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57 ABSTRACT 
A coordinate converter system for high speed and ac 
curate updating of a direction cosine matrix which de 
scribes the relative orientation of one orthogonal coor 
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dinate frame such as a body frame to another frame 
such as a stable frame in response to rotations of both 
frames. The coordinate converter utilizes an inter 
weaved series-parallel-reversal type algorithm that al 
lows simultaneous cosine updating for both the body 
frame and the stable frame rotation without additional 
adders, while requiring only three word times for up 
dating for body rotation. The system includes nine 
DDA dual adders operating in parallel in which the 
body update computations of the cosine matrix is main 
tained at full speed and the adders unused by the body 
frame computations are utilized during each word time 
to provide the stable frame computations. Because the 
algorithm updates the cosine matrix in response to both 
body frame and stable frame rotations with reversing 
computations when input incremental rotation pulses 
are received, a high degree of accuracy is provided 
without undesirable interactions due to the simulta 
neous processing of body frame and stable frame rota 
tions. Thus the coordinate converter performs simulta 
neous calculations of the cosine matrix for both the 
body frame and the stable frame rotations and operates 
at a fast speed and with a high degree of resolution of 
the body motion. 
The invention herein described was made in the course 
of or under a Contract or Subcontract thereunder with 
the Navy. 

7 Claims, 21 Drawing Figures 
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INTERWEAVED MATRX UPDATING 
COORDINATE CONVERTER 

BACKGROUND OF THE INVENTION 

1. Field of the Invention 
This invention relates to coordinate converter sys 

tems and particularly to an improved coordinate con 
verter having a simplified and high speed updating of 
the cosine matrix in response to rotation of two coordi 
nate frames. 

2. Description of the Prior Art 
Conventional methods for high speed and simplified 

updating of a cosine matrix in response to rotations of 
a first or body frame relative to a stable or reference 
frame when both frames are rotating, such as may be 
utilized in a coordinate converter for a strap-down iner 
tial navigation system, time shares the two sets of com 
putations. Some computational cycles are devoted to 
updates due to rotations of body frame while other cy 
cles are reserved for updates due to rotation of the ref 
erence frame. Parallel algorithms have been utilized to 
perform the computations but have been found to be 
inaccurate and unstable during operation. A 
series-parallel-reversal algorithm has been utilized for 
updating the cosine matrix as a function of the body 
frame rotations only, and has been found to be substan 
tially accurate. In this series-parallel-reversal algo 
rithm, three computation cycles are utilized to process 
each set of body rotation angular increments so that the 
maximum body rotation rate (when the rotation incre 
ment is limited to the range of three values 0, q and 
-q) is q13 radians per computational cycle. A prior art 
system that utilizes the reversal algorithm and performs 
updating in response to rotations of two coordinate 
frames, time shares the computations to accomplish 
both body frame rotation updating and stable frame ro 
tation updating. Also, variations of this technique may 
be utilized such as, for example, three successive com 
putation cycles can be devoted to body frame updates 
followed by three cycles devoted to stable frame up 
dates. Because of the number of computation cycles 
required to process each set of incremental rotations, 
these time sharing arrangements result in a substantial 
reduction in the maximum turning rate that can be ac 
commodated below that of simply updating body frame 
rotations with the series-parallel-reversal algorithm. It 
would be a significant improvement to the art if a 
highly accurate cosine matrix calculating system were 
developed for updating in response to rotation of two 
coordinate systems and that operated with the updating 
due to body frame rotations being performed at maxi 
mum speed and that only required a relatively simple 
arithmetic unit. 

sUMMARY OF THE INVENTION 
Briefly the coordinate converter system in accor 

dance with the invention includes an improved ar 
rangement for updating a consine matrix in response to 
rotations of the first or body coordinate frame and of 
a second or stable reference coordinate frame. The 
converter uses a series-parallel-reversal algorithm con 
cept for simultaneously updating the cosine matrix in 
response to both the body frame and the stable frame 
rotations while utilizing the same number of adders as 
is required to update in response to the rotation of one 
frame. For the simultaneous processing, a bank of digi 
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2 
tal differential analyzers (DDA) is utilized with the 
speed of calculation of the matrix due to body rotation 
being at a maximum while the updating due to stable 
frame rotation is simultaneously performed by other 
wise idle DDA'. Although the cosine matrix updating 
is in response to simultaneous rotations of both coordi 
nate systems, no undesirable interactions are devel 
oped and a high degree of accuracy is provided by the 
coordinate converter of the invention. 

It is therefore an object of this invention to provide 
an improved and simplified coordinate converter sys 
ten. - 

It is another object of this invention to provide an im 
proved and simplified strap-down inertial navigation 
system. 

It is a further object of this invention to provide an 
improved high speed direction cosine transformation 
computer. 

It is a further object of this invention to provide an 
arrangement for updating a cosine matrix in response 
to both first and second frame rotations respectively 
being relatively fast and slow and in which the first 
frame rate turning capability may be maintained at a 
maximum value. 

It is a still further object of this invention to provide 
an improved high speed cosine matrix updating calcu 
lator using digital differential analyzers. 

