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United States Patent Office 2,799,450 
Patented July 16, 1957 

1. 

2,799,450 
ELECTRONIC CIRCUITS FOR COMPLEMENTENS 

BINARY.CODED DECMAL NUMBERS 

Robert Royce Johnson, Pasadena, Calif., assigaor, sy 
mesne assignments, to Hughes Aircraft Corporatios', 
a corporation of Delaware 
Application December 30, 1953, Serial No. 401,126 

18 Claims. (CI. 235-61) 

This invention relates to electronic circuits for coin 
plementing binary-coded decimal numbers, and more par 
ticularly to serial complementer circuits which are selec 
tively controllable either to shift, or to shift and comple 
ment, an applied number represented by a corresponding 
Series of electrical signals. 
Complementer circuits, such as are contemplated by 

the present invention, are utilized in the computer art 
where it is advantageous to perform both addition and 
subtraction operations with a single mechanism. For ex 
ample, an adding mechanism may be adapted for both 
addition and subtraction with the introduction of a com 
plementer, subtraction then being accomplished by adding 
the complement of the subtrahend. Thus, instead of sub 
tracting a number N, the complementary number (0-N) 
is formed and is then supplied to the adder mechanism. 
The complement of a number may also be desired where 
the resultant of an operation has been generated as a 
complementary number which must be recomplemented 
to derive the true value thereof. 

In decimal digital computers of the prior art it has 
been an accepted practice to form the 10's complement 
of a number by first deriving the 9's complement of the 
number and then adding 1 in the least significant digital 
place. For example, in complementing the decimal num 
ber 4380, the 9's complement is the number 99 . . . 
995619, and the addition of 1 then yields the 10's comple 
ment, 99 . . . 995620, where the number of 9's is limited 
only by the capacity of the computer. It is apparent that 
this method of complementing requires an adder circuit, 
as well as a 9's complementer circuit. A decimal com 
plementer providing this type of operation is described in 
U. S. Patent Serial No. 2,639,378, entitled "Electronic 
Pulse Generator,' by Nathan A. Moerman, issued June 
30, 1950. 
A9's complementer for use in the binary-coded decimal 

system wherein four binary digits represent each decimal 
digit is shown at pages 151 and 188 of "Synthesis of Elec 
tronic Computing and Control Circuits,” a report of the 
Computation Laboratory of Harvard University, pub 
lished in 1951 by the Harvard University Press, Cam 
bridge, Massachusetts. This complementer is designed to 
provide complements of all numbers applied thereto, 
hence the information is switched into or around the 
complementer accordingly as a number is or is not to be 
complemented. When a complementer of this type is 
utilized in serial computers it is necessary to provide a 
special by-pass circuit in order to equalize the time delays 
for complementing and non-complementing operations. 
Where the previously mentioned function of recomple 

menting a resultant is to be performed by a 9's comple 
menter, it is necessary to route the information through 
an adder to complete the complementing operation. 
While it is possible to include in the circuit an additional 
adder for this express purpose, the general practice has 
been to reroute the information through the main com 
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2 
parator adder a second time, thus tying up this adder for 
a longer period of time for each operation. 
The 9's complementer disclosed in the Harvard refer 

ence is mechanized to operate in a code wherein each 
decimal digit, hereafter referred to as dit, is represented 
by four binary digits, or bits, having weights of 8, 4, 2 
and 1, respectively, and wherein the decimal digital value 
is represented by the corresponding binary number. In 
this code, hereafter referred to as the excess-Zero code, 
the dit value 9, for example, is represented as 1001. An 
other commonly used code is the excess-three code in 
which the decimal digital value is represented by the cor 
responding binary number plus three; for example, the dit 
value 9 is represented as 1100. As stated in the Harvard 
reference, the excess-three code is preferred over the 
excess-zero code for the reason that it is much simpler to 
form the 9's complement. Accordingly, in the binary 
coded-decimal computer art it has been the accepted 
practice to perform addition and other arithmetic oper 
ations in the excess-three code. Another example of such 
usage is described on page 1326 of an article entitled "The 
logistics computer,' by R. S. Erickson, in Proceedings of 
the I. R. E., October 1953. 

While the excess-three code offers advantages in the 
ease of complementing, it presents difficulties in other re 
spects. One important difficulty arises with respect to 
the corrections which are required upon the resultant of 
an operation in order to maintain its conformity to the 
established code. Such corrections are inherent in the 
utilization of a binary code for representing decimal 
digits, since a dit having ten possible values must be rep 
resented by at least four bits having at least sixteen pos 
sible combinations, and a one-to-one correspondence be 
tween the two numerical codes is lacking. 
The fact that these corrections are much more difficult 

in the excess-three than in the excess-Zero code is recog 
nized in copending U. S. patent application, Serial No. 
322,665 for “Arithmetic Units for Binary-Coded-Decimal 
Computers,” by E. C. Nelson, filed November 26, 1952, 
and assigned to the same assignee as this application; 
wherein both excess-Zero and excess-three adder-subtrac 
ters are considered. Nelson avoided the complementing 
operation in the excess-Zero-code, which had been char 
acterized in the Harvard reference as impractical, by pro 
viding an excess-Zero adder-subtracter wherein separate 
corrections for addition and subtraction are performed. 
According to the Nelson application the excess-zero addi 
tion and Subtraction corrections can be mechanized more 
simply than the excess-three adding correction alone. 
Thus, while the prior art has generally avoided the excess 
Zero code because of the supposed impracticability of 
complementing, it has been shown by Nelson that the 
excess-Zero code is advantageous even without a comple 
ente. 

In accordance with the present invention there are pro 
vided complementer circuits which are selectively con 
trollable either to shift an applied decimal number, or to 
derive the complement thereof. The time delays asso 
ciated with shifting and with complementing are made 
equal, hence this type of complementer circuit may be 
made a part of an information channel in a serial com 
puter, with the advantage that the output information 
series follows the input information series by a fixed time 
interval. A special by-pass circuit is therefore unneces 
sary. 
A second advantage is provided, in accordance with 

the present invention, by circuits for deriving the com 
plement of an applied decimal number in one integrated 
operation, without the need for separate correction cir 
cuits or separate adder circuits. Thus, complementer 
circuits provided by the present invention are selectively 
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controllable either to shift an applied decimal number, 
or to shift and complement the number in one integrated 
operation. This type of circuit when used for recom 
plementing resultants of noncumulative addition or sub 
traction operations makes it unnecesasry to feed the in 
formation back through the adder a second time, thus 
permitting the operating speed to be approximately twice 
that of prior art systems. 
The present invention also specifically discloses very 

simple mechanizations of complementer circuits in the 
eXcess-Zero code, which may be advantageously utilized 
in conjunction with an adder circuit of the general type 
described in the above-mentioned copending application 
Serial No. 322,665 by Nelson. It will be apparent to 
those skilled in the art that the resulting combination 
provides a complete arithmetic unit with a minimum of 
circuitry. - - 

In its basic form the complementer circuit of the pres 
ent invention is selectively operable in response to a shift 
or-complement control signal to produce output signals 
representing the complement of an applied decimal num 
ber, and includes a register means for receiving, and for 
shifting at a constant rate, a series of groups of binary 
signals respectively representing the digits of the num 
ber in the order of increasing significance. The regis 
ter means is also actuable to convert each group of sig 
nals to represent the 9's complement of the correspond 
ing digit. The complementer circuit includes sequence 
control means, responsive to the control signal, for gen 
erating a sequencing signal prior to and during the re 
ception of the first non-zero digit of the number; and 
10’s-complementing means, coupled to the register means, 
is responsive to the control signal and to the sequencing 
signal for producing signals representing the 10's com 
plement of the first non-zero digit of the number. Also 
coupled to the register means is 9's-complementing means, 
responsive to the control signal for actuating the register 
means to produce signals representing the 9's comple 
ments of succeeding digits of the number. 

In one embodiment of the invention, output signal 
representing the 10's complement of the applied num 
ber are produced in one integrated operation. In this 
embodiment the register means includes at least two 
series-coupled flip-flops and the sequence control means 
includes a single flip-flop controlled through an asso 
ciated gating circuit for producing the sequencing signal. 
The 10's-complementing means includes a first group of 
gating circuits and the 9's-complementing means a second 
group of gating circuits, the first group being responsive 
to the control signal and a first level of the sequencing 
signal for producing 10's-complemented digits, and the 
second group being responsive to the control signal and 
a second level of the sequencing signal for producing 
9's-complemented digits. The first and second groups of 
gating circuits may, for reasons of convenience or econo 
my, be logically combined into a single gating matrix. 

In a second embodiment of the invention, the 10's 
complementing means includes an adder circuit for re 
ceiving and adding 1 to the 9's complement signals in 
order to produce 10's complement signals, and the adder 
circuit includes a carry circuit, responsive to the control 
signal for pre-setting the decimal carry to 1. The adder 
circuit and the carry circuit regenerate the carry signal 
as many times as there are zero-valued digits preceding 
the first non-zero digit of the number, hence these cir 
cuits function as the sequence control means. 

