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SYSTEMS AND METHODS FOR CLUSTER COMPARISON

CROSS-REFERENCE TO RELATED APPLICATIONS

[0001] This application is a continuation-in-part of U.S. Patent Application Serial No.
12/906,107, filed on October 17, 2010, which is hereby incorporated by reference in its

entirety.

BACKGROUND
Field

[0002] The present disclosure relates to data clustering, and more particularly relates to
organizing objects into clusters of related objects, such as organizing a group of images into

one or more clusters of related images.

Background

[0003] In the field of digital imaging, a large set of images may be partitioned into smaller
clusters of images. For example, a computing device may organize a large collection of
images into a two or more clusters of images in which the images in a certain cluster are
similar to each other. To that end, a number of different clustering procedures have been

developed to automatically cluster images based on features of the images.

[0004] The performance of a clustering procedure may vary depending on the set of images
being clustered. Thus, in some situations it may be better to choose one clustering procedure

over another.
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SUMMARY

[0005] Mutual Information (also referred to herein as “MI”) is an example of an information
theoretical measure that has been used to measure similarity between two partitions or
clustering results of the same data. The MI measures how closely two different clustering
procedures place the same objects in the same clusters, but it lacks an interpretable baseline,
which hinders its usability. There is an adjusted form of MI, referred to as the Adjusted
Mutual Information (also referred to herein as “AMI”) that provides MI with an interpretable
baseline by subtracting out the expected value of the MI. The value of AMI indicates how
well the two partitions or clustering results agree when compared to the agreement obtained

by chance.

[0006] AMI is based on a model of randomness where the size of the partitions or clusters is
assumed to be known and fixed. However, when comparing the results obtained by
clustering algorithms, it may be necessary to account for partitions or clusters that do not
have a predetermined size, but instead a size that is determined by the partitioning or

clustering algorithm.

[0007] Also, the Rand index is a similarity measure for comparing two clusterings. The
Rand index is a pair counting measure that is defined as the fraction of pairs that are either in
the same set in both the partitions or in different sets in both the partitions. However, the

Rand index suffers from some of the same shortcomings as MI.

[0008] Thus, while MI and the Rand index can indicate cluster similarity, they do not
appropriately account for results, e.g., cluster sizes and object assignments into clusters, that

are obtained by chance.

[0009] In one embodiment, a method for measuring similarity between a first set of clusters
generated by a first clustering procedure and a second set of clusters generated by a second

clustering procedure comprises applying a first clustering procedure and a second clustering
procedure to a set of objects to cluster the objects into a first set of clusters and a second set

of clusters, respectively, and calculating a similarity index between the first set of clusters
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and the second set of clusters. The method further comprises calculating an expected value
of the similarity index, wherein the expected value is a value of the similarity index one
would expect to obtain, on average, between a randomly generated third set of clusters and a
randomly generated fourth set of clusters with a same number of clusters as the first set of
clusters and the second set of clusters, respectively, and adjusting the calculated similarity

index by a penalty factor that includes the expected value of the similarity index.

[0010] In one embodiment, a system for measuring similarity between a first set of clusters
generated by a first clustering procedure and a second set of clusters generated by a second
clustering procedure comprises a computer-readable medium configured to store computer-
executable instructions, and one or more processors configured to cause the system to
retrieve a set of objects from one or more computer-readable media, apply a first clustering
procedure to the set of objects to sort the objects into a first set of clusters, wherein the first
set of clusters has a first number of clusters, and apply a second clustering procedure to the
set of objects to sort the objects into a second set of clusters, wherein the second set of
clusters has a second number of clusters. The one or more processors are further configured
to cause the system to calculate a similarity index between the first set of clusters and the
second set of clusters, calculate an expected value of the similarity index, wherein the
expected value is an average value of the similarity index between a randomly generated
third set of clusters and a randomly generated fourth set of clusters, wherein the third set of
clusters has at most a same number of clusters as the first number of clusters and the fourth
set of clusters has at most a same number of clusters as the second number of clusters, and
adjust the calculated similarity index by a penalty factor that includes the expected value of

the similarity index.

[0011] In one embodiment, one or more computer-readable media store instructions that,
when executed by one or more computing devices, cause the one or more computing devices
to perform operations comprising performing a first clustering procedure on a set of objects
to generate a first set of clusters, performing a second clustering procedure on the set of
objects to generate a second set of clusters, and calculating a similarity index between the

first set of clusters and the second set of clusters. The operations further comprise
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calculating an expected value of the similarity index, wherein the expected value is a
weighted average of possible values of the similarity index between a randomly generated
third set of clusters and a randomly generated fourth set of clusters, wherein the third set of
clusters has a same number of clusters as the first set of clusters and the fourth set of clusters
has a same number of clusters as the second set of clusters, and modifying the calculated

similarity index by a penalty factor that includes the expected value of the similarity index.

[0012] This brief summary has been provided so that the nature of this disclosure may be
understood quickly. A more complete understanding can be obtained by reference to the

following detailed description and to the attached drawings.

BRIEF DESCRIPTION OF THE DRAWINGS

[0013] FIG. 1 is a representative view of computing equipment relevant to one example

embodiment.

[0014] FIG. 2 is a detailed block diagram depicting the internal architecture of the host

computer shown in FIG. 1.

[0015] FIG. 3 is a representational view of an image processing module according to an

example embodiment.

[0016] FIG. 4 is a flow diagram for explaining selection of a clustering procedure according

to an example embodiment.

[0017] FIG. 5A is a view depicting a contingency table for explaining clustering according to

an example embodiment.
[0018] FIG. 5B is a view for explaining mutual information.

[0019] FIG. 5C is a view for explaining elements of a cluster according to an example

embodiment.
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[0020] FIGs. 5D to SF are diagrams depicting example results of clustering procedures

according to an example embodiment.

[0021] FIG. 6 is a block diagram that illustrates an example embodiment of objects in a

collection that are organized into sets of clusters.

[0022] FIGs. 7A and 7B illustrate example embodiments of randomly generated sets of

clusters.

[0023] FIGs. 8A to 8C illustrate example embodiments of randomly generated sets of

clusters.

[0024] FIG. 9A illustrates an example embodiment of a contingency table generated based

on the randomly generated clusters shown in FIG. 7A.

[0025] FIG. 9B illustrates an example embodiment of a contingency table generated based

on the randomly generated clusters shown in FIGs. 7A and 8A.

[0026] FIG. 10A illustrates an example embodiment of a contingency table generated based

on the randomly generated clusters shown in FIGs. 7A and &B.

[0027] FIG. 10B illustrates an example embodiment of a contingency table generated based

on the randomly generated clusters shown in FIGs. 7B and 8B.

[0028] FIG. 11 is a block diagram that illustrates an example embodiment of a method for

generating an expected index.

[0029] FIG. 12 illustrates an order of operations used to generate the expected index for two

sets of clusters.

[0030] FIG. 13 illustrates example embodiments of contingency tables that show the

independence of a shared index from the column number and the row number.

[0031] FIG. 14 is a block diagram that illustrates an example embodiment of a method for

generating an expected index.
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[0032] FIG. 15 is a block diagram that illustrates an example embodiment of a system for

comparing object clusters.

[0033] FIG. 16A is a block diagram that illustrates an example embodiment of a system for

comparing object clusters.

[0034] FIG. 16B is a block diagram that illustrates an example embodiment of a system for

comparing object clusters.

DESCRIPTION

[0035] FIG. 1 is a representative view of computing equipment relevant to one example
embodiment. Computing equipment 40 includes host computer 41 which generally
comprises a programmable general purpose personal computer (also referred to herein as a
“PC”, though computer and PC may refer to any computing device, including, for example, a
desktop computer, a server, a PDA, a laptop, a tablet, a phone) having an operating system
such as Microsoft® Windows® or Apple® Mac OS® or LINUX, and which is programmed
as described below so as to perform particular functions and in effect to become a special
purpose computer when performing these functions. Computing equipment 40 includes color
monitor 43 including display screen 42, keyboard 46 for entering text data and user
commands, and pointing device 47. Pointing device 47 preferably comprises a mouse for

pointing and for manipulating objects displayed on display screen 42.

[0036] Host computer 41 also includes computer-readable memory media such as computer
hard disk 45 and DVD disk drive 44, which are constructed to store computer-readable

information such as computer-executable instructions. DVD disk drive 44 provides a means
whereby host computer 41 can access information, such as image data, computer-executable
process steps, application programs, etc. stored on removable memory media. Other devices

for accessing information stored on removable or remote media may also be provided.

[0037] Host computer 41 may acquire digital image data from other sources such as a digital

video camera, a local area network, or the Internet via a network interface. Likewise, host
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computer 41 may interface with other color output devices, such as color output devices

accessible over a network interface.

[0038] Display screen 42 displays a list of clustering procedures and a respective score for
each procedure, along with a selection of the clustering procedure with the highest score. In
that regard, while the below process will generally be described with respect to images for
purposes of conciseness, it should be understood that other embodiments could also operate
on other objects. For example, other embodiments could be directed to selecting a clustering

procedure for clustering audio files, moving image files, documents, etc.

[0039] While FIG. 1 depicts host computer 41 as a personal computer, computing equipment
for practicing aspects of the present disclosure can be implemented in a variety of
embodiments, including, for example, a server, a laptop, a digital camera, mobile devices
such as cell phones, ultra-mobile computers, netbooks, portable media players, or game

consoles, among many others.

