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SYSTEM AND METHODS FOR THE COMPUTATION OF THE FORWARD AND
INVERSE DISCRETE PERIODIC RADON TRANSFORM ON GPUs AND CPUs

CROSS-REFERENCE TO RELATED APPLICATIONS
This application claims the benefit of US. Provisional Application No.

B52/268,492 filed on December 16, 2015, incorporated by reference in iis entirety.

STATEMENT FEDERALLY SPONSORED RESEARCH OR DEVELOPMENT
This invention was made with government support under CNS-1422031
awarded by National Science Foundation. The government has certain rights in the

invention.

FIELD OF THE INVENTION

The invention relates generally 10 image processing. More specifically, the
invention relates to the fast computation of the Discrete Periodic Radon Transform
(DPRT) and its inverse on multi-core CPUs and GPUs.

The following patents and patent applications are incorporated by reference:
U.S. Patent Application 14/069,822 filed November 1, 2013, now U8, Patent
9,111,059; U.S. Patent Application 14/791,627 filed July 6, 2015; and international
FPatent Application PCT/US14/70371 filed December 15, 2014, now U.S. Patent

Application 15/103,877.

BACKGROUND OF THE INVENTION
Graphics Processing Units (GPUs) have been established as important
alternatives to general purpose microprocessors for performing large/complex

computations. Real-time image processing applications can significantly benefit from
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the hardware resources available on GPUs. Similarly, real-time image processing
applications can also benefit from the emergence of multi-core CPUs. A CPU
consists of a few cores oplimized for sequential serial processing while a GPU
consists of thousands of smaller, more efficient cores designed for handling multiple
tasks simultaneously. For example, GPUs are designed to perform functions such as
texiure mapping, image rotation, transiation, shading, etc.

The Discrete Radon Transform (DRT) is an essential component of a wide
range of applications in image processing. Applications of the DRT include the
classic application of reconstructing objects from projections such as in computed
tomography, radar imaging and magnetic resonance imaging. More recentily, the
DRT has alsc been applied in image denocising, image restoration, texture analysis,
line detection in images, compressive sensing and encryption.

A popular method for computing the DRT, or its inverse, involves the use of
the Fast Fourier Transform (FFT), with the inherent approximation/rounding errors
and increased hardware complexity dus to the need for floating point arithmetic
impiementations. Fioating point units require significantly larger amounts of hardware
resources than fixed point implementations.

An alternative implementation of the DRT is through the use of the DPRT.
The DPRT has been extensively used in applications that involve image
reconstructions from projections. Beyond classic applications, the DPRT can also be
used to compute fast convolutions that avoid the use of floating-point arithmetic.
Unfortunately, the use of the DPRT has been limited by the need to compute a large
number of additions and the need for a large number of memory accesses.

Similar to the continuous-space Raden Transform, the DPRT satisfies discrete

and periodic versions of the Fourier slice theorem and the convolution property.
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Thus, the DPRT can lead to efficient, fixed-point arithmetic methods for computing
circular and linear convolutions. The discrete version of the Fourier slice theorem
provides a method for computing 2-D Discrete Fourier Transforms based on the
DPRT and a minimal number of 1-D FFTs.

There is a demand for DPRT algorithms that are both fast and scalable. More
specifically, there is a demand for efficient algorithms for computing the DPRT and
inverse DPRT on widely available hardware platforms, for example, a CPU (central
processing unit) and GPU (graphics processing unif). The invention satisfies this

demand.

SUMMARY OF THE INVENTION

The invention provides scalable and fast frameworks for computing the
forward and inverse DPRT using GPUs and multi-core CPUs. Scalability on the
GPUs is a function of the number of mulli-processors (MIMD)} and their associated
cores (SIMD). For the CPUs, scalability is a funclion of the number of cores (MIMD).

As further detailed and described in International Patent Application
PCT/US14/70371 filed December 15, 2014, now U.S. Patent Application 15/103,877,
a set of parallel algorithms and associated scalable architectures compute the
forward and inverse DPRT of an N x N image that allows effective implementations
based on different constraints on running time and resources. In terms of resources
and running time, the scalable framework provides optimal configurations in the
muiti-objective sense. In terms of performance, the fasiest architeciure computes the
DPRT in linear time {with respect to N). The architecture and methods are direclted
to forward and inverse DPRT and in particular, a scalable and fast Discrete Periodic

Radon Transform ("SFDPRT"), an inverse scalable and fast Discrete Periodic Radon
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Transform (SFDPRT?), fast Discrete Periodic Radon Transform ('FDPRT?, and
inverse fast Discrete Periodic Radon Transform ({FDPRT™.

One advantage of the invention is directed to parallel implementations of the
DPRT and iDPRT on multi-core CPUs.  The invention provides FastDirDPRT
directed o the parallel computation of the DPRT and FastDirinvDPRT directed o
the paraliel compuiation of the inverse DPRT, both limited number of cores available
in a multi-core CPU. The parallel implementations distribute processing of the prime
directions among all the logical cores available. More particularly, the set of primary
directions are pariitioned into seqguential subsets with each subset on each available
core computed independently. For maximum speed-up, the set of prime directions is
partitioned among the logical cores. Compared {o a serial (single-core) or sequential
impiementations, the invention achieves a tenfold speedup with 16 iogical cores (8
hardware cores).

Ancther advaniage is directed {0 parallel and memory efficient DPRT and
IDPRT implementations on GPUs. For GPU implementations, there is a strong need
to develop methods that support parallelism on a large number of cores with
significantly reduced memory requirements. To achieve a significantly higher level of
parallelism, the invention provides FastRayDPRT and FastRuylnvDPRT that
compute esach DPRT element Rim]{d] and reconstruct sach image pixel imglill/]
independently. Implementing in parallel the computation of the DPRT and iDPRT on
a GPU comprises the steps of distributing the computation of prime directions among
the multiprocessors (MP) and further distributing to available cores within each MP
one or more rays associated with each prime direction. The term “ray” refers {o one
of the sums required for computing the DPRT or ifs inverse along a prime direction.