It thus appears that the present invention provides serial 
electronic binary-coded decimal complementer circuits 
which are capable of performing all necessary transla 
tions in one integrated operation. Despite the sugges 
tions in the prior art of the undesirability of the excess 
Zero code, the present invention makes it possible to 
realize hitherto unknown advantages of that code. The 
circuits of the present invention are reliable in operation, 
cheap and easy to construct, and are very simple con 
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4 
sidering the complexity of the mathematical translations 
performed. 
One object of the invention, therefore, is to provide a 

serial binary-coded decimal complementer circuit which 
is selectively controllable either to shift an input number 
or to derive the complement thereof, thus equalizing the 
time delays for the two operations without the need for 
a special by-pass circuit. 
Another object of the invention is to provide, for use 

in electronic binary-coded decimal digital computers, 
complementer circuits which produce the complement of 
a number in one integrated operation, without requiring 
the use of an adder. 
A further object of the invention is to provide a 9's 

complementer circuit which may be utilized in combina 
tion with an adder circuit to perform operations of addi 
tion and subtraction or 10's-complementing of decimal 
numbers in the excess-zero binary code. 
Yet another object of the invention is to provide serial 

complementer circuits constructed of flip-flops and gat 
ing circuits which achieve economy of circuit elements 
through full utilization of the information storage ca 
pabilities of the flip-flops. 
The novel features which are believed to be charac 

teristic of the invention, both as to its organization and 
method of operation, together with further objects and 
advantages thereof, will be better understood from the 
following description considered in connection with the 
accompanying drawings in which several embodiments of 
the invention are illustrated by way of examples. It is 
to be expressly understood, however, that the drawings 
are for the purpose of illustration and description only, 
and are not intended as a definition of the limits of the 
invention: 

Fig. 1 is a schematic diagram of a direct 10's com 
plementing circuit according to the present invention; 

Fig. 2 is a schematic diagram of a 9's complementer 
circuit, showing a method of utilization with an adder cir 
cuit, according to the present invention; 

Fig. 3 is a schematic diagram of another electronic 
circuit for directly forming the 10's complements of 
binary-coded decimal numbers, in accordance with the 
present invention; 

Fig. 4 is a circuit diagram of a flip-flop circuit suit 
able for use in the present invention; 

Fig. 4a is a symbolic representation of the flip-flop 
circuit of Fig. 4; 

Fig. 5 is a circuit diagram of a two-input-terminal 
"and' circuit suitable for use in mechanizing the in 
vention; 

Fig. 5a is a symbolic representation of the “and” cir 
cuit of Fig. 5; 

Fig. 6 is a circuit diagram of a three-input-terminal 
"or' circuit suitable for mechanizing the invention; and 

Fig. 6a is a symbolic representation of the "or" cir 
cuit of Fig. 6. 

Reference is now made to Fig. 1 wherein there is shown 
an electronic complementer circuit for receiving a series 
of groups of binary signals Ik, respectively representing 
the digits of a decimal number in the order of increas 
ing significance, where i and k indicate the binary and 
decimal digital positions, respectively. The circuit shifts 
signal groups Ik at a constant rate, and is selectively 
operable in response to a control signal S to produce out 
put signals Ok representing the complement of the num 
ber. As shown in Fig. 1, the complementer circuit in 
cludes a shifting and converting register 100 which is 
actuable for converting each group of signals to repre 
sent the 9's complement of the corresponding digit of 
the number; a sequence control circuit 10Se, responsive to 
control signal S for generating a sequencing signal G, 
a first value of G indicating the period of operation prior 
to and during the reception of the first non-zero digit 
of the number; and a gating matrix 10M, including a first 
group of gating circuits coupled to the register, responsive 
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to control signal S and to the first value of sequencing 
signal G for producing signals representing the 10's 
complement of the first non-zero digit of the number, 
and a second group of gating circuits coupled to the 
register, responsive to control signal S for actuating the 
register to produce signals representing the 9's comple 
ments of succeeding digits of the number. 
The circuit of Fig. 1 is operable to produce signals 

representing the 10's complement of a number in one in 
tegrated operation. The control signal S is a binary 
signal having either a 1-representing value or an 0-repre 
senting value. In some applications it may be con 
venient to utilize a pair of complementary shift-or-com 
plement signals S and S. where S has a 1-representing 
value when signals Ik are to be shifted, and S has a 1 
representing value when signals Ik are to be shifted and 
converted into signals Ok. Register 100 includes flip 
flops F3, F2, and F1. Signals Ik are entered into the 
complementer 100 from a flip-flop I and progressively 
shifted therethrough, the output series Ok correspond 
ing to the input series Ik after a time delay equivalent 
to three binary digits, the storage capacity of the reg 
ister. A single flip-flop G and a gating circuit 10G 
for controlling its operation are included in sequence 
control circuit 10Se. The gating matrix 10M includes 
gating circuits 10F3, 10F2, and 10F1, for controlling the 
operation of the corresponding flip-flops F3, F2 and F1 
during complementing, and a final gating circuit 10B. 
As used herein, the term "shifting and converting reg 

ister” refers to a register which may be employed for 
shifting, and which may also be employed for logically 
modifying the information during the shifting thereof. 
Thus a shifting and converting register includes a series 
of flip-flops or other bistable elements and a plurality of 
separate gating circuits, one for controlling each bi 
stable element, each gating circuit being operable either 
to shift into the controlled bistable element a binary 
digit previously stored in the preceding element, or to 
cause a new binary digit, derived as a function of exist 
ing information, to be stored in the controlled element. 
The logical translations performed during complement 

ing by the shifting and converting register 100 and the 
gating matrix 10M, may be represented in the form of a 
truth table. Accordingly, reference is made to Table I, 
wherein bit values corresponding to the dit itself, for 
dit values ranging from (0) through (9). 

TABLE 

6 
and Ik is 0; whereas Ok is 1 only when Ik', k3, and 
Ik are 0. These conditions may be expressed by the 
logical or Boolean Equations 1 as follows: 

(1) 

and 

15 

where the dot (...) represents the logical multiplication or 
"and" function, the plus (--) is defined as the logical 
nonexclusive "or' function, and the bar (-) indicates 
the complement of a signal. The conditions for forming 
the 10's complement translation, as shown in Table I, 
may in similar fashion be expressed by the Boolean Equa 
tions (2): 

20 

25 

O' = I, (2) 

O=11. I'+T2.T. (1,3-1,4) 

and 

40 O4 =I.4.18.I.2.I.1+I,8.I.2.I. 

Signal G may be defined as having the value 0 during 
10's complementing and 1 during 9's complementing, and 
a complementary signal G may be provided. Thus, 
Boolean Expressions 3 for the combined functions 

45 

Binary Represen 
tation Complement 

Dit Walue 

Binary-Coded 10's Binary-Coded 9's 
Complement 

O2 Oil (KD1) 

As the circuit of Fig. 1 is mechanized according to the 
excess-zero code, the kth dit of the dit of the number is 
represented by four bits Ik', Ik, Ik', and Ik', of respec 
tively increasing significance. The output signal groups 
O1j and Ok (k21) indicate, respectively, the bits repre 
senting 10's complemented digits, and the bits represent 
ing 9's complemented digits. 
The 9's complement conversions, as shown in Table I, 

include the following conditions: Ok is always the binary 
complement of Ikl; Ok? has the same values as Ik; Ok 
has the value 1 for dit values of 2 and 3, when Ik is 0 and 
Ik is 1, and also for dit values 4 and 5 when I is 1 

where k represents any digit of the number to be com 
75 plemented. 

(3) 

70 
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Each flip-flop in the circuit of Fig. 1 includes a pair of 
output circuits for producing complementary output sig 
nals, and is also provided with a pair of input circuits 
for controlling the output stable state. Input signals 
applied during one time interval determine the output 
stable state during the next time interval. 
The sequence of operations of the circuit of Fig. 1 

may best be described by means of a chart or graph in 
dicating the flow of information through the circuit as a 
function of time, and showing precisely the point in 
time and space at which each input bit is converted into, 
or replaced by, its corresponding output bit. As the 
group of bits representing each dit is applied serially, 
four time intervals are required for the group to flow past 
a specified point in the circuit; accordingly, a repeating 
cycle of voltage-level timing signals Ti, T2, T3, and T4, 
having 1-representing values during successive time in 
tervals, are required for controlling the bit translations. 
Reference is now made to Table II, indicating both the 
shifting and the complementing operations of the circuit 
of Fig. 1, plotted as functions of time intervals T, T2, 
T, and T. Table II includes three binary digit groups 
corresponding to values of k of 0, 1, and k (here indicat 
ing a value greater than 1), which are respectively shifted, 
10's complemented, and 9's complemented. 