[0040] FIG. 2 is a detailed block diagram showing the internal architecture of host computer
41 of computing equipment 40. As shown in FIG. 2, host computer 41 includes central
processing unit (CPU) 110 which interfaces with computer bus 114. Also interfacing with
computer bus 114 are hard disk 45, network interface 111, random access memory (RAM)
115 for use as a main run-time transient memory, read only memory (ROM) 116, display
interface 117 for monitor 43, keyboard interface 112 for keyboard 46, and mouse interface

113 for pointing device 47.

[0041] RAM 115 interfaces with computer bus 114 so as to provide information stored in
RAM 115 to CPU 110 during execution of the instructions in software programs such as an
operating system, application programs, image processing modules, and device drivers.

More specifically, CPU 110 first loads computer-executable process steps from fixed disk 45,
or another storage device into a region of RAM 115. CPU 110 can then execute the stored
process steps from RAM 115 in order to execute the loaded computer-executable process
steps. Data such as color images or other information can be stored in RAM 115, so that the

data can be accessed by CPU 110 during the execution of computer-executable software
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programs, to the extent that such software programs have a need to access and/or modify the
data. A module includes computer-readable instructions that may be executed by one or
more members (¢.g., a CPU, direct mapped-memory) of one or more computing devices to
cause the computing device(s) to perform certain operations, though for purposes of

description a module may be described as performing the operations.

[0042] As also shown in FIG. 2, hard disk 45 contains computer-executable process steps for
operating system 118, and application programs 119, such as graphic image management
programs. Hard disk 45 also contains computer-executable process steps for device drivers
for software interface to devices, such as input device drivers 120, output device drivers 121,
and other device drivers 122. Clustering procedures 124 include a set of clustering
procedures for clustering image files, audio files or other data. Image files 125, including
color image files, and other files 126 are available for output to color output devices and for

manipulation by application programs.

[0043] Image processing module 123 comprises computer-executable process steps, and
generally comprises an input module, an extraction module, a determination module, a
comparison module, an application module, a score generation module, and a selection
module. Image processing module 123 inputs a set of images, and outputs a selection of a
clustering procedure which best fits the set of images. More specifically, image processing
module 123 comprises computer-executable process steps executed by a computer for
causing the computer to perform a method for selecting a clustering procedure for grouping

the set of images, as described more fully below.

[0044] The computer-executable process steps for image processing module 123 may be
configured as a part of operating system 118, as part of an output device driver such as a
printer driver, or as a stand-alone application program such as a color management system.
They may also be configured as a plug-in or dynamic link library (DLL) to the operating
system, device driver or application program. For example, image processing module 123
according to example embodiments may be incorporated in an output device driver for
execution in a computing device, such as a printer driver, embedded in the firmware of an

output device, such as a printer, in an input/output device such as a camera with a display, in

-8-
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a mobile output device (with or without an input camera) such as a cell-phone or music
player, or provided in a stand-alone image management application for use on a general
purpose computer. It can be appreciated that the present disclosure is not limited to these
embodiments and that the disclosed image processing module 123 may be used in other

environments in which image clustering is used.

[0045] FIG. 3 illustrates the image processing module of FIG. 2 according to an example

embodiment.

[0046] In particular, FIG. 3 illustrates an example architecture of image processing module
123 in which the sub-modules of image processing module 123 are included in fixed disk 45.
Each of the sub-modules are computer-executable software code or process steps executable
by a processor, such as CPU 110, and are stored on a computer-readable storage medium,
such as fixed disk 45 or RAM 115. More or less modules may be used, and other

architectures are possible.

[0047] As shown in FIG. 3, image processing module 123 includes an input module 301 for
inputting color images and a predetermined categorization of the images, an extraction
module 302 for extracting image features from each image in the set of images, and a
determination module 303 for determining a comparison measure by which to compare
respective features of the set of images. Comparison module 304 compares respective
features between the images in the set of images based on the comparison measure, and
outputs a group of measures representing the differences between features of respective
images. Application module 305 applies plural clustering procedures to the set of images to
cluster the images based in part on the calculated group of measures. Score generation
module 306 generates a clustering quality score for each clustering procedure, based on the
clusters created by the clustering procedure and the predetermined categorization of images.
Selection module 307 selects a clustering procedure based on the clustering quality score.

Each of these functions will be described more fully below.

[0048] FIG. 4 is a flow diagram for explaining selection of a clustering procedure for

grouping a set of images.
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[0049] Briefly, in FIG. 4, a clustering procedure for grouping a set of images is selected from
amongst plural clustering procedures. A predetermined categorization of objects such as
images is input, and image features are extracted from each image in the set of images. A
comparison measure is determined, by which to compare respective features of the set of
images. Respective features between the images in the set of images are compared, based on
the comparison measure, and a group of measures representing the differences between
features of respective images is output. The plural clustering procedures are applied to the
set of images to cluster the images based in part on the calculated group of measures. A
clustering quality score is generated for each clustering procedure, based on the clusters
created by the clustering procedure and the predetermined categorization of images. The

clustering procedure is selected based on the clustering quality score.

[0050] In more detail, in step 401, a set of images are input, along with a predetermined
categorization of the images. In that regard, the predetermined categorization of images can
be generated by another clustering method, selected by a user, generated based on past
categorizations of images, or generated using pre-labeled learning set of images, among other
methods. For example, multiple user selections of categorizations could be aggregated and
stored, or transmitted to computing equipment 40 over a network. Of course, the
predetermined categorization could also be adjusted or modified over time, to keep up with

changes in categorizations by users.

[0051] In step 402, image features are extracted from all of the input images. For example,
colors, shapes, local features like SIFT bag of words, among many others can be extracted.
In that regard, in many cases, clustering is not performed on the actual objects, but on
features extracted from them. For example, a procedure for clustering images of cars does
not usually operate in the pixel space of the images, but instead works with features, such as
color or shape, extracted from the images. Thus, objects may be clustered based on features

extracted from the objects.

[0052] In step 403, a comparison measure is determined, by which to compare respective

features of the set of images. For example, the comparison measure could be a chi-squared

-10 -
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distance, a “histogram intersection” measure, Cosine distance, Tanimoto coefficient, Lp

distances, Earth movers distance, or Hamming distance, among many others.

[0053] In step 404, respective features between the images in the set of images are compared
based on the comparison measure, and a group of measures representing the differences
between features of respective images is output. In particular, each image is compared
against every other image in the set, and the output measures indicate how similar (or
different) the images are according to the selected comparison measure. As an example, for
a collection of images, the feature could be a SIFT bag of words vector, which is generated
for every image. Each image feature can be compared to every other feature using a cosine
similarity measure which would generate a similarity score for every image pair in our

collection of images.

[0054] Other features may be used as well. For example, if the objects are documents, the
features may be words or phrases in the documents. Also, other data associated with the
objects, including metadata, may be used, for example date of creation, date of modification,
author, location of creation, device that created the object, time of day of creation of the

object, type of object, etc.

[0055] In step 405, the plural clustering procedures are applied to the set of images to cluster
the images, based in part on the calculated group of measures. In that regard, nearly every
clustering procedure uses at least one such measure in the clustering process. Thus, each
clustering procedure is executed on the set of images, based in part on the calculated set of
measures, to generate resultant clusters. In that regard, nearly every clustering procedure
uses at least one such measure in the clustering process. Thus, each clustering procedure is
executed on the set of images, based in part on the calculated set of measures, to generate
resultant clusters. In that regard, it should be understood that each clustering procedure
involves a choice of feature, comparison measure, and specific clustering process. Thus, this
step contemplates that the same clustering procedure could be used multiple times but with
differing parameters, to thereby produce different results. Additionally some clustering
procedures involve randomization in their processing steps and therefore can produce

different results even with the same parameters. Thus this step can also contemplate the

-11 -
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effectiveness of various versions of the same clustering procedure with the same parameters.
For all practical purposes these can be considered as different clustering procedures to be

evaluated.

[0056] In step 406, a clustering quality score is generated for each clustering procedure,
based on the clusters created by the clustering procedure and the predetermined

categorization of images.

[0057] For example, the clustering quality score can be generated for each clustering
procedure by calculating a similarity index between the clustering procedure and the
predetermined categorization of images, and adjusting by a penalty factor that is based on an
expected index (also referred to herein as “EI”’) from randomly assigning images to clusters
of the clustering procedure. A similarity index measures similarity between two partitions or
clustering results of the same data. Example of similarity indexes includes MI and the Rand
index. However, there are many other similarity indexes for measuring similarity of
clustering results, and the methods described here can be applied to these other methods as

well.

[0058] In one example embodiment the clustering quality score (also referred to herein as

“Al” or “AI*”) is generated according to

_1(M) - E[I(M); R, C]

Al
K 2

wherein the index 1(M) equals the similarity index between the clustering procedure results
and the predetermined categorization of images, E[I(M); R, C] equals the expected index and
is based on the number of clusters R in the predetermined categorization (which may be
generated by a clustering procedure) and number of clusters C generated by the clustering
procedure, and wherein K is a normalization constant. Generation of AI* will be described

more fully below with respect to FIGs. 5A to 5F.

[0059] In step 407, a clustering procedure is selected based on the clustering quality score.

In some embodiments, it may be desirable to select the clustering procedure that has the

-12-
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highest quality score. However, in some embodiments it may be desirable to select a
clustering procedure that has a quality score other than the highest, for example where it is

desirable to have procedures that cluster objects differently.

[0060] In step 408, the selected clustering procedure is output. In that regard, the output
clustering procedure may be displayed to the user as in FIG. 1, or may simply be stored or
saved at computing equipment 41 for later use in grouping the same images or similar
images. The selected clustering procedure could also be output over a network. Of course,

many other methods of outputting the selected clustering procedure are possible.

