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(t); and discarding those evaluations resulting beyond the lower bound and upper bound.
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- ABSTRACT

A system and a method for image alignment between at least two images to a three-dimensional
model. The method including: determining a lower bound and an upper bound of an acceptable
ikelihood of mismatch between the at least two images; evaluating the likelihood of mismatch
between the at least two images over a set of poses (r), shifts (t), or both poses (r} and shifts (1);
and discarding those evaluations resulting beyond the lower bound and upper bound.
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METHODS AND SYSTEMS FOR IMAGE ALIGNMENT OF AT LEAST ONE IMAGE TO A
MODEL

TECHNICAL FIELD

10001} The following relates generally to image alignment and more particularly {o aligning

images that share a characteristic using an interative process.

SUMMARY

10002] In one aspect, a method for image alignment of at ieast one two-dimensional or
three-dimensional image to a two-dimensional or three-dimensional model is provided, the
method executed on a processing unit, the method comprising: determining a lower bound and
an upper bound of an acceptable likelihood of mismatch between the at least one image and the

model; evaluating a value for the lower bound and the upper bound over a set of poses {r), shifts

- (1), or both poses (r) and shifts (t); and discarding those evaluations where the lower bound is

greater than the upper bound.

{0003] In a particular case, the lower bound is determined with the images at a resolution

that 1s less than the maximum resoiution for the images.

10004] In a pariicular case, the determination of the lower bound comprises a combination of

a first component (U(r, t)) and a second component (V(r,t)).

- {0005] In a particular case, the first component is the squared error of Fourier coefficients at

or below a selected radius In Fourier space, and the second component is the squared error of

Fourier coefficients above the selected radius.

{00006] In a particular case, the second component comprises a first subcomponent added to
a second subcomponent and subiracted by a third subcompoeonent, the first subcomponent is the
power of one of the images at high frequencies, the second subcomponent is the power of an
image of a slice of the three-dimensional model for one of the poses at high frequencies, the third
subcomponent is the correlation between the power of each of the images at high frequencies
and the power of the image of the slice of the three-dimensional model for one of the poses at

high frequencies.

{0007] In a particular case, the second subcomponent comprises: Vy — 3 s %C’f[f@iz -

-

4 \/zl,f,m %Cﬁ]ﬁ <, wherein V1 is the power of one of the images at high frequencies, subscript

- | denotes a wavevector, subscript L denotes the selected radius in the Fourier space, € is a

1
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contrast transfer function (CTF) of the image-capturing apparatus, and Y is a vector representing

a projection of the three-dimensionat model.

[0008] In a particular case, the second subcomponent is only recomputed if the CTF of the

image-capturing apparatus 1s different.

[0009] In a particular case, the determination of the upper bound comprises evaluating a

value for the likelinood of mismatch at a specific pose, specific shift, or both.

10010]

In a particular case, evaluating the value of the lower bound and the upper bound is

over a set of both poses and shifts, the method further comprising determining a shift and a pose

with favorable image alignment, by: selecting an initial value for a radius in the Fourier space;
discretizing the set of poses into a discrete grid of candidate poses and the set of shifts into a
discrete grid of candidate shifts; determining whether a selected accuracy of image alignment
nas been obtained, when false: determining the lower bound for likelihood of mismatch for each
of the poses on the discrete grid of candidate poses and each of the shifts on the discrete grid of
candidate shifts; selecting the pose and shift where the lower bound has a minimum value;
determining the upper bound value, equal to the value of the likelihood of mismatch at the
selected pose and shift; for every pose in the discrete grid of candidate poses, determining
whether the minimum vaiue of the lower bound over all candidate shifts is greater than the value
of the upper bound, and discarding the pose from the discrete grid in such case; for every shift in
the discrete grid of candidate shifts, determining whether the minimum value of the lower bound
over all candidate poses is greater than the value of the upper bound, and discarding the shift

from the discrete grid in such case; and increasing the radius in the Fourier space; and

otherwise, returning the pose and shift where the lower bound has the minimum value.

[0011] In a particular case, the selected accuracy of image alignment is obtained when the

value for the radius in Fourier space is equal to the Nyquist rate.

10012] In a particular case, the selected accuracy of image alignment is obtained when a

selected number of iterations have been performed.

10013} In a particular case, evaluating the value of the lower bound and the upper bound is

over a set of both poses and shifts, the method further comprising determining a shift and a pose

with favorable image alignment, by: selecting a value for a radius in Fourier space, the selected
vaiue for the radius having an estimated low value relative tc the possible values for the radius;
discretizing the set of poses into a discrete grid of candidate poses and the shifts into a discrete

grid of candidate shifts; determining whether a selected accuracy of image alignment has been
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obtained, when false: determining the lower bound for likelihood of mismatch for each of the
poses on the discrete grid of candidate poses and each of the shifts on the discrete grid of
candidate shifis; selecting the pose and shift where the lower bound has a minimum value;

determining the upper bound vaiue, equal to the vaiue of the ilikelihood of mismatch at the

- selected pose and shift; for every pose in the discrete grid of candidate poses, determining

whether the minimum value of the iower bound over all candidate shifts i1s greater {han the value
of the upper bound, and discarding the pose from the discrete grid in such case; for every shift in
the discrete grid of candidate shifts, determining whether the minimum value of the lower bounc
over all candidate poses is greater than the value of the upper bound, and discarding the shift
from the discrete grid in such case; for every remaining pose in the discrete grid of candidate

poses, replacing the pose with a plurality of subdivided grid points representing the candidate

- poses,; for every remaining shift in the discrete grid of candidate shifts, replacing the shift with a

plurality of subdivided grid points representing the candidate shifts; and increasing the radius in
the Fourer space; and otherwise, returning the pose and shift where the lower bound has the

minimum value.

[0014] In a particular case, the at least one image is two-dimensional and the modei is
three-dimensional, wherein replacing the pose with the pluralily of subdivided grid points
comprises replacing the pose with eight subdivided grid points, and wherein repiacing the shift
with the plurality of subdivided grid poinis comprises replacing the shift with four subdivided grid

points.

[0015] In a particular case, the at least one image is two-dimensional and the modei is
two-dimensional, wherein replacing the pose with the plurality of subdivided grid points
comprises replacing the pose with two subdivided grid points, and wherein repiacing the shift

with the plurality of subdivided grid points comprises replacing the shift with four subdivided grid

- points.

(0016} In a particular case, the at least one image is three-dimensional and the model is
three-dimensional, wherein replacing the pose with the plurality of subdivided grid points
comprises replacing the pose with eight subdivided grid points, and wherein repiacing the shift
with the plurality of subdivided grid points comprises replacing the shift with eight subdivided grid
points.

10017] In a particular case, the selected accuracy of image alignment is obtained when the

value for the radius in Founer space is equal to the Nyquist rate.



N

O & ~N O O 5 W

10
11
12
13
14
15
16

17
18
19

20
21

22

23
24

29

20

27

28
29
30
31

CA 03023614 2018-11-08

- [0018] In a particular case, the selected accuracy of image alignment Is obtained when a

selected number of iteralions have been performed.

10019] In a particular case, the method further comprises determining a shift (r) and a pose
(t) with favorable image alignment, by: selecting a value for a radius in Fourier space; discretizing
the set of poses into a discrete gnd of candidate poses and the shifts into a discrete grid of

candidatle shifts; determining a fixed fraction (fy.e,,) for the upper bound, the fixed fraction being

~ determined based on, at least, the fraction of poses and shifts that are discarded on typical

dataset of images; determining whether a selected accuracy of image alignment has been
obtained, when false: determining values for the first component for each of the poses and shifts
on the discrete gnid of candidate poses and the discrete grid of shifts, using only portions of the
image below the selected value for the radius in Fourier space; determining a reference first
component (") using the value for the fixed fraction; for every pose in the discrete grid of

candidate poses, determining whether the minimum value of the first component over all

- candidate shifts is greater than the reference first component and discarding the pose from the

discrete grid in such case; for every shift in the discrete grid of candidate shifts, determining
whether the minimum vaiue of the first component over all candidate poses is greater than the
reference first component and discarding the shift from the discrete grid in such case; for every
remaining pose In the discrete grid of candidate poses, replacing the pose with a plurality of
subdivided grid points representing the candidate poses; and for every remaining shift in the

discrete grid of candidate shifts, replacing the shift with a plurality of subdivided grid points

- representing the candidate shifts; increasing the radius in the Fourier space, otherwise, returning

the pose and shift at the lower bound with minimum value.

10020} In a particular case, determining the reference first compohent (U") comprises

((rtu(rsu ) .
(rpnurti>u-y keep -

determining the reference first component {U*) such that:

10021] In & particular case, the fixed fraction (freep) 1S between 3% and 10%.
10022] In a particular case, the fixed fraction (fiee,) 1S approximately 5%.
10023] In a particular case, the at least one image is two-dimensional and the modei is

three-dimensional, wherein replacing the pose with the plurality of subdivided grid points
comprises repiacing the pose with eight subdivided grid points, and wherein replacing the shift
with the plurality of subdivided grid points comprises replacing the shift with four subdivided grid

points.
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(0024] In a particular case, the at least one image is two-dimensional and the model is
two-dimensional, wherein replacing the pose with the plurality of subdivided grid points

comprises replacing the pose with two subdivided grid poinis, and wherein replacing the shift

- with the plurality of subdivided grid points comprises replacing the shift with four subdivided grid

poInts.

(0025] In a particular case, the at least one image is three-dimensional and the model is
three-dimensional, wherein replacing the pose with the plurality of subdivided grid points
comprises repiacing the pose with eight subdivided grid points, and wherein replacing the shift

with the plurality of subdivided grid points comprises replacing the shift with eight subdivided grid

- points.