TABLE I 

F3 F2 F1 B G S 

I, I, 2 I, I, I, I, O o T' Shift 

I, I I. I, T 

I, I, I, I, I, T3 

I I I, No.' I T 
I, I, I, I, I, O, 0 1 T. O's 

I, I, I, O, T2 

I, I, Ts 

I' T4 

I I I, I.' O, l l T 9's 

O, O, O, O, Ta 
O, O, O, T3 

Ol' O, Ts 

In Table II, converted signals Ok, Ok, and Ok, (kc.0), 
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appearing during T on flip-flops F3, F2, and F1, respec 
tively, must be formulated in the corresponding gating 
circuits during Ti whereas signal B representing con 
verted signals Oki (k)0) during T is a function only of 
signals Iki (k)0) then existing on flip-flop F1. Thus, 
all bit conversions required during complementing are 
formulated during Ti, and at all other times the circuit 
shifts. During T, the circuit operation is controlled by 
signals S and G, S being 0 for shifting and 1 for comple 
menting. By assigning to signal G the value 0 for shifting 
and for 10's complementing, and permitting it to have 
the value 1 during T only for 9's complementing, the 
operations may be logically expressed by operation con 
trol symbols as follows: 

6) 

65 

(f1 +5), designating shifting, 
S.G.T., designating 10's complementing, and 
G.T., designating 9's complementing 

It is apparent that if the external control signal S re 
nains at the value 0, the shifting operation will continue 
indefinitely. When the signal Schanges to 1 by a time Ti, 
10's complementing will commence; if the first digit has 
a value other than 0 the gating circuit 10G becomes 
operative to change signal G to 1 by the next time T, 75 

8 
whereas if the first digit is 0, signal G does not change 
and the 10's complement operation will be repeated. 
The required mechanization of final gating circuit 10B 

may now be derived. From Table II it will be noted that, 
during shifting, the signal on flip-flop F is entered di 
rectly into gating circuit iOB, the output signal of which 
is designated therein as B. For 10's complementing 
B=Oil and the signal on F1 is Ill; in the above discus 
'sion of Table I it is shown that O11-I11, hence only 
Straight shifting is required. Signal Ok is the comple 
ment of Elk, however, hence for 9's complementing B is 
the complement of the signal on F1. These relations are 
logically expressed as: 

(4) 
= (G--T). Fl+G.T.F. 

where F and F signify the output signal and the com 
plementary output signal, respectively, of flip-flop F1. 
One type of flip-flop which may be utilized in this in 

vention is the conventional flip-flop having 1 and 0 input 
circuits, and having the characteristic that pulses applied 
Separately to the 1 and 0 input circuits set the flip-flop 
to stable states representing binary 1 and 0, respectively, 
while the simultaneous application of pulses to both in 
put circuits triggers the flip-flop or causes it to change 
stable states. This type of flip-flop is utilized in this 
invention except where otherwise expressly indicated. 

Reference is now made to Fig. 4 wherein a suitable 
form of flip-flop circuit is illustrated, enclosed within a 
dotted box 600. Input leads 601 and 602 correspond 
to the 1-input circuit and the 0-input circuit, respectively; 
and output leads 603 and 604 correspond to the primary 
and complementary output signals, respectively. It is 
not necessary to describe the circuit of Fig. 4 in detail 
since the identical circuit is shown and described in U. S. 
Patent No. 2,644,887 for "Synchronizing Generator,' 
issued July 1, 1953, to A. E. Wolfe, Jr. In the refer 
enced patent the flip-flop circuit is illustrated as Fig. 6a 
and is described in the specification commencing at 
column 9, line 38. A symbolic representation of the 
flip-flop circuit of Fig. 4 is shown in Fig. 4a. 
AS Signal G must change from 0 to 1 by T1 time fol 

lowing the deriving of the 10's complement of the first 
non-zero. dit, gating circuit 10G may be mechanized to 
provide an input signal for the 1-input of flip-flop G as 
follows: 

In order to return signal G to 0 at the end of the comple 
melting operation, the 0-input may be mechanized as: 

0G-5 (6) 
For completing the mechanization of the circuit of 

Fig. 1 the logical expressions for gating circuits 10F3, 
10F2, and 10F1 will now be derived. First, it is neces 
Sary to understand the general form of equations which 
may be used to define flip-flop input signals. The dis 
cussion here is brief since the general theory of flip-flop 
control functions is discussed in considerable detail in 
Copending U. S. patent applications Serial No. 327,567 
for "Binary-Coded Flip-Flop Counters,” by E. C. Nelson, 
filed December 23, 1952, and Serial No. 327,131 for “Bi 
nary-Coded Flip-Flop Counters,” by R. R. Johnson, filed 
December 20, 1952, and which applications are assigned 
to the same assignee as the present invention. 

Four different types of input functions may be defined 
for accomplishing the transition from the present stable 
State of a flip-flop. According to one function, the input 
signals are effectively shifted into the corresponding flip 
flop so that the sequence of stable states of the flip-flop 
corresponds directly to the sequence of 1 and 0 signals 
applied to the 1-input circuit, the ouput signals being de 
layed one time interval after the input signals. As the 
value, 1 or 0, of the equation for the 1-input signal at any 
particular time must be made to correspond to the set 
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ting desired for the succeeding time interval, this func 
tion is designated as the “setting function." 

According to a second type of defining equation the 
conditions for changing the flip-flop stable state are es 
tablished. Thus, if the stable state is to remain the same 
from one bit time to the next, an 0 signal must be applied 
to both inputs, whereas if the stable state is to change, a 
1 signal must be applied to both inputs. This function is 
therefore referred to as the "changing function.” 

In many situations it is desirable to separate the chang 
ing type of equation into two functions referred to here 
after as "partial changing functions,' which separately 
define the signals for the 1 and 0 input circuits. The func 
tion for the 1-input circuit has the value 1 only when it 
is desired to change the flip-flop from an 0-representing 
state to a i-representing state, and has the value 0 for all 
other conditions. Similarly, the function for the 0-input 
circuit has the value 0 except when the opposite transition 
is desired, when it has the value 1. 
The partial changing functions may sometimes be sim 

plified by omitting unnecessary restrictions, thus provid 
ing what are hereafter referred to as the “simplified partial 
changing functions.” According to these functions, sig 
nal values are specified for the 1-input circuit only when 
that circuit controls the operation of the flip-flop, and are 
left unspecified for other conditions. Similarly, signal 
values for the 0-input circuit are left unspecified except 
for conditions where that circuit is controlling. Where 
signal value are not specified, any convenient combina 
tion of 1's and 0's may be used. 

Input signals required in accordance with the four 
types of functions just described may be more clearly 
understood by reference to Table III, wherein the symbol 
F denotes the present stable state of the output circuit 
of a flip-flop; F indicates the stable state which is de 
sired; and 1F and OF respectively indicate the 1-input 
signal and the 0-input signal which are presently re 
quired. It will be noted that Table III shows the input 
signals 1F and OF, according to each of the four types 
of functions, for the four possible transitions, F to F. 
Accordingly, for the setting function, 1F is always the 
same as F'; for the changing function, 1.F=OF, the sig 
nal being 1 when F and F are different, indicating a 
change of state is required, and being 0 when F and F' 
are the same; and for the partial changing functions, 1F 
is 0 except when the transition 0-to-1 is required, and OF 
is 0 except when the transition 1-to-0 is required. For 
the simplified partial changing functions, only one of the 
input signals 1F and OF is specified for each transition F 
to F; signal 1F is controlling when F is 0 and signal 
OF is controlling when F is 1, each controlling signal being 
specified the same as for the partial changing functions. 

TABLE III 

Flip-flop functions 

Setting Changing Partial Simplified 
Function Function Changing Partial Chang 

Functions ing Functions 

E. F. 1E-OF F=OF 1F OF 1F OF 

O O O O 0. O 
O I O t 

O O 
O O O O 

Table III is particularly useful for determining input 
signals required during complementing, when one signal 
series appearing on one flip-flop must be converted into 
a different series appearing on a succeeding flip-flop of 
the register. Thus, input signals for the latter flip-flop 
may, if convenient, be mechanized as functions of a 
number of other signals existing in the circuit at the time. 

During shifting, however, the only requirement is that 
the signal series be shifted from one flip-flop to the next, 

O 

5 

20 

25 

30 

35 

40 

45 

50 

55 

60 

65 

70 

75 

O 
hence the desired state Falways coincides with the sig 
nal of the preceding flip-flop. Referring again to Table 
III, it is apparent that input signals according to each 
of the four functions may be expressed as logical shift 
ing functions of the signals F and F. Accordingly, these 
shifting functions have been set forth in Table IIIa. It 
will be noted from Table IIIa that the shifting functions 
according to the simplified partial changing function are 
not distinct, but may be chosen to coincide with the 
shifting function either for the setting function, or for 
the partial changing function. 

TABLE IIIa 

Flip-flop shifting functions 
Setting function --------------- 1F=OF-F". 
Changing function-------------- 1F=OF-FF-FF. 
Partial changing functions------- 1F-FF". 

OF-FF. 
Simplified partial 
changing functions------------- 1F=F, or FF'. 

OF -F, or FF 
It is apparent that gating circuits 10F3, 10F2, and 10F1, 

for providing input signals to the corresponding flip 
flops of the circuit of Fig. 1, may be mechanized in ac 
cordance with any desired combination of the flip-flop 
functions just described. It follows from the definitions 
of the functions that mechanization is achieved, for the 
changing function, by applying a single signal to both 
input circuits simultaneously; and for the partial chang 
ing and simplified partial changing functions, by applying 
signal 1F to the 1-input circuit, and signal OF to the 
0-input circuit. Other methods are required, however, 
for the setting function. 
The setting function may be mechanized by applying the 

signal 1F to an overriding flip-flop, the output circuit of 
which then becomes set to the stable state corresponding 
to the input signal for the preceding time interval. In 
lieu of an overriding flip-flop, a triggering circuit may be 
incorporated into one input circuit of a conventional flip 
flop, as described in copending U. S. patent application 
Serial No. 245,737 for “Triggering Networks for Flip 
Flop Circuits,” by Daniel L. Curtis, filed September 8, 
1951, and assigned to the same assignee as this applica 
tion. Another method of mechanizing the setting func 
tion is to apply the signal 1F to a network which in turn 
provides the signal 1F for application to the 1-input cir 
cuit of a conventional flip-flop, and the signal OF=1F 
for application to the 0-input circuit. Such a network is 
described in copending U. S. patent application Serial No. 
308,045 for "Complementary Signal Generating Net 
works,' by Daniel L. Curtis, filed September 5, 1952, and 
assigned to the same assignee as this application. 