BRIEF DESCRIPTION OF THE DRAWINGS 

The novel features of this invention as well as the in 
vention itself, both as to its method of organization and 
method of operation, will best be understood from the 
accompanying description, taken in connection with 
the accompanying drawings, in which like reference 
characters refer to like parts, and in which: 
FIG. 1 is a schematic block diagram of the coordinate 

converter system operating in a strap-down inertial 
navigation system in accordance with the invention; 
FIGS. 2, 3 and 4 are coordinate vector diagrams 

showing the relationships of the axes of the first and 
second coordinate frames computed by the coordinate 
converter in accordance with the invention; y 
FIG. 5 is a schematic flow graph of a network of 

nodes and directed branches of a series-parallel 
reversal algorithm that is utilized for explaining the sys 
tem of the invention; 
FIG. 6 is a schematic diagram of a network of nodes 

and directed branches for a prior art system which 
times shares the computations of the series-parallel 
reversal algorithm to accomplish both frame rotation 
updating and stable or reference frame rotation updat 
ling; 
FIG. 7 is a schematic diagram of a network of nodes 

and directed branches of the interweaved matrix updat 
ing algorithm in accordance with the principles of the 
invention; 
FIG. 8 is a schematic network of nodes and direction 

branches of the interweaved matrix updating algorithm 
in accordance with the invention responding to a cons 
tant source of input rotational pulses for explaining the 
reversal operation of the stable or reference frame up 
dating; 

FIG. 9 is a schematic timing diagram for explaining 
the body frame rotation of the series-parallel-reversal 
algorithm; 
FIG. 10 is a schematic timing diagram showing the 

stable frame rotations of the series-parallel-reversal al 
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gorithm for explaining the operation of the system in 
accordance with the invention; 
FIG. 11 is a schematic timing diagram of the bit or 

clock times of a word time for further explaining the 
serial operations of each of the digital differential ana- 5 
lyzers; 
FIG. 12 is a schematic block diagram of a typical dig 

ital differential analyzer adder utilized in the cosine 
matrix calculator of FIG. 1 in accordance with the in 
vention, O 
FIG. 13 is a schematic block diagram of the R adder 

cell of the digital differential analyzer of FIG. 12 for 
further explaining the operation thereof; 
FIG. 14 is a schematic block diagram of a timing unit 

that may be utilized in the system of FIG. 1 for develop- 15 
ing B, B, and B signals to the digital differential analy 
zer of FIG. 12; 
FIG. 15 is a schematic block diagram of a timing unit 

that may be utilized in the system of FIG. 1 for develop 
ing S, S. and S signals to control the digital differential 20 
analyzer of FIG. 1; 

FIG. 16 is a schematic diagram of the multiplex unit 
of FIG. 13 for further explaining the operation of a typ 
ical digital differential adder; 
FIG. 17 is a schematic diagram of the Y register and 25 

the R register for further explaining the operation of 
the digital differential analyzer of FIG. 12; 
FIG. 18 is a schematic block diagram of a Y adder 

cell of the digital differential analyzer of FIG. 12 for 
further explaining the operation thereof; 30 
FIG. 19 is a table with time shown along the horizon 

tal axis for further explaining the reversal operations of 
the body and stable frame updating cycles; 
FIG. 20 is a schematic diagram of a curve of itera 

tions versus amplitude showing the direction cosines 
provided by a simulated calculation in accordance with 
the system of the invention in which the gyro or body 
frame inputs are limit cycled on all three axes and the 
stable frame inputs consist of continuous rotations 
about all three axes; and 
FIG. 21 is a schematic diagram of curves of iterations 

versus amplitude showing the difference between the 
direction cosines of FIG. 20 and a simulated result 
without gyro inputs for explaining the error provided 
by the simulation of the system of the invention. 

DESCRIPTION OF THE PREFERRED 
EMBODIMENT 

Referring first to FIG. 1, which shows coordinate 
conversion in accordance with the invention operating 
with a strap-down inertial navigation system, a coordi 
nate converter 10 is provided which may include digital 
differential analyzer (DDA) adders C1, C12, Cia., C2, 
C., Ca, Cs, Css and Css. Supplying signals to the coor 
dinate converter 10 is a gyro unit 14 including gyro B1, 
gyro B and gyro B4s and an accelerometer unit 16 in 
cluding accelerometer B, accelerometer Ba and ac 
celerometer BAs, each of the gyros and accelerometers 
being strapped down along the coordinate axis of the 60 
vehicle indicated at 18. The gyro unit 14 supplies incre 
mental body frame rotation signals A6, A6, and A6s in 
the form of pulses such as shown by a waveform 11, on 
respectively + and - composite leads 13 and 15, to the 
converter 10. The acceleration unit 16 supplies incre 
mental acceleration signals A(BA), A(B) and A(BAs) 
in the form of pulses on respective + and - composite 
leads 17 and 19 to an acceleration transformer or cal 
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culator 21. The coordinate converter 10 provides an 
updated cosine matrix 

C1 C12 C3 

C = C2 Cp2 Ca 

Ca1 Ca2C3a 
as signals on a composite lead 20, which signals are ap 
plied to a suitable guidance or navigation computer 22, 
the latter providing incremental stable frame rotation 
pulse signals A, A, and Alfa on a composite lead 24 
which is coupled to the coordinate converter 10. The 
incremental stable frame rotation signals indicated by 
a pulse of a waveform 25 may be calculated in a con 
ventional manner and may represent the variation of a 
stable platform position from the horizontal at different 
latitudes and longitudes on the earth's surface, for ex 
ample. Each pulse from the gyro unit 14 or from the 
computer 22 on the lead 24 represents one quantum of 
rotation or 2" radians. The computer 22 also applies 
address signals on a composite lead 28 to the coordi 
nate converter 10 as well as to the acceleration trans 
former 21. Any suitable type adders such as three DDA 
dual adders, for example, may be utilized in the accel 
eration transformer 21. Updated cosine signals are re 
ceived by the transformer 21 from the converter 10 on 
a composite lead 37 and updated acceleration vector 
components A(SA), A(SA) and A(SAs) are provided 
on a composite lead36, which signals are applied to the 
computer 22. A clock and timing source 44 applies sig 
nals both to the coordinate converter 10 and to the 
transformer 21 for controlling the adding computations 
and the overall timing operation thereof with clock sig 
nals and B and S timing signals. The computer 22 ap 
plies control signals through composite leads such as 46 
to servos such as 48 for controlling the aerodynamic 
surfaces such as 50. It is to be noted that the computer 
may also apply control signals to other units such as dis 
plays in manned aircraft systems. 
The first operation of any inertial navigation guid 