10020] In & particular case, the selected accuracy of image alignment is obtained when the

value for the radius in Fourier space is equal to the Nyquist rate.

10027} In a particular case, the selected accuracy of image alignment is obtained when a

selected number of iterations have been performed.

10028] In another aspect, a system comprising a processor and a memory is provided, the
memory having stored thereon computer instructions which when executed by the processor
cause the processor to implement image alignment of at least one two-dimensional or
three-dimensional image to a ifwo-dimensional or tihree-dimensicnal model comprising:
determining a lower bound and an upper bound of an acceptable likelihood of mismatch between
the at least one image and the model; evaluating a value for the lower bound and the upper
bound over a set of poses (r), shifts (1), or both poses {r) and shifts (1}; and discarding those

evaiuations where the lower bound is greater than the upper bound.

- [0029] In a particular case, the lower bound is determined with the images at a resolution

that is less than the maximum resolution for the images.

[0030] In a particular case, the determination of the lower bound comprises a combination of

a first component (U(r, t)) and a second component (V(r, t)).

[0031] In a particular case, the first component is the squared error of Fourier coefficients at

or below a selected radius in Fourier space, and the second component is the squared error of

- Fourier coefficients above the selected radius.

10032} In a particular case, the second component comprises a first subcomponent added to

a second subcomponent and subtracted by a third subcomponent, the first subcomponent is the
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power of one of the images at high frequencies, the second subcomponent is the power of an
image of a slice of the three-dimensional model for one of the poses at high frequencies, the third
subcomponent s the correlation between the power of each of the images at high frequencies
and the power of the image of the slice of the three-dimensional model for one of the poses at

high frequencies.

- [0033] In a particular case, the second subcomponent comprises:V, — 3 =1 %Cf Y12 -

4{2,;{,@{) ~CH%|2 , wherein V1 is the power of one of the images at high frequencies, subscript

[ denotes a wavevector, subscript L denotes the selected radius in the Fourier space, € is a
conirast transfer function (CTF) of the image-capturing apparatus, and Y is a vector representing

a projection of the three-dimensional model.

10034} In a particular case, the determination of the upper bound comprises evaluating a

value for the likelihcod of mismatch at a specific pose, specific shift, or both.

10035] In a particuiar case, evaluating the value of the lower bound and the upper bound is
over a set of both poses and shifts, the image alignment further comprising determining a shift
and pose with favorable image alignment, by: selecting an initial value for a radius in the Fourier
space; discretizing the set of poses into a discrete grid of candidate poses and the set of shifts

into a discrete gric of candidate shifts; determining whether a selected accuracy of image

~alignment has been obtained, when false: determining the lower bound for likelihood of

mismatch for each of the poses on the discrete grid of candidate poses and each of the shifts on
the discrete grid of candidate shifts; selecting the pose and shift where the lower bound has a
minimum vaiue; determining the upper bound value, equal to the vaiue of the likelihood of
mismatch at the selected pose and shift; for every pose in the discrete grid of candidate poses,
determining whether the minimum value of the lower bound over all candidate shifts is greater

than the value of the upper bound, and discarding the pose from the discrete grid in such case;

- for every shift in the discrete grid of candidate shifts, determining whether the minimum value of

the lower bound over all candidate poses is greater than the vaiue of the upper bound, and
discarding the shift from the discrete grid in such case; and increasing the radius in the Fourier
space; and otherwise, returning the pose and shift where the lower bound has the minimum

value.

(00306] In a particular case, the selected accuracy of image alignment is obtained when the

value for the radius in Fourier space i1s equal 10 the Nyquist rate.
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[0037] In a particular case, the selected accuracy of image alignment is obtained when a

- selected number of iterations have been performed.

0038] In a pariicular case, evaluating the value of the lower bound and the upper bound is
over a set of both poses and shifts, the image alignment further comprising: selecting a value for
a radius in Fourier space, the selected value for the radius having an estimated low value relative
to the possible values for the radius; discretizing the set of poses into a discrete grid of candidate
poses and the shifts into a discrete grid of candidate shifts; determining whether a selected

accuracy of image alignment has been obtained, when false: determining the lower bound for

- likelihood of mismatch for each of the poses on the discrete grid of candidate poses and each of

the shifts on the discrete grid of candidate shifts; selecting the pose and shift where the lower
bound has a minimum value; determining the upper bound value, equal io the value of the
likelihood of mismatch at the selected pose and shift, for every pose in the discrete grid of
candidate poses, determining whether the minimum vaiue of the lower bound over all candidate
shifts is greater than the value of the upper bound, and discarding the pose from the discrete grid

in such case; for every shift in the discrete grid of candidate shifts, determining whether the

-~ minimum vaiue of the lower bound over all candidate poses is greater than the value of the upper

bound, and discarding the shift from the discrete grid in such case; for every remaining pose in
the discrete grid of candidate poses, replacing the pose with a plurality of subdivided grid points
representing the candidate poses; for every remaining shift in the discrete grid of candidate
shifts, replacing the shift with a plurality of subdivided grid poinis representing the candidate
shifts; and increasing the radius in the Fourier space; and otherwise, returning the pose and shift

at the lower bound with minimum value.

0039] In a pariicular case, the at least one image Is two-dimensional and the model is

~three-dimensional, wherein replacing the pose with the piurality of subdivided grnid points

comprises repiacing the pose with eight subdivided grid points, and wherein replacing the shift
with the plurality of subdivided grid points comprises repiacing the shift with four subdivided grid

points.

10040] In a particular case, the at least one image I1s two-dimensional and the modei is

- two-dimensional, wherein replacing the pose with the plurality of subdivided grid points

comprises replacing the pose with two subdivided grid points, and wherein replacing the shift
with the piurality of subdivided gnd points comprises replacing the shift with four subdivided grid

points.
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10041] In a particuiar case, the at least one image is three-dimensional and the model is
three-dimensional, wherein replacing the pose with the plurality of subdivided grid points
comprises repiacing the pose with eight subdivided grid points, and wherein replacing the shift

with the plurality of subdivided grid points comprises replacing the shift with eight subdivided grid

~ points.

10042] In & particular case, the selected accuracy of image alignment is obtained when the

vaiue for the radius in Fourier space is equal to the Nyquist rate.

(004 3] In a particular case, the selected accuracy of image alignment is obtained when a

selected number of iterations have been performed.

10044] In a particular case, evaluating the value of the lower bound and the upper bound is

- over a set of both poses and shifts, the image alignment further comprising: seiecting a value for

a radius In Fourier space; discretizing the set of poses into a discrete grid of candidate poses and
the shifts into a discrete grid of candidate shifts; determining a fixed fraction (fyee,) for the upper
pbound, the fixed fraction being determined based on, at least, the fraction of poses and shifts that
are discarded on typical dataset of images; determining whether a selected accuracy of image
alignment has been obtained, when false: determining values for the first component for each of

the poses and shifts on the discrete grid of candidate poses and the discrete grid of shifts, using

~ only portions of the image below the selected value for the radius in Fourier space; determining a

reference first component (U™) using the value for the fixed fraction; for every pose in the
discrete grid of candidate poses, determining whether the minimum value of the first component
over all candidate shifts is greater than the reference first component and discarding the pose
from the discrete grid in such case; for every shift in the discrete grid of candidate shifts,
determining whether the minimum value of the first component over all candidate poses is

greater than the reference first component and discarding the shift from the discrete grid in such

~ case; for every remaining pose in the discrete grid of candidate poses, replacing the pose with a

plurality of subdivided grid points representing the candidate poses; and for every remaining shift
in the discrete grid of candidate shifts, replacing the shift with a plurality of subdivided grid points
representing the candidate shifts; increasing the radius in the Fourier space; otherwise, returning

the pose and shift at the lower bound with minimum value.

10045] In a particular case, determining the reference first component (U*) comprises

{rtyu{rtisU"}

determining the reference first component (U™) such that: BT freep -
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10046] In a particular case, the at least one image 18 two-dimensional and the mode! is

‘three-dimensional, wherein replacing the pose with the plurality of subdivided grid points

comprises repiacing the pose with eight subdivided grid points, and wherein replacing the shift
with the plurality of subdivided grid points comprises replacing the shift with four subdivided grid

points.

{0047] In a parlicular case, the at least one image is two-dimensional and the model is
two-dimensional, wherein replacing the pose with the plurality of subdivided grid points
comprises replacing the pose with two subdivided grid points, and wherein replacing the shift
with the plurality of subdivided grid poinis comprises replacing the shift with four subdivided grid
pnoINts.

10048] In a particular case, the at least one image is three-dimensional and the model is

. three-dimensional, wherein replacing the pose with the plurality of subdivided grid points

comprises replacing the pose with eight subdivided gnid points, and wherein replacing the shift
with the plurality of subdivided grid points comprises replacing the shift with eight subdivided grid
noInts.

100491 In a particular case, the selected accuracy of image alignment is obtained when the

value for the radius in Fourier space is equal to the Nyquist rate.

10050} In a particular case, the selected accuracy of image alignment 1s obtained when a

selected number of iterations have been performed.

DESCRIPTION OF THE DRAWINGS

[0051] The features of the invention will become more apparent in the following detailed

description in which reference is made to the appended drawings wherein:

10052} Fig. 118 a system for image alignment in accordance with an embodiment;

- [0053] Fig. 2 1s a flow chart of the general method for image alignment used by the system of

Fig. 1.

