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SYSTEMS AND COMPONENTS FOR THE
'UTILIZATION OF ELECTROMAGNETIC WAVES
IN DISCRETE, PHASE-ORDERED MEDIA
BACKGROUND OF THE INVENTION

This invention relates to the utilization of the trans-
mission, reflection, dispersion, and polarization proper-
ties of electromagnetic waves, over the entire electro-
magnetic spectrum, in discrete, phase-ordered media.
The theory of electromagnetic waves in discrete media
is disclosed by the applicant in Appendix A. The con-
cept and definition of “‘phase-ordered” media are also
disclosed in Appendix A. Phase-ordered media include
continuous media, single crystals, liquid crystals, poly-
crystalline and amorphous media in which the phase
differences between scattering centers are small, and
artificial lattices consisting of media in which obstacles
are periodically imbedded or media which are periodi-
cally modulated by an elastic wave or other incident
wave. Specific properties of interest in this invention
fall into one of two categories. The first category in-
cludes the transmission bands, reflection bands, fre-
quency dispersion, and birefringence which occur at
sufficiently small grazing angles of incidence in dis-
crete, phase-ordered dielectric media. The second cat-
egory includes the increased skin depth and reduced
conduction loss of electromagnetic waves at arbitrary
angles of incidence in discrete, phase-ordered metallic
media.

In particular, this invention relates to metallic radia-
tion guides, such as wires, transmission lines, wave-
guides, and cavities, in which travelling or standing
electromagnetic waves propagate in well-defined
modes with minimum radiation loss. This invention also
relates to dielectric radiation guides, such as fibers and
thin films, in which electromagnetic waves propagate
by successive multiple reflection with minimum radia-
tion loss. This invention also relates to systems and
components for control, communication, display, data-
processing, information storage, and detection in which
precise filtering, switching, or modulation of the direc-
tion, wavelength, amplitude, or polarization of the inci-
dent electromagnetic radiation is desired. This inven-
tion further relates to.systems for the investigation of
lattice structure and lattice defects of materials. Still
further, this invention relates to the detection of exter-
nally applied energy which modifies the lattice struc-
ture or the electrical properties of a discrete, phase-
ordered medium.

The present state-of-the-art of most electromagnetic
systems and components is characterized by wave in-
teractions in which the phase difference between scat-
tering centers of the interacting medium can be ne-
glected or assumed to be zero. The medium is therefore
usually referred to as being ‘“‘continuous.” The wave
interactions for continuous media can differ signifi-
cantly from the wave interactions for discrete phase-
ordered media in which the phase difference between
scattering centers is appreciable. A detailed compari-
son, of the properties of electromagnetic waves in con-
tinuous and discrete phase-ordered media, is given in
Appendix A. This invention relates to a specific class
of wave interactions in discrete phase-ordered media:
This invention specifically relates to waves whose
phase difference, between lattice planes in discrete
phase-ordered media, is appreciable in the forward di-

rection. (see Appendix A, Conditions V<<1,0< i
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< ). This invention should not be confused with
wave interactions in the present state-of-the-art of
periodic media. One such class of wave-interactions
is characterized by Bragg reflection in which the
phase difference between lattice planes is. appreciable
in the reflected direction (see Appendix A,). An-
other class of wave interactions in the present state-
of-the-art of periodic media is characterized by
wavelengths which are large compared to the spac-
ings between scattering centers. of an artificial
lattice (see W. E. Kock, “Metallic Delay Lenses”
Bell Syst. Techn. J. 27, 58, 1948). A further class
of wave interactions in the present state-of-the-art
of periodic media is restricted to waves which are
incident at normal incidence on artificial dielectrics
(see S. B. Cohn, J. App. Phys. 20, 257, 1949; 21, 674,
1950; 22, 628, 1951, see also H. S. Bennett, ‘“The Elec-
tromagnetic Transmission Characteristics of the Two-
Dimensional Lattice Medium,” J. App. Phys. 24, 785,
1953), In this latter case of wave interactions, the
phase difference between lattice planes can be appre-
ciable in the forward direction. Also related to this lat-
ter class of wave interactions is the propagation of
waves in periodic-loaded transmission lines:-in which
the incident and exit directions of propagation are
known (as-in the case of normal incidence). (See L.
Brillouin,. Wave Propagation in Periodic Structures,
New York: Dover, 1953, Chapters 9,10, and Appen-
dix).

This invention relates to two classes of wave interac-
tions in which the phase- differences between lattice
planes is appreciable in the forward direction and
which have not been utilized in the present state-of-the-
art of electromagnetic systems and components. The
first class of wave interactions related to this invention
consists of electromagnetic waves incident at small
grazing angles of incidence on a discrete phase-ordered
dielectric. The second class of wave interactions re-
lated to this invention consists of electromagnetic
waves incident at an arbitrary angle of incidence on a
discrete phase-ordered metal:

The unique electromagnetic properties related to this
invention for the first class of wave interactions,in
phase-ordered dielectrics,are:

a. The effective phase velocity of wave propagation
is a function of the angle of incidence, polarization,
and incident wavelength for a given dielectric cons-
tant and lattice spacing of the medium. .

b, Narrow transmission bands occur for angles of in-
cidence sufficiently small.

¢. Total reflection occurs in relatively wide bands, for
angles of incidence sufficiently small, regardless of
whether the relative phase velocity is less than or
greater than unity.

- The unique electromagnetic properties related to this
invention for the second class of wave interactions, in
phase-ordered metals, are:

a. The effective phase velocity of wave propagation
is weakly dependent upon the DC conductivity and
is strongly dependent upon the lattice spacing for
media of large DC conductlvrty

b. The effective skin depth is larger (and the effective
surface resistivity is smaller) than for continuous
metals.

One component of this invention, common to all
claims and embodiments, is a phase-ordered medium,
whether it be a dielectric or a metal. A phase-ordered
medium is one which satisfys the conditions of Equa-
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tion 2, 7 of Appendix A and includes .those media
which have been identified above. If the incident elec-
tromagnetic radiation penetrates to only a limited ef-
fective distance within the medium, then it is under-
stood that the conditions of Equation 2, 7 need only be
satisfied by that portion of the medium to which the in-
cident radiation penetrates. Therefore a medium with
only short range order may be phase-ordered. This is
particularly applicable for radiation incident at small
grazing angles of incidence because an appreciable per-
centage of the iricident radiation may be reflected by
a single lattice plane. A second example of a phase-
ordered medium which may have only short range
order is radiation incident on metals with a skin depth
of penetration comparable to a few lattice spacings.
The scattering centers of a phase-ordered medium j
may consist of either

a. atomic or sub-atomic particlés, such as electrons,
atoms, ions, molecules, unit cells of a crystal, which sat-
isfy the conditions of Equation 2, 7 of Appendix A;

b. obstacles which are periodically imbedded in a di-
electric to form an artificial lattice;

¢. atomic or sub-atomic particles of a medium which

is periodically and spatially modulated by an elastic

wave or other wave propagating in the medium,

such as an acoustical wave which spatially modu-
.lates a liquid crystal. ‘

A phase-ordered medium j may exist as a solid, lig-
uid, gas, or plasma provided that the conditions of
Equation 2.7 of Appendix A are satisfied. Although the
applicant defines and introduces in Appendix A the
concept of phase-ordered media, this application does
not claim the invention of phase-ordered media nor
does it claim the invention of new forms of phase-
ordered media. Rather, this application claims new and
novel ways of utilizing the properties, disclosed by the
applicant in Appendix A, of electromagnetic waves in
phase-ordered media.

In defining a phase-ordered dielectric and a phase-
ordered metal, it is convenient to refer to the parame-
ter visvilvis (e elue) 2 =
relative wave phase velocity for
where v S

v; = wave phase velocity in medium i if medium i

were continuous

vy = wave phase velocity in

were continuous : , ‘

i, 44y = permeabilities of the respective media if the

respective media were continuous

€, €= permittivities of the respective media if the re-

spective media were continuous.
The parameter vy; is generally a complex number since
most media have some absorption loss. If Re vy >> Im
vy (the real part of v, is much larger than the imaginary
part of v;;) then medium j shall be referred to as a “di-
electric” with respect to medium i. If Im vy >> Re vy,
then medium j shall be referred to as a metal with re-
spect to medium i. A phase-ordered dielectric is there-
fore, for purposes of this invention, a medium j which
satisfys the conditions of Equation 2.7 of Appendix A
and for which (Im v4/Re vy) << 1. A phase-ordered
metal, for purposes of this invention, is a medium j
which satisfys the conditions of Equation 2.7 of Appen-
dix A and for which (Im vy/Re vy) >> 1. “Total” re-
flection or ““total” transmission by a dielectric shall be
interpreted as referring to an.idealized dielectric with

Im v=0.

continuous media

medium j if medium j
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" BRIEF SUMMARY OF THE INVENTION

According to the invention, there is apparatus for se-
lectively propagating waves in a direction having a
component parallel to an interface comprising means
defining discrete phase-ordered media along the inter-
face characterized by a wave refraction constant, such
as the dielectric constant, permittivity, permeability or
index of refraction, and a spacing d between lattice
planes generally parallel to the interface, a source of
waves, and means for establishing the wavelength, po-
larization and angle of incidence upon the inter-face of
the waves to selectively propagate the waves in a direc-
tion having a component parallel to the interface in a
predetermined manner controlled by the wave refrac-
tion constant and the spacing d and establish a substan-
tial phase difference between wave fronts at adjacent
ones of the lattice planes in the forward scattered direc-
tion at least of the order of a radian.

"One embodiment of the invention is a metallic radia-
tion guide, for the propagation or containment of elec-
tromagnetic waves in well-defined modes, whose con-
ductors and boundary walls comprise a discrete phase-
ordered metal. The geometry and configuration of the
radiation guide may comprise that of any existing wire,
transmisssion line, waveguide, cavity, or electrical cir-
cuit which guides electromagnetic radiation by means
of one or more metallic conductors. The claim of this
invention is that the metallic conductors (media of
large DC conductivity) of the radiation guide are dis-
crete and phase-ordered. A preferred embodiment of
this invention is that the phase-ordered metals. have
maximum DC conductivity with maximum spacing of
the lattice planes parallel to the guide wall. Such a pre-
ferred embodiment has minimum surface resistivity in
metallic - radiation guides of well-defined modes of
propagation (see Equation 4.67 and Table 7 of Appen-
dix A). Metallic conductors, of present radiation guides
of well-defined modes of propagation, are usually elec-
troformed or electroplated metals consisting of ran-
domly oriented crystals with an effective lattice struc-
ture of large phase disorder. Such metallic conductors
are usually treated in practice as if they were continu-
ous metals with zero phase difference between scatter-
ing centers. Table 7 of Appendix A demonstrates that
the surface resistivity for radiation guides of this inven-
tion, which utilize discrete, phase-ordered metals, is
less than for those which utilize continuous metals. This
invention is applicable to metallic radiation guides in
which the radiation is guided in well-defined modes and
is not applicable to metallic radiation pipes in which
the radiation propagates by multiple reflection in unde-
fined modes. The cross-section of the radiation guide
and of the phase-ordered metal may be of any geome-
try, including rectangular and circular geometries, ap-
propriate for a given mode of propagation. The phase-
ordered metal should have a thickness at least equal to

. the effective skin depth given by Equation 4.66 of Ap-

pendix A. The discrete, phase-ordered metal may ad-
join or be clad by dielectric media which are internal
or external to the radiation guide and which are not
necessarily phase-ordered. The discrete, phase-ordered

+ metal may also adjoin or be mechanically supported by

65

a metallic medium which is external to the radiation
guide and which is not necessarily phase-ordered. The
metallic radiation guide of this invention is particularly
well-suited to microminiaturized, high frequency elec-
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tric circuits such as microcircuits and integrated semi-
conductor circuitry because:
a. only small amounts of phase-ordered metal are re-
quired;

b. minimum surface resistivity is required because of 5

the small size of the conductors; and

c. the phase-ordered metal is compatable and may be
integrated with the single-crystalline media associ-
ated with microminiaturized circuitry.
A second embodiment of the invention is a dielectric
radiation pipe, for the propagation of electromagnetic
waves by successive multiple reflection within certain
defined bands of grazing angles of incidence, whose
boundary walls comprise a discrete, phase-ordered di-
electric. If § is the grazing angle of incidence, then the
defined bands of grazing angles of incidence are Yon
< ¢ < Y4 where {74 and iy, are given by Equation
4.43c of Appendix A and are the angles corresponding
to the boundaries of the total reflection regions for
electromagnetic waves incident on discrete, phase-
ordered dielectrics. The most common form of the
present state-of-the-art of dielectric- radiation pipes
comprises a dielectric' fiber or clad dielectric fiber
through which radiation propagates by multiple reflec-
tion at grazing angles of incidence less than the critical
angle .. of total reflection. In the present state-of-the-
art, the cladding medium j is assumed to have the prop-
erties of a continuous dielectric whose index of refrac-
tion n; is less than the index of refraction n; of the fiber
i. The claims of this invention are that the cladding me-
dium j is a discrete, phase-ordered dielectric and that
the grazing angles of incidence are restricted to the
total reflection bands of the discrete, phase-ordered di-
electric. The index of refraction, of the cladding me-
dium j of this invention, may be greater than the me-
dium / about which it is clad. A preferred embodiment
of this invention is that the medium i, through which
the radiation propagates, is free space and that the
cladding medium j is a discrete, phase-ordered dielec-
tric whose walls serve as the boundary of the free-space
medium i. The cross-section of the radiation guide may
be of any geometry, including tubular and slab geome-
tries, in which the radiation can propagate by succes-
sive multiple reflection at constant angles of incldence.
The discrete, phasé-ordered medium j should be of suf-
ficient thickness, as determined by Section 5.0 of Ap-
pendix A, so that total or almost total reflection is
achieved. The discrete, phase-ordered medium j may
be mechanically supported by and adjoin a dielectric or
" metallic medium which is external to the walls of the
radiation guide. The dielectric radiation guide of this
invention is particularly well-suited to present applica-
tions which utilize thin films and fibers as radiation
guides. The conditions for total reflection at the surface
of a discrete, phase-ordered dielectric may be satisfied
for sufficiently small grazing angles of incidence, al-
though it should be clear from Equation 4.43¢ of Ap-
pendix A that not all small grazing angles of incidence
satisfy the conditions for total reflection. The advan-
tages of this invention over the present state-of-the-art
are
a. that the cladding medium j may be of larger index
of refraction than the fiber medium i;

b. the radiation is reflected more completely at the
surface of the cladding medium j for small grazing
angles of incidence;
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c. the absorption loss of the fiber medium i can be
eliminated completely since the medium i can be
free space.

It should be understood that the index of refraction, of
either the fiber medium i or the cladding medium j,
may be varied by electrical or mechanical means for
the purpose of filtering, switching, or modulating the
incident radiation. It should be further understood that
the conditions for total reflection at the surface of a dis-
crete phase-ordered dielectric are a function of the di-
rection, wavelength, and polarization of the incident
radiation. Therefore, the dielectric radiation guide of
this invention can be used to filter the direction, wave-
length, or polarization of the incident radiation. It
should be still further understood that several dielectric
radiation guides of this invention may be arranged in an
array or bundle for purposes of control, communica-
tion, display, data-processing, information storage, or
detection of the incident radiation. For such a case, a
preferred embodiment of this invention is a swiss
cheese configuration in which the “cheese” is the dis-
crete, phase-ordered dielectric j common to all of the
radiation guides and the “holes in the cheese” are the
media i through which the radiation propagates.

A third embodiment of the invention is an electro-
magnetic band pass filter, comprising a phase-ordered
dielectric material, which transmits very narrow bands
of radiation of a given wavelength and polarization at
specific small grazing angles of incidence. The angles
of incidence ¥ (and the corresponding wavelengths and
polarization), at which the filter is totally transmitting,
arey =y, y, M==x1,%2, ..., where Y b, u IS given
by Equation 4.42b of Appendix A. The 3 db transmis-
sion bandwidths Ay, », associated with the angles ¢,
of total transmission, are given, for normal polariza-
tion, by Equation 4.46 of Appendix A. Since the angle
Y4 is a function of the polarization, the band pass fil-
ter may also serve as a polarizer. In the present state-of-
the-art, total transmission in a' dielectric medium is
achieved either for the relative index of refraction vy=
1 or for parallel polarization at Brewster’s angle.
Usrewster = (U, o) p = cot™lv (see Equation 4.42a of
Appendix A). Brewster’s angle (1,,9), is usually a rela-
tively large grazing angle of incidence. The claim of this
invention is that the dielectric medium is phase-
ordered at small grazing angles of incidence and in par-
ticular at the angles s, so that the dielectric behaves
as a narrow band pass filter. A preferred embodiment
of this invention is a discrete, phase-ordered dielectric
upon which radiation is incident from free space and
from which the radiation, within the pass band of the
filter, is transmitted into free space where it may be de-
tected or further processed according to the particular
application. Another preferred embodiment of this in-
vention is a discrete phase-ordered dielectric which is
adjoined by an absorbing detector at the exit surface of
the dielectric. For both of these embodiments, the
thickness of the phase-ordered dielectric does not ap-
preciably affect the transmission properties of the di-
electric. The phase-ordered dielectric may be of arbi-
trary geometry. However, a rectangular slab or disc ge-
ometry is preferred. This invention is particularly
suited to applications requiring thin films and miniatur-
ized circuitry. It should be understood that the filter
may be one component of a larger system of compo-
nents for purposes of control, communication, display,
data-processing, information storage, or detection of
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the incident radiation. It should be further understood
that the index of refraction or the effective lattice spac-
ing of the phase-ordered dielectric may be designed to
be variable with the application of an externally applied
electrical voltage or mechanical stress. If such is tha
case, then the filter acts as a switch or modulator of the
transmitted radiation.

A further embodiment of the invention is an electro-
magnetic system; for the investigation of the lattice
structure and lattice defects of materials, comprising a
source of electromagnetic radiation, a discrete, phase-
ordered dielectric whose lattice structure is to be inves-
tigated and upon which the radiation is incident at
small grazing angles of incidence, and a detector of the
narrow band or bands of radiation which are transmit-
ted by the phase-ordered dielectric. In this embodiment
of the invention, the phase-ordered dielectric, whose
lattice structure is being investigated, behaves as the
filter of the preceding embodiment. Therefore the
transmission bandwidths are Ay, 4 at incident grazing
angles ¥, » of total transmission where M = =1, +2_ .
- ., . The effective lattice spacing, of the lattice planes
parallel to the interface, is determined from Equation
4.42b of Appendix A, assuming thatthe incident wave-
length, angle of incidence, and the relative index of re-
fraction are determined independently, The reduced
transmission, which is detected at an expected angle
5.4 Of total transmission, is an indication of the lattice
defects or phase disorder of the dielectric. In the pres-
ent state of the art, the investigation of lattice structure
is usually achieved by either x-ray Bragg reflection,
electron diffraction, or neutron diffraction. The latter
two methods utilize particle bombardment of the speci-
men whereas the first method utilizes electromagnetic
radiation of the specimen at sufficiently large angles of

20

25

30

35

incidence i,y (see Equation 4.74c of Appendix A) so -

that the phase difference between lattice planes is ap-
proximately 2# radians in the reflected direction. The
claim of this invention is that electromagnetic radia-
tion, which is not necessarily restricted to x-ray wave-
lengths, is incident on the specimen at sufficiently small
grazing angles of incidence ;4 so that the phase differ-
ence between lattice planes is approximately 27
radians in the forward scattered direction. A preferred
embodiment of the invention comprises a collimated,
monochromatic source of optical radiation, a slab of
the phase-ordered dielectric specimen, and an optical
detector of the radiation transmitted by the specimen.
The wavelength or the angle of incidence may be var-
ted through a calibrated range of values. Embellish-
ments such as Michelson interferometry may also be
employed. ‘

A fifth embodiment of the invention is an electro-
magnetic mirror, comprising a discrete phase-ordered
dielectric material, which reflects radiation for specific
bands of small grazing angles of incidence. The specific
bands of grazing angles of incidence are Yaar Yy

. < g which are defined in the description of the sec-
ond embodiment of this invention. The electromag-
netic mirror of this fifth embodiment behaves in the
same manner as the boundary walls of the dielectric ra-
diation pipe of the second embodimient of the inven-
tion. In the present state-of-the-art of dielectric mir-
rors, the dielectric material is usually either a multi-
layer of dielectrics whose thicknesses are critical with
respect to the incident wavelength or is a dielectric
which is assumed to be continuous with suitably small

=
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index of refraction so that total reflection can occur at
grazing angles of incidence less than the critical angle
of total reflection. The claims of this invention are that
the dielectric is phase-ordered and that the grazing an-
gles of incidence are restricted to the total reflection
bands Y, < ¥ < Yz, of the discrete phase-ordered
dielectric. The index of refraction of the phase-ordered
dielectric may be greater or smaller than that of the
medium from which the radiation is incident. A pre-
ferred embodiment of this invention is that the radia-
tion is incident from free space on a phase-ordered. di-
electric which may adjoin, for purposes of mechanical
support, a dielectric or metallic medium. The surface
of the mirror may be planar or curved depending upon
whether the focal point of the mirror is infinite or finite.
The phase-ordered dielectric should be of sufficient
thickness, as determined by Section 5.0 of Appendix A,
so that total or almost total reflection is achieved. The
relative index of the refraction of the phase-ordered di-
electric may be varied by electrical or mechanical
means for the purpose of filtering, switching, or modu-
lating the incident radiation. Since the reflection bands
of the mirror is a function of the direction, wavelength,
and polarization of the incident radiation, the mirror of
this invention may be used as a selective filter of the di-
rection, wavelength, or polarization of the incident ra-
diation.

