an exemplary technique can be utilized to infer 
probabilistic progression trees from cross-sectional data. It 
can be assumed that the input can be a set of pre-selected 
genetic events such that the presence or the absence of each 
event can be recorded for each sample. Using the notion of 
probabilistic causation described herein, it can be possible to 
infer a tree whose induced distribution best describes causal 
structure implicit in the data. 
0065. The problem can be complicated by the presence of 
noise, such as the one provided by the intrinsic variability of 
biological processes (e.g., genetic heterogeneity) and experi 
mental or measurement errors. To deal with this, it can be 
possible to utilize a shrinkage estimator to measure causa 
tion among any pair of events under consideration. (See, 
e.g., Reference 9). The intuition of this type of estimators 
can be to improve a raw estimate C. (e.g., in this case 
probability raising) with a correction factor B (e.g., in this 
case a measure of temporal distance among events); a 
generic shrinkage estimator can be defined as 0=(1-2)C(X)+ 
wf(X), where 0s.ws1 can be the shrinkage coefficient, X can 
be the input data and 0 can be the estimates that should be 
evaluated. 0 can be arbitrarily shrunk towards C. or f3 by 
varying w. The estimator can be biased. The power of 
shrinkage lies in the possibility of determining an optimal 
value for w to balance the effect of the correction factor on 
the raw model estimate. This approach can be effective to 
regularize ill-posed inference problems, and sometimes the 
optimal w can be determined analytically. (See, e.g., Refer 
ences 10 and 31). 
0066. According to an exemplary embodiment of the 
present disclosure, however, the performance of interest can 
be that of the reconstruction technique, rather than that of the 
estimator, usually measured as mean squared error. Thus, it 
is possible to numerically estimate the global optimal coef 
ficient value for the reconstruction performance. Based on 
synthetic data, the methods, systems and computer-acces 
sible medium according to the exemplary embodiments of 
the present disclosure can outperform the existing tree 
reconstruction algorithm. (See e.g., Reference 4). For 
example, the exemplary shrinkage estimator, according to an 
exemplary embodiment of the present disclosure, can pro 
vide, on average, an increased robustness to noisy data 
which can ensure that it can outperform the standard corre 
lation-based procedure. (See e.g., id.). Further, the exem 
plary method, according to an exemplary embodiment of the 
present disclosure, can operate in an efficient way with a 
relatively low number of samples, and its performance can 
quickly converge to its asymptote as the number of Samples 
increases. This exemplary outcome can indicate an applica 
bility of the exemplary procedure with relatively small 
datasets without compromising its efficiency. 
0067. To that end, exemplary methods, computer-acces 
sible medium, and systems, according to exemplary embodi 
ments of the present disclosure, can be provided for mod 
eling progression of a disease using patients’ biomedical 
data, for example, genomics data from patients tumor and 
normal cells to model progression of cancer, can be pro 
vided. Existing techniques to reconstruct models of progres 
sion for accumulative processes such as cancer, generally 
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seek to estimate causation by combining correlation, and a 
frequentist notion of temporal priority. The exemplary meth 
ods, computer-accessible medium and systems can provide 
an exemplary framework to reconstruct such models based 
on the probabilistic notion of causation, which can differ 
fundamentally from that based on correlation. The exem 
plary embodiments of the methods, computer-accessible 
medium and systems can address the reconstruction problem 
in a general setting, which can be complicated by the 
presence of noise in the data, owing to the intrinsic vari 
ability of biological processes as well as experimental or 
measurement errors. To gain immunity to noise in the 
reconstruction performance, the exemplary methods, com 
puter-accessible medium and systems can utilize a shrinkage 
estimator. The exemplary methods, computer-accessible 
medium and systems can be efficient even with a relatively 
low number of samples and its performance can quickly 
converge to its asymptote as the number of Samples 
increases. 

Exemplary Problem Setting 
0068 An exemplary setup of the reconstruction problem 
can be as follows. Assuming that a set G of n mutations (e.g., 
events, in probabilistic terminology) and m samples can be 
provided, it can be possible to represent a cross-sectional 
dataset as an mxn binary matrix. In this exemplary matrix, 
an entry (k, 1)=1 if the mutation can be observed in sample 
k, and 0 otherwise. It should be reemphasized that such a 
dataset may not provide explicit information of time. The 
problem to be solved can be that of extracting a set of edges 
E yielding a progression tree T=(GU {o}, E.o) from this 
matrix. To be more precise, it can be possible to reconstruct 
a proper rooted tree that can satisfy: (i) each node has at most 
one incoming edge in E, (ii) there may be no incoming edge 
to the root (iii) there may be no cycles. The root of T can be 
modeled using a (e.g., special) event ocG, so to extract, in 
principle, heterogeneous progression paths, for example, 
forests. Each progression tree can Subsume a distribution of 
observing a Subset of mutations in a cancer sample. 
0069 Definition 1 (Tree-Induced Distribution). 
(0070 Let T be a tree and C.:E>0, 1] a labeling function 
denoting the independent probability of each edge, T can 
generate a distribution where the probability of observing a 
sample with the set of alterations 

(1) 
G. c G is P(G)=ote): 1 - a (u, v) 

(ii,v)eE f 
ee weG", viC 

where ECE can be the set of edges connecting the root o to 
the events in G*. 
0071. The exemplary temporal priority principle states 
that all causes should precede their effects. (See e.g., Ref 
erence 28). This exemplary distribution subsumes the fol 
lowing temporal priority: for any oriented edge (a->b) a 
sample can contain alteration b with probability P(a)P(b) 
which, roughly speaking, means that the probability of 
observing a can be greater than the probability of observing 
b 

0072 The notion of tree-induced distribution can be used 
to state an important aspect which can make the reconstruc 
tion problem more difficult. The input data can be, for 
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example, a set of samples generated, preferably, from an 
unknown distribution induced by an unknown tree that can 
be intended to be reconstructed. However, in some cases, it 
can be possible that no tree exists whose induced distribu 
tion generates exactly those data. When this happens, the set 
of observed samples can slightly diverge from any tree 
induced distribution. To model these situations, a notion of 
noise can be introduced, which can depend on the context in 
which data can be gathered. 

Exemplary Oncotree Approach 

0073 Previous method described how to extract progres 
sion trees, named “oncotrees, initially applied to static 
CNV data. (See e.g., Reference 4). In these exemplary trees, 
nodes can represent CNV events and edges correspond to 
possible progressions from one event to the next. 
0074 The reconstruction problem can be exactly as 
described above, and each tree can be rooted in the special 
event o. The choice of which edge to include in a tree can 
be based on the exemplary estimator 

- lod- 9 (a,b) (2) 
"a b - 99 Pol P(b Pope 

which can assign, to each edge a->b, a weight accounting for 
both the relative and joint frequencies of the events, thus 
measuring correlation. The exemplary estimator can be 
evaluated after including o to each sample of the dataset. In 
this definition the rightmost term can be the likelihood ratio 
(e.g., symmetric) for a and b occurring together, while the 
leftmost can be the asymmetric temporal priority measured 
by rate of occurrence. This implicit form of timing can 
assume that, if a can occur more often than b, then it likely 
can occur earlier, thus satisfying the inequality 

P) P) 
(a) + i. (b) (a) + i (b) 

0075 An exemplary oncotree can be the rooted tree 
whose total weight (e.g., Sum of all the weights of the edges) 
can be maximized, and can be reconstructed in 0(IGI’) steps 
using Edmond's seminal result. (See e.g., Reference 6). By 
the exemplary construction, the resulting exemplary graph 
can be a proper tree rooted in o: each event can occur only 
once, confluences can be absent, for example, any event can 
be caused by at most one other event. The branching trees 
method has been used to derive progression trees for various 
cancer datasets (see, e.g., References 18, 21 and 27), and 
even though several extensions of the method exist (see, 
e.g., References 2 and 5), it is one of the most used methods 
to reconstruct trees and forests. 

Exemplary Probabilistic Approach to Causation 

0076. Before introducing the notion of causation, upon 
which the exemplary procedure can be based, the approach 
to probabilistic causation is described. An extensive discus 
sion on this topic, its properties and its problems has been 
previously discussed (See e.g., References 16 and 30) 
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(0077 Exemplary Definition 2 (Probabilistic Causation 
(See, e.g., Reference 30)). 
0078 For any two events c and e, occurring respectively 
at times t and t, under the assumptions that 0<P(c).P(e)<1, 
the event c causes the event e if it occurs before the effect 
and the cause raises the probability of the effect, for 
example: 

t<t and (elc)>i (ec). (3) 
007.9 The exemplary input of the exemplary procedure 
can include cross-sectional data and no information about 
the timings to may be available. Thus the probability raising 
(“PR) property can be considered as a notion of causation, 
for example, P(ec)>P(e I-6"). Provided below is a review 
some exemplary properties of the PR. 
0080 Exemplary Proposition 1 (Dependency): 
0081. Whenever the PR holds between two events a and 
b, then the events can be statistically dependent in a positive 
sense, that can be, for example: 

(bla)> (ha) - (a,b)> f(a) f(b). (4) 
I0082. This property, as well as Property 2, is a well 
known fact of the PR. Notice that the opposite implication 
holds as well. When the events a and b can still be dependent 
but in a negative sense, for example, P(a,b)<P(a)P(b), the 
PR does not hold, for example, P(bla)<P(bla). 
I0083. It can be possible to use the exemplary PR to 
determine whether a specific a pair of events a and b satisfy 
a causation relation. Thus facilitating the conclusion when 
the event a causes the event b, and a can be placed beforeb 
in the progression tree. Unfortunately, it may not be possible 
to simply state that a causes b when P(bla)<P(bla) since, 
although PR can be known not to be symmetric, it holds. 
I0084 Exemplary Proposition 2 (Mutual PR): 

(bla)> (ba)* ' (a1b)> (atroposition 2 (Mutual PR). 
For example, if a raises the probability of observing b, then 
b raises the probability of observing a too. 
0085 Nevertheless, to determine causes and effects 
among the genetic events, it can be possible use the confi 
dence degree of probability rising to decide the direction of 
the causation relationship between pairs of events. In other 
words, if a raises the probability of b more than the other 
way around, then a can be a more likely cause of b than b 
of a. As discussed, the PR may not be symmetric, and the 
direction of probability rising can depend on the relative 
frequencies of the events. 
I0086 Exemplary Proposition 3 (Probability Raising and 
Temporal Priority): 
I0087. For any two events a and b such that the probability 
raising P(ab) P(a) holds, the following can be provided 

(b |a) 
(ba) 

I (ab) (5) 
i(ab) i(a) > f(b) ce. > 

I0088 For example, according to the PR model, given that 
the PR holds between two events, a raises the probability of 
b more than braises the probability of a, if a can be observed 
more frequently than b. The ratio can be used to assess the 
PR inequality. An exemplary proof of this proposition can be 
found in the Appendix. From this exemplary result, it 
follows that if the timing of an event can be measured by the 
rate of its occurrence (e.g., P(a)>P(b) can imply that a 
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happens before b), this exemplary notion of PR subsumes 
the same notion of temporal priority induced by a tree. 
Further, this can be the temporal priority made explicit in the 
coefficients of Despers. Given these exemplary results, it 
can be possible to define the following notion of causation. 
I0089 Exemplary Definition 3. 
0090. For example, a causes b if a can be a probability 
raiser of b, and it occurs more frequently: 

P(bla)> P(b|ri, and Pie - P(b). 
0091. Further, it is possible to utilize the conditions for 
the exemplary PR to be computable: every mutation a 
should be observed with probability strictly 0<P(a)-1. 
Moreover, each pair of mutations (a, b) can be reviewed to 
be distinguishable in terms of PR, that can be P(ab)<1 or P(b 
I<1 similarly to the above condition. Any non-distinguish 
able pair of events can be merged as a single composite 
event. From now on, it can be assumed that these conditions 
have been verified. 
Extracting Progression Trees with Probability Raising and 
Shrinkage Estimator 
0092. The exemplary procedure can be similar to Des 
per's algorithm, with one of the differences being an alter 
native weight function based on a shrinkage estimator. 
0093. Definition 4 (Shrinkage Estimator): 
0094. It is possible to define the shrinkage estimator 
m , of the confidence in the causation relationship from a 
to b as 

mah = (1 - )aa-b + ft. (6) 
where 

Os As 1 
and 

(ba)-i(ba) (7) 
a-h P(a) pla 

(a, b)-i (a)(b) 
fa–b = i (a,b) + i (a); (b) 

0095. This exemplary estimator can combine a normal 
ized version of the PR, the raw model estimate C, with the 
correction factor B. The exemplary shrinkage can improve 
the performance of the overall reconstruction process, not 
limited to the performance of the exemplary estimator itself. 
For example, m can induce an ordering to the events 
reflecting the confidence for their causation. However, this 
exemplary framework may not imply any performance 
bound for the, for example, mean squared error of m. The 
exemplary shrinkage estimator can be an effective way to get 
Such an ordering when data is noisy. In the exemplary 
system, method and computer-accessible medium a pairwise 
matrix version of the estimator can be used. 

Algorithm 1 Tree-alike reconstruction with shrinkage estimator 

1: consider a set of genetic events G = {g. . . . . g., plus a special 
event O, added to each sample of the dataset; 

2. define an x n matrix M where each entry contains the shrinkage 
estimator 

m; i = (1 - ). p. (i) r (i) + . Pi, J) firi) f(ii) + f(ii) p(i,j) + p(i)f(i) 
according to the observed probability of the events i and j: 
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-continued 

Algorithm 1 Tree-alike reconstruction with shrinkage estimator 

3: PR causation define a tree T = (GU {{O}, E, & ) where (i -> j) e 
E for i,j e G if and only if: 

m; 0 and m; m, , and Wi'e G. m > m, 
4: Correlation filter define G = {g, e G | F(i) > f(i)}, replace edge 

(i -> j) e E with edge (Q -> j) if, for all g, e G, it holds 
1 T(w) f(w,j) 

1 + p(i) pow) + pipewypi) 

0096 Exemplary Raw Estimator and the Correction Fac 
tOr. 

0097. By considering, for example, only the exemplary 
raw estimator C., it can be possible to include an edge (a->b) 
in the tree consistently in terms of (i) Definition 3 and (ii) if 
C. can be the best probability raiser for b. When P(a)=P(b), 
the events a and b can be indistinguishable in terms of 
temporal priority. Thus C. may not be sufficient to decide 
their causal relation, if any. This intrinsic ambiguity 
becomes unlikely when B can be introduced, even if it can 
still be possible. 
0098. This exemplary formulation of C. can be a mono 
tonic normalized version of the PR ratio. 
0099 Proposition 4 (Monnotonic normalization) For any 
two events a and b we have 

(ba) 
i(ba) 

S(ab) (8) 
is aa b > aba. i (a b) 

i(a) > f(b) ce. > 

0100. This exemplary raw model estimator can satisfy 

-1 soap ob as 1 

and can have the following meaning: when it tends to -1, the 
pair of events can appear disjointly (e.g., they can show an 
anti-causation pattern in the observations), when it tends to 
0, no causation or anti-causation can be inferred, and the two 
events can be statistically independent. And when it tends to 
1, causation relationship between the two events can be 
robust. Therefore, a can provide a quantification of the 
degree of confidence for a given causation relationship, with 
respect to probability rising. 
0101 However, C. does not provide a general criterion to 
disambiguate among groups of candidate parents of a given 
node. A specific case can be shown in which C. may not be 
a Sufficient estimator. For instance, a set of three events can 
be provided that can be involved in a causal linear path: 
a->b->c. In this case, when evaluating the candidate parents 
a and b for c, the following can be provided: a a -1. 
Accordingly, it can be possible to infer that tist and tist, 
for example, a partial ordering, which may not help to 
disentangle the relation among a and b with respect to c. 
0102. In this exemplary case, the B coefficient can be 
used to determine which of the two candidate parents can 
occur earlier. In general. Such a correction factor can provide 
information on the temporal distance between events, in 
terms of Statistical dependency. In other words, the higher 
the coefficient, the closer two events can be. The exemplary 
shrinkage estimator m can then result in a shrinkable com 
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bination of the raw PR estimator C. and of the B correction 
factor, which can satisfy an important property. 
0103 Exemplary Proposition 5 (Coherence in Depen 
dency and Temporal Priority): 
0104. The B correction factor can be symmetrical, and 
can Subsume the same notion of dependency of the raw 
estimator C, that can be, for example: 

(a,b)> f(a) f(b) < c, -->0 : B >0 and 
fa-5?, a (9) 

Thus, the correction factor can respect the temporal priority 
induced by the raw estimator C. 
0105. The Correlation Filter. 
0106 Following Desper's approach, it can be possible to 
add a root o with P(o)=1 to separate different progression 
paths, which can then be represented as different sub-trees 
rooted in o. the exemplary system, method and computer 
accessible medium initially builds a unique tree by using m. 
Then, the correlation-alike weight between any node and o 
can be computed as, for example: 

(o) (o, j) 1 
(o) + (j) (o)(j) 1 + (j) 

0107 If this quantity can be greater than the weight of 
with each upstream connected element i, it can be possible 
to Substitute the edge (ii) with the edge (o->). It can then 
be possible to use a correlation filter because it would make 
no sense to ask whether o was a probability raiser for j. 
besides the technical fact that a may not be defined for 
events of probability 1. For example, this exemplary filter 
can imply a non-negative threshold for the shrinkage esti 
mator, when a cause can be valid. 
0108 Exemplary Theorem 1 (Independent Progressions). 
0109 Let G*={al,..., ak}C G a set of k events which 
can be candidate causes of some b:G*, for example, P(a) 
>P(b) and m->b>0 for any a. There exist 1<y<1/P(a) and 
S>0 such that b determines an independent progression tree 
in the reconstructed forest, for example, the edge ob can be 
picked by the exemplary system, method and computer 
accessible medium, if for any a, 

(a,b)<y i (a)(b)+8. (10) 
0110. The proof of this Theorem can be found in the 
enclosed Appendix. What can be indicated by this exem 
plary theorem can be that, by examining the level of 
statistical dependency of each pair of events, it can be 
possible to determine how many trees can compose the 
reconstructed forest. Further, it can Suggest that the exem 
plary system, method and computer-accessible medium can 
be defined by first processing the correlation filter, and then 
using m to build the independent progression trees in the 
forest. Thus, the exemplary procedure/algorithm can be used 
to reconstruct well-defined trees in the sense that no transi 
tive connections and no cycles can appear. 
0111 Exemplary Theorem 2 (Procedure Correctness). 
0112 The exemplary system, method and computer-ac 
cessible medium can reconstruct a well-defined tree T with 
out disconnected components, transitive connections and 
cycles. 
0113. The proof of this Theorem follows immediately 
from Proposition 3 and can be found in the enclosed 
Appendix. 
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Exemplary Performance of Procedure and Estimation of 
Optimal Shrinkage Coefficient 
0114 Synthetic data can be used to evaluate the perfor 
mance of the exemplary system, method and computer 
accessible medium as a function of the shrinkage coefficient 
A. Many distinct synthetic datasets were created for this. 
The procedure performance was measured in terms of Tree 
Edit Distance (“TED) (see, e.g., Reference 35). For 
example, the exemplary minimum-cost sequence of node 
edit operations (e.g., relabeling, deletion and insertion) that 
transforms the reconstructed trees into the ones generating 
the data. 