[0061] Generation of the clustering quality score (e.g., AI*) will now be described more fully
with respect to FIGs. 5A to 5F. The following description will use MI by way of example,

though other embodiments may use other similarity indexes.

[0062] Turning to FIG. 5A, let S = {S{, Sy,...Sy;}be a set of N objects, where each S;

belongs to one of R predetermined categories (which may be a partition of the NV objects in R

clusters), labeled ‘U = {Uq, Uy,...UR}. A clustering procedure produces a partition of these

N objects into C clusters labeled V= {V1. Vo,...V(}.

[0063] The overlap between the predetermined categories, and the clusters produced by a
clustering procedure, can be summarized in the form of a contingency table M shown in FIG.

5A, where table element Mlj

placed into cluster Vj. We also define a; = row sums, and bj = column sums. This is shown
in FIG. 5A. Formally, the mutual information I(X; Y) between discrete random variables X

and Y is defined as

is the number of objects belonging to category U; that was

IXY) = ZZp(x 1 gplng)pg)

xeXyely

-13 -
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where X and VY are the domains of X and Y respectively. I(X; Y) is a symmetric measure

that quantifies the information X and Y share. Entropy, denoted by H(X), is a measure of

uncertainty associated with a random variable, X. Formally,

HOO = = ) p(x) logp(x).

xeX

It can be verified that I(X; Y) = H(X) - H (X|Y) =H (Y) - H(Y|X). Thus, MI is a measure of
how much knowing one of the variables reduces uncertainty of the other. I(X; Y) is upper-

bounded by both H(X) and H(Y).

[0064] Using a statistical view, random variables U € ‘U can be used to represent the

category, and V € V to represent the cluster, that an object belongs to. Then after observing a

contingency table M, the following frequentist estimates are generated:

(o

- M. a
P(U=u) =22 -
I‘( l) N Na
R M.. b
=1
PF(V=vj)=lTU=N],and
M.
P(U=w,V =v) = #

The mutual information between U and V can be estimated as

R S n nN
(M) = ZZ O(Mij,ai,bj), where 08(n,a,b) = NlogE.
i=

j=1

[0065] When comparing two partitions, V and V’ with C and C” clusters respectively,
against a predetermined partition U, if C = C, the MI of each of the two partitions to the
predetermined partition, I(U; V) and I(U; V), is a fair measure for comparing these

clustering procedures.

-14 -
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[0066] However, if C # C’ this might not be the case. For example, suppose there is a

comparison of 3 partitionings, V1, V5, and V3 of a dataset consisting of two objects from
one category and two objects from another. FIG. 5B shows the contingency tables of V1,

V>, and V3 with respect to U, the predetermined partition.

[0067] As shown in FIG. 5B, V is the best possible clustering of the dataset whereas V3 is a

completely uninformative “clustering” since it placed each object in a separate “cluster”. But
it turns out that the mutual information for all the 3 contingency tables in FIG. 2 are the same
(= H(U)). Additionally, any random partition of N objects into N categories, although
completely uninformative, achieves the highest possible Mutual Information score with

respect to the predetermined categorization.

[0068] Accordingly, a more informative measure should include a correction term to account
for the similarity index (including the mutual information described above) that would be
obtained by chance. That is, in order to evaluate procedures that partitions the data into R
clusters in the first clustering (which may be the predetermined partitioning or another
clustering procedure) and C clusters in the second clustering, the evaluation should take into
account how much better these procedures do, on average, than a procedures that randomly

partitions the same data into R and C clusters respectively.

[0069] Therefore, an expected index (also referred to herein as “EI” or “EI*”) is calculated
below. Then, EI* can be used as a baseline / penalty factor that can be subtracted from a
similarity index (e.g., MI, Rand index) to obtain a more meaningful measure to compare a
clustering procedure to a given clustering or to compare two clustering procedures. The
difference is typically normalized to lie within a range, and the resulting measure can be

called the adjusted index, denoted by AT*.

[0070] To calculate the expected index, given N objects, it would be useful to compute the
expectation of the similarity index over all possible pairs of first and second clusterings of

these objects into exactly R and C clusters respectively.

[0071] In that regard,
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EI* = E[I(M);R,C] = Z I(M)P(M;R,0),
MeM

where M is the set of all R x C contingency tables M, such that the row sums are non-zero,

such that columns sums are non-zero, and P(M; R, C) is calculated as

N (M)

PR O = oG

where N(M) is the number of ways to cluster the given objects that result in the contingency

table M that have non-zero row sums and non-zero column sums. Plugging in the above,

E[i(M); R, C] = Z ZZO(MU’ a;,b) ZMZ,[(J\MF)(M)

MeM\|i=1 j=1
R C
LSS o ab)won.
Ymen N (M) e b

[0072] The summation over M above can be replaced with a summation over all possible

values for a;, b], and MU'

[0073] Considering the range of values that a;, b], and Ml-j can take for some embodiments,
since there must be at least one element in each row and column of M, a; has to be at least 1
and at most N— (R — 1) and bj has to be at least 1 and at most N — (C - 1). Given q; and b,
Ml-j can be at most min(a;; bj). Additionally, after filling the [7; j]th cell, the jth column must
be filled with bj — MU clements from a pool of N — a; elements. Also, after filling the [7; j]th

cell, the ith row must be filled with a; - MU clements from a pool of N — bj clements.

Therefore, Ml-j should be at least (a; + bj — N)+, which is max(0; a; + bj —N).

[0074] To replace the summation over M as mentioned above, M(M) should be replaced

with MMU’ aj, bj; R, C), where N(n, a, b, R, C) is the number of ways to cluster the given
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objects into exactly R clusters in the first clustering and C clusters in the second clustering
such that there are » elements in a particular cell, and the number of elements in the

corresponding row and column are a and b respectively. With this transformation,

R € N—-R+1N-C+1 min(ab)
E[i(M); R, C ZZ Z Z 0(n, a,b)N'(n,a, b; R, C).
[ ] ZMEMN(M) i=1 j=1 a=1 b=1 n=(a+b-N)*t

Since the categories of the objects are given, the denominator in the above equations is
simply the number of ways to partition N distinguishable objects into R distinguishable non-

empty bins in the first clustering and C distinguishable non-empty bins in the second, i.c.:

Z N (M) = S(N, C)S(N, R)C!R! ,

MeM

where S denotes a Stirling number of the second kind.

[0075] Turning to FIG. 5C, N (n, a, b; R, C) can be calculated. As mentioned, this is the
number of ways to cluster the given N objects into exactly R first clusters and C second
clusters so that a given cell contains # elements and there are a and b elements in the cell’s
corresponding row and column, respectively. Specifically,

N, a,b; R, C) = (’(\1’) ™ (IZ:S)S(N —aR—1)(R—=1DIS(N—b,C—1)(C—1)!.

In addition, substituting into the above, the terms inside the summation are independent of i
and j and hence the summations over i/ and j can be removed and the whole expression
multiplied by RC. Thus,
N—-R+1N—-C+1 min(ab)
E[i(M); R,C] = Z Z Z 0(n, a,b)¥(n, a,b;R,C).
a=1

b=1 n=(a+b—-N)*

where
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MM =3 s(v—a,R—1)S(N—b,c— 1)
Y(n,a,b;R,C) = (a) (n) (b _n)S(N,R)aS(N, 0)

[0076] Once EI* has been calculated, the adjusted index can be calculated as

_ 1) —E[i(M); R, C|
= 0 ,

Al
where K is a normalization constant. Using one such choice for K we have

B 1(M) —E[I(M); R, C]
~ min(H(U), H(V)) — E[I(M); R, C|’

*

where the denominator min(H(U), H(V)) — E[T (M);R,C ] is the maximum mutual
information between the first and second clustering minus the expected index we get given R
and C first and second clusters, respectively. In another embodiment, the adjusted index can

be normalized using a divisor that may depend on the clustering results. For example,

I(M) — E[1(M); R, C]
Al* = -
K —E[i(M)|a, b]

where, for example, K could be the smaller of H(U) and H(V).

[0077] FIGs. 5D to SF are diagrams depicting example results of clustering procedures
according to an example embodiment. Specifically, FIG. 5D illustrates AI* based on
different input features and clusters produced. Meanwhile, FIG. 5E illustrates AI* based on
different distance comparisons and clusters produced. FIG. 5F illustrates AI* based on

example clustering procedures and clusters produced.

[0078] By comparing sets of clusters produced by respective sets of clustering procedures
against a predetermined categorization (which may be a set of clusters produced by another
clustering procedure) of images to generate respective scores for each clustering procedure, it

is ordinarily possible to automatically choose a clustering procedure which will group images
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in a manner best approximating a grouping performed manually by a user, as well as choose

a clustering procedure for other purposes.

[0079] As mentioned above, while the above process has been described with respect to
images for purposes of conciseness, it should be understood that other embodiments could
also operate on other objects. For example, other embodiments could be directed to selecting

a clustering procedure for clustering audio files, moving image files, documents, etc.

[0080] FIG. 6 is a block diagram that illustrates an example embodiment of objects that are
organized into different sets of clusters. The objects in a collection 600 are organized by a
first clustering procedure 610 into clusters 611, 612, 612, 614, 615, and 616. The objects in
the collection 600 are also organized by a second clustering procedure 620 into clusters 621,
622, 623, and 624. Thus, clusters 611-616 may be compared with clusters 621-624 to
evaluate a similarity of the first clustering procedure 610 to the second clustering procedure

620.

