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(57) Abstract: A signal processing method for estimating a frequency domain representation of signal from a series of samples dis -
torted by an instrument function, the method comprising obtaining the series of samples; obtaining a set of coefficients that fit a set
of basis functions to a complex exponential function wherein the set of basis functions comprises a plurality of basis functions each
defined by a shifted version of the instrument function in a signal domain; estimating the frequency domain representation of the sig-
nal based on the series of samples and the coetficients. This is wherein the estimate of the instrument function is based on a charac -
terisation of the instrument function in the frequency domain at frequencies associated with the complex exponential function.
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Method and Apparatus

The present invention relates to sampling and reconstruction of signals, and more particularly
to the sampling and reconstruction of non-bandlimited signals, such as signals with a finite

rate of innovation, FRI.

The fundamental problem of all sampling is to estimate an original signal from a discrete set
of samples of that signal. Typically, the signal is distorted by the instrument which collects
the measurement, for example by convolving the true signal with the sampling kernel of the
instrument. In most signal processing, this distorted signal is then converted into discrete
samples. It is well known that the signal domain spacing of the samples imposes a limit on the

frequency domain bandwidth of the measurement.

Any particular signal collecting instrument has physical characteristics which effect the
measurement performed by that instrument. These characteristics can distort the original
signal before it is sampled. The nature of this distortion can be characterised by an instrument
function. One example of such an instrument function is the point spread function of an
optical system. This instrument function describes the distorting effect that the instrument has

on the original signal before it is sampled.

There are typically two approaches to improving the accuracy of estimation of a signal based
on samples of a measurement that signal. The first is to increase the sampling bandwidth
(increase the sampling frequency). The second is to reduce the distorting effect of the
instrument function, to take the example of an optical system, this could be done by reducing

the spatial extent of the point spread function.

For certain classes of signal, such as signals with a finite rate of innovation, FRI, one
theoretical approach to the problem of signal recovery assumes that the instrument function
belongs to a class of functions known as exponential reproducing kernels. This class of

functions is defined by the ability of each such kernel to reconstruct an arbitrary complex
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exponential function from a linear combination of shifted representations of that kernel.

In real practical instruments, the instrument function is determined by practical physical
limitations of the instrument, for example in an optical system the aperture and other
components in the optical train define the instrument function. Therefore, the instrument
functions of real instruments generally are not exponential reproducing kernels. In addition,
the theoretical approaches developed from FRI reconstruction using exponential reproducing
kernels suffer from very poor stability in the presence of noise, e.g. deviations of the original
signal from model behaviour. Of course, noise is inherent in any practical physical
measurement. Therefore, although they have been known in the art for many years, these

theoretical methods are not applicable to real world practical systems.

Aspects of the present disclosure are directed to the practical sampling, frequency space
estimation, and recovery of, signals in practical real world systems, and in the presence of

measurement noise. The signals may comprise FRI signals and other types of signal.

Embodiments of the present disclosure address this problem by modifying the discrete
samples of a signal based on knowledge of the instrument function to provide a frequency
domain estimate of that signal. In particular, the samples are scaled by a set of coefficients,
Cmn. These coefficients are selected to fit a set of basis functions, hn, to a complex
exponential function. Each of these basis functions is defined by a signal domain

representation of the instrument function, shifted in the signal domain.

The versions of the instrument function are based on a characterisation of the instrument
function in the frequency domain at selected frequencies, om. These frequencies are also
associated with the complex exponential function used to select the coefficients Cmn. The
complex exponential function used to select the coefficients Cmn may comprise exp{-oumt},
where t indicates a signal domain displacement. For example, in the case of a time domain
function, the parameter t indicates a time delay, whilst, in the case of a spatial function, t,

would indicate a spatial displacement rather than a time delay.
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The frequencies oom may be complex frequencies, in the sense of Laplace transforms, where
the imaginary part of the complex frequency indicates a frequency of an oscillatory
component and the real part of the complex frequency indicates a damping or driving of the

signal.

Embodiments of the disclosure relate to methods of configuring a signal processing apparatus
12 by selecting these frequencies and generating the corresponding coefficients Cmn for the

instrument based on an estimate of an instrument function.

To assist in understanding the invention, a selection of particular implementations of the
invention is discussed below. The first of these implementations relates to range finding based
on the time of flight of a series of pulses. This example is chosen because it relates to the
estimation of a signal comprising a sequence of pulses. As will be appreciated by the skilled
addressee in the context of the present disclosure, most practical signals and a train of pulses
in particular, may be described by the timing and amplitude of a series of single points (e.g. a
train of Dirac-delta functions). Therefore, although this example is provided as one way of
understanding the present disclosure, it will be understood that the apparatus and methods of

the disclosure can be applied to signal processing of any signal.

The present disclosure finds particular application in FRI signals, but may also be applied to
other types of signal. FRI signals, as the name implies have a finite number of degrees of
freedom per unit time, and they may be either periodic or aperiodic. Examples of FRI signals
include streams of Dirac delta functions, non-uniform splines, sinusoids, and piecewise

polynomials.

Each of these types of signal may be characterised by their “innovation parameters”. For
example, the innovation parameters of a train of Dirac delta functions are the location, tk, in
the signal domain (e.g timing, or position) of the delta functions, and their amplitudes ak.

This class of FRI signal is used as the basis of most of the discussion which follows, because
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nearly all signals can be reduced to a representation as a series of delta functions. It will
however be appreciated that the teaching of the present disclosure is capable of application to

any type of signal.

In an aspect there is provided a signal processing method for estimating a frequency domain
representation (X) of signal (x) from a series of samples (yn) distorted by an instrument
function, (h) the method comprising: obtaining the series of samples (yn); obtaining a set of
coefficients (Cmn) that fit a set of basis functions (hn) to a complex exponential function
wherein the set of basis functions comprises a plurality of basis functions, each defined by a
shifted version of the instrument function, in a signal domain; estimating the frequency
domain representation (X) of the signal (x) based on the series of samples (y) and the
coefficients (Cmn); wherein the estimate of the instrument function is based on a
characterisation of the instrument function in the frequency domain at frequencies associated

with the complex exponential function.

In an aspect there is also provided a digital signal processing apparatus comprising: a data
obtainer configured to obtain a series of samples, yn, of a signal, y(t), that corresponds to a
signal x distorted by an instrument function, h; and a data scaler, configured to scale the series
of samples, yn, using coefficients Cmn wherein the coefficients cmn are selected to
approximate a complex exponential function from a set of basis functions, hn, defined by the
instrument function shifted by a number of samples, n; a data provider for providing a
frequency domain representation, X, of the signal, x, based on the scaled samples; wherein
the instrument function is based on a characterisation of the instrument function in the

frequency domain at frequencies associated with the complex exponential function.

The samples of the signal may be separated in the signal domain by an inter-sample interval,
or sample period. Each basis function may be shifted in the signal domain with respect to the
others by an integer number, n, of inter-sample intervals, in these examples, the fit can
comprise a projection into the space defined by the basis functions. In some examples, each

basis function may be shifted in the signal domain by a non-integer number of inter-sample
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intervals, and in these examples the fit can be performed by reducing a merit function.

The coefficients (cmn) may comprise a frequency domain representation, (Hn) of a respective
corresponding one of the basis functions (hn). The complex exponential function may
comprise signal domain oscillatory components, and the frequencies at which the instrument
function (h) is characterised comprise the frequencies of the oscillatory components. The
complex exponential function may consist solely of signal domain oscillatory components.

This has been found to provide signal estimation that is particularly robust to noise.

In some possibilities the coefficients comprise the reciprocal of the frequency domain
representation, Hn, of the basis functions hn at the selected frequencies. In some possibilities
the coefficients comprise reversed versions of the frequency domain representation, Hn, of
the basis functions hn. The coefficients may be scaled by the z-transform of the

autocorrelation of the instrument function in the signal domain.

The selected frequencies may be evenly spaced in the frequency domain, and in some cases
the frequencies are selected to reduce the variance in the magnitude of the instrument function
at the frequencies whilst increasing the spacing between the frequencies. This has also been
found to provide improved resilience to noise. In some possibilities, the signal has K degrees

of freedom, where K is an integer, where K is an integer, n=0, 1,...,P, and P<2K-1.

In some possibilities the signal to be estimated belongs to a class of finite rate innovation,
FRI, signal, and the frequencies are selected based on the performance of a maximum
likelihood estimator of innovation parameters of that class of signal. This may be achieved by

reducing a Cramer-Rao bound.

In some possibilities the method comprises obtaining an error in the representation, provided
by the coefficients (cmn) and the basis functions (hn), of the complex exponential function;
and, based on this error, determining whether to re-estimate the frequency domain

representation (X) of the signal. Determining whether to re-estimate the frequency domain
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representation (X) of the signal may comprise obtaining an estimate of noise in the original
signal, and performing a comparison based on the estimated noise and the error in the

representation of the complex exponential function.

In some possibilities, re-estimating the frequency domain representation of the signal
comprises determining a filter configured to minimise the energy of the frequency domain
estimation representation (X) of the signal (x), and adjusting the frequency domain
representation based on the filter. This may be provided by an approximation to an
annihilating filter. In some possibilities adjusting based on the filter comprises obtaining an
estimate of parameters describing the location, in the signal domain, of the signal using the

roots of the filter.

The annihilating filter method need not be used, for example in some possibilities re-
estimating the frequency domain representation of the signal comprises obtaining an estimate
of parameters describing the location, in the signal domain, of the signal by deriving

eigenvalues from a matrix pencil problem.

In some possibilities the signal comprises an image, and the method further comprising
scaling the frequency domain representation of the image based on the frequencies associated
with the complex exponential function, determining a set of filter coefficients, bkj, configured
to minimise the energy of the frequency domain representation of the image, and determining
a boundary in the image from the filter coefficients. As will be appreciated, image data may
be treated by estimating a frequency domain representation of each row, and then estimating

the frequency domain representation of each column.

In some possibilities the image processing methods may be used for coregistration of images,
in these possibilities the method comprises: determining a transform for coregistering the
image with a second image based on the boundary, and based on a boundary obtained for the
second image. There is also provided a method of enhancing image resolution, comprising

identifying at least one boundary for each of a plurality of images, and determining, for each
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boundary, a transform for coregistering each boundary with a selected reference boundary,
and determining a combined image based on the plurality of images and the transforms.
Determining the combined image may comprise determining the value of pixels in the
combined image based on samples from at least one of the images, and the transform

associated with that image.

In an aspect there is provided a method of calibrating a signal acquisition device comprising a
signal acquisition instrument, the method comprising: obtaining an estimate of the transfer
function of the instrument; selecting a set of frequencies, that are evenly spaced in the
frequency domain; and storing, in a memory of the device, coefficients (Cmn) based on
samples of the transfer function at the selected frequencies. These frequencies may be
selected to reduce the variance of the magnitude of the instrument function at the frequencies,
whilst increasing the spacing between the frequencies. In some possibilities the signal
acquisition device is adapted for acquiring finite rate innovation, FRI, signals, and the
frequencies are selected based on the performance of a maximum likelihood estimator of

innovation parameters of that class of signal.

The frequencies may be selected to reduce a Cramer-Rao bound determined based on those

frequencies, as discussed in Annex 1.

Embodiments of the disclosure will now be described, by way of example only, with
reference to the accompanying drawings, in which:

Figure 1 shows a schematic diagram of a range finding apparatus comprising a signal
processing apparatus;

Figure 2 illustrates the process of sampling a signal;

Figure 3 shows a schematic diagram of a range finding apparatus which shows the signal
processing apparatus 12 of Figure 1 in more detail,

Figure 4 illustrates one method of operation of a signal processing apparatus 12, such as that
illustrated in Figure 3;

Figure 5 illustrates an image processing method and apparatus that can be implemented using
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the signal processing apparatus 12 of Figure 3 and/or the method illustrated in Figure 4;
Figure 6 illustrates a method of enhancing the resolution of an image; and

Figure 7 further exemplifies the method illustrated in Figure 6.