Exemplary Synthetic Data Generation 
0115 Synthetic datasets were generated by sampling 
from various random trees, constrained to have depth log 
(JG 1), since wide branches can be hard to reconstruct than 
straight paths. Unless differently specified, in all the experi 
ments, 100 distinct random trees, or forests, accordingly to 
the test to perform of 20 events each were used. This is a 
fairly reasonable number of events, and can be in line with 
the usual size of reconstructed trees. (See, e.g., References 
13, 24, 26 and 29). The scalability of the reconstruction 
performance was tested against the number of samples by 
letting IGI range from 50 to 250, with a step of 50, and by 
replicating 10 independent datasets for each parameters 
Setting. 
0116. A form of noise was included in generating the 
datasets, so to account for (i) the realistic presence of 
biological noise (e.g., the one provided by bystander muta 
tions, genetic heterogeneity, etc.) and (ii) experimental or 
measurement errors. A noise parameter 0<v<1 can denote 
the probability that any event assumed a random value (e.g., 
with uniform probability), after sampling from the tree 
induced distribution'. This can introduce both false negatives 
and false positives in the datasets. Algorithmically, this 
exemplary process can generate, on average, |G| V/2 random 
entries in each sample (e.g. with V-0.1 there can be, on 
average, one error per sample). It can be possible to assess 
whether these noisy samples can mislead the reconstruction 
process, even for low values of v. 
0117. In what follows, it can be possible to refer to 
datasets generated with V-0 as noisy Synthetic dataset. In the 
exemplary experiments, v can be discretized by 0.025, (e.g., 
about 2.5% noise). 

Exemplary Optimal Shrinkage Coefficient 

0118. Given that the events can be dependent on the 
topology to reconstruct, it was not possible to determine 
analytically an optimal value for the shrinkage. The exem 
plary assumption that noise can be uniformly distributed 
among the events may appear simplistic. In fact some events 
may be more robust, or easy to measure, than others. For 
example, works more Sophisticated noise distributions can 
be considered coefficient by using, for example, the standard 
results in shrinkage statistics. (See e.g., Reference 9). There 
fore, an empirical estimation of the optimal A can be used, 
both in the case of trees and forests. 
0119) As shown in FIG. 1, the variation in the perfor 
mance of the exemplary system, method and computer 
accessible medium the exemplary system, method and com 
puter-accessible medium as a function of A can be indicated, 
for example, in the specific case of datasets with 150 
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samples generated on tree topologies. The exemplary opti 
mal value (e.g., lowest TED) for noise-free datasets (e.g., 
v=0) can be obtained for v->0, whereas for the noisy 
datasets a series of U-shaped curves can indicate a unique 
optimum value for v->/2, with respect to all the levels of 
noise. Identical results can be obtained when dealing with 
forests. Further, exemplary experiments show that the esti 
mation of the optimal W may not be dependent on the number 
of samples in the datasets. (See FIG. 2). An exemplary 
analysis was limited to datasets with the typical sample size 
that can be characteristic of data currently available. In other 
words, if the noise-free case can be considered, the best 
performance can be obtained by, for example, shrinking m 
to the PR model raw estimate C., for example: 

->0 (11) 

which can be obtained by setting w to a very Small value, e.g. 
10, in order to consider the contribution of the correction 
factor too. Conversely, when considering the case of V-0, 
the best performance can be obtained by averaging the 
shrinkage effect, as for example: 

m. , tre+ fab (12) 
a b = 

0120. These exemplary results can indicate that, in gen 
eral, a unique optimal value for the shrinkage coefficient can 
be determined. 

0121 FIGS. 2A and 2B shown an optimal w with datasets 
of different sizes similar to FIG. 1, with sample sizes of 50 
and 250 respectively. The estimation of the optimal shrink 
age coefficient w is irrespective of sample size. 

Exemplary Performance of Procedure Compared to 
Oncotrees 

0122. As shown in exemplary graphs of FIGS. 3A and 
3B, the performance of the exemplary system, method and 
computer-accessible medium (element 305) can be com 
pared with oncotrees (element 310), for the case of noise 
free synthetic data. In this exemplary case, the optimal 
shrinkage coefficient was used in equation (11): v->0. FIGS. 
4A and 4B show diagrams of an example of a reconstructed 
tree where, for the noise-free case, whereas the exemplary 
system, method and computer-accessible medium can infer 
the correct tree while oncotrees mislead a causation relation. 
Examples of reconstruction from a dataset by the Target tree 
(see FIG. 4A, where numbers represent the probability of 
observing a mutation while generating sample), with V-0. 
The oncotree (shown in FIG. 4B) misleads the correct causal 
relation for the double-circled mutation. It evaluates w=0 for 
the real causal edge and w=0.14 for the wrong one. The 
exemplary system, method and computer-accessible 
medium, according to an exemplary embodiment of the 
present disclosure, can infer the correct tree. 
0123. In general, the TED of the exemplary system, 
method and computer-accessible medium can be, on aver 
age, bounded above by the TED of the oncotrees, both in the 
case of trees (see FIG. 3A) and forests (see FIG. 3B). For 
trees, with a low number of samples (e.g., 50) the average 
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TED of the exemplary system, method and computer-acces 
sible medium can be around 7, whereas for Desper's tech 
nique can be around 13. The exemplary performance of both 
procedures can improve as long as the number of samples 
can be increased: the exemplary system, method and com 
puter-accessible medium has the best performance (e.g., 
TEDs0) with 250 samples, while oncotrees have TED 
around 6. When forests can be considered, the difference 
between the performances of the procedures can slightly 
reduce, but also in this case the exemplary system, method 
and computer-accessible medium clearly outperforms 
branching trees. 
0.124. The exemplary improvement due to the increase in 
the sample set size tends toward a plateau, and the initial 
TED for the exemplary estimator is close to the plateau 
value. Thus, this can indicate that the exemplary system, 
method and computer-accessible medium has good perfor 
mance with few samples. This can be an important result, 
particularly considering the scarcity of available biological 
data. 
(0.125. In the exemplary graphs of FIGS. 5A and 5B, the 
comparison is extended to noisy datasets. In this exemplary 
case, the optimal shrinkage coefficient in equation (12): 
w->/2. can be used. The exemplary results can confirm what 
can be observed in the case of noise-free data, as exemplary 
the exemplary system, method and computer-accessible 
medium outperforms Desper's branching trees up to v=0.15 
(e.g., V-0.1), for all the sizes of the sample sets. (See e.g., 
element 505). The bar plots represent the percentage of 
times the best performance is achieved at v=0. 

Exemplary Performance on Cancer Datasets 
0.126 The exemplary results above indicate that the 
exemplary method, according to an exemplary embodiment 
of the present disclosure, outperforms oncotrees. The exem 
plary procedure was tested on a real dataset of cancer 
patients. 
I0127. To test the exemplary reconstruction procedure on 
a real dataset, it was applied to the ovarian cancer dataset 
made available within the oncotree package. (See, e.g., 
Reference 4). The data was collected through the public 
platform SKY/M-FISH (see, e.g., Reference 23), which can 
be used to facilitate investigators to share and compare 
molecular cytogenetic data. The data was obtained by using 
the Comparative Genomic Hybridization technique 
(“CGH) on samples from papillary serous cystadenocarci 
noma of the ovary. This exemplary procedure uses fluores 
cent staining to detect CNV data at the resolution of chro 
mosome arms. This type of analysis can be performed at a 
higher resolution, making this dataset rather outdated. Nev 
ertheless, it can still serve as a good test-case for the 
exemplary approach. The seven most commonly occurring 
events can be selected from the approximate 87 Samples, and 
the set of events can be the following gains and losses on 
chromosomes arms G={8q-, 3q+, 1q+, 5q-, 4q-, 8p-, 
Xp-}, where for example, 4q can denote a deletion of the q 
arm of the 4th chromosome. 
I0128. In the exemplary diagrams of FIGS. 6A and 6B, the 
trees reconstructed by the two approaches can be compared. 
The exemplary procedure, according to the exemplary 
embodiment of the present disclosure, can differ from Des 
pers in terms of how it predicts by predicting the causal 
sequence of alterations 
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0130 For example, all the samples in the dataset can be 
generated by the distribution induced by the recovered tree. 
Thus facilitating the consideration of this exemplary dataset 
as noise-free; algorithmically, this facilitates the use of the 
exemplary estimator for v->0). 
0131 While, a biological interpretation for this result is 
not provided, it is known that common cancer genes reside 
in these regions (e.g., the tumor suppressor gene PDGFR on 
5q and the oncogene MYC on 8q, and loss of heterozygosity 
on the short arm of chromosome 8 can be very common. 
Recently, evidence has been reported that location 8p con 
tains many cooperating cancer genes. (See, e.g., Reference 
34). 
0132) To assign a confidence level to these inferences, 
both parametric and non-parametric bootstrapping methods 
can be applied to the exemplary results. (See, e.g., Reference 
7). For example, these tests consists of using the recon 
structed trees (in the parametric case), or the probability 
observed in the dataset (in the non-parametric case) to 
generate new synthetic datasets, and then reconstruct the 
progressions again. (See, e.g., Reference 8). The confidence 
can be given by the number of times the trees shown in 
FIGS. 6A and 6B are reconstructed from the generated data. 
A similar approach can be used to estimate the confidence of 
every edge separately. For oncotrees the exact tree can be 
obtained about 83 times out of about 1000 non-parametric 
resamples, so its estimated confidence can be about 8.3%. 
For the exemplary procedure, according to the exemplary 
embodiment of the present disclosure, the confidence can be 
about 8.6%. In the non-parametric case, the confidence of 
oncotrees can be about 17% while that of the exemplary 
procedure can be much higher, for example, 32%. For the 
non-parametric case, an exemplary edge confidence is 
shown in the exemplary tables of FIGS. 7A and 7B. For 
example, the exemplary procedure, according to an exem 
plary embodiment of the present disclosure, can reconstruct 
the inference 8q+ 8p- with high confidence (confidence of 
about 62%, and 26% for 5q- 8p–), while the confidence of 
the edge 8q--5q- can be only 39%, almost the same as 8p 
8q+ (confidence of about 40%). FIGS. 7A and 7B show the 
frequency of edge occurrences in the non-parametric boot 
strap test, for the trees shown in FIGS. 6A and 6B. Element 
705 represents <0.4%, element 710 represents 0.4%-0.8%, 
and element 715 represents >0.8%. Bold entries are the 
edges received using the exemplary system, method and 
computer-accessible medium. 
0.133 FIGS. 8A and 8B illustrate exemplary graphs pro 
viding an exemplary reconstruction with noisy Synthetic 
data and W->0. The exemplary settings of the exemplary 
experiments are the same as those used for FIG. 5, but the 
estimator is shrunk to C. by J.->0 (e.g., w=0.01). For example, 
in element 805, the performance of the exemplary system, 
method and computer-accessible medium can converge with 
the Exemplary Desper's for V approximately equal to 0.01. 
Thus it is faster than the case where w is approximately equal 
to /2). 
0134) 
0135. The differences between the reconstructed trees 
can also be based on datasets of gastrointestinal and oral 
cancer. (See, e.g., References 13 and 26). In the case of 
gastrointestinal stromal cancer, among the 13 CGH events 
considered (see e.g., Reference 13), for gains on 5p, 5q and 

Exemplary Analysis of Other Datasets. 
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8q, losses on 14q., 1p, 15q 13q, 21q, 22d, 9p, 9q, 10q and 
6q, the branching trees can identify the path progression as, 
for example: 
1p- 15q----13q- -+21q 
while the exemplary system, method and computer-acces 
sible medium can reconstruct the branch as, for example: 
1p- -->15q- 1 p-->13q-->21q 
0.136. In the case of oral cancer, among the 12 CGH 
events considered for gains on 8q, 9q, 11q, 20q, 17p. 7p. 5p. 
20p and 18p, losses on 3p, 8p and 18q, the reconstructed 
trees differ since oncotrees identifies the path as, for 
example: 
8q+ ->20q+ ->20p+ 
0.137 These examples show that the exemplary the exem 
plary system, method and computer-accessible medium can 
provide important differences in the reconstruction com 
pared to the branching trees. 

Exemplary Discussion 
0.138. As described herein, an exemplary framework for 
the reconstruction of the causal topologies, according to an 
exemplary embodiment of the present disclosure, has been 
described that can provide extensive guidance on a cumu 
lative progressive phenomena, based on the probability 
raising notion of probabilistic causation. Besides such a 
probabilistic notion, the use of an exemplary shrinkage 
estimator has been discussed for efficiently unraveling 
ambiguous causal relations, often present when data can be 
noisy. Indeed, an effective exemplary procedure can be 
described for the reconstruction of a tree or, in general, forest 
models of progression which can combine, for the first time, 
probabilistic causation and shrinkage estimation. 
0.139. Such exemplary procedure was compared with a 
standard approach based on correlation, to show that that the 
exemplary method can outperform the state of the art on 
synthetic data, also exhibiting a noteworthy efficiency with 
relatively small datasets. Furthermore, the exemplary pro 
cedure has been tested on low-resolution chromosomal 
alteration cancer data. This exemplary analysis can indicate 
that the exemplary procedure, system and computer acces 
sible medium, according to an exemplary embodiment of the 
present disclosure, can infer, with high confidence, exem 
plary causal relationships which would remain unpredict 
able by basic correlation-based techniques. Even if the 
cancer data that used can be coarse-grained, and does not 
account for, for example, Small-scale mutations and epigen 
etic information, this exemplary procedure can be applied to 
data at any resolution. In fact, it can require an input set of 
samples containing some alterations (mutations in the case 
of cancer), Supposed to be involved in a certain causal 
process. The exemplary results of the exemplary procedure 
can be used not only to describe the progression of the 
process, but also to classify. In the case of cancer, for 
instance, this genome-level classifier could be used to group 
patients and to set up a genome-specific therapy design. 
0140. Further complex models of progression can be 
inferred with probability raising, for example, directed acy 
clic graphs. (See, e.g., References 1, 11 and 12). These 
exemplary models, rather than trees, can explain the com 
mon phenomenon of preferential progression paths in the 
target process via, for example, confluence among events. In 
the case of cancer, for example, these models can be more 
suitable than trees to describe the accumulation of muta 
tions. 
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0141 Further, the exemplary shrinkage estimator itself 
can be modified by, for example, introducing, different 
correction factors. In addition, regardless of the correction 
factor, an analytical formulation of the optimal shrinkage 
coefficient can be provided with the hypotheses which can 
apply to the exemplary problem setting. (See e.g., Refer 
ences 10 and 31). 

Exemplary Simplified Framework 
0142. The currently existing literature lacks a framework 
readily applicable to the problem of reconstructing cancer 
progression, as governed by Somatic evolution; however, 
each theory has ingredients that can be highly promising and 
relevant to the problem. 
0143. Each of the existing theories faces various diffi 
culties, which can be rooted primarily in the attempt to 
construct a framework in its full generality: each theory aims 
to be both necessary and Sufficient for any causal claim, in 
any context. In contrast, the exemplary system, method, and 
computer-accessible medium, according to an exemplary 
embodiment of the present disclosure simplifies the problem 
by breaking the task into two: first, defining a framework for 
Suppes' prima facie notion, though it admits some spurious 
causes and then dealing with spuriousness by using a 
combination of tools, for example, Bayesian, empirical 
Bayesian, regularization. The framework can be based on a 
set of conditions that can be necessary even though not 
Sufficient for a causal claim, and can be used to refine a 
prima facie cause to either a genuine or a spurious cause 
(e.g., or even ambiguous ones, to be treated as plausible 
hypotheses which can be refuted/validated by other means). 
0144 Statement of Assumptions. 
0145 Along with the described interpretation of causal 

ity, throughout this document, the following exemplary 
simplifying assumptions can be made: 

0146 (i) All causes involved in cancer can be 
expressed by monotonic Boolean formulas. For 
example, all causes can be positive and can be 
expressed in CNF where all literals occur only posi 
tively. The size of the formula and each clause therein 
can be bounded by Small constants. 

0147 (ii) All events can be persistent. For example, 
once a mutation has occurred, it cannot disappear. 
Hence, situations where P(elc)>P(ec) are not mod 
elled. 

0148 (iii) Closed world. All the events which can be 
causally relevant for the progression can be observable 
and the observation can significantly describe the pro 
gressive phenomenon. 

0149 (iv) Relevance to the progression. All the events 
have probability strictly in the real open interval (e.g., 
0, 1), for example, it can be possible to asses if they can 
be relevant to the progression. 

0150 (v) Distinguishability. No two events appear 
equivalent, for example, they can neither be both 
observed nor both missing simultaneously. 