In order to demonstrate more specifically the variety 
of mechanizations which may be achieved, logical expres 
sions for gating circuit 10F1 will be derived according to 
each of the four types of flip-flop functions shown in 
Tables III and IIIa. Input signal requirements during 
complementing will be considered first. Accordingly, 
Teference is made to Table IV wherein are shown the 
input signal requirements according to the setting, chang 
ing, partial changing, and simplified partial changing func 
tions, for flip-flop F1 during the correction interval T. 
Table IV provides separate tabulations for the 10's com 
plement, designated as G=0, and for the 9's complement, 
designated as G=1. The symbols St., Ch., P. Ch., and 
S. P. Ch., indicate the setting, changing, partial chang 
ing, and simplified partial changing functions, respec 
tively. 

Table IV includes two basic data columns designated as 
F(Tl) and Fl(T2), corresponding to the stable states of 
flip-flop F1 during time intervals Ti and TP, respectively, 
and corresponding also to the variables F and F of Table 
III. By referring to Table II it may be ascertained that 
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signals F1 (T1) and Fi(T2) of Table IV also correspond 
to signals I1 and O1, respectively, during 10's comple 
menting, and to signals Ik and Ok, respectively, during 
9's complementing. Table IV also includes respective 

the input signal according to the changing function may 
be expressed as: 

data columns for input signals 1F1=0F1, for the setting 5 1F1-0F1=F2F1--F2F1 (12) 
functions; 1 F1=0F1, for the changing functions, 1F1, the input signal ding to th tial changing f OF1, for the partial changing functions; and 1F1, 0F1, ti e inpu S1gnals according to the partial Changing func 
for the simplified partial changing functions. All of these OS 3S 8 
input signals are derived from the two basic data columns 1F1=F2F1 (13) 
Fl(Tl) and F1(T2), in accordance with Table III. For lo and 
example, for each transition or conversion where F(T) OF1-F2F1 
is 0 and F1 (T2) is 1, 1F1 is 1 according to each of the w-r- 
functions; where Fl(Tl) is 0 and Fi(T2) is 0, 1F1 is 0 and the input signals according to the simplified partial 
according to each of the functions; and where F(T) is 1 changing functions as: . 
and Fi(T2) is 0, 1F1 is 0 according to the setting and 15 F-F2 (14) 
partial changing functions, is 1 according to the chang 
ing function, and is left unspecified according to the sim- and 
plified partial changing function. 0F1==F2 

TABLE TV 
Input requirements for flip-flop FI during Ti 

P. Ch. S. P. Ch. 
EI F3 F2 | F1 (T4) F1 (T2) St.- Ch. 

F1s OF1 F=OF 
F1 OF1 F1 OF 

G = 0 i I13 2 l O 

O 0 O 0 O O O O 0. O 
O O O 1. O 0 O 1. 
O O i O 0. O O O O O 
O O O O 0 O 
O 1. O O 1. O 
O O 0. O O 
O 1 O O O O O O 
O O O O 0. 

O 0 O 1. O 
O O i O O O 

G=1. I-4 3 I. I O. 

O O O O O O O O 0 O 
O O O 1. O O O 
O O () i O 1. 
O O 1. O O O O 
O O O O O O O O O 
O O O 0 is i O 
O 1. O 1. 1 O 
O 1. O O O O 

0 O O O O O O O O 
O O O 0 O 

Table IV also includes data columns F, F, and F, 
which, as may be ascertained by reference to Tables I 
and II, correspond to the signal on flip flops I, F3, and F2, 
respectively, during time T. The required input signals 
1F1, OF1, for flip flop F1 may therefore be obtained as 
functions of these signals. For example, during 10's com 
plementing, the signal 1F1=0F1 according to the setting 
function is 1 when F2 and F1 are 1, or when F2 and Flare 
0 and either F3 or FI is 1. This may be expressed as: 

Similarly, the input signal during 10's complementing ac 
cording to the changing function may be expressed as: 

the input signals according to the partial changing func 
tions as: . . . . . . . . 

1F1=F2.F.(F8--FI) 
and 

OF1-F2F1 (9) 
and the input signals according to the simplified partial 
changing functions as: 

1F1=F3.F2--Fi 
and 

OF1=Fa (10) 
The input signals required by flip-flop F1 for 9’s com 

plementing during Ti may also, with the aid of Table IV, 
be expressed as functions of signals existing on the other 
flip-flops of the register. Thus, for the setting function: 
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It may be noted that these functions coincide with the 
shifting functions of Table IIIa, since the second bit 
Ok of a 9's-complemented digit is identical to the second 
bit Ik of the digit itself, for all digit values. 

Complete expressions for the mechanization of gating 
circuit 10F may now be derived. For each operation 
of shifting, 10's complementing, and 9's complementing, 
the expression for the signal conversion or translation to 
be performed may be combined with its corresponding 
operation control symbol. It is apparent that the appro 
priate expressions for flip-flop Fi for shifting may be 
obtained from the generic expressions of Table IIIa by the 
substitution of F2 for F1, and Fi for F. Thus, for the 
setting function: 

for the changing function: 
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for the partial changing firs: 

1F1=(T1--S). F2. Fi-S.G.T.F.F.(F3-FI)- 
G.T.F2.Fi. (17) 

=(Ti-S+G). F2F1-S.G.T.P.F.(F3--FI) 
and 

0F1=(Ti--S).F.F1-S.G.T.F2F1-GT1F2F1 
as F2. Fi 

14 
from which, by combining with the corresponding opera 
tion control symbols, the total expression becomes: 

From Table V also, the 10's complementing functions 
for flip-flop F3 are: 

O 

Gs I 

k . 

and for the simplified partial changing functions: 
1F1=(T1--S). F2+ S.G.T1...(F3.F2--PI)-- G.T1.F2 

=(T1-S--G). F2. S.G.T. (F8F-1-FI) (18) 
and 

TABLE V 
Input requirements for flip-flops F2 and F3 during Ti 

F3 E2 F1 F3(T2) F2 (T2) 1F3 OF3 1F 2-0F2 

I3 I? I O4 O13 

O O O O O O O 
O O 1. O 1. O 
0. 0. O 
O 1. O O O 

O O O 
1. O O i 

0. O O 
O O 1. 1. 

0. 0. 0 O O O O 
O O O O O O 

8 I? I Oki O3 

O O 0 1. O O 
O O 1. O O 
O 1 O O O O 
O 1. O 0 O 

O O O 
O O 

O O O 
O O 1. 

O O O O O O 0. 
0. 0 O O O O 

1F3-FIF2F1--F2F1 (23) 
45 OF3-F3 

the functions for 9's complementing are: 

50 1F3-Fr. F2 (24) 

In the circuit of Fig. 1, gating circuit 10F1 is mech 
anized according to the setting function, whereas gating 
circuits 10F2 and 10F3 are mechanized according to the 
changing function and the simplified partial changing 
functions, respectively. In order to derive expressions 
for the mechanization of gating circuits 10F2 and 10F3 
reference is now made to Table V, wherein the required 
input signals 1F2=0F2, for flip-flop F2, and F3, OF3, 
for flip-kop F3, are shown in tabular form. Table V 
itself is derived in the same manner as previously ex 
plained for Table IV, and it is apparent that expressions 
for the required input signals may be formulated in terms 
of the signals existing on the other flip-flops of the regis 
ter, as was done in connection with Table IV. 
From Table V, the 10's complementing function for 

flip-flop F2 is: 

1F2=OF2=F3.(F2--F1)--F3 F2, Fl (19) 
for 9's complementing is: 

1F2 OF2, F3 (20) 

and the expression for shifting, obtained from Table IIIa 
by the substitution of F3 for F, and of F2 for F, is: 

OF3=F3, or, OF3-Fi 

and the expressions for shifting, obtained from Table 
IIIa by the substitution of FI for F, and of F3 for F, 
become: 

(25) 

60 
from which, by combining with the corresponding opera 
tion symbols, the expressions for gating circuit 10F3 
become: 

70 =(Ti-S). Fi-S.T.F3 

For synchronizing the operation of the circuit of Fig. 1, 
a clock pulse cp generated by an external source may be 
applied at the end of each bit time T1, T2, T3, and T4. 

5 Including the clock pulse cp as a final “and” condition 
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in each flip-flop input signal, the final mechanization 
functions for the circuit of Fig. 1 then become: 

1G = S.T. (Fi-F2--F8--FI).cp 

where the dot (...) represents the logical “and” function 
and the plus (--) the logical non-exclusive 'or' function. 