[0081] The number of objects and the number of clusters are shown as an example. In other
embodiments the collection 600 may include more objects. Also, though the first clustering
procedure 610 assigned the objects to six clusters and the second clustering procedure 620
assigned the object to four clusters, in other embodiments the objects may be assigned to
more or less clusters (e.g., 2, 7, 9, 25, 34, X (where X is an arbitrary number of clusters)).
The number of clusters may be constrained to be less than or equal to the total number of

objects in the collection 600.

[0082] FIGs. 7A and 7B illustrate example embodiments of randomly generated sets of
clusters. Randomly generated sets of clusters may be formed by assigning objects in a
collection to clusters without performing any analysis (e.g., feature extraction) on the objects.
FIG. 7A illustrates a set of four clusters 731 A—734A that are formed by randomly assigning
the objects from the collection 600 to four clusters. Cluster 731A is denoted uy, cluster 732A
is denoted u,, cluster 733 A is denoted us, and cluster 734A is denoted us. FIG. 7B also

illustrates a set of four clusters 731B—734B that are formed by randomly assigning the
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objects from the collection 600 to four clusters. Cluster 731B is denoted uy, cluster 732B is

denoted u,, cluster 733B is denoted us, and cluster 734B is denoted uy.

[0083] FIGs. 8A to 8C illustrate example embodiments of randomly generated sets of
clusters. FIG. 8A illustrates a set of six clusters 841A—846A that are formed by randomly
assigning the objects from the collection 600 to six clusters. Cluster 841A is denoted vy,
cluster 842 A is denoted v,, cluster 843 A is denoted vs, cluster 844 A is denoted vy, cluster
845A 1s denoted vs, and cluster 846A is denoted vg. FIG. 8B also illustrates a set of six
clusters 841B—846B that are formed by randomly assigning the objects from the collection
600 to six clusters. Cluster 841B is denoted vy, cluster 842B is denoted v, cluster 843B is
denoted vs, cluster 844B is denoted v4, cluster 845B is denoted vs, and cluster 846B 1s
denoted vs. Additionally, FIG. 8C illustrates a set of six clusters 841C—846C that are formed
by randomly assigning the objects from the collection 600 to six clusters. Cluster 841C is
denoted vy, cluster 842C is denoted v,, cluster 843C is denoted v, cluster 844C is denoted vy,

cluster 845C is denoted vs, and cluster 846C is denoted vg.

[0084] FIGs. 9A and 9B illustrate example embodiments of contingency tables. FIG. 9A
shows an example embodiment of a contingency table 900A that has four rows and six
columns. The marginal values 930A correspond to the number of objects in the randomly
generated clusters 731A—734A in the set of clusters shown in FIG. 7A. Thus, row u;
corresponds to cluster u;, row u, corresponds to cluster u,, etc. The column marginal values

940A are not determined.

[0085] FIG. 9B shows an example embodiment of a contingency table 900B that has four
rows and six columns and that compares randomly generated clusters 731A—734A with
randomly generated clusters 841A—846A. Thus, the table 900B includes four rows u;—u4
corresponding to the four clusters of clusters 731A—734A and includes six columns v;—vg
corresponding to the six clusters of clusters 841A—846A. The total number of objects, 35,
equals the total number of objects in the collection 600. The row marginal totals 930B
indicate the total number of objects in the respective clusters 731A—734A associated with the
rows. The column marginal totals 940B indicate the total number of objects in the respective

clusters 841 A—846A associated with the columns.

-20 -



WO 2012/054399 PCT/US2011/056567

[0086] The contingency table 900B indicates the sharing of objects between clusters 731A—
734A and clusters 841 A—846A, shown in FIGs. 7A and 8A. For example, cell 951B
indicates that there are 2 objects shared by cluster 733A and cluster 842A. Also for example,
cell 953B indicates that there are 3 objects shared by cluster 732A and cluster 844A.
Therefore, though the respective clusters associated with the rows u—u4 and the columns vi—
ve are randomly generated, the randomly generated clusters associated with the rows still
share objects with the randomly generated clusters associated with the columns. Therefore,
even sets of clusters formed randomly will still share objects with and have a similarity to

other sets of clusters.

[0087] FIGs. 10A and 10B illustrate example embodiments of contingency tables. FIG. 10A
shows an example embodiment of a contingency table 1000A that has four rows and six
columns and that compares clusters 731A—734A with clusters 841B—846B. Thus, as with the
other contingency tables described herein, the row marginal totals 1030A indicate the total
number of objects in the cluster associated with the respective row. For example, since
cluster 731A contains 3 objects, the marginal total of the row associated with cluster 731A,
which is row uy, is 3. Likewise, cluster 732A contains 10 objects, and the row associated
with cluster 732A, which is row uy, has a marginal total of 10. Also, cluster 733A contains
11 objects, and the row associated with cluster 733 A, which is row us, has a marginal total of
11. Finally, cluster 734A contains 11 objects, and the row associated with cluster 734A,

which is row u4, has a marginal total of 11.

[0088] Furthermore, the column marginal totals 1040A indicate the total number of objects
in the respective cluster associated with the column. Thus, the marginal total of column v, is
6 because 6 is the total number of objects in cluster 841B, the marginal total of column v, is
7 because 7 is the total number of objects in cluster 842B, the marginal total of column v; is
5 because 5 is the total number of objects in cluster 843B, the marginal total of column v4 is
4 because 4 is the total number of objects in cluster 844B, the marginal total of column vs is
9 because 9 is the total number of objects in cluster 845B, and the marginal total of column

Ve 18 4 because 4 is the total number of objects in cluster 846B.
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[0089] The contingency table 1000A indicates the sharing of objects between 731A-734A
and clusters 841B—-846B. For example, cell 1051A indicates that there are 6 objects shared
by cluster 733A and cluster 842B. Also for example, cell 1053 A indicates that there are 3
objects shared by cluster 732A and cluster 844B.

[0090] FIG. 10B shows an example embodiment of a contingency table 1000B that indicates
objects shared by clusters 731B-734B and clusters 841B-846B. Though clusters 731B—
734B and clusters 841B—846B are randomly generated, the randomly generated clusters still
share objects. Like FIGs. 9A, 9B, and 10A, this illustrates that even a cluster formed by a
clustering procedure that randomly assigns objects to clusters will still have some similarity
to other clusters, and randomly formed sets of clusters will have similarity to other sets of
clusters (whether or not randomly formed). Thus, merely determining the objects shared by
the clusters created by applying a clustering procedure to a collection of objects and clusters
created by applying other clustering procedures to the collection of objects may not provide
an accurate measure of the similarity of the clustering procedures, because any object sharing
may be based on chance rather than a similarity of the clustering procedures. Rather, a
baseline for the comparison is desirable in order to evaluate the performance of clustering
procedures relative to one another. A baseline may be used as a point of reference to

evaluate and compare clustering procedures.

[0091] FIG. 11 is a block diagram that illustrates an example embodiment of a method for
generating an expected index. An expected index (also referred to herein as “EI”’) may be
used as a baseline when evaluating the performance of a clustering procedure. Before the
flow in FIG. 11 begins, the number of clusters generated by a first clustering procedure is
determined (this value is referred to as “R”). Also, the number of clustered generated by a
second clustering procedure is determined (this value is referred to as “C”). Additionally,
other embodiments of this method and the other methods described herein may omit blocks,
add blocks, change the order of the blocks, combine blocks, and/or divide blocks into
separate blocks. Additionally, one or more components of the systems and devices described
herein may implement the method shown in FIG. 11 and the other methods described herein.

Finally, though it may be helpful to reference a contingency table to understand the method
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shown in FIG. 11, generation of a contingency table is not required to perform the method.
Thus, for example, a computing device performing the method would not need (though it
may) to devote resources (e.g., processor time, memory) to generating and storing a

contingency table.

[0092] Flow starts in block 1100, where the El is set to 0 and a counter 7 is set to 1. The
counter / may indicate a cluster (which may be illustrated by an associated row) formed by
using a clustering procedure to cluster a collection of objects. Flow then proceeds to block
1105, where it is determined if all values of / have been considered. All values of i may be
found to not have been considered if i <= R or may be found to have been considered if i > R.
If in block 1105 it is determined that all values of i have been considered, then flow proceeds
to block 1110, where the El is returned. However, if R >= 1, then all values of 7 will not have
been considered the first time flow proceeds to block 1105, and thus if at least one cluster is
generated using the clustering procedure then the result of the determination the first time
flow proceeds to block 1105 will be “no.” If in block 1105 it is determined that all values of

i have not been considered, then flow proceeds to block 1115.

[0093] In block 1115, the counter j, which may indicate a cluster (which may be illustrated
by an associated column) formed by a clustering procedure, is reset. For example, j may be

set to 1. Flow then proceeds to block 1120.