10054] Figs. 3A to 3C show three slices from the x, y, and z directions of a typical model of a
protein In Cryo-EM {(TRPA1);

{0055} Fig. 4 shows a falloff of model power as a function of frequency;
[00506] Fig. 5A shows an image taken with a Cryo-EM of a protein;

10057] Figs. 5B 1o 5D show the image of 5A after application of various filters;

9
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10058] Fig. 6 shows the values of a bound over poses r, taking the minimum over all shifts to

arrive at the values for each r:

[0059] Fig. 7 shows a zoomed in section of the graph of Fig. 6 near the true best pose;

| 10060] Fig. 8 shows the same bounds as Figs. 7 and 8, but over shifts rather than poses;

[0061] Fig. 9 shows the process of evaluating poses of Fig. 2 in accordance with a first

implementation;

10002} Fig. 10 shows the process of evaluating poses of Fig. 2 in accordance with a second

implementation that uses first level approximations;

10063] Fig. 11 shows the process of evaluating poses of Fig. 2 in accordance with a third

implementation that uses second level approximations;

10004] Figs. 12A 1o 12C show three slices from the x, y, and z directions of a protein
reconstruction result in Cryo-EM (TRPV1);

10065] Fig. 13 1s an FSC resolution estimate of the protein of Figs. 12A to 12C;

100066] Fig. 14 is a rendered image of the reconstruction of the determined structure(s) of

Figs. 12A 10 12C;

10067} Figs. 15A to 15C show three slices from the x, y, and z directions of a reconstructed

ribosome protein in Cryo-EM; and
10068} Fig. 16 1s an FSC resolution estimate of the ribosome of Figs. 15A to 15C.
DETAILED DESCRIPTION

[0069] For simplicity and clarity of illustration, where considered appropriate, reference

- numerals may be repeated among the Figures to indicate corresponding or analogous elements.

In addition, numerous specific details are set forth in order to provide a thorough understanding
of the embodiments described herein. However, it will be understood by those of ordinary skill in
the art that the embodiments described herein may be practiced without these specific detalls. In
other instances, well-known methods, procedures and components have not been described in
detall so as not to obscure the embodiments described herein. Also, the description is not to be

considered as limiting the scope of the embodiments described herein.

- {0070Q] Various terms used throughout the present description may be read and understood

as follows, uniess the context indicates otherwise: “or” as used throughout is inclusive, as though

written "and/or’; singular articies and pronouns as used throughout include their plural forms, and

10
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vice versa; similarly, gendered pronouns include their counterpart pronouns so that pronouns
should not be understood as limiting anything described herein {o use, implementation,
performance, etc. by a singie gender; "exemplary” should be understood as “illustrative” or
‘exemplifying” and not necessarily as "preferred” over other embodiments. Further definitions for
terms may be set out herein; these may apply to prior and subsequent instances of those terms,

as will be understood from a reading of the present description.

- [0071] Any module, unit, component, server, computer, terminal, engine or device

exemplified herein that executes instructions may include or otherwise have access to computer
readable media such as storage media, computer storage media, or data storage devices
(removable and/or non-removable) such as, for example, magnetic disks, oplical disks, or tape.
Computer storage media may include volatile and non-volatile, removable and non-removable
media implemented in any method or technology for storage of information, such as computer
readable instructions, data structures, program modules, or other data. Examples of computer
storage media include RAM, ROM, EEPROM, flash memory or other memory technology,
CD-ROM, digital versatile disks (DVD) or other optical storage, magnetic cassettes, magnetic
tape, magnetic disk storage or other magnetic storage devices, or any other medium which can
pe used {0 store the desired information and which can be accessed by an application, module,
or both. Any such computer stcrage media may be part of the device or accessible or
connectable thereto. Further, unless the coniext clearly indicates otherwise, any processor or

controller set out herein may be implemented as a singular processor or as a plurality of

| processors. The plurality of processors may be arrayed or distributed, and any processing

function referred to herein may be carried out by one or by a plurality of processors, even though
a single processor may be exemplified. Any method, application or module herein described may
pe implemented using computer readablefexecutable instructions that may be stored or

otherwise held by such computer readable media and executed by the one or more processors.

[0072] Image alignment challenges occur in several fields of use. As an example, in Single

- Particie Electron Cryomicroscopy (Cryo-EM), scientists aim to discover the structure and function

of important biological macromolecules {proteins, viruses, complexes, etc) by computing 3D
atomic structures from a iarge set of noisy 2D electron micrograph images of the target molecule.
Cryo-EM has the potential to unvell the molecular and chemical nature of fundamental biclogy
through the discovery of atomic structures of previously unknown biological structures, many of
which have proven difficult or impossible to study by conventional structural biology techniques.

As such, Cryo-EM is receiving considerable attention in the life science and structural biology

11
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fields. Unfortunately, progress in employing Cryo-EM 1o study biology widely is hindered by the
difficulty of the associated computational task. Today, biologists consider computational
expense, in terms of both cost for compute infrastructure and more imporiantly time wasted

waiting for computation, to be a key bottleneck in the Cryo-EM pipeline. Current state-of-the-art

methods require weeks or even months of compute time on large clusters with several

thousands of cores. In contrast, cryo-imaging of a specimen can currently be done within 48

nours.

[0073] The power of cryo-E=M to resoclve the structures of complex proteins depends entirely
on the power of techniques underlying the reconstruction process. Once a good quality signal
can be recorded in the microscope, the rest of the burden to actually find a structure comes down

- to the techniques for processing resulting images. This is especially true as cryo-EM is

increasingly applied to more and more difficult-to-purify proteins and heterogeneous sampies
where many of the collected microscope images do not actuaily contain the target particle. It is
common {o see coilected datasets with as httle as 10 or 20 percent true particies. This high
outlier rate is further exacerbated by auto-picking procedures which aim to automate the manual
process of finding particies In microscope images. For these reasons, it is clear that the

technigue for separating true particie images from false ones is critical to reliably discovering

- new structures, and aiso in making the process scalable and routine.

10074] Reconstruction of a structure in Cryo-EM is generally considered to be expensive. In
the Cryo-EM imaging process, each observed image represents a view of the target 3D structure
that it i1s desired {o recover. Crucially, each image comes from an unknown viewing direction. In
modern approaches, this pose ambiguity 1s dealt with by formulating the reconstruction problem
as an optimization problem over the space of 3D structures. The objective is to maximize the

ikelihood {or similar measure} of the structure, given the observed images. The pose variables

~are treated as nuisance (i.e., latent) variables. As such, computing the optimization objective

neccesitates a search problem, known as alignment. In this search problem, which must be
carried out for each observed image, the latent pose variables are estimated by searching for the
3D pose and 2D in-plane shift of the 3D structure that best explains the observed image. In some
approacnes, this search is done implicitly by marginalizing over the pose variable, but this still

requires finding the (multitude of) poses for which a particlar image aligns weil.

[0075] E(r, t) i1s used to denote the alignment error of an image to a 3D structure that has
peen rotated to the pose r {3D) and transiated in-plane by shift ¢t (2D). Alignment, or the

minimization of E(r, t), is expensive in current methods because it 1s solved using exhaustive

12
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search over ali poses and shifts. Persons of skill in the art are aware that misalignment of images

~ can lead to incorrect 3D structures, and so are keen to ensure that no poses are missed during

alignment. When attempting to align images so that atomic resolution structure can be
reconstructed, the five dimensional search space must be finely discretized, increasing
computational burden further still. Some methods apply ad-hoc measures o cut down on
computational cost, these are usually referred o as local searches. Current local search
methods come in many flavors, all being ad-hoc and giving no guarantee of finding the correct

alignment. Some are based on limiting searches to the region of a previously determined

~ orientation. Others use the concept of coarse-to-fine search, where an alignment is first

computed over a coarse grid of possible poses, and subsequenily subsampled on finer grids.
Local searches are used in practice but only cautiously, as they can introduce alignment
inaccuracies and have no guarantees. They can also have tuning parameters that can be difficuit

to set, as there is no mathematical backing for the ad-hoc procedures.

[0070] Disclosed herein are methods and systems for image alignment. The methods and

- systems described herein are generally applicable to any set of images sharing a characteristic,

a specific example of which 1s Cryo-EM images, for which alignment is desired between various
2D images representing specific poses of a 3D specimen. Other examples of 2D/3D image
alignment have imaging examples deriving from microscopes, telescopes, NMR, CT scanners,
and MRI. Further examples Iinclude those for which 2D/2D and 3D/3D image alignment,

symmetry detection or sub-tomography is suitable.

10077] The method comprises defining an upper bound and a lower bound delimiting an

~acceptable likelihood of mismatch between two given images. In the specific example of

Cryo-EM, images are compared {0 each of a set of expected images of a protein structure at a
set of poses and shifts spaced apart at a first coarseness to determine a likelihood of a mismatch
petween the image and the expected image. The poses and shifts at which the expected images
have likelihoods that exceed an upper bound are discarded. The process is repeated for a
second set of poses and shifts around the first set of poses and shifts corresponding to
un-discarded ones of the expected images, the second set of poses and shifis having a second
coarseness that is more fine than the first coarseness. The process is further repeated in further
terations, with sets of poses and shifts becoming successively finer, while determining
lIkeithoods of mismaitch at each iteration and discarding successively more poses and shifts, until
a suitable termination criterion s reached. The best of the remaining poses and shifts is

considered the correct alignment of the image to the reference.

13
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10078] Fig. 1 shows various physicai components of a system 20 for image alignment. As will
be appreciated, while the system 20 is illustrated as being a single physical computer, it can
alternatively be two or more computers acting cooperatively 1o provide the functionality
described. As shown, the system 20 nas a number of physical and logical components, including
a central processing unit ("CPU") 60, random access memory ("RAM") 64, an input/output ("I/O")

interface 68, a network interface 72, non-volatile storage 76, and a local bus 80 enabling the

~ CPU 60 to communicate with the other components. The CPU 60 executes an operating system

and an application for performing image alignment. The functionality of an application of the
image alignment method is described below in greater detail. The RAM 64 provides relatively
responsive voiatile storage to the CPU 60. The /O inierface 68 enables an administrator {0
interact with the system 20 via a keyboard, a mouse, a speaker, and a display. The network
interface 72 permits wired or wirgless communication with other systems. The non-volatile

storage 76 stores computer readable instructions for implementing the operating system and the

| application for perferming image aiignment, as well as any data used by the application. During

operation of the system 20, the computer readabie instructions for the operating system and the
application, and the data may be retrieved from the non-volatile storage 76 and placed in the
RAM 64 to facilitate execution. An imaging system /4 may further be linked to the system to
obtain images for alignment. The maging system comprise electron microscopes,

microscopes, telescopes, NMR, CT scanners, and MRI or other suitable device.