A sixth embodiment of the invention is an electro-
magnetic transducer of externally applied stress, com-
prising a source of electromagnetic radiation, a dis-
crete, phase-ordered dielectric upon which the radia-
tion is incident at the narrow pass bands of the dielec-
tric at sufficiently small grazing angles of incidence, de-
tectors of the radiation transmitted and reflected by the
dielectric in the forward and reflected directions re-
spectively, and efficient means of applying the external
stress signal so that the narrow pass bands of the phase-
ordered dielectric have maximum sensitivity to the sig-
nal. The narrow pass bands Ay, 4 at the angles g, 4 of
total transmission are defined in the description of the
third embodiment of this invention. The pass bands
Ay, are a function of the effective laitice spacing and
the index of refraction of the phase-ordered dielectric.
Any externally applied stress, whether it be mechanical
or electrical in nature that alters the lattice spacing or
index of refraction, may be considered as a suitable sig-

. nal for the transducer. The claim of this invention is

50

55

60
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that the transducing medium is a phase-ordered dielec-
tric which utilizes the narrow pass bands, discovered by
the applicant, at small grazing angles of incidence. A
preferred embodiment of the invention utilizes a colli-
mated, monochromatic source of optical radiation, a
slab of the phase-ordered dielectric mounted in free
space, and optical detectors of the radiation transmit-
ted and reflected by the dielectric. Another preferred
embodiment of this invention utilizes a discrete, phase-
ordered dielectric which is adjoined by an absorbing
detector of the transmitted radiation at the exit surface
of the dielectric. For both of these embodiments, the
thickness of the phase-ordered dielectric does not ap-
preciably affect the transducer properties of the dielec-
tric. The phase-ordered dielectric may be of arbitrary
geometry with planar or curved surfaces. However, a
slab or disc geometry is preferred.

BRIEF DESCRIPTION OF THE DRAWING
The features of the present invention are better un-
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derstood from the following descriptions made in con-
junction with the accompanying drawing, in which:

FIG. 1a - FIG. 1e are phase-ordered metallic conduc-
tors which, in accordance with the principles of the
present invention, serve as conductors of metallic radi-
ation guides of conventional modes of propagation;

FIG. 2a is an axial cross-section of a dielectric radia-
tion pipe, made in accordance with the principles of the
present invention, for the propagation of electromag-
netic waves by successive multiple reflection;

FIGS. 2b and 2c are dielectric radiation pipes, of tu-
bular and slab geometries respectively, made in accor-
dance with the principles of the present invention, for
the propagation of electromagnetic waves by succes-
sive multiple reflection;

FIGS. 3a and 3b are electromagnetic band pass filters
made in accordance with the principles of the present
invention;

FIG. 4 is an electromagnetic system, made in accor-
dance with the principles of the present invention, for
the investigation of the lattice structure and lattice de-
fects of materials; :

FIG. § is an electromagnetic mirror made in accos-
dance with the principles of the present invention;

FIG. 6 is an electromagnetic transducer made in ac-
cordance with the principles of the present invention;

FIG. 7 shows phase. differences across  single-
scattered wave fronts;

FIG. 8a shows cyclical allowable values of the ampli-
tude delay X in dielectrics;

FIG. 8b shows the cyclical path of the vector X as the
angle of incidence is varied from /2 to O radians;

FIG. 9 shows the intensity of the reflection coeffi-
cient in the vicinity of the angles of total transmission;

FIG. 10a shows multiple-scattered waves in a phase-
ordered discrete medium,

FIG. 10b shows such waves in a continuous medium;

FIG. 10c shows such waves in a discrete medium with
equivalent parameters of a continuous medium;

FIG. 11 shows the intensity of the reflection coeffi-
cient for phase-ordered media subject to the conditions

V<<1,0 = |u|<® Imvy;=0;

FIG. 12 shows the intensity of the reflection coeffi-
cient in the vicinity of the Bragg angles for total X-ray
reflection;

FIGS. 13 and 14 show the effective relative phase ve-
locity and angle of refraction, respectively, in phase-
ordered media subject to the conditions set forth above
in the description of FIG. 11; :

FIG. 15 shows electromagnetic properties of a dis-
crete, phase-ordered metal relative to those of a contin-
uous metal;

FIG. 16 shows the intensity of the reflection coeffi-
cient in phase-ordered media subject to the conditions

|2l << 1,0 S V<o, Imvy=0;

FIG. 17 shows the w—V phase space in phase-ordered
media with zero absorption loss;

FIG. 184 shows a semi-unbounded medium j with
positive traveling waves; )

FIG. 18b shows a semi-unbounded medium i with
positive and negative traveling waves; and

FIG. 18¢ shows a bounded medium j with standing
waves.
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DETAILED DESCRIPTION OF PREFERRED
EMBODIMENTS

Referring now to FIGS. 1a - le, the boundary walls
of the metallic radiation guides of this invention com-
prise a phase-ordered metallic conductor 1 which may
be of slab, tubular, rod, or other geometry. The con-
ductors 1 of FIGS. 1a ~ 1e may be arranged to form ra-
diation guides of conventional geometry such as coax-
ial line, two-wire line, wire over a ground plane, unbal-
anced and balanced strip line, rectangular waveguide,
circular waveguide, etc. For purposes of enhancing the
mechanical or electrical properties of the radiation
guide, the conductors 1 may adjoin dielectric or metal-
lic media 2 and 3 which are not necessarily phase-
ordered. The metallic radiation guides of this invention
are not shown in FIGS. 1a - 1e because the geometry
of any existing metallic radiation guide with a fixed
mode of propagation is applicable to this invention.
The claim of this invention is not conductors 1 but
rather the use of conductors 1 in existing metallic radi-
ation guides with a defined mode of propagation.

With reference to FIG. 2a - 2¢, a phase-ordered di-
electric j, which is mechanically supported by a me-
dium 3 and which bounds a dielectric medium i, serves
as the reflecting walls of a dielectric radiation guide.
The radiation is incident at a grazing angle ¢ given by
You < ¥ < Yau Where Y, and Y are the angles
corresponding to boundaries of total reflection regions
at sufficiently small grazing angles of incidence. The
radiation propagates in the axial direction in medium
i by multiple reflection at the grazing angle § as shown
in FIG. 2a. Dielectric radiation guides of circular and
slab geometries respectively are shown in FIGS. 2b and
2c. o

With reference to FIGS. 3a and 3b, a phase-ordered
dielectric j serves as an electromagnetic band pass filter
at certain small grazing angles of incidence § = Y.y
Except for radiation incident at the angles ¥,  of total
transmission, the incident radiation d is totally or al-
most totally reflected in the reflected direction e. For
Y=yn,u (and for the corresponding wavelengths- A\ =
As.5r) the incident radiation a is totally or almost totally
transmitted in the forward direction f. In FIG. 3a the
radiation d is transmitted in free space to a detector. In
FIG. 3b the radiation d is transmitted to an absorbing
detector 2 which adjoins the dielectric j. ’

With reference to FIG. 4, electromagnetic radiation,
from a collimated source /,is incident at grazing angles
of incidence Y=y, 4 on a dieléctric specimen j whose.
lattice structure is being investigated. If Y=y, M ==
I,+2,...., where {5, 4 are the angles of total transmis-
sion for perfect phase order of the specimen J at small
grazing angles of incidence, at least some of the inci-
dent radiation will be transmitted in the forward direc-
tion to a detector 2 even if the specimen does not have
perfect phase order. The amount of radiation and the
wavelength which are detected by detector 2 is a mea-
sure of the lattice defects and lattice spacing of the
specimen j. ‘

With reference to FIG. 5, electromagnetic radiation
d is incident at a grazing angle of incidence ¢ on a
phase-ordered dielectric j which is mechanically sup-
ported by an adjoining medium 2. If the angle of inci-
dence ¢ is given by Y,y < ¥ < iz where Yo and”
¥z.u are the angles corresponding to boundaries of total
reflection bands at sufficiently small grazing angles of-
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incidence, then the dielectric j serves as a mirror, with
the incident radiation being reflected at the angle ¥ in
the direction e.

With reference to FIG. 6, electromagnetic radiation
d, from a collimated monochromatic source 1, is inci-
dent at a grazing angle of incidence =15, ,; on a phase-
ordered dielectric j where 0, M=%1,£2, . . ., are the
angles of total transmission at sufficiently small angles
of incidence. In the absence of any other signal, the in-
cident radiation 4 is transmitted by the dielectric j in
the forward direction f to a detector 2 with little if any
radiation being detected at the angle 4, in the re-
flected direction e by the detector 3. However, if an ex-
ternal mechanical or electrical signal stress is applied,
then the amount of radiation detected by detector 3 in
the reflected direction will increase at the expense of
the amount of radiation transmitted to detector 2 in the
forward direction. The changes in radiation levels at
detectors 2 and 3 can be correlated to improve the sig-
nal to noise ratio. )

There has been described novel systems and compo-
nents for the utilization of electromagnetic waves in
discrete phase-ordered media, particularly in phase-
ordered metals at arbitrary angles of incidence and in
phase-ordered dielectrics at small grazing angles of in-
cidence. It is evident that those skilled in the art may
now make numerous uses and modifications of and de-
partures from the inventive concepts. Consequently,
the invention is to be construed as embracing each and
every novel feature and novel combination of features
present in or possessed by the apparatus and . tech-
niques herein disclosed and limited solely by the spirit
and scope of the appended claims.

APPENDIX A
. ABSTRACT

The ‘multiple-scattering and interference of waves,
scattered by each scattering center of the medium, is
determined for the entire electromagnetic spectrum by
modification of the single-scattering coefficients in
Darwin’s difference equations. Anomalies, created by
the use of Maxwell’s field equations for continuous me-
dia, are resolved. The phase difference parameters ¥ =
2nd(sing)/A and ¥ = 2ad(I—v?;)/(2Asing) are intro-
duced to account for the single-scattering phase differ-
ence between two successive lattice planes in the re-
flected and forward directions respectively. (d = lattice
spacing parallel to the interface of the incident wave-
front, ¢ = grazing angle -of incidence, A = incident
wavelength, v;; = relative wave phase velocity for con-
tinuous media). Whereas Maxwell’s field equations are
strictly applicable only for the coordinate (0,0) in (%,
V) phase space, the independent, unified electromag-
netic theory of this paper is applicable to any point in
(#, V) phase space including the coordinate (0,0). The
parameter ¥ was originally introduced by Bragg to ex-
plain x-ray reflection but the significance of the param-
eter @ has never been reported. A medium is defined to
be phase-ordered. if 6V, << 1, |8pm,| << I where
8V, s and 8%, are the root-mean-squared deviations
from the average value in the medium of the respective
parameters. Phase-ordered media therefore include
continuous media, perfect crystals with uniform lattice
spacing parallel to the interface, amorphous media for
which Vaerage <<'1, Haverage << 1, and artificial lat-
tices such as periodic-loaded transmission lines and
media. The results are applicable to any wave (electro-

15

- 20

25

30

35

40

45

55

60

65

12

magnetic, elastic, wave-mechanical De Broglic wave)
in phase-ordered media. ~Semi-unbounded and
bounded media are treated. ,

The effective wave phase velocity in discrete media
is dispersive, birefringent, and a periodic function of
the single-scattering coefficients. Snell’s law of refrac-
tion and Fresnel's coefficients of reflection and trans-
mission are a special case of a more general formula-
tion. The critical angle for total reflection and Brew-
ster’s angle for total transmission are characteristic of
only one of several total reflection and total transmis-
sion bands in phase-ordered media. At low grazing an-
gles of incidence, the transmission bandwidth (A\ / A)
=~ 1071, 1075, and 107% for microwave, visible, and
x-ray wavelengths respectively. For grazing angles of
incidence smaller than the critical angle for total reflec-

‘tion, partial or total transmission can occur. This result

may be related to the transmission loss in clad optical
fibers. The surface resistivity of metallic waveguides
and the reflectivity of metallic radiation pipes are sig-
nificantly less for phase-ordered metals than the values
that have been determined on the basis of Maxwell’s
equations. The theory of the propagation of x-rays, for
any arbitrary angle of incidence, is presented. The
anomalous x-ray absorption loss at low. grazing angles
of incidence is resolved. '

The theory for bounded media follows easily from
the concept of self-consistent, positive travelling, for- .
ward and reflected waves at every lattice plane in semi-
unbounded media instead of from impedance concepts.
The conditions for invisibility, total reflection, and ex-
tinction in phase-ordered media are presented. Sepa-
rate single-scattering coefficients are given for ultra-
thin films. o ,

The differential wave equation for continuous media
and the difference wave equation for phase-ordered
media, although not strictly analogous, are identical in
the limit of zero lattice spacing. The theory of multiple
scattering in phase-ordered media is related to the
more general class of problems of radiative transfer in-
cluding transport phenomena.
1.0 INTRODUCTION

With the notable exception of Darwin’s! difference
equations for Bragg reflection at x-ray wavelengths, the
present theory of the propagation of electromagnetic
waves in media is based on a second order differential
wave equation derivable from Maxwell’s? field equa-
tions. Whereas Darwin’s difference equations assume
discrete media consisting of equally-spaced lattice
planes, Maxwell’s field equations are based on the as-
sumption of continuous media. Continuous media are
completely characterized by the two tensor parame-
ters, permeability [u] and permittivity [e], which re-
duce to scalars for isotropic media. However, classi-
cally speaking, it is well known that media are not con-
tinuous but are discrete and consist of individual atoms
or sub-atomic particles. Each atom is a scattering cen-
ter of the incident radiation. The resultant transmitted
and reflected radiation is determined by the interfer-
ence of the waves scattered by each scattering center
of the medium. If the incident wavelength is very much
larger than inter-atomic distances and if the medium
consists of enough atoms (or lattice planes) so that the
averaging of the discrete scattering events is meaning-
ful, then Maxwell’s equations are approximately valid
because the discrete medium may then be approxi-
mated by a continuum of scattering centers with zero
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phase difference between the waves scattered by adja-
cent scattering centers.

As a consequence of approximating discrete media
by a continuum, Maxwell’s field equations do not di-
rectly relate to the single scattering event of each elec-
tron in the medium. For examp<le, Snell’s® law of refrac-
tion and Fresnel's* coefficients of reflection and trans-
mission at the interface between two unbounded media
have never been formally derived from the single scat-
tering of each electron. For the same reason, physical
phenomena, such as Brillouin? and Raman!® scattering,
which are associated with pertubations or changes in
the quantum states of the scattering centers, are also
not directly related to Maxwell’s equations.

Furthermore, Maxwell’s equations are grossly inac-
curate whenever the previously stated conditions for
approximating a discrete medium by a continuum can-
not be satisfied. For example, Maxwell’s equations are
inadequate for x-rays incident at an arbitrary angle of
incidence, for electromagnetic radiation incident at
near-zero grazing angles of incidence, and for wave
propagation in metals. In these cases, the wavefront
phase difference between lattice planes or scattering
centers is appreciable. Maxwell’s equations can also be
grossly inaccurate in the treatment of ultra-thin films
and of inhomogeneties in a medium particularly if the
number of scattering centers near interfaces is compa-
rable to the total number of scattering centers in the
medium.

Therefore, the present state-of-the-art of electromag-
netic theory contains several anomalies caused directly
by the use of Maxwell’s field equations which are based
on the assumption of continuous media. The purpose
of this paper is to remove these anomalies by the use
of a more exact, unified theory based on the assump-
tion of discrete media. The unified aspect of this paper
is achieved by determining the interference of the
waves scattered by each electron in the medium. In es-
sence, the contribution of this paper is the successful
application of Darwin’s difference equations to the en-
tire electromagnetic spectrum by suitable modification
of the single-scattering coefficients of the equations.
For the most part, the theory is not restricted to crystals
of long-range order with equal spacing between lattice
planes but is also applicable to media consisting of
amorphous solids, liquids, gases, and plasma.

In particular, this paper demonstrates that the wave
phase velocity in discrete media is not equal to (eX)~12
but instead is a periodic function of the single-
scattering coefficients. It is shown that the present form
of Snell’s law of refraction and Fresnel’s coefficients of
reflection and transmission are a special case of a more
exact general formulation. It is shown that the critical
angle for total reflection and Brewster’s® angle for zero
reflection are characteristic of only one of several total
reflection and total transmission bands in semi-
unbounded, discrete media. A theory for bounded, dis-
crete media is developed. The results for discrete
media are shown to reduce to those for continuous
media as the spacing between scattering centers (or lat-
tice planes) approaches zero.

The mathematics of discrete media differs signifi-
cantly from that of continuous media. In continuous
media, continuous fields are defined at all points of
space and are governed by differential field equations$.
In discrete media, electric and magnetic fields are de-
fined only at points devoid of interacting matter such
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as in free space or in the §pace between lattice planes.
In discrete media, waves'are treated as though they
propagate in free space except for scattering by inter-
acting particles. The propagation of waves in discrete
media is governed by difference equations.

The difference equations and single-scattering coeffi-
cients, which are developed in this paper, can be ap-
plied to any wave in much the same manner as the wave
equation for continuous media. However, unlike the
theory for continuous media, the theory for discrete
media is directly related to the physical phenomena as-
sociated with the single-scattering event of each parti-
cle in the medium. Furthermore, the difference equa-
tions leading to the wave equation for discrete media
are self-consistent in the sense that the parameter being
determined (e.g. the electric field intensity) interacts
with itself rather than with another parameter (e.g. the
magnetic field intensity). Because of these unique fea-
tures, the theory of this paper is also expected to pro-
vide some unifying aspects to problems concerning
elastic waves, wave mechanical De Broglie waves, radi-
ative transfer, and transport phenomena. »
2.0 BOUNDARY CONDITIONS AND THE WAVE
EQUATION ’

Qualitative Theory

For waves incident on a semi-unbounded continuous
medium (see FIG. 2b), the boundary conditions consist
of equating the phases of the incident, reflected, and
transmitted waves at the interface (contains Snell’s
laws of reflection and refraction) and of equating the
sum of the amplitudes for the tangential components of
the incident and reflected waves at the interface to the
amplitude of the tangential component of the transmit-
ted wave (results in Fresnel’s coefficients of reflection
and transmission). However, there are two other
boundary conditions which are usually not stated but
are always assumed for continuous media. It is assumed
that the scattering of waves within the medium is totally
constructive for any direction, wavelength, and polar-
ization of the incident radiation. It is also assumed that
if one can define or calculate a permeability and per-
mittivity for a medium which extends to all of space,
then the same values (or even the concept) of perme-
ability and permittivity are valid for a bounded me-
dium. In a continuous medium, both of these assump-

. tions are correct. The phase difference, between scat-
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tering centers in a continuous medium, is zero. The en-
vironment at a point near an interface is identical to the
environment at a point in the interior of a continuous
medium. ‘ -

For a discrete medium, neither of these assumptions
are correct. Nevertheless, if the number of lattice
planes (or atoms) near an interface are smali compared
to the total number in the remainder of the medium,
then we shall make the approximation that an effective
permeability and permittivity can be defined for a semi-
unbounded or bounded medium. However, in discrete
media, the interference of scattered waves generally
cannot be neglected. Therefore, if a smoothed-out ef-
fective permeability and permittivity can be defined for
a discrete medium, they must be functions of the direc-
tion, wavelength, and polarization of the incident radia-
tion. As the distance between scattering centers ap-
proaches zero and the destructive interference of the
scattered waves becomes negligible, the effective per-
meability and permittivity of a discrete medium must
reduce to those for a continuous medium. However,
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the concept of an effective permeability and permittiv-
ity in a discrete medium is at best pedagogic and is use-
ful only if one wishes to compare or substitute into ex-
isting results for continuous media. The primary pa-
rameters which characterize a discrete medium’s inter-

action with waves are the single-scattering coefficients

of the medium. Any other parameters which character-
ize the medium’s wave interaction, such as an effective
permeability and permittivity, are secondary parame-
ters and are derivable from the single-scattering coeffi-
cients.