Furthermore, parallel threads can be synchronized so that each thread always reads
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the same row of pixels at the same time. Row-major ordering is enforced for read
and wrile operations. By synchronizing the threads within each direclion, memory
requirements are significantly reduced 1o a single row of pixels. In addition, one or
more optimizations may be applied such as pixel width, optimal concurrency of
warps, fast address calculation and modulo operation masking. Compared {o a
serial (single-core} or sequential implementations, the invention achieves speedups
in the range of 600 to 870 which approximates the estimated ideal speedup of 860
{based on the number of cores and frequency of operation).

in particular, the invention provides a method for computing a forward
Discrete Periodic Radon Transform (DPRT) using a mulli-core CPU. An input image
is received and a set of prime directions partitioned inio sets of threads with each
thread comprising consecutive prime directions. Each partitioned set of threads is
assigned to different logical cores of the multi-core CPU. Each logical core executes
the assigned partitioned set of threads 1o compute a DPRT along prime directions for
each Ingical core. The DPRTs compuied by each logical core are summed and
outputted.

With respect to computing an Inverse Discrete Periodic Radon Transform
(IDPRT) using a muiti-core CPU, a DPRT prime size parameter received and a set of
prime directions partitioned into seis of threads with each thread comprising
consecutive prime directions. A tolal sum of the inverse DPRT is computed and
gach partitioned set of threads is assigned to different logical cores of the multi-core
CPU. Each logical core executes the assigned partitioned set of threads to compute
an inverse DPRT for each logical core. The final image is reconstructed using each
inverse DPRT computed by sach logical core and the iotal sum of the inverse DPRT

to output a final image.
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Additionally, the invention provides a method for computing a forward Discrete
Pericdic Radon Transform (DPRT) using a GPU by receiving an input image and
partitioning a set of prime directions into sets of threads with each thread comprising
consecutive prime directions. Each set of threads is partitioned to different
multiprocessors of the GPU, wherein each partitioned thread is a computation of a
set of rays. Each multiprocessor executes in parallel the assigned partitioned set of
threads o compute a DPRT along each ray for each mulliprocessor, wherein rays
that access the same row of pixels are synchronized. The DPRT computed by each
muiiiprocessor is sunimed and output.

The invention also is directed fo a method for computing an Inverse Discrete
Pericdic Radon Transform {(DPRT) using a GPU by receiving & DPFRT size
parameter and a DPRT. Prime directions are partitioned into sets of threads with
each thread comprising consecutive prime directions. A iotal sum of the inverse
DPRT is computed. Each partitioned set of threads is assigned io different
multiprocessors of GPU, wherein each partitioned thread is a computation of a set of
rays. Each mulliprocessor execules in paraliel the assigned partitioned set of
threads to compute an inverse DFRT along each ray for each multiprocessor,
wherein rays that access the same row of pixels are synchronized. A final image is
reconstructed using each inverse DPRT computed by each microprocessor and the
total sum of the inverse DPRT. The final image is then output.

The invention and iis attributes and advantages may be further understood
and appreciated with reference to the detalled description below of one

cortemplated embodiment, taken in conjunction with the accompanying drawings.
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DESCRIPTION OF THE DRAWING

The accompanying drawings, which are incorporated in and constitute a part
of this specification, illustrate an implementation of the invention and, together with
the description, serve {o explain the advantages and principles of the invention:

FIG. 1 illustrates a block diagram of an architecture for parallel processing
using a CPU and a GPU according to the invention.

FIG. 2 illustrates the multi-core CPU algorithm for computing the DPRT
according o the invention.

FiG. 3 Hlustrates the multi-core CPU algorithm for computing the inverse
DPRT according to the invention.

FIG. 4 illustrates row-major memory accesses for synchronized, paraliel
thread execution for ray computations according o the invention.

FIG. 5 illustrates the algorithm for FastRayDPRT according o the invention.

FiG. 6 ilustrates the algorithm for FastRaylnvDPRT according to the
invention.

FIG. 7 illusirates the algorithm for the kernel for each core on the GPU that
supporis thread-level parallelism according to the invention.

FIG. 8 illustrates the algorithm for the kemel for each core on the GPU that
computes one ray of the inverse DPRT according 10 the invention.

FIG. 9 illustrates a chart of performance and resource comparisons according
to the invention.

FIG. 10 illustrates a chart of specific numbers for spesdups and running times
for several image sizes according to the invention.

FIG. 11 illustrates a chart of maximum image sizes that achieve real-time

video implementations according to the invention.
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DETAILED DESCRIPTION OF THE INVENTION
The invention is directed to fast and a scalable architectures and methods
adaptable to available resources, that (1) computes DPRT on multicore CPUs by
distributing the computation of the DPRT primary direction among the different cores,
5 and (2) computes DPRT on GPUs using parallel, distributed, and synchronized ray
computations among the GPU cores with “ray” referring to one of the sums required
for computing the DPRT or its inverse along a prime direction.
The invention provides the following basic notation. Let f dencte an image of
NxN rows with Nis a prime number. It is essential that N is prime o allow the
10 computation of the forward and inverse DPRT using just N + 1 prime directions as
well as providing for a well-defined inverse DPRT. However, an arbifrarily sized
image can be zero-padded to a prime number.