ance system is to measure vehicle acceleration which 
is a vector quantity and is resolved into three mutually 
perpendicular components directed along the axis of a 
computational reference frame. In a practical inertial 
system the orientation of this reference frame must be 
independent of the vehicle rotations. In conventional 
inertial systems, mutually perpendicular accelerom 
eters are mounted on a platform which is isolated from 
the vehicle rotations by a set of mechanical gimbals. 
Gyroscopes capable of sensing platform axis rotations 
are mounted with the accelerometers. It is therefore 
possible to maintain the platform at a known orienta 
tion in space. Because the platform orientation is fixed 
in space, an inertial computation reference frame re 
sults. If the platform is rotated so as to keep one axis 
aligned with a local vertical, a local computational ref 
erence frame is obtained. In a strap-down inertial sys 
tem the mechanical gimbals are eliminated and the ac 
celerometer and gyro triads are mounted directly on 
the vehicle body. Acceleration is sensed on the body 
frame axis and a coordinate converter is used to pro 
vide signals to transform the acceleration signals from 
the body reference frame to the computational or sta 
ble reference frame and to account for undesired 
changes in orientation of the stable frame coordinates. 
It is to be noted that although the coordinate converter 
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is illustrated in a strap-down guidance or navigation 
system, the concepts of the coordinate converter of the 
invention are applicable to other types of systems. 
Referring now to the coordinate frame diagrams of 

FIGS. 2, 3 and 4, three accelerometers 50, 52 and 53 
and three gyros 56, 58 and 60 are respectively aligned 
with the three orthogonal body frame axes BA1, Baz and 
Ba, with each body frame axis forming an angle b with 
the first reference or stable axis SA in FIG. 2. Angles 
between the body frame axes and the other two refer 
ence frame or stable axes S and Saa are shown in re 
spective FIGS. 3 and 4 with the corresponding angles 
d) indicated between each body frame axis and the ref 
erence or stable frame axis. FIGS. 2, 3 and 4 show two 
orthogonal or cartesian coordinate systems with which 
the updating algorithm operates in accordance with the 
invention. The rotations around each body frame axis 
BA, B and Ba is respectively shown as A61, A6, and 
A8 and the rotations around each stable frame axis SA, 
SA and Sa is respectively shown as A, A, and A3. 
Abbreviating cosine bi, where I is a row and J is a col 
umn of the cosine matrix, as C the following transfor 
mation equations may be written of the acceleration 
vector component along axis SA as A(SA), along the 
axis SA as A(SA) and along axis Saa as A(SAs) in a sin 
gle matrix equation: 

A(SA) 
A(Sa.) 
A(SAs) 

which is the direction 
cosite atrix, 

As is C A where As = 

A(B) 
ACB) 
A(BAs) 

C Cis Cis 
Ca Ca Cas 
Csi Csa Cas 

The spatial relationship between two orthogonal co 
ordinate systems, referred to as the body frame and the 
stable frame, can be represented by a nine element di 
rection cosine matrix. If one or both of the two coordi 
nate frames is rotating with respect to inertial space, 
the cosine matrix will become a function of this rota 
tion. The differential equation describing this situation 
is given below: 

dCldt = C (a) - a) (C) 

AB 

and 

C 

where 

C. C. Cas 
C = Cai Cas Cas 

Csi Cs Css 

as a 
als as 0 to 

-to a 0 

0 -as a 
a F as 0 -a. 

o at 0 
The a) and the a terms are the rotation rates about the 
axes, that is: 

The direction cosine matrix 

and 

and 

c) F d6/dt 
as a d6/dt 
as E d6s/dt 
a set d/dt 
as d/dt 
os = d/dt 

The DDA adders can be used in accordance' with the 
invention to compute approximate solutions to this 
equation using the incremental rotation variables A. 
and A. 
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Referring now to FIG. 5, a signal flow graph is shown 

of nodes and directive branches of the series-parallel 
reversal algorithm that is utilized in the system of the 
invention. The nodes of the graph represent system 
variables at specific times and the branches along 
which signals flow unilaterally represents transmit 
tances. The nodes are direction cosines and the branch 
transmittances are either the incremental rotation vari 
ables A6, which is the body rotation, A which is the 
reference axis rotation or unity. A signal at the origin 
of a branch is multiplied by the transmittance and de 
livered to the terminal node and at each node, all sig 
nals from incoming branches are summed algebraically 
to yield the total signal for that node. The sum is trans 
mitted along each outgoing branch. For purposes of 
this description the following conventions will be ob 
served: 

1. Branches will always terminate to the right of the 
origins. 

2. Nodes representing the values of the direction co 
sines at a particular point in time, that is, the start 
of a computation cycle, will be arrayed in a vertical 
column. Thus the left to right succession of vertical 
columns or of nodes will represent cosine values at 
the start of successive computation cycles. 