- {0079] The system 20 executes a general optimization technique known as branch and

bound ("BnB") optimization. BnB optimization provides global optimality quarantees and, when
executed well, can lead to significant reductions in processing time. BnB operates generally as
follows. When searching for the minimum of some objective function, the search space is
subdivided (branch) and a method Is determined for inexpensively discarding {bound) regions of
the search space that cannot possibly contain the minimum. The bound siep of BnB requires

both an upper and lower bound on the objective function, and typically finding a method for

- computing a useful lower bound is the most difficult. The bound, given a search region, is

designed to determine whether a specified region could possibly contain the minimum, and if not
then the region as a whole can be discarded. A powerful and useful lower bound has two
gualities: inexpensive computational requirements, since the evaluation is conducted many
times, and that the evaluation resuits in many discarded regions, meaning that the bound is tight

and actuaily provides useful information.
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10080] In the present system and method, a set of bounds for image alignment indicate, in a
principled way, how pooriy or well a given image can align to a given 3D map over a range of
poses and shifts, without having to actually evaluate the exact fit error at those poses and shifts.
This allows entire regions of pose and shift search space 1o be discarded using only inexpensive

caiculations, and aliows the best pose to be found efficiently.

| 10081] The problem of recovering a 3D ¢ryo-EM structure of a molecuie from a set of 2D

images taken in a microscope is difficult for several reasons, key amongst them the presence of
unobserved latent variables like pose and translational shift of the molecule in each image, a
problem referred to as the latent variable estimation problem. A person of skill will appreciate the
details of varicus techniques that can solve a latent variable problem, most of which comprise an
Herative procedure whereby the current guess of the 30 structure is used to estimate the latent

variables (pose, shift), and then these estimates are used to construct a new ‘refined’ guess of

the 3D structure.

10082] A method 100 for image alignment provided herein used by the system 20 in a first
implementation, being aligning a 2D image from a Cryo-EM imaging system toc a 3D protein

structure, will now be described with reference to Fig. 2.

10083] The general problem solved is computing and minimizing of the negative log
probability of an image X (2D) given a model M (3D). This is a function of the latent variables

describing the pose r and shift t. The likelihood 1s:
p(X|M,rt) = ‘;“QKP (ZI. ggf‘“ (G Y (r) — S, (1)X, |2), where Y(r) = ¢, (M

10084} Here, both iImage X and model M are represented in Fourier space. Y(r) denotes
the projection of model M aiong the pose given by r. Poses can be parameterized in any
suitable fashion but the axis-angle formulation is applied in the current embodiment. The

subscript { denotes a two-component index of a particular Fourier coefficient, also known as a

~ wavevector. Forinstance [ = (0,0) would be the DC component, = (1,2) would be the Fourier

component for wave with 1 cycle in the x-dimension and 2 cycles in the y-dimension. The
sum over [ is shorthand for summing over all wavevectors in 2D. € denotes the Contrast
Transfer Function (CTF) of the microscope (or other image capturing apparatus), and ¢,(r) is a
linear projection operator which in Fourier space is the slice operator with pose r, for wavevector
[. § denotes the 2D phase shift corresponding to a shift of t (2D) pixels. Z can be ignored

because it does not depend on r,t. The noise model g; represents the level of Gaussian noise

~ expected in the images, with a possibly different variance for each Fourier coefficient (which

15
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allows for white or colored noise models). For clarity in the following, o, is setto g, = o = 1 but

the general case would be apparent to a person of skilt in the art. Next, the negative log is taken

~ to arrive at our objective function which ends up being the squared error:

E(rt) =y %kcﬁz(f‘) — Si(H)X,|°
[0085] The goal is to minimize E(r,t) which depends on the image X and mode] M.

10086]

and shifts. In exhaustive scan, a discrete set of poses r € R and shifts t € T are used and the

Current approaches to Cryo-EM alignment use exhaustive scan to search over poses

minimum error pose on this discrete grid is found by directly evaluating £(r,t) at each pose and

-~ shift and selecting the best one. In using exhaustive scan, an assumption is made that the

sampling used in R and T is fine enough to capture the varnations in E(r, t), so that the best
looking pose within the discrete grid will actualily be close to the minimum of E(r, t).
10087}

technigue described here is guaranteed 1o find the best pose in the sets R, T without requiring

Unilke local searches, which can aiso be used to provide a modest speedup, the BnB

an exhaustive scan.

The method 100 commences with the setting of a lower bound (110). The core
difficulty in employing a BnB approach is to derive bounds that are cheap to evaluate but
informative about the objective function E(r,t). This usually requires insight into the

characteristics of E.

{0089]
poorly to a 3D structure at low resolution, it will probably not align well at high resolution. This

The setting of the lower bound takes as an assumption that if a 2D image aligns

means that if the likelihood of an image is evaluated using only its low resoclution Fourier
coefficients, this is likely to provide knowledge about which regions of pose and shift space are
worth pursumg at high resolution.

10090}

coefficient 1s equivalent, and each contributes independently with equal weight to the total

The negative log-likelihood is a sum-of-squared-errors. This means that each Fourier

squared error E. Tne contribution of each Fourier coefficient is related o its power. If a Fourier

coefficient in the model with wavevector [ has no power, that coefficient will only contribute a

~ term equal to é—[Xf]z to £, and that term does not depend on the pose (r,t) and thus does not

need to be considered during search. The bound described herein shows and exploits the fact
that a Fourier coefiicient in the mode! that has non-zero but small power also gives a small and

Iimited possibie pose-dependent contribution o E.

16
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[0091] Therefore, if particular Fourter coefficients of the model at higher resolutions have
limited power, there is a limit to how much they can impact the squared error E. If the low
frequency coefficients already have a certain amount of error at a particular pose and shift, the

high frequency coefficients cannot make this much better or worse. This seis a basis for

- constructing a bound on E that uses inexpensive evaluations of the squared error at low

resolutions to bound true values of E, enabling the eliminatation of search regions after only

evaiuating them Inexpensively at low resolution.

{0092} Figs. 3A to 3C show three slices from the x, y, and z directions of a typical model of a

protein in Cryo-EM {TRPAT). Fig. 4 shows the falioff of model power as a function of frequency

and shows that low frequencies have much more power than high frequencies.

- [0093] It is desired o derive a lower bound that is always less than E. To start, £ is splitinto

two parts:

E(r,t) = L= é"lﬁC‘sz(T) - S (X + Liise %‘Cz}’i(?") - 51 (£) X} (1)
Er,t)y =Ur ) +V(r, t) (2)

[0094] Thus, U s the squared error of Founer coefficients at or below some radius in

Fourier space L, and V is the squared error of coefficients above that radius.

[0095] In order {0 bound E, U is directly computed, which is cheap, but V is bounded from

below. To do this, V is spiit into parts.

V(r.t) = Dyse 51CY(7) = Si()X, 2 (3)
1, 1 noier o - | e

= Zuse 5 1XK° + Zpse 5 CEN O — Tyse RCY, ()7 S, (DX) (4)

= V}. - VZ — V3 (5}

[0090] Here, the fact that |S;(¢)] = 1 is used, and also assumed that the CTF is real-valued.
The first term, V,, is the power of the image at high frequencies, and does not depend on r,t.
The second term is the power of a slice from pose r of the model at high frequencies. This does
not depend on t. The third term Is the correlation between the shifted image X and the slice of

the model.

10097] First V5 1s examsined; an upper bound on V., contributes to a lower bound on V. The

- Cryo-EM image formation model is empioyed to start. This model says that the observed image

X is a sum of a CTF-corrupted true signal plus independent, identically distributed noise. This
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means X; can be wrilten as X, = (X, +1n, where all n,’s are independent, identically

Gy

distributed complex normal random variables with n,~CHN ({), "}“) and itis assumed that g, = 1.

- [0098] This results in

V3 = DupsL CERM ) SIOX) + T ROV Si(On) ()
= DL CERMOY Si(HX) +H (7)
< s CEMNK] + H (8)

[0099] Here, H is the random variable corresponding to the correlation between the model

slice Y(r) and the random noise n. H indicates how much to reasonably expect the noise to

affect £. H can be wrnitien as:

H = Zm;ﬂ, RCY, () 5, () (9)
= YaysL GR () ) (10)
= Yypse O (Y; (1) CN (8,%*)) (11)
= T CR (cw (0.2}, (r)iz)) (12)
= Yuise N (0,5 CHY (D) ' (13)
=V (0. Zuse ZCAN (M) (14)

(0100] In the first line above, the noise variables n; are uniform over phase, and so are

~invariant to phase shifting by 5;(¢t). The final line means that #, the contribution to V from noise

in the iImage, is normally distributed with the variance as given above. The standard deviation of

H can be written as

10101] Returning to V, and V;:
. - 1 a2, o e
Vo = V3 = Ty 5 CE? = Zyse RGOV (Y Si(HX) (15)

| | 1 o =
Vo — V3 2 2iiist gt‘fm(r)iz — YasL CEI (MUK — H (16)

18



C oo ~N O O BB~ W

10
11

12

13

14
15
16

17

18

19

20

21
22
23
24

25

20

CA 03023614 2018-11-08

Xun;u %(CIZ“’}(T);Z — 2L |?Y£(?")!:l}?ff) — (17)

|

Bond

(Y(r)"DY(r) — 2Y(r)"DX) — H (18)

1

tJ

10102] Equation 18 is written in vector form. Y(r) is a vector where each element is the

absolute value of a Fourier coefficient |Y,(r)|. Similarly X is a vector of |X,]. D is a diagonal

~ matrix of the CTF squared. Equation 18 is a quadratic form in Y(r). Turning again to the image

formation model it is assumed that in the image, the true signal X is actually a slice of the model
in Fourier space. That means that X is a slice of M from the true pose pose r*: X, = ¥,(r").
Since Equation 18 is a quadratic form in Y(r) with a positive semi-definite Hessian D, it can be
said that the minimum of this expression with respect to Y(») occurs when Y(r) = X. This is

attained when r = r™ is chosen, meaning that the value of the expression at its minimum is

] = o~ | ) . . ~ ) .
-—EXTDX--H. Finally, since the true signal X is unknown, this value is unknown. However,

since it is known that X, = Y,(+™), it can be said that at minimum, it will be
~~X"DX > min - - Y(r)"DY(r)
. 3 Fd

attained at # with Y = Y(#). This is a value that can be easily computed for the given model M,
since it is independent of the image X and also doesn’t depend on poses or shifts r,t. it is the

CTF-corrupted power at high frequencies of the slice of M that has the most power.