Figure 1 shows a range finding apparatus 2 for determining a distance based on time of flight

of a signal.

The range finding apparatus 2 is arranged to direct a signal 4 against an object 6, to receive
the signal 8 reflected back from the object, and to determine the distance between the
apparatus 2 and the object 6 based on the time delay between transmission of the outgoing

signal 4 and receipt of the reflected signal 8 at the apparatus 2.

The range finding apparatus 2 comprises a signal provider 10 configured to transmit an
outgoing signal 4 to the object 6. The signal provider 10 also provides the outgoing signal to a

timing estimator.

The range finding apparatus 2 also comprises an instrument for detecting the reflected
(incoming) signals. An ADC 18 is coupled to the detection instrument 16 for converting

signals received by the instrument 16 into digital samples.

The ADC 18 is coupled to provide the samples of the received signals to a signal processing
apparatus 12, DSP. The DSP 12 is configured to process the samples and to provide the
processed samples to the timing estimator 14 configured to estimate the timing of the
incoming reflected signal, and to determine the delay between the outgoing signal and the
reflected signal. This enables the range finding apparatus to determine the distance to the

object 6 based on the time of flight of the signal.

As illustrated in Figure 2, the reflected signal 8 received by the instrument, comprises a time
domain signal x(t). The detection instrument 16 distorts this incoming signal, for example by

introducing delay, and attenuation. This distortion may be described by an instrument
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function, e.g. the impulse response of the instrument 16. The signal, x(t), distorted by the
detection instrument, y(t), is then sampled by the ADC 18 to provide a discrete representation

y(n) of the distorted signal.

In order to determine the distance between the range finding apparatus 2 and the object 8, the
range finding apparatus 2 determines the delay between the transmission of the outgoing
signal 4, and receipt of the reflected signal 6 based on this quantised representation of the
signal, y(n). The resolution of this measurement is limited by the distortion introduced by the
instrument function, and by the resolution of the ADC. Accordingly, the problem of range
estimation in this context reduces to the fundamental problem of all sampling — mentioned

above, e.g. how to recover an original signal from a discrete set of samples of that signal.

The example of range finding based on a series of pulses is useful for understanding the
present disclosure, and it will be appreciated by the skilled addressee in the context of the
present disclosure that many practical signals, including trains of pulses, may be expressed as
a series of delta functions. Therefore, although this example is described in the context of
range estimation, the principles can be applied to any signal, and in particular to signals

which can be expressed as a series of delta functions.

Figure 3 illustrates a more detailed example of a range finding apparatus as described above
with reference to Figure 1 and Figure 2. The apparatus shown in Figure 3 comprises an
instrument for obtaining a measurement of a signal, an ADC 18 for providing a series of

samples of the measured signal, a signal processing apparatus 12, and a timing estimator.

The signal processing apparatus 12 is configured to receive the samples from the ADC, and to
provide an estimate of a frequency domain representation of the signal measured by the
instrument to the timing estimator. A signal domain representation of the signal can be
derived from this frequency domain representation. Accordingly, the timing estimator 14 can
estimate a time domain delay, between a transmitted signal and the signal domain

representation based on the output from the signal processing apparatus.
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The signal processing apparatus 12 may be provided separately from the remainder of the
range finding apparatus of Figure 3. The signal processing apparatus 12 and its methods of
operation may be applied in other contexts. This signal processing apparatus 12 and its

operation will now be described in greater detail.

The signal processing apparatus 12 comprises a data obtainer 22 for obtaining samples, y(n),
of the signal from an ADC. The data obtainer 22 is coupled to a data scaler 30, and the data
scaler 30 is coupled to a coefficient provider 20. The data scaler 30 is also coupled to a data
provider 34 for providing an output from the signal processing apparatus. The signal
processing apparatus 12 further comprises a data tuner 32 that is coupled to the data provider

34, to the coefficient provider 20, and to the data obtainer 22.

The data obtainer 22 comprises a memory 24 for storing signal samples, and an input
interface 26 to enable data to be provided into the memory 24 from a source of digital
samples such as the ADC 18. The data obtainer 22 also comprises a coupling 28 to enable the

data scaler 30 and the data tuner 32 to read signal samples from the memory 24.

The coefficient provider 20 comprises a memory 21 configured to store coefficients, Cmn,
and to provide these coefficients to the data scaler. The coefficients, Cmn, are selected to
approximate a complex exponential function by defining a linear combination of a set of basis

functions, e.g.

> C,.h, (1) = expia,t}
" (D

The basis functions hn(t) are defined by shifted versions of the instrument function in the
signal domain, hn. Where n indicates a shift in the signal domain, e.g. by a number of sample
periods, n, and the frequencies oum may be complex frequencies where the imaginary part of

the complex frequency indicates a frequency of an oscillatory component and the real part of
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the complex frequency indicates a damping or driving (decay or growth).

In the example illustrated in Figure 3, the coefficient provider 20 comprises coefficients,

Cmn, that are selected according to the relation:

_ explo,n}
5 " H(e,) )

Where H(oum) comprises the frequency domain version of the instrument function, hn, at the

frequencies aom. The frequencies, oum, are selected to reduce the variance in the magnitude of

H(e,)

the instrument function at those frequencies,| , whilst increasing the spacing between

the frequencies. As noted above, the parameter, n, relates to a shift in the signal domain.

10
The data scaler 30 is configured to obtain the signal samples, y(n) via the data obtainer 22.
The data scaler 30 is configured to scale these samples using the coefficients, Cmn, and to
sum the scaled samples to estimate a frequency domain representation of the signal, X(oum),

according to the relation:

X(am) = ZCmnyn
15 :

(3)
The data scaler 30 is configured to provide this estimate, X(oum), of the frequency domain
representation of the signal to the data provider. For completeness at this stage, we note that it
can be shown (see Annex 1) that this estimate X(oum) can be written as:
K-1
X(e,) = Zxkuk <.
)
20 Where:
Z(k k
u, =expiA=t x, =a, expy o, =
r , , in which ak and tk are the innovation parameters of the

signal (e.g. the timing, tk, and amplitude, ak, of a train of delta functions representing the

signal). S represents an error in the estimate as defined below. The parameters 00 and A are
complex parameters which define the frequencies oum in the complex plane according to the

25 relation:
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om=00 + mA,
where m is an integer 0 < m < 2K-1, and K defines the number of degrees of freedom of the

signal.

The data provider 34 comprises a memory 35 for storing data, and a coupling 36 to enable
the data scaler 30 and the data tuner 32 to read and write data into the memory 35. The data
provider 34 also comprises an output interface 38 to enable data to be provided as output, e.g.

to the timing estimator.

The data tuner 32 is configured to obtain an estimate, E, of the measurement noise from the

data obtainer, and to obtain the estimate X(oum) from the data provider. The data tuner 32 is

also configured to estimate the error, gn@ in the estimate X(om) of the frequency domain
representation of the signal according to the relation:

K-1 t
o= Y%
=T 5)

Where the signal to be estimated may be considered as a series of K delta functions, tk
represents the location of these delta functions in the signal domain (e.g their timing) and ak
represents their amplitudes. The amplitudes ak can be estimated from the frequency domain

representation, X(oum), according to the relation defined in Equation 4, above (e.g. by setting

S =0 and solving Equation 4 above based on the current estimate of X(oum)).

The parameter em, in Equation 5 represents the mismatch between the exponential function
exp{om} and a model assembled from shifted versions of the instrument function in the

signal domain, hn(t), scaled by the coefficients, Cmn, viz:

£,(1)=|expla,1}= > C,,h, (1)
" (6)

The data tuner 32 is configured to compare the estimate of the error, S , with the estimate of
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the measurement noise, E, and to determine whether to re-estimate the signal based on this

comparison.

If the signal is to be re-esimated, the data tuner 32 is operable to re-estimate the signal by

5 determining a filter, F, that reduces the energy of the frequency domain estimation

representation, X(oum), e.g. by selecting coefficients of the filter F that adjust the convolution

integral F*X towards zero. This may be performed using a Matrix Pencil method as defined in

Y. Hua and T. K. Sakar, "Matrix Pencil Method for Estimating Parameters of Exponentially

Damped Undamped Sinusoids in Noise," IEEE Transactions on Acoustics, Speech and Signal

10 Processing. vol. 38, pp. 814-824, May 1990, or by use of an annihilating filter approach as

defined in M. Vetterli, P. Marliliano. and T. Blu. "Sampling signals with finite rate of
innovation:' IEEE Transactions on Signal Processing, vol. 50, pp. 1417-1428, June 2002.

The data tuner 32 is configured to obtain the roots, uk, of the z-transform of the filter, F, (e.g.
15 the points in the complex plane where the z-transform of F is zero valued), and to determine a

new estimate of the timings, tk of the series of K delta functions based on the relation:

!
u, = exp{ﬂ—k}
! (7)

Where T is the sampling period, and A represents the spacing of the frequencies oum in the
complex plane. The data tuner 32 is further configured to determine new estimates of the

20 amplitudes, ak, based on the new estimate of the timings, tk.

The data tuner 32 is further configured to re-estimate the frequency domain representation of
the signal by adjusting an existing estimate X(oum) based according to the relation:
» Sl B ¢
=ty + Seie 1)
= ®)
25 Where the superscripts represent iteration number, e.g. X(oum)i+1 represents the re-estimated
frequency domain representation of the signal at the (i+1)th iteration, and X(oum)i represents

the existing estimate at the ith iteration. The data tuner 32 is configured to repeat the process

of determining the filter, F, and re-estimation of the frequency domain representation of the
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signal, X, until the parameters ak, tk converge. Convergence criteria can be selected based on
the absolute or relative variation in the estimated parameters ak, tk between consecutive
iterations, and/or based on an estimate of the measurement noise in the original signal (e.g. a
determination as to whether the adjustment between iterations is less than the estimated

measurement noise).

Operation of the signal processing apparatus 12 will now be described with reference to
Figure 4.

In operation, the data scaler 30 obtains 100 a series of samples yn from the data obtainer 22
and obtains 102 the coefficients Cmn from the coefficient provider 20. The data scaler 30
scales 104 the samples using the coefficients to provide an estimate of the frequency domain

representation of the signal as in Equation 3, above.

The data tuner 32 obtains 106 an estimate of the measurement noise in the original signal
from the data obtainer. The data tuner 32 then scales 110 the model mismatch using the

estimated amplitudes, ak, obtained from X(oum) according to the relation defined in Equation

5 to determine an estimate of the error C in the estimate of X(oum).

The data tuner 32 compares 112 the estimate measurement noise with an estimate of the error

S as defined in Equation 5, above. In the event that the measurement noise is greater than the
error associated with the model mismatch, the data tuner 32 does not tune the estimate and the

data provider 34 provides 114 the estimate X(oum).

The data tuner 32 obtains 108 an estimate of a “model mismatch” based on the error in the
representation of the complex exponential function, provided by the coefficients Cmn and the

basis functions hn, as defined in Equation 6, above.

The data tuner 32 obtains the amplitudes ak by determining 116 a filter, F, that reduces the

energy of the frequency domain estimation representation, X, e.g. by selecting coefficients of
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the filter F that adjust the convolution integral F*X towards zero. The data tuner 32
determines 118 the roots of the z-transform of this filter, uk (see Equation 7) which in turn
yield the timings tk, and the amplitudes ak to re-estimate X. This may also be done using the
Matrix Pencil approach as explained in Annex 1 and defined in Y. Hua and T. K. Sakar,
"Matrix Pencil Method for Estimating Parameters of Exponentially Damped Undamped
Sinusoids in Noise," IEEE Transactions on Acoustics, Speech and Signal Processing. vol. 38,

pp. 814-824, May 1990.