3. Nodes representing values of the same direction 
cosine at successive points in time will array in a 
horizontal row with the cosine label at the left end 
of the row. 

4. Branch transmittances are given above each 
branch. 

The graph of FIG. 5 represents the forward and the 
reverse cycle of the series-parallel-reversal algorithm 
for updating the cosine matrix as a function of the body 
frame rotations. As can be seen in the timing diagram 
of FIG. 9, a forward cycle or iteration which is one 
body frame update is performed in three word times 
and the reverse cycle or iteration which also is one 
body frame update is performed in three subsequent 
word times. Thus, three computational cycles are re 
quired to process each set of body rotation angular in 
crements A6, and the maximum body rotation rate that 
can be accommodated is q/3 radians per computation 
cycle where the range of both sets of variables A6, and 
A is confined to three values; 0, - q and -q. It is to 
be noted that the reversing sequence of this algorithm 
is B1, B, Ba, Bs, B, B1, B1, B, and Ba continuing in that 
order. The timing signals B, B, and Ba correspond to 
updating body axes Bai, Baz and Bas. Thus, three word 
times are required to update the direction cosine ma 
trix with the series-parallel-reversal algorithm and the 
equations are executed in the order given for the first , 
gyro pulse received and for each additional update the 
order is successively reversed, when input signals are 
received from the gyros. The series-parallel-reversal 
algorithm executes the update equations in a given 
order for the first gyro. pulse received and for each ad 
ditional update, the order is successively reversed. 

(C) = (C) + (C) p. 
ICl2 (Cl1 + (Clips 
(Clta = (C) + (Clado 
(C) = (Cl-, + (C) is de 
(Clist (Clic. R-4 + (C) de 
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C = Clks - C - PA 
where (C) is the direction cosine matrix and k is the 
word time. 

0 -A8 A8, 
d = 0 0 O 

0 0 O 

0 0 O 
d = A8 0 -A6 

0 0 0 

0 0 O 
d = 0 0 O 

-A69. At 0 

It is to be noted that the above equations correlate dur 
ing each successive word time with the diagram of FIG. 
5. 
Referring now to FIG. 6, a prior art algorithm is 

shown that time shares computations to accomplish up 
dating of the cosine matrix in response to both body 
frame rotations and stable frame rotations. The com 
mon feature in this arrangement is that branch trans 
mittances between any successive pair of node columns 
are all of the same variable type, either A0, or A. As 
a result, six computation cycles are required to process 
each set of A6 and A signals and there is a 50% reduc 
tion in the maximum turning rate that can be accom 
modated relative to the amount available in the algo 
rithm of FIG. 5 responding only to body rotations. 
Referring now to FIG. 7, a computational algorithm 

is shown in accordance with the principles of the inven 
tion, which includes simultaneous processing of both 
body frame rotation increments and stable frame rota 
tion increments. Because the number of incoming 
branches to any node cannot exceed two if undue com 
plexity of the computational units is to be avoided, the 
updating computer is implemented with arithmetic 
units capable of forming the sum of only two numbers 
at once. The interweaved sequence of branches in the 
graph is in accord with the series-parallel-reversal algo 
rithm for both body frame (A6, A0, A6) and stable 
frame (A, A, and A) rotations. Referring also to 
FIGS. 9 and 10, three computational cycles are re 
quired to process one set of A0, variables so that the 
maximum body frame turning rate capability of FIG. 5 
(q/3 radians per computation of cycle) is maintained. 
Nine cycles are required to process one set of At 
variables for a maximum stable frame turning rate q/9 
radians per computation cycle. It is to be noted that in 
applications involving vehicle attitude determination, 
the stable frame rate rotation rates are typically hun 
dreds times lower than the body frame rotation rates. 
Because for the body updating calculations, only six 
nodes or adders are required, two of the unused adders 
or nodes can be used by the stable update calculation 
requirements, with one adder being left idle during 
each word period time. In the first stable frame update 
cycle as shown in FIG. 10 having three body frame up 
date cycles, a word time sequence B1, Ba, Ba, Ba, B2, B1, 
B1, B, B is provided for the stable frame updated peri 
ods S, S, and S. Because FIG. 7 shows only a first sta 
ble frame update cycle, reference is now made to FIG. 
8 which shows both a first stable frame update or for 
ward iteration periods S1, S, and Ss followed by the sec 
ond stable frame update or reverse iteration periods Ss, 
S, and S. Thus the interweaved updating reversal algo 
rithm continues with both the body frame and the sta 
ble frame updating being performed simultaneously 
with both computations following that algorithm. 
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The normal series-parallel-reversal algorithm se 

quence is that for all of the three rows of the matrix, the 
second and third cosines are first updated, the first and 
third cosines are next updated and the first and second . 
cosines are then updated followed by a reversal starting 
with updating the first and second cosines. For the nor 
mal stable frame update, this series-parallel-reversal 
algorithm sequence is that a computation is applied se 
quentially to each column of the matrix so that the sec 
ond and third cosines are updated for the first column, 
C and C followed by the second column and in turn 
followed by the third column. The first and third co 
sines are then updated for each of the three columns in 
a reverse sequence of third column, second column and 
first column sequentially followed by a reversal starting 
with updating the first and second consines in the first 
column. Thus the stable frame updating of three co 
sines of each column has a similar sequence but per 
formed sequentially in time on each column. It is to be 
noted that the time delays between the steps does not 
affect the accuracy. The rows of the cosine matrix rep 
resent the cosines of the angles of each coordinate 
body axis relative to one stable axis and the columns of 
the cosine matrix represent the cosines of the angle of 
the same body axis relative to each of the three stable 
coordinate axes. For the stable frame update when a A6 
pulse is not received, the reversal may vary from that 
shown because the stable frame cosine column se 
quence is a function of the body frame reversals, only 
reversing when the body frame updates reverse. The 
body frame sequence of two rows each body frame up 
date period is only reversed when a gyro update signal 
A6 is received. 
The diagram of FIG. 11 shows the serial bit timing for 