Before determining. the specific single-scattering co-
efficients for electron scattering of electromagnetic
waves (see Section 3.0), it is useful to obtain some pre-
liminary qualitative results of the interference of waves
in discrete media. The following statements, which are
supported in Section 3.0 are helpful in understanding
the qualitative results. If a plane monochromatic wave
is incident on a single electron, then the electron scat-
ters a portion of the incident wavefront in all direc-
tions. If the same monochromatic wave is incident on
an atom containing Z, bound electrons, then the inter-
ference of the waves scattered by each electron is not
totally constructive (i.e. is not Z, times the wave scat-
tered by a single bound electron) but instead is partially
destructive because of the non:zero distance between
electrons. If the same monochromatic wave is incident
on a plane array (lattice plane) of the same atoms, then
a portion of the wavefront is transmitted in the forward
direction without scattering, a portion is scattered
(after undergoing a phase change of — #/2 radians) in
the same forward direction, and the remainder of the
wavefront is scattered (after undergoing a phase
change of — /2 radians) at a grazing angle of reflection
equal to the grazing angle of incidence. It is assumed
that the lattice plane is of sufficiently large extent so
that Fraunhofer aperture diffraction can be neglected.
It is assumed that the scattering particles may be in
thermal agitation but that diffuse Brillouin scattering
can be neglected. It is also assumed that the scattering
cross-section of the particles is sufficiently small so that
the mutual interactions between scattering centers can
be neglected. '

If several lattice planes composed of similar scatter-
ing particles are placed parallel to the first array at a
distance d from it, then interference occurs between
the forward and reflected waves from each lattice
plane. it will be shown in the quantitative treatment of
this section that the interference of the scattered waves
from every lattice plane of the medium determine the
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refractive properties of the medium. However, a quali-
tative appreciation for the interference of the waves
may be achieved if the interference between waves
scattered by the atoms of only two adjacent lattice
planes is considered. The interference of waves within
the atom will also be neglected for the present time.
With reference to FIG. 7, consider that portion AA’
of the incident plane wavefront of wavelength X whose
rays are between those which intersect the z axis of the
lattice planes at B and B’. The distance BB' =4 is the
separation between lattice planes. The incident wave-
front AA’ is of uniform phase normal to the direction
¢ of incidence. The reflected wavefront CC’, consisting
of only the two rays BC and B'C’ normal to the direc-
tion ¢ of reflectance, is not of uniform phase but in-
stead has a phase difference across its wavefront of 2V
= (27/A) (A’B'C’ — ABC) = (2w/A) (D'B + B’E’} =
(27/\ )2D'B = (2@/A )2d sin .
The phase difference V across the wavefront BB’ is
given by

V =(2@/A) (A’B'C’' — ABC/2) = (27d/\) sin ¢

2.1

where V is a real number. The wavefront amplitude
delay @ corresponding to the phase difference V is
given by

® = exp(—iV) = exp[—i2nd(sing)/A]
’ 2.2)

" Four physical conditions of particular interest, defined
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by the phase V, are :

V=0 (Condition satisfied by a continuous medium).

V << 1 (Condition for most wave-interactions with
real media over most of the electromagnetic spec-
trum). ) ’

V=0QN+ I)(=/2), N=1,2,3, .. (Condition for
total transmission if the refraction of the medium
could be neglected and if the interference of waves
scattered by the electrons comprising a single atom
could be neglected).

V=Nwm,N=1, 2,3, .. (Condition for Bragg reflec-
tion at x-ray wavelengths, neglecting the interfer-
ence of waves scattered by the electrons compris-
‘ing a single atom and neglecting the refraction of
the medium). '

The phase V is tabulated in Table 1 for electromagnetic
waves in some solid materials. The three grazing angles
of incidence which are considered in Table 1 are

TABLE 1.—THE PHASE V FOR ELECTROMAGNETIC WAVES IN SOLID MATERIALS

[V=(2xd/X) sin ¢ (radians)]

v
T e ¥B.N
(critical (Bragg
angle) angle) #/2 (norma) incidence)
Region
X-ray Ultraviolet Visible Infrarod Microwaves ne
A (m) far o
from an
absorption .
Material edge (2d/N)siny 10-8 10-7 5X10-7 10-¢ 104 103 103 100 a
Beryllium, a!.___.. 3.30%102 N~ 1.44X1071 1,44X102 2.88X1073 1,.44X1070 1L 4M4XI0°8 L4400 1L44X10°7 L 4EXi0 [}
Alaminum 6.76X102° Nr 2.54%10-1  2.54X10%  5.08X1073 2. 54X1073 254 X105 L 54XL0-0 2 54XUT 2 54 X100 [t}
Nickel. . 1.06X10°! N 2,22X1071  2,22X10°2 4. 44X107% 0 2,22X107% - 2. 22108 2, 221078 2,22t 2, 22X 0
Gold___ . 1.66X101 Nx 2.56X10-1 2.56X10-2  5.12X10-3 - 2.56X10-3  2.56X10°%  2,50X10-0 2 56K10-7 2. 56X10-° 0
Quartz, « (8102) 1___ N= 3.08X10"1" -3.08X10~ 6.16X1073 - 3.08X10™3 3.08X10-5 3.08X10-0 3.08X10-¢ ]

8.25X1072

3.08X107

1 Ordinary form.
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7/2 = normal incidence
Yp.y =sin"!(NA/2d) = Bragg angles for x-ray re-
flection, N=1, 2, 3, ...
Y. =sin"'V 1 - y,2= critical angle for total reflec-
tion in continuous media for v;; < 1 where vy
vi/vy = relative wave phase velocity for continu-
ous media i and j .

It will be noted that 0 <V < <1 over most of the
spectrum. Yet, for this considerable portion of the
spectrum, no theory exists except the approximate
theory?-> based on the assumption V=0, At x-ray
wavelengths for angles of incidence appreciably

larger than the critical angle s, the phase V satisfies:

the condition V > 1. Yet, for this portion of the spec-
trum, adequate theory exists only for angles of in-
cidence in the vicinity of the Bragg angles!-12, At
x-ray wavelengths, for angles of incidence approxi-
mately equal to or less than the critical angle .,

the phase V satisfies the condition 0 <V < < 1. Yet,
no theory exists for these angles of incidence at x-ray

wavelengths except the approximate theory?® based
on the assumption V'=0. At x-ray wavelengths far
from an absorption edge, sin ;. is proportional to
the wavelength A so that the phase V'=2xd(sin y.)/
A=V, is independent of wavelength as shown in
Table 1.

In addition to the interference of rays scattered in the
reflected direction ¢, which is characterized by the
phase difference 2V, the interference of rays scattered
in the forward direction must also be considered. With
reference to FIG. 7, the distance that a ray travels in
the forward direction between adjacent lattice planes
is given by BF = D'F' = d/sin ¢. However, the transmit-
ted wavefront FF' normal to the forward direction is
not of uniform phase as is the incident wavefront BD’.
The rays in the vicinity of BF and D'F" of the incident
wavefront BD' are scattered in the forward direction at
B and B’ respectively whereas the other rays of the
wavefront are not scattered. The non-scattered rays un-
dergo a phase change 27d/Asiny whereas the scattered
rays undergo an additional phase change (of approxi-
mately — /2 radians as shown in Section 3.0). The av-
erage phase difference 27 of the rays in the wavefront
FF’ is not known but may be estimated if it is assumed
to a first order approximation that half of the rays are
not scattered and the other half are uniformly scattered
as though they propagated in a continuous medium. If
these scattered rays did not.change direction, then their
phase change in travelling a distance d/siny would be
27d vyl A sin ¢ where v = v,/v; is their wave phase ve-

locity in medium { relative to that in medium j if media

i and j were continuous. However, the rays of a contin-

uous medium are refracted in a direction ), given by

cos Y = cos Y/vy. The effective phase change of the
scattered rays of the wavefront F'F in the forward di-
rection is therefore (2wd vy/ A sin Y)(cos W/cos ;) =
27rd vi*/Asing. The average phase difference 2% of the

unscattered and scattered rays in the wavefront F'F is
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given approximately by 2a = 2 wd(1 — vi)/X siny so
that

o ur— (2md/\) (1/sing) (1 — v?/2) REED
The phase u is 2 measure of the refraction caused by a
single lattice plane. The phase 7 is related to the phase

V by

U=V —v2/(2 sin¥) 2.4)
We shall choose the convention that the angle of
incidence ¢ is always defined to be a positive angle.
Therefore, the phase V is always a positive real
quantity whereas the phase ¥ may be complex and
may assume negative values as well as positive
values. The phases 2V and 2% are measures of
wave interference in the reflected and forward
directions respectively. The phase 2V was first used
by Bragg to explain reflection at x-ray wavelengths.
However, the phase 27 for wave interference in the
forward direction has previously not been reported.

‘Four physical conditions of particular inferest, defined

by the phase u, are:

u = 0 (Condition satisfied by a continuous medium).
fu] << 1 (Condition for most wave interactions with
real media over the electromagnetic spectrum). | 4| =
M+ 1) w2, M=0,%x1,%2,%3, .... (Condition for

. total reflection if multiple scattering between lattice pl-

anes and the interference of waves scattered by the

electrons comprising a single atom could be ne-

glected). u=Mm, M=0,%1,%=2,* 3, ... (Condition
for total transmission if multiple scattering between lat-.
tice planes and the interference of waves scattered by

the electrons comprising a single atom could be ne-

glected). In Table 7, (see p. 62a) the phase @ is tabu-

lated for free space-metal interfaces for any arbitrary

angle of incidence at wavelengths longer than optical

wavelengths. For the better conducting metals, |# ]| >1

even for normal incidence. Present theory?* for the

propagation in metals is: based on the assumption 7@ =

0. The phase u is also tabulated in Table 2 for electro-

magnetic waves in free space which are incident on

quartz at grazing angles of incidence given by

m/2 = normal incidence

y= Y. = sin~! 1 —v;? = critical angle of reflection
—)if Vis <1 ‘
w,,,M =sin™! [d (1l —v?)/MAl,M=0,+1,+2 %
3, ... = qualitative condition for total transmis-
sion

It will be noted that 0 < [u[ << over most of the elec-
tromagnetic spectrum for a free space-quartz interface.
Yet, for this considerable portion of the spectrum, no
theory exists except the approximate theory?*~% % based
on the assumption @ = 0. At grazing angles of incidence
sufficiently less than the critical angle . for total re-
flection, the phase u satisfies the condition |u| >1. No
adequate theory exists for these grazing angles of inci-
dence.

" Fresnel's equations, based on the assumption u = 0,
predict that total reflection should occur for ¢ < Y, v?
4 1, Im v; = 0. However the condition

TABLE 2~ THE PHASE T ror FLECTROMA&:NAEI;I"II‘C WAVES INCIDENT FROM FREE-SPACE ONTO
[u 2rd/N) (1/2 sin @) (L-vi?)  (r: 1diam)]
Region

X-ray Ultraviolet Visible Infrared Mlcrowaves DC
. N (m) far from an T
¥ absorption edge  1.6X10-7 5X10-7 10-8 10— 109 10-2 100 ©
2. 4 1’><10'° sinyge .. ~2.0X10-2 —+4.0X10-3 —1.9X10-3 —1.9%10-$ —4.3X10-8 —4,3X10-7 —4.3X10-¢ 0
een o 4A2X1072 L. Not applicable, vii>y
\(fb..\r Mot Mnr Mnr Mnr Mr M= M= Mr 0

NOTE,—d=4.9X10-10m, vi;=1.95 (inicrowaves), 1.5 (visible, infrared),

2.0 (ultraviolet).
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u = (2M + 1)m/2 which corresponds to totally de-
structive interference states that total reflection shall
occur at grazing angles {1, 4 given by (1 — v;?)/sin?, 4
=[2M+ a/V. 2, M=0,21+2,£3, .., Imv;=0,
multiple scattering and the interference of waves scat-
tered by the electrons comprising a single atom are ne-
glected. (2.5)

Equation 2.5 implies that total reflection can occur at
discrete angles for v; > 1. Equation 2.5 also implies
that total reflection does not occur for all angles less

“than the critical angle i for vi;< 1.

Even more significant is the condition % = M, corre-
sponding to totally constructive interference, which
states that total transmission should occur for grazing
angles ys,» given by
( 1 —Vuz)/sinzwbﬂu = (ZMW/VC)2, M= 0, + 1, =+ 2, + 3, vee

,Imv;=0(2.6) -
multiple scattering and the interference of waves scat-
tered by the electrons comprising a single atom are ne-
glected. :
The case M = 0 corresponds to the trivial case v; = 1.
~With reference to Table 2, total transmission occurs at

a grazing angle ¢, ; = 10-3 radians for visible radiation
of wavelength A =5 X 10~7 m incident on a free space-
quartz interface. This result is in contrast to the almost
total reflection predicted by Fresnel’s equations. With
a well-collimated light source and a sufficiently large
sample so that Fraunhofer diffraction effects are negli-
gible, total transmission should be able to be observed
at approximately this angle. However, it will be shown
in Section 4.0 that the width of the transmission band

is extremely small and is smaller than the reflection
band for Bragg reflection. Whereas Bragg reflection re-

quires materials whose thickness is at least of the order -

of the penetration depth and whose lattice structure is
of corresponding long-range order (x-ray penetration is
of the order of 1000 lattice planes), total transmission
at low grazing angles of incidence is enhanced as the
thickness of the material is reduced because the num-
ber of scattering centers is reduced. For total transmis-
sion, the lattice structure need only be of short-range
order equal to the depth of penetration. If the medium
were unbounded, then total transmission would occur
only if its lattice structure were of long-range order ex-
tending to infinity. Narrow transmission bands at low
grazing angles of incidence and total reflection bands
for vy > 1 are expected to find application in the inves-
tigation of the structure of materials and in.the propa-

gation of surface waves, particularly in thin films and’

fibers for precise fiitering and selection of the direction
or wavelength of the incident radiation.
- The Bragg angle for total reflection at x-ray wave-
lengths and the angles for total reflection and total
transmission given by Equations 2.5 and 2.6 are based
on assumptions of the nature of the wavefronts CC’ and
FF' in FIG. 1, particularly in regard to the number of
scattered and non-scattered rays in each wavefront. In
Sections 3.0 and 4.0 an independent, exact, quantita-
tive treatment, free of such assumptions, gives results
which are in substantial agreement with the preceding
qualitative results. - : '
The phases V and % are both functions of the lattice
spacing d parallel to the interface. However, most ma-
terials are polycrystalline or amorphous and do not
have a well-defined lattice structure of long-range or-
der. Furthermore, many crystals do not have a lattice
structure in which the atoms are arranged in equally
spaced planes parallel to the interface and therefore
cannot be characterized by a single lattice spacing d.
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Ewald® has circumvented this latter difficulty by intro-

. ducing the concept of reciprocal vectors. The problem

of treating polycrystalline and amorphous materials has
remained unsolved and has been a severe limitation in
many other fields of physics besides electromagnetic
theory. The following method for treating polycrystal-
line and amorphous materials is now offered.

The interference of secondary waves which are mul-
tiple-scattered is generally dependent upon the order in
which they interfere and the number of scattering
events. For these reasons the effective phase interfer-
ence parameters ¥ and @ of a polycrystalline or amor-
phous medium generally are not equal to the average
phase parameters V. = 2mwd,(sin Y)/\ and U, = 27d,,

(1= v2)/(2 A sing) where d,. = the average spacing of

the lattice planes parallel to the interface in a polycrys-
talline material or the average spacing between neigh-
boring atoms in an amorphous material. However,
there are conditions for which the resultant interfer-
ence in polycrystalline and amorphous materials is rela-
tively unaffected by the use of the average phase inter-
ference parameters V,. and #,. For example, if the
spacing dn, for each pair (m,n) of adjacent lattice
planes in a polycrystalline material or of atoms in an
amorphous material satisfied the conditons |V, — Vs

| << 1, | Ump = Uae | << 1, then ¥V = V,, and G=U,,

because the interference of the phase differences are
constructive. However even if a small percentage of the
spacings dyn, do not satisfy the above conditions, the re-
sultant interference is still relatively unaffected assum-
ing that the scattering cross-sections of the atoms asso-
ciated with the spacings dm, are not appreciably larger
than the majority of the scattering centers. Therefore
let the root-mean-squared deviation from the mean of
the parameters d, V, and U be given respectively by
8dimy =V (dar — dmn)?, Vms = (Var = Vinn )%, 8l ma
= f (War — Umn)?. The effective phase difference pa-
rameters in polycrystalline and amorphous materials
may therefore be estimated to a first ordér of approxi-
mation, subject to the appropriate conditions, by

V="V, aVrma< <1
U = Uq,, lﬁﬁma! <<l

2N
A material which satisfies Equations 2.7 is defined as
“phase-ordered.” If Conditions 2.7 are satisfied by
polycrystalline or amorphous materials, the problem of
obtaining approximately valid results with such materi-
als reduces to the problem of treating a single crystal
for any value of the phase parameters V and &.
Before concluding the qualitative theory, it is useful
to state some properties regarding the phase order of
materials. Continuous media and perfect single crys-
tals, whose atoms are arranged in equally spaced planes
parallel to the interface, satisfy the conditions 8d,m~=
8V pme= Sl vms= 0. Wave interactions, in materials which
satisfy the conditions V,,<< [, %,,<< 1, also satisfy
the conditions 8V, << 1, |8#ms| << 1 but the con-
verse is not true. For a solid amorphous material, the
average spacing d,. between neighboring atoms is de-
termined by assuming that each atom (or molecule) oc-
cupies a volume (4 7/3)(dy/2)® = A/pN, where 4 =
atomic (or molecular) weight (gms), p = material den-
sity (gm/cm?), and N, = Avogadro’s number = 6.022 x
1023, In Table 3 the structured vs. amorphous spacings
of some solid materials are compared. Most liquids can
be treated as amorphous materials. However, some lig-
uid solutions should be treated as polycrystalline mate-
rials since they have a well-defined lattice structure of
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short-range order with an average lattice spacing which
can be comparable to those for solids or which can be
more than an order of magnitude larger. Gases and
plasmas are amorphous media whose average time-
independent lattice spacing is equal to the average dis-
tance between scattering centers. A property common
to all media is that the scattering centers are in thermal
motion. For solids, the root-mean-squared thermal
fluctuation v 87 of the lattice is small compared to the
.average lattice spacing. For gases,

TABLE 3.—STRUCTURED V8. AMORPHOUS SPACINGS OF
SOME SOLID MATERIALS

Structured spacingsaalti tempera-

Amorphous
ture T'=293

spacing (average
" spacing between

-Closest Lattice atoms) (10-%m.)
approach parameter g
Material (10-1m.) (10-1m.)
2.225 2,285 2,48
2.862 4.049 3.16
2,491 ! 3.5 2,76
2.884 | 4.078 3.195
Quartz, e (SiO) 1 ... 4.9 4,15
Silver_ ... ... 2,888 4, 086 3.20
Copperee e 2. 556 3.615 2,84
Tungsten, a t 2,739 3,156 3.12
ead______ 3. 449 4.450 3.86 -
Mercury. .. 23.006 22.006 3. 56
1 Crdinary form:.
1T=227° K.

the root-mean-squared fluctuation vV A of the mol-
ecules is equal to the average spacing between mole-;

cules. Therefore, for gases, 1 = 8dpms= duy, & Vyms=
Ve, and 8 Upme™= Tq,. In any medium, pertubations or
changes in the quantum state of the scattering centers
can cause diffuse scattering and also modification of
the specularly scattered radiation. The- diffusely scat-
tered radiation resulting from thermal agitation has
been treated by Brillouin® and that resulting from
higher order acoustical vibrations and rotations has
been treated by Raman'®. The effect of thermal agita-
.tion on the specularly scattered radiation is well-
established for single crystals!! and is usually treated as
a modification of the atomic structure factor (see Sec-
tion 3.0). However, as illustrated above for gases, an
additional effect of thermal agitation is to decrease the
phase order of the medium because the effective values
of 8d,ms, 8V s, and 8%, are increased.
Quantitative Theory

Thus far, only the interference of single-scattered
waves by two adjacent planes has been considered and
"qualitatively described by the phase parameters V and
-u. The quantitative theory, which now follows, deter-
mines the interference of waves multiple-scattered by
all the lattice planes of the medium.

The author has found that Darwin’s difference equa-

tions are applicable to the entire electromagnetic spec- .

trum- if the single-scattering coefficients of the equa-
tions are suitably modified by removing the approxima-
tions which Darwin made for the condition ¥V = N7 at
x-ray wavelengths. For purposes of comparison, the no-
tation of this paper corresponds approximately to that
of Compton and Allison!? who present a summary of
Darwin’s work and other related work. With reference
to FIG. 104, consider a plane monochromatic wave of
wavelength A and amplitude 7; which is incident from
medium / at a grazing angle of incidence ¥ on a semi-
unbounded medium j,consisting of lattice planes of sep-
aration d measured normal to the interface, that ex-
tends to *w in the x and y directions and from 0 to +
© in the z direction. For purposes of normalization, it
will be assumed that T, = 1 and is the electric field in-

tensity, on the z axis just above the lattice plane r=1,"
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polarized either normal or parallel to the plane of inci-
dence. In FIG. 104q, the direction of the electric vector
T, is not shown and only the direction of propagation
of T, is shown. The medium is extended to + in the
x and y directions so that Fraunhofer aperture diffrac-
tion need not be considered. The following conventions
will be adopted. If the lattice plane nearest the inter-
face is labeled r= 1, as in FIG. 10a, then the amplitudes
of the total forward and reflected waves, measured on
the z axis just above the r th lattice plane, are 7, and
S, respectively. (Compton and Allison use the notation
T,., and S,_,.) The total amplitudes T, and S, at each
lattice plane are the steady-state resultant amplitudes
caused by the interference of the waves scattered by
each lattice plane of the medium. Medium i, from
which the radiation of wavelength X is incident, need
not be restricted to vacuum but can be any medium i
with its own lattice structure since T; and S, are the re-
sultant amplitudes and include the effect of any scatter-
ing in medium i. If the wavelength of the incident radia-
tion in medium i is A;, then A;=A. In defining the total
forward wave at each lattice plane, it is convenient to
set its grazing angle of incidence at each lattice plane
equal to the grazing angle of incidence s at the first lat-
tice plane. The actual direction of travel of. the total
forward wavefront is found by comparing complex am-
plitudes of the total forward wave at each lattice plane.
It will be shown in Section 3.0 that the grazing angle of
reflection. of the total reflected wave at each lattice
plane is equal to ¥. For unbounded continuous media
(see FIG. 10b), the boundary conditions are defined

.only at the interface and are in terms of the incident

amplitude T=T, =1, the_r’eﬂg:,teq_)amplitude S, and
the transmitted amplitude 7 = T + S. For unbounded
discrete media, the reflected and transmitted waves are
determined by the boundary geometry of FIG. 10a.
Nevertheless, the results for discrete media can be used
to define an equivalent set of boundary conditions (see
FIG. 10c) at the interface in terms of an incident ampli-
tude T'=T;=1,a reflected amplitude $' = §,, and a
transmitted amplitude F{ =T, + §; The direction ¢,
phase velocity v/, and amplitude 7, of the transmitted
wave in a discrete medium j reduce to the correspond-
ing parameters y;, v;, and 7 of a continuous medium as

‘the lattice spacing d approaches zero.