[0094] In block 1120 it is determined if all values of j have been considered. All values of j
may be found to not have been considered if j <= C or may be found to have been considered
if j > C. 1f all values of j have been considered, then flow proceeds back to block 1105. If all
values of j have not been considered, then flow proceeds to block 1125. In block 1125, the
counter a, which may correspond to a number of objects in a cluster (which may be
illustrated by the marginal value of the associated row), is reset. For example, a may be set
to 1, though in embodiments where clusters are not assumed to be non-empty a may be set to
0. Additionally, the A-Marginal Weighted Total (also referred to herein as “A-MWT?”),

which tracks the aggregate total of the row marginal weighted values, is set to 0.
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[0095] Flow then proceeds to block 1130, where it is determined if all values of a have been
considered. In some embodiments, it is assumed that no clusters are empty. Therefore, if R
clusters are generated by a clustering procedure (corresponding to R rows in a contingency
table), then each of the R clusters must have at least one object. Therefore, the maximum
number of objects that can be in any single cluster formed by the first clustering procedure
(indicated by the row marginal values) is N — R + 1, and the minimum number of objects in
any single cluster is 1. Accordingly, all values of @ may be determined to have not been
considered if a <= N— R + 1, or may be determined to have been considered if a > N— R + 1.
If all values of @ have been considered, then flow proceeds to block 1135 (described below in
para. [0108]). If all values of @ have not been considered, then flow proceeds to block 1140.
In embodiments that allow empty clusters, block 1125 would reset a to 0 and block 1130

would consider all values of @ up to and including N.

[0096] In block 1140, the counter b, which may correspond to a number of objects in a
cluster (which may be illustrated by the associated column), is reset. For example, » may be
set to 1, though in embodiments where clusters are not assumed to be non-empty » may be
setto 0. Additionally, the B-Marginal Weighted Total (also referred to herein as “B-MWT?”),

which tracks the aggregate total of the column marginal weighted values, is set to 0.

[0097] Flow then proceeds to block 1155, where it is determined if all values of » have been
considered. As discussed above, in some embodiments, it is assumed that no clusters are
empty. Therefore, if C clusters are generated by a second clustering procedure (which may
be illustrated by C columns in a contingency table), then each of the C clusters must have at
least one object. Therefore, the maximum number of objects that can be in any single cluster
formed by the second clustering procedure (which may be illustrated by the marginal value
of the associated column) is N — C + 1, and the minimum number of objects in any single
cluster is 1. Accordingly, all values of » may be determined to have not been considered if b
<= N-C+ 1, or may be determined to have been considered if b>N—-C+ 1. In
embodiments that allow empty clusters, block 1140 would reset b to 0 and block 1155 would

consider all values of b up to and including N. If all values of b have been considered, then
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flow proceeds to block 1145 (described below in para. [0106]). If all values of b have not

been considered, then flow proceeds to block 1160.

[0098] In block 1160, r, a counter associated with a number of shared objects, is reset, and
the shared weighted total (also referred to herein as “SWT”), which indicates the aggregate
weighted similarity index, is reset. SWT may be set to 0. For #, the minimum number of
shared objects is (¢ + b — N)', assuming that all R clusters and all C clusters are non-empty.
Thus, » may be set to (@ + b — N)". Note that in some embodiments » could be set the
maximum of 0 and a + b — N (which may be indicated by the notation “(a + b — N)™).
Though in the embodiment shown in FIG. 11 the n = 0 case will not have any contributive
effect to SWT and may be omitted by setting # to the maximum of 1 and @ + b — N, in other
embodiments the #» = 0 case may contribute to SWT, and therefore » may be set to 0 or the

maximum of 0 and a + b — N. Flow then proceeds to block 1165.

[0099] In block 1163, it is determined if all values of # given a and b have been considered.
The value of # is related to a and b because the number of objects shared by two clusters may
not exceed the total number of objects in either of the clusters. Thus, the maximum value of
n is the minimum of @ and b. Therefore, if » > min(a, b) all values of » may be determined to
have been considered. Or, if » <= min(a, b), all values of # may be determined to have not
been considered. If all values of » have been considered, then flow proceeds to block 1190
(discussed in para. [0104]). If all values of # have not been considered, then flow proceeds to

block 1170.

[0100] In block 1170, the shared index for the given a, b, and » is calculated. 6 may be used
to denote a function used to calculate the shared index, thus the shared index may be denoted
by 6(n, a, b). Also, in some embodiments, which calculate the shared index based on mutual

information,

Additionally, in some embodiments, the shared index may be calculated based on the Rand

index:
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2 2 2
0(n,a,b) = NV = 1)

After the shared index is calculated, flow proceeds to block 1175.

[0101] In block 1175, the probability of # given a, b, and N is calculated. This may be
denoted by P,(n|a, b, N). In some embodiments, P, is given by the density of the

hypergeometric distribution. Therefore, in these embodiments,

Hlo)
o

Thus, P, may indicate the probability sharing » objects when a first cluster has a objects

P,(n|a,b,N) =

(illustrated by a marginal value of an associated row), when a second cluster has b objects
(illustrated by a marginal value of an associated column), and the total number of objects in

the collection is V.

[0102] Flow then proceeds to block 1180, where the weighted value of the shared index is
calculated. The probability of # given a, b, and N may be used to weigh the shared index.
Therefore, in some embodiments the weighted value of the shared index is

0(n,a,b)P,(n|a, b, N). Flow then moves to block 1185.

[0103] In block 1185, the weighted value of the shared index is added to the SWT. Thus, in
a particular iteration of the flow, SWT+= 0(n,a, b)P,(n|a, b, N). After block 1185, n is
incremented (e.g., » = n + 1) and flow then proceeds back to block 1165. Thus, after all
values of n are considered in block 1165, SWT =Y., 0(n, a,b)P,(n|a,b,N).

[0104] If in block 1165 all values of # given a and b have been considered, then flow
proceeds to block 1190. In block 1190, the B-Marginal Weighted Value (also referred to
herein as “B-MWV?) is generated based on the SWT and the probability of b, which may be
denoted by Py(h). The B-Marginal Weighted Value may be generated according to
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B-MWV = SWT * P, (b). Depending on the embodiment, P5(b) may be generated based on b
given N and C and may be denoted by P, (b; N, C). In some embodiments,

P,(b:N,C) = %(N)

where {Ig} is a Stirling number of the second kind, sometimes denoted at S(V,C).

[0105] The flow then proceeds to block 1195, where the B-MWYV is added to the B-MWT.
Thus, for any given iteration of the flow through block 1195, B-MWT += B-MWV. The B-
MWT generated by the flow after all values of b have been considered may be given by the

following equation:

N-C+1 min(a,b)
B-MWT = z z 8(n, a,b)P, (n|a, b, N) B, (b) .

b=1 \n=(a+b-N)*

[0106] Next, b is incremented (e.g., b = b + 1) and flow returns to block 1155. If in block
1155 all values of b have been considered, then flow proceeds to block 1145. In block 1145,
the A-Marginal Weighted Value (also referred to herein as “A-MWV?”) is generated based on
the B-MWT and the probability of a, which may be denoted by P,(a). The A-MWYV may be
generated according to A-MWV = B-MWT * P, (a). Depending on the embodiment, P,(a)
may be generated based on a given N and R and may be denoted by P,(a; N,R). In some

embodiments,

]

tr)

[0107] The flow then proceeds to block 1150, where the A-MWYV is added to the A-MWT.
Thus, for any given iteration of the flow through block 1150, A-MWT += A-MWV. The A-

P,(a;N,R) = %(2’)

o =
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MWT generated by the flow after all values of a have been considered may be given by the

following equation:

N—-R+1 [N-C+1 min(a,b)

A-MWT = z z z 8(n, a, b)P, (n|a, b, N) B, (0) | P,(a) .

a=1 b=1 n=(a+b-N)*

[0108] After block 1150, a is incremented (e.g., a = a + 1) and flow returns to block 1130. If
all values of a are considered in block 1130, then flow proceeds to block 1135. In block
1135, the A-MWT is added to EI. Accordingly, for any given iteration of the flow through
block 1135, E1+= A-MWT. Next, jis incremented (e.g.,j =j + 1), and flow returns to
block 1120. If all values of j have been considered, then 7 is incremented (e.g., i =i+ 1) and
flow returns to 1105. If all values of i have been considered, then flow proceeds to block
1110, and the EI is returned. Therefore, after all values of 7, j, a, b, and » are considered, EI
may be given by the following equation:

R € N-R+1[N—C+1 ( min(ab)

ZZ Z Z Z 0(n, a, b)P,(n|a, b, N) P, (0) | P, ().

i=1 j=1 a=1 b=1 n=(a+b—-N)*

In some embodiments, which are based on mutual information,

) R ¢ N—R+1l . {11\?/:?} NC+1l N {Ig:f} min(a,b) (Z) (Il\)l:z)ﬁ ﬂ
El—zz R(a) N C(b) N Z N\ N ®ab
i=1 j=1 a=1 {R} b=1 {C} n=(a+b-N)* (b)
Also, in some embodiments, which are based on the Rand index,
N—1 N-1 N—-1)(N-1
o ER N C N 30 )

N N N N
) I IV 4 R 0
[0109] FIG. 12 illustrates a flow used to evaluate the expected index between two sets of

clusters. FIG. 12 illustrates this flow by referencing a contingency table. First, as is shown

in table 1200, flow proceeds row by row. A specific row being evaluated is denoted by i.
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For each row i, flow proceeds across all columns, column by column, as is shown in table
1210. A specific column being evaluated is denoted by j. In other embodiments, flow may

first proceed column by column then row by row.

[0110] Within row i all row marginal values (denoted by a;) are considered, as is shown in
table 1220. For each a;, all column marginal values, denoted by b;, are considered, as is
shown in table 1230. Finally, for each marginal value b; and the a; being considered, for all
cell values for n; a weighted value of the shared index is calculated. Thus, the flow
systematically calculates the weighted value of the shared index for all values of a cell given
all marginal values of a column, for all marginal values of a column given a row marginal
value, for all columns of a table, and for all rows of a table. In other embodiments, flow may

first proceed in a different order.