- {0103] Thus, it is finally arrived at

10104] From the above, it follows that:
Et) 2U(rt) + V= Syusy CHNI2 — H

10105] Due to the presence of H, this expression provides a probabilistic bound on E,

- indicating that the probability of E is greater than the value of the expression. In an example, a

probability, 0.999936, which corresponds to four standard deviations of H, is selected to arrive

finally at the lower bound on E(r, t):

| . . - 1 2.5 2 :
E(rt)y 22U, t) + V) — Qs ng"!Yf |© — 4oy (19)

R | 2 o
=V 0+ Ve — T 5 CEIN I - 4JZI§£I§>L %"szlyz (M2 (20)
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O . e

. . 1 oo " 1 o
2 U(r,t) + Vi = L GNP — 4 | s 5 CAT (21)
2 2

= B.(r.t) (22}

o,

In the last line, the maximum power slice Y is again used, and that ¢ = 1.

10106] At this point, an expression is arrived at which, with very high probability, bounds
E(r,t) from below. This expression is cheap to compute for an particular r,t (since only U

depends on these), and the remainder only needs to be computed once for all r,t, and also only

once for all images that share the same CTF; i.e., that come from the same micrograph. To

compute the bound, it is only needed to find the slice of the model which has the most power (Y).

Then the expression is used to compute the values of U and the power of the image V,.

10107] The bound above is actually a family of bounds, one for each radius L. As L is
increased, the bound becomes more expensive but tighter, and finally when L reaches the

Nyquist rate then the bound becomes exact, but is as expensive as directly computing E(r, t).

[0108] Returning to Fig. 2, upon establishing a lower bound, an upper bound is established

 (115).

10109] As an upper bound on E(r,t), a single direct evaluation of £ at a specific pose and
shift can be used. During optimization, a candidate best pose and shift r*,t* are maintained.
and are used to compute E” = E(r", t"), the upper bound on the minimum of E. It can be said
that the minimum of E(r,t) can not be greater than E*, because that would be a contradiction -

every E(r, t) forail r,t must be greater or equal to the value at the minimum.

- [0110] Fig. SA shows an image of a protein taken with an electron microscope. Figs. 58 to

oD show the image of bA after application of various filters.

[0111] Figs. 6 to 8 show values of the lower bound B, (r, t) at various levels L for the image
of Fig. SA showing lower and upper bound being useful at different radii. In each plot, the black
nhorizontal line is an upper bound E”, while the other lines are the lower bounds. After evaluating
a single bound, say B, only the regions below the horizontal black line need to be re-evaluated
at a higher level, say B;,. The true minimum of E must be between the upper and lower
oounds. Fig. 6 shows the values of a bound over poses r, taking the minimum over ail shifts to
arrive at the values for each r. Each position on the x-axis of the plot corresponds to the index of
a unigue pose r on a grid covering all possible poses. Fig. 7 shows a zoomed in section of the

graph of Fig. 6 near the frue best pose. Note that the upper bound intersects the lower bounds.
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meaning that evaluating a lower bound (rather than the full objective E(r t)) allows one to
discard vast regions of the pose space. Also note that the family of bounds B, becomes tighter
(higher) with increasing L, until finally the upper and lower bounds meet at the true minimum of

the objective. Fig. 8 shows the same bounds, but over shifts ¢ rather than poses. Each position

~ on the x-axis corresponds to a unigue position on a grid covering a range of possible shifts.

[0112] The lower bound derived above, B, (r,t), can be used to develop a method to search
over poses and shifts faster than exhaustive search without loss of alignment accuracy. With the
theorietical support of the bound in place, very similar but more effective approximate bounds

and techniques are described.

10113] Referring again to Fig. 2, from the starting point of exhaustive search, the following

- BnB optimization using the bound B, is introduced. Here R, and T, are the discrete grids that

would have been used for exhaustive search. L is initialized as L = L, (120). R and T are
initialized as R = R, T =T, (130). While it is determined at 140 that a selected accuracy of
image alignment has been oblained, in this case being that L is less than the Nyguist rate,
poses are evaluated (150), after which L is doubled (155). In further cases, the selected
accuracy of image alignment has been obtained when a selected number bf iterations have been

performed.

[0114] Fig. 9 shows the process of evaluating poses at 150. B, (r,t) is computed for all r, ¢
n R T (151). The r*, ¢t" with minimum B, are located (152). E* = E(+",t") is evaluated (153).
For every r in R, if min B, (7, t) is greater than £°, r is removed from R (154). For every t

in T, if min,.B (v, t) is greater than E*, t is removed from T (155).

0115] Returning again to Fig. 2, once L 2 N/2, r",t" are returned, which represent the pose

and shift of the optimal alignment of the image to the structure.

- {0116] As this technique progresses, poses and shifts are identified that cannot be the

minimum E because the lower bound at that pose is greater than the current best value of £. As
these points are identified, they are removed from the set of candidate poses and shifts. Upon

termination, only the pose and shift with minimum £ will remain.

10117] Note that this method begins by evaluating B, (r,t) for all of R, T, as opposed to

exnaustive scan, which would have evaluated E(r,t) for all R, T. The cost of computing E(r,t)

s proportional to (N/2)° and the cost of computing B, (r,t) is proportional to L?. This means
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that, at best, the speedup that can be acheived with this technique is (%g)ﬁ. in some scenarios
this 1s about 100, but speedups on the order of 20-30 can be achieved. in other scenarios.

[0118] The bound described above gives a strong theoretical backing for the asumption, and

also allows modest speedups to be achieved.

First Level Approximations

10119] In another implementation, some approximations can be made to yield a method that
s similar, but provides much larger speedups. The existence and tightness of bound B, (r,t)
indicate that low-resolution alignment provides signficant information about high-resolution
alignment.

10120] Consider first bound B;. To compute it, the slice Y of model M which has the

~ largest CTF-corrupted power can be found. One drawback of this computation is that it needs to

be redone for each set of images that has a different CTF. The CTF, at frequencies above L, is
like a sine function with a varying frequency. The RMS power of the CTF is thus close to 1/v2.

An approximation can be made and it can be assumed that

. 2
| SN 1 1\% o~ s P
- Zyuee 3CC NS = 5 Dt (’3) Yil* = Ty, 71112

- [0121] This expression no longer depends on the CTF, so the approximate bound can be

entirely independent of the image, and only needs to be computed once, given the model. Note
that this approximation of the CTF does not actually make the bound tighter, rather it removes

the dependence on the image.

10122} Again consider the above expression. A search is performed over slices Y {o find the
one with the maximum power. The maximum power slice, ¥, gives a strict limit on how much

power there could be at high frequencies that might contribute to £. However, it is very uniikely

~ that for any given image, the true pose will be the same as the pose of ¥, since most images do

not come from the maximum power slice. Thus, the slice YT that has the median power of all

slices can be used as an approximation instead of the maximum (or any other rank statistic).

10123] All together, the above approximations lead to an approximaie lower bound for

E(r,t) as

| | 1, s f 1., 4,
ALty =U@t) + V= By 7112 - 4"w§:|zus>z, AL
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10124]

inexpensive, but this is still iimited in the same way as the application of the true bound in

So far, the approximations aliow for the construction of an approximate boung that is

speeding up exhaustive scan (previous implementation). To overcome this limitation, the

following assumption is applied: when the bound at low resolutions (low L) is evaluated, the

- sampling need not be nearly as fine in pose and shift space as needed when searching at high

resolution. Al low L, coarse sampling along with the bounds themselves can allow the

identification of regions that need to be searched further at high L and finer sampling.

10125] One way to understand why a coarse (at low resolution) tc fine {(at high resolution)
sampling approach is reasonable is to consider the angular spacing of Fourier coefficients in
each Fourier shell of a 3D structure. This spacing is much larger at low resolutions than at high

resolutions.

A stronger argument can be made by considering the fact that the 3D structure in real
space is compact and has a small extent relative to the full volume. This is true because of the
masking that is applied during refinement of a 3D structure for Cryo-EM. Usually, in Fourier
analysis, if the Founer transform F(i,j, k) of a real-space signal f(x,y,z) has no power a
distance d away from the ongin of Fourier space, it can be said that the real-space f is
band-limited’, has no high-frequency power, and s thus smooth. The Fourier transform,
however, 1S a unitary transform, so this argument can be exactly inverted. It can be said that if a
real-signal f has no power a distance d away from the origin of real space, then the Fourier
transform F must be smooth. This reasoning indicates that B, (1, t), which depends on slices of
the 3D Fourier transform of a masked structure, is smooth with respect to r,t. The smoothness

is strongest when L 15 small.