The values of tk and ak are then tested 122 for convergence as described above with reference
to Figure 3. In the event that the values have converged, the data provider provides the
estimate of the frequency domain representation of the signal, X. In the event that the values

have not converged steps 116, 118, 120 and 122 are repeated.

This frequency domain estimate, X(om), of the signal, x(t), may be used to estimate the
signal x(t) in the signal domain, thereby enabling the timing estimator 14 to determine the
time delay between the transmitted and reflected signals. This estimation may be performed
by determining the eigenvalues of a Matrix Pencil problem to identify the innovation
parameters, or by using an “annihilating” filter method, or an approximation thereto, or by

any other application of Prony’s method as defined in Annex 1.

As will be appreciated, although the example described so far has related to time domain
signals, spatial signals, such as images may be treated in the same way. Just as trains of
pulses can be characterised by the timing and amplitude of Dirac-delta functions, so images
may be defined by the location and intensity of pixels, or the location, amplitude and gradient
of image boundaries, and accordingly they may be treated as FRI signals. The signal
processing apparatus 12 and method described with reference to Figure 3 and Figure 4 may

also be applied to determining the innovation parameters of an image.

One particular example is illustrated in Figure 5, and relates to defining a boundary between

regions in a two-dimensional image.
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Figure 5 shows an example of an image processing apparatus. Also represented in Figure 5 is
original image, and a second version of the image as modified by an instrument function and
by being sampled into pixels. In the example of Figure 5, the pixel values of the second

version of the image correspond to the samples, y(n), of the original signal.

The apparatus of Figure 5 comprises a signal processing apparatus 12 as described above
with reference to Figure 3 and Figure 4. The signal processing apparatus 12 is coupled to a

boundary determiner, and the boundary determiner 144 is coupled to an interpolator.

The signal processing apparatus 12 is configured to receive the pixel values, and to operate on
the pixel values according to the method described with reference to Figure 4 to provide a
frequency domain representation of the image. The frequency domain representation of the
image, as with the example described in Figure 3 and Figure 4, is based on the frequencies
om at which the instrument function of the imaging has been characterised. Naturally, these
may comprise horizontal and vertical components, so the frequency domain representation

can be denoted X(oumx,oumy).

The boundary determiner 144 is configured to scale the values X(omx,omy) by the local

frequency in the image to provide scaled frequency domain image data, I(x,y), as follows

](amx> amy) = (amx + ]amy )X(amx> amy) (9)
_ J2mp
Where, " M
a,, = J2myq
N

2

j denotes the square root of minus one, M and N represent the dimensions of the image in the

x and y directions respectively, and p and q are indices.

The boundary determiner 144 is further configured to determine a set of coefficients, b, that

reduce the quantity I toward zero by solving, or finding an approximate solution (e.g. in a best



10

15

20

25

WO 2014/191771 PCT/GB2014/051671

-17 -

fit sense) to the equations defined by:

by * 1y =0 (10)

where * indicates a convolution. This is analagous to finding the filter which annihilates the
quantity I, and may be approached using the Annihilating Filter or Matrix Pencil methods as
described above and in Annex 1. Once bpq has been determined, the boundary determiner 144

is configured to solve the system of equations:

S )= b, expt-a,, Jexpl-a,, }= 0

, (11)
o, = J2mep
where, M
a,, = J2myq
N

2

to identify a boundary as the locations (x,y) in the image where f(x,y)=0.

In this system of equations M and N are the dimensions of the original image, and j denotes
the square root of minus one. Verification of this result may be found in H. Pan, T. Blu, and
P L. Dragotti, 'Sampling Curves with Finite Rate of Innovation' in Proc. of Sampling Theory
and Application Conference, Singapore, May 2011. This provides one particular way of
identifying a boundary in an image. However, as will be appreciated, where an image
comprises FRI signals, the innovation parameters of the image can be used to define the
location of structures (such as boundaries) in that image, so other methods of recovering
boundaries using the estimate X(omx,oomy) may also be used, for example based on

determining innovation parameters of the image.

The interpolator 146 is configured to obtain the boundary data from the boundary determiner,
and to interpolate between the boundaries based on the samples of the image y(n). The
interpolated image then incorporates the information obtained from the boundaries, and the

initial image data values to provide an enhanced version of the image.
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In addition to interpolating between boundaries to provide image enhancement, embodiments
of the disclosure comprise methods of combining images to provide improved resolution. One

such method is described with reference to Figure 6 and Figure 7.

As illustrated in Figure 6 and Figure 7, in this method a first image 812 is obtained 702, and
the frequency space representation of the image X1(oumx,omy) estimated as described with
reference to Figure 3, Figure 4, and Figure 5. A first boundary is identified 704 in this first

image 812 based on Equations 9 to 11, above

A second image 810 is also obtained 706, the frequency space representation of this image
X2(omx,omy) is estimated, and a second boundary is identified 708 in this second image.
This can be done in the same way as the first image but as will be appreciated the first and

second boundaries need not be obtained in the same way, nor at the same time.

A transform, such as an affine transform, is determined 710 for co-registering the first
boundary with the second boundary. This may, for example, be performed by finding a
transform that reduces (e.g. minimises) a merit function based on the difference between the

two boundaries.

A set of image pixel locations 806 is then determined 714 from the transform, to provide a set
of pixel locations 806 having a resolution higher than the first image 812 and the second
image 810. The transform is then applied to the first image data 812 to provide transformed

first image data 802.

The transformed first image data 802, and the second image data 810 are then combined 716
by interpolating from the transformed first image data 802, and the second image data 810 to

determine combined image data 820 at the new set of pixel locations 806.

Naturally, although this method has been described with reference to the co-registration of

two images, it may be applied to any number of images.
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To assist in understanding the disclosure, the functionality of the signal processing apparatus
12 of Figure 2 has been notionally subdivided into functional elements. It will however be
appreciated that these functional elements need not be provided as physically distinct
structures, and some or all aspects of the functionality may be provided in a common physical
structure, and some or all aspects of the functionality may be further subdivided. As one
particular example, the signal processing apparatus 12 may be provided by a single processor,
and the data provider 34 and the data obtainer 22 may comprise memory elements, such as
registers or buffers that are readable and/or writable by the chip. For example the data
provider 34 and the data obtainer 22 may be memory caches, such as on-chip caches of the
processor. In addition, this functionality may be provided by any appropriate processor such
as an application specific integrated circuit, ASIC, a field programmable gate array, FPGA, or
an assembly of digital logic gates. In some embodiments the functionality is provided by a
computer program. The computer program comprises program instructions operable to
program a processor to provide the functionality of the signal processing apparatus. This

computer program can be stored in a transitory or non-transitory form.

Figure 1 introduces one example of how an embodiment of the disclosure may be used. This
particular example relates to range finding, and this example is chosen because it relates to
the estimation of a signal comprising a sequence of pulses. As will be appreciated by the
skilled addressee in the context of the present disclosure, any signal may be described by a
series of single points (e.g. a train of Dirac delta functions). Therefore, although this example
is provided as one way of understanding the present disclosure, it will be understood that the
apparatus and methods of the disclosure can be applied to signal processing in many other
circumstances. Estimating a train of pulses is just one example. Examples of instrument
functions include the impulse response of a filter, and the point spread function of an optical

system.

A variety of signals could be used in the range finding example of Figure 1, such as optical

or acoustic (e.g. ultrasound) signals. However, as will be appreciated in the context of the
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present disclosure, the temporal resolution of the ADC, and the speed of the outgoing and
reflected signals (e.g. the speed of light for optical signals), limit the accuracy of the

measurement.

The instrument function may be characterised by its response to a unit impulse, another way
is to measure the response of the instrument to signals of known frequency and amplitude, for
example using sinusoids of known frequencies. Other methods of characterising detection

instruments will be apparent to the skilled addressee in the context of the present disclosure.

In the discussion above, the parameter n is used to index samples in the signal domain, and is
used to denote shifts in the signal domain example, where the signal is a time domain signal,
the parameter n relates to a time delay, and where the signal is a spatially varying signal, the

parameter n relates to a spatial displacement.

The delays, n, may comprise integer numbers of samples, in which case the coefficients Cmn
may be obtained from an orthogonal projection of the exponential function exp{om} onto the
shifted basis functions. However, in some embodiments the delays, n, may comprise integer
and non-integer numbers of samples. In these possibilities the coefficients Cmn can be
obtained from fitting procedure based on a reduction of a merit function that describes the

model mismatch, such as:
8m (t) = eXp{a’,mt}_ Z Cmnhn (t)

One way to select these coefficients, Cmn, is according to the relation defined in Equation 2

above. However, other numerical and analytical solutions may be used. For example:

__H(Ca,)

m =G (expla, ) P

2

ay (exp{e,}) =Y ay[llexp{-a,l}
Where ez is the z-transform of the auto-correlation of the
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a, ={h(t 1), k(1))

signal domain representation of the instrument function evaluated at

z=exp{oum}.

The coefficients Cmn may be selected in other ways. For example, coefficients may be
selected based on constraining the model mismatch to have particular values (e.g. to be zero
to within a selected tolerance) at particular locations. One example of this approach is to
ensure that the model XCmnhn interpolates the exponential function exp{omt) exactly where
tis an integer. Taking this approach, the coefficients can be defined:

1

Com = S expla, () X1/}

Other coefficients which reduce a merit function determined by the model mismatch may also

be used. Examples of these coefficients typically comprise frequency domain representations

of the instrument function.

The frequencies, oum, are described as being selected to reduce the variance in the magnitude
of the instrument function at these frequencies, H(oum) whilst increasing the spacing between
the frequencies. This may be achieved in a variety of ways. In some embodiments, the signal
belongs to a class of finite rate innovation, FRI, signal, and the frequencies, oum are selected
based on the performance of a maximum likelihood estimator of innovation parameters of that
class of signal. One way to achieve this is by selecting the frequencies, aum, that reduce (for
example minimise) the Cramer-Rao bound, which is defined by Equation 16 of Annex 1.

Other approaches may be used to select these frequencies. One or more sets of coefficients

Cmn can be stored by the coefficient provider 20. In addition, the model mismatch £,(1) may

also be stored in a memory, for example for access by the data tuner.

In the range finding example, the original signal is a time domain signal, and so references to
frequency domain and signal domain should be understood in this context. Other examples
relate to image processing, in which case the signal is a spatial domain signal, and so

references to signal domain and frequency domain should be understood in that context. As
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will be appreciated by the skilled reader in the context of the present disclosure the link
between the frequency domain and the signal domain may be provided by any one of a
selection of transforms such as Fourier series, Fourier transforms, Laplace transforms, Z-

transforms or any other frequency transform.

In particular the signal processing methods and apparatus of the disclosure may be used in the
estimation of neurological signals, or in seismology, or image processing. Examples of the
disclosure provide multi-channel data acquisition apparatus, where each channel comprises a

signal processing apparatus 12 such as that described with reference to Figure 3.

It will be appreciated that a signal processing method for estimating a frequency domain
representation of a signal from a series of samples of the signal collected by an instrument
and distorted by an instrument function associated with the collection of the signal by the
instrument has been disclosed. It will also be appreciated that this method may be applied in
any one of the various ways described herein. For example the method may comprise:
obtaining the series of samples; obtaining a set of coefficients that fit a set of basis
functions to a complex exponential function wherein the set of basis functions comprises a
plurality of basis functions each defined by a shifted version of the instrument function in a
signal domain; estimating the frequency domain representation of the signal based on the
series of samples and the coefficients; wherein the instrument function is based on a
characterisation of the instrument function in the frequency domain at frequencies associated
with the complex exponential function. Each of these features of this method may be

implemented, generalised, or further refined in any one or more of the ways described herein.

It will therefore be understood that the embodiments described are to be understood as
illustrative examples. Further embodiments are envisaged. It is to be understood that any
feature described in relation to any one embodiment may be used alone, or in combination
with other features described, and may also be used in combination with one or more features
of any other of the embodiments, or any combination of any other of the embodiments.