Exemplary Learning of Bayesian Networks (“BN's) 

0151. A BN can be a statistical model that succinctly 
represents a joint distribution over n variables, and encodes 
it in a direct acyclic graph over n nodes (e.g., one per 
variable). In BNs, the full joint distribution can be written as 
a product of conditional distributions on each variable. An 
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edge between two nodes, A and B, can denote statistical 
dependence, P(AB)z P(A)P(B), no matter on which other 
variables can be conditioned on (e.g., for any other set of 
variables C it holds P(A & BIC)z P(AIC)P(BIC). In such an 
exemplary graph, the set of variables connected to a node X 
can determine its set of “parent nodes L(X). Note that a 
node cannot be both ancestor and descendant of another 
node, as this would cause a directed cycle. 
0152 The joint distribution over all the variables can be 
written as POX|JCCX)). If a node has no incoming edges 
(e.g., no parents), its marginal probability can be POX). Thus, 
to compute the probability of any combination of values 
over the variables, the conditional probabilities of each 
variable given its parents can be parameterized. If the 
variables can be binary, the number of parameters in each 
conditional probability table can be locally of exponential 
size (namely, 2"-1). Thus, the total number of param 
eters needed to compute the full joint distribution can be of 
size X sin(X)-2, which can be considerably less than 2'-1. 
0153. A property of the graph structure can be, for each 
variable, a set of nodes called the Markov blanket which can 
be defined so that, conditioned on it, this variable can be 
independent of all other variables in the system. It can be 
proven that for any BN, the Markov blanket can consist of 
a node's parents, children as well as the parents of the 
children. 
0154 The usage of the symmetrical notion of conditional 
dependence can introduce important limitations of structure 
learning in BNs. In fact, note that edges A->B and B->A 
denote equivalent dependence between A and B. Thus 
distinct graphs can model the exact same set of indepen 
dence and conditional independence relations. This yields 
the notion of Markov equivalence class as a partially 
directed acyclic graph, in which the edges that can take 
either orientation can be left undirected. A theorem proves 
that two BNs can be Markov equivalent when they have the 
same skeleton and the same V-structures; the former being 
the set of edges, ignoring their direction (e.g., A->B and 
B->A constitute a unique edge in the skeleton) and the latter 
being all the edge structures in which a variable has at least 
two parents, but those do not share an edge (e.g., A->Be-C). 
(See, e.g., Reference 52). 
0155 BNs have an interesting relation to canonical Bool 
ean logical operators is , , and €D formulas over variables. 
These formulas, which can be “deterministic’ in principle, 
in BNs, can be naturally softened into probabilistic relations 
to facilitate Some degree of uncertainty or noise. This 
probabilistic approach to modeling logic can facilitate rep 
resentation of qualitative relationships among variables in a 
way that can be inherently robust to small perturbations by 
noise. For instance, the phrase “in order to hear music when 
listening to an mp3, it can be necessary and Sufficient that the 
power be on and the headphones be plugged in can be 
represented by a probabilistic conjunctive formulation that 
relates power, headphones and music, in which the prob 
ability that music can be audible depends only on whether 
power and headphones can be present. On the other hand, 
there can be a small probability that the music will still not 
play (e.g., perhaps no songs were loaded on to the device) 
even if both power and headphones are on, and there can be 
small probability that music can be heard even without 
power or headphone. 
0156 Note that the subset of networks that have discrete 
random variables that may be visible can only be considered. 
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Networks with latent and continuous variables present their 
own challenges, although they share most of the mathemati 
cal foundations discussed here. 

Exemplary Approaches to Learn the Structure of a BN 

0157 Classically, there have been two families of meth 
ods aimed at learning the structure of a BN from data. The 
methods belonging to the first family seek to explicitly 
capture all the conditional independence relations encoded 
in the edges, and are referred to as constraint based 
approaches. The second family, that of score based 
approaches, seeks to choose a model that maximizes the 
likelihood of the data given the model. Since both the 
exemplary approaches can lead to intractability (e.g., NP 
hardness) (see, e.g., References 53 and 54), computing and 
verifying an optimal Solution can be impractical and, there 
fore, heuristic procedures have to be used, which only 
Sometimes guarantee optimality. A third class of learning 
procedures that takes advantage of specialized logical rela 
tions have been introduced below. Below is a description of 
other exemplary approaches. After the exemplary approach 
is introduced, it can be compared with that of all the 
techniques described. 

Exemplary Constraint Based Approaches 

0158 An intuitive explanation of several common pro 
cedures used for structure discovery can be presented by 
explicitly considering conditional independence relations 
between variables. 
0159. The basic idea behind all procedures can be to 
build a graph structure reflecting the independence relations 
in the observed data, thus matching as closely as possible the 
empirical distribution. The difficulty in this exemplary 
approach can be in the number of conditional pairwise 
independence tests that a procedure would have to perform 
to test all possible relations. This can be exponential, which 
can be conditioned on a power set when testing for the 
conditional independence between two variables. This 
inherent intractability benefits from the introduction of 
approximations. 
0160. In this exemplary case, two (or more or less) 
exemplary constraint based procedures, the PC procedure 
(see, e.g., Reference 55) and the Incremental Association 
Markov Blanket (“IAMB) can be focused on, (see, e.g., 
Reference 56), because of their proven efficiency and wide 
spread usage. In particular, the PC procedure can solve the 
aforementioned approximation problem by conditioning on 
incrementally larger sets of variables. Such that most sets of 
variables will never have to be tested. Whereas the IAMB 
first computes the Markov blanket of all the variables and 
conditions only on members of the blankets. 
0161 The PC procedure (see, e.g., Reference 55) begins 
with a fully connected graph and, on the basis of pairwise 
independence tests, iteratively removes all the extraneous 
edges. It can be based on the idea that if a separating set 
exists that makes two variables independent, the edge 
between them can be removed. To avoid an exhaustive 
search of separating sets, these can be ordered to find the 
correct ones early in the search. Once a separating set can be 
found, the search for that pair can end. The exemplary PC 
procedure can order separating sets of increasing size 1 
starting from 0, the empty set, and incrementing untill n-2. 
The exemplary procedure stops when every variable has 
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fewer than 1-1 neighbors, since it can be proven that all valid 
sets must have already been chosen. During the computa 
tion, the larger the value of 1 can be, the larger number of 
separating sets must be considered. However, by the time 1 
gets too large, the number of nodes with degree 1 or higher 
must have dwindled considerably. Thus, in practice, only a 
Small Subset of all the possible separating sets can need to be 
considered. 
0162. A distinct type of constraint based learning proce 
dures uses the Markov blankets to restrict the subset of 
variables to test for independence. Thus, when this knowl 
edge can be available in advance, a conditioning on all 
possible variables does not have to be tested. A widely used, 
and efficient, procedure for Markov blanket discovery can be 
IAMB. In it, for each variable X, a hypothesis set can be 
tracked. The goal can be for HCX) to equal the Markov 
blanket of X, BCX), at the end of the exemplary procedure. 
IAMB can consist of a forward and a backward phase. 
During the forward phase, it can add all possible variables 
into H(X) that could be in BCX). In the backward phase, it 
can eliminate all the false positive variables from the 
hypotheses set, leaving the true BCX). The forward phase can 
begin with an empty H(X) for each X. Iteratively, variables 
with a strong association with X (e.g., conditioned on all the 
variables in H(X)) can be added to the hypotheses set. This 
association can be measured by a variety of non-negative 
functions, such as mutual information. As H(X) grows large 
enough to include B(X), the other variables in the network 
will have very little association with X, conditioned on 
H(X). At this point, the forward phase can be complete. The 
backward phase can start with HCX) that contains BCX) and 
false positives, which can have little conditional association, 
while true positives can associate strongly. Using this exem 
plary test, the backward phase can remove the false positives 
iteratively until all but the true positives can be eliminated. 

Exemplary Score Based Approaches 
0163 This exemplary approach to structural learning 
seeks to maximize the likelihood of a set of observed data. 
Since it can be assumed that the data can be independent and 
identically distributed, the likelihood of the data () can be 
simply the product of the probability of each observation. 
That can be, for example: 

for a set of observations D. Since it can be beneficial to infer 
a model that best explains the observed data, the likeli 
hood of observing the data given a specific model S can be 
defined as, for example: 

de 

0164. The actual likelihood may not be used in practice, 
as this quantity can become very small, and impossible to 
represent in a computer. Instead, the logarithm of the like 
lihood can be used for three reasons. First, the log() function 
can be monotonic. Second, the values that the log-likelihood 
takes do not cause the same numerical problems that like 
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lihood does. Third, it can be easy to compute because the log 
of a product can be the sum of the logs (e.g., log(xy) log 
X+logy), and the likelihood for a Bayesian network can be 
a product of simple terms. 
0.165 For example, there can be a problem in learning the 
network structure by maximizing log-likelihood alone. In 
particular, for any arbitrary set of data, the most likely graph 
can always be the fully connected one (e.g., all edges can be 
present), since adding an edge can only increase the likeli 
hood of the data. To correct for this phenomenon, log 
likelihood can be supplemented with a regularization term 
that can penalize the complexity of the exemplary model. 
There can be a plethora of regularization terms, some based 
on information theory and others on Bayesian statistics (see, 
e.g. Reference 57), which can serve to promote sparsity in 
the learned graph structure, though different regularization 
terms can be better Suited for particular applications. 
0166 Additionally, in this exemplary case, a particularly 
relevant and known score, the Bayesian Information Crite 
rion (“BIC), (see, e.g., Reference 50) can be described, 
which will be subsequently compared to the performance of 
the exemplary approach. 
0167 BIC uses a score that can consist of a log-likeli 
hood term and a regularization term depending on a model 

and data S., where, for example: 

lo (13) "dim(s) 

0168 Here, D can denote the data, m can denote the 
number of samples and dim() can denote the number of 
parameters in the model. Because dim() can depend on the 
number of parents each node has, it can be a good metric for 
model complexity. Moreover, each edge added to t can 
increase model complexity. Thus, the regularization term 
based on dim(...) can favor graphs with fewer edges and, more 
specifically, fewer parents for each node. The term log m/2 
essentially weighs the regularization term. The effect can be 
that the higher the weight, the more sparsity will be favored 
over “explaining the data through maximum likelihood. 
0169. The likelihood can be implicitly weighted by the 
number of data points, since each point can contribute to the 
score. As the sample size can increase, both the weight of the 
regularization term and the “weight of the likelihood can 
increase. However, the weight of the likelihood can increase 
faster than that of the regularization term. Thus, with more 
data, likelihood can contribute more to the score, and the 
observations can be trusted more, and can have less of a need 
for regularization. Statistically speaking, BIC can be a 
consistent score. (See, e.g., Reference 50). In terms of 
structure learning, this observation can imply that for Suf 
ficiently large sample sizes, the network with the maximum 
BIC score can be I-equivalent to the true structure. Conse 
quently, S can contain the same independence relations as 
those implied by the true exemplary structure. As the inde 
pendence relations can be encoded in the edges of the graph, 
a Markov-equivalent network can be learned, with the same 
skeleton and the same V-structures as the true graph, though 
not necessarily with the correct orientations for each edge. 

Exemplary Learning Logically Constrained Networks 
0170 As discussed herein, it was noted that an important 
class of BNS can capture common binary logical operators, 
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such as *s, *, and €D. Although the learning procedures 
mentioned above can be used to infer the structure of such 
networks. Some exemplary procedures can employ knowl 
edge of these logical constraints in the learning process. 
0171 A widely used approach to learn a monotonic 
cancer progression network with a directed acyclic graph 
(“DAG”) structure and conjunctive events can be Conjunc 
tive Bayesian Networks (see CBNs, (see, e.g., Reference 
58)). This exemplary model can be a standard BN over 
Bernoulli random variables with the constraint that the 
probability of a node X taking the value 1 can be zero if at 
least one of its parents has value 0. This can define a 
conjunctive relationship, in that all the parents of X must be 
1 for X to possibly be 1. Thus, this model alone cannot 
represent noise, which can be an essential part of any real 
data. In response to this shortcoming, hidden CBNs, (see, 
e.g., Reference 59), were developed by augmenting the set 
of variables: to each CBN variable X, which can capture the 
“true' state, and can be assigned a correspondence to a new 
variable Y that can represent the observed state. Thus, each 
new variable Y can take the value of the corresponding 
variable X with a high probability, and the opposite value 
with a low probability. In this exemplary model, the vari 
ables X can be latent. For example, they may not be present 
in the observed data, and have to be inferred from the 
observed values for the new variables. Learning can be 
performed via a maximum likelihood approach, and can be 
separated into multiple iterations of two steps. First, the 
parameters for the current hypothesized structure can be 
estimated using the Expectation-Maximization procedure 
(see, e.g., Reference 60), and the likelihood given those 
parameters can be computed. Second, the structure can be 
perturbed using some hill climbing heuristic. A Simulated 
Annealing procedure (see, e.g., Reference 61) can be used 
for this step. These two steps can be repeated until the score 
converges. However, the Expectation-Maximization proce 
dure only guarantees convergence to a likelihood local 
maximum and, thus, the overall exemplary procedure may 
not be guaranteed to converge to the optimal structure. 
0172 Since CBNs can represent the current benchmark 
for the reconstruction of cancer progression models from 
cross-sectional genomic data, their comparison with the 
exemplary approach can be informative. 

Exemplary A Framework for Prima Facie Causation 

0173 For the sake of clarity, the exemplary procedures 
can include Successive steps of Successively increasing 
complexity of the causal formulas; for example, going from 
single-cause (e.g., "atomic') formulas, to conjunctive for 
mulas consisting of atomic events to formulas in Conjunc 
tive Normal Forms (“CNF) (e.g., (“burning cigarette 
& dried wood)' (lightning & no rain)& forest fire'). 
The causal formulas can be represented as a directed graph: 
G=V.E), where the nodes can be the atomic events, and 
edges can be between an event that appears positively as a 
literal in the formula describing the cause and an event that 
can be its effect: Wtext missing or illegible when filed 
& c.e. 6E, if c can be a literal in (p and cps e. 
0.174 Throughout the Specification “real world’ can 
refer to the concrete instance where data can be gathered 
(e.g., as opposed to the counterfactual terminology of “pos 
sible worlds') and by “topology', a combination of struc 
tural and quantitative probabilistic parameters. 
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Exemplary Single-Cause Prima Facie Topologies 

0175 When at most a single incoming edge can be 
assigned to each event (e.g., an event has at most one unique 
cause in the real world: Wtext missing or illegible 
when filed text missing or illegible when filedc 

e), this can be called a causal structure single-cause prima 
facie topology, a special and important case of the most 
general prima facie topology causal structures. Note that the 
general model can be represented as a DAG where each edge 
can be a prima facie cause between a parent and its child. In 
the special case of the single-cause prima facie topology, the 
causal graphs can be trees or, more generally, forests when 
there can be disconnected components. Thus, each progres 
sion tree subsumes a distribution of observing a subset of the 
mutations in a cancer sample (see, e.g., Reference 62). 
0176 The following propositions (e.g., shown in exem 
plary graphs of FIGS. 10A and 10B) were shown to hold for 
single-cause prima facie topologies, and used to derive an 
procedure to infer tree (e.g., forests) models of cancer 
progression based upon the Suppes definition. (See, e.g., 
Reference 62). Examples of screening-off and of back 
ground context are shown in an exemplary diagram of FIG. 
10A, which illustrate an example of Reichenbach’s screen 
ing-off where c can be a genuine cause of e and a can be a 
genuine cause of c, and the correlations between a and e may 
only just manifestations of these known causal connections, 
and c can be a common cause of both a and e. FIG. 10B 
illustrates an exemplary diagram of Cartwright's back 
ground context. 
(0177 FIG. 11 illustrates a diagram of exemplary (e.g., 
prima facie) properties. For example, properties of Suppes 
definition of probabilistic causation where c can be a prima 
facie cause of e if the cause can be a probability raiser of e. 
and it can occur more frequently. 
(0178 Statistical dependence. Whenever the PR holds 
between two events c and e, then the events can be statis 
tically dependent in a positive sense, for example: 

P(elc)>P(ec) - P(ec)>(e) P(c). (14) 
0179 Mutuality. If c can be a probability raiser fore, then 
so can be the converse, for example: 

P(elc)>P(ec) = P(c *se)>P(Ce) 
0180 Natural ordering. For any two events c and e such 
that c can be a probability raiser for e, a “natural ordering 
arises to disentangle a causality relation can be, for example: 

P(ec) P(ec) (15) 
P(c) > P(e) ce. P(e|C) > P(ce) 

0181 Putting together all these exemplary properties, it 
can be natural to derive the following equivalent character 
ization of Suppes Definition: c can be said to be a prima facie 
cause of e if c can be a probability raiser of e, and it occurs 
more frequently Thus, for example: 

case = P(ec)>P(ec) is P(c)>P(e). (16) 
0182. The assertion above restates that single-causes, 
involving only persistent events, can lead to a model of real 
world time (e.g., t and t, in Suppes Definition), which can 
be consistently imputed to the observed frequencies of 
eVentS. 

0183 Consequent to this definition, it can be observed 
that it can be necessary, but not sufficient to identify the 
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causal real world processes (e.g., path or branch) and, thus, 
to solve causality per se. In fact, as it can be seen in the 
FIGS. 12A and 12B, arrows 1205 (e.g., consistently in the 
real world and in the topology) make this definition neces 
sary, while arrows 1210 (e.g., spurious, resulting from 
transitivities, because of the single-cause hypothesis) render 
the condition insufficient. Arrows 1210 can be present to 
indicate potential genuine causes corresponding to real 
causes (e.g., which can be the case when observations can be 
statistically significant for the real world). Thus, a correct 
inferential procedure will have to select real causes among 
the potential genuine ones, a Subset of prima facie causes. 
0.184 As discussed above, spurious causes can manifest 
through spurious correlation or chance. In the infinite 
sample size limit the “law of large numbers' can eliminate 
the effect of chance. In other words, with large enough 
sample, chance by itself will not suffice to satisfy Suppes 
Definition. The former situation for spuriousness can depend 
on the real world topology, and can appear under observa 
tion like a prima-facie? genuine cause in disguise, even with 
an infinite sample size (e.g., edges 1215), for which the 
“temporal direction' has no causal interpretation, as it 
depends on the data and topology). For these reasons, a 
single-cause prima facie topology asymptotically will not 
contain false negatives (e.g., all real world causes can be in 
the topology as Suppes Definition can be necessary) but it 
might contain, depending on the real world topology, false 
positives (e.g., arrows 1210 and edges 1215, as Suppes 
Definition may not be sufficient). 

Exemplary Conjunctive-Cause Prima Facie Inference 

0185. A propositional formula composed of conjunctions 
of a set of literals can be denoted by, for example: c=c is . 

. . c., which can imply that n events c. . . . . c. have 
occurred (e.g., in Some unspecified order) So as to collec 
tively cause some effect e (e.g., shown as in FIG. 13), and 
it can be assumed that each c (1slsin) can be an atomic 
event. 

0186 Suppes notion of probabilistic causation (e.g., 
Suppes Definition) can be naturally extended to conjunctive 
clauses as in the following definition: 
0187. 
0188 For any conjunctive event c=c& . . . is c, and e, 
occurring respectively at times {tl| 1=1,... n} and t, under 
the mild assumptions that 0<P(c), P(e)<1, for any i, the 
conjunctive event c can be a prima facie conjunctive cause 
of e(case) if all of its components c, occur before the effect 
and their occurrences collectively raises the probability of 
the effect as, for example: 

Definition 5 (Conjunctive Probabilistic Causation). 