In the circuit of Fig. 1, each “and” function is provided 
by an “and” circuit and each “or function by an "or" 
circuit. For example, in gating circuit 10B, the “and” 
function G.T.Fi in Equation 10B, above, is provided by 
“and” circuit 10B-1, responsive to signals G, T, and F1 
applied to separate input terminals, for producing a 
1-representing output signal when signals G, T, “and” 
F1 are 1-representing signals. The “or' function 
(G-T) is provided by "or” circuit 10B-2, responsive 

s 

to signals G and Ti applied to separate input terminals, 
for producing a 1-representing output signal when either 
"or" both of signals G and Ti is a 1-representing signal. 
This 'or' function is combined with signal F1 in “and” 
circuit 10B-3 to produce the function (G--Ti).F. 
Finally, the functions (G-T1)...Fi and G.T.F1 are com 
bined in "or" circuit 10B-4 to produce the signal B. 
"And” and "or" circuits are now so well known in the 

computer art that it should not be necessary to describe 
Such circuits in detail in this application. Examples of 
such circuits are shown on pages 37 to 45 of “High-Speed 
Computing Devices” by Engineering Research Associates, 
published in 1950 by McGraw-Hill Book Company, Inc., 
New York and London, and in an article entitled “Diode 
coincidence and mixing circuits in digital computers' by 
Tung Chang Chen, in volume 38 of the “Proceedings of 
the Institute of Radio Engineers,” on pages 511 
through 514. 

Reference is now made, merely for the sake of com 
pleteness, to Figs. 5, 5a, 6 and 6a illustrating forms of 
"and" and "or" circuits suitable for use in mechanizing 
the present invention. An “and” circuit having two input 
terminals is illustrated in Fig. 5, while the symbolic repre 
Sentation thereof is shown in Fig. 5a. An 'or' circuit 
having three input terminals is illustrated in Fig. 6, the 
Symbolic representation being shown in Fig. 6a. It is not 
necessary to describe these circuits in detail since they are 
shown and described in the Wolfe patent above referred 
to. An “and” circuit identical to that of Fig. 5 is shown 
in Fig. 9c of the referenced patent as a gate 60; and an 
"or' circuit identical to that of Fig. 6 is illustrated in 
Fig. 13c of the referenced patent as a gate (E4). 
As the application of clock-pulse cp is a final “and” 

condition for all flip-flop input signals, it may be com 
bined in a final “and” circuit which is included specifically 
for that purpose. On the other hand, it may be preferable 
to employ as the final gating circuit a combined “and” 
and "or" circuit of the type described in copending U. S. 
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15 
patent application No. 2,762,936, Serial No. 327,133, for 
"Diode, Pulse Gating Circuits,” by Richard D. Forrest, 
filed December 20, 1952, and assigned to the same as 
signee as the present application. 

It will be noted that a complementary signal generat 
ing network Co, of the type described in the above 
mentioned copending application Serial No. 308,045 by 
Daniel L. Curtis, is interposed between gating circuit 
10F1 and flip-flop F1, for developing signals 1F1 and 0F1. 
Whereas specific mechanizations of the gating circuits 

are shown in Fig. 1, the particular mechanizations have 
been selected primarily for purposes of illustration, and 
as previously pointed out a wide variety of other mecha 
nizations are possible. For example, the mechanization 
of gating circuit 10F2 according to the simplified partial 
changing functions would provide a saving of 6 diodes 
over the mechanization shown. 
The operation of the circuit of Fig. 1 has been previ 

ously illustrated by Table II, in terms of the conversions 
of input signals Iki into output signals Oki. A specific 
illustration in terms of numerical signal values is pre 
sented in Table VI, below, wherein there is shown the 
shifting of the last digit 7 of one decimal number, and 
the complementing of the first three digits 580 of another 
decimal number. The symbols employed in Table VI 
to represent the reading flip-flop I, the flip-flops of the 
register, the final gating matrix 10B, signals S and G, 
and the timing signals, are identical to those of Table II. 
At the first time Til the digit 7 to be shifted is fully entered 
into the register, and at succeeding times T1 the digits 0, 
8, and 5, respectively, representing the number 580 to be 
complemented, are fully entered into the register. Ac 
cordingly, signal S is 0 at the first time T but changes to 
1 by the second time T, actuating the circuit to comple 
ment the digits 0, 8, and 5. Signal G is 0 during the 
shifting of the digit 7 and remains 0 during the comple 
menting of the Zero-valued digit, but the entry of the 
digit 8 into the register causes G to change to 1 by the 

The digit 5 is then 9's complemented 
in response to S=1 and G=1. It is therefore apparent 
that, during complementing, the binary representation of 
the applied number 580 is converted to the binary repre 
sentation of the complementary number, 420. 

TABLE VI 

I F3 F2 F. B G S 

of Lixi in o ot 
010.10OOOOOO NO 1| 0 0,1 T2 

OO 100OOOO 1| 0 0,1 T3 

O101100000 O 0 0 0,1 T. 

OO O O. O. O. O. T. 

01011000 0 1 T2 

OOOO O T3 

0.10110 0 1 T4 

0 1 Ti 

T2 

1 T3 

4 

0 1 0 1 0 1 1 T1 

0 1 0 O 1 

0 1 1 T3 

O O. 1 T4 
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Reference is now made to Fig. 2 wherein there is shown 
a second embodiment of the present invention, for pro 
ducing the 10's complement of a number by first deriving 
the 9's complement and then adding 1 in the least sig 
nificant digital place. The circuit of Fig. 2 includes a 9's 
complementer circuit 200 coupled to one input terminal 
of an adder circuit 210. The 9's complementer is selec 
tively operable, in response to a signal S generated by a 
shift-or-complement control circuit 220, to shift applied 
input signals Ik representing a decimal number when S 
is 0, and to produce output signals Ok representing the 
9's complement of the number when S is 1. Adder 210 
includes a carry circuit, not shown, which is responsive 
to the 1-representing value of signal S to generate a first 
decimal carry signal, and which is responsive to signals 
Ok and the first carry signal to produce further carry 
signals as required. Thus, when S is 1, adder 210 receives 
signals Ok and produces signals representing the 10's 
complement of the number. In the 9's complementer 
circuit of Fig. 2, a shifting and converting register 20R 
is identical to register 100 of Fig. 1, and a flip-flop I is 
again the source of input signals. A gating matrix 20M 
is 9's complementer 200, corresponding to gating matrix 
10M of Fig. 1, includes gating circuits 20F3, 20F2, and 
20F1, for providing input signals to the corresponding 
flip-flops, and a final gating circuit 20B. 
The 9's complementer of Fig. 2 may be readily derived 

from the circuit of Fig. 1 by omitting the logical circuitry 
for forming 10's complements. Thus, in the equations 
for Fig. 1, the 10's complement term S.G.T. may be omit 
ted, and the remaining operations may be represented by 
the symbols: 

(Ti +S), for shifting, and S.T., for 9’s complementing, 

and the revised equations then become: 

(28) 

and as G no longer appears in the above equations, flip 
flop G and its associated gating circuit may be omitted. 
The details of adder circuit 210 are not shown as it is 

not a part of the present invention. One adder which 
may be used is of the general type described in the above 
mentioned copending application Serial No. 322,665 by 
Nelson. Adder 210 is shown by way of example, as a 
two-input adder, having input circuits designated A and 
X for receiving numbers A and X, respectively, to be 
added or subtracted, and another input circuit C coupled 
to control circuit 220. 
The combination of 9's complementer and adder, as 

shown in Fig. 2, may be utilized for operations of addi 
tion, subtraction, or 10's complementing. The number 
X may be entered directly into the adder, whereas a 
number A to be added to or subtracted from X may be 

- obtained from a memory M through the complementer. 
Number A may, for example, be stored in memory M in 
terms of its absolute value NA plus a sign digit SA, SA 
being 0 if the number A is positive and 1 if A is negative. 
Thus, NA and SA may be supplied from memory M to 
the 9's complementer and control circuit 220, respectively, 
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18 
control circuit 220 being responsive both to SA and to an 
operation sign digit So for generating a shift-or-comple 
ment signal S. Complementing is required if the num 
ber A is positive and the operation is subtraction, or if 
A is negative and the operation is addition. Thus assign 
ing to So the value 0 for addition and 1 for subtraction, 
the function for S is: 

=SA.So.--SAS (29) 

Similarly, shifting is to be performed if the number is 
negative and the operation is subtraction, or if the num 
ber is positive and the operation is addition, hence the 
function for S becomes: 

S=SA.So.--SAS (30) 

If the resultant is negative it will appear in complemen 
tary form and may be recomplemented by a direct-10's 
complementer such as shown in Fig.1 or Fig. 3. 
The circuit of Fig. 2 may be utilized to produce the 

10's complement of the number A, if no number X is sup 
plied to the adder. If SA is 1 and So is 0, or if SA is 0 and 
So is 1, the 9's complement of number. A will be formed 
by the 9's complementer, and the adder will provide carry 
signals for forming the 10's complement. Thus, the 10's 
complement of the number A will appear at the output 
of the adder. - -, - . . - - - 

Reference is now made to Fig. 3 wherein is shown an 
other direct 10's complementing circuit, selectively oper 
able in response to a control signal Seither to shift, or 
to shift and complement, applied signals representing a 
decimal number. Like the circuit of Fig. 1, the circuit 
of Fig. 3 includes a shifting and converting register 300, 
a gating matrix 30M, and a sequence control 30Se. Input 
information read into the register from a flip-flop I is 
progressively shifted through flip-flops F2 and F1, respec 
tively, controlled by gating circuits 30F2 and 30F1 in 
cluded in matrix 39M, the output information being pro 
duced by a final gating circuit 30B which is also included 
in matrix 30M. During complementing, the proper se 
quence of 10's and 9's complements of the digits of the 
applied number is controlled by sequence control circuit 
30Se, which includes a flip-flop G and a gating circuit 
30G for supplying input signals thereto. 