Furthermore, equivalents and modifications not described above may also be employed
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without departing from the scope of the invention, which is defined in the accompanying

claims.

With reference to the drawings in general, it will be appreciated that schematic functional
block diagrams are used to indicate functionality of systems and apparatus described herein. It
will be appreciated however that the functionality need not be divided in this way, and should
not be taken to imply any particular structure of hardware other than that described and
claimed below. The function of one or more of the elements shown in the drawings may be
further subdivided, and/or distributed throughout apparatus of the disclosure. In some
embodiments the function of one or more elements shown in the drawings may be integrated

into a single functional unit.

In some examples, one or more memory elements can store data and/or program instructions
used to implement the operations described herein. Embodiments of the disclosure provide
tangible, non-transitory storage media comprising program instructions operable to program a
processor to perform any one or more of the methods described and/or claimed herein and/or

to provide data processing apparatus as described and/or claimed herein.

The activities and apparatus outlined herein may be implemented using controllers and/or
processors which may be provided by fixed logic such as assemblies of logic gates or
programmable logic such as software and/or computer program instructions executed by a
processor. Other kinds of programmable logic include programmable processors,
programmable digital logic (e.g., a field programmable gate array (FPGA), an erasable
programmable read only memory (EPROM), an electrically erasable programmable read only
memory (EEPROM)), an application specific integrated circuit, ASIC, or any other kind of
digital logic, software, code, electronic instructions, flash memory, optical disks, CD-ROMs,
DVD ROMs, magnetic or optical cards, other types of machine-readable mediums suitable for

storing electronic instructions, or any suitable combination thereof.
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The following is a detailed description of the way in which the present
invention may be considered. Whilst various features may be described as being
essential or necessary, this may only be the case for the specific example
discussed, for exawple due to other requirements imposed by the particular
mathematical gituation under consideration. These statements should not,

therefore, be construed as limiting the present invention in any way.

Approximate Strang-Fix:

FRI Sampling with Arbitrary Kernels

Jose Antonio Urigiien', Thierry Blu*. and Pier Luigi Dragotu,

Abstract

In the last few years, several new methods have been developed for the sampling and the exact
reconstruction of specific classes of non-bandlimited signals known as signals with finite rate of innevation
(FRI). This is achicved by using adequate sampling kernels and reconstruction schemes. The sampling
kernels used in [1] are called exponential reproducing kernels and satisfy the generalized Strang-Fix
conditions. These ensure that proper linear combinations of the kernel with its shifted versions reprocuce
polynomials or exponentials exactly.

The first contribuion of the paper is to provide clear guidelines on how to choose the comect
exponemtial reproducing kernel when estimating FRI signals from noisy samples. We then depart from
the situation in which we can choose the sampling kemel and develop a new strategy that is universal
in that it works with any kernel. We do so by noting that meeting the exact exponential reproduction
condition is 100 stringent a constraint, we (hus allow for a contrelled error in the reproduction formala
in order 1o use the exponential reproduction idea with any kernel and develop a reconstruction method
which Is more robust to noise.

Numerical results validate the various contributions of the paper and in particular show that the
approximate expenential reproduction strategy leads (o reconstruction resulls that are more stable than

those obtained when using the traditional exact recovery method.

Index Terms

Sampling. Finite Rate of Innovation, Noise, MOMS, Maurix Pencil
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EDICS Category: DSP-SAMP

[. INTRODUCTION
Most digital acquisition systems involve the conversion of signals from analog to digital, and sampling
theorems provide the bridge between the continuous and the discrete-time worlds. Usually, the acquisition
process is modelled as in Figure 1, where the smoothing function (¢) 1s called the sampling kernel,
and normally models the distortion due to the acquisition device. The fltered continuous-time signal
ylt) = z{t) % o~ %) is then uniformly sampled at a rate f, = % Following this setup, the measurements

arc given by

U TR
() — h(t) = (‘7"{) f-__-{L_NMM .

Fgure 1. Truditivnal sempling scheme. The continvous-time input signal (2} is filtered with 4(4) wnd sampled every T

seconds, The samples are then given by y, = (x % A1), ».

The fundamental problem of sampling is to recover the original continuous-time waveform . () using
the set of samples y,. [n the case where the signal is bandlimited. the answer due to Shannon is well
known. Recently, it has been shown {2}, [1], [3] that it is possible to sample and perfectly reconstruct
specific classes of non-bandlimited signals. Such signals are called signals with finite rate of innovation
(FRI) since they arc completely described by a finite number of free parameters, Perfect reconstruction
is achieved by using a variation of Prony’s method, also known ag annibilating filter method [4]. Signals
that can be sampled within this framework include streams of pulses such as Diracs [2], [1], [3]. 5],
piccewise polynomial signals, piccewise sinusoidal signals [6] and classes of 2-D signals [7], (8], [9].
[10]. In the presence of noise, FRI reconstruction techmques become unstable and methods to improve
resiliency to noise have been presented m [117], {127, [13], [14], [15]. [10].

We note that various sampling kernels can be used to perfectly reconstruct FRI signals such as the sinc
and Gaussian functions first proposed in the original paper on FR1 2| and compact support kernels such
as the family of Sum of Sincs (SoS8) [3]. and polynomial and exponential reproducing kernels [1]. [16].

While they all allow perfect reconstruction in noiscless settings. their behavior changes in the presence of
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noise. It is therefore natural to attempt 10 understand which factors cause a deterioration in performance
and also provide precise guidelines on how to design the kernels that are the most resilient to noise.

In this paper, we focus on the famuly of exponential reproducing kernels | 1], and provide guidelines on
how to design the most stable ones. We focus on exponential reproducing kernels for two reasons: First.
they can have compact support which is in itself i nice property when dealing with noisy measurcments.
Second and meore important, any compact support kernel that has so far been used in FRI sampling using
the setting of Figure | is a particular instance of the family of exponential reproducing kernels. We prove
this fact in Appendix B.

Our contribution is twofold: We first explain how to design the most effective exponential reproducing
kernels when sampling and reconstructing FRI signal in noisy environments. Since FRI recovery is
equivalent to estimating a set of parameters in noise, we achieve this optimal design by finding the
family of exponential reproducing kernels that minimise the Cramér-Rao bound of this FRI estimation
problem. In the second contribution, we depart from the situation in which we are allowed to shape the
kernel in the way that best meets our needs and consider the case where we have no control on the
acquisition device. In this new scenario we develop a new strategy for FRI sampling that is universal
in that it works with any possible kernel. Tn conirast 1o existing techniques that attempt at finding the
exact parameters of the input, we describe how to perform an approximate recovery also capable of high
accuracy when noise is present. The advantage of our new approach is that it can be applied ta any
sampling kernel. Moreover, it can replace the traditional exact recovery framework for kemels such as
polynomial splines that can theoretically achicve perfect reconstruction, but are in practice very unstable.
By replacing the exact recovery strategy with this new approximuate framework we show that a reliable
reconstruction of FRI signals in noisy settings is possible even when using ‘unstable’ kernels.

The outline of the paper is as follows. In Scction 1T we introduce the noiseless scenario in which we
sample and perfectly reconstruct the prototypical FRI signal: a train of Diracs. We also discuss exponential
reproducing kernels [1] and the generalised Strang-Fix conditions [17]. In Section [l we treat the more
realistic setup when noise is present in the acquisition process. Here, we describe practical techniques to
retrieve the train of Diracs and compute the Cramér-Rao bound for this problem. In Section IV we design
a family of exponential reproducing kernels thal is most resilient to noise. Then, in Section V we present
the approximate FRI framework, and develop the basic ideas to sample FRI signals with any kemel.
Interestingly, by properly defining the reconstruction stage, we also show that with this new framework
we can improve reconstruction accuracy of existing kernels. In Section VI we present simulation results

to validate the various contributions of the paper. Finally, we conclude in Section VIL
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IT. SAMPLING SIGNALS WITH FINITE RATE OF INNOVATION

In this section we provide a brief overview of the theory of sampling FRI signals. Specifically, we
explain how to perfectly reconstiuct a stream of Diracs from the samples. Note that the reconstruction

of more sophisticated signals can always be reduced to this case.

A, Perfect reconstruction of a sireasn of Diracs

For the sake of clarity, we consider that the input x{t} is a stream of /& Diracs with amplitudes ay

located at different instants of time 5 where #; € [0, 7} and & = 0,..., &' —1. The signal has 2K degrees
of freedom in total, and can be expressed as:
K-
oft) = 2 apé(t — tr). (hH
k=

Now, based on the acquisition model of Figure 1. we filter the input with the kerncl 2(t) and obtain

¢ \ K-1 tr
Yn = <[‘(i\)r’> (f - 7’2)) = Z apyP (? - T}) : (2)

k=0

the measurements

where 7= 0,1,...,.¥ — 1. Here we assume that the sampling period 1" satisfics 7 = NT. Moreover,

we also assume that =(f) is of compact support and satisfies
T Cr'?l,x’lir:‘(t - n) = OOHITY (3)

-t
reZ

for proper coefficients ¢, 5, with = 0,.. ., P and a,, € C. Kernels satisfying (3) are called exponential
reproducing kernels of order I? +- 1. We discuss them in detail in Section 1-B. For the rest of the paper
we restrict our analysis to parameters of the form o, = ag + mA, where an. A € . The reason for this
choice will become clear Jater on in the section.

Once we have sampled the input, we need to show that it can be unambiguously retrieved from the
set of measurements .. In order to do so, first we linearly combine the samples vy, with the coefilcients
o Of (3), to obtain the new measurements:

N-1

N

A S Con Y 4

pa]
n=1u

for mo=0,..., 1. Then, given that the signal x{¢} is a strcam of Diracs (1) and combining (4) with (2)
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we have [1]:
N1 ,
St = J'(f,)‘ Z Coen& (? - “> (5}
n=0
- ,
:J r(t)e7di
i
K-t
N1
= L (qo”" E T TRuy,
k=0 =0

with zy = (1;;(:“"[“Ti and uy = A F . Note that the values s, are the (exponential) moments of the signal
() [6]. and are equivalent to the projection of x(t) onte the subspace spanned by the exponentials
{o“""i} - The fact that we use parameters of the form ay, = ag + mA, where m = =0,....P s
necessary for the values z,, 10 have a power sum series form, which is key to the recovery stage.

‘The new pairs of unknowns (ug.zy) for & = 0...., K — 1 can then be retrieved from the mea-
surements s, using the anaihilating filier method [2], [11, [12], also known as Prony’s method in
the spectral estimation community [4]. Let kg with o= 0,..., I denote the filler with z-transform
Azy = S8 bz = T (1= wiz™?), that s, its roots correspond to the values 1 to be found.

Then, it follows that /i, annihilates the observed series sy,

K J\ -1
o * Sy = Zh,s,”_i == T Z }xzul\ = 0. (0)
LA.U (=0
—_—
OS]

Moreover, the zeros of this filter uniquely define the values 1y provided the locations {4 are distinct.

The identity (6) can be written in matrix-vector form as:
Sh =0 7)

which reveals that the Toeplitz matrix § is rank deficient. By solving the above system, we find the filter
coefficients A, and then retrieve uy by computing the roots of hi(z). Given u; we oblain the locations

i
#y since uy = ¥ We detail the main steps of the annihilating filter method in Algorithm 1.

Note that if A is purcly imaginary, uy. is periodic of period 27 ¢ 1[ Y and it 1s necessary that the locations

Iy satisfy 0 € t; € 27 for b =0...., K - 1 in order to retrieve them unambiguously. Finally, we

m{,\s
determine the weights ¢y by solving, for instance, the first i consecutive equations in (3). Notice that
the problem can be solved only when there are ar least as many cquations as unknowns. implying that
12 = 2K — 1. This indicates that the order 7+ 1 of the exponential reproducing kemel has to be chosen

according to the number of degrees of freedom of the input signal x{i}.