each word for body frame and stable frame rotation up 
dating as performed by the DDA adder units. One bit 
at the beginning of each word time is reserved for mul 
tiplex switching and the word is always followed by a 
sign bit timing signal of a waveform 97, thus utilizing a 
sixteen bit register for storage of the word as will be ex 
plained relative to FIG. 12. In the illustrated word 
length a gyro quantum size can be 2' radians, which 
in some arrangements provides sufficient resolution of 
the rotation angle. The sign bit timing signal of the 
waveform 97 and a scale bit timing signal of a wave 
form 99 are provided by a clock circuit (not shown) in 
the clock and timing unit 44 of FIG. 1. A multiplex 
switching timing signal of a waveform 101 is provided 
by a delay in the DDA unit. 
Referring now to FIG. 12, which represents a typical 

one of the cosine matrix adder elements of the coordi 
nate converter 10 of FIG. 1, a similar digital differential 
analyzer, except for the input and output connections, 
is provided for each adder element in accordance with 
the invention. Each of the nine elements of the cosine 
matrix includes a multiplexed R adder 100 and a Y 
adder 102 with a typical cosine matrix adder element 
corresponding to the I" row and the J" column of the 
matrix being illustrated in FIG. 12. The indexes I and 
J each have a range of 1, 2 and 3 in a ring to provide 
a modulo count of three. The input terms to the R 
adder 100 includes Su+1), Sci+2), Bui), and Bu-2) which 
are respectively designated SA, S, BA, B in the DDA 
adder unit 100, and which are timing signals from the 
timing source 44 of FIGS. 1, 14 and 15. If, for example, 
I and J are respectively 2 and 3, Sui, Sct, Bt. and 
Bug) are respectively Ss, S1, B1 and B. Signals Co., 
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Co, Cui and Cu2 are the cosine matrix signals 
stored in the other adders and are respectively desig 
nated YAX, YAX, YAX and YAX in the DDA unit 
100. If, for example, I and Jare 2 and 3, Cotto, Cu+2, 
Cat-in and Cu+2) are respectively C1, Ca2, Cas and C13. 
These above cosine values are the stored cosine angle 
terms from other adder units required to update this 
particular cosine matrix. Body rotation signal incre 
ments or pulses applied to the R adder 100 are A62), 
-A6, -A6 and A61 respectively indicated in 
the DDA unit as --AX, AX, -AX and -AX which for 
I and J of 2 and 3, for example, would be +A9, -A6, 
-A0, and +A8. The other signals into the R adder 100 
are A2, Act, -Act 2 and +A1 
respectively indicated in the R adder as --AXa, +AX, 
-AX and -AX. Another input to the R adder 100 is 
the sign timing bit term of the waveform 97 (FIG. 11). 
The R adder 100 outputs the overflow terms as +AZ 
and -AZ and the Y adder 102 receives these terms 
which are converted to the respective terms AY and 
-AY. Also, the Y adder 102 receives a sign bit, a scale 
bit and an address of C from the computer and de 
velops the updated cosine value term Coin, which may 
be transferred directly out or as the multiplex or MUX 
output signal. If I and Jare 2 and 3, then C is the co 
sine matrix term C. All of the nine DDA adders are 
wired by following the above-described symbology. Re 
ferring now also to FIG. 13, the R adder cell 100 in 
cludes multiplex driver unit 108 having four output 
lines for applying timing signals to multiplex units 110, 
112 and 114, each having four inputs. As will be ex 
plained relative to FIG. 16, the timing signals effec 
tively connect an output lead 116 to one of the four co 
sine input terminals, depending on the step of the up 
date sequence. The units 112 and 114 have switching 
arrangements similar to the unit 110 and have respec 
tive output leads 118 and 120 which transfer the incre 
mental rotation terms. An R adder 122 which may be 
a conventional binary full adder responsive to two 
input terms as is well known in the art, is coupled to 
input leads 116, 118 and 120 for receiving the signals 
AX and -AX which command the adder to add or sub 
tract the term YAX to the contents of an R shift register 
132, which register may have 10 flip flops. As the co 
sine term is either added or 'subtracted to the cosine 
value YAX utilizing a carry term from a carry flip flop 
126, the limit of the word lengths causes either an over 
flow term to be applied to a lead 128 or an underflow 
signal to be applied to a lead 130. The sum provided by 
the adder 122 is stored in the R register shift register 
32 and is utilized in the adder each serial arithmetic 

time which includes 16 clock times. An overflow store 
flip flop 140 is coupled to the lead 128 to apply the sig 
nal Az. to its output terminal in response to an adder 
overflow at sign bit time of waveform 97 (FIG. 11) and 
an underflow store flip flop 142 is coupled to the lead 
130 to apply a signal-Az to its output lead in response 
to an adder underflow at sign bit time. As can be seen 
in FIGS. 9 and 10, the A8 pulses which may be ex 
panded in the gyro unit has a duration of 3 word times 
and the AW pulses which may be expanded in the com 
puter 22 (FIG. 1) has a duration of 9 word times. The 
sign bit also provides timing in the R adder 122 to sup 
press the carry bit at sign bit time and at multiplex time 
as provided by the delay flip flop 119. Clock pulses are 
utilized as required in the adder and in the R register. 
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Referring now also to FIGS. 14 and 15 which respec 