The DPRT of f is defined as:

RS m=N, Equation (1)

Rim,d) =45 )
o) { Ml FGAd +midy), 0<m<N. Equation (2)

15  where R is the radon space of the DPRT m = 0,1,..,N indexes a prime direction,
d is the first pixel offset, and ¢ )y is a positive remainder when integer division by N

is performed.

To compute the inverse DPRT, the total sum is computed as foliows:
NED Y i i ()
20 = 34=N-1 p(m,d) forany m
=Taz6 TR0, d) Equation (3)
Using the above [ is reconstructed from its DPRT using:

fEN) = (ENHF (. —midy) =S+ R(N,0)]  Equation (4)
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FIG. 1 illustrates a block diagram of an architecture for parallel processing
using a CPU and a GPU according fo the invention. Computations in the host
system are performed by a multicore CPU. To draw a distinction between logical and
hardware cores associated with the CPU, let M. refer to the number of actual
hardware cores. An actual hardware core can be provided with special hardware
support to execute multiple threads concurrently. The number of logical cores is
given by M, and refers to the product of the actual number of hardware cores with
the number of supported, possible threads per core. As an example, for an 8-core
intel CPU that can concurrently execute two threads per core provides M, = 8
hardware cores and a total of M, = 2M, = 16 logical cores.

Execution is performed on the M, hardware cores following a MIMD modsl
Due io the hardware support for parallel execution of mulliple threads on each
hardware core, from the programming perspective, parallel threads are programmed
for the logical cores. Each core can perform fixed-point or floating-point operations in
a single clock cycie and is supported by the memory hierarchy (L1, L2, and L3
cache). In terms of speed, relatively fast access to L1 and L2 is assumed, and
substantially slower access to L3.

As shown in FIG. 1, a graphics processing unit (GPU) is connected to the
CPU via the peripheral interconnect bus (PCl). The GPU consists of
Mp Multiprocessors (MP), that share a common Cache that is also connected to
device memory. Inside each mulliprocessor, N, processors (cores) are assumed,
each with its cwn set of registers. Thus, there is a total of M, -Np cores. Within each
multiprocessor, all of the cores share a local Fast SRAM. Each multiprocessor has
an instruction unit that can dispatch the same instruction for parallel execution by ali

of the N, cores.
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Programming the GPU requires special atiention to the latencies associated
with memory /0. Within each core, register operations require a single clock cycle.
Within each multiprocessor, access to the fast SRAM or cache L1 requires a few
clock cycles (shown as Ts in FIG. 1), Quiside the mulliprocessor, cache L2 memory
access requires tens of clock cycies (shown as T, in FIG. 1). A cache miss requires
access to the device memory that can cost hundreds of clock cycles (shown as Ty, in
FiG. 1). Thus, for fast implementations, the goal is to load and operate on the data in
the fast SRAM and/or the cache L1.

For programming the GPU, the Single instruction Multiple Threads (SIMT)
model is adopted. Within a multiprocessor, each core has access 0 a shared
memory (fast SRAM). On the other hand, there is only one program memory from
which a special contrel processor feiches and dispalches instructions. For each step,
each core obtains from the control processor the same instruction and loads a
separate data element through its private data access on which the insiruction is
performed. Thus, the instruction is synchronously applied in parallel by all cores {o
different data elements.

The computation of the DPRT and Hs inverse using primary directions on
multi-core CPUs is now discussed. The number of cores in multi-core CPUs tends to
be relatively small compared o the number of primary directions. As a result, the
computation of several directions are assigned to s=ach logical core. More
specifically, for multi-core CPUs each thread is assigned with the compuiation of a
set of prime directions of the DPRT or the inverse DPRT. For the DPRT, a single
direction is associated with the computation of R(m,d) using Equation (1) or
Equation (2) for DPRT of f provided above with a fixed value of m (all ). Similarly,

for the inverse DPRT, a single direction is associated with the computation of f(i, )

10
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using Equation (4) above for reconstructing £ from s DPRT with a fixed value of {
(all j).

Each thread is distributed to each logical core. For the DPRT, P =
N+ 1y/M ] or P — 1 directions are assigned per logical core with ext = P -
M; -~ N representing the extra directions that are not needed. Then, P —
1 directions are assigned to M, — 1 logical cores and the remaining logical core gets
assigned {o execuie the remaining directions. Similarly, for the inverse DPRT, the N
directions are divided up using P = [N/M,|.

The multi-core CPU algorithms for computing the DPRT and the inverse
DPRT are shown in FIG. 2 and FIG. 3, respectively. More specifically, the algorithm
for FastDirDPRT is given in FIG. 2. The threads are assigned as described above.

For each thread, there is a call to DPRT_CPU_Core () to compute Equations (1)-(2) for
each direction that belongs in the corresponding thread set Dirns;. Similarly,
FastinvDirDPRT calls iDPRT_DPRT Core (3 to compute Equation {(4) for each
direction in its corresponding thread set Dirns;. (see FIG. 3).

In terms of computational complexily, it needs to be determined how long it
takes for the slowest thread to complete. The nested loops given in lines 8-12 of FIG.

For FastDirDPRT, nested loops are given in lines 6-12. 15-23 of FIG. 2. Since the
largest number of directions in Dirns; is P, the computational complexity is 0(P -

N2y, Similarly, for FastinvDirDPRT, nested for-loops in lines 6-14 of FIG. 3 give a
computational complexity of O(P - N?).

Turning to the GPU, parallel algorithms are provided for computing the
forward and inverse DPRT. Unlike multi-core CPUs, GPUs coffer a large number of

AN

cores. in fact, the number of GPU cores (M, - Np) is often in the order of N, the

11
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number of columns (or rows) in the image. As discussed above, for fast memory /0,
the goal is to process the image data using Fast SRAM/Cache L1 associated with
gach multiprocessor (see FIG. 1). Unfortunately, Fast SRAM/Cache L1 memory may
be limited leaving the big challenge in developing effective algorithms for GPUs that
increase the level of parallelism while maintaining low requirements on the required
amount of memory.