December [0, 2012 DRAYT
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Algorithm 1 Annihilating filter: total least-squares method.

Retrieving the innovation parameters (t;. ag) of @ truin of X Diracs (1)

I: Calculate the sequence s, = Yy Gmayn for m=0,..., P, from the N samples y, of (2).

4

Build the system of cquations (6) using the exponential noments ,,.

o

Retrieve the annihilating filter coefficients h,,, for m = 0,..., K, by performing the SVD of the

Toeplitz matrix 8 and choosing the eigenvector corresponding o the smallest eigenvalue,

¢ - - -
AF of the z-transform h{z) = }_‘fﬂ) Myn =™ and abtain {£;}871

k)

4. Compute the roots ux = ¢
5. Caleulate {ax}f,) as the least mean square solution of the N equations y, — 37 apin (& —n).

k=t

If the measurements y, are noisy, then it is necessary to denoise them by using the methods in Section 111
y el = S—

All FRI reconstruction methods proposed so far ([2], [1], £12], [3]) use (his same approach. Specifically,
N samples of the form (2) are tken to form the vector y = (ya. y1... .. yn..1) .. Then, they are combined
linearly with cocfficients ¢, 5 as in (5), which is equivalent to multiplying vector y by a proper weighting
matrix C leading to 5 = Cy = (s9,51,...,5p)7 . Here s is the vector with the P+ 1 new measurements
and C is a (P + 1) x N matrix wilh coefficient ¢, , at location (m,n). The values s can always be
expressed in a power sum series form involving the innovation parameters (ag, ty) for A =0.. . K- 1.
These can then be retrieved from s using the annihilating filter method. The choice of C depends on the
sampling kernel and, while in the noiseless setting perfect reconstruction is always achieved. the role of

C becomes pivotal in noisy, non-ideal scenarios as discussed throughout the paper.

B. FExponential reproducing kernels
An exponential reproducing kernel 1s any function (t) that, together with a linear combination of 1ts
shifted versions, can reproduce functions of the form ¢?=f, with complex parameters n,,. This ean be

expressed mathematically as follows:

Z ("'ln,u‘;(t - 71) = gt &
nel
for properly chosen cocfticients ¢, € € and where v = 0,.. ., P and ., € C. Exponential reproducing

kernels for which (8) is true satisfy the so-called generalised Strang-Fix conditions [17} (see Appendix A).

Specifically, Eguation (8) holds if and only if
o) # 0 and Zon, + 2570 = 0. (9)

for = 0,..., P and 1 ¢ Z3{03}, where 3(a,,) represents the bilateral Laplace transferm of (1) at
\ P |

&= .
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Moreover, the coefficients ¢, », in (8) ate given by
X
Cran = (\(:”"": 2E— 1)y = J ™ S (= n) At = et (0
-

where the function ¢(t) forms a biorthonormal set with 2{t), Le. when () is such that {F(t ~ n]. o{t — m}) -

(z)duw.

Sim-n,s and where o, g = gfj otk
Any exponential reproducing kernel can be written as 2{t) = ¥(t) = 3z(t) [1], [18], {19], where < (1)
is an arbitrary function, even a distribution, and J5(t) is an E-Spline. A function 3,(t) with Fourier

transform 4“3’0(0;) I

};JT: is called cardinal exponential spline of first order, with e € T [18]. The time
domain representation of such function is 3,(t) = e*! for t € [0,1) and zero elsewhere. The function
Aa{t) is, therefore, of compact support and a linear combination of its shifted versions reproduces the
exponential !, Higher order cardinal exponential splines (E-Splines) can be obtained through convolution
of first order ones, so that for instance 33(t) = (Ba, ¥ Foy # ... * o) (1), where @ = (ap, 0y, .., ap),
is an E-Spline of order £ + 1. This can also be written in the Fourier domain as follows:
; o
Balw) = [[ —— (an
man ST 0w
The higher order E-Splines are of length £+ | and their regularity increases with £ (i.e. they have J7—1
continuous derivatives). These functions can reproduce any exponential in span{e™! e™! e} {1],
[18]. We also note that whenever oy, = 0 for 1 = 0,..., P, the function #z(t) reduces to a B-Splinc
and no longer reproduces exponentials but polynamials up to degree P.
In this paper we work with real valued sampling kernels. Therefore, we require that ~(t) and Jz(t] be
real valued. We note that this second condition (i.e. 35() real valued) is satisfied when the exponentials
o are real or in complex conjugate pairs. We also restrict the exponential paramelters 1 be of the form

Qi = g -+~ mA with 2 = 0,..., . These condilions imply that, either X and ay are real-valued, or

otherwise A = jAy is a pure imaginary number, in which case Im{agp} = — PAg/2.

1. SAMPLING FRI SIGNALS IN THE PRESENCE OF NOISE
“Noise”, ur more generally model mismatch, is present in data acquisition, making the solulion

presented in Section [I-A only ideal. We therefore assume that we have access to the measurements

K-1 t
Tn = Yy + = L s (52 - n) + €n, 12)
k=0

with o = 0. ...~ — 1 and where ¢, are i.i.d. Gausstan random variables, of zero mean and standard

deviation 7. When the samples are corrupted by noise. the new set of measurements ~,, of Equation (4)
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change. and perfect reconstruction is no langer possible. We now have the noisy moments:

AN Nl Nt K-1
- u ~ ' 7 m ;
S = 2_1 Cmnlfan = Z Cmath, T Z Crnnfn = }__J 51‘/;“1- + hm. ‘\13)
s {) n=0 =1 k=)
———— e —
S Dia

. - .y ! . -,
for m =0..., P and where 1y = aze®™ 7 and uy = Mt with b = 0,... -1

Next, we review some of the algorithms that have been used in the literature 1o recover FRI signals
from noisy samples. We also introduce the Cramér—Rao lower bound (CRB) to analyse the accuracy with
which FRI signals can be retrieved in the presence of noise. This 18 a lower bound on the mean square

error (MSE) that applies to unbiased estimator [20].

A, Practical methods for noisy FRI reconsiruciion

As we have explained in Section II-A, the retrieval procedure for FRI signals is based on calculating
the new set of measurements (4). When the samples (2) are corrupted by noise, the meuasurements s,
of Equation (4) become (13). Conscquently, (7} is not satisfied any more because now S =S+ B with
B being the Toeplitz matrix with entries &y, from (13). The idea behind the procedure adopted in [12]
is to ook for a solution that minimises ]ShH? under the constrain that hj® = 1. This is a classical
total least-square (TLS) problem that can be solved using singular value decomposition (SVD). The
algorithm may be further improved by denoising S before applying TLS, by using the Cadzow iterative
algorithm [12], [21]. There exist other methods that attain a similar accuracy. One such approach, based
on solving a matrix pencil problem [22], [23]. was introduced for FRT in [11]. It has been used in other
FRI publications such as [3], [161 and is used in the simulations of this paper as well.

All these methods operate effectively when the perturbation is white, that 1s when the covariance matrix
of the noise B satistics Ry = E{BYB] = a1, where a is a constant factor and T is the identity matrix.
In such a case, noise has a similar effect on the principal values of the SVD decomposition of § [24],
[11], which explains why the retrieval procedures reviewed so far are the most adequate. However, for
many FRI kernels the white Gaussian noise assumption does not hold. As a consequence, the entries
of the Toeplitz noise matrix B muay have non-uniform variance or even become correlated. In order
for SVD to operate properly it is necessary to “pre-whiten’ the notse. This 15 a well known approzch
proposed by varicus authors in the spectral estimation community (for instance by De Moeor in [24]) In
our simulations we employ a standard approach consisting of using a weighting matrix W = an |251
quch that Ra = AT A} = L with A = BW. Therefore. we perform the SVD decomposition of Sw.

now characterised by white noise.
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B. Measuring the perforimance

FRI signals are completely charactensed by their innovation parameters. For instance, a stream of /¢
Diracs can be completely determined from the locations ¢, and amplitudes a;. We therefore introduce
the vector © = (tg.....tx_1,a0,....ax_1)} and the goal is to estimate © from the vector of N noisy
samples ¥ = (Jy, ... jnv—1 )¢ given by (12). For simplicity we assume the sampling period is 1 = 1.
A way to determine the CRB of this estimation problem was given in [12] assuming ¢, 1s 4 zero-mean
Gaussian noise with covariance matrix R = E{ee//}, where e is the vector of length N with values «,,.
In this sct-up any unbiased estimate of the unknown parameters (;)(37) = (i(,, A 51{_1, gy, -, V

has a covariance matnx that s lower bounded by
cov(@(F)) = (BT Ry, K

where the matrix @, where the matrix ®, is given by (15).

npy (fn) . ax 17 (b ) ’ 2(fo) 2ltw 1)
apy’(to ~ 1) . -1 (P = 1) l elto -1 . itk =1)
(J)y =
ay sty — (N =10 . a9l = (N=1) | Qs — (N =1 .. ol — (N —1))

(13)

While this is the correct way to measure the performance of various FRI recovery techniques [12],
[11] given the noisy samples ¥, we also note that in practice FRI reconstruction methods operate on the
sequence of moments s = Cy. It is therefore of interest to find the CRB associated to the measurements
s (which may be fewer than the number of samples), since this will indicate the best performance that

can be achieved 1n practice. [n this new case, the bound is given by [26]:

(2 Hp-lg y-!
cov(O(8)) = (PSR, D). (16)
where Dy takes the form:

(. N

”D”“nﬁm!n o iy "er(J(}(’“Lh{_l ! efefu e[‘wti\~,
i

apaye®™l g _jape® e et e

anpty § RCTH Fra ’ apty Septi
aAgix e QK. 1Ope i e P

"he matrix can be oblained calculating the derivative of g, with respect (o each parameler in @ That is, the columns of
@y o the left of | are ;7“— and the columns of @y to the right of | are ﬁ
i« ks
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and Ry, = E{bbf}. Here, (-} is Hermitian transpose and b is the vector of P+ 1 noisy values by,

Furthermore, since we have assumed that the noise ¢, added to the samples is additive, white and
Gaussian, with variance o2, the covariance matrix of the filtered noise is Ry = E{bb"} = #7CC#.
Consequently, there is a direct relation between formulations (14) and (16), that can be expressed through
the matrix C. In order to sec this, note that § = C{y + e} = s + b and also that &y = CO,. Moreover,
we know that

cov(O(F) = (PR D) = 2 (FDy)
since the noise ¢, is AWGN. Consequently, it is true that
cov(O(3) = (PRS0 = 2@ ccyTICe, ) = (@ CTCR, )

where Cf = CH(CC)~! is the left pseudo-inverse of C. When the number of moments P + 1 equals
the number of samples N, then both formulations are equivalent. This is easily seen since C'C =
C~1C = Ix. The predicted CRBs using cither alternative coincide given that the matrix of coefficients
C ig square and invertible. Intuitively, this is the optimal configuration, because no linear combination of
the samples should improve the estimation based on the samples themselves. Retrieving the innovation
parameters through the moments when P + 1 < N 1s instead suboptimal.

Experimentally, we huve noted that FRI algorithms reach the bound (16) when C is sufficiently
well conditioned. Theretfore our goal now is to design kemnels that lead to properly conditioned C that

minimise (16) for any choice of .

IV. OPTIMAL EXPONENTIAL REPRODUCING KERNELS
As mentioned before, an exponential reproducing kernel is any function () = () * 3,(¢) [1], [18].
where ~(t) is arbitrary and 35(t) is an E-Spline. In this section we want to find rules on how to choose
the exponential parameters s, = o + j{m — P/2)A; for m = 0,..., P and the function ~{!) in order
to make FRI recovery techniques with these kernels as siable as possible. Finding the best parameters
translates into the optimisation of the matrix of coefficients C. Therefore we first determine the properties

that C has to satisfy and then design the kernels that Iead to the comrect C.