The single-scattered specular waves at each lattice
plane, which were qualitatively described earlier in this
section, are not shown in FIG. 10a. However, they re-
late the total forward and reflected waves at a given lat-
tice plane to the total forward and reflected waves at
each of the immediately adjacent lattice planes. By def-
inition, let

a=single-scattering coefficient of reflection = ampli-
tude of the single-scattered reflected wave for unit
amplitude of the incident wave )

t = single-scattering coefficient of transmission = re-
sultant amplitude of the single-scattered and non-
scattered forward waves for unit amplitude of the
incident wave.

The single-scattering coefficients @ and ¢ are generally
a function of the polarization (normal or parallel) and
nature (electric or magnetic field intensity) of the inci-
dent wave. The single-scattering coefficients are di-
mensionless and should not be confused with a scatter-
ing cross-section which has the dimensions of area.

The normalized total amplitudes S,/T, and T,/T, are,
in effect, multiple-scattering coefficients because they
are the resultant normalized amplitudes after multiple
scattering has occurred. With reference to FIG. 10q,
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the total amplitudes S, and T, are related to the single-
scattering coefficients by'?

S,-=‘a Tr + 1P Sr+1
T,=t® T, + ad? S,

- (2.8)
where @ is given by Equation 2.2. Equations 2.8 are
similar in form to those derived by Darwin with the ex-
ception that the single-scattering coefficients a and t
are not necessarily equal to those of Darwin. Equations
2.8, together with the equations which specify the sin-
gle-scattering coefficients a and ¢ (see Section 3.0),
comprise the interference and the boundary conditions
of steady-state waves in phase-ordered media. From
Equation 2.8, §,= (T, — ¢t ® T,7)/a®?and §,,,= (Tpss
— t @ T,)/ad? Substitution of these expressions into
Equation 2.84 yields Darwin’s second-order difference
equation : '

Ty =21+ 92— a®)2® {]T, + To_, =0

2.9)
An identical equation in terms of the total reflected
waves S,44, S, and §,._; also follows from Equation 2.8.
Equation 2.9 is the wave equation for steady-state
waves in phase-ordered media.
Equation 2.9 is a homogeneous, second-order differ-
ence equation of the form Ty ~ 24 T, + T, =0
where 4 is a constant given by '

A=[1 +P¥ 2 —a?)/2 D t]
(2.10)
Equation 2.9 has the general solution!®
Tr = Xr-l + Co X—(r—l)
(2.11)
where
X=AxV 22— 1=A*xiVI]—A=exp(xif), 6=

cos™iA

€1, ¢; = constants which must satisfy boundary condi-
tions. As a corollary of Equation 2.11, the parameter
A is given by

A=X14+ X=[1+0(2—a®)2 1]
' (2.11a)
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Conservation of energy requires that |7,| < |T,|. For

a wave of amplitude T, incident ar r = 1 on a semi-
unbounded medium (1 = r < ), the wave propagates
only in the +r direction. For such a case, Equation 2.11
reduces to

T, =T X LX=AxV A—1,]|X]|=<1(2.12)

where A is given by Equation 2.10. Similarly, the wave
equation for the reflected wave is given by S,.; — 24 S,
+ §,-, = 0 which has the solution ’

;=5 XL X=4x V A22—-1,|X|=1

(2.13)
The phase of the reflected wave increases at the same
rate and in the same direction as the forward wave.
Substitution of Equation 2.13 into Equation 2.84 yields
the equations S, =a T, + ¢t P S, Xand S;,=a T+t ®
§; X. The amplitudes S, and S, are therefore given by

ST, =S./T,=a/(1 —® X 1) , semi-unbounded media

. (2.14)
With the use of Equation 2.11a, it can be shown that
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al(1 —® Xt)=(1—DPt/X) [ad?

(2.14a)

Equation 2.14 (for §,/T,) was first derived by Darwin?
to explain Bragg reflection at x-ray wavelengths. How-
ever it will be shown in Sections 3.0 and 4.0 that Equa-
tion 2.14 gives the muitiple-scattering reflection coeffi-
cient in phase-ordered, semi-unbounded media over.
the entire electromagnetic spectrum if the single-
scattering coefficients a and t are suitably derived.

‘However, without explicitly deriving the single-
scattering coefficients @ and ¢, it is possible to express
the secondary parameters, which characterize the re-
fractive parameters of a medium, as a function of @ and
t. The parameter X, given by Equation 2.12, is the
multiple-scattering coefficient of amplitude delay
which may be written in the more familar form

X= exP[— ‘sz' Z/(r—l)] = eXp - 'sz' d)

(2.15)
where
vi' =ay.' +i B, = effective propagation constant in
the direction of the z axis in the medium j.
. ay,' = effective attenuation constant in the direction
of the z axis in the medium j.
Bi:' = effective phase constant in the direction of the
z axis in the medium j.
Therefore,
i =— (l/d)yIn X

(2.16)
where X is given by Equation 2.12. The effective wave-
length A,' in the direction of the z axis in medium jis
given by

A =2w/Im(y,') = 2n/ B,

2.17)
With reference to FIG.2c, the effective direction Y, of
wave propagation and the effective relative wave phase
velocity vy’ = v,/v,’ are the refractive parameters of me-
dium j. Snell’s law of refraction (see Equation 4.22
where the law is derived) may be used to give

sin ¢ = [1 —(cos™)/(vyy')?]12

. (2.18)
The effective propagation constant v, in the direction
normal to constant phase front in medium j is given by

Y =ve'lsingy =i2avy/A=ay +iB)

(2.19)
The effective wavelength A,' in the direction normal to
constant phase front in medium j is given by

A.J, =2/ BJ’ = A/Vu', Im Vu' =0

. (2.20)
Solving Equations 2.16, 2.18, and 2.19 for vy’ and 4,

vy = vilv) = [costy — (A In X/2 7 d)?]
2:21)
cos ¥’ = cos P/vy’ = {1 — (A secy In X/2n d)z]f”2

(2.22)
where X is given by Equation 2.12.

Equations 2.15 - 2.22 relate the refractive properties
of a medium to the single-scattering coefficients of the
medium. Additional secondary parameters are the ef-
fective relative permittivity €)'/ ¢; and the effective rela-
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tive permeability u;'/ w;. If the magnetic properties of
the adjacent media are identical, then uy'/ u; = 1 and
€') €= (vy' )2 = [cos?P —(A In X[27 d)*}?

(2.23)
where the incident amplitude T, (see FIG. 10) refers to
the electric field intensity. If the non-magnetic electri-
cal properties of adjacent media are identical so that
€'/ ¢, =1, then T, refers to the amplitude of the mag-
netic field intensity and u,'/ u, is given by Equatlon
2.23. If pj/ui == 1 and €;/e; 2¢ 1, then Equations 2.8’
must be supplemented by additional field relationships

- which specify the interaction between the electric and
magnetic properties of the media. In this paper, it will
be assumed that the magnetic properties of adjacent
media are identical to that of free space and that T;
refers to the incident electric field! Jintensity.

10
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enter the discussion of the propagation of waves in
media only if the equivalent refractive properties of the
medium are to be determined. It should be understood
however that refraction is nothing more than an effec-
tive smoothed-out parameter interpretation of the in-
terference of waves scattered by each lattice plane. In
Section 4.0, the refractive properties of media are de-
rived directly from Equations 2.10 - 2.14,

3.0 SINGLE-SCATTERING COEFFICIENTS

The single-scattering coefficients a and t specify the
amplitudes of the reflected and transmitted waves re-
spectively which result when a plane monochromatic

- wave, whose electric field intensity is of unit amplitude.

15

With reference to FIG. 10c, the resultant amplitude

7. of the total forward wave T, and the total reflected
wave §, at the lattice plane r is given by

> > - =
7.=T+ 8 =(T+8;) X~
(ro)a=[(TD)n+ (81) ] X7*

= sin ¢ —1
(Tr)p=m[(Tl)D+(sl)D]Xb (2'24)
where the subscripts n and p denote whether the inci-
dent electric field intensity is polarized normal or paral-
lel respectively to the plane of incidence. For normal
polarization, the electric vectors §; and T, are in the
same direction so that their resultant 77 is simply the
sum of the two amplitudes. For parallel polarization,
the electric vectors .S_':, T_';, and their resultant 7; are not
in the same direction but their directions are related to
each other by the angles ¢ and (y5'), defined in FIG.
2c. The multiple-scattering coefficients of reflection
$,/T, and transmission 7,/T; at the interface of semi-
unbounded media are therefore given by

(8/TD=Ta] I—2XDTa
S‘/T“{wf/T:),,—[a/(_l —eXp)], |

/T ={<f1/T1>n=1+ (81/Th)n
VS (2 Ty) p=1[sin w/sin () p][1+ (Sy/Th),]

(2.25)
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Ty=1, is incident on either a plane array of atoms in free
space or on a lattice plane of a phase-ordered medium.
The coefficients a and t are a function of the polariza-
tion of the incident wave. The subscripts # or p will be
used to denote whether the incident electric field inten-
sity is polarized normal or parallel respectively to the
plane of incidence. The coefficients a and t are deter-
mined by considering in progressive order, the scatter-
mg by:

1. Free electrons

2. Bound electrons in an atom, molecule, or unit cell
of a crystal

3. Bound electrons of a plane array in free space

4. Bound electrons of a lattice plane in a phase-
ordered medium. '

Scattering by Free Electrons - _
Consider a plane wave of wavelength A, whose elec-
tric field intensity is of amplitude T,= 1, which is inci-
dent at time ¢ = 0 on the origin O in the forward direc-
tion at an angle ¢ = 0 with respect to the x axis. Assume
that an electron of charge —e, mass m, and zero spin,

s located at the origin. O and is not subject to any

forces of constraint. A portion of the incident wave-
front is scattered by the electron in all directions as a .
transverse electromagnetic wave. If the recoil of the
electron is neglected, then the scattered wave E(p, ¢,

1) at a distance p from the origin O at a field point’

P(p,¢) is given (after J. J. Thomson) by E(p, ¢> t) =
E(p, ¢) expli 2@(ct—p)/A] where

E.=—¢(sign cos ¢) /dreome?, Ty=T) =1

E(p, ¢)=

is normal to the plane defined by OP and the x axis,
E,=—e¢? cos p/4regpmc?, Thv=Tip=1

is parallel to the plane defined by OP and the x axis

- As the lattice spacing d approaches zero, Equations
2.25 must reduce to Fresnel’s coefficients of reflection
§/T and transmission /T for continuous media.

* Equations 2.10 - 2.14, which completely determine
the properties of waves in phase-ordered media, were
derived independently of Maxwell’s field equations.

‘Equations 2.24 and 2.25 are derived from Equations-

2.10 - 2.14. Equations 2.15 ~ 2.23, which determine
. the effective smoothed-out secondary parameters as
functions of the single-scattering coefficients @ and ¢,

P,/Tp= ﬁ) " (B3 Ty2)2rp sin ppdo=et/6redmict =32r7¢/3

sign cos o=

(3.1)
1, 0<pl<n/2
—1, 7/2< [g| <7
0, o=u/2

E.éluation 3.1 is expressed in rationalized MKS units

. Wwhere ¢, is the permittivity of free space. The minus
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sign enters into Equation 3.1 because the acceleration
of the electron is —e T,/m. The quantlty, sign cos @, is
necessary in Equation 3.1a because E, = E, for ¢ = 0
and ¢ = 7r radians. The angular distribution of the scat-
tered radiation of Equation 3.1 is known as Rayleigh
scattermg The total power P, scattered in all directions
is found by integrating the intensity E2 of the scattered
wave over the surface of a sphere of radius p and is
_..given by

(3.2)
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where r, = classical radius of the electron = 2.818 X
10~m. The quantity P,/T;? has the dimensions of area
and is defined as the scattering cross-section of a free
electron. If the incident wavefront is of unit area, then
Equation 3.2 gives the fraction of the incident wave-
front which is scattered. The wave scattered by a free
electron in the forward direction is 180 degrees out of
phase with the incident wave and the power scattered
in any given direction ¢ (of zero cone angle) is zero.
Therefore, the amplitude ¢ of the total specularly trans-
mitted wave in the forward direction is ¢t (1 -
P/T\*)** and the amplitude a of the specularly re-

flected wave in a direction ¢ from the forward direc-_

tion is a = 0 where ¢ and a are normalized with respect
to Tl. .
Scattering by Bound Electrons in an Atom, Molecule,
or Unit Cell of a Crystal

Electrons are generally not free from forces of con-

10

15

straint and, for example, may be bound to the nucleus

of an atom. Consider an atom of Z, electrons which are
quasi-elastically bound to the nucleus. If the interfer-
ence of the waves scattered by each electron were to-
tally constructive, then the amplitude at P(p, ¢) of the
wave scattered by the &k th bound electron would be
given by" E(p, ¢) [1 — 0,%/w? — i 2 op/w]™! where

@ = 2mrc/ A = radian frequency of the incident radia-

tion

w;, = resonant radian frequency of the k& th bound

electron .

a; = damping factor of the & th bound electron.
However if the wavelength of the incident radiation is
comparable to the distance between the bound elec-
trons, then the interference of each scattered wave is
not totally constructive. The atomic structure or form
factor® F(¢/2, h) has therefore been defined and tabu-
lated to account for the interference of waves scattered
by each electron in an atom, molecule, or unit cell of
a crystal, assumed to be at rest at absolute temperature
T=0. The parameter #'= (4 / A) sin (¢/2). The quan-
tity F(¢/2, h) is a positive real number with the follow-
ing properties: o o

F(0, h)=F(0, 0)=Z=number of bound electrons

F(¢/2,0)=Z4 '

O<F(@2,h)<Z,4

F(&/2, k) =Z,'* if the electrons scatter incoherently.
Accordingly, the resultant amplitude f/p of the scat-
tered wave at P(p, ¢), caused by scattering and inter-
ference of all the bound electrons in the atom is given
by

' k=Za
Fflo=E(p, 9)F(¢/2, h)(1/Z4) E

[1— (o)t —i2arfa)* (3.3)

If w << @, and @ << ay, then the forces of constraint
are approximately zero for each electron and Equation
3.3 reduces to -

fip=EF(d/2,h) ; 0 <<y, w << o

An electron need not be bound to a single atom but
may also be bound to more than one atom as in a mole-
cule or unit cell of a crystal. Therefore, in addition to
the electronic polarization of an atom, the incident ra-
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diation can cause atomic and orientation polarizations ¢

of the molecule’. If the incident wavelength is large
compared with the dimension of the scattering particle
or the scattering dipole, then regardless of the particu-
lar mechanism which gives rise to the scattering, the
scattered radiation will be characterized by a Rayleigh
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angular distribution (see Equation 3.1). If the atoms
comprising the molecule or unit cell are in thermal agi-
tation at an absolute temperature T > 0, with a mean
square displacement 8,7 of the distances between them,
then there is additional destructive interference and the
corresponding atomic structure factor Fi(¢/2, h) is
given byl

Fr($/2, h) = F($/2, h} exp [—M($/2, h)]

(3.5)
where
exp [—M{(¢$/2, h)]= atomic structure temperature
factor = exp [—8#?8,%(sin%¢/2)/A2] (after Waller and
James!?)

It should be noted that F;(0, k) = F(0, 4). For a plane
wave of electric field intensity T, = 1, which is incident
in the x direction (¢ = 0) and which is scattered by
bound electrons at the origin O, the amplitude f/p of
the scattered wave at P(p,¢) can be written in the gen-
eral form :

Jolp=(Gu/p) (sign cos o) Fr(p/2, h) Ty=1
flp={18 normal to the plane defined by OP and the z axis
Jolp=)Gao/p)(cos @) Fr(e/2, h), Ty=1
is paralled to the plane defined by OP and the z axis

(3.6)

where G, (volts) is independent of the direction ¢, dis-
tance p, and interference of the scattered waves. For

_example, for electronic polarization of the atom,

k=Z,
Gn= (—32/47reomc2ZA) 2 [l—wkz/wz—iZQk/w]"l volts.
k=1

Scattering by Bound Electrons of a Plane Array in Free
Space

Consider now M, scattering centers (atoms or mole-
cules) per unit area arrayed in a single plane of infinite
extent (x=y=tw) in free space at z=0, Let a plane
wave, of electric field intensity T'y=1 and wavelength X,
be incident on the plane array at a grazing angle §. We
shall assume that the spacing d’ between scattering cen-
ters is sufficiently large so that the electrons of a scat-
tering center scatter the incident wavefront indepen-
dently of the electrons in an adjacent scattering center.
This condition is equivalent to the requirement that the
radius of the electron scattering cross-section be much
smaller than the spacing d'/2 projected normal to the
incident wavefront. From Equation 3.2 we therefore
have the condition '

re (32/3)2 << (d'/2) sin i, electronic polarization of
" the atom, w<<w, (3.7)

From Table 3, it is noted that d' > 2.2 X 10~m. The
atoms can therefore be assumed to scatter indepen-
dently of one another provided that the grazing angle
of incidence ¢¥>> 6 X 10~ radians.

Darwin has shown!? that if the plane array is of infi-
nite extent and the scattering centers scatter indepen-
dently of one another, then, if higher order terms are
neglected, the interference of the individual scattered
waves results in a specular scattered wave (—ic)exp
(i2m/A\)(ct — p) in the forward direction and a specular
scattered wave (— { s)exp (2m/N)(ct—p) in a direction
¢ = 2 Yfrom the forward direction. The distance p is
measured from the field point P to the origin of the
plane array. The direction ¢ = 2y corresponds to a
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grazing angle ¢ of reflection equal to the grazing angle
¥ of incidence. According to Darwin, o and s are given
by

o =~ G,F(0, h)(sign cos 0) M,\sin ¢ = G, F(0, h)
M\/sin ¢, [o] << 1

(3.8)

s [Fz(y, ) [F(0, W16 (sign cos 2¢), 3]s, Ti=1
__|is normal to the plane of incidence

"= [Fr(y, B)/F(0, k)15 cos 2y, |8[ul, Ty=1
is parallel to the plane of incidence

(3.9)

where
¥ =¢/2
G is defined by Equation 3.6.

5
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The condition [o| << 1 was not explicitly stated by

Darwin but was implied since ¢ = ® as ¢ = 0. Con-
servation of energy requires that (o], < 1. The ampli-
tude a of the reflected wave in a direction 2  from the
forward direction and the amplitude ¢ of the total trans-
mitted wave in the forward direction were given by
Darwin as a = —i s and t = | + (—ic). The author has
found that retention of the higher order terms, which
Darwin neglected in his Taylor series expansion for p,
(pa is the distance from an individual scattering atom
to the field point P), results in a correction factor for
the scattered forward and reflected waves of exp
[(i2mp/\)(Ag/psin §)*] where g is an unspecified functic
of the angle of incidence y. The scattered waves there-
fore propagate with a velocity which is different from.
the velocity in free space. Another problem with Dar-
win’s expressions for a and t is that ¢ clearly violates the
requirement for conservation of energy if o is real. It
has been arugued'? that o is always complex and |t]
= | because the scattering process is associated with an
absorption loss. This argument is clearly fallacious at
wavelengths far removed from an absorption band. In
an effort to remove these difficulties of Darwin’s ex-
pressions for a and ¢, let

a ='aa exp(iuy=—is exb (i u)
(3.10)
t=1t,exp (i u)

where

a,=—is, |a,] < 1 : :

to = complex amplitude of the total wave transmitted
in the forward direction if there were no refraction
caused by a single plane array in free space; |1, |
= 1.

u = complex phase change, of the reflected and total
forward wave, resulting from the refraction intro-
duced by a single plane array. in free space.