(0189 

t}<t, and P(elc)>P(ec) (17) 

where P(elc)=P(elc is . . . is c) and P(ec)=P(el 
W * , )=P(elc, ". . . . " c.). 
0190. This extension follows the semantics of conjunc 
tive connectives, which states that all causes must occur 
before the effect, thus justifying the choice of picking the 
latest event, in time, prior to e to generalize Suppes Defi 
nition: namely, the max{} operation applied to the causal 
events. This definition retains the semantics of single-cause 
prima facie unchanged, as it can be a special case with c=c 
and max{t}=to. Unfortunately, as before, it still has the 
same weakness that it can be necessary, but not sufficient, to 
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identify conjunctive-causal relations, and hence lacks the 
power to define causality per se. 
0191 The properties of single-causes prima facie topolo 
gies extend appropriately to conjunctive topologies. 
(0192 Exemplary Proposition 1. 
0193 The properties of statistical dependence, mutuality 
and natural ordering for single-causes can still be valid for 
conjunctive clauses. 
0194 In this exemplary case, some caution can be exer 
cised in distinguishing between prima facie single or con 
junctive causes. As shown in FIG. 13, in fact, for a simple 
conjunctive clause in the real world (e.g., a and b and c) the 
following conjunctive clauses 

aab Dd am cD d bacD d 

as well as the single causes as d, bis d and cis d, can be 
prima facie. The single causes can be spurious or transitive, 
as in FIG. 12. However, spurious sub-formulas can be called 
the conjunctive clauses that can be syntactically strictly 
sub-formulas of a 3& b is cis d, for example, the only formula 
it can be beneficial to infer. As in branch processes, topol 
ogy-dependent spurious causes may appear because of spu 
rious correlations. These causal relations can include general 
spurious formulas constituting of a Sub-formula and any of 
its parents. Similarly, spurious causes due to chance can 
Vanish asymptotically as sample size grows to infinity. In 
Summary, it can be noted that a conjunctive topology, 
similarly to the single-cause framework, will not contain 
false negatives (e.g., all real world causes in the topology) 
but it might contain, depending on the real world topology, 
false positives (e.g., edges 1305, 1310 and 1315 of FIG. 13). 
0.195. It can be noted that the total number of potential 
formulas and transitivities can be exponential in the size of 
|G|=n, which can be, for example: 

2-1 

0196. This can be a lower bound accounting only for the 
level of the connective, and can be expected to grow further 
when more complex real world processes can be considered. 
Finally, as shown in FIGS. 12A and 12B, the number of 
spurious causes due to topology (e.g., edges 1215), can be 
quadratic in the formula size, being, for example 

0197) This complexity hints at the fact that an exhaustive 
search of all the possible conjunctive formula may not be 
feasible, in general. 
0198 In order to generalization to formulas in conjunc 
tive normal form Next, consider a formula in conjunctive 
normal form (“CNF), where, for example: 

(p=cs ... sc 
where each c, can be a disjunctive clause c-c,' ... 's c, 
over a set of literals, each literal representing an event (e.g., 
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a Boolean variable) or its negation. By following the same 
exemplary approach as used earlier to extend Suppes' Defi 
nition from single to conjunctive clauses, p. e. 
(0199 Exemplary Definition 6 (e.g., CNF Probabilistic 
Causation): 
0200 For any CNF formula (p and e, occurring respec 
tively at times t and t, under the mild assumptions that 
0<P(cp).P(e)<1.cp can be a prima facie cause of e if, for 
example: 

t<t, and P(elp)>P(elp). (18) 

0201 As described above, this definition subsumes Defi 
nition 5, and can be necessary, but not sufficient, to identify 
causal relations, hence lacking the power to solve causality 
per se. 
0202 In this exemplary case, the number of prima facie 
(e.g., including both genuine and spurious) causes can grow 
combinatorially much more rapidly than the simplest case of 
a unique conjunctive clause. This situation can be rather 
alarming, since even the simplest case already produces an 
exponentially large set of prima facie causes in terms of the 
number of events. In this case, in fact, further causal 
relations can emerge as a result of mixing events from all the 
clauses of (p. CNF formulas follow analogous properties as 
single and conjunctive topologies, as shown below. 
0203 The properties of statistical dependence, mutuality 
and natural ordering for single and conjunctive prima facie 
topologies can extend to CNF formulas mutatis mutandis. 
For illustrative purposes, consider the formula (a & b)'s c 
& d, which can be in disjunctive normal form (“DNF). If, 
for example, the claim as d can be evaluated, the back 
ground context would be the atomic event c, being b-de 
pendent when a causes d. A symmetric situation holds, to 
evaluate bis d. In light of this discussion, note that if the 
formula to can be converted to its CNF analogue (as c) is (b 
'... d) d, the roles of sub-formulas a 'e and b's c can be 
interpreted in identifying a background context, c. It follows 
that, for any CNF formula, the atomic events of all the 
disjunctive clauses in the equivalent DNF formula provide 
all the possible background contexts a-la-Cartwright. 
0204 The exemplary system, method, and computer 
accessible medium, according to an exemplary embodiment 
of the present disclosure, can include timing in the real 
world. Consider the CNF formula above, and denote it as cp. 
and recall that Definition 6 utilizes t-t. One might wonder 
whether a trivial time-ordering relation exists, whose com 
plexity can be linear with respect to all the operators in (p. 
Were it so, p can be parsed into its constituents, and 
recursively express the temporal relations as a direct func 
tion of those relations that hold for its sub-formulas. Unfor 
tunately, this appears not to be the case, except when the 
underlying syntax can be restricted to certain specific opera 
tors (e.g., conjunctions). Thus appropriate care must be 
taken in implementing a model of real world time. Thus, an 
exemplary procedure, working on the illustrative example of 
the previous paragraph, cannot conclude any ordering about 
taxx is and t. Solely by looking at the observed prob 
abilities of their atomic events instead it must gather the 
correct information for certain sub-formulas at the level of 
their connective (e.g., the V in this case). A general rule that 
avoids these difficulties, and devises a correct and efficient 
timing-inference procedures, can be stated as follows: it can 
be safe to model probabilistic causation in terms of whole 
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formulas, while permitting compositional reasoning over 
Sub-formulas, only when the syntax can be restricted to 
certain Boolean connectives. 

Exemplary Inference Procedure 

0205 The exemplary structure of the reconstruction 
problem can be as follows. Assume that there is a set G of 
in mutations (e.g., events, in probabilistic terminology) and 
m samples, represented as a cross-sectional dataset, for 
example, without explicit timing information, in an mxn 
binary matrix De{0,1}"*" in which an entry D-1 if the 
mutation 1 was observed in sample k, and 0 otherwise. Note 
that dataset lacking explicit timing information can typically 
be, for instance, in cancer patient data. 
0206 To introduce the exemplary system, method, and 
computer-accessible medium, additional notations can be 
utilized: it can denote the universe of all possible causal 
claims (p& e, where p can be a CNF formula over the events 
in D (e.g., G. Cu ) and e can be an atomic event. With & C 
tl, it all the causal claims whose formulas can be conjunc 
tive over atomic events may not contain disjunctions. For a 
general CNF formula p it can be denoted by chunks (cp) its 
set of disjunctive clauses. For example, a 8 bisees while 
(aws) & (céd) & ess fÉs and chunks (aws) & (céd) 
'se)={(aws), (céd), e}). 
0207 
0208. The exemplary system, method, and computer 
accessible medium, according to an exemplary embodiment 
of the present disclosure, can reconstruct a general DAG 
from the input data. It can share many structural and 
procedureic properties with the Conjunctive Bayesian Net 
works approach (see, e.g., Reference 58) especially in the 
context of cancer progression models. However, the exem 
plary system, method, and computer-accessible medium, 
according to an exemplary embodiment of the present 
disclosure, can face no obstacle in spontaneously inferring 
from the input data various sub-structures of a DAG, for 
example, forests or, more specifically, trees although it has 
no “hard-coded policies for doing so. Thus, the exemplary 
system, method, and computer-accessible medium, accord 
ing to an exemplary embodiment of the present disclosure, 
can be expected to be applicable in a context-agnostic 
manner, and can compete well with other exemplary 
approaches, which may not be a priori restricted from having 
advantageous structural information, (See, e.g., References 
62-65). 
0209. The exemplary DAGs can build on arbitrary CNF 
formulas, using the strategy that disjunctive clauses can be 
first Summarized by unique DAG nodes. As an example, a 
formula (a . b) 8 c & d will be modeled with three nodes: 
one for (a é b), the aggregated disjunction, one for c and one 
for d. The reasons disjunctions may not be handled are 
discussed below. 

0210. In the following, a progression DAG can be 
denoted as ? (N, ) where N C t can be the set of nodes 
(e.g., mutations or formulas) and t:N->{Y (N): can be a 
function associating to each node its parents t(I). This 
exemplary model can yield the following. 

Inferred Structures. 
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0211 DAG Causal 
Claims). 
0212 =(N, t) models the causal claims 

Exemplary Definition 4 (e.g., 

U{(c. A ... A ca) D 17(1) = c1, ... , C. 
jew 

where c is . . . 's c, can be a CNF formula and any c, can 
either be a ground event or a disjunction of events. 
0213 Going back to the example above, in the exemplary 
DAG there can be c(1)={(a - b), c, d whose underlying 
causal claim would be (a; b) &c & d D. 
0214. Each DAG can be augmented with a labeling 
function Oc:N->0.1 such that OC (1) can be the independent 
probability of observing mutation i in a sample, wheneverall 
of its parent mutations can be observed (e.g., if any). Each 
DAG can induce a distribution of observing a subset of 
events in a set of Samples (e.g., a probability of observing a 
certain mutational profile, as defined below. 
0215 Exemplary Definition 5 (e.g., DAG-Induced Dis 
tribution). 
0216) Let be a DAG and O:N-> 0,1 a labeling func 
tion, S. generates a distribution where the probability of 
observing N* CN events can be, for example: 

19 PN")= e(s): (1 - c. (y) (19) 
eiw yeNiM* 

whenever O.e., L(x)CN, and 0 otherwise. 
0217 Notice that this definition, as expected, can be 
equivalent to the previously-used definitions (see, e.g., Ref 
erence 58), and can retain a tree-induced distribution. (See, 
e.g., References 62, 63 and 65). Further, notice that a sample 
which contains an event but not all of its parents, can have 
a Zero probability, thus Subsuming the conjunctive interpre 
tation of the exemplary DAGs. These types of samples, 
which can represent “irregularities” with respect to D, might 
be generated when adding false positives/negatives to the 
sampling strategy. Finally, because nodes can be disjunctive 
formulas can extend this exemplary DAG definition to 
express causal claims with generic CNF formulas. 
0218 Inference confidence: bootstrap and statistical test 
ing. A statistical foundation to the exemplary inferences can 
be provided, which employ Such classical techniques as 
bootstrap (see, e.g., References 66 and 67), and the Mann 
Whitney U test. (See, e.g., Reference 68). 
0219. In data preprocessing bootstrap with rejection resa 
mpling can be used. This can be used to estimate a distri 
bution of the marginal and joint probabilities, where for each 
event: (i) repetitions rows can be sampled from the input 
matrix D (e.g., bootstrapped dataset), (ii) the distributions 
can be estimated from the observed probabilities, and (iii) 
values which do not satisfy 0<P(1)<1 and P(11)<1 P(1|1)<1 
can be rejected, which can be iterated restarting from (i). 
This can conclude when there are at least about 100 values. 
0220 Any inequality (e.g., checking temporal priority 
and probability raising) can be estimated as follows: the 
Mann-Whitney U test with p-values set to 0.05 can be 
performed. This can be a non-parametric test of the null 
hypothesis that two populations can be the same against an 
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alternative hypothesis, and can be especially useful to under 
stand whether a particular population, for example P(i), 
tends to assume larger values than the other, for example, 
P(). By employing this exemplary test, which does not need 
to assume Gaussian distributions for the populations, con 
fidence p-values for both temporal priority and probability 
raising can be computed. 

0221. Once a DAG model can be inferred with the 
exemplary system, method, and computer-accessible 
medium, both para-metric and non-parametric bootstrapping 
methods can be used to assign a confidence level to its 
respective claims, and ultimately, to the overall exemplary 
causal model. These tests can consist of using the recon 
structed model (e.g., in the parametric case), or the prob 
abilities observed in the dataset (e.g., in the non-parametric 
case) to generate new synthetic datasets, which can then be 
reused for reconstructing of the progressions (see, e.g., 
Reference 67). The confidence can be given by the number 
of times the DAG, or any of its claims can be reconstructed 
from the generated data. 

Exemplary CAPRI: A Hybrid Procedure for General CNF 
Formulas 

0222 Building upon the framework presented above, the 
exemplary system, method, and computer-accessible 
medium, according to an exemplary embodiment of the 
present disclosure, can be used to infer cancer progression 
models from cross-sectional data. The exemplary procedure 
can be hybrid in the sense that it can combine a structure 
based approach (e.g., as of Definition 6) with a likelihood-fit 
constraint and, according to its input, can infer causal claims 
with various logical expressivity. Its computational com 
plexity, which can be highly dependent on the expressivity 
of the claims, as well as its correctness are discussed below. 

0223 CAncer PRogression Inference (e.g., CAPRI) can 
utilize its input, a matrix D and, optionally, a set of k input 
causal claims d)={(p & e, ... (p. 8 e, where each (p, can 
be a CNF formula and ptext missing or illegible when 
filedetext missing or illegible when filed. Here can 
represent the usual syntactical ordering relation among 
atomic events and formulas, for example, a C (a: b) 8 c & d, 
and can be simply utilized to disallow malformed input 
claims, which would vacuously be labeled as prima facie 
causality (e.g., as of Definition 6), but would have no real 
causal meaning. For example, in the example above, it 
makes no sense to say that “a causes (a-b) 8 c & d.” The 
augmented input do, which can contain claims of the most 
complex type CAPRI can infer, can be optional in the sense 
that, if d=0, the exemplary system, method, and computer 
accessible medium can be able to infer “all” conjunctive 
causal claims over atomic events (e.g., claims c is b is c & e 
in ), but not general CNF ones. 
0224 CAPRI can begin performing a lifting operation 
over D, and then build a DAG D. Lifting operation can 
evaluate each CNF formula (p, for all input causal claims in 
d and its result, a lifted D, can be an extended input matrix 
for the exemplary system, method, and computer accessible 
medium. As an example, consider a claim d={(aé ) is (c 
é d) 's essf, the result of lifting for an input matrix D over 

a. . . . , f can be 
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1 

1 

since (p=(aws) & (c. d) Še and, for example, (1 ''U) & (1 
& U)=U. After the lifting, can be built by individually 
including in its set of nodes all the disjunctive Sub-formulas 
of such CNF formulas, plus G. In the preceding example, {(a 
'' b), (c. d), e can be nodes in S (note that eeG). Notice 
that D(d)=D and N=G if d=0. 

O 

0225. Subsequently, the parent function (e.g., the edges in 
: ) can be built by pair-wise implementation of exemplary 
Definition 6, which has been shown to subsume also Suppes 
Definition and exemplary Definition 5. For the sake of 
simpler exposition, the coefficients and 8 can be used 
to evaluate temporal priority and probability raising, respec 
tively, which can be needed to be strictly positive by 
exemplary Definition 6. Two cases can be distinguished: (i) 
when a causal claim directly involving an atomic event can 
be evaluated, or (ii) a chunk of an input formula. When a 
claim “i causes j can be evaluated, and 16G, it can be 
beneficial that exemplary Definition 6 can be satisfied. If so 
i can be a prima facie cause of j and it can be added to 
at(text missing or illegible when filed). When the 
same is performed for an input formula (p, if it can be prima 
facie for an event j, which can add (p via all its constituting 
chunks to t(1). This can be needed because the DAG is can 
be built by chunking input formulas, while the lifting 
operation can be performed on whole formulas; in reference 
to the examples above, when p can be prima facie to f. (a 
wb), (c,d) and e to t(f) can be added. Moreover, since 
claims with the rightmost part an atomic event can be of 
interest, L(1)=0 for any le:G. In case of the preceding input, 
for instance, any incoming edge in (at ) and (c. d) does 
not need to be considered, while edges incoming in e Solely 
from an atomic event can be considered. As for labeling, 
note that no label can be assigned to this kind of nodes. 
Further, since this construction can be consistent with the 
exemplary approach and the conjunctive interpretation of 
8, once the steps defined in Eqs. 20 and 21 have been 
performed, it can be a prima facie DAG. 
0226 AS prima facie causality can provide only a nec 
essary condition, filtering out all spurious causes that might 
have been included in D can be performed. The underlying 
intuition can be as follows. For any prima facie structure, 
spurious claims can be contribute to reduce the likelihood-fit 
relative to true claims, and thus a standard maximum 
likelihood fit can be used to select and prune the prima facie 
DAG. Based on all the discussion made above, a regular 
ization term can be necessary to avoid overfitting. For 
example, if simple log-likelihood were used, it can be 
expected that the best model can actually be the prima facie 
structure. For this reason, the regularization score discussed 
above can be adopted; namely Bayesian Information Crite 
rion (“BIC), which can implement Occam's razor by com 
bining log-likelihood fit with a penalty criterion proportional 
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to the log of the DAG size via Schwarz Information Crite 
rion. (See, e.g., Reference 69). 
0227. With 4)=0 only conjunctive causal claims in C can 
be inferred by the exemplary procedure, since the set of 
nodes of 3 can be N=G. Analysis of complexity, correct 
ness and expressivity of CAPRI can now be presented. 

Exemplary Complexity, Correctness and Expressivity of 
CAPRI 

0228 Exemplary Complexity. The previous sections 
have stressed the rapidity with which the set of causal claims 
(e.g., or formulas) grow for a given model. Thus making 
their inference highly intractable. However, this complexity 
can be intrinsic to the problem. Or put alternatively, it can be 
independent of the underlying theory of causation. Unlike 
the heuristic approaches commonly used by many others to 
infer general causal claims, the exemplary system, method, 
and computer-accessible medium, according to an exem 
plary embodiment of the present disclosure and incorporate 
a twofold approach. To infer simple claims (e.g., single or 
conjunctive causes, at most), the exemplary CAPRI’s execu 
tion can be self-contained (e.g., no input besides D can be 
required) and polynomial in the size of D. Instead, the 
number of inferable general causal claims (e.g., CNF) can be 
limited, by requiring that they be specified as an input to the 
exemplary system, method, and computer-accessible 
medium, according to an exemplary embodiment of the 
present disclosure in dB. In this case the exemplary CAPRI 
tests, with a polynomial cost, those claims plus the simple 
ones, and its complexity spans over many orders of magni 
tude according to the structural complexity of the input set 
d, as further elaborated in the following theorem. 
0229. Exemplary Theorem 3 (Asymptotic Complexity): 
0230 Let G|=n and De{0,1}"*" where in mid->n, and let 
N the nodes in the DAG returned by CAPRI, the worst case 
time and space complexity of building a prima facie topol 
ogy can be, ignoring the cost of bootstrap, for example: 

Algorithm 1 CAncer PRogression Inference (CAPRI) 

1: Input: A set of events G = g1, . . . 
claims d = {cp D e1, ..., p. De} where, for any i, e, , p, and e, e G: 

2: Lifting Define the lifting of D to D(P) as the augmented matrix 
D. . . . D., p(D1, .) pk (D1, .) 