To increase the level of parallelism, each thread is assigned with the
computation of a single ray of the DPRT or the inverse DPRT. Ray computation is
defined as the compuiation of R{m, d) using Equation (1) and Eqguation (2) for fixed
values of m and d. Similarly, for the inverse DPRT, ray computation is defined as the
computation of f{i, /) using Equation (4) for fixed values of { and j. Furthermore, as
for the case for multi-core CPUs, each muitiprocessor is associated with the
computation of a set of prime directions.

Next, we discuss some basic concepis with respect to parailel ray
computations on many cores. A simple example of N = 7 is used o introduce the
most important concepts. For computing the DPRT, 8 prime directions are given by

m = {,1,2,...,7. The simplest case comes fromm = O
R(0,d) =30 f(dj), d=0,1,..,7 Equation (5)

Now, to compute R(0,d) by launching a parallel thread for each value of d
(each ray). Similarly, for more complex directions, we still have that the threads are
accessing a single row. To see this, consider the computation of R(1,d) using 7

paraliel threads to compute the 7 rays given by:

m =1, th0: R(L0) :Z,‘f{i,< 0+i>)
i=0

12
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&
m =1, thi: R(L1) zzf(i,<1+i>7)

=0

&
m =1, thé: R(L6) me{i, <641 >)
=0

Here, note thal each thread accesses a different column, but all of them
access the same row when computing the i-th element of their corresponding ray.
Thus, if f is stored in row-major format {as concatenated rows), each thread would
access memory using a constant stride and if the threads are synchronized (all
threads process the same i-th element of their corresponding ray) all threads access
the same row memory as can be seen in FIG. 4B.

FIG. 4 illustrates row-major memory accesses for synchronized, paraliel
thread execution for ray computations according to the invention. The input image is
assumed o be of size 7x7. For each slep, a bold square highlights the pixel being
accessed. For each thread, distinct grayscale shade is used o identify the pixels that
need to be accessed. Row by row access for m = 0 by 7 parallel threads is shown
in FIG. 44, Initially, all threads are accessing the top row (left image). The middle
image shows memory access for i = 1. The right image shows memory access for
the last row. FIG. 4B shows row by row access for m = 1 by 7 paraliel threads. After
accessing the top row (left image), execution proceeds to the second row (middie
image). The last row is accessed for the final computations.

Assuming f is stored in row-major format in img, as shown in FIG. 4B, the
parallel thread begins with accessing:

the « imgl0]{0], tht ¢ img[0]{1]....,tho : img[0]i6], Equation (6}

which represents the first row of pixels. Then, for{ = 1, the following is required:

13
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thl img[1{1], ..., th5 - img[1][6], th6  img[1}0], Egquation (7}
where the last thread represenis a wrap-around. It is important to note that the wrap-
around forces the threads to stay on the same row when computing the i-th element.
There is a potential for a cache-miss when accessing the data, especially for large
imagses.

First, since all the threads are accessing the same row and the data is in the
same neighborhood, one cache miss will force the felching of that data for all of the
paraliel threads. Second, if a cache-miss does occur, thread execution stalls. In such
a case, the scheduler initiates execution of the next set of threads while the data of
the previous set is being accessed. In row-major format, there is regularity in such
MEeMmory accesses.

More generally, for any direction m salisfying 0 < m < N, for each i,
img [i}{{0 + mi}y] is required which accesses all of the elements in the row since N
is prime. In fact, for any two consecutive directions, img [i}[{0 + mi)y]is simply a
circularly-shifted version img [iJ{0 + (m + 1)i)y] {(compare Equation (8) and
Equation {7)).

Thus, row-by-row access is followed within any single direction, for 0 <
m < N. As long as the image is stored row-by-row in the Fast SRAM/Cache L1,
there will not be a cache-miss. Since the entire row is needed, even if a cache-miss
occurs, the result will be the fetching of a row-block that supports the needs of future
threads in the same direction. For much smaller images, there will be no issue
because the computation of the first direction will result in bringing the entire image
in the Fast SRAM/Cache L1, and the rest of the directions will simply find it there.

The main components of the FastRayDPRT and FastRaylnvDPRT include fop

level partition of the prime directions, launching of parallel threads for each MP and

14
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synchronize the threads.

FIG. 5 illustrates the algorithm for FastRavDPRT and FIG. © illustrates the
algorithm for FastRavinvDPRT. The top level partition of the prime direction is
shown at line 1 of FIG. 5 and line 1 in FIG. 6: N + 1 directions are subdivided among
the M, MP's (with M, = M, }. This approach balances the processing load among the
MPs.

As shown by line 2 in FIG. 5 and line 3 in FIG. 6, each MP launches in parallel
the full amount of threads 1o process the whole set of assigned directions. Thus, if
the number of directions assigned o the i-th MP is [, then the total number of
threads launched is ¥ - P, Then, the number of threads assigned o sach MP is
maximized, allowing room for the scheduler {0 swiich between threads when a stall
oCCurs.

For synchronized threads, for 0 < m < N, the synchronized rays access the
same row of pixels (e.g., see FiG. 4). For the FastRayDPRT described in FIG. 5,
execution of the if-statement can break synchronicity Afler the if-statement,
synchronization is restored by including a special statement in line 13 as shown in
FIG. 7. More specifically, FIG. 7 illustrates the algorithm for the kernel for each core
on the GPU that supports thread-level paralielism according to the invention.