Conservation of energy requires that |a|2+ [¢]2 =< 1.
A more convenient expression for the conservation of
energy is obtained by the use of the complex energy
amplitudes a,? and t,2 If it is assumed that t, is /2 radi-
ans out of phase with a,, then

t2—al=1

3.1
It immediately follows that

o= (1 — s2)112

(3.12)
If o is real, the total wave in the forward direction con-
sists of an unscattered wave and a scattered wave which
are m/2 radians out of phase with each other (see Dar-

win’s expression for ). Conservation of energy requires

20
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that |t/t,| =< 1. This condition is satisfied if the unscat-
tered forward wave has an amplitude t,(1 — o2)'2 and
if the scattered forward wave has an amplitude t,(—ic)
assuming that | ¢ | =< 1. The single-scattering coeffi-
cient ¢ is therefore given by

t= (1 — 32)112[(1 —_ 0.2)1/2 —_ io-]

(3.13)
By comparison of Equations 3.10 and 3.12 with 3.13,
it is noted that exp (i u) = (1 — o2)¥2 — jg. Since the
scattered portion of the forward wave is identical for
normal and parallel polarizations (see Equation 3.6),
o, = op = g. For scattering by a single plane array in
free space, u, = u, = u. However, it will be shown later
that, for scattering by a lattice plahe in a phase-ordered
medium, u, % u,. In order not to confuse the two cases,
let (1 —0*)"2—jo=exp (i u,) where o,=0,= . How-
ever, (1 — ¢®)¥2 — jg = cos(arcsin o) — i sin(arcsin o
) =exp (—i arc sin @) = exp (i u,).
Accordingly,

o =0, = 0p=—sin u,

. (3.14)
An explicit expression for u,, in terms of the scattering

5 from each electron, is determined by noting in Equa-
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tion 3.14 that u, = — ¢ for || << 1. Therefore, from
Equation 3.8, a possible solution for u, is given by

Up = Up=uU=— G, F(0, k) M\/siny

. (3.15)
The parameter ¢ is therefore given by

0 =0, =0, =~ sin u, = sin[G, F(0, ) M\/siny]

(3.16)
From Equation 3.9 and by comparison of Equation
3.16 with Equation 3.8, a possible solution for s is given
by :

FT(w, h)

8= —s8in [un—m)— (sign cos 2|p)] ‘ )
S =
o Fe(y, b) ]
sp=—sin uu*F(O, 3) cos 2y

(3.17)

where u, is given by Equation 3.15. With reference to
Equations 3.10 and 3.12, the single-scattering coeffi-
cients a and ¢ for a single plane array in free space are

given by

s [ua(sign cos 26) (1/Z4) Fr(y, W] exp (iun)
" lay=1 sin [ux (cos 2¢) (1/Z,) Fr(¥, h)]- exp (iup)
(3.18)
t={tn=cos [un(sign cos 2¢) (1/Z2) Fr (¥, b)]- exp (iua)
to=008 [un(cos 2¢) (1/Za) Fx (¢, h)]- exp (tu,)
(3.19)

‘where u = u, = up is given by Equation 3.15. Equations
'3.18 and 3.19 are significant improvements:over Dar-

win’s expressions. They are applicable for any angle of
incidence at any wavelength of the electromagnetic
spectrum (where the recoil of the electron can be ne-
glected). Equations 3.18 and 3.19 exhibit the periodic -
properties which generally characterize the interfer- '
ence of waves.
Scattering by Bound Electrons of a Lattice Plane in a
Phase-Ordered Medium

The single-scattering coefficients a and t for a lattice
plane, in a phase-ordered medium consisting of parallel
lattice planes of separation d (see FIG. 2), are not the
same as for a single plane array in free space because
the function G, is modified when other lattice planes
are brought in close proximity to the single array..
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The modified function G,, for totally constructive in-
terference may be calculated using Clausius-Mosotti,
Lorentz-Lorenz, Onsager, or other mathematical mod-
els of the local polarization fields'®. The modified func-

tion G, for totally constructive interference is related 5
to the permittivity ¢; of a continuous' medium j by*®
&l6=1+ Pi!EoT1= 1+Gy (41r62/w2) N
=1+ (41!'62/(.02) Z} Ns(Gno)s (3'20) 10
8
where .
P; = electronic or atomic polarization of medium j
N = number of scattering electrons per unit volume
N; = number of scattering electrons per unit volume 15

of the oscillator type s
= permittivity of free space
However, the modified function G,, is still not satis-
factory. The modified function G,, does not consider
the interference of the scattered waves since the inter-
ference is generally not totally constructive. Therefore,
the single-scattering coefficients a and t must be modi-
fied by more than simply substituting G,, for G, in
Equations 3.18 and 3.19. Therefore the permittivity €,

given by Equation 3.20 should not be confused with the’

effective permittivity e'; defined by Equation 2.23.
Whereas the permittivity ¢; is the permittivity for a con-

tinuous medium j, €'; considers the actual interference’

of the scattered waves. In this context, the permittivity
€; will be used to characterize the polarization proper-

ties of a continuous medium whereas €'; will refer to thé

effective permittivity of a phase-ordered medium
which is not necessarily continuous. It will be assumed
that the relative permeability uy/u; = 1 so that e/e; =
(vi/vy)? = vi? and €';/e; = (v';)2 The determination of
the single-scattering coefficients a ‘and t for phase-
ordered media now follows.

Consider a wave, of wavelength A (radian frequency
@ = 2mvi/\) which is incident at a grazing angle ¥ at
time ¢t = 0 at the origin of the first lattice plane of me-
dium j (see FIG. 10). If the interference of the waves,
specularly transmitted and reflected by each lattice

plane, were assumed to be totally constructive as in a-

continuous medium, then the wave would travel in time
t the distance p = vyt. The transmitted wave, normalized
to unit amplitude, would therefore be given by
expl[(i27/A)(vit = vip/v))]. If there were no scattering
at all, then the wave would propagate in the forward di-
rection and be given by exp[(i 2m/A)(v¢t — p)]. If the
interference of the specularly scattered waves from
each lattice plane is neglected but not necessarily as-
sumed to be totally constructive, then the transmitted
wave would be given by

(/1) texpl(i 2w/N) vyt — p)] = exp[(iu (r— l)]
expl(i 2w/A)(vit — p)] -

where t/t, = exp (i u) is defined by Equations 3.10 -
3.14 and r—1 is the number of lattice planes which are
penetrated in travelling the distance p. If it is assumed
that r can be propitiously chosen, so that the totally 6
constructive wave can be equated with the wave for
which interference is neglected, then

expliu (r—1 5]exp[(i 2a/A (vt — p) 1= expl(i 2@/N) (vt
= vip/vy)]

3.21)
Solving for u,

u=[2mp(1 — vilv)J/IA(—1)]
(3.22)
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At x-ray wavelengths, the transmitted wave travels al-
most in the forward direction since the index of refrac-
tion is approximately unity and the scattering parame-
ters o and s are very small (= 10-%), Darwin therefore
assumed™ that r—1 = (psiny)/d. However, this assump-
tion is valid only if there were no scattermg at all. In-
stead, the author has found that ~—1 is given by

ra—1=[(p sin ¢} /d][20;/ (v:+2;)],
electric field polarized normal to the plane of
incidence

r=1=tr,—1=[(p sin ¢)/d] [20;/ (: +-2;)]

[2/(24-cos 2¢;—cos 2¢)]
electric field polarized parallel to the plane of
incidence

(3.23)

where (ll, = cos™!(vy™! cos ) = angle of refraction for
continuous media.

Equations 3.23 may be deduced by the following
considerations. If the interference of the scattered
waves were totally constructive, then the transmitted
wave would propagate in the direction ; defined
-above. If the actual interference were considered, then
- the transmitted wave would propagate in the direction

25 "¢y’ given by Equation 2.22. Since the wavé on the left-

‘hand side of Equation 3.21 is constructed by neither
' the actual interference nor the totally constructive in-
i terference of scattered waves, its direction (Y+A¢) in

_travelling a path length p is not known. However, it is

3¢ known thatthe wave's initial velocxty in medium j is v,

-and that its final velocity is v, since it is equated with
"a wave travelling with velocity v,. Therefore the wave’s
final velocity v, relative to its average velocity is
2vy/(v+vy). Let the wave’s direction of propagatxon

35 (Y+Ay,), determined solely by its change in velocxty

-and its initial direction ¥, be specified by the require-
ment that sin (Y+Ad,) — sin ¢ as v, & (viHv)/2
— v;. Accordingly,

sin (Y +A¢c,,) = 2vsin @/ (vy + v))

(3.24)
Setting r,—1 =p sin (w +Ad) / 4, Equatlon 3.23ais ob-~

tained. From Equation 3.6 it is seen that the wave scat-
tered by each electron in the forward direction is iden-

45 tical for normal and parallel polarizations since cos ¢

= 1. For a single plane array, the phase of the total
transmitted wave is independent of polarization (see
Equation 3.19) because the transmitted wave is in the
forward direction. Scattering of the transmitted wave

50 by several lattice planes causes a change in its velocity

with a resultant change in its direction (see Equatlon
3.24). Since the transmitted wave is no longer in the
forward direction and cos ¢ % 1, an additional change
in direction occurs for parallel polarization of the wave.
By analogy with Equation 3.24, let the direction of
propagation (Yt Ay,) for parallel polarlzatlon deter-
mined by its initial direction ¢, its change in velocity, -
and its deviation from unity of cos ¢, be given by

6o Sin (U +A&,) = [sind] [2v/(vetv)) ]{2(cos ¢)/[(cosd), '

+ (cos ¢),11(3.25)

where (cosd), and (cosd); are the initial and final val-
ues of cos ¢. The wave’s initial direction is ¢ and its
final direction is ; since it is equated to a wave for

65 which interference is totally constructive. The final

‘value (cos ¥);= 1 since this is characteristic of a trans-
mitted wave with totally constructive interference. The
initial value (cos ¢); must have the property that (cos
¢); = 1 asy; = . Since ¢ = 2y (see Equation 3.9),
(cos ¢); should also be a function of cos 2y, and cos 2¢.
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A function which satisfies these two requirements is and 3.30 therefore contain higher order corrections to
given by (cos ¢); =1 + cos 2¢;; — cos 2. Substituting the present state of the art of X-ray spectroscopy.
(cos ¢);= 1 and (cos ¢); = 1 + cos 2y; — cos 2y into

3,765,773

. . . T , ~ However, of far greater significance, Equations 3.29
ggzzzigﬁ 3? g; bailslci);::\&l:egd i1 = psin (b7 Ady) /d, P and 3.30 are valid for any angle of incidence and for

Equations 3.23 can also be derived by inductive argu-’ an);] wa:/he length'l Ot;. tt:e le le::tromagnitlc splec:rlcxim
ments independent of the above deductive derivation. (w cre the recotl of the electron can be neglectec ).
For example, it will be shown in Section 4.0 that Equa- Equations 3.29 and 3.30 exhibit periodic properties

previously unreported for scattering of electromagnetic
waves in phase-ordered media. From Equations 3.29
and 3.30 for normal polarization, it is noted that total

tion 2.14 satisfys conservation of energy requirements

and reduces to Fresnel’s reflection coefficients, for nor- 10
mal and parallel polarizations, as the spacing d between . — —
lattice planes approaches zero, provided that the values reflection occurs for &(1/Z,)Fr(¥h) = £ (2M+1)m/2,

. . . .. M =0, 1, 2, ... Total transmission occurs for a(l-
of r given by Equation 3.23 are used in deriving a and 1Z)Fe(Y,h) += Ma, M=0, 1, 2 With the excep-
t. il — 1 ’ s 1y Ly oees

tion of the factor (1/Z,)F(,h), which accounts for
the interference of waves scattered by the electrons
comprising a single scattering center (atom, molecule, v

The single-scattering coefficients a and ¢ for a lattice 15
plane in phase-ordered media are determined by solv-
ing for u and substituting u into Equations 3.16 - 3.19.

L . . . : or unit cell of a crystal), these conditions agree with
Sybsn;utmg Equations 3.23 into Equation 3.22, u is those given by Equations 2.5 and 2.6 for total reflection
given by

L 20 and total transmission respectively. Neither Equations
a=27d(1—v;2)/(2A sin ¢) =2 3.29 and 3.30 nor Equations 2.5 and 2.6 consider the

u={up=2rd(1—v;?) (sin? Y+uv;? cos? ¥) /(2 sin ¢) multiple scattering of the waves scattered by every lat-.
=u(sin? y+v;72 cos? ¢) tice plane of the medium. A more complete treatment
(3.26) of the properties of reflection and transmission in
where T T T T T e 25 pl;lase-ord;arecli media is given in t:e fgllowing section
. ; . ; ) where multiple scattering is considered.
= phase ;;f:;;’;fﬁgiﬁ“gfczif%f‘°" 23andde- | ) REFLECTION AND TRANSMISSION IN SEML
2 2 _ + UNBOUNDED MEDIA

Vi = (vilvy)® = el ‘ R - , _ E :
sin®+vy~%cos®y = 1 + (1/2)(cos 2¢—cos 24) The complete quantitative description of steady-state
Substituting Equation 3.26a into Equation 3.14, o is 30 electromagnetic waves in phase-ordered, semi-
given by unbounded media is determined by substitution of the

single-scattering coefficients a and 1, given by Equa-

tions 3.29 and 3.30, into Equations 2.10 - 2.14. The
(3.27) secondary refractive parameters are determined by
Substituting Equation 3.26 into an equation analogous 35 substitution of Equations 3.29 and 3.30 into Equations
to that of Equation 3.17, 2.15-2.23.

o [ts(1/Z0) Fx (¥, B)]=—sin [u(1/Z,) Fx(¥, )]
8= —8in [un(—1) (cos 2¢) (1/Z4) Fx (¢, k) 1= —sin [u(sin? ¢ —v;i~2 cos? ) (1/Z2) Fr(¥, k)] (3.28)

o =0, =0,==S8in i, =—sin i

where It is convenient to define the parameter U by
cos ¢ = cos 2¢ = (cos 2¢irtcos 2¢)/2 = —sin2y+ v, A, o T e
cods>2\[1 b=t vt v ARG U={Un=un(1/ZA)FT('//,h)
sign s has been chosen so that s, = s, for normal inci- Up=1un(sin? ¢ —v; cos? ) (1/Z,) Fr(y,h)
dence and so that the reflected electric field inten- 45 (4.1)

sity is positive in the same direction as the incident where uy is given by Equation 3.26a. The quantity 4 of

el'ectric field in.tensity. ' . Equation 2.10 reduces to .
Substituting Equation 3.28 into Equations 3.10 and eI

3.12, the single-scattering coefficients a and ¢ for a lat- A={An=cos(V—un)/cos U. ‘
tice plane in phase-ordered media are given by 50 Ap=cos(V—up)/cos U, (4.2)

=1 8in [ua (1/Z2) Fr (¢, h)]-exp (fun)
=t sin [4(1/Z4) Fr (¥, k)]-exp (3u)

ap=1 sin [un(—1) (cos 2¢) (1/Z,)Fr (¥, h)]-exp (dup)
=1 sin [%(sin2 Y—vy~2 cos? ¥) (1/Z4) Fr (¢, B)]-exp [Tu(sin? ¢ +0,72 cos? ¢) | " (3.29)

ta==00s [Un(1/Z4) F1 (¢, h)]-exp (fun)
=cos [« (1/Z4) Fr(y, h)]-exp (i)

to=008 [ua(—1) (cos 2¢) (1/Z,) Fx (¥, h)]-exp (fuy)

=cos [#(sin? Y—v;72 cos? ¥) (1/Za) Fr(¥, h)J-exp i (sin? ¢+o;2 cos? ¥)] - (3.30)
* Equations 3.29 and 3.30 should be compared with  where V, u, and U are given by Equations 2.1, 3.26,and
Darwin’s single-scattering coefficients at x-ray wave- 4.1 respectively. The multiple-scattering amplitude
lengths, namely? delay coefficient X, defined by Equation 2.11 reduces
to . : o e
a,,,=a,p/cos 2¢=ii(l/zA)FT(¢,h) vam1 65 ' X =COS(V"’_un) [COSZ(V_'un) 1]1/2’ |X ,<1 .
ta=t,=1+4z PEEE (3031 x| cosTn cos? U, 0>
At x-ray wavelengths, v; = 1 for all media. Equations e _cos(V—uy,) i[cosz( V—up) 1]1/2’ X, <1
3.29 and 3.30 reduce to Equations 3.31 if terms of: " cos U, " cost U, P =

higher order than (1—v,) are ignored. Equations 3.29 (4.3)
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where V, u, and U are given by Equations 2.1, 3.26, ahd‘
4.1 respectively. The muitiple-scattering reflection co-
efficient §,/T;, given by Equation 2.14, reductes to

2 sin Ua- exp (dun)
1— X, cos Un: exp [—2(V—um)]

2sin U, exp (7uy,)
—X,cos Uy exp [—2(V— up)]

(4.4)

In Equatlon 4.4, the reflected electric field | mtensny S,
is positive for the same direction as the incident electric

(SI/ Tl)n=
8y/Ty=

(SI/Tl)p—-

field intensity T;. Equations 4.3 and 4.4 determine the
properties of steady-state electromagnetic waves in
phase-ordered, semi-unbounded discrete media subject
to the following conditions:

1. The recoil of the electrons is negligible.

2. The scattering cross-section of each electron is suf-
ficiently small so that the mutual interactions between
neighboring atoms in any lattice ‘plane are negligible.

3. Pertubations or changes in the quantum sates of
the medium are negligible.

4. The relative permeability p;/u, = 1.

The coefficients §,/T; and X are functions of the
physical parameters d/A, ¥, vy, and (1/Z)F($,h). A
complete quantitative description of electromagnetic
waves in phase-ordered, semi-unbounded media is ob-
tained by evaluating Equations 4.3 and 4.4 for all possi-
ble combinations and values of the physical parame-
ters. In this section, each of the followmg cases will be
considered separately:

1. vy is real

2.V >> 1, |als<i

3.V<< 1,0 = |U| <=

4.0 s V<o, |0 << 1

5.0 < V<»,0< |i]| <=
Case 1 includes the general conditions for total reflec-
tion and total transmission in dielectrics with zero ab-
sorption loss. Case 2 includes the special case of con-

. tinuous media and is applicable to most electromag-

netic wave-interactions. Case 3 is applicable to very
low grazing angles of incidence and to the propagation
in metals. Case 4 includes the case of Bragg reflection
at x-ray wavelengths. Case 5 considers cases not in-
cluded by Cases 2-4.
vy is real :

Consider a wavelength A sufﬁcxently far removed
from an absorption band so that v, = ¢/¢; is a real
quantity. Media, characterized by Im v, = 0, shall be

. referred to as “dielectrics.” The reflection coefficient

$,/Ty and the amplitude delay coefficient X are now de-
termined for dielectrics.
First, it will be shown that

1S/Ty|2 =1, cos?(V—u)/cos?U = 1, vy real

(4.5)
where it is understood-that V, u, and U are given by
Equations 2.1, 3.26, and 4.1 respectively. For the con-
ditions of Equation 4.5, Equation 4.3 reduces to

X real, —1 X = 1, cos*(V—u)/cos®U

-

=

=

=

1, vy real

(4.6)

Subsututmg the conditions of Equation 4.6 into Equa-

- tion 4.4, ] $4/T} 2 = sin2U/ |1 — exp[—i(V—u)]-(cosU) X

|2 = sin2U/sin?U = 1. The most general conditions for
total reflection in dielectrics are therefore given by
Equation 4.5. Equation 4.5 includes the cases of total
internal reflection at the angle . (see discussion for V
<< 1,f@] << 1), Bragg reflection at x-ray wavelengths
(see discussion for ¥V = N, |iT| << 1), and the.case
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qualitatively given by Equation 2.5 for low grazing an-
gles of incidence (see discussion for ¥V << 1,0 = | @
| <o),

It follows from Equation 4.5 that

[$1/Th) % < 1, cos?(V—u)/costU < 1, vy real

4.7)
For the conditions of Equation 4.7, Equation 4.3 re-
duces to

X complex, | X | =1, cos¥ V—u)/coszU < 1, vy real

(4.8)
For the conditions of Equation 4.8, the values of X are
confined to the perimeter of the unit circle in the com-
plex X plane. Substituting Equation 4.3 into Equation
4.4, the intensity of the reflection coefﬁcxent with or
without absorpuon
loss, is given by

|84/ T\ 2=

_ sin U 2
sin (V—u) Fleos? U—cos? (V—u)]12

(4.9a)

“where it is understood that the ¥ roots of Equation 4.94

correspond to the = roots of Equation 4.3, the choice
of sign being determined by the requirement S,/T,[
< 1. For vy real, Equation 4.9a reduces to

T84/T¢]2= (sin Ufsin(¥V—u) F {cos?U — cos?(V—u)]1/2)?

, vy real
(4.9b)
With reference to Equation 4.95,
. P — sin U 2
0o P TP=rsm =1 =0 10

The necessary and sufficient condition for zero reflec-
tion (total transmission) in phase-ordered dielectrics is
therefore given by

U=Uy=MrM=0,£1,£2,...
0

., vyreal, §4/T, =

(4.11)
where U is given by Equation 4.1. For zero reflection,
Equation 4.3 reduces to :

X =exp[=i(V-u)], $;/T, =0

(4.12)
Equation 4.11 includes the cases v, = 1, Brewster's

_angle for parallel polarization (see discussion for ¥ <<

50

55

65

1,]@] << 1), and the case qualitatively given by Equa-
tion 2.6 for low grazing angles of incidence (see discus-
sion for ¥V << 1,0 <] @|<w).

The allowable values of the transmission X in phase-
ordered dielectrics are plotted in the complex X plane
in FIG. 8a. The values of X is specified by the vector

drawn from the origin O to a point on the plot. The vec-

tor X for phase-ordered media’ generally traverses an
infinite number of cycles about the path shown in FIG.
8b as the grazing angle of incidence is varied from 0 to
/2.
V<<, |u| << 1

Most electromagnetic wave-interactions, excluding
near-zero grazing angles of incidence, Bragg reflection
at x-ray wavelengths, and propagation in metals, are
characterized by the joint phase conditions

v<<i,lal <<1

(4.13)
where V and u are defined by Equations 2.1 and 2.3 re-
spectively. These conditions include the special case of
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totally constructive interference in continuous media
defined by

V=u=0

(4.14)

Present electromagnetic theory 2+, with the exception

of theories describing Bragg reﬂectlon at x-ray

wavelengths' ', is based on Conditions 4.14. In this

sub-section, the relatively small corrections introduced
by Conditions 4.13 are considered.