D(d) = 
Dr. Dnn (p1 (Dn, .) pk (D, .) 
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0231. As shown above, the procedureic complexity can 
span over many orders of magnitude according to the 
structural complexity of the input set 1) which can determine 
the number of nodes in the returned DAG, for example, IN. 
Hence, aside from the cost of likelihood fit, the cost of the 
procedure can be polynomial only if db can be polynomial in 
the number of input samples and atomic events. This obser 
vation forewarns one of the hazard of a brute force approach, 
which attempts to test all possible causal claims. Generally 
speaking, despite the price of possibly “missing some real 
causal claims, one should be able to identify most relevant 
causal structures by exploiting domain-knowledge, biologi 
cal priors, and empirical/statistical estimations in selecting 
reasonable input db (e.g., focusing on certain key driver 
mutations over the others). Note that this problems inherent 
computational intractability does not negate the power of the 
procedureic automation, relative to what can be achievable 
with manual analysis. 
0232 
0233 Let & C 'll be the set of true causal claims in the 
real world, which can be inferred (e.g., in the tests of the 
exemplary procedure on synthetic data, W can be known, 
once a DAG to generate its input data can be fixed). Here, 
the relation between 3 and the set of causal claims 
retrieved by the exemplary procedure can be investigated as 
a function of sample size m and the presence of false 
positives/negatives which can be assumed to occur at rates 
6, and 6. 
0234 
in the DAG if returned by the exemplary procedure for an 
input set d and a matrix D; this can be written as D(d)text 
missing or illegible when filedX. Such claims can be 
evaluated as in exemplary Definition 7. The following can 
be proved. 

Exemplary Correctness and Expressivity. 

Below X denotes the set of causal relations, implicit 

, g, an m x n matrix De {0,1}* and k CNF causal 

(9) 

by adding a column for each (p,D c, ed, with p, evaluated row-by-row, define the coefficients 
T = F(i) - PG), and A =P( i) - PG|i), 

pair-wise over D(d); 
3: DAG structure Define a DAG = (N, ) where: 

N = GU (U cuise) t(jge G) = (i); 
pi 

(10) 

4: DAG labeling Define the labeling C. as follows 
if it.(j) = () and je G; 

5: Likelihood fit Filter out all spurious causes fromi by likelihood fit with the regularization 
BIC score and set C.(i) = 0 for each removed connection. 

6: Output: the DAGs and C: 

e(min) time and e(n) space, if d = () 
€(IPlmn) time and €(IPlm) space, if p C is and |N| < m (i.e., there are sufficiently many samples to characterize 
the input formulas); 
£22") time and space, if p = i 
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0235 Exemplary Theorem 4 (Soundness and Complete 
ness). 
0236 When the sample size m->OO and the data can be 
uniformly affected by false positives and negatives rates 

e (3) e, e O, 1), 
(2) indicates text missing or illegiblewhen filed 

if the input given can be a Superset of the true causal claims, 
then the exemplary CAPRI can reconstruct exactly the true 
causal formulas 3, that can be, if B C d then D(d)text 
missing or illegible when filed: ?nd. 
0237. Notice that if it could be assumed that db charac 
terizes & well, then all real causal claims can be in dB, and 
the corollaries below follow immediately. 
0238 Exemplary Corollary 1 (Exhaustivity). 
0239 Under the hypothesis of the above theorem D( 
u text missing or illegible when filed - ). 
0240 Exemplary Corollary 2 (Least Fixed Point). 
0241 - can be the lifp of the monotonic transformation 
as, for example: 

D(b) = D. . d)III - W 

0242 Since a direct application of this exemplary theo 
rem can incur a prohibitive computational cost, it only 
serves to idealize the ultimate power of the exemplary 
system, method, and computer-accessible medium. That can 
be, the theorem only states that the exemplary CAPRI can be 
able to select only the true causal claims asymptotically, as 
the size of tt grows, albeit exponentially. It can also clarify 
that the exemplary system, method, and computer-accessible 
medium, according to an exemplary embodiment of the 
present disclosure can “filter out all the spurious causal 
claims (e.g., true negatives), and produce the true positives 
from the set of the genuine causal claims more and more 
reliably as a function of the computational and data 
SOUCS. 

0243 Now the exemplary attention can be restricted to 
conjunctive clauses in C for example, those formulas 
which can be defined only on atomic events—so as to enable 
a fair comparison. (See, e.g., Reference 58). 
0244 Exemplary Theorem 5 (Inference of Conjunctive 
Clauses). 
0245 Let d=0; as before, when the sample size m->OO 
and the data can be uniformly affected by false positives and 
negatives rates e Fe+E0,1), then only conjunctive clauses 
on atomic events can be inferred, which can either be true or 
spurious for general CNF formulas. That can be: if D(O) 
text missing or illegible when filedX, then X cf. 
Furthermore, 

0246 1. X?es can be true claims and 
0247 2. for any other claim O & ee(X/X?h-s) there 
exist B& e6: \{ such that B screens off OC from e. 

0248. This exemplary theorem states that even if one can 
be neither willing to pay the cost of augmenting the input set 
of formulas nor can a suitable formula be found to augment, 
the exemplary system, method, and computer-accessible 
medium can still be capable of inferring conjunctive clauses, 
whose members can be either genuine or a conjunctive 
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sub-formula of a more complex genuine CNF formula B 
(e.g., regardless of whether a cause of the second kind can 
be considered to be spurious). 
0249. An immediate corollary of these two exemplary 
theorems can be that the exemplary system, method, and 
computer-accessible medium works correctly, when it can 
be fed with all possible conjunctive formulas. 
(0250 Exemplary Corollary 3. 
(0251 Under the hypothesis of the above theorems, D(0 
text missing or illegible when filedXe D(£ text 
missing or illegible when filedX. 
0252. In practice, though still exponential, the exemplary 
system, method, and computer-accessible medium, accord 
ing to an exemplary embodiment of the present disclosure, 
can be less computationally intensive, when using than 
with d, as it can trade off computational complexity against 
expressivity of the inferred causal claims. 
0253) In the context of automatic inference of logical 
formulas expressivity of the inferred claims relates to com 
positional inference. In particular, it can be easy to see that 
for a disjunctive formula c'. ... ', c, the following holds 
where, for example: 

e's cises wese, 
which can be the reason why full CNF formulas cannot 
compositionally inferred by reasoning over their constitu 
ents (e.g., any might not satisfy the prima facie definition on 
its own). Thus, the hypothesis set d can be relied upon, 
unless one could assume to know a priori the formulas and 
hence the background contexts (e.g., any other c, for |zi), 
which poses a circularity issue. An instance of this constraint 
can be of particular importance with respect to cancer. For 
example, in modeling synthetic lethality (see FIG. 14) which 
can be expressed as ceDcase where ceDc=(c. &c.) (c. 
is ca). 
0254. In particular, FIG. 14 illustrates exemplary dia 
grams providing caveats in inferring synthetic lethality 
relations. For a synthetic lethality causal relation among a 
and b towards c, if one considers a dataset of aggregated 
samples, the risk of misleading the temporal priority relation 
among a, b and c can be high. If one were to know, a priori, 
that a R b is part of the claim, one could separate data and 
work safely. Unfortunately, being unknown a priori, only 
domain knowledge, biological priors or hypothesis testing 
can be relied upon. 
0255. The exemplary system, method, and computer 
accessible medium, according to an exemplary embodiment 
of the present disclosure, can be applied to infer tree or forest 
models of progression, and can be evaluated empirically 
against other approaches in the literature which can be 
specifically tailored for tree/forests. (See, e.g., References 
62.63 and 65). All these exemplary approaches can have the 
same quadratic complexity (e.g., in the number of events in 
|G| and, just as with the exemplary CAPRI, can be shown to 
converge asymptotically to the correct tree, even in the 
presence of noisy observations. Despite asymptotic equiva 
lence, the exemplary procedures can differ in performance 
under various settings of finite data (e.g., usually, synthetic), 
as previously described. The simpler procedure, CAncer 
PRogression Extraction with Single Edges (e.g., CAPRESE, 
(see, e.g., Reference 62), can differ from CAPRI, as it relies 
on a score based on probability raising with a shrinkage 
estimator, which can intuitively correct for the sample size 
and noise. (See, e.g., References 66 and 67). 
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Exemplary Results: Synthetic Data 
0256 A general pipeline for CAPRI’s usage is depicted 
in a diagram of FIG. 15. CAPRI can be implemented in the 
open source R package TRONCO (e.g., second version, 
available at standard R repositories). The pipeline can start 
with data gathering 1505, either experimentally or via 
shared repositories, and genomic analysis to create, for 
example, Somatic mutation or Copy-Number Variations pro 
files for each sample. Then, events can be selected (element 
1510) via statistical analysis and biological priors, to con 
struct a suitable input data matrix D which can satisfy 
CAPRI's assumptions. Hypothesis 1515 of any causal claim 
can then be generated, based on prior knowledge. CAPRI 
(element 1520) can then be executed, which can result in 
p-values for temporal priority and probability raising to be 
returned, along with the inferred progression model. Vali 
dation (element 1525) concludes the pipeline. 
0257 The performance of all the procedures were 
assessed with four different types of topologies: (i) trees, (ii) 
forests, (iii) DAGs without disconnected components and 
(iv) DAGs with disconnected components. Irrespective of 
the topology considered, atomic events were used, which 
can imply that the kind of causal claims that can be experi 
mented with, can either be single or conjunctive. Based on 
exemplary Corollary 3, it sufficed to run CAPRI with d=0. 
This can be consistent with the fact that the exemplary 
procedure can infer more general formulas if an input "set of 
putative causes, d=O' can be given in addition—a fact 
which could have biased the exemplary analysis in the 
exemplary favor in the more general situation. For the sake 
of completeness, however, specific CNF formulas were also 
tested, as shown below. 
0258 Type (i-ii) topologies can be DAGs constrained to 
have nodes with a unique parent; condition (i) further 
restricts such DAGs to have no disconnected components, 
meaning that all nodes can be reachable from a starting root 
r. Practically, condition (i) satisfies III(1)|=1 for |zr, and 
L(r)=0, while in (ii) can be presented. This kind of topology 
can be either reconstructed with ad-hoc procedures (see, 
e.g., References 62, 63 and 65) or general DAG-inference 
techniques. (See, e.g., References 55, 56, 58, 69 and 70). 
Type (iii-iv) topologies can be DAGs which have either a 
unique starting node r, or a set of independent Sub-DAGs. 
Similarly, condition (iii) satisfies L(1)|-1 for |zr, and L(r)=0, 
while in (iv) can be facilitated to be present, as it was in 
condition (ii). This kind of topology may not be recon 
structed with tree-specific procedures, and thus only certain 
procedures could be used for comparison. (See e.g., Refer 
ences 55, 56, 58, 69 and 70). 
0259. The selection of these different type of topologies 
may not be a mere technical exercise, but rather it can be 
motivated, in the exemplary application of primary interest, 
by heterogeneity of cancer cell types and possibility of 
multiple cells of origin. In particular, type (ii) with respect 
to (i) and type (iv) with respect to (iii), can be attempts at 
modeling independent progressions of a cancer via multiple 
roots. Clearly, these variations confound the inference prob 
lem further, since samples generated from Such topologies 
will likely contain sets of mutations that can be correlated 
but can be pair-wise causally irrelevant—a well-studied and 
widely discussed problem. Finally, note that, to generate 
synthetic data according to (i-iv), the constraints on Ju() can 
be straightforwardly applied to the exemplary, system, 
method, and computer-accessible medium. 
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0260 Exemplary Generating Synthetic Data. 
0261 Let n be the number of events to include in a DAG 
and let p, 0.05=1-p, a DAG without disconnected 
components (e.g., an instance of type (iii) topology), maxi 
mum depth log n and where each node has at most w 
parents (e.g., lat(1)|<wtext missing or illegible when 
filed for text missing or illegible when filedzr) can 
be generated as follows: 

1 pick an eventre G as the root of the DAG: 
2: assign to each z ran integer in the interval 2, log n 

representing its depth in the DAG (e.g., 1 can be reserved for r), 
ensure that each level has at least one event; 

3: for all events jz r do 
4: let 1 be the level assigned to e. 
5: pick III (1) I uniformly over (0, w, and accordingly define JI (1) 

with events selected among those at which level 1 - 1 was 
assigned; 

6: end for 
7: assign o(r) a random value in the interval pipel; 
8: for all events jz r do 
9: let y be a random value in the interval pp.), assign (f) y H. 

a(x) 

e (i) = y e(x) 
xen(i) 

10: end for 
11: return the generated DAG: 

0262. When an instance of type (iv) topology can be 
generated, the above exemplary procedure can be repeated 
to create its constituent DAGs. In this case, if multiple 
DAGs can be generated, each one with randomly sampled n, 
events, it can be beneficial that 

(2) indicates text missing or illegiblewhen filed 

When instances of type (i) topology can be needed where 
w=1, and by iterating multiple independent sampling 
instances of type (ii) topology can be generated. When 
required DAGs were sampled, these can be used to generate 
an instance of the input matrix D for the exemplary recon 
struction procedures. 
0263. To account for noise in the data, a parameter 
ve(0,1) can be introduced, which can represent the prob 
ability of each entry to be random in D, thus representing a 
false positive 6 and a false negative rate 6 where, for 
example: 

0264. Exemplary Performance Measures. 
0265 Synthetic data was used to evaluate the perfor 
mance of the exemplary CAPRI as a function of dataset size, 
6, and 6. 
0266. In general, since the exemplary interest lies pri 
marily in the causal structure underlying the progressive 
phenomenon of cancer evolution, it can be beneficial to 
measure the number of genuine claims inferred (e.g., true 
positives, TP), and the number of unidentified spurious 
causes (e.g., false positives, FP). Similarly, false negative 
(“FN) can be called a genuine cause that fail to recognize 
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as causal and true negative, and ('TN’) can be a cause 
correctly identified as spurious. With these measures we 
evaluated the rates of precision and recall as follows: 

TP TP 
precision = and recall = 

TPFP TPFN 

0267. The overall structural performance was measured 
in terms of the Hamming Distance (“HD), (see, e.g., 
Reference 71), the minimum-cost sequence of node edit 
operations (e.g., deletion and insertion) that can transform 
the reconstructed topology into the true ones (e.g., those 
generating data). This exemplary measure corresponds to 
just the Sum of false positives and false negative and, for a 
set of n events, can be bounded above by n(n-1) when the 
reconstructed topology contains all the false negatives and 
positives. 
0268 To estimate reliable statistics, the following exem 
plary approach can be used to assess the results. For each 
type of topology that can be considered, about 100 distinct 
progression models can be generated, and for each value of 
sample size and noise rate, about 10 datasets from each 
topology can be sampled. Thus, every performance entry 
(e.g., Hamming, precision or recall) can be the average of 
about 1000 reconstruction results. This can be the setting 
used in most cases, unless differently specified. 
Exemplary Performance with Different Topologies and 
Small Datasets 
0269. The performance of CAPRI can be estimated for 
datasets with sizes that can be likely to be found in currently 
available cancer databases, such as The Cancer Genome 
Atlas, TCGA (see, e.g., Reference 72), for example, ms250 
samples, and about 15 events. The results are shown in FIG. 
16, for topologies (i) and (ii), and FIG. 17, for topologies 
(iii) and (iv). There, all the results obtained by running the 
procedure with bootstrap resampling are shown, although 
results without this pre-processing leave the conclusions 
unchanged. 
0270. Results suggest a trend that can be expected, which 
can be that performance degrades as noise increases and 
sample size diminishes. However, it can be particularly 
interesting to notice that, in various settings, the exemplary 
CAPRI almost converges to a perfect score even with these 
Small datasets. This happens for instance with type (i-ii) 
topologies, where the Hamming distance almost drops to 
about 0 for ma150. In general, reconstructing forests can be 
easier than trees, when the same number of events in can be 
considered. This can be a consequence of the fact that, once 
n can be fixed, forests can be likely to have less branches 
since every tree in the forest has less nodes. When recon 
structing type (iii-iv) topologies, instead, the convergence 
speed of CAPRI to lower Hamming distance can be slower, 
as one might reasonably expect. In fact, in those settings the 
distance never drops below about 3, and more samples 
would be required to get a perfect score. This can be 
considered to be a remarkable result, when compared to the 
worst-case Hamming distance value of 15:14-210. FIG. 17 
also suggest that disconnected DAGs can be easier to 
reconstruct than connected ones, when a fixed number of 
events can be considered. Similarly to the above, this could 
be credited to the fact that the size of the conjunctive claims 
can generally be smaller, for fixed n. With respect to the 
precision and recall scores, it can be noted that the exem 
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plary CAPRI can be robust to noise, since the loss in the 
score-values appear nearly unaffected by any increase in the 
noise parameter. 
Exemplary Comparison with Other Reconstruction Tech 
niques 
0271 For the following exemplary comparison, the fol 
lowing categories can be used: 
0272 Exemplary Structural approaches include such pro 
cedures as Incremental Association Markov Blanket 
(“IAMB) and the PC procedure, both subjected to log 
likelihood maximization; (See, e.g., References 55 and 56). 
0273 Exemplary Likelihood: approaches encompass 
various maximum-likelihood approaches constrained by 
either the Bayesian Dirichlet with likelihood equivalence 
(“BDE) or the Bayesian Information Criterion (“BIC) 
scores; (See, e.g., References 69 and 70). 
0274 Exemplary Hybrid: approaches can be mixed 
approaches as exemplified by hidden Conjunctive Bayesian 
Networks (“CBN'), and Cancer Progression Inference with 
Single Edges (e.g., CAPRESE) which can be applied only to 
trees and forests. (See, e.g., References 58 and 62). 
0275 For all the exemplary procedures, their standard R 
implementations can be used, which can be, for example: for 
IAMB, BDE and BIC package bnlearn can be used, for the 
PC procedure package pcalg can be used, for CAPRESE 
TRONCO (e.g., first release) can be used, and for CBN 
h-cbn can be used. (See, e.g., References 73-75). Other 
exemplary procedures exist, but those which satisfied at 
least one of the following exemplary criteria were selected: 
they seemed more effective in inferring causal claims (e.g., 
IAMB and PC), they regularize the Bayesian overfit (e.g., 
BDE and BIC), they assume a prior (e.g., BDE) or they were 
developed specifically for cancer progression inference 
(e.g., CBN and CAPRESE). 
0276 Notice that all the exemplary procedures capable of 
inferring generic DAGs but CAPRESE (see, e.g., Reference 
62) were selected, which can only be applied to infer trees 
or forests (e.g., type (i-ii) topologies). There exist other 
approaches specifically tailored for Such topologies, (see, 
e.g., References 63 and 65), however since (see, e.g., 
Reference 62) it can be shown that CAPRESE can be better 
than other exemplary approaches. CAPRI can be considered 
to be in the Hybrid category, though its performance with all 
the other approaches was compared, with the aim of inves 
tigating which approach can be more Suitable to reconstruct 
the topologies defined above. 
0277. The general trend is summarized in graphs of FIG. 
18, where these exemplary procedures were ranked accord 
ing to the median performance they achieve, as a function of 
noise and sample size, and provide the parameters used for 
comparison. In FIG. 19, CAPRI can be compared with the 
structural approaches (e.g., IAMB and PC). In FIG. 20, it 
can be compared with the likelihood approaches (e.g., BIC 
and BDE) and, in graphs of FIG. 21, it can be compared with 
the hybrid ones. Because of the high computational cost of 
running CBNs the number of ensembles performed can be 
about 100 for CBNs, while it can be about 1000 for all other 
exemplary procedures. While this strategy provides less 
robust statistics for CBNs (e.g., less “smooth' performance 
Surfaces), it can be sufficiently accurate to indicate the 
general comparative trends and relative performance effi 
ciency. 
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Exemplary Reconstruction without Hypotheses: Disjunctive 
Causal Claims 
0278 For example, the exemplary procedure expects, as 
an input, all the hypothesized causal claims to infer more 
expressive logical formulas, for example, claims with pure 
CNF formulas or even disjunctive claims over atomic 
events. Nonetheless, it can be instructive to investigate its 
performance in two specific cases: namely, (i) without 
hypotheses (db=0) and (ii) for datasets sampled from topolo 
gies with disjunctive causal claims. 
0279. To generate the input dataset, the exemplary gen 
erative procedure used for the other tests can be modified to 
reflect the switch from conjunctive to disjunctive causal 
claims. This task can be simple, since the labeling function 
a can be changed to account for the probability of picking 
any Subset of the clauses in the disjunctive claim, and not 
picking the others. The exemplary DAGs can be used with 
about 10 events, and disjunctive causal claims with at most 
about 3 atomic events involved, which can be a reasonable 
size of a disjunctive claim, given the events considered. This 
exemplary setting can generally be harder than the one 
shown in FIGS. 19-21. Thus the performance can be 
expected to be somewhat inferior. 
0280. The exemplary CAPRI can be compared with other 
exemplary procedures used so far, the results of which are 
shown in FIG. 22, where d=0, as noted earlier. The graphs 
confirm the trends suggested by previous analyses: namely, 
CAPRI can infer the correct disjunctive claims more often 
than the others. Note also that the performance can be 
measured on the reconstructed topology only, since, without 
input hypotheses, the exemplary procedure can evaluate 
only conjunctive claims, and does not facilitate different 
types of relations (e.g., disjunction) to be inferred automati 
cally. However, observed performance improvement can be 
much lower, and the Hamming distance can fail to rise above 
about 4. Furthermore, convergence to optimal performance 
was not observed for ms 1000, and it appears not to be 
reachable even for mid-1000 (e.g., at least, when no hypoth 
eses can be used). It can also be possible that, as n and the 
number of maximum disjunctive clauses increase, the result 
could be an even less satisfactory speed of convergence. 
Exemplary Reconstruction with Hypotheses: Synthetic 
Lethality 
(0281. Whether the exemplary CAPRI can infer synthetic 
lethality relations, when these can be directly hypothesized 
in the input set d can be considered. This can be confirmed 
with a test of the simplest form, for example: 