“Without entering in too many technical details, which are beyond the scope of this section, we observe thet the cnadition
P =1 =N can be imposed only for blockwise sampling, c.g. when sampling periodic signals using N samples, This condition
cannot be imposed on infinite length signads since the number of samples iy in this case infinite, 2nd sequential reconstmcion

algoritbms will eperaie on blocks with possibly varying nuimbcer of samples,
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A. Correct choice of C
The first step in the FRI reconstruction stage is that the vector of samples y is transformed into the
vector of moments s = Cy. Thercfore, our first aim is to get a well conditioned C. Note that the

relevance of this step was already highlighted in [3}. Note also that matrix C is composed of clements

o = G €™ at position (ne,n), where n =10, ..., N~ Land m =0,... P
oo 0 -+ 0 1 oe® o el
0 ¢g -+ 0 1 et o gl
C =
0 0 - cpo 1 e .. ear(Nod)
D v

where D is diagonal and V Vandermonde. Hence. to have a stable C we want the absolule values of
the diagonal elements of ID to be the same, ie. lemol = 1. Moreover, we want the elements in 'V to be
purely imaginary:

o,

o =/t

{Zm-P) form =0,..., 7 ie o=0and A\ = 2-/[—— (18)

Clearly, purely imaginary a, make the Vandermonde marrix V beuer conditioned [27]. We are
therefore only left with the problem of finding the best 7. in (18). Since we have experimentally seen
that FRT algorithms are able to reach the CRB (16) if C is well conditioned, one way 1o determine L
is to chose the value that minimises (16} for the location of a single Dirace. Tt turns out the minimum 1s
always achieved when L = P + 1, as shown in Figure 2 for various choices of 7 and L.

To some extent, this is not surprising since this choice ensures that the exponentials span the entire
unit circle, which is well known to be the best configuration when recovering the parameters of & power
sum series [28]. Finally, when we impose P+ 1 = N with L = P+ 1, besides minimising (16}, we also
ensure that the moment-based CRB in (16) matches the sample-based bound in (14), leading to the best
possible performance. In this situation. the matrix C ends up being square and upitary. This is the most
stable numerical transformation since its condition number is onc.

In summary, the best exponential reproducing kernels should reproduce exponentials with exponents

of the form a,, = yﬁ‘}i(‘Zm ~ P) and have

¢mol = 1 for m = (,... P. Finally. whenever possible,

the order of the kernel should be 2+ 1 = N. In the next section we show how to obtain such kernels.

B Exponential MOMS

Equipped with the analysis of the previous section, we now design optimal expenential reproducing

kernels of maximum-order and minimum-support (eMOMS). We require that {e,,, ] = | form = 0.

December 10, 2012 DRAFT
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Figure 2. CRB 5. L. Here we plot vanious CRB values (16) (o = 1) for coefticients satsfying Jenef = Lo = 0., P

when we vary L in equation (18). For any value of /2 the CRB is minimised when L = [7 4 1 (note that all the lines are

monotonically {ncreusing),

and that the exponental parameters be of the form:

i

gy, = j"-‘/‘m =1 r

1(2m - P m=0,.... 1, (19}
however, we do not make any assumption on P since the following methodology can be used with any
value of 7.

By taking into account that any exponential reproducing kemel 2(¢) can be written us ¢{f) = (1) *

3,; (1), we design ~(1) so that |¢,0| = 1 is satisticd. We note that, by using (3), we have that

IS T \
e = Gnd Z‘

ned

Gl st —n).
Consequently

L (=)

1= Cin, 0 Sj

2t =)

.
O

Qg + j?r.’k}&rigz ke

b -
= (»‘7!1,('193(@1:’1 ):

where (a) follows from Poisson summation formula® and (b) from the application of the generalised

Strang-Fix conditions (9). Therefore, we have that for any exponential reproducing Kernel .0 =

[P ;
YD - ormlie S i PO W “AR 32T e
Poisson summation formula: > f{(t » o) = = /\ i (T) 5 T,

el Lex
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P{ag,) "', We then realise that imposing |o,,0| = 1 is equivalent to requiring . 7{n,,)| = 1. Finally,

by using the fact that &) = {m) S5 (o) and evaluating the Laplace transforms at o, = juwn,. we
y g wl \ () D3 £ P J

arrive at the following condition on F{wy, )

= H(um}g"(wm)l =] (20}

where we now work with the Fourier transform of each function.
Among all the admissible kernels satisfying (20). we are interested in the one with the shortest support
P +1. We thus consider the kernels given by a linear combination of various derivatives of the ariginal

E-Spline Jz(1), i.e.:
oty = Y dead (1), en
=()

(0)

where ['i((f:(!) is the {th derivative of 3z(1), also 857 () = A5(t). and dr is a set of coefficients, This is
like saying that v(¢) is a lincar combination of the Dirac delta and its derivatives, up to order [* [19].
These kernels are still able to reproduce the exponentials "¢ and are a variation of the maximal-order
minimal-support (MOMS) kemnels introduced in [29]. This is why we call them exponential MOMS (or
eMOMS). They are also a specific case of the broader family of generalised E-Splines presented in [30].
The advantage of this fonmulation is twofold: first the modified kernel .2 () is of minimum support P+ 1,
the same as that of 35(¢); second we only need to find the coefficients dy¢ that meet the constraint (203,
in order to achieve |¢,, | = 1. Using the Fourier trunsform of (21), which is given by:

P

Glw) = xle) Y dilGw).

£=0
we realise that we can satisfy (20) by choosing the coefficients d¢ so that the resulting polynomial
Aw) =3, d: ()t interpolates the set of points (w,,, !B,f(l&},;l)'—l) forwm=20,1,..., P

Once we have designed the kemnels satisfying that ¢, 5 has modulus one for all . we are left with

a phase ambiguity. Determining the phase is equivalent to using a time shift A for the E-Spline in {21),
introducing an additional degree of freedom. Tt is possible to show that, in order for exponential MOMS

with |epmn] = 1 and parameters (19) to be continuous-time functions, then ¢, 0 = eimd for

T
m =0,..., 07, where A is an integer bigger than or equal to 1 and smaller than or equal to .

In Figure 3 we present some of the kernels obtained by implementing the procedure explained above.
Interestingly, as shown in Appendix B, these specific functions always cqual one period of the Dirichlet

kemnel. We also point out that when 7 + 1 = N the scenario derived using this family of exponential
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reproducing kernely converges to the original FRI formulation of [2] when we periodise the mput or,

cquivalently, the sampling kernel.

iV AV VSRS Y
ot vy ; : o
(&) P =5 (b) P =15 )y P =30

Figure 3. Examples of exponenital MOMS. These are 3 of the 20 possible Kernels with support P+ 1 € N = 31 samples
They coineide with onc period of the Dirichlet kemnel of peried £ -+ 1 for P even or 27 + 1) for [ add (sec Appendix B},
4

All of them are huilt selecting the phase of ¢.. 5 such that they are continuous-titne functions centred around A = [=L2] They

are illustrated placed in the middle of the sampling interval for T = 1,

P ———
1
3
\ V. UNIVERSAL SAMPLING OF SIGNALS WITIH FINITE RATE OF INNOVATION
4

1; In the previous section we have shown how to design optimal exponential reproducing kernels for noisy
FRI sampling. In many practical circumstances, however, the freedom to choose the sampling kernel 2(t)
is a luxury we may not have.

Essential in the FRI setting is the ability of w=(¢1 to reproduce exponential functions, because this atlows
us to map the signal reconstruction problem to Prony's method in spectral-line estimation theery. In this
section we relax this condition and consider any function z(t) for which the exponential reproduction
property (3) does not necessarily hold. For these functions it is still possible to find coefficients rq, , such
that the reproduction of exponentials is approximate rather than exact. We propose to use this approximate
reproduction and the corresponding coefficients o, to retrieve FRI signals from the samples obtained
using these kernels.

This new approach has several advantages: First, it is universal in that it can be used with any kernel
(7). In fact. as we shall show in the following sections, this new formulation does not even require an
exact knowledge of the kerncl. Second, while reconstruction of FRI signals with this new method 1s not
going to be exact, we will show that in many cases a proper iterative algorithm can make the reconstruction
error arbitrarily small. Finally, it can be used to increase the resiliency to noise of some unstable kernels

proposed in the FRY literature. For example. kernels like polynomial splines or the Gaussian function
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lead to very ill-conditioned reconstruction procedures. We show that by replacing the original C wilh the
one formed from properly chosen coefficients ¢, ,, based on approximate reproduction of exponentials,

we achieve a much more stable reconstruction with the same kemels.

A. Approximate reproduction of exponentials
Assume we want to use a function (¢} and its integer shifts to approximate the exponential ¢’
Specifically, we want to find the coefficients ¢, such that

Z ene(t — n) et 22y

ngd
This approximation is exact only when 2(i) satisties the generalized Strang-Fix conditions (9). For
any other function it is of particular interest to find the cocfficients ¢, that best fit (22). In order to do
s0, we directly use® ¢, = cpe®™ and introduce the 1-periodic function

galt) = o Z et — ). 23)

ned

We then find that approximating the exponential €*' with integer shifts of () can be transformed
into approximating g, (t) by the constant value 1. The reason is that we can rewrite (22) in the form of
tie right-hand side of (23) by substituting ¢, = 5e®" and moving ¢! to the left-hand side.

As a consequence of Poisson summation formula, we have that the Fourier series expansion of g, (/)
is given by

Falt) = Zgleﬂ’"” = Z ro(e + j?ﬂ‘l}eﬂﬂ“‘
ed {ed

and that our approximation problem reduces 10:

Gall) = Zmﬁ(a +j2s0e? a1 24

(5

This shows more deeply the relation between the generalised Strang-Fix conditions (9) and the approx-
imation of exponentials. If () satisfics the generalised Strang-Fix conditions (9) then S{a + j27l) = 0

for € Z1 {0} and (24) holds exactly when co@{a) = 1. Otherwise, the terms {a + j2rd) for { € Z3{0}

"

do vot vanish, and we can only find the coefficient ¢y so that g, (7) 2 1. However, the closer the values
&lac = j2x1) are to zero, the beter the approximation in (22) is.
In general () can be any function and we can find different sets of coefficients ¢, in order for (22)

1o hold. Regardless of the coefficients we use, we can determine the accuracy of our approximation by

*The exact exponential reproducing coefficients always salisfy ¢, = cpe™ We now anucipate that different sets of

approximation coeflicients we derive (hroughout the section also have the same form.
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using the Fourier series expansion of g, (t). [n fact, the error of approximating f(¢) = €' by the function

s(8) =3 r coipll — m) with coefficients ¢, = e is equal to:

2(t) = f(t) — s{t) = " [1 — g(t)] 23

Note that, if the Laplace anstorm of (¢t) decays sufficiemly quickly, very few terms of the Fourier
serics expansion are needed to have an accurate bound for the error.