In the circuit of Fig. 3, register 300 is shortened by 
one flip-flop as compared to register 100 of Fig. 1, hence 
the time delay between input information and output in 
formation is reduced from three bit times to two bit times. 
In order to accomplish this, two principal changes have 
been made over the circuit of Fig. 1. First, the circuit of 
Fig. 3 utilizes two correction intervals T2 and T4, whereas 
the circuit of Fig. 1 formulates all required bit conversions 
during one interval T. Secondly, since in 10's comple 
menting a dit the 2d and 4th output bits must be derived 
as functions of all four input bits, flip-flop G is utilized 
to provide auxiliary storage capacity to compensate for 
the decreased capacity of the register. In addition, the 
logical gating circuits of Fig. 3 are modified to provide the 
same over-all operation as the circuit of Fig. 1. 
The operation of the circuit of Fig. 3 may be more 

clearly understood by reference to Table VII, wherein are 
shown both the shifting and the complementing operations 
of the circuit, plotted as functions of time intervals Ti, T, 
T3, and T4. Table VII includes three binary digit groups 
Io, I, and Iki, which are respectively shifted, 10's com 
plemented, and 9's complemented. Considering T as 
the basic correction interval, it may be noted from Table 
VII that for shifting S is 0 and G is 0; for 10's comple 
menting S is 1 and G has the value of signal Ill; and for 
9's complementing both S and G are 1. 

During the basic correction interval T, the 2d, 3d, and 
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4th output bits required for complementing are formu 
lated, the 2d bit being produced directly by final gating 
circuit 30B during T, and the 3d and 4th bits being pro 
duced by flip-flops F1 and F2, respectively, during T3. 
During T, flip-flops I, F2, and F1 store only three bits of 
information, whereas by reference to the discussion in 
connection with Table it may be observed that during 
10's complementing the output bits O12 and O14 are func 
tions of all four input bits. During T2 for 10's comple 

TABLE VII 

I F2 . F. B G s 
I, I, 1. I, I, T. 

I, I, O O. T shift 
I. I. Tre 
I, I, O T. 
O, O, 0 - T' 

I, O, I, T 10 
Ts 

0, 1 T. 

I.' I I, O, O, T 
I. I. I. O. 1 1 T. g's 

O' O, O, T3 

O, O, 

menting, therefore, flip-flop G is utilized to store signal 
I1. Thus, G is 1 if the applied dit is odd, and is 0 if 
the dit value is even. By referring to Table I it may be 
noted that, where the dit value is odd, the 2d, 3d, and 4th 
bits of the 10's complement are identical to the corre 
sponding bits of the 9's complement. These operations 
may be expressed by operation control symbols as follows: 

S.G.T., indicating the forming of 2d, 3d, and 4th bits 
for the 10's complements of even-valued dits, and 

G.T., indicating the forming of 2d, 3d, and 4th bits for 
9's complements, or for 10's complements of odd-valued 
dits. 

During correction interval T4, the first output bit for com 
plementing is formed, appearing on flip-flop F1 during 
T. Since Oll-I1, for the 10's complement this opera 
tion involves only shifting. Another operation control 
symbol may therefore be expressed as 

G.T., indicating the forming of the 1st output bit for 9's 
complementing. 

Further operation control symbols may be derived as: 

(S-T), indicating shifting for flip-flop F2, and 
(ST). (G+TA), indicating shifting for flip-flop F1. 
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20 
Mechanization of sequence control circuit 30Se will 

now be considered. G is normally 0 during shifting, 
stores I. during T for 10's complementing, and must, 
in response to the first dit of value other than zero, change 
to 1 by T4 time in order to control the 9's complementing 
of Succeeding dits. If the first dit of a number to be 
complemented has the value 0, however, G must remain 0 
until the next dit is received. Flip-flop G may then be 
mechanized as follows: * - . . . . 

1G=S.IF1--T2. (F?--F)1.cp (31) 
and . . . 

0G-Scp. 

The mechanization of final gating circuit 30B will now 
be considered. Gating circuit 30B shifts whenever flip 
flop F2 shifts. During T2 when G is 1, the operation is 
again shifting, since Ok=Ik, and O2=If? for odd dit 
values. These operations may be expressed as: 

B=(S.--To-G).F1 (32) 

During T2 when G is 0, the operation is 10's complement 
ing of even-valued dits. From Table I 

O12=(I14+I13).i.2 (33) 

hence from Table VII 

O12-(FI--F2). Fi (34) 
which when combined with the operation control symbol 
S.G.T., and the above-derived expression for shifting, 
yields the expression 

The required mechanization of gating circuits 30F1 
and 30F2, for providing input signals for flip-flops Fi 
and F2, respectively, will now be considered. These 
mechanizations have been selected, in the circuit of Fig. 3, 
according to the simplified partial changing functions. 
During T4, only one converted signal must be formed, at 
the input of flip-flop F. From Table I, Oei=il. Re 
ferring to Table IIIa, and substituting F2 for F, the func 
tions become: 

and 
OF. G.T.F2 

All the remaining complement conversions are formed 
during time T2. Reference is therefore made to Table 
VIII, wherein are shown the desired transitions from T. 
to T3 for flip-flops F2 and Fi; input signals F2, OF2, 
and 1F1, OF1, derived according to the simplified partial 
changing functions; and data coiumns representing the 
stable states of flip-flops I, F2, and Fi during T, from 
which expressions for the required input signals imay be 
derived. In Table VIII, separate tabulations are pro 
vided for the 10's complementing of even-valued dits 
(S.G.T2), and for 9’s complementing and the 10's com 
plementing of odd-valued dits (G.T2). 

For the operation during S.G.T., the functions for flip 
flop F may be expressed as 

1FF2 (37) 
and 
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TABLE VIII 

Input requirements for flip-flops F1 and F2 during T2 

FI F2 F1 F2 (T3) F1 (T3) F2 OF2 F. OF1 

S. G. Ta I, I3 I, O14 O3 
20 0 0 0 0 O 0. 0. 
is 2 0 0 1. O 1. 1. 
S-4 O 1. O 0. 1. 1. 
ite 6 O 1. 0. 1. 1. O 
A 8 1. 0 0 O 0. 0 0 

GT2 I I8 I O O3 

0 0 0 - 0 O O 
t1 0 0 0 0 1. O 
2 0 0 - 1 0 1. 0 O 
*3 0 0 O O O 
4 0 l 0. O 
*5 0 1. O O 1. 1 
6 O 1. 1 O O 
t7 0 1. 0 0 
8 0 1 0 O 0 0. O 
tg 0 0 O 0. O O 

*Correspond to 10's complement for dit values of 1, 3, 5, 7, and 9, respectively. 

and for the operation G.T. the functions are S.G.T2.F2.Fi. (44) 
W 1FF2 (38) 1F1=|G.T.P.+G.F2+T.F2).cp 
and 30 (30F1) -- - - - () 

OF1-F2 0F1=G.T2.F2+G.T4.F2. G.F2--T2.T4.F2).cp 
Thus the combined functions become: ( F2-SFI-T.FI-T2. S.G.F1--T2.G.Fi. F;8 

man a war- 30F2 
P 2). 4).F2- G.T.A.F2 - - 1F1=(ST).(G+T).P.+G.T.F.-- OF2=FI.cp 

2 o S.G.T2.F2-- G.T2.F (8) where the dot (..) and the plus (--) are mechanized with 
=G.T4.F2+(G+TA). F2 “and” and 'or' circuits, respectively, as previously de 

and scribed. a 

0F1= (S --T2). (G--T4).F2. G.T4.F2- From the foregoing description it is apparent that the present invention provides a serial binary-coded decimal 
S.G.T2.F2 - GT2.F2 40 Spirit circuit fixing a. i of, SEE, of u- - man . .ad binary signals respectively representing the digits of a 

= G. (T2.--T4).F2-- (G--T2.T4). F2 decimal number in the order of increasing significance, 
Similarly, for flip-flop F2 the functions for the opera- and for shifting the groups at a constant rate, the circuit 

tion during S.G.T2 are 45 being selectively operable in response to a control signal 
1F2F1 (40) to produce output signals representing the complement 

and of the number. As this type of complementer circuit 
OF2=F, or, OF2=1 provides equal time delays for the operations of shifting 

and of complementing, without the need for a special by 
and for the operation G.T2 pass circuit, its advantages when utilized in a serial com 

1F2, FiFi. (41) 50 puter are readily apparent. 
and In Figs. 1 and 3 there have been disclosed comple 

OF2-Fi, or, OF2=1 menter circuits which are operable to produce in one 
is was integrated operation signals representing the 10's com 

Combining, the complete functions become: plement of an applied number. As previously pointed 
- - - out, such direct 10's complementers may be utilized at 

1F2=(S +T).F-- S.G.T2.F1-- (42) the output of an arithmetic unit for recomplementing 
G.T2.F1FI negative resultants without re-routing information 

=(S+T). FI-T2. (S.G.F1--GF1).FI through the adder a second time, thus substantially short 
- main i ening the time required for non-cumulative addition and 

OF2=(S.--T2). FI--S.G.T2. FI-- G.T2. FI 60 subtraction operations. 
-FI in Fig. 2, on the other hand, there has been disclosed 

a 9's complementer which may be utilized in conjunction 
with an adder circuit for adding or subtracting decimal 
numbers in the excess-Zero binary code. In this adder 
Subtracter the corrections required for maintaining the 
representation of decimal numbers in accordance with 
the code are much simpler than the corresponding correc 
tions required in the excess-three code, shown in the 
Harvard reference previously mentioned. Furthermore, 

It may be noted that in the circuit of Fig. 1 the gating 
matrices include many voltage levels. However, it may 
be advantageous to restrict the number of voltage levels 65 
in the matrices, as for example, where high reliability 
and lew operating cost are desired. Such a mechaniza 
tion is shown in Fig. 3, where each matrix has a maxi 
mum of two voltage levels. Accordingly, the final logi 
cal expressions for the circuit of Fig. 3 become: 70 the need for correction circuits for subtraction, such as are 

1G= S. (F1--T2.F2--T2. FI).cp required in the adder-subtracter described in the above 
(30G) (43) mentioned copending application Serial No. 322,665 by 

0G=S.cp Nelson, has been obviated since both addition and sub 
(30B) B=S.F1+G.F1--T2. F1 -- S.G.T2.F.I.F.-- 75 traction operations are performed by adding. As pre viously pointed out, in the special case where the num 
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ber supplied direct to the adder is zero, the 10's comple 
ment of the other number is produced at the output of 
the adder. 