aeDhis C, 

for a set of events G={a, b, c where progression can be 
forced from a to c to be preferential, for example, it appears 
with about a 0.7 probability while b to c does so with only 
about a 0.3 probability. Despite this being the smallest 
possible causal claim, the goal was to estimate the prob 
ability of such a claim being robustly inferable, when 
d=a€Dbs c), and its dependence on the sample size and 
noise. The performance of all the procedures can be mea 
Sured, with an input lifted according to the claim so that all 
procedures start with the same initial pieces of information. 
The performance metric estimates how likely an edge from 
a?b to c could be found in the reconstructed structures. 
0282) Exemplary results of this exemplary comparison 
are shown in exemplary graphs of FIG. 23. For example, the 
exemplary CAPRI can succeed in inferring the synthetic 
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lethality relation more than about 93% of the times, irre 
spective of the noise and sample size used. In particular, with 
me60, the exemplary procedure can infer the correct claim 
at any execution, thus suggesting that the exemplary CAPRI. 
with the correct input hypotheses, can infer complicated 
claims, many of which could have high biological signifi 
cance. Naturally, it would be reasonably expected that the 
performance of any of these procedures would drop, were 
the target relations part of a bigger model. 
0283 Indeed, FIG. 23 illustrate exemplary graphs of the 
reconstruction with hypotheses of synthetic lethality. The 
average probability of inferring a claim aE bc (e.g., Syn 
thetic lethality) can be seen, when this is provided in the 
input set D. Also shown is a probability for CAPRI, the 
likelihood-based algorithms with BIC and BDE scores, and 
the structural IAMB and PC procedure. Data can be gener 
ated from model 2305 (e.g., unbalanced “exclusive or with 
a preferential progression), Samples size ranges from about 
30 to about 120, noise rate from about 0% to about 20% and 
about 1000 ensembles are generated for each configuration 
of noise and sample size. Results suggest that a threshold 
level on the number of samples exists such that CAPRI can 
infer the correct claim when <1 a R b D c. 
0284. The results of the exemplary reconstruction with 
other approaches are shown in exemplary diagrams of FIG. 
24, while delineating the differences in the structures recon 
structed by the exemplary CAPRI. FIG. 24 also shows the 
exemplary reconstruction with the structural procedure algo 
rithm Incremental Association Markov Blanket with log 
likelihood, and the likelihood-based procedure with Bayes 
ian Information Criterion score. For example, only BIC 
infers the same relations on SETBP1 as those inferred by 
CAPRI. Somatic mutations considered here involve the 
following genes: SETBP1, NRAS, KRAS, TET2, EZH2, 
CBL, ASXL1, IDH2, IDH1, WT1, SUZ, SF3B1, RUNX1. 
RBBP4, NPM1, JARID 2, JAK2, FLT3, EED, DNMT3A, 
Ex23, CEBPA, EPHB3, ETNK1, GATA2, IRAK4, MTA2, 
CSF3R and KIT. In the plot we show only those events for 
which at least a causal claim was inferred. 

0285 FIG. 25 shows a progression model of Copy Num 
ber Variants (“CNV's) in lung cancer inferred with CAPRI 
from previously-published data. 
0286 As show in exemplary illustrations of FIG. 26, the 
exemplary CAPRI procedure can examine cancer patients 
genomic data to determine \causal relationships among the 
chromosomal aberrations (mutations, copy number fluctua 
tions, epigenetic medications, etc.) that modulate the 
somatic evolution of a tumor. When CAPRI concludes that 
aberration a (e.g., EGFR) 2605 causes aberration b (e.g., 
CDK 2510), it implies that the cells with a-mutation initially 
enjoyed a selective advantage resulting in a clonal expan 
Sion, which in turn created a Malthusian pressure (e.g., a 
micro-environment with deregulated glutamine) that 
allowed for the cells with b-mutations to emerge with higher 
fitness (e.g., by disabling a G1-S checkpoint). Such causal 
relations can be succinctly expressed using Suppes' proba 
bilistic causation, which postulates that if a causes b, in the 
sense described here, then a occurs before b (e.g., temporal 
priority) and occurrences of a raises the probability of 
emergence of b (e.g., probability raising). These properties 
are checked by the exemplary CAPRI by combining ideas 
from model checking and Bayes network theory, as illus 
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trated in FIG. 26. Since CAPRI uses model checking, it is 
capable of also testing complex causal claims: for example, 
conjunctive causal claims. 
0287. As shown in exemplary graphs or FIG. 27. 
CAPRI's accuracy and performance was calibrated against 
various competing algorithms via extensive computer simu 
lation. Hamming distance (“HD), precision and recall of 
CAPRI were assessed with synthetic data generated by 
DAGs confluences. A unique progression and number of 
samples likely to be found in currently available databases 
such as TCGA, (e.g., m 250). Lower values of HD can imply 
that the exemplary procedure has mislabeled fewer genuine 
and spurious causes. Noise can account for both false 
positives and negatives. Graph 2705 plot comparison of 
CAPRI with IAMB, PC, BIC, BDE, CBN and CAPRESE, 
and is presented Sorted according to the median perfor 
aCC. 

Exemplary Model Description and Structure Learning 

Exemplary Bayesian Networks 

0288 BN can be a statistical model that provides a sparse 
and Succinct representation of a multivariate probability 
distribution over n random variables and encodes it into a 
sparse directed acyclic graph (“DAG”), G=(V, E) over n=IV 
nodes, one per variable2, and |E|<IV' directed edges. A 
DAG can consist of a set of nodes (V) and a set of directed 
edges (E) between these nodes, such that there may be no 
directed cycles between any two nodes. In the exemplary 
setting, each node represents a Bernoulli random variable 
taking values in {0,1}. The full joint distribution factors as 
a product of conditional probability distributions (“CPDs) 
of each variable, given its parents in the graph. In a DAG, 
the set of parents of node Xi consists of all the nodes with 
edges that point to Xi and can be written as Pa(Xi). CPDs 
can be presented in, FIGS. 28A-28D, in which show a 
possible assignment of the parents and the corresponding 
probability of the child, which can be, a Bernoulli random 
variable 6{0,1}, when it takes the value 1. 

f(x,..., x,) = f(X = x, Pa(X) = xpo). (20) 
X;eV 

0289. The set of edges E can represent all the conditional 
independence relations between the variables. Specifically, 
an edge between two nodes Xi and X can denote statistical 
conditional dependence, no matter on which other variables 
can be conditioned. Mathematically this means that for any 
set of variables So V\{Xi, Xi, it holds that P(Xi, XjS)/ 
=P(XiS)P(X|S). In the BN, the symmetrical nature of 
statistical dependence means that the graphs Xi-eX and 
Xie-X encode the same conditional independence relations. 
Such graphs can be called I-equivalent (e.g., independence) 
and a set of Such graphs a Markov equivalence class. In fact, 
any graphs that contain the same skeletons and V-structures 
can be Markov equivalent. Here, the skeleton can refer to the 
undirected set of edges, in which Xi-sX and Xie-X both 
map to Xi( > X, and a V-structure refers to a node with a set 
of at least two parents, in which no pair of parents share an 
edge. In BN terminology, a parent with no shared edge can 
be considered “unwed parents.” For this reason, the V-struc 
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ture can often be called an immorality. In other texts, it can 
be referred to as an unshielded collider. 

Exemplary Monotonic Progression Networks 

0290. A class of Bayesian networks over Bernoulli ran 
dom variables called monotonic progression networks 
(“MPNs) can be defined. (See e.g., Reference 86). MPNs 
formally represent informal and intuitive notions about the 
progression of persistent events that accumulate monotoni 
cally, based on the presence of other persistent events. The 
terms variable and event can be used interchangeably. The 
conditions for an event to happen can be represented in the 
CPDs of the BN using probabilistic versions of canonical 
Boolean operators, namely conjunction (), inclusive dis 
junction (V), and exclusive disjunction (CD), as well as any 
combination of propositional logic operators. FIGS. 28A 
28D show an example of the CPDs associated with various 
operators. 

0291 While this exemplary framework can facilitate any 
formula to define the conditions of the parent events con 
ducive for the child event to occur, a simpler design can be 
chosen to avoid the complexity of the number of possible 
logical formulas over a set of parents. Namely, three types 
of MPNs can be defined (e.g., a conjunctive MPN 
(“CMPN), a disjunctive MPN (“DMPN), sometimes 
referred to as a semi-monotonic progression network 
(“SMPN”) and an exclusive disjunction MPN (“XMPN). 
The operator associated with each network type can define 
the logical relation among the parents that should hold for 
the child event to take place. Arbitrarily complex formulas 
can still be represented as new variables, whose parent set 
can consist of the variables in the formula and whose value 
can be determined by the formula itself. This exemplary 
design choice assumes that most of the relations in a 
particular application fall under one category, while all 
others can be special cases that can be accounted for 
individually. Mathematically, the CPDs for each of the 
MPNs are defined below as, for example: 

0294 XMPN: 

0295 The inequalities above define the monotonicity 
constraints specific to each type of MPN, given a fixed 
“noise' parameter E. When a particular event occurs, despite 
the monotonicity constraint, the sample can be negative with 
respect to that event. If the event does not occur or occurs 
in compliance with the monotonicity constraint, then it can 
be a positive sample of that event. Note that in the case in 
which E=0, the monotonicity constraints can be determin 
istic, and all samples can be positive. By convention, the 
rows of a CPD can be referred to as positive, and negative 
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rows and 0+ can refer to the conditional probability of some 
positive row I, and 0- can refer to the conditional probability 
of Some negative row i. 

Exemplary Structure Learning 

0296 Many procedures exist to carry out structure learn 
ing of general Bayesian networks. They usually fall into two 
families of procedures, although several hybrid approaches 
have been recently proposed. (See e.g., References 83 and 
92). The first, constraint based learning, explicitly tests for 
pairwise independence of variables conditioned on the 
power set of the rest of the variables in the network. The 
second, score based learning, constructs a network to maxi 
mize the likelihood of the observed data, with some regu 
larization constraints to avoid over-fitting. Because the data 
can be assumed to be independent and identically distributed 
(e.g., i.i.d), the likelihood of the data can be the product of 
the likelihood of each datum, which in turn can be defined 
by the factorized joint probability function described above. 
For numerical reasons, log likelihood (“LL) can usually be 
used instead of likelihood, and thus the likelihood product 
becomes the log likelihood Sum. 
0297. The latter approach can be built on, specifically 
relying on the Bayesian Information Criterion (“BIC) as the 
regularized likelihood score. The score can be defined below 
as, for example: 

(21) logM 
Score BC (D, G) = LL(DG) - 2 dim(G). 

0298 For example, G can denote the graph (e.g., includ 
ing both the edges and CPDs), D can denote the data, M can 
denote the number of samples, and dim(G) can denote the 
number of parameters in the CPDs of G. The number of 
parameters in each CPD can grow exponentially with the 
number of parents of that node. For the exemplary networks 
over events, dim(G) for a single node X can be 2P a? X). 
Thus, the regularization term -dim(G) can favor nodes with 
fewer parents or equivalently, graphs with fewer edges. The 
coefficient log M/2 essentially weighs the regularization 
term, such that the higher the weight, the more sparsity will 
be favored over “explaining the data through maximum 
likelihood. The likelihood can be implicitly weighted by the 
number of data points, since each point contributes to the 
SCO. 

0299. With sample size enlarging, both the weight of the 
regularization term and the “weight of the likelihood can 
increase. However, the weight of the likelihood can increase 
faster than that of the regularization term. Mathematically, it 
can be said that the likelihood weight can increase linearly, 
while the weight of the regularization term can increase 
logarithmically. Thus, with more data, likelihood will con 
tribute more to the score. Intuitively, with more data, the 
exemplary observations can be trusted more, and can have 
less need for regularization, although this term never com 
pletely vanishes. 
0300 Statistically speaking, BIC can be a consistent 
score. (See e.g., Reference 92). In terms of structure learn 
ing, this exemplary property can imply that for Sufficiently 
large sample sizes, the network with the maximum BIC 
score can be I-equivalent to the true structure, G*. From the 
above, G can have the same skeleton and V-structures as G*, 

Oct. 13, 2016 

though nothing can be guaranteed regarding the orientation 
of the rest of the edges. For most graphs, therefore, BIC 
cannot distinguish among G plus all other possible graphs, 
and thus may not be sufficient for exact structure learning. In 
the case of BNs with structured CPDs, such as MPNs, it can 
be possible to improve on the performance of BIC. For 
example, the BIC score has been modified below to drasti 
cally improve performance in learning the orientations of all 
edges. 
Exemplary Observational Vs. Biological Noise 
0301 The notion of probabilistic logical relations among 
variables to represent disease progression has been devel 
oped in two families of models. These two exemplary 
approaches diverge in the treatment of noise, or equiva 
lently, in how the model produces negative, or non-mono 
tonic, samples. The first approach encodes a notion of 
experimental, or observational, noise, in which negative 
samples can result from incorrect labeling of the events. (See 
e.g., References 89 and 96). In the exemplary system, 
method, and computer-accessible medium, according to an 
exemplary embodiment of the present disclosure, each gen 
erated sample can be initially positive in all variables, and 
then can have several event values inverted, with a certain 
probability. The second approach can encode biological or 
causal noise, in which negative samples result from the 
activation of events by Some non-canonical causes, in the 
absence of canonical ones. (See e.g., Reference 86). In 
exemplary models like these, the level of noise corresponds 
to the probability that an event occurs despite the absence of 
its parents. 
0302) Observational noise and biological noise have dif 
ferent statistical properties that affect how the model can be 
learned. Namely, observational noise can often be assumed 
to be unbiased and have a Gaussian distribution and thus by 
the strong law of large numbers, converges to Zero for a 
Sufficiently large number of observations. In contrast, bio 
logical noise can be asymmetric, and can persist even with 
large sample sizes. One of the key consequences of these 
differences can be the following. While the asymptotic 
marginal probabilities of the variables can be the same for all 
levels of noise in the observational noise model, for bio 
logical noise, however, the marginal probabilities can be 
very sensitive to the level of noise, irrespective of how large 
the sample size can be. 

Exemplary Development of Causal Score 
0303. An exemplary score can be presented (e.g., the one 
used in Polaris), that can statistically be consistent, like BIC, 
and can correctly orient edges based on the monotonicity of 
the progression relation, like DiProg, but without knowing 
the parameter E a priori. The basic idea behind the score can 
be a heuristic for the likelihood of each sample such that the 
likelihood reflects both the probability of the sample being 
generated from its CPD, and the probability that the CPD 
obeys the monotonicity constraints of the true model. The 
latter may not be computed without knowledge of E, and 
thus relies on a nonparametric notion of monotonicity to 
estimate the underlying CPD. Below, is an explanation of 
the development of Polaris and with its philosophical foun 
dations compared to its asymptotic convergence properties. 