10127]

space are first subdivided into cells on a coarse gnd Ky, Ty. On this grid, the {approximate)

A technique can be used to exploit this notion of smoothness. The pose and shift

- bound i1s evaluated at a low vaiue of L. This allows for the identification of celis that may contain

the minimum £. All those celis are kKept as candidates. £ach candidate cell is then subdivided by

a factor of 2 in each dimension, increase L, and repeat the process.

[0128]
sections. With domain subdivision, approximate branch and bound alignment can reach several

Domain subdivision of this type removes the speedup limitation from the previous

orders of magnitude of speedup relative to exhaustive scan.

Together, the approximate bounds and subdivision scheme aliow for the construction

of an effective technique for alignment.

23



Gy O & W N =

& o~

10
11

12

13

14
15
16
17
18
19
20

21
22

23
24

25
26
27
28
29

30
31

32

CA 03023614 2018-11-08

10130} The process of evaluating poses in this implementation is shown generally at 200 in
Fig. 10. A, (r,t) is computed for all r,t In R'T {approximate lower bound) (201). The r, ¢t~
with minimum A; are then located (202). E” issetto E" = E(r*,t7) (203). Forevery r in R, if
min.A,(r, t) i greater than E7, r is removed from R (204). For every t in T, if min, A, (r, t)

y ¥

is greater than E7, t is removed from T (205). Replace every r in R with 8§ subdivided points

(206). Replace every t in T with 4 subdivided points (207).

10131} This process in this second implementation works very well on real data, achieving
significant speedups in many cases. There is one tuning parameter, the coarseness of the initial
grids Ry and T,, that allows a trade-off between accuracy and speed. On real images, even
liberal settings of this parameter do not affect the quality of alignments, but give significant
speedups.

TT— YT -

[0132] In a further implementation, a further simpiified approximate version of the BnB
optimization s developed that can be implemented very simply. Empiricaily, this further simplified
approximate version produces alignments of high quality on real data, resulting in high resolution
3D structures, while being extremely fast.

[0133] In practice, the bound and approximate bound presented in earlier sections reject

large regions of the pose space, for most images. On some images, however, the bounds do not

reject enough of the pose space at each iteration of the alignment technique, meaning that the

method does not provide much speedup on those images.

10134} On further observation, for a typical dataset, it is only a small fraction of images that
perform poorly, and that these images are actually outlier images, meaning that they are not
images of the structure to which alignments are computed. They may be images that were
incorrectly picked from micrograpns, or they may be images of broken/damaged particies. The
characternistic of these images is that they break the assumptions that make the bound tight (and

- thus fast). These assumptions are that the observed image 1s a noisy slice from the model M,

and that the image has the correct formation and noise model. In a following section, il is
discussed how to directly detect the breaking of these assumptions and thus reject outher

images outnght.

[0135] To deal with the problem of some pathoiogical images in alignment, the upper bound
s replaced witn a fixed fraction fi..,,. At each iteration of the alignment technique, only the best

freep Of the candidate poses and shifts are kept, discarding the rest. This effectively means that
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all images wiill take the same amount of computation to align, and the vaiue of freep Will be

another trade-off parameter between speed and accuracy. Using this modification to the

alignment technique eliminates the need for even computing the upper or lower bounds.

10136]

dataset using the approximate bound are empirically examined, and fieep is set accordingly.

The fraction of poses and shifts that are discarded on typical images on a typical

The Applicant has determined that, in some cases, a fixed fraction freep Of between 3% and
10% is effective. In a further case, the Applicant has determined that a fixed fraction fieep Of
approximately 5% is effective.

The process of evaluating poses in this implementation is shown generally at 300 in

(e _ .
({r,thU{r)>U"} keep

Fig. 11. U(r,t) 1s computed for all ¢t in R,T (301). U" is set so that

(302). The r7,t" with minimum U(r,t) is located (303). For every r in R, if min, U(r,t) is
grealer than U~, r Is removed from R (304). For every t in T, if min, U(r,t) is greater than
U™, remove t from T (305). Replace every » in R with 8 subdivided points (306). Replace
every t in T with 4 subdivided points (307).

10138]

approximation of the mathematically sound technique and bound proven to be correct earlier.

Although this implementation does not guarantee optimal alignment, it is an

This, along with excellent empirical performance, sets it apart from existing heuristics.

10139]

level approximations, 3D structures reconstructed using the technique on two different datasets

To demonstrate the empirical performance of the alignment technique using second

are shown, tcgether with the computational time it took to recover these structures.

10140] Figs. 12A to 12C show three slices from the x, y, and z directions of a result of the

- determination of the three-dimensional structure of the TRPV1 protein using the alignment

techniqgue presented herein. Fig. 13 is an Fourier Shell Correlation {(FSC) resolution estimate of
the resuit in Figs. 12A to 12C. Fig. 14 is an image that illustrates the quality of the structure
reconstructed using the process of the third implementation, with side-chains visible in alpha
helices. This structure was computed in less than one hour on a single desktop
GPU-workstation.

10141]

determination of the three-dimensional structure of the 80S ribosome protein using the alignment

Figs. 15A to 156C show three slices from the x, y, and z directions of a result of the

technique presented herein. Fig. 16 shows an FSC resolution estimate of the result in Figs. 15A
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to 15C. This structure was computed again in less than two hours on a single desktop

GPU-workstation.
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10142] In the present embodiments, poses and shits are represented by numerical vector
quantities. The present embodiments apply three-dimensional vectors to encode poses using the

axis-angle formulation; however, it is appreciated that poses can be parameterized in any

- suitable fashion. The present embodiments parameterize shifts by applying two-dimensional

vectors with units of pixels of shift in the horizontal and vertical directions: however, it is

appreciated that shifts can be parameterized in any suitable fashion.

0143] The space of poses, as vectors in the axis-angle formulation, comprises a sphere of
radius n centered at the origin. This space can be discretized into a grid of possible poses where

each pose is a three-dimensional grid point. The grid can be instantiated with a desired fineness,

- 1o cover the sphere of radius n. Once a grid is instantiated with a grid spacing of d, it can be

subdivided into a grid of finer coarseness by splitting the grid in each dimension into grid cells of

size d/2. This yields eight new subdivided grid cells for each grid cell in the original grid.

10144] Similarly, the space of shifts of an image can be discretized into a two dimensional
grid of desired fineness covering a desired range of image shifts. This two dimensional grid of
grid spacing d can be subdivided by splitting each grid cell into four celis of size d/2.

0145] The representations, discretizations and subdivision methods, described herein, can
also be applied when the pose space is one-dimensional or when the shift space is three

dimensional, as may be the case in other embodiments.

Termination Criteria

10146] In the above-described implementations, the coarseness of the initial pose and shift
grids determines the precision that is reached after K iterations of subdivision. In practice,

alignment iterations are not terminated when L > N/2, but rather continue until the precision of

- alignment reaches a reasonable level. This level can be determined using a common measure of

how well the grid is sampling E(r,t), known as the Effective Sample Size:

1

) .
6 ve rrrrrer—

-
{ ex pi—E(r.t)) |
z:r,t t\ i At :

§  expi-E(rE))

10147] This value ¢ represents the number of poses and shifts that have significant

probability of being the correct pose. On a coarse grid, there may only be one pose or shift that
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nas significant probability. As the pose and shift grids are subdivided, ¢ increases. Once e
reaches a minumum vaiue e,,;, for the majority of images'being; aligned (i.e. the median e over

images), alignment can be terminated. Typical values are 2 <€ ey, < 20.

-~ Mode Marginalization

10148] The above-described implementations can be used to find the best looking pose and
shift for an image and reference structure. However, in practice, it is common o marginalize over
all poses and shifts, averaging together their contributions weighted by the probability of each
pose and shift. Typically only a small number of poses and shifts have significant probability, and

they are all concentrated in a mode around the maximally probably r, t.

- [0149] To support marginatization, the maximally probable pose is first found using the

alignment techniques presented in this work. Marginalization is subsequently performed only
over poses near to this pose, which provides the benefits of marginalization without the extreme

computational cost of current exhaustive approaches.

Use in 2D/2D and 3D/3D alignment

10150] The implementations described above are directed to the alignment of 3D reference

~ structure to a set of 2D images. The approach taught herin, however, can be equally useful when

aligning a set of 2D images to a 2D reference. This is often the case in what is known as class
averaging or 20 classification. The methods of all the implementations above can be used for
2D-t0-2D alignment simpiy by applying them over a pose space that contains only one dimension

of in-plane rotation rather than three dimensions of 3D pose.

{0151] Similarly, the methods of all the implementations above can be used for 3D-10-3D

alignment simply by applying them over a three dimensional pose space as described above, but

- applying them over a three dimensional shift space rather than the two dimensions described

above.

Use in heterogeneous reconstruction

10152] The implementations described above are direcied to reconstructing a single 3D
structure from a set of 2D images. The approach taught herein, however, can be equally useful

when reconstructing multiple structure from a set of images. This is known as heterogeneocus

~ reconstruction, or 3D classification. The goal is {o separate images into classes, each with a

corresponding 3D structure, in order to resolve multipie different structures that may have been

simultaneously present in a sample during imaging.
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[0153] The methods of all of the implementations above can be used for heterogeneous
reconstruction by applying them individually to each structure class, and assigning {potentially

using soft weights rather than hard assignment) each image to the classes based on the final

~error E(r,t) for each class. An image will belong with more weight to the classes with lower

elror.