Since the above-described mechanization of the 9's 
complementer in the excess-zero code is relatively simple, 
the adder-subtracter combination thereby made available 
is more economical than either of those shown by Har 
vard and by Nelson. A further advantage of the present 
invention over adder-subtracters mechanized in other 
codes is that the excess-zero code is easier to understand 
and to use, since the value of each decimal digit is repre 
sented directly by the corresponding binary number. 

It has also been shown how, according to the present 
invention, serial complementer circuits may be constructed 
of flip-flops and gating circuits, achieving economy of 
circuit elements through full utilization of the inform:i- 
tion storage capabilities of the flip-flops. However, it 
must be understood that the invention is not limited to 
the use of flip-flops, as other suitable bistable elements 
may be used. 
The voltage-level system of controlling circuit operation 

24 
signal indicating the sequence of 10's complements and 
9's complements of the digits of the number required to 
form the complement of the number; first means coupled 

- to said register and responsive to said second level of the 
5 

10 

5 

20 

has been specifically shown herein, in connection with - 
Figs. 1, 2, and 3. It is to be understood, however, that 
the invention is not so limited, but may also be utilized 
in a system wherein pulses, rather than voltage levels, 
represent the binary digits. 
In the specifically described figures, each flip-flop is 

shown as being controlled according to one particular 
type of function. It is apparent, however, that the set 
ting, changing, partial changing, or simplified partial 
changing functions, or any modifications or combinations 
thereof, may be utilized in controlling any particular flip 
flop. Also, the number of voltage levels employed in the 
gating matrices may be varied. For any particular appli 
cation, the desired mechanization may be selected on the 
basis of size, weight, initial cost, reliability, power con 
sumption, operating cost, and other factors. 

Other modifications and other applications, not spe 
cifically described herein, will be apparent to those skilled 
in the art. . 
What is claimed as new is: 
1. In a serial binary-coded decimal computer, a circuit 

for receiving a series of groups of binary signals respec 
tively representing the digits of a decimal number in the 
order of increasing significance, and for shifting the 
groups at a constant rate, the circuit being selectively 
operable in Tesponse to a control signal to produce output 
signals representing the complement of the number, said 
circuit comprising: register means for receiving and shift 
ing the groups of binary signals, said register means being 
actuable to convert each group of signals to signals repre 
senting the 9's complement of the corresponding digit of 
the number; sequence control means responsive to the 
control signal for generating a sequencing signal indicat 
ing the period of operation prior to and during the recep 
tion of the first non-zero digit of the number; first gating 
circuit means coupled to said register means and respon 
sive to the control signal and to said sequencing signal 
for producing signals representing the 10's complement 
of the first non-zero digit of the number; and second 
gating circuit means coupled to said register means and 
responsive to the control signal and to said sequencing 
signal for actuating said register means to produce signals 
representing the 9's complements of succeeding digits of 
the number. . 

2. A circuit selectively operable in response to a bilevel 
control signal to shift, or to shift and complement, a 
series of input signals representing a decimal number, said 
signals being applied in the order of increasing signifi 
cance, said circuit comprising: a shifting and converting 
register for receiving the input signals, said register being 
responsive to a first level of the control signal to shift the 
input signals, and being actuable to produce output signals 
representing the complement of the number; sequence 
control means responsive to a second level of the control 
signal and to the input signals for forming a sequencing 
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control signal and to said sequencing signal for actuating 
said register to produce signals representing the 10's 
complement of the first non-zero digit of the number; 
and second means coupled to said register and responsive 
to said second level of the control signal and to said se 
quencing signal for actuating said register to produce 
signals representing the 9's complements of the higher 
place digits of the number. 

3. The circuit defined in claim 2 wherein each decimal 
digit is represented by a series of four binary digits having 
weights of 8,4, 2, and 1, respectively, according to the 
excess-Zero code; wherein said register includes first and 
second series coupled flip-flops; and wherein said first and 
second means comprise a gating matrix including a plu 
rality of logical gating circuits, one gating circuit for 
controlling each of said flip-flops, and a final gating cir 
cuit connected to said second flip-flop. 

4. In a serial adder-subtracter for performing addi 
tion or subtraction of decimal numbers represented by 
corresponding series of input signals wherein addition 
is performed directly by an adder circuit and subtrac 
tion is performed by adding the 9's complement of one 
of the numbers to the other number and adding 1 in 
the least significant place; a 9's complementer circuit 
Selectively operable in response to a bilevel control sig 
nal to shift, or to shift and 9's complement, an applied 
series of input signals to produce output signals corre 
sponding to the input signals during a first level of the 
control signal and corresponding to the 9's complement 
of the input signals during a second level of the control 
signal, said 9's complementer circuit comprising: a shift 
ing and converting register, including first, second and 
third flip-flops, for receiving the input signals, each of 
said flip-flops including a 1 and a 0 input circuit, and a pair 
of output circuits for producing a pair of complemen 
tary voltage-state signals; a gating matrix including first, 
second and third logical gating circuits coupled to said 
input circuits of said first, second and third flip-flops, 
respectively, for controlling said flip-flops, and a final 
gating circuit coupled to the output circuits of said first 
flip-flop for producing the output signals, the output sig 
nals being produced after a time delay corresponding 
to the digit storage capacity of said register, the time 
delay being substantially the same for shifting and for 
complementing, said gating matrix being responsive to 
the first level of the control signal for actuating said 
register to shift the input signals and to the second level 
of the control signal for actuating said register to pro 
duce signals representing the 9's complement of the num 
ber. 

5. In a binary-coded decimal computer, a circuit se 
lectively operable in response to a first voltage-level sig 
nal S to shift a binary series Ik of input signals repre 
senting a decimal number, and operable in response to 
a second voltage-level signal S to shift and convert the 
series Ik into a binary series Ok of output signals rep 
resenting the complement of the number, where i and 
k respectively indicate the binary and decimal digital 
positions, signals Ik being applied in the order of in 
creasing significance, said circuit comprising: a shifting 
and converting register for shifting signals Ik in re 
Sponse to signal S, and being actuable to produce out 
put signals Ok; sequence control means responsive to 
signal S and to signals Ik for forming a pair of comple 
mentary sequencing signals G and G indicating the re 
ception of the first non-zero digit of the number; and a 
gating matrix comprising a plurality of gating circuits 
coupled to said register and responsive to signal S and 
to said sequencing signals for actuating said register to 
produce output signals Ok. 
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6. The circuit defined in claim 5 wherein the binary 
Series Ok of output signals represent the 10's comple 
ment of the number, the series Ik being converted into 
the series Ok in one integrated operation, the relation 
ship between signals Ok, and Ik being representable by 
the equations 

O3=I,8.(I?--I)-i,8.I.2.1.1 
and 

O,4 I.T.3.12.I. --I,8.I.2.1 
where the subscript 1 indicates the least significant dec 
imal digits up to and including the least significant non 
Zero digit of the number, and 

O =I, 
O2 = I, 
O3=1...I.--II? 

and 

O =I, I3 I? 
where the Subscript 2 indicates each of the more signifi 
cant digits of the number, the plus (--) is defined as 
the logical non-exclusive 'or' function, the dot (...) rep 
resents the logical multiplication or “and” function, and 
the bar ( ) indicates the complement of a signal, 

7. The circuit defined in claim 5 wherein each decimal 
digit is represented by a series of four binary digits; said 
resister includes flip-flops F1, F2, and F3, having 1 and 
0 input circuit pairs 1F1, OF1, 1F2, OF2 and 1F3, OF3, and 
producing complementary pairs of voltage-state signals 
F, F, F2, F2, and F3, F3, respectively; said gating matrix 
includes first, second, and third gating circuits coupled 
to said input circuit pairs of flip-flops F, F2, and F3, 
respectively, and a final gating circuit coupled to the 
outputs of said flip-flop F1, producing a signal B rep 
resenting the output series Ok, signals F, F, and F3 
having values respectively corresponding to Iki, Ik, and 
Ik, during a time interval representable by complemen 
tary signals T and T, said gating matrix being responsive 
to signal T for forming output signals Ok, when S is 1 
and for shifting input signals Ik when S is 1, and being 
responsive to signal T for shifting signals Ik and Ok. 