[0111] FIG. 13 illustrates example embodiments of contingency tables that show the
independence of the row number and the column number from a shared index. In one
embodiment, the shared index 0 for # objects is

nN

n
0(n,a,b) =N10gE.

However, the shared index may be generated in other ways, for example by

2 2 2
0(n,a,b) =

[0112] Therefore, the shared index depends on the number of shared objects n, the row
marginal value 1315, and the column marginal value 1317. However, the shared index given
particular values of n, a, and b is not dependent on the column number ;j or row number i.
Therefore, the shared index of cell 1313 is the same as the shared index of cell 1323, even
though cell 1313 is in column v, and cell 1323 is in column v, because the row marginal

value 1325 and the column marginal value 1327 of cell 1323 are the same as the row
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marginal value 1315 and the column marginal value 1317 of cell 1313, respectively.
Likewise, though cell 1333 is in column v, and in row u3 and cell 1343 is in column v3 and in
row u3, both cells have the same shared index as cell 1313 and cell 1323 because the row
marginal values 1335, 1345 and the column marginal values 1337, 1347 are the same as row

marginal values 1315, 1325 and column marginal values 1317, 1327, respectively.

[0113] Not only is the shared index independent of the column number and the row number,
but columns v;— v¢ have the same range of marginal values b, since b lies within the range of
1 and N — C + 1 for each column. Likewise, rows u;— ug have the same range of marginal
values a, since a lies within the range of 1 and N— R + 1 for each row. Thus, since the shared
index does not depend on column number j or row number i, the range of column marginal
values b given N and C is the same for all columns, and the range of row marginal values a
given N and R is the same for all rows, calculating the shared index for all the cells in a row
(the number of cells in a row is C) for all rows (the number of rows is R) for all values of b
given N and C for all values of @ given N and R duplicates the calculation CxR times. Thus,

for a given n, a, and b the shared index needs to be calculated only once.

[0114] However, the probability of a column marginal value b having a given value is
relevant to the weighted value of the shared index for a cell. But the probability of b given N
and C (denoted by P, (b; N, C)) does not depend on the column number and, hence, is the
same for each column. Therefore, when calculating the probability of a given value of b, it is
only necessary to calculate the probability that any column marginal value has the given
value of b. Thus, it is not necessary to calculate a probability of b for each value of b in each
column (e.g., calculate P, (bj; N,C ) for j from 1 to C) if the probability of that any column
has the marginal value of b given N and C is known. In some embodiments, the probability
that any one column has the marginal value of » given N and C is given by the following
distribution (also referred to herein as the “Stirling distribution” since it includes Stirling

numbers of the second kind or as the “cluster cardinality distribution”):

Ry (b N,0) = = (%)
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Thus, when the distribution P; is summed for all columns C we are given the sum
N—b N—b
tecd)_ mle—d)

e

[0115] Therefore, since the shared index, P, and S; do not depend on j, the above sum of S,

can be substituted for Z]C-=1 P, (b; N, C) and the summation over j can be removed from the

equation
R N—-R+1|N-C+1 min(a,b)
B=)> > Z > 8 b)B(nlab,N) {P,(B) | Pa(@,
i=1 j=1 a=1 b=1 n=(a+b—-N)*
which yields
R N-R+1|N-C+1 min(a,b) {N—b}
El = Z Z Z Z 0(n, a, b)P, (na, b, N) (2’) L1 P(a)
i=l a=1 b=1 n=(a+b-N)* {C}
However, in embodiments where
a\ (N —a
Pu(nl a,b,N) = M
(»)
then
R N-R+1|N-C+1 min(a,b) (a) (N — a) {N — b}
n/\b—n ML -1
El = Z Z Z Z 8(n, a,b) @ ™) i P,(a).
i=l a=1 b=1 n=(a+b-N)* b C

This may be simplified to
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B s ST L
i=1

a=1 b=1 n=(a+b-N)* {Ig}

[0116] Likewise, the probability of a given N and R (denoted by P,(a; N, R)) is the same for
cach row and hence does not depend on the row number. Therefore, when calculating the
probability of a given value of a, it is only necessary to calculate the probability that any row
marginal value has the given value of a. In some embodiments, the probability that any one

row has the marginal value of @ given N and R is given by the Stirling distribution:
N—a
{ R — 1}
T
)
Thus, when the distribution P, is summed for all rows R we are given the sum

)

(N, R) = = ()

wo-3 el

i=1

[0117] Therefore, since the shared index, P, and S, do not depend on 7, the above sum of S,

can be substituted for ¥*_, P,(a; N, R) and the summation over i can be removed from the

equation
R N-R+1[N—-C+1 min(ab) ay(N—a\(N—-b
EI:Z Z Z Z e(n,a,b)(n)(b—lr\l,){c—l} P.(@)
i=1 a=1 b=1 n=(a+b-N)* {C}
which yields

N-R+1[N-c+1 min(ab) ( )(N ){N b}

0(n, a,b c—-1 N{II\?,:?}
ST 3 weanlasgleallacd

i
=1 b=1 n=(a+b-N) R
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Additionally, the terms in the denominators of the above expressions also do not depend on
the values of a, b, or n. Thus they only need to be calculated once and may be divided at any

stage of the process.
Therefore, these simplifications may be used to calculate the EIL

[0118] FIG. 14 is a block diagram that illustrates an example embodiment of a method for
generating an expected index. Before the flow in FIG. 14 begins, the number of clusters
generated by a first clustering procedure is determined (this value is referred to as “R”).
Also, the number of clustered generated by a second clustering procedure is determined (this
value is referred to as “C”). Additionally, other embodiments of this method may omit
blocks, add blocks, change the order of the blocks, combine blocks, and/or divide blocks into
separate blocks. Additionally, one or more components of the systems and devices described
herein may implement the method shown in FIG. 14. Finally, though it may be helpful to
reference a contingency table to understand the method shown in FIG. 14, generation of a
contingency table is not required to perform the method. Thus, for example, a computing
device performing the method would not need (though it may) to devote resources (e.g.,

processor time, memory) to generating and storing a contingency table.

[0119] Flow starts in block 1400, where the El is set to 0 and a counter a is set to 1, though
in some embodiments a may be set to 0. The counter a may correspond to a number of
objects in a cluster (which may be illustrated by an associated row marginal value). Flow
then proceeds to block 1405, where it is determined if all values of a have been considered.
In embodiments where it is assumed that no clusters are empty, each of the R clusters must
have at least one object. Therefore, the maximum number of objects that can be in any single
cluster formed by the first clustering procedure is N — R + 1, and the minimum number of
objects in any single cluster is 1. Accordingly, all values of @ may be determined to have not
been considered if a <= N— R + 1, or may be determined to have been considered if a > N —
R+ 1. If in block 1405 it is determined that all values of @ have been considered, then flow
proceeds to block 1410, where the El is returned. However, if N—R + 1 >=1, then all
values of a will not have been considered the first time flow proceeds to block 1405, and the

result of the determination the first time flow proceeds to block 1405 will be “no.” If in
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block 1405 is determined that all values of @ have not been considered, then flow proceeds to
block 1415. In embodiments that allow empty clusters, at the start a would be set to 0 and in

block 1405 all values of @ up to and including N would be considered.

[0120] In block 1415, the counter b, which may correspond to a number of objects in a
cluster (which may be illustrated by the associated column marginal value), is reset. For
example, b may be set to 1. However, in some embodiments » may be 0. Also, the B-MWT

is reset to 0.

[0121] Flow then proceeds to block 1420, where it is determined if all values of » have been
considered. In embodiments where it is assumed that no clusters are empty, each of the C
clusters must have at least one object. Therefore, the maximum number of objects that can
be in any single cluster formed by the second clustering procedure is N — C + 1, and the
minimum number of objects in any single cluster is 1. Accordingly, all values of » may be
determined to have not been considered if 5 <= N — C + 1, or may be determined to have
been considered if b > N — C + 1. If all values of b have been considered, then flow proceeds
to block 1425 (discussed in para. [0129]). If all values of b have not been considered, then
flow proceeds to block 1435. In embodiments that allow empty clusters, in block 1415 b
would be set to 0 and in block 1420 all values of » up to and including N would be

considered.

[0122] In block 1435, n, a counter associated with a number of shared objects, is reset, and
the shared weighted total (also referred to herein as “SWT”), which indicates the aggregate
weighted shared index, is reset. SWT may be set to 0. For n, the minimum number of

objects in a cell is the maximum of 0 and a + b — N. Thus, » may be set to the maximum 0
and a + b — N. Flow then proceeds to block 1440. Note that in some embodiments » could

be set to the maximum of 1 and a + b — V.

[0123] In block 1440, it is determined if all values of # given a and b have been considered.
The value of » is related to a and b because the number of objects shared by two clusters
cannot exceed the total number of objects in either of the clusters. Thus, the maximum value

of n is the minimum of @ and b. Therefore, if » > min(a, b) all values of # may be
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determined to have been considered. Or, if # <= min(a, b), all values of » may be determined
to have not been considered. If all values of #» have been considered, then flow proceeds to
block 1465 (discussed in para. [0127]). If all values of # have not been considered, then flow
proceeds to block 1445.

[0124] In block 1445, the shared index given a, b, and » is calculated, denoted by 6(n, a, b).
After the shared index is calculated, flow proceeds to block 1450. In block 1450, the
probability of # given a, b, and N is calculated. As discussed above, this may be denoted by
P,(n| a,b,N).

[0125] Flow then proceeds to block 1455, where the weighted value of the shared index is
calculated. The probability of » given a, b, and N may be used to weigh the shared index 9.
Therefore, in some embodiments the weighted value of the shared index is

0(n,a,b)P,(n| a,b, N). Flow then moves to block 1460.