tively show the A6 or A timing circuits, the timing unit 
44 (FIG. A.) will be further explained. An OR gate 117 
or 119 respectively responds to any A6 or A input sig 
nals from the gyro or from the navigation computer to 
meet the condition of the series-parallel-reversal algo 
rithm, that reversal only occurs when an input rota 
tional pulse is received from the gyros or the computer. 
The circuit of FIG. 14 develops the B1, B, and Ba and 
BZ timing signals and the circuit of FIG. 15 develops 
the S1, S2 and Sa timing signals, similar circuits being 
used for both. The OR gates 17 or 119 apply a signal 
to a flip flop 121 which changes to its opposite state to 
reverse the sequence of calculation by applying signals 
to forward NAND gates 123 and 125 or reverse NAND 
gates 127 and 129, also controlled by the output of a 
3 flip flop circuit 131 responding to either the sign tim 
ing bit or a BZ timing signal of a waveform 133 of FIG. 
10. The circuit 131 sequentially develops the states 
100, 010 and 001, starting over in a ring counter fash 
ion. Connecting the signals from the circuit 131 
through the NAND gates provides the output timing 
signals B1, B2 and Bs or S1, S2 and Sa each having either 
a forward or reverse sequence. For the unit of FIG. 15 
developing the signals S1, S2 and Ss, the sign bit is re 
placed by BZ as shown by the waveform 133 of FIG. 
10, so as to control the counter 131 and the NAND 
gates 123 and 125 so the counting is performed only 
once during each body frame update. NAND gates 137 
and 139 are respectively provided at the outputs of 
gates 123 and 127 and gates 125 and 129. 

Referring to the multiplex unit of FIG. 16, the signals 
BA and BB energize respective FET gates coupled to re 
ceive the YAX, AX and -AX and signals YAX, 
--AX and -AX so that for two thirds of the time each 
adder updates in response to body rotations. The sig 
nals SA and Sa are applied through inverters 161 and 
163 and through respective NOR gates 155 and 157 
along with the signal BA and B so that for two-ninths 
of the time, each adder performs updating in response 
to stable frame rotation. The NOR gates 155 and 157 
respectively control FET gates to pass the signals 
YAXa, AXs and -AXa and signals YAX, +AX and 
-AX. A NOR gate 159 having a normally false output 
responds to the signals SA, S, BA and B all going false 
to provide a true output and inactivate all of the FET 
gates. The NOR gate 159 assures that each DDA adder 
is inactive one-ninth of the time. The NOR gates 155 
and 157 have a true output only when B and B are 
false and SA and SB are true. For any specific adder, the 
SA, S, BA and B signals determine the specific adders 
that are operative for body and for stable frame updat 
ing during each frame and the order of row updating is 
determined by the B1, B and Bs signals that are wired 
to that specific adder, the sequence of these signals 
being determined by the circuit of FIG. 14, For exam 
ple, if B and B are the BA and B signals each specific 
adder is operative at a word time so that a first se 
quence of rows is provided for a selected sequence of 
the circuit of FIG, 14, and if Ba and B are the B and 
B signals, a second sequence of rows is provided in re 
sponse to the selected sequence of the circuit of FIG. 
14. For stable frame updating at the adders, the cosine 
column sequence within a body frame update period is 
reversible only in response to reverses of the body 
frame sequence of the other adders (reversal of B. B. 
Bs sequence). This reversing provides for use of idle ad 
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ders to perform stable updating at maximum speed in 
accordance with the invention. The adders are each 
connected so that the adders representing cosines of 
unused columns from the body updating are operative 
in response to the timing signals at each word time to 
be used for the stable frame updating. 
Referring now to FIGS. 17 and 18 as well as to FIG. 

13, the R register 132 applies overflow signals +AY and 
-AY to the Y adder cell 102, for storage after passing 
through a Y adder 148, in a Y register or shift register 
154. The Y adder cell 148 which may be a conven 
tional full binary adder as is well known in the art is re 
sponsive to the overflow terms --AY and -AY for con 
trolling the adding of a scale signal to the contents of 
the shift register 154. As can be seen in FIG. 11, a scale 
bit of the waveform 99 is generated in the clock and 
timing unit each word time and has a weight of 2" 
which is the same as the gyro quantum size. The Y 
adder 148 includes a carry flip flop 150 and receives a 
sign timing bit on a lead 152 as well as the output of the 
shift register 154. The output from the Y adder, which 
is a serial two input term adder, is applied to a multi 
plex unit 156 controlled by an address decoder 158 
which may receive addresses from the computer 22 
(FIG. 1), and is applied through a multiplexing gate 
160 to an output lead 162. The output signal after 16 
bit times is the updated cosine term C and is on the 
output lead 163 as well as the lead 162. As is well 
known in the art, the cosine number in the shift register 
154 accumulates the increments from the R adder and 
the sum is applied to the lead 162. As explained relative 
to FIG. 11, sixteen clock periods are required for each 
of the serial adder operations to form the entire 14 bit 
word. As can be seen in FIG. 17, the R register 132 
overflow is accumulated in the Y register 154 with the 
accumulated sum being applied to the lead 159 and the 
switch 160 to the output lead 162. The address decoder 
158 is controlled by the sign bit after a one bit delay to 
select addressed DDA adders. For initial loading of the 
16 flip flop R register 154, a data bus 161 applies data 
from the computer to the multiplex unit 154. Clock 
pulses are utilized in the Y adder 148 and in the regis 
ters to control the serial operation. The sign timing bit 
of the waveform 97 (FIG. 11) controls the Y adder to 