Use for added degrees of freedom (advanced heterogeneity, flexibility)

[0154] Similarly to heterogeneous reconstruction, where an additional degree of freedom is
introduced into the problem in the form of class assignment, the methods of the implementations
described above can be used in more advanced types of heterogeneity like combinatorial

neterogeneity where each image is modeled as a combination of a set of structures, each

 structure having a binary presence variable. The techniques can also be used when attempting

to deal with flexible structures, for instance by parameterizing the flexibility using additional

degrees of freedom.

10155} In these cases, the methods of the implementations can be used directly to compute
a minimum over the new error function E(r, t,v) where v are the extra degrees of freedom

introduced. This can be done by brute force; i.e., by applying the technigues as they are to the

- new error function, fixing v and repeating for different values of v on a grid over the search

space of v. Alternatively the methods of the implementations can be extended by bounding and

subdividing over v as well as r and ¢t.

10156} While the above-described embodiments have been described with respect to
traditional defocus images from transmission eleciron microscopes, they can also be applied to
phase plates for these microscopes without any modification, requiring only that the correct CTF
model be used. The above-described approaches perform well on phase plate data due to the
added power at low frequencies.

10157] Although the invention has been described with reference to certain specific
embodiments, various modifications thereof will be apparent {o those skilled in the art without

departing from the spirit and scope of the invention as outlined in the claims appended hereto.
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CLAIMS

1. A method for image alignment of at least one two-dimensional or three-dimensional
image to a two-dimensional or three-dimensional model, executed on a processing

unit, the method comprising:

determining a lower bound and an upper bound of an acceptable likelthood of

mismatch between the at least one image and the modei;

evaluating a value for the lower bound and the upper bound over a set of poses
(r), shifts (t}, or both poses (r) and shifts {{); and

discarding those evaiuations where the lower bound is greater than the upper

bounda.

2. The method of claim 1, wherein the lower bound Is determined with the images at a

resolution that is less than the maximum resoiution for {he images.

3. The method of claim 1, wherein the determination of the lower bound comprises a

combination of a first component (U(r, t)) and a second component (V(r,t)).

4. The method of ¢claim 3, wherein the first component is the squared error of Fourier
coefficients at or below a selected radius in Fourier space, and the second

component is the squared error of Fourier coefficients above the selected radius.

5. The method of clam 4, wherein the second component comprises a first
subcomponent added to a second subcomponent and subtracted by a third
subcomponent, the first subcomponent 1s the power of ong of the images at high
frequencies, the second subcomponent is the power of an image of a slice of the
three-dimensional modei for one of the poses at high frequencies, the third
subcomponent is the correlation between the power of each of the images at high
frequencies and the power of the image of the slice of the three-dimensional model

for one of the poses at high frequencies.

6. The method of claim 4, wherein the second subcomponent comprises:

; 1 2 1 A9400
Vi = Zuise s CE N1 — 4\/Z|suz>z, -G,

wherein V, is the power of one of the images at high frequencies, subscript |
denotes a wavevector, subscript L denotes the seiected radius in the Fourier space,

C is a contrast transfer function (CTF) of the image-capturing apparatus, and Y is a
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vector representing a projection of the three-dimensional model.

7. The method of claim 4, wherein the second subcomponent is only recomputed if the
CTF of the image-capturing apparatus is different.

8. The method of claim 1, wherein the determination of the upper bound comprises
evaiuating a value for the likelihood of mismatch at a specific pose, specific shift, or
both.

9. The method of claim 1, wherein evaluating the value of the lower bound and the
upper bound is over a set of both poses and shifts, the method further comprising

determining a shift and a pose with favorable image alignment, by:
selecting an initial value for a radius in the Fourier space;

discretizing the set of poses into a discrete grid of candidate poses and the set of

shifts into a discrete grid of candidate shifts;

determining whether a selected accuracy of image alignment has been cbtained,

when false:

determining the lower bound for likelihood of mismatch for each of the
poses on the discrete grid of candidate poses and each of the shifis on the

discrete grid of candidate shifts;
seiecting the pose and shift where the lower bound has a minimum vaiue;

determining the upper bound value, equal {o the value of the likelthood of

mismaich at the selected pose and shift;

for every pose in the discrete grid of candidate poses, determining
whether the minimum value of the lower bound over all candidate shifis is
greater than the value of the upper bound, and discarding the pose from

the discrete gnid in such case;

for every shiit in the discrete grd of candidate shiits, determining whether
the minimum value of the lower bound over all candidate poses is greater
than the value of the upper bound, and discarding the shift from the

discrete grid in such case; and
increasing the radius in the Fourner space; and

otherwise, returning the pose and shift where the lower bound has the minimum
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value.

10. The method of claim 9, wherein the selected accuracy of image alignment is obtained

when the value for the radius in Fourier space is equal to the Nyquist rate.

11. The method of claim 9, wherein the selected accuracy of image alignment is obtained

when a selected number of iterations nave been performed.

12. The method of claim 1, wherein evaluating the value of the lower bound and the
upper bound is over a set of both poses and shifts, the method further comprising

determining a shift and a pose with favorable image alignment, by:

selecting a value for a radius In Fourier space, the selected value for the radius

having an estimated low value relative to the possible values for the radius;

discretizing the set of poses into a discrete grid of candidate poses and the shifts

into a discrete grid of candidate shifts;

determining whether a selected accuracy of image alignment has been obtained,

when false:

determining the lower bound for likelihood of mismatch for each of the
poses on the discrete grid of candidate poses and each of the shifts on the

discrete grid of candidate shiits;
selecting the pose and shift where the lower bound has a minimum value;

determining the upper bound value, equal to the value of the likeithood of

mismatch at the selected pose and shift;

for every pose In the discrete grid of candidate poses, determining
whether the minimum value of the lower bound over aill candidate shifis is
greater than the value of the upper bound, and discarding the pose from

the discrete grid in such case;

for every shift in the discrete grid of candidate shifts, determining whether
the minimum value of the lower bound over all candidate poses is greater
than the value of the upper bound, and discarding the shift from the

discrete grid in such case;

for every remaining pose in the discrete grid of candidate poses, replacing

the pose with a plurality of subdivided grid points representing the

31



13.

14.

15.

16.

17.

18.

CA 03023614 2018-11-08

candidate poses,

for every remaining shift in the discrete grid of candidate shifts, replacing
the shift with a plurality of subdivided grid points representing the

candidate shifts; and
increasing the radws in the Fourier space; and

otherwise, returning the pose and shift where the lower bound has the minimum

value.

The method of claim 12, wherein the at least one image is two-dimensionai and the
model is three-dimensional, wherein replacing the pose with the plurality of
subdivided grid points comprises replacing the pose with eight subdivided grid points,
and wherein replacing the shift with the plurality of subdivided grid points comprises
replacing the shift with four subdivided grid points.

The method of claim 12, wherein the at least one image is two-dimensional and the
model is two-dimensional, wherein replacing the pose with the plurality of subdivided
grid points comprises replacing the pose with two subdivided grid points, and wherein
replacing the shift with the plurality of subdivided grid points comprises replacing the
shift with four subdivided grid points.

The method of claim 12, wherein the at least one image is three-dimensional and the
model is three-dimensional, wherein replacing the pose with the plurality of
subdivided grid points comprises replacing the pose with eight subdivided grid points,
and wherein repiacing the shift with the plurality of subdivided grid points comprises
replacing the shift with eight subdivided grid points.

The method of claim 12, wherein the selected accuracy of image alignment 1S

obtained when the value for the radius in Fourier space is equal {0 the Nyquist rate.

The method of claim 12, wherein the selected accuracy of image alignment IS

obtained when a seiected number of iterations have been performed.

The method of claim 3 further comprising determining a shift (r) and a pose (t) with

favorable image alignment, by:
selecting a value for a radius in Fourier space,

discretizing the set of poses into a discrete grid of candidate poses and the shifts

intc a discrete grid of candidate shifts;
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determining a fixed fraction (f..,) for the upper bound, the fixed fraction being
determined based on, at least, the fraction of poses and shifts that are discarded

on typicai dataset of images;

determining whether a selected accuracy of image alignment has been obtained,

when false:

determining values for the first component for each of the poses and shifts
on the discrete grid of candidate poses and the discrete gnd of shifts,
using only portions of the image below the selected vaiue for the radius In

Fourier space;

determining a reference first component (U™) using the value for the fixed

fraction;

for every pose in the discrete grid of candidate poses, determining
whether the minimum value of the first component over all candidate shifts
is greater than the reference first component and aiscarding the pose from

the discrete grid in such case;

for every shift in the discrete grid of candidate shifts, determining whether
the minimum value of the first component over all candidate poses 18
greater than the reference first component and discarding the shift from

the discrete grid in such case;

for every remaining pose in the discrete grid of candidale poses, replacing
the pose with a plurality of subdivided grid points representing the

candidate poses; and

for every remaining shift in the discrete grid of candidate shifts, replacing
the shiffi with a plurality of subdivided grid poinis representing the

candidate shifts;
increasing the radius in the Fourier space;
otherwise, returning the pose and shift at the lower bound with minimum value.

19. The method of claim 18, wherein determining the reference first component {U”)

comprises determining the reference first component (U*) such that:

{{?‘,f’);U{'?‘,K]EU”’}'

{(rt); U] r,t);:».y*i' "' f keep -
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The method of claim 18, wherein the fixed fraction (fy..,,) is between 3% and 10%.
The method of claim 18, wherein the fixed fraction {fy..,) IS approximately 5%.

The method of claim 18, wherein the at least one image is two-dimensional and the
model is three-dimensional, wherein replacing the pose with the plurality of
subdivided grid points comprises replacing the pose with eight subdivided grid points,
and wherein replacing the shift with the plurality of subdivided grid points comprises

replacing the shift with four subdivided grid points.