[0126] In block 1460, the weighted value of the shared index is added to the SWT. Thus, in
a particular iteration of the flow, SWT+= 0(n, a, b)P,(n| a,b, N). After block 1460, n is
incremented (e.g., » = n + 1) and flow then proceeds back to block 1440. Therefore, after all
values of n are considered in block 1440, SWT = Y., 0(n, a,b)P,(n| a,b,N).

[0127] If in block 1440 all values of # given a and b are found to have been considered, flow
proceeds to block 1465. In block 1465, the B-MWYV is generated based on the SWT and the
sum over all columns of the probability of a column marginal value of », which may be
denoted by Sy(b). The marginal weighted value may be generated according to B-MWV =
SWT * S;,(b). In some embodiments,

el
N —
Sp(b) = (b) CN :
)
Because P, will eventually multiplied by S, in block 1450 P,, may be calculated according to

ritanm = ()02,
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and in block 1465 the weight of b, P5, may be calculated according to
N—-b
le_1)
T
)
[0128] The flow then proceeds to block 1470, where the B-MWYV is added to the B-MWT.
Thus, for any given iteration of the flow through block 1470, B-MWT += B-MWV. Next, b

Py (b) =

is incremented (e.g., b = b + 1) and flow returns to block 1420. If all values of » are found to

have been considered in block 1420, then flow proceeds to block 1425.

[0129] In block 1425, the A-MWYV is generated based on the B-MWT and the sum over all

rows of the probability of a row marginal value of a, which may be denoted by S,(a). The
marginal weighted value may be generated according to A-MWV = B-MWV * S, (a). In

some embodiments,

]

te)

[0130] The flow then proceeds to block 1430, where the A-MWYV is added to the EI. Thus,
for any given iteration of the flow through block 1430, EI += A-MWV. Next, a is

sa(@ = (V)

o=

incremented (e.g., a = a + 1) and flow returns to block 1405. If all values of a are found to
have been considered in block 1405, then flow proceeds to block 1410, where the El is
returned. The EI generated by the flow after all values of a, b, and » have been considered

may be given by the following equation:

N-R+1[N-C+1 min(ab) (a) (N — a) {N — b}

El = Z Z 0(n, a,b) -2 b—n/lC—-1

a=1 b=1 n=(a+b-N)* {Ig}

N—a}

Wi
) ™

[0131] However, calculating a Stirling number of the second kind can be computationally

expensive, but approximations may be used which avoid the calculation of Stirling numbers.

For example, when 7 is large, the following approximation may be used:
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ny k"
{ k} = F asn — o,
Other approximations exist, such as Temme’s approximation, for example. The practical
computation of products and ratios of Stirling numbers and factorials may also be
accomplished through computations involving sums of logarithms of Stirling numbers and

factorials (i.e. Gamma functions).

[0132] Using the approximation given above for large n, the probability mass function of the

cluster cardinality distribution approaches that of the binomial distribution. For example,

R, (oI, 0) = £ ()

Likewise,

P,(alN,R) = %(N)

Moreover, the approximations of Py(b| N, C) and P,(a| N, R) allow empty clusters. Thus,
embodiments that use one or more of the approximations are examples of embodiments that
allow empty clusters, and in these embodiments the resulting EI may not be an
approximation or the resulting EI may only be an approximation if all clusters are
constrained to be non-empty. Additionally, for cases when N is much larger than C, the
empty cluster case has a very small probability of occurring randomly, i.e., P(0) is close to
zero as is P(b|N,C) for b> N— C+ 1 and as is P(a|N,R) fora > N— R + 1, and thus the » =0,

a=0,b>N-C+1,and a > N—- R + 1 cases can sometimes be effectively ignored.

[0133] Using this approximation, in some embodiments EI may be calculated as follows:

b N—p min(a,b)

a-nS 3 (G -3 @ 6-

™) Ty N85

G nzv}

n=(a+b-N)*
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which can also be simplified by removing some ratios of common terms in the expression such as

(]c\l,) for example.

Since these embodiments are based on mutual information, the expected index may be

referred to as “Expected Mutual Information,” or “EML.”

This may be further simplified to

min(a,b)

STRTEED W) = ey ST

a=ag b=by n=(a+b-N)*

In some embodiments, a, =0,4 =N, by =0, and B=N. In these embodiments, this
equation may not be an approximation as it may account for empty clusters. In some
embodiments, ap =1, 4=N-R+1,by=1,and B=N—- R + 1, and in these embodiments,

this equation approximates the use of the Stirling distribution.

[0134] Additionally, in some embodiments the EI may be calculated as follows:

C-1DR-1)+1

El =
RC

Since these embodiments are based on the Rand index, the expected index may be referred to

as “Expected Rand Index,” or “ERL.”

[0135] FIG. 15 is a block diagram that illustrates an example embodiment of a system 1500
for comparing object clusters. The system includes a cluster comparison device 1510 and an
object storage device 1520, both of which are computing devices (e.g., a desktop computer, a
server, a PDA, a laptop, a tablet, a phone). The cluster comparison device includes one or
more processors (CPUs) 1511, I/0 interfaces 1512, and storage 1513. The CPUs 1511
includes one or more central processing units (e.g., microprocessors) and are configured to
read and perform computer-executable instructions, such as instructions stored in the

modules. Note that the computer-executable instructions may include those for the
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performance of various methods described herein. The I/O interfaces 1512 provide
communication interfaces to input and output devices, which may include a keyboard, a
display (e.g., the image repository 250), a mouse, a printing device, a touch screen, a light
pen, an optical storage device, a scanner, a microphone, a camera, a drive, and a network

(either wired or wireless).

[0136] Storage/RAM 1513 includes one or more computer readable and/or writable media,
and may include, for example, a magnetic disk (e.g., a floppy disk, a hard disk), an optical
disc (e.g., a CD, a DVD, a Blu-ray), a magneto-optical disk, a magnetic tape, semiconductor
memory (€.g., a non-volatile memory card, flash memory, a solid state drive, SRAM,
DRAM), an EPROM, an EEPROM, etc. Storage/RAM 1513 may store computer-readable
data and/or instructions. The members of the cluster comparison device 1510 communicate

via a bus.

[0137] The cluster comparison device 1510 also includes a clustering procedure module
1514 and a cluster comparison module 1516. The clustering procedure module 1514
includes computer-executable instructions that may be executed by the cluster comparison
device 1510 to cause the cluster comparison device 1510 to perform one or more clustering
procedures to cluster objects (e.g., assign the objects to respective clusters). The cluster
comparison module 1516 includes computer-executable instructions that may be executed to
cause the cluster comparison device to compare clusters created by a first clustering
procedure to clusters created by a second clustering procedure, for example by generating an
expected index (EI) or an adjusted index (Al) based on the clusters created by the first
clustering procedure and the second clustering procedure. The cluster comparison module
1516 may be executed by the cluster comparison device to cause the cluster comparison

device to perform the methods described herein.

[0138] The object storage device 1520 includes a CPU 1522, storage/RAM 1523, and /O
interfaces 1524. The object storage device also includes object storage 1521. Object storage
1521 includes a computer-readable medium that stores objects (e.g., images, video,

documents) thereon. The members of the object storage device 1520 communicate via a bus.

-39-



WO 2012/054399 PCT/US2011/056567

The cluster comparison device 1510 may retrieve objects from the object storage 1521 on the

object storage device 1520 via a network 1530.

[0139] FIG. 16A is a block diagram that illustrates an example embodiment of a system
1600A for comparing object clusters. The system includes a cluster comparison device 1610,
an object storage device 1620, and a clustering device 1640. The cluster comparison device
1610 includes a CPU 1610, I/O interfaces 1612, a cluster comparison module 1613, and
storage/RAM 1614. The object storage device 1620 includes a CPU 1622, I/O interfaces
1624, object storage 1621, and storage/RAM 1623. The clustering device 1640 includes a
CPU 1641, 1/O interfaces 1642, storage/RAM 1643, and a clustering procedure module 1644.
The members of each of the devices communicate via a respective bus. In the embodiment
shown in FIG. 16A, the clustering procedure device 1640 generates clusters using the
clustering procedure module 1644. The clustering procedure device 1640 communicates
with the object storage device 1620 via a network 1630 to access the objects in the object
storage 1621. Thus, in this embodiment, different devices may store the objects, cluster the

objects, and compare the clusters.

[0140] FIG. 16B is a block diagram that illustrates an example embodiment of a system
1600B for comparing object clusters. The system includes a cluster comparison device 1650
that includes a CPU 1651, I/O interfaces 1652, object storage 1653, a clustering procedure
module 1654, storage/RAM (not shown), and a cluster comparison module 1656. The
members of the cluster comparison device 1650 communicate via a bus. Therefore, in the
embodiment shown, one computing device stores the objects, clusters the objects, and
compares the clusters. However, other embodiments may organize the components

differently than the example embodiments shown in FIG. 15, FIG. 16A, and FIG. 16B.

[0141] The above described devices, systems, and methods can be achieved by supplying
one or more storage media having stored thereon computer-executable instructions for
realizing the above described operations to one or more computing devices that are
configured to read the computer-executable instructions stored in the one or more storage
media and execute them. In this case, the systems and/or devices perform the operations of

the above-described embodiments when executing the computer-executable instructions read
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from the one or more storage media. Also, an operating system on the one or more systems
and/or devices may implement the operations of the above described embodiments. Thus,
the computer-executable instructions and/or the one or more storage media storing the

computer-executable instructions therein constitute an embodiment.