10 

15 

20 

25 

30 

35 

40 

suppress the carry bit at sign bit time. The operation of 45 
the DDA adders will not be explained in further detail 
as their operation is well known in the art such as in a 
book, “The Digital Differential Analyzer," edited by T. 
R. H. Sizer, published by Chapman and Hall Ltd., 11 
New Fetter Lane, London EC 4, 1968. 

Referring now to FIG. 19, the sequence reversals will 
be explained in further detail. An example of a typical 
body frame update sequence is shown in a first line 171 
having a forward, reverse, reverse, forward, forward 
and reverse sequence as an illustrative example. It is to 
be noted that the sequence of FIG. 19 is different than 
the normal reversal sequence of FIGS. 7 and 8. The 
third and the fifth body frame update sequences are 
without an algorithm reversal because of the absence 
of any gyro input A6 pulses. The sequence for each 
body frame period updates in each row of the cosine 
matrix, cosines which are defined by columns 2 and 3, 
1 and 3, and 1 and 2 of the cosine matrix for a forward 
direction and columns 1 and 2, 1 and 3 and 2 and 3 of 
the cosine matrix for a reverse direction. The stable 
frame updating sequence is shown by a line 173 in 
which during the S period of the first stable frame up 
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date period, columns 1, 2 and 3 are updated for rows 
2 and 3, during the S, period columns 3, 2 and 1 are up 
dated for rows 1 and 3, and during the Sa period, col 
umns 3, 2 and 1 are updated for rows 1 and 2. For the 
Sa period of the first stable frame update, the column 
sequence did not reverse because the body frame up 
date sequence did not reverse. For the second stable 
frame update sequence, which is reversed in response 
to a 1 signal, the sequence of columns 1, 2 and 3 are 
updated, during the S period the columns 1, 2 and 3 
are updated and during the S period the columns 3, 2 
and 1 are updated. Because the body frame sequence 
of the S period of the second stable frame was not re 
versed, the stable frame update column sequence was 
not reversed. The sequence continues in a similar man 
ner with the stable frame column sequence being solely 
a function of the body frame reversal. The stable frame 
S1, S2 and Sa sequence is a function of only the A sig 
nals representing axis rotation. The body frame se 
quence is a function of only the gyro A6input signals. 
The spare adders availability requires that this reversal 
of the columns in the stable frame update as a function 
of the body frame reversal, be performed. The adders 
representing an unused column of the cosine matrix 
being updated by the body update adders are timed to 
be used for the stable frame update. Only by reversing 
the order of the columns to be opposite and to remain 
opposite to that of the body updating rows, will unused 
adders be always available for computation. The timing 
inputs into the adders (FIG. 12) is such that the column 
sequence is opposite for the stable and body updates 
and the opposite state remains in response to the re 
versing timing signals of FIG. 14. 

Referring now to FIG. 20, a computer simulation was 
run of the cosine matrix updating system in accordance 
with the invention for direction cosines C, C, and C 
with the body axis having limit cycling and the stable 
axes having monitonic turning. The limit cycled gyro 
inputs A8 are --1, -1, +1, -1, +1, etc. and the stable 
frame inputs are +1, +1, +1, etc. A second computer 
simulation was also run similar to that of FIG. 20, ex 
cept without a gyro input so that A6 = A6, = A8 = 0. 
The stable frame input signals were the same as those 
of FIG. 18. The difference between the two results was 
then plotted. The simulation was run with a gyro quan 
tum of 2 radians per pulse. Curves 180, 182 and 184 
were plotted at the computer output for the run with 
the gyro inputs and the stable frame inputs for the num 
ber of iterations shown. 
Referring now to FIG. 21, a curve is shown for the 

three cosines C11, C2 and Cia for limit cycling of the 
body frame plus stable frame rate of FIG. 20 minus the 
cosines for stable frame rotation alone (not shown) to 
give the difference due to body limit cycles. It was 
found as shown by the curves generally indicated as 
188 that difference or error was a maximum of two 
quanta of a gyro pulse, thus indicating that the reversal 
algorithm with simultaneous updating provides a highly 
accurate system. 
A cosine matrix is orthogonal, that is, the product of 

the matrix and its transpose (rows and columns inter 

65 

changed) is equal to the identity matrix. When the ma 
trix is partially updated, this orthogonality condition 
changes which leads to the possibility of undesirable 
interactions between body frame and stable frame up 
dates. However, any errors introduced in this way are 
apparently cancelled by the algorithm reversals as the 
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test results show negligible interaction errors. This can 
celling of the errors as a result of the reversals occurs 
in the series-parallel-reversal algorithm which requires 
that two cycles must be run to have accuracy. With the 
interwoven algorithm, the algorithm reversals cancel 5 
errors so that highly accurate cosine updating calcula 
tions are provided. 
Thus there has been described a high speed and accu 