On the other hand, synchronized execution for FastRaylnvDPRT does not
require any special freatment (see FIG. 8). This rule along with the row-major format
for siorage minimizes dramailically the number of stalls in the processing. i.e., access
to FastSRAM or Cache L1 dominates the parallel processing. More specifically, FIG.
8 illustrates the algorithm for the kernel for each core on the GPU that computes one
ray of the inverse DPRT according {0 the invention.

Then, for each prime direction, within each mulliprocessor, Ny, rays are
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processed in parallel until the completion of computations for all of the ¥ rays. Then,
the next prime direction is processed and so on until ali of the prime directions are
computed associated with Thr, for the p-th multiprocessor. After a core computes
one ray, the result is directly stored in the device memory (see FIG. 1), There is no
need to hold the results in the fast SRAM because there is no further use of that
resull and there is no chance of concurrent writes. During the process, the image
Flil] is assumed {o be on the device memory and the resuli is stored in the same
Memory.

The computation of the inverse DPRT is slightly different. First, the inverse
DPFRT only requires N prime directions (the horizontal one is not needed). Second,
the final ocutput per ray needs iwo additional additions and one division {ine 11 in
FIG. 8).

With the inpul image represented using B8 bits per pixel, exact additions
require B + [log,N|for the DPRT ocuiputs (for computing R{ml{d]} due to the
additions associated with each ray. Similarly, prior to the division (see line 11 in FIG.
8}, Rml}{d] requires b + 2lliog, N{ bits. Clearly, after the division, the reconstructed
image only nesads B bits for perfect reconstruction (as for the input}. Thus, for 8-bit
input images, 32-bit arithmetic (fixed point) will produce perfect reconstruction for
images upto N < 21?2 = 4096,

Now discussed arg the performance bounds for FastRayvDPRT and
FastRayinvDPRT, specifically the requirements on the number of processors for
achieving different levels of performance. Noting that the DPRT computation
requires the computation of sums along (N + 1) - N rays, the number of rays is
reduced to N° for the inverse DPRT. Discussing the regquirements for the DPRT,

the exiension of the results to the inverse DPRT is straight-forward.
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Let p be the number of processors. For GPU implementations, p = Mp - Np
where M, denotes the number of mulliprocessors and N, denotes the number of
cores per multiprocessor. Each processor is assigned to compute [(NV 4+ 1N /p] rays
and possibly 1 less for some cores. Based on the basic model of computing a single
ray per thread presenied above, the following can be achieved: (1) linear execution
time O(N), (2) quadratic execution time O(N?), and (3) cubic execution time O(N®).

To support a wide range of comparisons, the algerithms were implementad for
170 prime sizes that ranged from & x § to 1021 x 1021. For the GPU
implementation, resulis are provided for video images of 1471x1471, which
represents the largest image size for which real-time video can be processed at 30
frames per second. In each case, the inpul image is built using random, 8-bit
infegers. As a resull, exact arithmetic was possible which allowed the inverse DPRT
to perfectly reconstruct [ from R (its BFRT) using 32-bit fixed point arithmetic.

The implementation of FastDirDPRT and FastDirinvDPRT on the CPU (for
example Xeon E5-2630) used 16 parallel threads that correspond to 8 physical cores
with special support for running 2 threads in paraliel. Each physical core has its own
dedicated L1 and L2 caches. Collectively, all physical cores shared the L3 cache and
an off-chip sysitem memory. For parallel processing, both algorithms are
implemented using POSIX threads (also called Pthreads) that were programmed in
C. The image {or DPRT) is lcaded in system memory and thus made available 1o
each thread. The implementation used concurrent reads and no concurrent writes,

FastRayDPRT and FastRavinvDPRT on the GPRU (for example, Maxwell
architecture (GM204) provide efficient implementations despite the limited amount of
fast memory. Current GPUs provide limited amounts of fast SRAM. However, for

the ray-based algorithms (FastRayDPRT and FastRaylnwDPRT), only requires
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storing the current row in the FastRam or the L1 cache. Thus, the FastRam of 48K
allows running much larger images (N = 12K}, or N = 6K using the L1 cache. On
the other hand, as discussed above, for exact DPRT computations, the maximum
image size is restricted o 4003x4083. Furthermore, real-lime performance of 30
frames per second can be maintained for images of size 1471 x 1471,

The implementations also benefited from efficient memory VO, First,
sequential memory accesses are supported by memory transfers of 128 bytes that
brought into the cache 32 pixels (4 bytes each) that could be used by the 32 threads
in the current or later warps. Second, within each mulliprocessor, 32 cores could
perform block writes using row-major ordering with no conflicts {(no concurrent
writes). Third, the L1 cache provided is used by the GPU by compiling the code.
These compile-time options force all reads o be cached provided that the input is in
read-only mode, as is the case for the input image (or DPRT for inverse DPFRT
computation). Additionally, using cache L1 leverages the additional coding needed {0
use the Fast SRAM and provides the same performance.

The implementations were also optimized for warps. First, the prime directions
were partitioned into the 16 multiprocessor seis by the scheduler by using proper
thread enumeration, sequential launching, and distribution of the threads (in blocks)
fo execution capacity. Then, each mulliprocessor further partitioned the blocks inio
warps. Each warp supported the parallel execution of 32 threads. Within each warp,
there were no bank conflicts between the threads because FastRayDPRT and
FastRavinvDPRT required different addresses as described above. When a warp
stalled (e.g., reguiring device memory access), the warp scheduler swiiched to
ancther warp that was ready to execute. Thus, delays due to memory stalls are

minimized. Furthermore, by launching all threads at the beginning, additional delays
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are avoided due to the large number of warps that are ready for execution. As a
result, each multiprocessor is always occupied with the execution of the maximum
(up to 32) number of blocks. Furthermore, the modulo operations were executed in
paraliel during a memory accesses s¢ as 1o minimize thelr impact on the main kemnel
foop.