8. The circuit defined in claim 7 wherein said sequence 
control means includes a gating circuit 10G, a flip-flop G 
for forming said sequencing signals G and G, said flip 
flop G having input circuits 1G and 0G connected to said 
gating circuit 10G, signal G having a 1-representing value 
during the complementing of all digits up to and includ 
ing the first non-zero digit of the number, and signal 
G having a 1-representing value during the complement 
ing of all succeeding digits, said gating circuits 10G. 
being defined by the logical equations: 

1G-S.T. (Fi-F2-F3--FI).cp 
and 

where F is a signal representing the input series 
Ik, the plus (--) represents an "or" circuit for 
performing the logical non-exclusive 'or' function, the 
dot (...) represents an “and” circuit for performing the 
logical multiplication or “and” function, and cp repre 
sents a clock-pulse or synchronizing signal. 

9. The circuit defined in claim 7 wherein each decimal 
digit is represented by binary digits having weights of 
8, 4, 2, and 1, respectively, according to the excess-Zero 
code, the input series Ik being received as complementary 
signals FI, Fi, said first, second, third, and final gating 
circuits being respectively defined by the logical equa 
tions; 
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OF3=(Ti--S). FI-- S.T. Facp 

where the plus (--) represents an “or' circuit for per 
forming the logical non-exclusive 'or' function, the 
dot (...) represents an “and” circuit for performing the 
logical multiplication or “and” function, the bar ( ) 
indicates the complement of a signal, and cp represents 
a synchronizing signal. 

10. The circuit defined in claim 5 wherein each deci 
mal digit is represented by a series of four binary digits; 
said register includes flip-flops F1 and F2, having 1 
and 0 input circuit pairs 1F1, 0F1, and 1F2, OF2 and 
producing complementary pairs of voltage-state signals 
F1, F1, and F2, F2, respectively; said gating matrix in 
cludes first and second gating circuits coupled to said 
input circuits of flip-flops F1 and F2, respectively, and 
a final gating circuit coupled to the output circuits of 
flip-flop F1 producing a signal B representing the output 
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series Ok, signals F1 and F2 having values respectively 
corresponding to Ik and Ik during a time interval rep 
resentable by complementary signals T2 and T and cor 
responding to Ik and Iki during a time interval repre 
sentable by complementary signals T4 and T, said gat 
ing matrix being responsive to signal T2 for forming 
output signals Oki when S is 1 and for shifting input 
signals I, when S is 1, said second and said final gating 
circuits being responsive to signal T2 for shifting signals 
Ik and Ok, and said first gating circuit being responsive 
to signal T4 for forming output signal Ok1 when S is 1 
and for shifting input signal Iki when S is 1. 

i1. The circuit defined in claim 10 wherein said se 
quence control means includes a gating circuit 30G, a 
flip-flop G for forming said sequencing signals G and 
G, said flip-flop G having input circuits 1G and 0G 
connected to said gating circuit 30G, signal G having 
a 1-representing value during the complementing of all 
digits prior to the first non-zero digit of the number, 
flip-flop G being operative to store a signal Il corre 
sponding to the first binary digit representing the first 
non-zero digit of the number during the complementing 
thereof, and signal G having a 1-representing value dur 
ing the complementing of all succeeding digits, said gat 
ing circuit 30G being defined by the logical equations: 

1G=S. (F1--T2.F2--T2. FI).cp 
and 

where FI is a signal representing the input series Iki, 
the plus (--) represents an "or" circuit for performing 
the logical non-exclusive 'or' function, the dot (...) rep 
resents an “and” circuit for performing the logical multi 
plication or “and” function, and cp represents a clock 
pulse or synchronizing signal. 

2. The circuit defined in claim 10 wherein each de 
cimal digit is represented by binary digits having weights 
of 8, 4, 2, and 1, respectively, according to the excess 
Zero code, the input series Iki being received as comple 
mentary signals FI, Fr, said first, second, and final gat 
ing circuits being respectively defined by the logical equa 
tions: 
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iF1=(G.T.F..+G.F2+T.F2).cp 
and 
0F1=IG.T2.F2+G.T4.F2+G.F.--T.T.F.).cp 
1P2-S.FI-T2.FI-T2.S.G.F1--T2.G.Fi.Fi.cp 
and . . . -- - - - - - - - 

OF2=FI.cp 
and • - 

B -S.F1--GF1--T2.F1-S.G.T2.F.I.F1+ S.G.T2.F2F1 
where the plus (--) represents an "or" circuit for per 
forming the logical non-exclusive "or" function, the dot 
(...) represents an “and” circuit for performing the logi 
cal multiplication or "and" function, the (-)- indicates 
the complement of a signal, and cp represents a syn 
chronizing signal. ... . 
... 13. In a serial adder-subtracter for performing addi 
tion or subtraction of decimal numbers represented by 
corresponding series of input signals, wherein addition is 
performed directly by an adder circuit and subtraction is 
performed by adding the 9's complement of one of the 
numbers to the other number and adding 1 in the least 
significant place; a circuit selectively operable in response 
to a first voltage-level signal S to shift a binary series 
Iki of input signals representing a decimal number, or in 
response to a second voltage-level signal S to shift and 
convert the series Iki into a binary series Ok of output 
signals representing the 9's complement of the number, 
where i and k respectively indicate the binary and de 
cimal digital positions, signals Ik being applied in the 
order of increasing significance, said circuit compris 
ing: a shifting and converting register including first, 
second and third flip-flops; a gating matrix including first, 
second and third logical gating circuits coupled to said 
first, second and third flip-flops, respectively, for con 
trolling their operation, and a final gating circuit con 
nected to said first flip-flop for producing the output 
signals, the output signals being related to the input 
signals according to the functions: 

Oi!-il 
Ox2=I? 
O3=13. I?--I-3. I? . 

and 
O4-i-4.ii.3.I.2 

wherein the subscript k indicates any digit of the num 
ber, the plus (--) is defined as the logical non-exclusive 
"or' function, the dot () represents the logical multi 
plication or “and” function, and the bar (-) indicates 
the complement of a signal. 

14. The circuit defined in claim 13 wherein each dec 
imal digit is represented by a series of four binary digits; 
said register also includes a third flip-flop and said gating 
matrix also includes a third gating circuit coupled to said 
third flip-flop for controlling the operation thereof, said 
first, second, and third flip-flops having 1 and 0 input cir 
cuit pairs 1F1, 0F1, 1F2, OF2, and 1F3, OF3, respectively, 
and producing pairs of complementary voltage-state sig 
nals F, F, F2, F2, and F3, F3, respectively; signals F1 
and F having values respectively corresponding to Ik 
and Ik during a time interval representable by comple 
mentary signals T and T, said gating matrix being re 
sponsive to signal Ti for forming output signals Oki when 
S is 1 and for shifting input signals Ik when S is 1, and 
being responsive to signal T for shifting signals Ik and 
Ok. 

15. The circuit defined in claim 14 wherein each dec 
imal digit is represented by binary digits having weights of 
8, 4, 2, and 1, respectively, according to the excess-Zero 
code, the input series Ik being received as complementary 
signals F, F, said first, second, third, and final gating cir 
cuits being respectively defined by the logical equations: 
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B = (T1--S).F1+ S.T1F1 
where the plus (--) represents an "or" circuit for per 
forming the logical non-exclusive. 'or' function, the dot 
() represents an “and” circuit for performing the logi 
cal multiplication or “and” function, the bar () indi 
cates the complement of a signal, and cp represents a 
clock-pulse or synchronizing signal. 

16. In a serial binary-coded decimal computer, a cir 
cuit selectively operable in response to a first voltage 
level signal S to shift a binary series Ik of input signals 
representing a decimal number, or in response to a second 
voltage-level signal S to shift and simultaneously con 
vert the series Ik into a binary series Ok of output signals. 
representing the 10's complement of the number, where 
i and k respectively indicate the binary and decimal 
digital positions, signals Ik being applied in the order of 
increasing significance, said circuit comprising: a shift 
ing and converting register for receiving, storing, and pro 
gressively shifting signals Ik, said register being actuable 
to convert the signals Iki into the signals Oki; sequence 
control means responsive to signal S and to signals Ik 
for forming complementary sequencing signals G and G 
indicating the first non-zero digit of the number; and gat 
ing matrix means responsive to the signal S and to said 
signals G and G for actuating said register to convert the 
signals Iki into the signals Ok, signals Ok representing 
the 10's complements of the first digits up to and in 
cluding the first non-zero digit of the number, and the 
9's complements of the higher place digits. 

17. The circuit defined in claim 16 wherein each dec 
imal digit is represented by a series of binary digits hav 
ing weights of 8, 4, 2, and 1, respectively, according to 
the excess-Zero code; said register includes a plurality of 
series coupled flip-flops; and said gating matrix means 
includes a separate gating circuit for controlling each of 
said flip-flops, and a final gating circuit coupled to the 
last flip-flop of said register for producing said output 
signals Ok or said shifted input signals Iki. 

18. An electronic circuit for receiving a binary signal 
series representing a decimal number in coded form, and 
for progressively shifting and modifying the signal series 
to produce a modified signal series representing the com 
plement of the decimal number, said circuit comprising: a 
plurality of bistable elements connected in a series to 
receive and progresssively shift the signal series, each 
bistable element having input and output circuits; a plu 
rality of gating circuits, one gating circuit being con 
nected to the input circuits of each except the first one 
of said bistable elements for controlling the operation 
thereof, each of said gating circuits being coupled to the 
output circuits of at least two of said bistable elements 
and responsive to binary signals stored therein for con 
trolling the input circuits of the corresponding bistable 
element associated with said gating circuit. 
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