rate coordinate converting system using a new inter 
woved reversable algorithm developed from principles 
of the series-parallel-reversal algorithm without slow 
ing down the body coordinate update speed of the co 
sine matrix. Simultaneous calculation with digital dif 
ferential analyzers is provided by using the series-paral 
lel-reversal type algorithm separately for both the body 
calculations and the calculations to update for stable 
platform rotations. An improved and high speed paral 
lel operating computation useful in a strap-down iner 
tial guidance system is thus provided. 
What is claimed is: 
1. A computer for updating a cosine matrix in re 

sponse to rotations of the axes of a first and a second 
coordinate frame, said cosine matrix representing the 
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cosine functions between each axis of the first frame 
relative to each axis of the second coordinate frame 25 
comprising: 

arithmetic means including nine digital differential 
analyzer means, one for each cosine function of 
said cosine matrix, said cosine matrix having cosine 
functions arranged in first, second and third rows, 
each with three columns, 

and timing means coupled to said arithmetic means 
to control the updating of said cosine matrix in a 
reversible sequence relative to said columns and 
said rows respectively for said first and second co 
ordinate frame rotations, said sequences being per 
formed simultaneously for updating in response to 
rotations of the first and second coordinate frames, 
said timing means controlling the digital differen 
tial analyzer means so that the column sequence of 40 
each row reversible sequence of the updating for 
said second coordinate frame rotations, reverses in 
response to a reversal of the sequence of the col 
umns resulting from the updating for the first coor 
dinate frame rotations. 

2. A computer for updating a cosine matrix in re 
sponse to rotations of the axes of a first and a second 
coordinate frame, said cosine matrix representing the 
cosine functions between each axis of the first frame 
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comprising: - 
arithmetic means including nine digital differential 
analyzer means, one for each cosine function of 
said cosine matrix, said cosine matrix having cosine 
functions arranged in first, second and third rows, 
each with three columns, 

and timing means coupled to said arithmetic means 
to control the updating of said cosine matrix in a 
reversible sequence relative to said columns and 
said rows respectively for said first and second co 
ordinate frame rotations, said sequences being per 
formed simultaneously for updating in response to 
rotations of the first and second coordinate frames, 
said timing means controlling the updating of said 
cosine functions relative to rotation of said first co 
ordinate frame so as to have a reversible sequence 
for each row of updating said cosine function of 
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said second and third columns, said first and third 
columns and said first and second columns, and rel 
ative to rotations of said second coordinate frame 
so as to have a reversible sequence for updating 
said cosine functions in said second and third rows 
sequentially for said first, second and third col 
umns, for updating said cosine functions in said 
first and third rows sequentially for said first, sec 
ond and third columns, and for updating said co 
sine functions for said first and second rows se 
quentially for said first, second and third columns, 
and in which said timing means controls updating 
of said cosine function relative to rotation of said 
first coordinate frame in a first frame period having 
three word time periods with one word period for 
each of updating the second and third columns, the 
first and third columns and the first and second col 
umns of said reversible sequence and controls up 
dating of said cosine functions in response to rota 
tions of said second coordinate frame in three first 
frame periods each having three word time periods, 
with the cosine functions for each column being 
updated during a different word time period of 
each first frame period. 

3. The computer of claim 2 in which said timing 
means controls updating of said cosine functions in re 
sponse to rotations of said second coordinate frame so 
that the updating sequence of said first, second and 
third columns is a reversible sequence during each up 
dating of rows opposite from the reversible sequence in 
response to rotations of said first coordinate frame of 
updating columns two and three, columns one and 
three and columns one and two, and reverses in re 
sponse to a reversal of the sequence of updating in re 
sponse to rotations of said first coordinate frame. 

4. A system for updating a matrix of cosines of first, 
second and third rows and first, second and third col 
umns in response to variations of orientation of first 
and second coordinate systems, said variations of first 
coordinate systems occurring at a faster rate than the 
variations of the second coordinate system, comprising: 

arithmetic means responsive to said variations for up 
dating the cosines of said matrix, and including 
nine digital differential analyzers, 

and control means coupled to control said arithmetic 
means for updating said cosines in a first reversible 
sequence of columns for each row for the varia 
tions of said first coordinate system and in a second 
reversible sequence of rows for each column for 
the variations of said second coordinate system, 
said first and second reversible sequences being 
performed simultaneously, said first and second re 
versible sequences respectively updating relative to 
the columns in each of said rows and relative to the 
rows in each of said columns, second and third co 
sines, the first and third cosines and the first and 
second cosines, said control means includes timing 
means to control the updating of said first revers 
ible sequence of columns to be performed in three 
word time periods, and the updating of said second 
reversible sequence of rows to be performed in 
three reversible coordinate frame periods, each in 
cluding three word time periods. 

5. The system of claim 4 in which the timing means 
controls said second reversible sequence so that a re 
versible sequence of columns is updated during each 
coordinate frame period and is of a predetermined re 
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versal sequence relative to the reversal sequence of 
said first reversible sequence, and reverses as a func 
tion of reversals of said first sequence. 

6. The system of claim 5 in which said timing means 
further controls said second reversible sequence so that 
for each word time period, cosines are updated of a col 
umn that is not being updated in the first reversible se 
quence. 

7. The system of claim 5 in which the first coordinate 
system is the body frame and the second coordinate 10 
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system is the stable frame and including a source of 
body frame rotation signals and a source of stable 
frame rotation signals and in which said control means 
includes multiplexing means at each digital differential 
analyzer for reversing said first reversible sequence and 
said second reversible sequence respectively in re 
sponse to said body frame rotation signals and said sta 
ble frame signals. 

k xk sk k k 