For ¥V << 1, the normalized average intensity of the
atomic structure factor reduces to

5

10

F2(,n)F(0,h) = (1/Z,)*F*(y,h) expl—2M(Y,h)]=

(1 — R?R2[3}(1—2M7)

= 1~ (V3@ (2R+68,1,,)> = 1 — (V¥/3)(2Ryr/d)2, V
<< ]

(4.15)
where

R, = electronic radius of gyration!® of a particle
(atom, molecule, or unit cell) at rest about its elec-
tronic center of mass = root mean squared orbital
radius of the electrons comprising the particle at
rest. If d is the spacing between particles, then
2R,/d = 1.If d is the spacing between particles in
amorphous media (see Equation 2.7), then R, =
(d/2)(2/5)*% assuming as a first approximation that

the electron density is uniform in a sphere of radius-

d/2. For continuous media, 2R,/d = 1.

Mz(,h) = 8a% 8,3(sin*P)/A2 = 2 V2 8,/ (see Equa-

tion 3.5)

8rms = (872 = root mean square displacement of
the particle in thermal agitation above and below
its -average position in the atomic plane under con-
sideration.

Ror = Ro(1 + 3 8,,/R,) = electronic radius of gyra-
tion of a particle in thermal agitation. For a solid
at room temperature, R,y = R,. For a gas, R,y =
R,+3d. (see discussion following Equation 2.7).

For purposes of simplifying the equations which are

to follow for Conditions 4.13, it is convenient to.define

the following parameters:

('Yit )D

Q=2TV =2 udV = (1=vg?)/sin®>

Q. = (2 B/V)(sin?Yrtvy~2cost) = (2 un/ V) (upfun) =
(1=v2)(1+vy~3cot?y)
. (4 16)
Q- = (2u/V)(sin*y—vy *cos’y) = (2!4../V)(Up/U )—- :
(1=vi#)(1—vy~%cot?y) .
where « and U are given by Equations 3.26 and 4. It re-
spectively. Equations 4.16 satisfy the xdentlty ’
(1-Q.2P2=1—-Q+ Q%4 :
C@an

For Conditions 4.13 and with the use of Equations
4.15-4.17, the parameter A of Equation 4.2 reduces to

A= (1= (1/2)(V=u)?+ (1/28)(V=u) = ol | = (1/2) U
+ (1/24)U% - -

=1 = (1/2)(V=u)® + (124 V-u)* | + (1/2)?* +
(5124)U?

=1 — (122)(V=u)® + (1/2)1* + (124)(V~u)* +
(5/24)U* —= (1/4)UH(V—u)? + ...

5

20

e - . 38 . - .
A=1+(1/2) V2(Q—1)
+(1724) V' (Q—1) (@—1+@) — Q2 (2R,r/d)?]
A=1+4(1/2) V2(Q—1)
+(1/24) V(@—1) (@—1+Q-2) —Q_2(2R,1/d)?]
(4.18)

where terms contammg factors of hlgher order than
(2md/\)* have been neglected. For Conditions 4.13, it
is noted from Equation 4.18 that [4—1]| << 1.

However, for |4A—1] << 1, the transmission X of Equa-
tions 2.11 reduce to

X=A— (A" =1+(1/2) 2 (4~1) — (2(4-1)[1
+ (4—1)/2]} 12
=1 = [2(4-D)]"2 + (1/2) 2(4-1) —
(1/8)2(A_—-1)[2(A—1)]

~exp—[2(A—D)I2 4 (1/26)2(A—1)[2(A—1)pe
=~exp {—[2(A-D]2[1—(1/24)2(A—-1)]} | A—-1|<<1
(4.19)

Substltutmg Equatxon 4 18 mto Equatlon 4.19,

Xp=exp [—V{(@—-1)[1+(V?/12) (@— 1+Q2)]
— (V?/12) @*(2Ror/d)?}2{1— (V?/24) (Q—1)}]

2 =\ X, mexp [— VH@—D)[1+(V/12) (@—1+Q.9)]
— (V312 Q2 (2 Rex/d) (1 — (V3/24) (@—1)}]
Xamexp [<VI(Q=D (V2012
~ (V3/12) @ (2 Ror/d) _
_ , V<<l, 1
30 ¥\ X, mexp |—VIQ—D (14 rQzy T <D IS
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_ 2 27172
(V?/12) Q-2(2R,1/d)*)} (4.20)
‘where terms containing factors of hlgher order than
(27d/\)* have been neglected. With reference to FIG.
8a and Equation 4.20, the only allowable values of X,
for Conditions 4.13 and Im v, = 0, are those which are
on the real axis or on the unit circle in the vicinity of
X=1. For Conditions 4.13 and Im vy % 0, the allow-
able values of X in the complex X plane are within the
unit circle in the- vicinity of X=1. )
Substituting Equation 4.20 into Equation 2.16, the
effective propagation constant y;,’ in the direction of
the Z axis in the medium j is given by

(') o= (VI [(@—1) (14 V2QH/12) — (VO/2) G G oy I
{ (VId)[(@—1) (1+ V2Q_3/12) — (V¥/12) Q22 Rygjdyp ¥ <<V [Hl<<1

(4.21)
By definition of ', it should follow that

lim v =yp=
d-0

propagation constant in the direction of the z axis in
a continuous medium j.
From Equation 4, 21

llm_‘/;.,_:n—(_V/d) (Q-nw T T -
-0 -—(21r/)\) sin ¢[(1/sin? ¥) (L—uyt) — 1]
—~(121r’/7\) 8in ¥ =7is

(4.22) .

_ where

sinyy = (1 — v 2cos?P) 2 = Snell s law for the angle

y; of refraction in continuous media (see FIG, 2b).

To the best of the author's knowledge, Equation 4,22

marks the first time that Snell’s law of refraction has

been formally derived from the interference of waves

scattered by each electron. Substituting Equation 4.22
into Equatxon 4.21,
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oyt {(Y,Z Ja=

el 1 (VAQ12) (1 — 2R/ (Q— D]

40

(vis )p=75{1+ (V2Q_2/12) [1— (2Ror/d)?/(Q—1) ]} 2

" The effective secondary parameters v;', vy, cosyy’,

and €; are determined by substitution of Equation

4.20 into Equations 2.21-2.23. Accordingly,

AA‘!“ = ’ COS('!IJ’),, -

(4.23)

Ppropagation, ('), — (¥'), = Ay, is given by
cos(y"), | / sindy; = cotyfs, | (vy')u —

(v Dol Ivigs AP<<1 (4.27)

,Yi,={(‘>’i')n=

(v )= {1-[(V2Q~

tinuous medium j.
vif'Ivy = (cosy’fcosy) ™! = (e /e)) 2 = yy'ly;

(4.25)

TV s 9 1201 [Q—1— (2Ronfd)? ]}
2 sin? ) /12037] [Q— 1— (2Rr/d) 21112

» V<1, [uj<<t
(4.24)

where ;== (i 2m/\)vy = propagation constant in a con- |5 Substltutmg into Equations 4.26 and 4.27 for the above

example,

[(viy o= v’ )allvy=2.34 X 1074% and Ay = 4.43
X107 radians. This result should be compared to the

The secondary parameters differ from those for con- 20 birefringence of crystalline quartz whose anisotropy

tinuous media by the percentage deviation given by

[(vi)e — (vydo)/viy = 0.6% where E and O refer to

(v’ =73 vi=(wss’ ”11)/’)11— (cos ¢’ —cos ¢;) [eos ¢;

{[(‘Y: Ya—vil/vi=[(V?@? sin? ¥)/240;2] [Q—1— (2Ror/d)?]
i) o— il =1 (V2Q2 sin? ¢) /240:2] [Q—1— (2Ror/d)?)’

The minimum percentage deviation occurs at normal
incidence (Y=w/2) for v;;>>1 and at an angle ¢ =sin™![-
1—v i #/1+(2R,7/d)?] for vy < 1. At grazing angles of in-
cidence characterized by sin*§<|(1—v;?)/ 14+(2R;7/d)?
|, the percentage deviation increases with decreasing
grazing angles of incidence and is given by Equation

4.26 until the condition | #[ << 1 is no longer satisfied. 35

For visible radiation, of wavelength A =5 X 107"m in

free space, which is incident on fused quartz [d =4.9

X 10-1%m, vy=1.5, 2R,r/d)2~=2/5] at normal inci-
dence, the percentage deviation|[(y,’ — ¥)/v;ll= 2.9 X

107%%. If the lattice spacing d is increased by a factor 49

of 20 (as might occur in a dilute liquid solution), then
for the same conditions and dielectric properties as the
previous example, the percentage deviation at normal
incidence is 0.1 percent. To the best of the author’s

knowledge, Equation 4.26 marks the first time that the 45

error, caused by the substitution of Conditions 4.14 for
Conditions 4.13 has been calculated. It should be noted
“that every phase-ordered medium exhibits frequency
dispersion even if the relative phase velocity vy is a real
constant, unless the medium is continuous.

Discrete, phase-ordered media are birefringent (dou-
ble-refracting) because the normal and parallel compo-
nents of polarization have different velocities and dif-
ferent directions of propagation as shown by Equation

V<1, |#l<<1
(4.26)

directions perpendicular and parallel to the optic axis?!,
o For the same radiation incident on crystalline quartz at
an angle /4 radians with respect to the optic axis of
the crystal, Ay = 6.8 X 1073 radians. The phase shift A¢
between the two orthogonal components of
polarization per unit path length L is given by

AGIL = 27N | (viy' D — (Vi D]
{ 4.28)

For the preceding examples for fused quartz and crys-

talline quartz, A@¢/L = 0.37 radians/cm and 1.1 X 103
radians/cm respectively. The birefringence of fused

.quartz is therefore small compared to crystalline

quartz. Nevertheless, the birefringence of amorphous,
phase-ordered materials may find application when an-
isotropic materials are not available.

The reflection coefficient S,/T, for Conditions 4.13
may be determined directly, without the use of second-
ary parameters, by substituting Equation 4.20 into
Equatlon 4.4 and expandmg sinU, cosU, and exp[—i(-

4.26. For example, consider visible radiation of wave- ' s5 V—u)] in a Taylor series expansion. Since the denomi-

length A = 5§ X 107"m which is incident at a grazing
angle y=n/4 radians on fused quartz of the previous ex-
ample. Fused quartz is generally considered not to be

birefringent. However, according to the above theory, .

nator of Equation 4.4 involves the difference of two
quantities which are approximately unity for Condi-

‘tions 4.13, it is important that terms of the order of

(27d/\)? or larger be retained for accurate results. Sub-

the incident beam should separate into two orthogo- 60 stituting Equation 4.20 and the Taylor series expan-

nally polarized beams whose difference in directions of

sions into Equation 4.4,

(84/Ty)am #(Ua—

U2/6)[1 +1ua

- (1/2) u? — $143/6]

8/ Ty=
(84/T1)p=

1— (1—-U2/2) (1 —i(V—ua) — (1/2) (V — )2+ (4/6) (V —%a)?] Xa
P(Up— Up3/6) [1 4 dup— (1/2) ug? —4u,’/6]

y V<1, |3/«

1—(1=U2)[1— (¥ —up) — (1/2) (V —1)% + (3/6) (V —,)%] X,

(4.29)
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where X, and X, are the Taylor series ekbahéions of
Equation 4.20.

tiplying the numerator-and denominator by

42

The last step of Equation 4.30a was obtained by mul-
1=

Definition of Equation 4.30

2,
it v (pa)

S Q
g_l’f’(l) )n WV (1—-Q)12+i(V—p) (2) [1V(1Q)1/2+1(V )] T20—-Q)+2—Q

Q ol —(1—@)v2]

_en—Qa-—)e]

TAFA—QvR

A—(1—@) smw sin y— (sin? y—1-40;;)12 _ sin ¥ — v”(l—

O+ 0—@pi—T—Q)

Q1+ (1)1

cos? Y\
Vs

T+ A-Q) A siny sin gt (sin? y—1-1vy5)

__sin ¢—uy; sin ¢y
" sin Yoy sin ¥

. 2 (sin? v;;2 cos?
lim Fn( Y— ij tﬁ)

2 4
sin ¥4 (1——9%%!)}
ij

2 . 2
W Hn (sm2 !l/—ﬂs—,_—zi)

(),

TWA-Q RV —w)

Q (sin2 ‘p__coszz ll[/)
. Uy

a—0

[ZV(I—Q)1/2+1(V—;I-D)]

cos? ¢

20-@u+2-Q (sim 9+,

sin? Yy —u;? sin? Yy—

)=sin2 v[20-0m+2—q (sim y+257)]

gos? ‘p—I-cosz ¥

2 sin ¢ (sin? y—14-;2) /242 sin2 ¥—s sin? ;b—i—v,,? sin2 xp—ﬂ—kcos” ¥

sin? ¢;—u;;? sin? ¢

__(sin ¢;—v;; sin 'lf) (sin ¥;+vy; sin ¢)

T 2y;; sin ¢-sin g;sin? Y tsind gy o sin? ¢
_sin yj—uwy; sin ¢
sin ¢ty sin ¢

 Equation 4.29 gives the reflection coefficient for

phase-ordered, semi-unbounded media subject to Con-

ditions 4.13. An essential property of Equation 4.29 is

that it must reduce to Fresnel’s formulae for Conditions
-4.14, In other words, it is essential that

lim 8/T'=8/T
d-0

“where S and T are defined in FIG. 2b for continuous
media. A close examination of Equation 4.29 reveals
- that the factor (27d/A) is common to both numerator

sin ¥;+vy sin )2

(I—vi2)/sin?y ]2} whereas for Equation 4.30b the
numerator and denominator were. divided by [(1—
vi~2costp) 2y sin]. It should be immediately recog-

" nized that Equation 4.30 is Fresnel’s formulae for the

40

reflection coefficient in continuous media?® where vy =
(e;/€)"V2 for uy/m;= 1. To the best of the author’s knowl-
edge, Equation 4.30 marks the first time that Fresnel’s

' formulae have been formally derived from the interfer-

45

ence of waves scattered by each electron of the me-
dium.

_Substituting the conditions ¥ << 1, |B[<< | into
Equation 4.5, total reflection occurs for [(V—u)/U1}?
< 1. For these conditions,

= 2 )11 (V2/3 2R°. d 3 1“
UV —u)/Uk= {[[((1’; Z:))égp]]: [(1—Q/2) /Q/2)F[1— (V?/3) (2R,r/d)?]

“and denominator. “Therefore, E{]ﬁaildh '4.29 should re-

[(1—Q4/2)/(Q_/2)P[1— (V¥/3) (2R°T/d>=1-1} si
(4.31a) .

The ‘above inequality is satisfied by only the positive

- duce to Fresnel’s formulae if terms of higher order than 35 root for normal polarization and by only the negative

(2md/A) are discarded. Accordingly,

root for parallel polarization. Accordingly, the .effec-

'I/Mn

(8/T)a=>

sin ¢ —uy; sin ¢

1 i2
éi_’f}) (84/T) = TV (1—@)124-3(V—un)

Q -
T2(-Q)A+2-Q"
Q-

sin ¢ vy; 8in Y
sin ¢;—oy sin ¢

iy (Sin? Y—v;;~2 cos? )
(8/T)p= W —Q)BE5(V—up)

where

lim V=lim u»=0.
d-0 d-0

T2(1—Q)"»F2—Q.  sin y; vy sin ¢

(4’.30)

65 “tive critical angle .’ for total internal reflection is

. given by

sin |[1n'={

Sin (' )am[sin oIl — (V2/24) (2Ruz)d)7]
sin. (') p=[sin .11 — (V2/24) (cost po) (2 Rar/d)?]

V<<, lul<<1
(4.31b)
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‘where 7 From Equation 4.35,

<0, sin ¢y <sin (¢.')s, v5; complex, v;; <1
(81 T1)ul2— | (S/T)af2{ =0, sin ¢ <sin (Yo’ )n, v3; real, v;; <1 V<<1, |uj<<1
>0, sin y>sin (o' )y or v/ >1 '

(4.36)
sing, = (1—v )12 v,/ <1, = critical angle for contm-v The percentage difference of the reflected intensities,
uous media for radiation of wavelength A= 15 X 10~"m at normal in-
Ve = (2md/]) siny, " 10 cidence on fused quartz is .
[SUTd2=1,sin ¢ < sing,’ (For Condmons 4.13 oo — N
only) T 51/7'112 IS/TIZ]/IS/le = 4 (vy' “Vu)/(vuz—l)— L 4 ,
If sini.’ = sin(¢; + ~Y,) is expanded for A, << 1, then X 1073, :
’ ‘bc')n:‘}"e'— (V02/24) (tan ‘pc) (212(:T/d)2 bvs
W=t (o) Cam v (oom 3 Rgirs V<L JBIS<1
_ (4. 32)
The effective critical angle ¢, has a weak dependency Consider now x- -ray radiation incident, at grazing an-
upon the atomic structure factor. The condition for  gles less than or equal to the effective critical angle
total internal reflection, given by Equation 4.31, is a. 20 (4s,’); , on materials such as those in Table 1.
special case of a more general condition (Equation 4.5) " At x-ray wavelengths, the relative velocity vy = vi/v; in
for total reflection. . ‘continuous media is given by
Substituting Conditions 4.13 into Equation 4.11,
total transmission occurs for U= 0 corresponding to M T v _ (1 —8)— i;é !
= 0. With reference to Equation 4.1, this condmon re- 25 u
duces to . (4.37)
81/ Ty=0, {v,,—l ixormal and parallel polanzatxon V<<, |§|<<1
lﬁ cot 1”11—¢Brewster
(4.83)
‘The condition vy= 1 is the case of an unbounded me- - -where T
dium with no interfaces. The condition § = cot v, is e e e e e
Brewster’s angle for zero reflection of electromagnetic’ &= unit decrement of the index of refraction (8§ <<
waves whose electric field is polarized parallel to the: 35 1) e
_plane of incidence®. Brewster’s condition is a special B = absorption index
case of a more general condition, (Equation’ 4 11) for'_ - singe = [1~(Re vy)?]'* = (25)12
total transmission. : : B/8 = absorption ratio

Tt is of interest to compare the reﬂecnon coefficient 40
§,/Ty, given by Equation 4.29 for Conditions 4.13, to At the critical angle (¢’ )n given by Equation 4.31a,
- the réﬂection coefficient S/T, given by Equation 4.30 Equatlon 4.35 reduces to

—%(3/3)[1+(Vu’/12)—(V /12) (ZRoT/d)"’]

!
= L o) [T+ (Vori2) — (Va/i2) (@RarjdT] ¥~ (e ) BB<<1, 8<<1, Vel
(4.38)
for Conditions 4.14. Equation 4.29 can be expressed in It is noted from Equation 4.38 that the effective ab-
"a form analogous to that of Equation 4.30, namely sorption ratio (8/8),' has increased to.an amount given
: : 50 by (B/8)y' = (B/8) {1 + (VA12)[1=(2Rer 1)?11, ¥ =
sin y— (') n sin (Y')a ¢ of |
- (84/Th)a= ¢+w;,)nsm w:,) W m BB << 1,8 << 1,V << 1, (4.39)
V= (84/Tp), =52 (@) p— (0y')p sin ¢ . At lower grazing angles of incidence, the effective ab-

sin (¥y")p+ (0y')p sin ¢ (4.34) sorption ratio is larger and is given by

. (14 (V/12) (3 sin? yufsind ¢) —2[ + (2Rer/d)]) _
(B = (o) | TF (V/12) (I gfoic? §) —[LF 2Ronf)T) }’3/5«1' b<<l, V<<, Juj<<t

(4.40)

"where v, = (€//€)"% and ;' are given by Equations 60 The effective absorption ratio in discrete media relative,
- 4.24 and 4.25 for Conditions 4.13. Equation 4.34 isex-" to that in continuous media is tabulated in Table 4 for
pressed in terms of the effective refractive parameters. some solid materials at x-ray wavelengths. Table 4 is
corresponding to those defined in FIG. 10c. In comput- consistent with the long-standing anomaly in x-ray

ing S,/T, for Conditions 4.13, Equations 4.29 and 4.34
give identical results. For-normal polarization, Equa- 65 .
tions 4.29 and 4.34 are given explicitly by ‘

physics?® *2 that the measured absorption ratio is sev-
“eral per cent more than the calculated

(84/ Ty o L= L@=1) (L-+V2Q12) — (VIQ12) (2 Ren/dyr}e
PRSI (TF VQY12) — (VIQY12) (2 Rur/d)iTTR

V<<l, juj<<1
- (4.35)
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TAB(I),E\i.—ﬁ)milm;lli;ﬁ_EgFEngg(;ﬁggg}?ﬂf&ﬁ%;h}gg' and corresponds to total transmission for either Condi-
f\l\!r if.‘é‘k’&ﬂ?&é‘l,ﬁTéTﬁ’sF ) MATERIALS tions 4.13 or the more restrictive Conditions 4.14 for

[816)185)] ) ~ continuous media. For normal polarization, Equation .
n . . . . . .
4.42b is identical to the qualitative results derived ear-

(Sing)i(sins) '5 lier (see Equation 2.6). The propagation of electro-
Material L el Yo magnetic waves at low grazing angles of incidence is a
L 00009 0 L g1 strong func}ion of the polarization of the waves since
1.00093  *1.0188 170 SIn(Ppa)a/sin(Wpur), = vi2, M X 0.
L ggggg’ :i:gggg :i: f{g . The general conditions for total reflection, subject to'

10 Conditions 4.41, are determined from Equations 4.5

* Estimate only because the condition (@1 is not satisfied. and 4.15 which reduCe, without approximation, to the

XTI LR 0 00 s o condions

_ (V/2)[1+ (V?/12) (2Ror/d)?]
absorption ratio based on Fresnel's reflection coeffi- 15 + M Sun < (V/2)[1+ (V2/12) (2R a7 L
cient for continuous media. A more complete discus- ~ +(2M+1)7/2, M=0, +1, 2, ... normal polarization
sion of this anomaly is given in the following sub- (4.43)
section. . (VI2)[1+ (V20,4/12) (2Ror/d)?]