A natural choice of the coefficients ¢, = cge™” is the one given by the least-squares approximation.
Despite the fact that f{f) is not square-integrable, we can still obtain the coefficients by computing the
orthogonal projection of j(¢) onto the subspace spanned by <(# — n) [31]. They take the form

; (_”)C““,

,v%
az{e?)

n

where (,(e) = ¥, asllle™® is the s-transform of «,[{] = {2(t — 1), #(1)). cvaluated at z = e

The least-squares approximation has the disadvantage that it requires the exact knowledge of =(#).
However, as we stated before, if the Laplace transform of ¢(¢) decays sufficiently quickly, we can
assume the terms 3o + j271) are close to zero for | € Z\{0}. In this case we have that the error in (25)
is easily minimised by choasing ¢y = ¢{a)”!. We denote this second type of approximation consrant

least-squares. Besides its simplicity, a second advantage of choosing ¢, = @) " te™

is that it requires
only the knowledge of the Laplace transform of o(t) at . If we put ourselves in the FRI setting where
we require the approximate reproduction of the exponentials e with = 0.. . ., P then this simplitied
formulation needs only the knowledge of the Laplace transform of »(t) at a,,, m =0,.. . F.
Finally, a third interesting choice of coefficients is the one that ensures that s(t) interpolates f(3}
exaclly at t == #£ Z |32], [18]. These coefficients are as follows:
1

Ltz d

Jan

Note that in order to use the interpolation coefficients we only need information on ¢z(¢) at integer instants
of time. We summarise the previous results in Table L

According to our cxperience, the least-square cocfficients provide a smaller error (25) when the
exponential e*! to approximate has an exponent ¢ that is not purely imaginary. Otherwise, the constant
least-squares coelficients are just as good. Interpolation coefficients are very easy to compute given the
values of the kernel at integer points in time. However, they always provide a worse approximation

quality. Therefore, for the rest of the paper, we usc constant least-squares cocfficients.
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Table 1

COEFFICIENTS FOR THE APPROXIMATE REPRODUCTION (12)

Type Coefficients

Least-squares approximation

Constlant least-squares

Interpolation |y =

We show an example of the above analysis in Figure 4. Here we want 10 approximate exponentials
using linear combinations of linear splines. First, note that this spline reproduces polynomials of orders
0 and 1 exactly. This is shown in Figure 4 (a-b). With the same function, we approximately reproduce 4
complex exponentials T 2mT for = 3, ..., 0, with the constant least-squares coefticients ¢,,,, =
;

ﬁ(-’—(?rnﬂ’f'))”leﬁ

z 2T We present the approximation of their real part in Figure 4 (c-f). We notice

that some exponentials are better approximated than others, in this example the ones with lower frequency.
If we used a higher order spline, lhe approximation quality would improve. However, we have chosen a
linear spline for illustration purposes. Also note that the number of exponentials that can be approximated

is now independent of the order of the spline.

B. Approximate FRI recovery

Consider again the stream of Diracs x(r) = 2;‘;)1 ard(t —t;) and the samples

oy o E ,Kvw‘l i 7
un = {alt),y Fon) )= aelp o) (26}

A k=0
We want o retrieve the locations and amplitudes of the Diracs from the samples (26}, but now we
make no asswinption on the sampling kernel. We find proper coefiicients for (t) to approximate the
exponentials et where o= 0...., P, tu, = ag +mA, and ag, A € €. From the previous section we

Prea T

know that a good approximation is achieved if we choose G = G with e,.0 = Flan) ™ We
thus only need to know the Laplace transform of ¢ {£) at ay,, m =0, ..., ’. Also, note that P no longer
needs to be related to the support of {1}, but we can use any value subject to I* 2 2K — L.

In order to retrieve the innovation parameters (1, az). we proceed in the same way as in the case of
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iigure 4. B-Spiine kernel reproduciion and approdimaiion capabilities. Tigures {a-b) show ihe exact reproduction of pelynomials

of orders 0 and 1 with a linear spline. Figures (c-f) show the approximation of the real parts of 4 complex exponenlia

T =T b = 3,00 with constant least-squares cocfficients (Table 1), using a lincar spline, We plot the weighed and

shifted versions of the splines with dashed blue Hnes, the econstructed polynomials and exponentials with red solid Tines, and

che original functions to be reproduced with solid black lines.
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exact reproduction of exponentials, but now we have that the moments are
N1 N-1 )
- L -
Sm = Z, Cmonln = .T‘{l.), }_J Coi ny (? - 77) (2 /1)
w=0 n=}
N1 K-1 1
- Z TRUy — Z AREon (T)
k=0 )
o

where ) = ape®® F und o= % There is a model mismatch due to the approximation error <,,(t)
of (25}, equal 10 ¢,,,. We treat it as noise, and retrieve the parameters of the signal using the methods of
Section 111 The model mismatch depends on the quality of the approximation. dictated by the coefficients
o The values o and P, and the kernel ¢(¢). If (n is negligible when compared to other forms of
noise then the procedure is sufficienty good. In closc-to-noiseless settings, however. the estimation of
the Diracs can be refined using the iterative algorithm shown in the box Algorithm 2. The basic idea of
the algorithm is that, given an estimate of the locations of the Diracs, we can compute an approximation

of ¢ and use it 1o refine the computation of the moments sp.

Algorithm 2 Recovery of a train of K Diracs using approximation of exponentials

0

1; Compute the moments s¥, = ¥ ¢z, from the original data and set sh,o= sl

’m
2: Build the system of equations (0) using sin and retrieve the annihilating filter coefficients Ay, for

m=0...., M, where A = K.

e}

Calculate the values uz from the roots of /., and determine the locations ¢, for the ith iteration.
4 Find the amplitades &} from z, obtained by solving the first A conseculive equations in (5.
5. Recalculate the moments for the next iteration i + 1 by removing the mode! mismatch from the

moments calculated based on the original data by using
K1
i4] A -~
S = S b Z “j:lm(’;c)-
k=)

for m =0, ..., P and where &, (1) is the error of the approximation (25).

6: Repeat steps 2 to 5 until convergence of the values (e, 83.)

O How 1o select the parameters oy,
In Section 1V we have determined that, if we have full control on the design of the sampling kernel,

we should use as many moments as samples: P + 1 = N, the exponential parameters should be purely
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imaginary and of the form oy, = ‘,'-}—,}1(2”1 - P) and the coeffictents ¢, should be such that |y p] = 1
for m = 10,.... . However, in the approximated FRI scenario, the sampling kernel is fixed and we can
only choose the number of moments I + 1 and the values v, but we cannot impose |em.0f = 1.

This fact leads to a trade-oft in the ¢choice of .. On the one hand, we want them to be purely imaginary:
O = Jwm and to span the entire umt circle. On the other hand. we want the values ¢, g = r,}(w,,.)q to
have modulus as close as possible 10 1. Since |@(w)] is normally a low-pass filter, the condition ic, pf = 1
for m = 0,... . P is satisfied when all wy, are very close to zero, which is contrary to spanning the unit

circle. We therefore choose the exponential parameters to be of the form:
Gy = JWy = jT(Qm —Py m=0..1 (28)

and then determine P and 7, that optimise the above trade-off.

Aguin the criterion we follow is to choose the values of 22 and L that minimuse the CRB (16) when
retrieving the location of a single Dirac. In most cases analysed, we found that the best P is normally
greater or equal than the support of the sampling kernel () and that L is in the range P+ 1< L <
(P +1). We show an example of the choice of £ in Figure 5 for the case where ¢(1) is a B-Spline
of order 6. Here, we first determine a value for L and compute parameters (28). Then, we calculate the
COfiCIEnts (o = A{hn) Tl for m = 0,.... P, where $(w) is the Fourier wansform of (1), We

finally build matrix C and compute (16) for a single Dirac. The minima are always around L = 1.5(P+1}.

IHgure 3. CRI s L Here we plot different CRB values (16) (o = 1) for exponential purameters {28) when we vary L. We

use fonn = e

1 2w,
I

Torme=0,. ... P, where (=) 1% the Fourier transform of & B-Sphiae of order G. Note that the

minime are chways sttained around L = L5(FP + 1).
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VI. SIMULATIONS

We now present simulation results to validate the main contributions of the paper. Specifically, we
show the performance of the eMOMS kernels introduced in Section TV-B and of the approximate FRI

recovery method introduced in Section V for the case where the sampling kerel s a polynomial spline.

A The experimental setup

We take N samples following the scheme of Figure 1 by direetly caleulating 1, = S11_5 o (% — n)
for 5o = 0,...,N — 1, since we have a train of K Diracs as the input. We corrupt the samples with
additive white Gaussian noise of variance ¢, chosen according 1o the target signal-to-noise ratio defined
as SNR(dDB) = 10log _\er;, We finally compute the P + | noisy moments and then retrieve the innovation
parameters {ay, l,;:}{};"ﬂl of the input using the matrix pencil method as in [11].

We are mainly interested in the error in the estimation of the time locations, since these are the most

challenging parameters to retrieve. For each Dirac, we show the standard deviation of this error:
fcTd 8 e
Af} = A'l «-_—Lif————————u Zk} — tk)—

A \ 7

k=0,... K -1, (29)
where {i,') are the estimated time locations at iteration i and [ is the tolal number of iterations. We
calculate (29) for a range of fixed signal-to-noise ratios and average the effects using 7 = 1000 noise
realisations for cach SNR. We compare the performance (29) with the square root of the variance predicted

by the two different Cramér-Rao bounds (CRB) of Section III: the sample-based CRB (14) and the
moment-based CRB (16).

B. Exponential MOMS

In Figure 6 (a-b) we present simulation results when we retrieve K = 2 Diracs from N = 31
samples using a standard E-Spline and the exponential MOMS kernels of Section IV-B. The former are
characterised by purely imaginary exponents «,, = QL;(-‘;,"‘TI—)(an —Pyform=10,..., P

We see that for any order /241 we consider, eMOMS outperform E-splines. Moreover, eMOMS always
achieve the moment-based CRB (in red and denoted s-CRB in the legend). This bound gets closer 1o the
sample-based CRB (in black and dengted y-CRB in the legend) as the value of I’ + 1 increases and as
expected matches it when 7 + 1 = N. To further illustrate the stability of eMOMS, in Figure € (¢) we
show the retrieval of K = 20 Diracs randomly spaced over 7 = NT = 1 and with arbitrary amplitades.

The signal-to-noise ratio is 15dB, and we use N = 61 samples with [P+ 1 = N,
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(c) Retrieval of K = 20 Diracs

Figure 6. Performance of exponential MOMS kernels. {a-b) compare the performance of E-Splines vs. exponential MOMS
kerels of different orders P = 1 when aoisc is added 10 N = 31 samples, We show the recovery of the first of & = 2 Diracs.
We note that eMOMS always outperform E-splines and achieve the moment-based CRB (s-CRB). This bound gets closer to the
sample-based CRB (y-CRB) as the value of /2 4 1 increases und as expected matches it when P+ 1 =V, Finaily, (¢} shows
the retrieval of K = 20 Diracs randomly spaced over v+ = NT = 1. The signal-to-noise ratio is 15dB, and we we N = 61

samples and £ + 1 = N moments.

C. Approximate FRI

We now show results of the approximate retricval procedure of SectionV-B when we take samples using
a B-Spline kernel of order /7 4+ 1 and approximalc exponentials et with vy, = j.—)(—;,?—ﬁ—)(ﬁnz — ) and

N

m = 0,..., Py We obtain the coefficients using the constant least squares formula o, = S{er ) e,

where 2(s) represents the Laplace transform of the B-Spline. We compare the performance with the

traditional recovery strategy based in this case on the exact reproduction of polynomials.
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In Figure 7 (a-b) we compare the estimation of K = 6 Diracs located at random over 7 = N7, from
A = 31 noisy samples, and with SNR = 20dB. For (a) we sample and reconstruct with a B-Spline of
order 7 + 1 == 26. We note that not all the Diracs can be found. For (b) we sample with a B-Spline of
order P 41 = 6 but we build P + 1 = 26 exponential moments in order to increase the accuracy of
the approximate reconstruction, The average error of the estimation of the location of the six Diracs is

around 1072 for the Diracs properly recovered in (2), and 1077 for the approximate reiwrieval of (0).

. B —
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i c
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{1} Retrieval of K = 6 Diracs. Default (b) Approximation

Vigure 7. B-Spiine kernel behaviowr. We recover K = 6 Diracs from N = 31 noisy samples, (a) is for the default polynomial
recovery of 1], enhanced using pre-whitening. We sample with a kernel of order # + 1 = 26 and use the same number of

momients. (b shows the resulls obtained using the approximated recovery with av = grpipyy (2im - £2) where i = 0

Here we sample with a kernel of order P + 1= 6 but also build P2 + 1 = 26 moments. The SNR in both cases is 20dB.