For the following discussion, it should be noted that p = 2048 (fotal number of
cores), fory = 1387 MHz, and fopy = 3.2 GHz, with 8 hardware cores and 16 logical
cores in the CPU. Additionally, the proposed algorithms are compared against FPGA

implementations that process H = 2 rows in parallel at a clock frequency of fox =

100MHz.

Turning first to the analysis of the performance achieved by the FastDirDPRT,
specific numbers for spesdups and running times for several image sizes in FIG. 10,
As can be seen from FIG. 10, the maximum speedup is 12.83 for FastDirDPRT and
12.53 for FastDirInvDPRT for images of sizes 701 « 701,

FIG. 9 Hlustrates a chart of performance and resource comparisons between
FastDirDPRT, FastDirInvDPRT, FastRayDPRT, FastRayinvDPRT, FastScaleDPRT
and FastScalemvDPRT. In particular, the algorithms were implemented for 170
prime number cases that ranged from 5 x 5 0 1021 x 1021. In each cass, the input
image was built using random, 8-bit integers with exact computations using 32-bit
fixed-point arithmetic. More specifically, FIG. 9A ilustrates comparative running times
for the DPRT, FIG. 9B illustrates comparative running times for the inverse DPRT,
FiG. 9C illustrates speedup comparisons for the DPRT, and FIG. 9D illustrates
speedup comparisons for the inverse DPRT.

From FIG. 8C it can be shown that the mulli-core FastDirDPRT begins to

improve over the single-core FastDirDPRT for N > 47. For N = 47 {o N = 137, there
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is a roughly constant speedup increase to 10. There is a constant speedup around
1C for all measurements, until the maximum value of N = 1021, Since 10 > 8, the
speedup of the multi-core FastDirDPRT implementation exceeds the number of
hardware cores. This speedup is achieved due to the hyper-threading used in the
5 multi-core implementation. Overall, a 10x speedup (up to 12.83%) demonstrates that
the FastDirDPRT approximates very well what is possible with the number of cores

(8 hardware and 16 logical cores).
FIG. 10 and FIG. 9 provide the results of the performance analysis and frends
for the GPU implementation of FastRavDPRT and FastRavinvDPRT. As described
10 above, for very small N (N < 47),p = 2048 > 44-43 = 1892 (43 is the next
prime iess than 47), which implies that there are more GPU cores than rays to
compute. As a resull, as a function of N, the execution time is linear and the effective
speedup is bounded above by (fepy/fopy) "N (N + 1) = 042 - N - (N + 1) for
the DPRT and 0,420 for the inverse DPRT. For N = 47, all of the GPU cores are
1§  assigned at-least one or more rays to compute. Then, the ideal upper bound on the
speed-up becomes (fsy/fepy) - v which gives 8680, For N > 167, speedup is
around 600 ~ 870 that indicates that FastRayDPRT scales very well. Here, it is noted
that for N > 79, the local cache of 24K cannct hold the entire image in fast SRAM.
Thus, for ¥ > 79, there is a need io access slower memory. Access o slower
20 memory is handled very efficiently as described above. From FIG. 8, the GPU
impiementations achieved the maximum speedups (853 for FastRayDPRT and 873
for FastRaylnvDPRT) for the iargest image size of 1021 x 1021, Overall, both the
FastRavDPRT and FastRayinvDPRT implementations approximate ideal spesdups

for a wide range of image sizes.

25 The performance of the GPU implementations also approximates highly-
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gfficient FPGA implementations using H N = 2N parallel cores. it is noted that
certain FPGA implementations avoid all /O issues by moving entire rows or columns
in a single clock cycle. Furthermore, all FPGA computations are also completed in a
single clock cycle (at a much lower clock frequency). As provided by the resuits,
fast GPU implementations of the FastRayDPRT and FastRaylnvDRPT can be
achieved without requiring custom-built hardware architectures.

With respect io real-time video processing applications, maximum image
sizes for which the DPRT can be computed at 30 frames per second as shown in
FiIG. 11, Smaller image sizes to allow for additional processing time are also
considered. As an example, real-time video processing of 10211021 videos at 30
fos using the FastRayDPRT and the FastRayinvDPRT requires a total of 22ms per
frame and allows 11ms per frame for additional computations.

The invention provides new, parallel algorithms for computing the DPRT and
its inverse on multi-core CPUs and GPUs. As provided above, the invention can
differentiate between muiti-core CPUs with a limited number of cores and access {o
reasonable memory resources as opposed fo GPUs that exhibit a much larger
number of cores with access to limited memory. For muiti-core CPUs, FastDirDPRT
and FastDirinvDPRT distribute the computation of the prime directions of the DPRT
and its inverse using parallel threads over the logical cores. For GPUs,
FastRayDPRT and FastRavinvDPRT minimize memory requirements to a single row
of pixels and efficiently handie memory {0 compute the DPRT and its inverse using a
large number of paralie! threads that are distributed over the many cores.

The described embodiments are 1o be considered in all respects only as
Hlustrative and not restrictive, and the scope of the invention is not limited to the

foregoing description. Those of skill in the art may recognize changes, substitutions,
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adaptations and other medifications thal may nonstheless come within the scope of

the invention and range of the invention.
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CLAIMS
1. A meihod for implementing in parallel the computation of Discrefe Periodic

Radon Transform (DPRT) and Inverse Discrete Pericdic Radon Transform (iDPRT)
on a mulli-core CPU comprising the step of distributing processing of prime

directions among all available logical cores.

2. A method for implementing in parallel the compulation of Discrele Periodic
Radon Transform (DPRT) and Inverse Discrete Periodic Radon Transform (iDPRT)
on a GPU comprising the steps of.

distributing the computation of prime directions among the mulliprocessors
{(MP) and further distributing o available cores within each MP one or more rays

associated with each prime direction.