© e e T s g TMa<un (cos? ¢) o < (V/2) [14 (V2oy/12) (2Rqr/d)?)
V<<1,0 << : _ s
+@2MA1)7/2, M=0, 41, +2.. -» parallel polarization
In the previous sub-section, the substitution of Con- o o N R
ditions 4.13 for Conditions 4.14 led to relatively small Equations 4.43 reduce to the following conditions for
deviations of the reflected and transmitted radiation.  total reflection:

M o { 1+ (V./12) (2Ror/d)? <sin? go/sin? g1+ (n/ V)% normal polarization }
T 1+ (V2/12) (cost Yo) (2R,1/d)2 < tan? y,/tan? YS14+[(7 cos ¢,)/ VI, parallel polarization .

from that predicted by existing theory for continuous where (2V./m)* << 1 (normal polarization) and
media. Consider now the more general conditions 30 (2Ve/mvy)? << 1 (parallel polarization) (4.43q)

—A;:;;l :;2 o {1+(2M7r/V°)2,$ (1—;):,2)/81_112 ¢Sl +[(2M +1)7/V, ]}, normal polarization
T+ T 14 (M V)2 S (1—vi?) Jv;;? tan? ¢ S1-+[(2M+ 1) w0/ V,}%, parallel polarization

V<< 1,0 SIEI<< © where (V2/12)(2Rp/d)? << 1, 2V /2M+1)r R << |
(normal polarization) and (V.2/12)(2R,/d)? << 1,
[2V/(2M+1)mvy)?. << | (parallel polarization).
(4.43b) The left-hand boundary of Equation 4.43a was

. (4.41)
For Conditions 4.41, the reflected and transmitted ra-

diation can differ appreciably from that for continuous, 40 derived earlier for Conditions 4.13 (see Equation

media. v 4.31). The right-hand boundary of Equation 4,434
From Equations 4.11 and 4.15, the angles W, for  indicates that total reflection does not occur at all graz-
total transmission are determined exactly by the condi- ing angles less than the critical angle ¢, for the case v,
tions . 45 < 1. Equation 4.43b indicates that in phase-ordered
T e e o * " media there are periodic regions of total reflection re-
(Us.a)n = (2md/\)(1/sing) (1/2)(1—v,?) gardless of whether vy < 1 or v, > 1. Equations4.43
[1=(V?/6)(2Ror/d)?] = Mm -+ differ in an important respect from the qualitative re-
(Usa)p = (2md/N)(1/sing)(1/2)(1—v,2)(sin®y — vy =, sults derived earlier (see Equation 2.5). The qualitative
cosY)[1—(V?/6)(2R,r/d)? J= MeM=0,% 1, + 2, + 3, 5o theory predicted that total reflection should occur at
..... (4.42) ' discrete angles Y,y of zero bandwidth. The quantita-
Definine V. = (3main 1y vz g oo - tive theory shows that total reflection occurs in discrete
Defining V. = (2md/A)(1-v4?)'2, Equations 4.42 re- angular bands whose bandwidths inciude the discrete
duce to ‘ angles Yiq.y.

(¥r,0) p=V¥Brewster =COt1y;;

(x/rb,o):ivs" not defined
M=0 .
vi; =1 (normal and parallel polarizations) ) (4.42a)

Mes1 42 {(l-vu?)/sinz (¥, M)a= (2Mx/V,)? (normal polarization)
’ T L (A —wi?) fuy? tan? (b, M) p= (2M7vy/ V)2 (parallel polar).

(4.42b)

where (Ve?/12)(2Ryr/d)*(V/Mm)? << 1 (normal po- 65 If the'angles ¥z and Ya.u are defined as the angles’
larization), and ( Ve 24)(2Ror/d)2 (VoM vi?) << 1, corresponding to the left and right hand boundaries re-
(I+v?)(Ve/Mmvy)? << 1 (parallel polarization), spectively of the total reflection regions of "Equations
Equation 4.424 was derived earlier (see Equation 4.33) 4.43a and 4.43b, then
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Ya, M<tl/a M<‘//a M

where

(1—0i%) [sin? (Ya, m)a=1-+[(2M +1)a/V ]
(1—v:?) [fos? tan? (Y, p) o] = 1+[(2M +1) 7035/ V2
(1—v;2) fsin? (Y, M)a=[(M+1)x/V P

(1 _vi)'z)/[vii2 tan? (\05, M)p]z[(zM"}‘I)Wii/Vn]z}deﬁnes ¢s, M
(1—v;2) /sin? (Ya, M)n=14 (2M=/V,

}deﬁnes Ya, M

}deﬁnes Ya, M

(1 —u12) flvs? tan? (Y, m)pl= 1+ (2Mav;;/V,)2 (4.43¢)

The percentage bandwidth Az /.4, of each total re- g'uar transmission bandw:dth is not defined for M=0
flection region of Equations 4.43a and 4.43b, is given = because (¥,,0), is not defined. For parallel polarization,
approximately by . _ the reflection coefficient and the transmission band-

width are functions of the parameters v; and the angle

Adaulbau=Ahauhay = 1/Q2M+1) , M=0x122,. .. 15 ¥ in addition to the parameter (Qy),. Therefore it is

‘ ] - (4.44) o easier to discuss the case of normal polarization. The
It should be noted that ¢z, =, = effective critical transmission bandwidths for a free space-quartz inter-
angle of total reflection. face is tabulated in Table 5 for the case of riormal po-

Unlike total reflection, total transmission in phase- larization and M=1. The transmission bandwidths of
ordered media does not occur in bands but at discrete 3¢ Table 5 are extremely narrow throughout the electro-
angles i, 4 given by Equation 4.42, The reflection coef-  magnetic spectrum. The bandwidths are so narrow that
ficient $,/T,, for Y=y 4 or U = U, y, is determined by they may be considered as line bandwidths. Whereas
expanding Equation 4.9 for the conditions {U— Uy u] the theory for continuous media predicts that total re-
<< 1, ¥V .<<1. Retaining only the first order terms of  flection or near total reflection should occur at low
the Taylor series expansion of Equation 4.9, 25 grazing angles of incidence, the theory for discrete,

— i (QM)n
S/ T0)2™ 3 = (Qae) b2 +2— (@a)
8/ Ty= (84 Th), = (Qur)p (sin? y—vy2 coshy)
PPN — (@m) o2 +2— (@u)p(5in? y+o 2 cos? y)
VL, [ U—Uyp, mlkl  (445)
where . -7 7T T phase-ordered media predicts- that total transmission
( QM);.— ( l—vif)[cscldx-—csc2(d1,,M),,]-— Q— (2MalV,), can occur at discrete wavelengths at certain discrete
M=0,+1,%2, 35 low grazing angles of incidence.
" The extremely narrow transmission bands, deﬁned by
(Qu)n = (1=vy*)[csc™y —~ cscz(lp,,_M),,] =Q- 1 84/T:}2 = 0.5, are part of much larger partial trans-
o QMmvi[Ve ), M=0,% 1, % v2" - mission regions defined by | $;/73}2 < 1. The regions of
Equations 4.45 are identical in form to Fresnel’s equa- partial transmission are defined by

tions for continuous media if the parameter Qy is sub- 49
stituted for the parameter Q. For M=0, 0y=Q~Q and
Equation 4.45 reduces to Fresnél’s equations for con-

Vs + QM=1)7 < 2U S Vo +2Mm, |SJT,| <
1,V<<1@4n ’

tinuous media given by Equation 4.30. Fresnel’s equa-  Where Vg - and Vi correqund to the v al!.l_es of V for
tions are therefore a special case of Equation 4.45 angles -1 and Y5,y respectively. In addition to the
which in turn is a special case of Equation 4.4. The in- 45 Previously defined angles ¥z, Wi Yo and iy, it is
tensity of the reflection coefficient,for angles of inci- convenient to define the angle Ya.u, NEAT Yo -4 but in
dence approximately equal to ¢4, is plotted in FIG. 9 the transmission region, given by

for the case of normal polarization and Im vy;=0. If the =v, ) /sin2(Paudn = [2 V,/(2M+l )1,]2

transmission bandwidth AQy is defined as the range of
values of Oy for which [Sy/Ti*< 0.5, then it is seen 50

) (4.48)
in FIG. 4 that (AQy), = 33. The angular and wave- (1—vy 2Ytan*(Pau)p, = (2 V/(2MA+1)mv,)?
TTABLE 5~TRANSMISSION BANDWIDTH FOR ELECTROMAGNETIC WAVES (NORMAL
POLARIZATION) INCIDENT FROM FREE-SPACE ONTO QUARTZ AT THE ANGLE ¢, OF
TOTAL TRANSMISSION

Region Wavelength X (m) (b, On (rad)  (A¥b, 1/fn, D (ANp,1D)n(m) (Ady, Do (rad)
{ 1 L3TXI10% 1, 11X10-V L1LXI0T - 4,00X10-2¢
Microwave.... 10-2 LaTX107  1L11X10-8 1.11X10-15 4,00%10~20
10~ LaTxX10  1.11X10-¢ L1LX1071 4,00X10-17
Infrared....... 10+ 6.12X16-6 4 95%10-10 4,95%10-1 1. 386X10-15
100 6.12X10-¢ 4.95X10-8 4, 951012 1.36X10-0
Visible._.._._. 5X10-7 L 27¢10°3 1.99%10-5 9.90%10-12 L18x108
Ultraviolet.... 1.6X10~7 2034104 4. 69X10-+ 7, 20%10-1t 1.08X 10
TR . ® LSLX10 T Sos 2.85%10  371X10EXsinge  3.74X10°8Xsing.
NOTE.—d=4.9X1071m, vi;=1.95 (microwave), 1.5 (visible, infrared), 2.0 (ultraviclet).
length transmission bandwidths corresponding to  From Equation 4.9, the intensity of the reflection coef-
(AQu) , = 33 are given by 65 ficient for the angle Y.y is given by | Si/TilP= 1 — 2V,
=1 —4p.2 2 = =4 —10
(A, o) = (AN, ol ~ (33/2)(14/21\4w)2 M= L= 4Ve/QM+Da. I vf = 2.25,d=4.9 X 10™m,
+1,%2,. and A= 5 X 107"m, then ¥, = 1.64 X 10 %adians and

(4.46) |81/ Ty = 1—2. 02 X103, For these same values of Yz, .
Equation 4.46 was obtained by settlng ¢ Gpa + A in and [S,/T\{? in a clad optical fiber of length L=10 m
Equation 4.45 for Qy. For normal polarization, the an-- and diameter D=10"%m, the radiation would be re-.
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49

flected (L/D)¥,, times with a net transmission [T_/T_'l

=[Sy Ty “YP ¢d,1 =0.72. The radiation loss result-
ing from the discrete nature of the cladding material
has not been considered in previous studies of fiber
optic transmission®,

The intensity |S;/ T2 of the reflection coefficient for
phase-ordered media subject to the conditions V' << 1,
0/<ful< =, Imvy=0,is sketched in FIG. 11 for graz-
ing angles of incidence 0 < ¢ < m/2. As the grazing

5

50

shown in FIG. 8b corresponds to decreasing values of
¥ if vy < 1 and to increasing values of ¢ if v; < 1.
The effective relative velocity vy ' and the effective
direction of propagation ;' are determined by direct
substitution of /n X into Equations 2.21 and 2.22. The
refractive parameters vy’ and ¢y’ are tabulated in Table
6 and plotted in FIGS. 13 and 14. In phase-ordered me-
dia, the parameters vy and ¢y’ are quasi-periodic func-
tions of the angle of incidence . For each value of U

angle of incidence is decreased towards zero, the inter- 10 (and ¢ )

TABLE 6.—ELECTROMAGNETIC PROPERTIES OF DISCRETE, PHASE-ORDERED MEDIA SUBJECT TO THE CONDITIONS -
v<i, 0<Iul<m Im vi;=0.

—ln X=vj,-d
v 2U TTI X aj’d Bisd Vi’ vi
Ya, Mefemmonan. Va, M-1+(CM—1) 7 1 —l=exp [(—1)M#lir] 0 (—1)MHg [cos? (Ya, M-1)+Nr/2xd) 212> >1 =q/2,
Y, Mo ooomee. 2V, M+ @M —D)r <1 (—1)MHi=exp [(—1)MHiq/2] 0 (—1)Mig/2 fcos? (¥d, M)+ (Awfdrd) 212> >1 =x/2,
¥b, M- .. 2Mnr 0 exp [(=1)MH{Vy, v} 0 (—1)MHVyp, M cot (¥, 0)p!, M=0 ¥b, M M=0,
Ya, Maooooos Va, M+2Mr 1 :1=exp (0) 00 coS ¥a, M 0.
Yo, Meooomoo o ZM+1) 1 O=exp (—=) o { ieo Cut-off.
Yo, Meeeoeo Vo, M+@M4+Dr 1 —~1=exp [(—1)MHix] 0 (—1MHg [cos? (Wa, M) +(An/2xd) 212> >1 =mf2.

ference of the scattered waves changes periodically

from constructive to destructive interference with a
corresponding periodic change in the reflection coeffi-
cient from total transmission to total reflection. Total
reflection or near total reflection occurs unless the
phase difference 2U of the forward scattered waves is
almost exactly zero or a multiple of 27 radians. With
reference to FIG. 9 and Equations 4.43 and 4.46, the
percentage transmission bandwidth 2(AU),/27 , in
each zone of phase difference 2U=2# radians, for nor-
mal polarization is given by

25

30

satlsfymg the condition 2U = 2Mm, vu =1 and l!le

=1p, nM=0. FOI‘M""VWIUI<<1 V(j ~Vuananj
¥;. Phase-ordered media, at low grazing angles of inci-
dence is highly birefringent since (Yu.u)n/(Wour)p = vy 2
for M*0. The effective anisotropy of phase-ordered
media at low grazing angles of incidence can be much
larger than anisotropic crystals at angles perpendicular
and parallel to the optic axis.

Thus far the explicit treatment of Conditions 4.41 has
been concerned with the results for media with zero
bulk absorption loss (/m v;= 0). Two important exam-

[(32)12+1)(V,/27), M=0

: 2(AU)n/21r==-’{(33/2) (Vo/2Mm)2, M=+1, +2,

In FIG. ll,rthé't}ahvsmiééibn bands are so narrow that

they appear almost as discrete lines. The largest trans-
mission bandwidth occurs for the ground zone M=0.
The ground zone M=0 includes the condition 2 [U|<<
1 and therefore also includes the condition |7} << 1.
Since the parameter if is'a measure of the phase differ-
ence of the single-scattered forward waves between ad-
jacent lattice planes, the zone number M specifies the
multiple of 2# radians that is associated with the phase
difference 2U between adjacent lattice planes of the
forward-scattered waves. Present electromagnetic the-
ory is included in the ground zone M=0. FIG. 11 clearly
demonstrates that a general treatment of electromag-
netic waves must also include the higher order zones of
interference of the scattered forward waves.

The amplitude delay multiple-scattering coefficient
X, in phase-ordered media subject to the conditions V
<<1,0 = |&} <, In vy=0, is determined from Equa-
tion 4.3 by use of the approximations u, = U, u, =—U,
for M 0. The amplitude delay X is tabulated in Table
6 as a function of 2U with the corresponding grazing
angles ¢ of incidence. The principal value of the argu-
ment of X is given in Table 6 rather than the principal
value plus 2M radians. For example, X =—1 is written
as exp[{(—1)¥*Ymr] rather than exp[—i(2M—1)m]. The
reason for selecting the principal value is so that both
In X and X are periodic functions of the angle of inci-
dence . The cyclical path traced by the vector X, as
the angle of incidence is decreased towards zero, is

shown in FIG. 8b with the corresponding values of the-

angle Y given by Table 6. The direction of the path

40

55

60

65

. Equation 4.3,

(4.49)

‘ples,which are relevant to Conditions 4.41 and which

involve media with absorption loss, are now consid-
ered. .

As a first example, consider x-ray radiation incident
from free space at grazing angles ¢ < V.. In Table 4
it is noted that some of the entries are only estimates
of the effective absorption ratio (8/8),’ because the
condition |i7| << 1 is not satisfied. For x-ray radiation
incident on gold at an angle ¢ = (1/10)Y,, Equatlon
4.40 estimates that the effective absorption ratio is 37 -
percent larger than the theoretlcal value for a continu-
ous medium. For this case, V, = 1.66 X 10-! and |u
] = (V./2)(sin Y/sin ) = 0.83. The condition #=0.83
v1olates one of the Conditions 4.40. A more accurate
value of the effective absorption ratio for normal polar-
ization is determined by direct substitution of the pa-
rameters V and u, into Equations 4.3 and 2.21. Let sin
Yo =(28)2=0.0412 and (8/8)=0.241 which are the-
oretical values based on the assumption of continuous
media for this case ?2 . Substituting these values into
the amplltude delay X,=0.821«
—2.06°. Substituting In X,=|n|X,+i arctan Im X ,/Re

"X,= 0.201 £ 190.4° into Equation 2.21, (vy'),=1—

1.318—i0.52286=1-38," —iB,'. The effective absorp-
tion ratio (8/8),' = 0.522/1.31 = 0.398. The effective
absorption ratio relative to '

that for continuous media is given by

(B19): ' | (l3/8) = 0.398/0.241 = 1.65, gold, x- -ray
radiation, y=./10

(4.50)
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51 52
The effective absorption ratio is 65 percent larger than R, =(0pc Bain) ! =[(w/oped)  Vuoles ]2, Conditions
the theoretical value for a continuous medium and 28 ] 4.52

percent larger than the estimate of 37 percent given in
Table 4 based on Equation 4.40. The experimental
value of Hendrick for amorphous gold®,(8/8)ezper. | 5
(B/8)=10.33/0.241 = 1.37, was determined by the best
fit of data to curves based on Fresnel’s formula for con-
tinuous media. A true experimental value requires the
best fit of data to curves based on Equations 4.3 and
2.21. The value given by Equation 4.50 is based on the 10
structured lattice spacing a of Table 3 rather than the
amorphous lattice spacing d,,. For amorphous gold,
Conditions 2.7 may not be satisfied so that Equations
4.3 and 2.21 may not be applicable.