[0142] Any applicable computer-readable storage medium (e.g., a magnetic disk (including a
floppy disk, a hard disk), an optical disc (including a CD, a DVD, a Blu-ray disc), a magneto-
optical disk, a magnetic tape, and a solid state memory (including flash memory, DRAM,
SRAM, a solid state drive)) can be employed as a storage medium for the computer-
executable instructions. The computer-executable instructions may be written to a computer-
readable storage medium provided on a function-extension board inserted into the device or
on a function-extension unit connected to the device, and a CPU provided on the function-

extension board or unit may implement the operations of the above-described embodiments.

[0143] This disclosure has provided a detailed description with respect to particular
representative embodiments. It is understood that the scope of the appended claims is not
limited to the above-described embodiments and that various changes and modifications may

be made without departing from the scope of the claims.
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WHAT IS CLAIMED IS:

1. A method for measuring similarity between a first set of clusters generated by
a first clustering procedure and a second set of clusters generated by a second clustering
procedure, wherein the clustering procedures are for grouping a set of objects, the method
comprising:
applying a first clustering procedure and a second clustering procedure to a set
of objects to cluster the objects into a first set of clusters and a second set of clusters,
respectively;
calculating a similarity index between the first set of clusters and the second
set of clusters;
calculating an expected value of the similarity index, wherein the expected
value is a value of the similarity index one would expect to obtain, on average,
between a randomly generated third set of clusters and a randomly generated fourth
set of clusters with a same number of clusters as the first set of clusters and the
second set of clusters, respectively; and
adjusting the calculated similarity index by a penalty factor that includes the

expected value of the similarity index.

2. A method according to Claim 1, wherein the expected value of the similarity
index is calculated based on random clusterings where every possible way to cluster the

objects into the third set of clusters and fourth set of clusters is assumed to be equally
likely.

3. The method according to Claim 2, wherein a probability of a number of

objects in any randomly generated cluster is given by the distribution

1 {N — b}
v - ()l

(i
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wherein b is a number of objects in the cluster, &V is a total number of objects, K is a

number of clusters, and {Z} is a Stirling number of the second kind.

4. The method according to Claim 1, wherein the probability of the number of

objects in any randomly generated cluster is given by a binomial distribution

b N-b
- )
P(b) = (b ) (1( K ’
wherein p = 1/K, K is a number of clusters, b is a number of objects in the cluster, and N

is a total number of objects in the set of objects.
3. The method according to Claim 4, wherein P(b) is set to 0 for some values of
6. The method according to Claim 1, wherein the similarity index is calculated
using mutual information between the first set of clusters and the second set of clusters.

7. The method according to Claim 5, wherein an expected value of the mutual

information is calculated according to

N-R+1 N-CH M=) {47 M B N—b\n  nN
EMI(R,C) = aZ Z {N} ( ) {Iﬁ n=(a%:_m+ [(n) (a—n)ﬁlo abl |’

wherein R is a total number of clusters in the first set of clusters, C is a total number of
clusters in the second set of clusters, and N is a total number of objects in the set of

objects.

8. The method according to Claim 5, wherein an expected value of the mutual

information is calculated according to

min(a,b)

o= 3 3 (BN TS ()0 et

a=ag b n=(a+b—-N)*
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wherein R is a total number of clusters in the first set of clusters, C is a total number of
clusters in the second set of clusters, a, is a starting value of a, 4 is a final value of a, b,
is a starting value of b, B is a final value of b, and N is a total number of objects in the set

of objects.

9. The method according to Claim 8, wherein ay, =0, 4 =N, by =0, and B=N.

10. The method according to Claim 8, wherein gy, =1, A=N—-R+ 1, by =1, and
B=N-R+1.

11.  The method according to Claim 1, wherein the similarity index is calculated

using a Rand Index between the first set of clusters and the second set of clusters.

12.  The method according to Claim 3 wherein the expected value of the similarity

index is calculated according to

PS5

wherein R is a total number of clusters in the first set of clusters, C is a total number of

EI(R,C) = (1

clusters in the second set of clusters, and N is a total number of objects in the set of

objects.

13.  The method according to Claim 4, wherein the expected value of the
similarity index is calculated according to
C-DHDR-1+1
RC ’

wherein R is a total number of clusters in the first set of clusters and C 1s a total number

EI(R,C) =

of clusters 1n the second set of clusters.
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14. The method according to Claim 1, wherein the first clustering procedure and
the second clustering procedure correspond to two instances of the same clustering

procedure provided with different random initializations of objects.

15.  The method according to Claim 1, wherein the method is repeated while using
the same first clustering procedure and varying the second clustering procedure, in order
to find a clustering procedure which produces clusters maximally different from the first

set of clusters.

16. The method according to Claim 1, wherein applying the clustering procedures
comprises:

extracting object features from each object in the set of objects;

determining a comparison measure by which to compare respective features of
the objects in the set of objects;

comparing respective features of the objects in the set of objects based on the
comparison measure to determine differences between respective features of the
objects; and

outputting a group of measures representing the differences between
respective features of the objects,

wherein the first and second clustering procedures are applied to the set of

objects based at least in part on the group of measures.

17. A system for measuring similarity between a first set of clusters generated by
a first clustering procedure and a second set of clusters generated by a second clustering
procedure, the system comprising:
a computer-readable medium configured to store computer-executable
instructions; and
one or more processors configured to cause the system to

retrieve a set of objects from one or more computer-readable media,
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18.

apply a first clustering procedure to the set of objects to sort the
objects into a first set of clusters, wherein the first set of clusters has a first
number of clusters,

apply a second clustering procedure to the set of objects to sort the
objects into a second set of clusters, wherein the second set of clusters has a
second number of clusters,

calculate a similarity index between the first set of clusters and the
second set of clusters,

calculate an expected value of the similarity index, wherein the
expected value indicates an average value of the similarity index between a
first plurality of randomly generated sets of clusters and a second plurality of
randomly generated sets of clusters, wherein the sets of clusters in the first
plurality of randomly generated sets of clusters have at most a same number
of clusters as the first number of clusters and the sets of clusters in second
plurality of randomly generated sets of clusters have at most a same number
of clusters as the second number of clusters, and

adjust the calculated similarity index by a penalty factor that includes

the expected value of the similarity index.

A system according to Claim 17, wherein

in the aggregate, the sets of clusters in the first plurality of randomly

generated sets of clusters describe every possible arrangement of the objects into a

number of clusters less than or equal to the first number of clusters; and

in the aggregate, the sets of clusters in the second plurality of randomly

generated sets of clusters describe every possible arrangement of the objects into a

number of clusters less than or equal to the second number of clusters.

19.

A system according to Claim 17, wherein

a respective number of objects in each of the clusters in the first plurality of

randomly generated sets of clusters is within a first range;
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a respective number of objects in each of the clusters in the second plurality of
randomly generated sets of clusters is within a second range;

a number of shared objects between a cluster in the first plurality of randomly
generated sets of clusters and a second cluster in the second plurality of randomly
generated sets of clusters is within a third range, wherein the third range is based on
the first range and the second range; and

calculating the expected value of the similarity index comprises:

calculating a shared index for a first number of shared objects given a
first number of objects in a cluster in the first plurality of randomly generated
sets of clusters and a second number of objects in a cluster in the second
plurality of randomly generated sets of clusters, and

calculating a weight of the shared index given the first number of
shared objects, the first number of objects in a cluster in the first plurality of

randomly generated sets of clusters, and the second number of objects in a

cluster in the second plurality of randomly generated sets of clusters.

20. A system according to Claim 19, wherein calculating the expected value of
the similarity index further comprises:

calculating a shared index for all numbers of objects within the third range
given the first number of objects in a cluster in the first plurality of randomly
generated sets of clusters and the second number of objects in a cluster in the second
plurality of randomly generated sets of clusters; and

calculating a respective weight of the shared index for all numbers of objects
within the third range given the respective number of shared objects, the first number
of objects in a cluster in the first plurality of randomly generated sets of clusters, and
the second number of objects in a cluster in the second plurality of randomly

generated sets of clusters.

21. A system according to Claim 20, wherein calculating the expected value of

the similarity index further comprises:
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calculating a respective weight for the numbers of objects in the first range;
and

calculating a respective weight for the numbers of objects in the second range.

22. One or more computer-readable media storing instructions that, when
executed by one or more computing devices, cause the one or more computing devices to
perform operations comprising:

performing a first clustering procedure on a set of objects to generate a first
set of clusters;

performing a second clustering procedure on the set of objects to generate a
second set of clusters;

calculating a similarity index between the first set of clusters and the second
set of clusters;

calculating an expected value of the similarity index, wherein the expected

value is a weighted average of possible values of the similarity index between a

randomly generated third set of clusters and a randomly generated fourth set of

clusters, wherein the third set of clusters has a same number of clusters as the first set
of clusters and the fourth set of clusters has a same number of clusters as the second
set of clusters; and

modifying the calculated similarity index by a penalty factor that includes the

expected value of the similarity index.
23.  The one or more computer-readable media of Claim 22, wherein the expected
value is a weighted average of all possible values of the similarity index between a

randomly generated third set of clusters and a randomly generated fourth set of clusters.

24. The one or more computer-readable media of Claim 22, wherein a number of

objects in a certain cluster may be zero.
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25.  The one or more computer-readable media of Claim 22, wherein the weighted
average assumes all possible randomly generated third sets of clusters are equally likely

and all possible randomly generated fourth sets of clusters are equally likely.
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