Exemplary Suppes Causality 
0304. The score can be modeled after the asymmetrical 
portion, C., of the causal score, presented above. (See e.g., 
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Reference 93). This part of the score can be based on 
Suppes's theory of causality for distinguishing prima facie 
causes from non-causal correlations. Suppes stipulates two 
conditions for event C to cause event E. First, C must raise 
the probability of E. In the exemplary statistical model, this 
means that P(EIC)-P(EIC). Second, C must precede E in 
time. Unfortunately, this model, may have no notion of time 
and may not directly infer temporal priority. 
0305. However, under the condition that C can be the 
unique cause of E, it can be beneficial that C must appear 
every time E appears but not vice versa. Therefore, the 
number of occurrences of C must be larger than that of E. 
From this, it can be easy to see that P(C)>P(E). In fact, this 
property of temporal priority also holds for conjunctions 
over several parents, as E will only appear when all its 
parents can be present. 
0306 The C. score for a causal relation can be defined as 

C E as TEC). TEC, 

This definition can be proved to meet both the probability 
raising and temporal priority conditions explained above. 
However, only the tree structured graphs were considered, in 
which every node has at most 1 parent and at most 1 negative 
row in its CPD. (See e.g., Reference 93). Applied to an 
MPN, the true C. value for each CPD can be strictly positive 
for each edge—a consequence of the constraint that P(EIC) 
>P(EIC) for all MPNs. Thus, when several graphs can be 
considered to fit to observed data, an estimated C. with a 
negative value (e.g., below a threshold) means that the 
corresponding CPD breaks the monotonicity constraint. 
However, an estimated C. with a positive value (e.g., above 
a threshold) puts more faith in the legitimacy of that CPD. 
Otherwise, the interpretation of CPD can be ambiguous. 
Justified by these intuitive observations, C. can serve as a 
faithful proxy for monotonicity in tree structured MPNs. 
Exemplary Weighted Likelihood without a Priori Knowl 
edge of Model Parameters 
0307 More general, DAG structured models can be con 
sidered in which CPDs can have more than one negative 
row. To handle this, a C. Score can be assigned to each row 
of the CPD, as defined below. A notation of Cixi can be used 
to denote the C. value corresponding to row i of the CPD of 
variable X. By the exemplary convention, 0- can denote the 
probability of negative row i and 0+ the probability of the 
one positive row of the CPD of X. This assumption may only 
be true for CMPNs. This notation can be extended to 
DMPNS and XMPNS later. 

1, for a positive row; 
-- M 

ai = 6 - 6, , for a negative row. M- r 

+ 6, 

0308 Thus, as described above, a can now be a heuristic 
for the monotonicity of each row of a CPD rather than the 
CPD as a whole. It follows that each negative sample has a 
corresponding C. between -1 and 1. Thus, each negative 
sample can be weighed by its C. value to reflect the exem 
plary belief that its CPD row conforms to the monotonicity 
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constraints. This strategy leads to CPDs with high monoto 
nicity to be favored through their samples, whereas CPDs 
with poor monotonicity can be penalized through their 
samples. Moreover, by handicapping the samples instead of 
the CPDs directly, rows whose conditional probabilities 
were estimated with more samples to have a larger effect on 
the score were used. The resulting C.-weighted likelihood 
score (e.g., scoreC.WL) for variable X given sample d can be 
defined below, where and 0+0- can be empirical estimates 
of their respective parameters. Note that because of the 
indicator function in the exponent of the C. term in the score, 
only the C. term of the row that corresponds to the sample 
can be used to weigh the likelihood. Specifically, if the 
sample can be positive, the likelihood may not be altered, 
whereas if the sample can be negative, the likelihood can be 
penalized in proportion to the C. Score for that sample's 
corresponding row. 

scorew (X:d) = Pr(X = d. Pa(X) = dpi.v.). I a..." 

0309 The exemplary score used for structure learning 
can include the BIC regularization term, so the full com 
bined score for a single variable X given a datum d is below. 
The last line defines the composed score for the all the 
variables, V. over all the data, D. 

Scorea. WLBIC(X:d) = 

log 

I g dim(X Pa(X)), 
SCOreowLBIC (X. d) 

log 

I g dim(X Pa(X)), 

logM 
a(X d) - 2 dim(X Pa(X)), 

and, finally 

lo 
Scorew Bic(G: D) = LL(DG) + X X a(X d) - Edin(G). 

de Xew 

0310. This can be further written as, for example: 

Exemplary Multiplicative Factors 

0311 Asymptotically, the BIC can be known to recon 
struct the correct skeleton and orient edges in immoralities 
correctly. Since a score to enhance this result further and 
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orient the remaining edges correctly without disturbing the 
correct skeletal structure can be beneficial, a new weight can 
be introduced to the whole monotonicity term of the score. 
This exemplary weight can be structured to approach Zero in 
the limit, as the sample size approaches infinity. Thus, for 
Small sample sizes, the monotonicity component can play a 
larger role in the overall score. Then, as the BIC component 
converges to a more stable structure, the monotonicity 
component can choose the exact structure among several 
equally likely ones. For these asymptotic results, the sim 
plest weight can be chosen that can be inversely proportional 
to the sample size: 1/M. The final score developed for 
structure learning of MPNs is below. 

logM 
2 Score potis (G: D) = LL(DG) + ii), X a(X d) - dim(G). 

de Xew 

0312. It can be proved mathematically that this score 
asymptotically learns the correct exact structure of an MPN 
under certain conditions—especially, conditions enforcing 
the absence of transitive edges and a sufficiently low E 
parameter. In practice, however, it was found that the 
exemplary system, method, and computer-accessible 
medium according to an exemplary embodiment of the 
present disclosure, can converge on the correct structure for 
graphs with transitive edges and non-negligible E values. 
(See e.g., FIGS. 29A-29D). 
0313 Exemplary Definition 8 (e.g., Faithful Temporal 
Priority): 
0314. In a monotonic progression network G, if there 
exists a path from X to Xi, then the temporal priority 
between Xi and Xi can be faithful if P(X)>PCXi). 
0315 Exemplary Theorem 6 (e.g., Convergence Condi 
tions for Polaris): 
0316 For a sufficiently large sample size, M, under the 
assumptions of no transitive edges and faithful temporal 
priority relations (see e.g., Definition 8 above), between 
nodes and their parents, at least for nodes that have exactly 
1 parent, optimizing Polaris can converge to the exact 
Structure. 

Exemplary Extension to DMPNs and XMPNs. 
0317. The score stated above can work for all three 
classes of MPNs, with minor modifications to the definition 
of C. depending on the monotonicity constraints. A main 
difference between CMPNs and the other two types lies in 
the fact that each CPD corresponding to a CMPN can have 
exactly one positive row. In contrast, the CPDs in DMPNs 
can have exactly one negative row, and the CPDs in XMPNs 
can have multiple positive and negative rows. (See e.g., 
FIGS. 28A-28D). Specifically, the only negative row for 
DMPNs can be the case in which all parent nodes equal zero. 
For XMPNs, any row with exactly one parent event equal to 
one can be a positive row and all the rest can be negative 
rows. In order to extend the definition of a to DMPNs and 
XMPNs, all events that correspond to the positive rows of a 
CPD can be treated as one event. The probability of this 
large event can be called 0+, just as in the CMPN case, and 
it is defined below for both DMPNS and XMPNS. 
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Exemplary Temporal Priority in the Presence of Biological 
Noise 

0318. The C. score for learning models can enforce both 
probability raising and, for conjunctive or singleton parent 
sets, temporal priority. (See e.g., References 93 and 96). The 
model of noise considered there has the property that, for 
Sufficient large sample sizes, by the large of large numbers, 
the probability of a negative sample can approach Zero. 
However, in the exemplary model of noise, 0-s can be fixed 
parameters and may not approach Zero. Thus, temporal 
priority cannot always be correctly imputed for all causal 
relations. That can be, C->E does not necessary mean that 
P(C)>P(E). 
0319 Instead, temporal priority can be decided by E, 0+ 
and the marginal probabilities, as specified in the equation 
below. Specifically, high E and correspondingly high 0-, 
low 0+ and close marginal probabilities can make it easier 
to reverse the observed temporal priority. 

7(X) = p(Pa(X) = 1). e." +X (1 - P(Pa(X) = CPDy(i)). 0. 

Exemplary MPN Structure Learning 
Exemplary Filtering 
0320 Before optimizing the score, there can be certain 
parent sets may be eliminated as hypotheses. This pre 
optimization filtering can be done for two reasons. First, it 
can prevent the optimization procedure from selecting a 
spurious parent set. Second, it can speed up computation 
significantly by not computing the full score for that hypo 
thetical parent set. The C. score can be used to filter hypoth 
eses, rejecting those solutions that can create a negative C. 
for at least one row of the CPD. This C.-filter can be used for 
all types of MPNs, and can greatly improve efficiency 
without eliminating too many true hypotheses. In fact, it can 
be proven mathematically that asymptotically, the C. filter 
will be free of any mistakes. 
Exemplary Lemma 1 (Convergence of A-Filter). 
0321 For a sufficiently large sample size, M, the C-filter 
produces no false negatives for CMPNs, DMPNs and 
XMPNS 
Exemplary Optimizing the Score with GOBNILP. 
0322. After pruning the hypothesis space with the C. filter, 
an exemplary GOBNILP can be used, a free, publicly 
available BN structure learning package, to find the network 
with the highest Polaris score. (See e.g., References 80, 85 
and 91). Given an upper bound on the maximum number of 
parents (e.g., by default 3), GOBNILP can expect as input 
the scores for each node given each possible combination of 
parents. For each node, the exemplary code produces this 
information with a depth first search through the power set 
of the rest of the nodes in the graph. Any hypothetical parent 
set that can be filtered may not simply be included as a 
possible solution for that node in the input to GOBNILP. 

Further Exemplary Results 

Exemplary Performance on Synthetic Data 
0323 Several experiments were conducted to test the 
performance of the exemplary Polaris on data generated 
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from synthetic networks, all on ten variables. The network 
topologies were generated randomly, and the CPDs were 
generated according to the monotonic constraints imposed 
by the type of MPN and the value of E. These networks were 
sampled with different sample sizes. In all experiments, the 
performance metrics were measured over fifty synthetic 
topologies sampled ten times, for each value of E and 
sample size. 
0324. The performance of Polaris was compared against 
two standards, the optimization of the BIC score and the 
clairvoyant DiProg procedure, across a variety of biologi 
cally and clinically realistic E values and sample sizes. 
Clairvoyant can mean that the procedure has a priori knowl 
edge of c. To evaluate the performance of each procedure, 
both the recall, the fraction of true edges recovered, and the 
precision were measured, and the fraction of recovered 
edges that can be true. FIGS. 29A-29D illustrate the exem 
plary results concisely for all three types of MPNs by using 
AUPR, or the area under the precision-recall curve, as the 
exemplary performance metric. It was expected that the 
exemplary Polaris performs significantly better than BIC, 
which can be nonspecific for monotonic relations and 
slightly worse than the clairvoyant DiProg algorithms, as 
Polaris does not have access to the correct value of E. The 
results showed this exact trend for recall, precision and 
AUPR. The gap between the clairvoyant DiProg and Polaris 
remained consistent across all parameter values and rela 
tively low, as opposed to the gap between Polaris and BIC 
optimization 
0325 The performance of Polaris against a non-clairvoy 
ant DiProg can be considered by passing DiProg one of 
about fifty randomly sampled values of E. Because of the 
cost of running DiProg fifty times, the exemplary model can 
be limited to CMPN, E to about 0.15, and sample size to 
about 200. The box plot in FIG. 29B shows the variance of 
performance for Polaris (e.g., 2905), the average perfor 
mance of the non-clairvoyant DiProg, the performance of 
the non-clairvoyant DiProg (e.g., 2910) with the most incor 
rect value of E (e.g., 2915), and finally, the performance of 
the clairvoyant DiProg (e.g., 2920). Again using AUPR as 
the performance metric, it was found that the average 
performance of the non-clairvoyant DiProg had a signifi 
cantly lower mean and considerably larger variance than 
those of the exemplary Polaris. Moreover, the mean of the 
worst case performance of DiProg was almost twice as low 
as that of the exemplary Polaris, and the variance was 
slightly larger. From these analyses, it can be concluded that 
when E may not be known, more accurate and more con 
sistent results can be expected from the exemplary Polaris 
than from DiProg. 
0326. The description below demonstrates the efficacy 
and accuracy of the C-filter for CMPNs, DMPNs, and 
XMPNs. On average, the filter can eliminate approximately 
half of all possible hypotheses and makes considerably less 
than one mistake per network. In fact, for Sufficiently large 
sample sizes, the false negative rate can drop to almost Zero. 

Exemplary Biological Example 

0327. The use of the exemplary Polaris on prostate cancer 
(“PCA) data can be demonstrated. From the experimental 
observations, an exemplary progression model with 3 dis 
tinct Sub-progressions can be posited. (See e.g., References 
81, 82, 88,90, 97.99 and 101). To test this theory, a CMPN 
was learned based on the copy number alteration ("CAN), 
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mutation, and fusion event data on the genes discussed 
above. The TCGA prostate adenocarcinoma dataset of 246 
sequenced tumors, available through MSKCC's chBioPortal 
interface, was used. (See e.g., References 84, 87 and 94). 
0328. It was found that the exemplary learned model, 
shown in FIG. 30, validates and unifies the observations 
above in one tri-progression model. First, it was found that 
two major progressions, one centered on TMPRSS2-ERG 
fusion (e.g., below referred to as just “ERG') and another 
around CHD1 and SPOP. This confirms the theory of two 
distinct progressions defined by SPOP and ERG. (See e.g., 
Reference 82). Moreover, the exemplary model captures the 
associated genes predicted in each progression. Namely, 
CHD1, FOXO3 and PRDM1 can be involved in the SPOP 
progression and PTEN and TP53 in the ERG progression. 
Next, it was postulated that MYC, NCOA2 and NCOR2 can 
be all involved in a third progression, even though NCOR2 
appears isolated from the other two in the graph. This 
decision can be justified by noting previously-known obser 
vations. (See e.g., Reference 88, 90 and 99), where it was 
predicted that there can be a third progression that includes 
neither CHD1 nor ERG. It has also been predicted that there 
can be a subtype with poor prognosis that involves the 
amplification of MYC and NCOA2. It was also predicted 
that early onset PCA involves the Androgen receptor (“AR”) 
pathway and NCOR2 mutation but does not include ERG, 
CHD1, or PTEN. Other work has shown an experimental 
connection between MYC and AR expression, strengthening 
the MYC/NCOA2 involvement in the third path-way. Lastly, 
FIG. 30 shows several key driver genes (e.g., NKX3-1, 
APC, ZFH3, THSD7B, FOXP1, SHQL, RB, RYBP) in the 
progression of PCA that have not been assigned to either the 
SPOP or ERG progressions. The model proposes an assign 
ment of these genes to their respective progressions that can 
be experimentally tested. It can be noted that FOXP1, SHQ1 
and RYBP, all genes in the 3p14 region, can be closely 
related in the progression. 

Further Exemplary Discussion 
0329. The exemplary Polaris accomplishes its intended 
tasks effectively and efficiently. To quantify its efficacy, a 
theoretical analysis is provided below, containing a proof of 
its asymptotic convergence under Some mild conditions. 
Moreover, the exemplary procedure was empirically tested 
on a variety of noise levels and sample sizes. It was found 
that it outperforms the standard score for structure learning 
and closely trails behind the clairvoyant one. It can be the 
case, however, that the exemplary Polaris, by virtue of its 
machine learning abilities, can solely and completely solve 
all the underlying problems in cancer systems biology. 
0330 FIGS. 28A-28D illustrate an exemplary procedure 
according to an exemplary embodiment of the present 
disclosure. The Polaris exemplary procedure accepts raw 
cross sectional genomic data and computes a causal pro 
gression model with logical relations among the variables. 
Initially (e.g., FIG. 28A), each patients tumor can be 
sampled during Surgery and sequenced afterwards. From the 
sequencing, it can be found that each tumor has genomic 
aberrations in certain genes and not others. Most genes will 
be common among the tumors, although some may be 
outliers (e.g., gene 2805). This data can then be projected 
into a high dimensional space (FIG. 28B) and the genes 
co-occurrence frequencies can be encoded as a joint distri 
bution over the gene variables. The exemplary Polaris can 
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mine this data for causal relations (FIG. 28C) and can 
encode the major causal progressions among the genes in a 
graphical model. The minor causes 2810 can account for the 
outliers in the data and often reflect a varying spectrum in 
cancer types among the patients. These minor causes 2810 
can be averaged and collapsed into a causal or biological 
noise parameter in the model. Finally, many genomic events, 
for instance CDK 2815 mutation, seem to precipitate from 
the occurrence two or more events, for instance EGFR 2820 
and MYC 2825 mutations. A language for expressing this 
dependence is shown in FIG. 28D. Using the examples in the 
FIGS. 28A-28D, CDK 2825 can be facilitated to occur only 
when both EGFR 2820 and MYC 2825 occur CMPN, when 
either one occurs DMPN, or when only one but not both 
occur XMPN. The examples of conditional probability dis 
tributions CPDs reflect these logical relations. 
0331. As shown in exemplary graphs of FIGS. 29A-29D, 
the performance of the exemplary Polaris was tested against 
the optimization of a standard symmetric score, BIC and a 
clairvoyant procedure for learning MPNs, DiProg. Each 
procedure was tested across several different levels of noise 
(e.g. about 0% to about 30%) and across several realistic 
number of training samples (e.g. about 50 to about 500). In 
each case, the network contained ten variables, common for 
progression models, although each procedure can handle a 
great deal more. 
0332 The exemplary surface plots (e.g., FIGS. 29A, 29C 
and 29D) show the performance of each procedure for 
different MPN types, CMPN (e.g., FIG. 29A), DMPN (e.g., 
FIG.29C) and XMPN (e.g., FIG. 29D). The box plots on the 
top right demonstrate the dependence of DiProg perfor 
mance on a priori knowledge of E. A network with ten 
variables was learned (e.g., about 15% noise and about 200 
samples with Polaris, DiProg with the correct E. and DiProg 
with a random E). Element 2910 shows the average perfor 
mance across the random E values. Element 2915 shows the 
worst performance with a random E value. Element 2920 
shows the performance with knowledge of the correct E 
value. For all four plots, the rate of both true positives (e.g. 
recall) and true negatives (e.g. precision) can be measured 
by computing the area under the precision-recall curve, or 
the AUPR. 
0333. As shown in FIG. 30, the exemplary Polaris model 
was used to learn a CMPN model for prostate cancer. The 
most commonly implicated oncogenes, tumor suppressor 
genes, and gene fusion events were selected from the 
literature and used copy number variation and point muta 
tion data from the TCGA database. Each edge is labeled with 
the fold change in the network score when the edge is left 
out. Based on the topology and the exemplary literature 
Survey, three distinct progressions within the graph can be 
defined, and each is labeled 3005, 3010 and/or 3015. 