We show further results when we use the approximate method 1o retrieve A = 2 Diracs from NV = 31
samples taken by a B-Spline kernel of order P -+ 1 = 6. Even when we fix the order of the kernel, we
can reconstruct an increasing numbers of moments % + 1 to improve the performance. Figures 8 (a-d)
are for parameters o, = 3F(2m — £) with m = 0, Mpand L = %(Pz + 1). As the number of

moments P, + 1 increases, the performance is better and eventually reaches the sample-based CRB.

VII. CONCLUSIONS

In this paper we have considered the FRI reconstruction problem in the presence of noise. We have
first revisited existing results in the noiseless setting, and the most effective treatment of noise in the
current literature. Then. we have studied robust aliernatives (o the previous line off work.

More specifically. our contribution is twofold: We determined how (o design optimal exponential

reproducing kernels, in the sense that they lead to the most stable signal reconstruction. Moreover, we
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Figure 8. Approximated retrieval wsing a B-Spline. These figures show the error in the estimation of the first Dirac ow of
K = 2 retieved using the approximated FRI recovery. We show how, even when we fix the order of the kemel P+ [ we can
reconstruct any number of moments Fa + 1 and improve the performance. In fact, with the appropriate choice L = .%{Pz + 1)

the performance improves until the sample-based CRB is reached.

departed from the ideal situation in which we have full control of the sampling kernel and considered the
case where we are given corrupted samples taken with an arbitrary acquisition device. In this situation, we
developed a universal FRI reconstruction strategy that works with any kernel. In contrast to the original
FRI framework which tries to find the exact parameters of the input signal, we propose an approximate
recovery of the input based on the approximate reproduction of exponentials. The advantage of our
new approach is that it can be applied to any sampling kernel and provides a more stable and precise

reconstruction than specific classes of kernels used in the past.

PCT/GB2014/051671
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APPENDIX A
GENERALISED STRANG-FIX CONDITIONS

An exponential reproducing kernel is any function ¢ (¢) that, together with a linear combination of its
shifted versions, can generate polynomial exponential functions of the form t7e™>*. The parameters o,
are complex, withm = 0,..., P and r = 0,..., B Exponential reproducing kernels are a generalisation
of the family of polynomial reproducing kemels. The latter are characterised by the well-known Strang-
Fix conditions [1], [33], which state that a kernel ¢(¢) is able to reproduce polynomials, i.e.:

T = :;_: [ERTIEAETS )

ned

if and only 1f

JH0) # 0and S22 =0 for i £ 0and r=0,.. ., .

Here, ()} is the Fourier transform of p(¢), and &7 (w) represents its rth order derivative,

In a similar fashion to polynomial reproducing kemnels, it is possible to derive a more general form of
the Strang-Fix conditions for exponential reproducing kernels. More specifically, a kernel (t) is able to
reproduce exponential polynomials, i.e.

et Z cmarg(l = n),

ned

if and only if

& () # 0 and (e, +2jml) =0forl #0and r =0, . R

Here, 20)(s) represents the rth order derivative of the double-sided Laplace transform of ©(t). The
proof is obtained from the Strang-Fix conditions for polynomial reproducing kernels, by considering the
function 4(t) = o7 "=fo(t) that clearly reproduces (7. Therefore, ¢x(t) satisfies the Strang-Fix condilions
because it is a polynomial reproducing kernel. In addition, the Fourier transform of &(t) is refated to
the Laplace transform of (1) as: wiw) = #anm + jw). By simply applying the Strang-Fix conditions

to ¢(w) we arrive at the generalised Strang-Fix conditions for ¢ (i), which completes the proof,

APPENDIX B
THE FAMILY OF EMOMS INCLUDES THE SOS AND DIRICHLET KERNELS
Let us consider the exponential reproducing kernel wo(t) = £ (f + ’—l’—l-) of support P+ 1 and centred
in zero, with () = ~(1) * 3:(#), where 3;(t) has Fourier transform given by (11). We restrict our

analysis to F? being even and we use exponential parameters

J'PT [(2m = P), 30)

Yy = JWny =
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where m = 0,. ... . We next use the periodic extension of zo(1), thatis 0p (1) = 3, - wo{tH{P+1}),

(31

which can be written as {ollows:
’ Dk s 2k
27k ) 0y

s 1
P+ () = — e RN o
Pt 1’+1;” I
where the last term follows from the application of Poisson summation formula. The case of P being

odd can be derived likewise, but by periodising over 2(/”> + 1. Also note that the Fourier transformn of

the shifted kemel 2q{f} can be written as:
}) + LA)
A 7y . w 7 -
2t =) [ T (257 2
n=A
(33

If we denote
;K!(wm) = ‘;(W‘m)i = ],:}‘(Lv'm),"-}(y‘(i&‘m)l = T

we design exponential reproducing kemels of maximum order and minimum support (eMOMS), different

from those of Scction IV-B, which still correspond 10 a specific subfamily of the generalised exponential

reproducing kernels of {30}
In (31} the Fourier transform Jg(ew) is evaluated at wy, = ]_% Taking into account (33), we know that

§ We also have that Fg{wy ) = 0 for any other &, because we

Colwy) = ye for the range b = '2)
can find a term in the product (32) equal to sinc(¢x) = 0. Therefore, Equation (31} can be reduced to:
z (34

1
Fralt) = 57 Z
Lo I

P

TR
Note that when the values 1z = 1 for all A, then equation (34) reduces to one period of the Dirichlet

kernet of period P + 1t
1 sin{nt)

1 & s
ST T el = o .
o P+l.~_‘in(1—j"—f~j~)

And this is precisely the family of eMOMS kernels of Section 1V-B.
To end, we now consider one period of (34) and we use t = £ Moreover, we restrict the number of

samples N = P + 1 and denote r = NT = (P =+ 137 Then we get the time domain definition of the

ek

SoS kernel [3]:
e ay 1
CPl [r“‘) = (&) = rect (;) N Z 1€
ek

7

Here, the number of samples N needs to be odd and the set of indices X =
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Claims:

1. A signal processing method for estimating a frequency domain representation of a signal
from a series of samples distorted by an instrument function, the method comprising;

obtaining the series of samples;

obtaining a set of coefficients that fit a set of basis functions to a complex exponential
function wherein the set of basis functions comprises a plurality of basis functions each defined
by a shifted version of the instrument function in a signal domain;

estimating the frequency domain representation of the signal based on the series of
samples and the coefficients;
wherein the estimate of the instrument function 1s based on a characterisation of the instrument
function in the frequency domain at frequencies associated with the complex exponential

function.

2. The method of claim 1 in which the samples are separated in the signal domain by an
inter-sample interval, and each basis function is shifted in the signal domain by an integer number
of inter-sample intervals, and the fit comprises a projection into the space defined by the basis

functions.

3. The method of claim 1 in which the samples are separated in the signal domain by an
inter-sample interval, and each basis function is shifted in the signal domain by a non-integer

number of inter-sample intervals, and the fit 1s performed by reducing a merit function.

4. The method of claim 1, 2, or 3 wherein the coefficients comprise a frequency domain

representation of a respective corresponding one of the basis functions.

5. The signal processing method of any preceding claim in which the complex exponential
function comprises signal domain oscillatory components, and the frequencies at which the

instrument function is characterised comprise the frequencies of the oscillatory components.
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6. The signal processing method of claim 5 in which the frequencies are evenly spaced in the

frequency domain.

7. The signal processing method of claim 5 or 6, in which the frequencies are selected to
reduce the variance in the magnitude of the instrument function at the frequencies whilst

increasing the spacing between the frequencies.

8. The signal processing method of claim 5, 6 or 7 in which the signal belongs to a class of
finite rate innovation, FRI, signal, and the frequencies are selected based on the performance of a

maximum likelihood estimator of innovation parameters of that class of signal.

9. The signal processing method of any preceding claim further comprising providing an

estimate of the signal, based on the frequency domain representation.

10. The signal processing method of any preceding claim comprising;

obtaining an error in the representation provided by the coefficients and the basis
functions of the complex exponential function;

and, based on this error, determining whether to re-estimate the frequency domain

representation of the signal.

11. The signal processing method of claim 10, in which determining whether to re-estimate
the frequency domain representation of the signal comprises obtaining an estimate of noise in the
original signal, and performing a comparison based on the estimated noise and the error in the

representation of the complex exponential function.

12. The signal processing method of claim 10 or 11 in which re-estimating the frequency
domain representation of the signal comprises determining a filter configured to minimise the
energy of the frequency domain estimation representation of the signal, and adjusting the

frequency domain representation based on the filter.

PCT/GB2014/051671
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13. The signal processing method of claim 12 in which adjusting based on the filter comprises
obtaining an estimate of parameters describing the location, in the signal domain, of the signal

using the roots of the filter.

5 14. The signal processing method of claim 10 or 11 in which re-estimating the frequency
domain representation of the signal comprises obtaining an estimate of parameters describing the

location, in the signal domain, of the signal by deriving eigenvalues from a matrnix pencil problem.

15. The method of any preceding claim, in which the signal comprises an image, and further
10 comprising scaling the frequency domain representation of the image based on the frequencies
assoclated with the complex exponential function, determining a set of filter coefficients, by,
configured to minimise the energy of the frequency domain representation of the image, and

determining a boundary in the image from the filter coefficients.

15 16. An image coregistration method comprising the method of claim 15, and further
comprising:
determining a transform for coregistering the image with a second image based on the

boundary and based on a boundary obtained for the second image.

20 17. A method of enhancing image resolution, comprising identifying, according to the method
of claim 15, at least one boundary for each of a plurality of images, and determining, for each
boundary, a transform for coregistering each boundary with a selected reference boundary, and

determining a combined image based on the plurality of images and the transforms.

25 18. The method of claim 17 in which determining the combined image determining the value
of pixels in the combined image based on samples from at least one of the images, and the

transform associated with that image.

19. A method of calibrating a signal acquisition device comprising a signal acquisition

30 instrument, the method comprising:
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obtaining an estimate of the transfer function of the instrument;
selecting a set of frequencies that are evenly spaced in the frequency domain;
and storing, in a memory of the device, coefficients based on samples of the transfer

function at the selected frequencies.

20. The method of claim 19, in which the frequencies are selected to reduce the variance of
the magnitude of the instrument function at the frequencies, whilst increasing the spacing between

the frequencies.

10 21. The method of claim 19 or 20 in which the signal acquisition device is adapted for
acquiring finite rate innovation, FRI, signals, and the frequencies are sclected based on the

performance of a maximum likelihood estimator of innovation parameters of that class of signal.

22. The method of any of claims 19 to 22 wherein the frequencies are selected to reduce a

15 Cramer-Rao bound determined based on those frequencies.

23. The method of any of claims 19 to 22 wherein the signal acquisition device is configured
to determine a frequency domain representation of an acquired signal based on the coefficients
and signal domain versions of the transfer function.
20
24, A digital signal processing apparatus comprising;
a data obtainer configured to obtain a series of samples, of a signal, that corresponds to a
signal distorted by an instrument function, and
a data scaler, configured to scale the series of samples, using coefficients wherein the
25 coefficients are selected to approximate a complex exponential function from a set of basis
functions, defined by the instrument function shifted by a number of samples;
a data provider for providing a frequency domain representation, of the signal, based on
the scaled samples;
wherein the instrument function is based on a characterisation of the instrument function

30 in the frequency domain at frequencies associated with the complex exponential function.
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25. The digital signal processing apparatus of claim 24 configured to perform the method of

any of claims 1 to 16.

5 26. The digital signal processing apparatus of claim 24 or 25 configured according to the

method of any of claims 19 to 23.

27. A computer program product, or computer readable medium comprising program
instructions operable to program a processor to perform the method of any of claims 1 to 18.

10
28. A computer readable medium configured according to the method of any of claims 19 to

23.
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