3. The method according te claim 2 further comprising the steps of.
synchronizing parallel threads so that each thread always reads the same row
of pixels at the same {ime;
enforcing row-major ordering for read and write operations; and
applying one or more optimizations comprising pixel width, optimal

concurrency of warps, fast address calculation and modulo operation masking.

FastDirDPRT

4. A method for computing a forward Discrete Periodic Radon Transform (DPFRT)
using a multi-core CPU comprising the steps of:

receiving an input image f of size NxN, where N is prime;

partitioning a set of N + 1 prime directions into sets of threads with each
thread comprising consecutive prime directions;

assigning each partitioned sst of threads to different logical cores of the multi-
core CPU;

executing by each logical core the assigned partitioned set of threads to
compute a DPRT along prime directions for each logical core;

summing the DPRT computed by each Ingical core; and
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outputting the summed DPRT.

5. The method according o claim 4, wherein the DPRT is:
N1

f{d. m =N,
— j=0
R(mﬂ d) - N-1
Z FOAd +midy), 0<m<N.
{=0
where R is the radon space of the DPRT, m = 0, 1,..,N indexes a prime direction,
d is the first pixel offset, and (- ), is a positive remainder when integer division by N

is performed.

FastDirinpDPRT

&. A method for computing an Inverse Discrete Pericdic Radon Transform
(IDPRT) using a multi-core CPU comprising the steps of:

receiving & DPRT prime size parameter N and a DPRT of size (N + 1)xA;

partitioning a set of N prime directions info seis of threads with each thread
comprising consecutive prime directions;

computing a total sum of the inverse DPRT,

assigning each partitioned set of threads to different logical cores of the multi-
core CPU;

executing by each logical core the assigned partitioned set of threads {o
compute an inverse DPRT for each logical core;

reconstructing a final image using each inverse DPRT computed by each
logical core and the total sum of the inverse DFPRT, and

oufputting the final image.

7. The method according to claim 6, whersein the inverse DPRT is:

N1
1
)= Z R(m, (j —midy) — S + R(N, 1)
=0

where f{i,/) is the inverse inpul image, R is the radon space of the DPRT, m =

0,1,.., N indexes a prime direction, (-} is a positive remainder after integer division
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by N is performed, and § = ?;“(;1 ?;mgl F{L .

FastRavDPRT

8. A method for computing a forward Discrete Periodic Radon Transform (DPRT)
using a GPU comprising the sieps of:

receiving an input image f of a size NN, wherein N is a prime number,;

partitioning a set of ¥ + 1 prime directions into sets of threads with each
thread comprising consecutive prime directions;

assigning each partitioned set of threads 1o different multiprocessors of the
GPU, wherein each partitioned thread is a computation of a set of rays;

executing in paraliel by each multiprocessor the assigned pariitioned set of
threads to compute a DPRT aong each ray for each multiprocessor, whersin rays
that access the same row of pixels are synchronized;

summing the DPRT computed by each multiprocessor; and

outputting the summed DPRT.

9. The method according o claim 8, wherein a single ray of the DPRT is

computed using:

T

1

. ., m =N,

R{m,d) = 7{4 :{i

2 Fl,{d+miyy), 0<m<N.
=0

i
where R is the radon space of the DFRT, m = 0,1,..,N indexes a prime direction,

d is the first pixel offset, and (- ), is a positive remainder when integer division by N
is performed, S = Z’;Y;@]‘ Z’?{;{f‘f(i,j), and the pair (m,d) indexes the

computation of a single ray as a sum of pixels for a particular direclion and cffset.

FastRavinvDPRT

10. A method for compuling an Inverse Discrete Periodic Radon Transform
(IDPRT) using a GPU comprising the steps of:
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receiving a DPRT size parameter N and a DPRT of size (N + LXN;
partitioning a set of N prime directions into sets of threads with each thread
comprising consecutive prime directions;
computing a total sum of the inverse DPRT,;
5 assigning each partitioned set of threads to different multiprocessors of GPU,
wherein each partitioned thread is a computation of a set of rays;
executing in paraliel by each mulliprocessor the assigned partitioned set of
threads to compute an inverse DFRT along each ray for each multiprocessor,
wherein rays that access the same row of pixeis are synchronized,
10 reconstructing a final image using each inverse DPRT computed by each
microprocessor and the otal sum of the inverse DPRT, and

outputting the final image.

11.  The method according to claim 10, whersin a ray of the inverse DPRT is:

1 N-~1
15 FGD == ) RO =midy) =S + ROV, D)
m=0 .

where f(i,j) is the inverse input image, R is the radon space of the DPRT, m =
0,1,..,N indexes a prime direction, {-)y I8 a positive remainder when integer
division by N is performed, § = Z;“’gﬁl SN F(L ), and (i) denotes the index

of a single ray of compuiations.
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FastDirDPRT: Main algorithm for parallel computation
of the DPRT using a multi-core CPU with M, logical
cores. Assume N >> M, .
inputs:

N input image size.

img : input image of size Nx N.
img uses column-major storage.
Output:
R DPRT of img.

. Partition the set of N+ 1 prime directions

into My sets: Thry, Thr,, . .., ThrM, of consecutive
prime directions.

- Launch M threads of DPRT_CPU_Core() by

assigning each partitioned set Dirns; to each logical
core.

: Wait for threads to finish.

. procedure DPRT_CPU_Core (R, img, dirini, dirknd)

Computes R [m]{d] along prime directions in Dirns;.
inputs:
img: Input image.
dirini: Starting DPRT direction {(starting m).
dirEnd: Ending DPRT direction {(ending m).