Exemplary Detailed Comparison of Performance Results on 
Synthetic Data 
0334 Here, the performance results for the comparison 
of Polaris to the optimization BIC and the clairvoyant 
DiProg can be included. FIGS. 28A-30 show the comparison 
results using recall and precision as performance metrics and 
both small and asymptotic sample sizes, for CMPNs, 
DMPNs and XMPNs, respectively. The recall and precision 
can be separated in order to highlight the asymmetry in 
Polaris's performance. That can be, the exemplary Polaris 
performs considerably better in recall and consistently intro 
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duces a slightly higher number of false edges in the recon 
structed graph. The asymptotic sample size can be included 
to experimentally verify the convergence of Polaris. Note 
that theorem 6 only guaranteed convergence on graphs 
without transitive edges, but even with transitive edges, the 
exemplary Polaris can converge almost completely at only 
about 2000 samples. 
0335 FIGS. 31A-31D illustrate exemplary graphs pro 
viding experimental performance results for Polaris, BIC, 
and clairvoyant DiProg on CMPNs, measured in terms of 
recall (e.g., FIGS. 31A and 31C) and precision (e.g., FIGS. 
31B and 31D). To show the asymptotic behavior of the three 
algorithms, the performance can be plotted for sample sizes 
up to about 2000 (FIGS. 31C and 31D). For comparison, the 
performance on more realistic sample sizes was included 
(FIGS. 31A and 31B). 
0336 FIGS. 32A-32D show exemplary graphs providing 
experimental performance results for the Polaris, BIC, and 
clairvoyant DiProg on DMPNs, measured in terms of recall 
(FIGS. 32A and 32C) and precision (FIGS. 32B and 32D). 
To show the asymptotic behavior of the three algorithms, the 
performance for sample sizes up to about 2000 (FIGS. 32C 
and 32D) were plotted. For comparison, the performance on 
more realistic sample sizes was included (FIGS. 32A and 
32B). 
0337 FIGS. 33A-33D illustrate exemplary graphs pro 
viding experimental performance results for Polaris, BIC, 
and clairvoyant DiProg on XMPNs, measured in terms of 
recall (FIGS. 33A and 33C) and precision (FIGS. 33B and 
33D). To show the asymptotic behavior of the three algo 
rithms, the performance for sample sizes up to about 2000 
was plotted. (See FIGS. 33C and 33D). For comparison, the 
performances on more realistic sample sizes were included. 
(See FIGS. 33A and 33B). FIGS. 33A-33D demonstrates the 
efficacy and correctness of the C-filter in rejecting hypoth 
eses prior to optimization of the score, in each of the three 
types of MPNs. For each type of MPN, the average number 
of rejected true hypotheses can be considerably smaller than 
one and converges to Zero for medium sample sizes. The 
C.-filter can be particularly effective at pruning the hypoth 
esis space of XMPNs, rejecting approximately 1000 hypoth 
eses on average, out of a possible 1300 hypotheses. It can be 
slightly less effective for CMPNs, rejecting between about 
500 and about 1000 hypotheses. Finally, it can be least 
effective for DMPNs, rejecting between about 150 and about 
350 hypotheses. 
0338 FIGS. 34A-34F illustrate exemplary graphs pro 
viding the C-filter rejects hypotheses prior to optimization of 
the score. FIGS. 34A, 34C and 34F show the efficacy, 
measured in terms of the number of hypotheses eliminated 
prior to optimization. FIGS. 34B, 34D, and 34F show the 
error rate, measured in terms of the average number of true 
hypotheses rejected. 

Exemplary Time Complexity of Polaris Optimization 

0339. The evaluation of the exemplary Polaris scores for 
all hypotheses can dominate the computational complexity 
of the exemplary procedure. The asymptotic complexity of 
this computation can be analyzed, and it can be shown that 
its parametric complexity can be exponential, where the 
exponent can be determined by the parameter. For a fixed 
(e.g., Small) value of the parameter, Polaris can be polyno 
mial and tractable. To estimate the complexity, the complex 
ity of computing the score for any single hypothesis can be 
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determined. Then, this function can be multiplied by the 
number of hypotheses to get the total cost, which can be 
O(M-N2-(N-1)k). 
0340 Here, the parameter k can be the maximum number 
of parents for any node (and can be safely bounded by 3, in 
practice), and the input size can be determined by M and N: 
respectively, the number of samples, and the number of 
variables. In practice, the C. filter helps performance tremen 
dously, as it avoids the log likelihood (“LL) computation 
for at least nearly half of the hypotheses. (See e.g., FIGS. 
34A-34F). 

Exemplary Computing the Score for a Single Hypothesis 
0341. A large part of the score computation effort can be 
expended in computing C. and the LL. The C. computation 
can be divided into computing 0+s and 0+'s, which can be 
just the probabilities of each row in the matrix, encoding 
Conditional Probability Distributions, (“CPD). Both com 
putations can entail counting the number of samples that 
correspond to each row and thus in total, take O(MN) time. 
The maximum likelihood (“ML') parameters in the LL score 
can be precisely the 0+s and 0-s computed for C. Actually 
computing the LL given the ML parameters can benefit from 
iterating through the samples one more time and matching 
each sample to its corresponding CPD row. Thus, LL 
computation also takes O(MN) time. Combining all, the 
total local score computation for one node still takes O(MN) 
time. 

Exemplary Proofs of Theorems on Asymptotic Convergence 
0342 Provided below is a description of exemplary prop 
erties about the asymptotic performance of Polaris. 
0343 Lemma 2 (Convergence of C.-Filter): 
0344) For a sufficiently large sample size, M, the C-filter 
produces no false negatives for Conjunctive, Disjunctive 
and Exclusive Disjunctive Monotonic Progressive Net 
works: CMPNs, DMPNs, and XMPNs, respectively. 
(0345 Exemplary Proof: 
0346 By the law of large numbers, the empirical esti 
mates for all rows of the CPDs will converge to their 
corresponding true parameter values. To show that the C. 
filter will not create false negatives, it can be shown that a 
for all true parent sets must be strictly positive for all rows 
of the CPDs. The C. values for positives rows can be always 
1, and will thus never be negative. The C. values for negative 
rows can be negative, if 0+<0-, for negative row I of a CPD 
and 0+ as appropriately defined for each of the MPN types. 
Thus, it can be shown that for all 3 types of MPNs, each 
negative row will have a strictly positive C. In all three 
cases, the fact that the conditional probability for all nega 
tive rows of all CPDs can be strictly below Q and that for 
the positive rows can be strictly above 6 can be used. 
(0347 Exemplary Case I: 
0348 Here, 0+ refers to the conditional probability of 1 
positive row, which can be by definition larger than Q, or 
restated, 0+-Q >0. Combined with the fact that 0-{Q, it 
follows that 0+>0- and thus, C. will never be negative. 
(0349 Exemplary Case II: 
0350. The derivation below establishes that 0+ can be 
always strictly larger than Q for the true parents sets in a 
DMPN. The summation can be over all values of the parents 
that may not be all Zeroes. Here, n refers to the number of 
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parents in Pa(X). That can be, n=|Pa(X). The inequality can 
exploit the fact that each conditional probability corresponds 
to a positive row and can be thus strictly larger than 6. 
0351 Case III: 
0352. The derivation below shows, just like in the 
DMPN, that 0+>Q for all true parents sets in the XMPN. 
The reasoning behind this can be similar to that above, 
except for the summation can be over the rows in which 
exactly one parent takes value 1 and the rest take value 0. To 
denote this, the standard notation Pai(X) can be used to 
mean the ith parent of X and Pa-i(X) to mean all parents 
except for the ith parent of X. 
0353 Lemma 3 (Consistency of Polaris): 
0354 Polaris can be a statistically consistent score. 
0355 Exemplary Proof: 
0356. Let M be the number of samples generated by the 
graph G*=(V, E*). Let G=(V, E) be the graph learned by 
maximizing the Polaris score, and GBIC be the graph 
learned by maximizing the BIC score, both for a sufficiently 
large M. The exemplary Polaris score can consist of three 
terms: (i) the log-likelihood (LL) term, (ii) the regularization 
term from BIC and (iii) the monotonicity term. Each of these 
terms can grow at different rates. The LL term can grow 
linearly (O(M)) with the number of samples. The regular 
ization term can grow logarithmically (O(log M)). The 
monotonicity term does not grow (O(1)), since the sum of a 
scores can grow linearly with the number of samples, M, but 
it can be weighted by 1/M. Consequently, it can be sub 
sumed by the other two terms. Thus, any perturbation to the 
graph G that would increase the monotonicity Score but 
decrease the BIC score can also decrease the Polaris score. 
From the consistence of BIC theorem, it can be known that 
any perturbation to the undirected skeleton or V-structures of 
GBIC can result in a lower BIC score. It follows that for 
sufficiently large M, the addition of the monotonicity term 
may not change the undirected skeleton or V-structures of 
GBIC. Therefore, G can be I-equivalent to GBIC and by 
transitivity, G can be I-equivalent to G* 
0357 Exemplary Theorem 6 (Convergence Conditions 
for Polaris): 
0358 For a sufficiently large sample size, M, under the 
assumptions of no transitive edges and faithful temporal 
priority relations between nodes and their parents at least for 
nodes that have exactly one parent, optimizing Polaris 
convergences to the exact structure for MPNs. Proof: Let 
G*=(V, E) be the graph that generates the data and G, the 
graph learned by optimizing the Polaris score. By the Polaris 
consistency Lemma, for Sufficiently large M, the undirected 
skeleton and V-structures of G can be the same as those of 
G*. Below, it is shown that under assumptions of temporal 
priority for all parent-child relations, G=G*. 
0359 Next, it can be shown that the parent set of each 
node can be learned correctly, by considering nodes that 
have Zero parents, one parent or two or more parents. It then 
follows that all of the edges in the undirected skeleton of G* 
can be oriented correctly and thus G=G*. 
0360 
0361 Xi has 0 parents. If Xi has no parents, then the 
undirected skeleton around Xi will only include the edges to 
the children of Xi. Thus, the empty parent set can be learned 
correctly. 

Exemplary Case IV: 
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0362) Exemplary Case V: 
0363 Xi has 1 parent. Let X be the parent of Xi. 
03.64 Exemplary Case V (a): 
0365 X has 0 parents. By definition, X has 0 parents 
and Xi has exactly 1 parent, X. Reorienting the edge X->Xi 
to X->Xi results in an I-equivalent graph globally, because 
the edge may not be involved in a V-structure in either 
orientation. Thus, the BIC score for both orientations can be 
the same, and in order for Polaris to correctly choose X->Xi 
over Xi->Xi, it must be the case that CXi->X->CXi Xi. In 
the derivation below, it can be shown that this condition can 
be equivalent to the condition for temporal priority. Namely, 
CXi->Xj->OX->Xi can be equivalent to P(Xi)<P(X). To 
conserve space, let PCXiX)=0+ and POXi IX)=0-. Also, 
the identity P(Xi)=P(XiX)PCX)+P(XiX)P(X)=0+P 
(X)+0-PCX) can be used. The following statements can be 
all equivalent: 
0366 Exemplary Case V (b): 
0367 X has 1 or more parents. Incorrectly reorienting 
the edge X->Xi to XC-Xi makes Xia parent of X. Because 
G* can be acyclic and has no transitive edges, there can be 
no edges between Xi and the true parents of X. Thus, 
making Xia new parent of X creates a new V-structure (e.g., 
case VI proves that if X has 2 or more parents, then they can 
be all unwed), consisting of Xi, Xi, and the true parents of 
X, that may not be in G*. This can contradict the consis 
tency of Polaris, and thus the edge X->Xi will never be 
reoriented. 
0368 Case VI: 
0369 Xi has 2 or more parents. Because G* has no 
transitive edges, there cannot be any edge between any two 
parents of Xi. Thus, the parents of Xican be unwed and form 
a V-structure with Xi. Because Polaris can be consistent, this 
V-structure can be learned correctly. 
0370 Exemplary Corollary 1 (Convergence Conditions 
for Polaris with Filtering): 
0371 For a sufficiently large sample size, M, under the 
assumptions of no transitive edges and faithful temporal 
priority relations, filtering with the C-filter and then opti 
mizing Polaris convergences to the exact structure for 
MPNS. Proof: 
0372. In Lemma 1, it was shown that C.-filtering removes 
no true parent sets. In Theorem 6, it was shown that given 
a hypothesis space that includes the true parent sets, opti 
mizing Polaris returns the true graph. Because the C-filter 
does not remove the true parent sets from the hypothesis 
space, optimizing Polaris will still return the correct struc 
ture on the filtered hypothesis space. 
0373 FIG. 35 illustrates a flow diagram of an exemplary 
method for generating a model of progression about at 
disease. For example, at procedure 3505, biomedical data 
about one or more patients can be obtained. A graph can be 
generated from the biomedical data at procedure 3510. At 
procedure 3515, states of the disease can be determined, and 
at procedure 3520, transitions among the states can be 
determined. At procedure 3525, the model of progression 
can be generated. At procedure 3530, further biomedical 
data from a further patient can be obtained, and information 
about a disease that the further patient may have can be 
generated at procedure 3535. 
0374 FIG. 9 shows a block diagram of an exemplary 
embodiment of a system according to the present disclosure, 
which can implement the exemplary embodiments of the 
method and procedures described herein. For example, 
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exemplary procedures in accordance with the present dis 
closure described herein can be performed by a processing 
arrangement and/or a computing arrangement 902. Such 
processing/computing arrangement 902 can be, for example, 
entirely or a part of, or include, but not limited to, a 
computer/processor 904 that can include, for example, one 
or more microprocessors, and use instructions stored on a 
computer-accessible medium (e.g., RAM, ROM, hard drive, 
or other storage device). 
0375. As shown in FIG. 9, for example, a computer 
accessible medium 906 (e.g., as described herein above, a 
storage device Such as a hard disk, floppy disk, memory 
stick, CD-ROM, RAM, ROM, etc., or a collection thereof) 
can be provided (e.g., in communication with the processing 
arrangement 902). The computer-accessible medium 906 
can contain executable instructions 908 thereon. In addition 
or alternatively, a storage arrangement 910 can be provided 
separately from the computer-accessible medium 906, 
which can provide the instructions to the processing arrange 
ment 902 So as to configure the processing arrangement to 
execute certain exemplary procedures, processes and meth 
ods, as described herein above, for example. 
0376 Further, the exemplary processing arrangement 
902 can be provided with or include an input/output arrange 
ment 914, which can include, for example, a wired network, 
a wireless network, the internet, an intranet, a data collection 
probe, a sensor, etc. For example, anatomical data 920 can 
be provided to the input/output arrangement 914. As shown 
in FIG. 9, the exemplary processing arrangement 902 can be 
in communication with an exemplary display arrangement 
912, which, according to certain exemplary embodiments of 
the present disclosure, can be a touch-screen configured for 
inputting information to the processing arrangement in addi 
tion to outputting information from the processing arrange 
ment, for example. Further, the exemplary display 912 
and/or a storage arrangement 910 can be used to display 
and/or store data in a user-accessible format and/or user 
readable format. 

0377 The foregoing merely illustrates the principles of 
the disclosure. Various modifications and alterations to the 
described embodiments will be apparent to those skilled in 
the art in view of the teachings herein. It will thus be 
appreciated that those skilled in the art will be able to devise 
numerous systems, arrangements, and procedures which, 
although not explicitly shown or described herein, embody 
the principles of the disclosure and can be thus within the 
spirit and scope of the disclosure. Various different exem 
plary embodiments can be used together with one another, as 
well as interchangeably therewith, as should be understood 
by those having ordinary skill in the art. In addition, certain 
terms used in the present disclosure, including the specifi 
cation, drawings and claims thereof, can be used synony 
mously in certain instances, including, but not limited to, for 
example, data and information. It should be understood that, 
while these words, and/or other words that can be synony 
mous to one another, can be used synonymously herein, that 
there can be instances when Such words can be intended to 
not be used synonymously. Further, to the extent that the 
prior art knowledge has not been explicitly incorporated by 
reference herein above, it is explicitly incorporated herein in 
its entirety. All publications referenced are incorporated 
herein by reference in their entireties. 
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What is claimed is: 
1. A non-transitory computer-accessible medium having 

stored thereon computer-executable instructions for gener 
ating a model of progression of at least one disease using 
biomedical data of at least one patient, wherein, when a 
computer arrangement executes the instructions, the com 
puter arrangement is configured to perform procedures com 
prising: 

obtaining the biomedical data; and 
generating the model of progression, which includes at 

least one of (i) states of the at least one disease or (ii) 
transitions among the states, based on the obtained 
biomedical data. 

2. The computer-accessible medium of claim 1, wherein 
the model of progression further includes a progression 
graph. 

3. The computer-accessible medium of claim 2, wherein 
the progression graph is based on a causal graph. 

4. The computer-accessible medium of claim 2, wherein 
the model of progression further includes at least one of a 
directed acyclic graph (DAG), a disconnected DAG, a tree 
or a forest. 

5. The computer-accessible medium of claim 4, wherein 
nodes of the DAG are atomic events and edges represent a 
progression between the atomic events. 

6. The computer-accessible medium of claim 1, wherein 
the model of progression is further based on a noise model. 

7. The computer-accessible medium of claim 6, wherein 
the noise model includes a biological noise model. 

8. The computer-accessible medium of claim 7, wherein 
the computer arrangement is further configured to use the 
biological noise model to distinguish spurious causes from 
genuine causes. 

9. The computer-accessible medium of claim 6, wherein 
the noise model includes an experimental noise model. 
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10. The computer-accessible medium of claim 6, wherein 
the noise model includes an experimental noise model and 
a biological noise model. 

11. The computer-accessible medium of claim 1, wherein 
the biomedical data includes at least one of genomics, 
transcriptomics, epigeneomics or imaging data. 

12. The computer-accessible medium of claim 1, wherein 
the biomedical data includes information pertaining to at 
least one of at least one normal cell, at least one tumor cell, 
cell-free circulating DNA or at least one circulating tumor 
cell. 

13. The computer-accessible medium of claim 1, wherein 
the computer arrangement is further configured to determine 
the states of the disease by at least one of genomics, 
transcriptomics or epigeneomics mutational profiles. 

14. The computer-accessible medium of claim 1, wherein 
the computer arrangement is further configured to determine 
transitions of the states by a causality relationship whose 
strength is estimated by probability-raising by at least one 
unbiased estimator. 

15. The computer-accessible medium of claim 14, 
wherein the unbiased estimator includes at least one shrink 
age estimator. 

16. The computer-accessible medium of claim 15, 
wherein the shrinkage estimator is a measure of causation 
among any pair of events atomic events. 

17. The computer-accessible medium of claim 1, wherein 
the at least one disease includes cancer. 

18. The computer-accessible medium of claim 1, wherein 
the computer arrangement is further configured to (i) receive 
further biomedical data related to at least one further patient, 
and (ii) generate information about the at least one further 
patient based on the model of progression and the further 
biomedical data. 

19. The computer-accessible medium of claim 18, 
wherein the information includes a classification of at least 
one further disease of the at least one further patient. 

20. A method for modeling a progression of at least one 
disease using biomedical data for one or more patients, 
comprising: 

(a) obtaining the biomedical data; and 
(b) using a computer hardware arrangement, generating 

the model of progression, which includes at least one of 
(i) states of the disease or (ii) transitions among the 
states, based on the obtained biomedical data. 

21-38. (canceled) 
39. A system for modeling a progression of at least one 

disease using biomedical data for one or more patients, 
comprising: 

a computer hardware arrangement configured to: 
(a) obtaining the biomedical data; and 
(b) using a computer hardware arrangement, generating 

the model of progression, which includes at least one of 
(i) states of the disease or (ii) transitions among the 
states, based on the obtained biomedical data. 

40-57. (canceled) 