The method of claim 18, wherein the at least one image is two-dimensional and the
model 1s two-dimensional, wherein replacing the pose with the plurality of subdivided
grid points comprises replacing the pose with two subdivided grid points, and wherein
replacing the shift with the plurality of subdivided grid points comprises replacing the

shift with four subdivided grid points.

The method of claim 18, wherein the at least one image is three-dimensional and the
model is three-gimensional, wherein replacing the pose with the plurality of
subdivided grid points comprises replacing the pose with eight subdivided grid points,
and wherein replacing the shift with the plurality of subdivided grid points comprises

replacing the shift with eight subdivided grid points.

The method of claim 18, wherein the selected accuracy of image alignment is

obtained when the vaiue for the radius in Fourier space is eqgual to the Nyquist rate.

The method of claim 18, wherein the selected accuracy of image alignment is

obiained when a selected number of iterations have been performed.

A system comprising a processor and & memory, the memory having stored thereon
computer instructions which when executed by the processor cause the processor {0
implement image alignment of at least one two-dimensional or three-dimensional

image to a two-dimensional or three-dimensional model comprising:

determining a lower bound and an upper bound of an acceptable likelihood of

mismaltch between the at least one image and the model;

evaluating a vaiue for the lower bound and the upper bound over a set of poses
(r), shifts (1}, or both poses (r) and shifts (1), and

discarding those evaluations where the lower bound s greater than the upper
bound.
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The system of claim 27, wherein the lower bound is determined with the images at a

resolution that is less than the maximum resoiution for the images.

The system of claim 27, wherein the determination of the iower bound comprises a

combination of a first component (U(r, t)) and a second component (V (r,t)).

The system of claim 29, wherein the first component is the squared error of Fourier
coefficients at or below a selected radius in Fourier space, and the second
component is the squared error of Fourier coefficients above the selected radius.

The system of claim 30, wherein the second component comprises a first
subcomponent added to a second subcomponent and sublracted by a third
subcomponent, the first subcomponent is the power of one of the images at high
frequencies, the second subcomponent is the power of an image of a slice of the
three-dimensional model for one of the poses at high frequencies, the third
subcomponent is the correlation between the power of each of the images at high
frequencies and the power of the image of the slice of the three-dimensional model

for one of the poées at high frequencies.

The system of claim 30, wherein the second subcomponent comprises:

“““ Al it e e

: oy 1 20717 1 3 PN
/= S 3 CEIRE — 4 [Buss 3CERIE

wherein V, is the power of one of the images at high fi"equencies,, subscript {
denotes a wavevector, subscript L denotes the selected radius in the rourier space,
C is a contrast transfer function (CTF) of the image-capturing apparatus, and Yis a

vector representing a projection of the three-dimensional model.

The system of claim 27, wherein the determination of the upper bound comprises
evaluating a value for the likelihood of mismaich at a specific pose, specific shift, or
both.

The system of claim 27, wherein evaluating the value of the lower bound and the
upper bound is over a set of both poses and shifts, the image alignment further

comprising determining a shift and pose with favorable image alignment, by:
selecting an initial value for a radius in the Founer space;
discretizing the set of poses into a discrete grid of candidate poses and the set of

shifts into a discrete grid of candidate shifts;
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determining whether a selected accuracy of image alignment has been obtained,

when false:

determining the lower bound for likelihood of mismaich for each of the
noses on the discrete grid of candidate poses and each of the shifts on the

discrete grid of candidate shifts;
selecting the pose and shift where the lower bound has a minimum value,

determining the upper bound value, equal to the value of the likelihood of

mismaich at the selected pose and shift;

for every pose Iin the discrete grid of candidate poses, determining
whether the minimum value of the lower bound over all candidate shifts Is
greater than the value of the upper bound, and discarding the pose from

the discrete gnid in such case;

for every shift in the discrete grid of candidate shifts, determining whether
the minimum value of the lower bound over all candidate DOSEes 1s greater
than the value of the upper bound, and discarding the shift from the

discrete grid in such case; and
increasing the radius in the Fourier space; and

otherwise, returning the pose and shift where the lower bound has the minimum

value.

35. The system of claim 34, wherein the selected accuracy of image alignment is

obtained when the value for the radius in Fourier space is equal to the Nyquist rate.

36. The system of claim 34, wherein the selected accuracy of image alignment is

obtained when a selected number of iterations have been performed.

37. The system of claim 27, wherein evalualing the value of the lower bound and the
uppéer bound is over a set of boih poses and shifts, the image alignment further

comprising:

selecting a value for a radius In Fourier space, the selected value for the radius

having an estimated low value relative to the possible values for the radius;

discretizing the set of poses into a discrete grid of candidate poses and the shifts

into a discrete grid of candidate shifts;
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determining whether a selected accuracy of image alignment has been obtained,

when false:

determining the lower bound for likelihood of mismatch for each of the
poses on the discrete grid of candidate poses and each of the shifts on the

discrete grid of candidate shifts;
setecting the pose and shift where the lower bound has a minimum value,

determining the upper bound value, equal to the value of the likelihood of

mismalich at the selected pose and shift;

for every pose in the discrete grid of candidate poses, determining
whether the minimum value of the lower bound over all candidate shifts is
greater than the value of the upper bound, and discarding the pose from

the discrete grid in such case;

for every shift in the discrete grid of candidate shifts, determining whether
the minimum value of the lower bound over all candidate poses is greater
than the value of the upper bound, and discarding the shift from the

discrete grid in such case;

for every remaining pose in the discrete gnd of candidate poses, replacing
the pose with a plurality of subdivided grnid points representing the

candidate poses;
for every remaining shift in the discrete grid of candidate shifts, replacing

the shift with a pluralty of subdivided grid points representing the

candidate shifts: and
increasing the radius in the Fourier space; and
otherwise, returning the pose and shift at the lower bound with minimum value.

38. The system of claim 37, wherein the at least one image is two-dimensional and the
model is three-dimensional, wherein replacing the pose with the plurality of
subdivided grid points comprises replacing the pose with eight subdivided grid points,
and wherein replacing the shift with the plurality of subdivided grid points comprises

replacing the shift with four subdivided grid points.

39. The system of claim 37, wherein the at least one image is two-dimensional and the

model is two-dimensional, wherein replacing the pose with the plurality of subdivided
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grid points comprises replacing the pose with two subdivided grid points, and wherein
replacing the shift with the plurality of subdivided grid points comprises replacing the

shift with four subdivided grid points.

The sysiem of claim 37, wherein the at least one image is three-dimensional and the
model is three-gimensional, wherein replacing the pose with the plurality of
subdivided grid points comprises replacing the pose with eight subdivided grid points,
and wherein replacing the shift with the plurality of subdivided grigd points comprises
replacing the shift with eight subdivided grid points.

The system of claim 37, wherein the selected accuracy of image alignment is

obtained when the value for the radius in Fourier space is equal to the Nyquist rate.

42. The system of claim 37, wherein the selected accuracy of image alignment is

43.

obtained when a selected number of iterations have been performed.

The system of claim 27, wherein evaluating the value of the lower bound and the
upper bound Is over a set of both poses and shifts, the image alignment further

comprising:
selecting a value for a radius in Fourier space;

discretizing the set of poses into a discrete grid of candidate poses and the shifts

into a discrete grid of candidate shifts;
determining a fixed fraction (fy..,) for the upper bound, the fixed fraction being

determined based on, at least, the fraction of poses and shifts that are discarded

on typical dataset of images;

determining whether a selected accuracy of image alignment has been obtained,

when false:

determining values for the first component for each of the poses and shifts
on the discrete gnd of candidate poses and the discrete grid of shifts,
using only portions of the image below the selected vaiue for the radius in

Fourier space;

determining a reference first component (U") using the value for the fixed

fraction;

for every pose in the discrete grid of candidate poses, determining
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whether the minimum value of the first component over all candidate shifts
is greater than the reference first component and discarding the pose from

the discrete grid in such case;

for every shift in the discrete grid of candidate shifts, determining whether
the minimum value of the first component over all candidate poses is
greater than the reference first component and discarding the shift from

the discrete grid in such case;

for every remaining pose in the discrete grid of candidate poses, replacing
the pose with a plurality of subdivided grid points representing the

candidate poses; and

for every remaining shift in the discrete grid of candidate shifts, replacing
the shift with a plurality of subdivided grid poinis representing the

candidate shifts:

?

increasing the radius in the Fourier space;

otherwise, returning the pose and shift at the lower bound with minimum value.

44, The system of claim 43, wherein determining the reference first component (U7)

45.

comprises determining the reference first component (U™) such that

(U (r.6)=0")

Hrtpu(r)>u" mf?keep .

The sysiem of claim 43, wherein the at least one image is two-dimensional and the
model is three-dimensional, wherein replacing the pose with the plurality of
subdivided grid points comprises replacing the pose with eight subdivided grig points,
and wherein replacing the shift with the plurality of subdivided grid points comprises

replacing the shift with four subdivided grid points.

46. The system of claim 43, wherein the at least one image is two-dimensional and the

model is two-dimensional, wherein replacing the pose with the plurality of subdivided
grid points comprises replacing the pose with two subdivided grid points, and wherein
replacing the shift with the plurality of subdivided grid points comprises replacing the
shift with four subdivided grid points.

47. The system of claim 43, wherein the at least cne image is three-dimensional and the

model s three-dimensional, wherein replacing the pose with the plurality of
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subdivided grid points comprises replacing the pose with eight subdivided grid points,
and wherein replacing the shift with the plurality of subdivided grid points comprises
replacing the shift with eight subdivided grid points.

48. The system of claim 43, wherein the selected accuracy of image alignment is

obtained when the vaiue for the radius in Fourier space is egual to the Nyquist rate.

49. The system of claim 43, wherein the selected accuracy of image alignment is

obtained when a selected number of iterations have been performed.
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