Note: Dirns; = {dirlni, . . ., dirEnd}.
Cutput:
R [ml[d] for m = dirini, . . ., dirknd

and0<sdsN-1.

if (dirEnd == N) then
ford=0toN-1do
sum = img [d][0]
forji=1toN-1do
sum = sum + img [d][j ]
end for
R [N][d] = sum
end for
dirEnd = N - 1 bRemove vertical direction
end if

for m = dirini to dirkEnd do
ford=0toN-1do
sum = img [0][d]
fori=1toN-1do
sum = sum +img[ 7 J[{d + mi}y ]
end for
R [m}[d] = sum
end for
end for
. end procedure FIG. 2
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FastinvDirDPRT: Main algorithm for the parallel
computation of the inverse DPRT using a
multi-core CPU with M, logical cores.
Assume N >>M, .
Inputs:

N input DPRT size parameler.

R:DPRT of size (N+ 1) x N.

R uses column-major storage.
Output:
img: reconstructed image.

AvAER VAR VI "I VAR Vv A v ¥4

1. Partition the set of N prime directions
into M, sets of cansecutave prime directions.

2: Compute S= 1Y o ; R [0][dl.

3: Launch Mjthreads of iDPRT_DPRT _Core()
by assigning each partitioned set to each logical core
to compute F{il[j]
4: Wait for threads to finish.
5: procedure iDPRT_DPRT_Core (dirlni, dirEnd)
Computes f[i H;} for speczﬁed: all /.

b inputs:
b dirini: Starting direction (starting 7 ).
b dirEnd: Ending direction (ending 7 ).
b Note: Dirns; = {dirini, . . ., dirkEnd}.
> Qutput:
b img [/][j]fori=dirlni, ..., dirknd
i and 0sjs N~ 1.
6. for/=dirlni o dirknd do
7: forj=0toN-1do
8: sum=R[0][/]
9: form=1toN-1do
10: sum =sum + Rml[(j~m i),]
1 end for
12: fFlilljl=(sum-S+R[NI/}/N
13: end for
14: end for

15: end procedure

FIG. 3
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E; FastRayDPRT: Main algorithm for parallel computation
» of the DPRT using a GPU with M, multiprocessors.
v Assume Mpis O(N).
v Inputs:
b N input image size.
D img : input image of size Nx N.
b img uses row-major storage.
b Qutput:
R : DPRT of img.
1. Partition the set of N + 1 prime directions
into Mp sets: Thry, Thry, .. ., ThrMP of consecutive

prime directions.
2: Launch DPRT_GPU Kernel() to compute ray threads on
each multiprocessor using directions given by
m € Thr; and initial pixel offsets given by
Jd=0,... N-1.
3. Wait for threads to finish.

FIG. 5

FastRayinvDPRT: Main algorithm for parallel
computation of the inverse DPRT using a GPU with
Mp multiprocessors. Assume Mpis O(N).
Inputs:

N: input DPRT size parameler.

R: DPRT of size (N+ 1) x N.

R uses column-major storage.

Output:
img: reconstructed image.

ARV VARV VA" VA Vi v g

ey

. Partition the set of N prime directions
into Mp sets of consecutive prime directions.

2: Compute S = 3, 5:; R {0][d].

3: Launch ray threads using Inv_DPRT_GPU _Kernel(}
with parameters (/, j ) for i € Thryfor each
multiprocessor and initial pixel offset given by
j=0,... N—-1tocompute f{i][/j]

4: Wait for threads to finish.

FIG. 6
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1: procedure DPRT_GPU Kernel (radon, img,N, m, d)

13:

14:

15:
16:
17:
18:
18:
20:
21:

AV AR VA VAR Vv A v A Vv

b

b

b

b
P

Compute R(m, d) from (i , j ) along a single ray.
Computation is done on a single GPU core.
inputs:
N: image size.
img: 1D array with for row-major storage of f{i , j ).
{ m, d ). specifies m-th direction from d-th pixel.
Outputs:
radon: stores R{m, d) in row-major format.

> Initiate regular row-level pixel access for all threads

if (m == N) then
> Add elements within each row:
offs =0 b Stay within current row.
incr = 1 > Next element in current row.
int=d-N > Select row to sum.
else
b Add elements by moving from row {o row:
offs = d b Offset for next row.
incr =N > Next element in next row.
init=0 b Start from the first row.
end if

Synchronized memory access for row access:
Synchronize threads.

Compute the index of the final result in k.
k=d+m-N

Move through all of the rows/column by:
- adding m offset to get to the next element.
- adding row/column offset.
sum =0
fori=0toN-1do
sum = sum + img [init + offs]
offs =(offs + m) , > Element position.
init=init +incr > Next row/column.
end for
radon| k] = sum

22: end procedure

FIG. 7
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1: procedure Inv_DPRT _GPU Kernel {img, radon,N, S, /,j)

Q@ONDORAW

10:
11:
12:

> Compute 7 (/, j ) from R{m, d) on a single GPU core.
> inputs:
N, S:  image size and total sum of all values.
(i, ) specifies the image index o reconsiruct.
radon: stores R(m, d) 1o be inverted.
Cutput:
img: usedtiostoref (4 /).

A A VAR T A v

» Compute the index of the final result in &.
k=j+i-N

> Row-by-row access for each ray.
> We have synchronized thread execution for all threads.
> Synchronization achieved because all directions are
> executing the same code.
sum =0
offs =j b Slarting offset for thread.
init=0 ©» Start from the first row.
form=0toN-1do
sum = sum + radon{init + offs]
offs = (offs ~ i+ N),, » Next element offset.
int=init+ N > Next row.
end for
imglk] = (sum ~ S +radon[ N- N+ /])/N
end procedure

FIG. 8
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