As a second example of media with bulk absorption 15 u= (2ad/\)(1/sind)(1/2)(1—vy?) =i (u./€,)!? (dopcl2
loss and subject to Conditions 4.41, consider radiation sinys), Conditions 4.51
incident from free space on non-magnetic metals at suf-
ficiently low frequencies (DC — infrared) so that the
complex relative permittivity € /e ; = v, is given by %

"20

(4.5T)
Equations 4.51 — 4.57 are the formulae presently used
to characterize the propagation of electromagnetic
waves in non-magnetic metals. Although these formu-
lae are strictly correct only for the conditions V =& =0,
the results are almost identicai, as shown by Equation
4.24, if the conditions ¥ << 1, || << 1 are satisfied.
It has already been shown in Table 1 that the phase
condition ¥ << 1 is satisfied in metals for any angle of
incidence and for wavelengths longer than ultraviolet
wavelengths. The phase # is given by

(4.58)
The phase # is independent of wavelength assuming
Conditions 4.51. The phase u is tabulated in Table 7 for

vt = (Reej) €, —i olwe, = | —i Opele, =1 —i several non-magnetic metals. From Table 7 it is evident
(opeM27) (1o /€,)M2 non-magnetic metals, Re € = €, that the phase u does not satisfy the phase condition
o=~ ope |#[1/<< for the better conducting metals, even for

radiation at normal incidence. Formulae 4.52 - 4.57

n (4.51) 55 must therefore be in substantial error for discrete,
where ' " I (mh phase-ordered metals. A correct treatment for phase-
apc = DC conductivity of the metal (m os/meter) ordered metals now follows.
(y,,,/e )2 = characteristic lmpedance of free space = R .. . R
377 ohms i Consider radiation whose electric field intensity is

polarized:normal to the plane of incidence. Substntutmg

= -1/2 — d
@ = (2m/A)(€pto) """ = radian frequency (rad/sec) 30 Equation 4.58 into Equation 4.3a,

First consider the propagation in continuous metals
(V=0, +—=0) which is a special case of Conditions 4.41. X.= (cos V) +i(sin V) (tan h[z]) — {[(cos V)
From Equation 4.24, the propagation constant y; is

given by +i(sin V) (tan &fu|)]P—1}12
iGN I=I(oseNZa)+ Yaes T m(14) 35 o™ V). exb [=(L+0) (V tan bia) ¥, v
[(mopc/M) Vuofe, 12 non-magnetic continuous metals, «1, Conditions 4,51 (4.59)

(TpcM2m)(pol€)'? >> 1 L o
(4.52) Substituting Equation 4.59 into Equation 2.21, the ef-

The wavelength ), of the radiation in the metal is given fective complex relative permittivity (EJ'/Ea)n = (vy' I’
by , : 40 s given by

A= 2m/B; '~*[(41r>~/0oc)"”@2 12, Conditions 452 (o)at=cos? y— (\/2nd)?(2iV (tan h[T|) — V?
4.53) : —2iV (14+4) (V tan hT|)12]~1
The direction g; of the transmitted radiation is given by 45 —i(M=d) (sin ¥) (tan AlT|) =1

Y= cos™! (vy47! cos Y)= cos ~! 0 = /2 radians, —i(A/rd) (sin ) (tan 2)[(dépc/2 sin ¥ )Vu./e.]V
Conditions 4.52 ' «1, Conditions 4.51  (4.60)
(4.54) ) ) . o R
The magnitude of the reflection coefficient is found 50 Equation 4.60 reduces to Equation 4.51 if i) <<1
from Equation 4.30 to be ' since tanh |%|~[%| for |#I] << L. For the better con-

|8/ Tl L2 oy (2 sin y) /Revy~ 1— (4 sin ) [(x/3pch) VeoTualt

1--vy/8in ¢
|8/ Ty |t tusin g { — (1—4) sin Y[ (bpcMdm)Vao/e]”
* T+ sin ¢l {14 (1—4) sin vl (BpoM/dn) Vel
Conditions 4.52 (4.55)

The skin depth 8,;;, of the current in a plane conductor ~ ducting metals, tanh  [Z|~1 as-shown in Table 7.

is given by % Therefore the effective permittivity of discrete, phase-

ordered metals is very weakly dependent upon the con-

Bpin =(1/ay)=m/2 =[(Nmapc). Veolno 1, Condmons ductivity opc and is strongly dependent upon the lattice

4.52 ¢5 spacing d. The effective relative phase velocity (vy')a

(4.56) - »given by Equation 4.60, has strong absorption loss for

The surface resistivity R, of a plane conductor is given ~ {@d/A\) << sin ¢ < 7/2 and weak absorption loss for 0
by 2 v < sin << (wd/ A). Specifically,
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TABLE 7.—ELECTROMAGNETIC PROPERTIES OF PHASE-ORDERED, NON-MAGNETIC METALS AT LONG
WAVELENGTHS
“tanh |Q sin ¢ "2
g o ) — Ryt A2 Renj2
Metal (mhos/m.) A0 m.) ld]sinyg Tanh |dsin ¢ {a sin ¢ (ohms-m.1/2) (ohms-m.1/)
Silver._________..___ 614, X107 3.20 3.70 0. 999 0.603 0. 0265 0, 0439
COFper (annealed) . 5.80X107 2.84 3.10 0. 996 (. 566 0. 0256 0. 0452
Gold_ . ______._____. 4, 10X107 3.20 2.47 0. 986 0. 636 0.0340 0.0534
Aluminum. . 3. 54 X107 3.16 2.11 0.971 0. 681 0. 0003 0.0577
Beryllium, o 2, 26 X107 2.48 1.05 0.782 0.683 0, 0437 0.0641
Tungsten._ . 1,81X107 3.12 1.06 0. 786 0. 859 0. 0694 0. 0807
Lead. ... 0,48X107 3.86 0.35 0.336 0.993 0. 154 0. 155
Mercutry . .coemaeeo . 0.10X107 3.56 0.067 0. 067 1,000 0.343 0.343

No1e.—The ahove values of pc and d are for amorphous, polycrystalline metals. A more correct tabulation should bo based

on the values for single-crystalline metals.

ooy o (tan Rlul/|ul)2, (zd/A) <K sin ¢ <n/2
i )“N{l—i(x/%rd) sin ¢, 0< sin Y< (vd/N)

non-magnetic metal, V&1, (uo/6)2(6pcr/27)>>1

Substituting (vy')a for vy in Equations 4.52 - 4.57,

(4.61)

fore not phase-ordered. For such polycrystalline met-

» fui(tan EI/E) Y, 7d/n) < sin §<n/2
(s )nN{i(21r/)\)[1—-i()\/21rd) sin ¢], 0< sin ¢ (wd/2)

Conditions 4.61

M| /tan Bl7[12, (rd/N) < sin ¢ <#/2

(xi’)nz{k’ 0< sin Y<K (rd/A)

Conditions 4.61

W ~{¢izr/2, (wd/\) < sin ¢ <m/2
2=y, 0 < sin ¥ (rd/A)

1—/8/ T‘/“z{o, 0< sin ¢ (xd/N)

Conditions 4.61

Suein = 6aun ([ sin ¢|tan hlw sin ¢|)13, Conditions 4.61

Conditions 4.61

(4.62)

(4.63)

(4.64)

[1—{8/T).](ful/tan b |u])12, (rd/AK sin ¢ <n/2

(4.65)

(4.66)

R, =R, (tan hlw sin ¢|/|% sin ¢|) 2, Conditions 4.61 (4.67)

_For angles of incidence given by (wd/\) << sin ¢ 40 als, neither the assumption of continuous media nor the

< /2, the electromagnetic properties of discrete,
phase-ordered metals are related to those of continu-
ous metals by

assumption of discrete, phase-ordered media are ap-
propriate. Experimetal results indicate that, for poly-
crystalline metals, the surface resistivity is larger 26 and

(") o/v5= (vi" Yol vi= N/ ) o= (1= |8/ T|a) /(1 = |8y/ T4] =)

= (tan hlu|/|[u))V2

Buin/ Bin = R’ /Ry = (tan h|u sin ¢|/|% sin y|)2

The function (tanh |u] [u[)2is plotted in FIG. 16. The
function (tanh [ sin |)/| u sin ] is tabulated in Table
7 for several non-magnetic metals. The normalized sur-
face resistivities R,’ A2 and R,AY2 are also tabulated in

Table 7. The effective surface resistivity for discrete,

phase-ordered metals is less than for continuous met-
als. The reflection coefficient is also less for discrete,
phase-ordered metals than for continuous metals.
Therefore, the power loss in discrete, phase-ordered
conductors should be less for transmission lines (where
the radiation is guided)and more for radiation pipes
(where the radiation is relfected)than if the conductors
were continuous metals. For radiation pipes, the dis-
crepancy should become more apparent as the grazing
angle of incidence is decreased. Most metals,of poly-
crystalline structure in which the crystals are randomly
oriented, do not satisfy Conditions 2.7 and are there-

60

65

(4-68)

(4.69)

the reflection coefficient is smaller 2 28 than those cal-
culated on the assumption of continuous media. The
experimetal anomalies have previously been attributed
to surface contaminations, surface roughness, and
other experimetal errors. The surface resistivity of
transmission lines could be substantially reduced, par-
ticularly if the conductors were coated with a metal
whose phase order not only increased the skin depth
but which also increased the conductivity. '

~ For “angles of incidence ‘given by 0 < sin

$<<(wd/\), Equations 4.61 -4.65 indicate that elec-
tromagnetic radiation propagates with a-loss tangent

Im(vyy').2/Re(vij ) a2 = (Amd)sin < < 1 and is not ap-

preciably reflected at the air - metal interface. This re-
sult is.in sharp contrast to the theory for continuous
metals which predicts that electromagnetic radiation is
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strongly attenuated in metals and almost totally re-
flected at the air - metal interface.

Consider now the case where the electric field inten-
sity is polarized parallel to the plane of incidence for
radiation incident on a phase-ordered metal. Substitut-
ing Equation 4.58 into Equation 4.35. it is recognized
that simple expressions cannot be obtained for X, at all
angles of incidence. However, simple expressions have
been obtained for angles of incidence given by

1r/2
Htan (wd/A sin ¢) K|u] sin? y<k1
cot (wd/X sin ¢)<K[u| sin? ¢<1

non-magnetic metal, V&1, (u.fe o) 1z (590)\/2#) >1

The condition @] [a] sin® l,tl<< 1 corresponds to the condi-

tion Y<< /2. For the conditions of Equation 4.70,
Equation 4.3b reduces to

56
0L Ve, 0] << |
(4.73)
in media which are sufficiently phase-ordered so that
Conditions 2.7 are also satisfied.

The general conditions for total reflection, subject to
Conditions 4.73, is determined by substituting V = N
+(V—=Nm), N=0, 1, 2,.., into Equation 4.5. Equation
4.5 reduces to

(4.70)

cos 2[(V—Nw) — u}/costlU =1

(4.74a)

X, ‘1& 7"/"2_
Xp=

Substituting Equation 4.71 u{tBWEquandﬂi 21, the ef-
fective relative permittivity (e;'/€,), = (vy "),? is given
by

exp [—V{][ TV o] € 0 (5D 21 sin? ) 1—1}12] tan (wd/A sin ¢) K[| sin? y<1
—exp {— A+ (Ju]/2) (sin? ¢) tan (xd/A sin ¢)]-172} cot (wd{Asin ¥) < Ju] sin? <1

conditions 4.70 (4.71)

T lul << 1, the above inequality can be satisfied only
if [V— qu] << 1. Retaining the first two terms in the
Taylor series expansion of Equation 4.74a4,

(v u)n ) 7"/2
O {v,,z, tan (wd/\ sin ¢) < |u| sin? yk1

(M2d)* {1 — (¢/m)[(2|u| sin? ¢) tan (rd/Nsin ¢)]-12} cot (wd/)\ sin ¢) K |#] sin? «1

The propagation of electromagnetic waves in phase- 35T

ordered metals for parallel polarization may therefore
be summarized as follows: for normal incidence, the
properties are given by Equations 4.60 —4.69; for a cer-
tain interval of grazing angles much smaller than /2
radians, the properties are almost identical to those for
continuous metals; for still smaller grazing angles of in-
cidence, the radiation propagates with relatively little
attenuation but with a phase veloctty considerably less
than for electromagnetic waves in free space.
0 S V<w Ju <<l

The precedmg sub-section was hmlted to electromag-

netic' wave-interactions which satisfy the condition V.

<< 1. Some examples of electromagnetic wave-
interactions which do not satisfy the condition ¥V << 1
are: x-ray radiation incident at grazing angles larger
than the critical angle of total reflection, optical radia-

-Conditions 4.70 (4.72)

(V—Nm) —u, < 1 normal polanzatlon

Lu(Z)Frem

|ul<<1,iV Nﬂ«l

(V er)—uz.(v;2 cos? \H—smw) 3<
U (sin? y—o3® cos? ¥) (1/ZA) Fr (k) | =
) 1, parallel polarization

(4.74b)

For N = 0, Equation 4.74b reduces to sin § < sing,’
which is the case for total internal reflection given by
Equation 4.31la. For N=1,2,....,and V=N, ¥V =
Vgs=(27d/\) sin ¥y = Bragg condmon for total re-
flection. For N. ¥ 0, the conditions of Equation 4.74b
Teduce to |1-—vu | <<1, f V=V, v[ << 1. For | V=—Vpg

50 | << 1, A = —ip y<<1 and sin ¢ = sin Py + AU

\cos {5.x. Equation 4.74b reduces to

Ay (sin 2¢s,5) — (1 —v;;?) ]2 <
(1—v:2) (1/Z4) Fr (¢,h)

[@l<1, [V — Vs nl<L2, @7ad

Ay (sin 2¢p ) — (L—0;32)

(cos Z¥m.) (1—vif),(1/zA>FT(¢,h>] <1,

“tion incident on fluids and organic matter of large lat-
tice spacing d, and microwave radiation incident on low

density gases and plasma. For the above example of-

" x-ray radiation, the condition |%]<< 1 is also satisfied.
Therefore, consider the phase conditions

The: Tange of angles Az, y, for which total reflection oc-
curs in the vicinity of the Bragg angles /.y, is found by
setting the left side of Equation 4.74¢ equal to unity
and solving the resulting quadratic equation for Ad.
Accordingly,

(A¢p)n= (¥px—¥8,n) [1% (A¥p x)al,
(Av¥s N)o= (¥, n—¥B,3) 1+ (Ao N5,

el [V—VenlK1,N=1,2, ... (4.75)
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where ) Although Equation 4.76 gives the reflection coeffi-
Yo = Yy + (1=v;#)/(sin 2 Yz 5) cient intensity for angles in the vicinity of the Bragg an-
T : gles, one of the major anomalies of x-ray physics has
(8¢¥D N)n=¥Dp.N(1/Z4) Fr(¢,h) L : - .
A b
¥p.N { (AVD )y =Yp o (c0S 2m x) (1/Za) Fr () been the inability to calculate the reflection coefficient

- 5 at angles of incidence far removed from the Bragg an-
Equation 4.75 is identical to the results obtained by gles. The explanation for this anomaly is that Equation

Darwin'*? for x-rays incident from free space onto the  4.76 is derived from Equation 4.9 by imposing the re-
face of a single crystal. Total reflection occurs in bands strictive conditions [u#| << 1, [V=Vp x| << 1.
centered about the angles {ip y with a total bandwidth Furthermore, Equation 4.9 is based on the single-

2A4p 5. These results, which consider the multiple scat- 10 scattering coefficients a and t given by Equations 3.29
tering by all the lattice planes of the medium, are in and 3.30 whereas Darwin derived Equation 4.76 by the

contrast to the results, ¢ = {i v, Ay = 0, obtained by use of his more restrictive single-scattering coefficients
Bragg” who considered the single scattering by adjacent given by Equations 3.31. If only the restrictive condi-
lattice planes. The intensity of the reflection coeffi- tion [V—V5. 4/ << 1 is removed from Equation 4.76

cient, for any angle in the vicinity of the Bragg angles 15 then Equation 4.9 reduces to

— G T A RS R
81/ Tl = (1 —un2/2) (sin V) —us(cos V)-}—{I—Uz——[(l—u.,2/2) (cos V) -Fuy(sin V)2j12

%<1, 0V Lo (4.77)
2

|8y Tl = : Fe
(1—u?2)(sin V) —up(cos V) +{1—U2—[(1—u2/2) (cos V) +u,(sin V) ]2}z
‘and for phase-ordered media with or without absorp- Equation 4.77 is applicable to any angle of incidence
tion loss, is found by expanding Equation 4.9 in a at x-ray wavelengths except for grazing angles much
Taylor series subject to the conditions of Equation 25 less than the critical angle . of total reflection. The
4.75. x-ray anomaly associated with grazing angles less than
Accordingly, the critical angle ¥ has already been treated in the pre-

ceding sub-section. The intensity of the reflection coef-

ficient is sketched in FIG. 16 for the conditions [u] <<
30 1,0<V <, Imv;=0. In phase-ordered media which
satisfy the condmon [#] << 1, total transmission or

_|G—vp,n) W—vo, W) TP |12
|81/ T2 = (A¢D,N)n+{ (&0 )= 1}

—_ —_— 2 1/2|—2
18y Thls*= ((‘b A ¢¢D';I)+{ (Eb 7y ‘p‘bn';’ ) -—1} almost total transmission occurs unless the phase dif-
0. N7» D NP ference 2V of the reflected scattered waves at adjacent

m <L [V=Va <1, N=1,2, . . . (476) lattice planes is almost zero or almost .a multiple of 27

o o o - ...._ 35 radians. In FIG. 16, the reflection bands are so narrow
where Yip,v and Ay are given by Equation 4.75 and that they appear almost as discrete lines. The largest
are complex numbers for media with absorption loss. reflection bandwidth occurs for the ground zone N =
The intensity of the reflection coefficient, in the vicin- 0. In comparing FIG. 16 with FIG. 11, it is noted that
ity of a Bragg angle, is sketched in FIG. 12 for the case the zone number N is restricted to positive ‘integers
of zero absorption loss. For x-rays of wavelength A = 40 Which satisfy the constraint sin iz v = (N A\/2d) < |

0.708 X 10-%n which is incident on a perfect calcite whereas the zone number M may be any integer be-
crystal, 2(Aip,1)n = 1.47 X 1078 radians. For this exam- tween minus infinity and plus infinity. Present electro-
ple, the bandwidth for 50 percent reflection is 6 per- ~ magnetic theory based on Maxwell's equations is in-

cent larger than the bandwidth for 100 percent reflec- cluded in the double ground zone (M=0, N=0).
tion. This 3db bandwidth is considerably larger than 45 For the condition | i | << 1, the amplitude delay X,
- the 3 db transmission bandwidth at the angle ¥, of given by Equation 4.3, reduces to

¢, (1=w2) (c0s V) S (sin V) _{[(1—%2/2) (cos V) J-ua(sin V) 2_1}1/2 |

. 1-U.2/2 1-Ug2/2
X — (1 —wup2/2) (ecos V) +uy(sin V)_{[(l—u,ﬁ/Z) (cos V) +uy(sin V) P2 1 1/2
L 1—-U./2 1-U.2/2 - }

[#|«1,0SV £ », (4.78)

total transmission at a free space - quartz interface (see 55 For angles of incidence in the vicinity of the Bragg an-
Table 5). gles Y x, Equation 4.78 reduces to

Xo= (= D)N{[— (1/2) (V=N —u) 1L + (1/2) U — (U — (V — Ne—un) 28]
~ (—1)N exp { —[Usd— (V—Nr—ug)?]i2]

~exp (i) exp{(wwd/x)a/z sin ‘l/n.N)(l‘*vuz)(l/ZA)F'r(\%h){ »‘f&\;,‘f’:)”")- ”--1}””}

Xp=(—1)N1—(1/2){(V—Nr—u;)[1 4+ (1/2) U] —[U 2 — (V — Na —u,)?]2
= (—1)Nexp { —[U— (V—Nr—u,)?12}
~exp (iN) exp{‘(izwd/x)(cot ¢B,N)(1/2)(1—vﬁ2)(1/ZA)FT(./,,h){ (("A—;‘;BN-—;L-) z—1}1'2}

0|1, [V—Ven[&Kl, N=1,2, . .. (4.79)
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For the case where Im v= 0, the incident wave propa- reduced for such media provided that the media are
gates with no attenuation outside the reflection bands sufficiently phase-ordered so that Conditions 2.7 are
and with attenuation inside the reflection bands. On the satisfied.

-edges of the reflection bands X = exp (i Nw). At the 5.0 BOUNDED MEDIA
center of the reflection band, X =exp (/ Nm) exp [~ 5 The present theory of electromagnetic waves in

upn(1/Z,)Fr(h)]. Using these values of X, it can be bounded media is based on the assumption of lumped,
shown that S,/T; = 1 at the edge nearest the corre- circuit elements and/or continuous media with distrib-
sponding Bragg angle, S,/T= i in the center of the re- uted parameters. Ampere’s circuital law® and Fara-
flection bands, and §,/T; = -1 at the edge farthest from day’s induction law®! yield the telegrapher’s transmis-
the corresponding Bragg angle. The effective relative 10 sion line equations for periodic, lumped, circuit ele-
velocity vy', for angles of incidence in the vicinity .of ments. Maxwell's field equations? yield the wave equa-
the Bragg angles, is determined by sutstituting Equa- tions for continuous media in bounded and unbounded
tion 4.79 into Equation 2.21. Accordingly, space. This section develops the theory of wave propa-

(31" )am 1= (1/2) (L—0:2) (1/Z4) Fr (¥, h) {[(l_'l’ﬂl 2_1}”2

2l = (A‘pD,N)n
i3 —
(o)1= (1/2) (1=032) (005 ¥, (1120 Fr (o, m{[ s Ty [
¢D.N)D
ful<1,|lV—Vg nlkl, N=1,2, . . . (4.80)

In contrast to previous efforts 2249, Equation 4.80 gives gation in bounded, phase-ordered media. Like the pre-

the correct effective relative phase velocity for angles ceding section for semi-unbounded media, this section

_of incidence in the vicinity of the Bragg angles. for bounded media is developed independently of Max-
. 0=sV<o, 0s|uj<oe v __ 25 well’s equations or any circuit equations.

The three separate sets of conditions, V << 1, [4] The concept of positive and negative travelling waves
<< I3 V<< 1,0 <Lyl <0;,0<L V<o, [u] << 13 is useful in the treatment of bounded media. In Section
include most electromagnetic wave-interactions occur- . 2.0 it' was shown that the transmitted wave 7, at the r
ring in practice. However, they involve only a small th lattice plane is the resultant of the total forward
part of & — V phase space as shown in FIG. 17. Let an .30 wave T, and the total reflected wave S, at the r th lat-
arbitrary coordinate in # — V phase space be denoted tice plane. The transmitted wave 7, in a semi-
(@@, V). The coordinate (0, 0) corresponds to the case unbounded medium is a travelling wave because T, and
of continuous media which, prior to this paper, has S, are travelling waves and their phases increase with
been treated by Maxwell’s field equations or equations increasing values of r at exactly the same rate and in the
reducible from Maxwell’s field equations: The indepen- 35 same direction. In a bounded medium, the total for-
_dent theory of this paper provides an exact treatment - ward and reflected waves, which are generated in the
for any coordinate (%, V) including (o, ¢). Inthis sense, positive direction at the first boundary, interfere with
the theory of this paper provides a vastly more unified the total forward and reflected waves which are gener-
electromagnetic theory than had existed heretofore. ated in the negative direction at the second boundary.

Although Fresnel’s reflection and transmission coef- 40 The resultants of the positive and negative travelling
ficients are applicable only to the coordinate (0, 0), the waves in bounded media are standing waves; i.e. the
.multiple-scattering reflection and transmission coeffi- total forward, total reflected, and transmitted waves
cients, given by Equations 2.14 and 2.25 respectively, are standing waves in bounded media. A positive wave
are applicable to any coordinate (i,V). Equations 2.14 with respect to a given interface ij is defined to be a
and 2.25 may also be expressed in a form analogous to 45 travelling wave in medium j which is excited at the in-
Fresnel’s equations if the effective refractive parame- terface ij by a wave which is incident from medium i.
ters (see Equations 2.15-2.23) are first determined as A negative wave with respect to a given interface ij is
a functions of the single-scattering defined to be a travelling wave in medium j which is ex-
parameters @, a, and 1. Accordingly, cited at the interface ij by a wave which is incident from

(S]/T])n=sin ¥— (v:ll)n B.in (‘l’:l)n
SyT={ sin ¢+ (v"y)n sin (¢'5)a 0<T< @, 0<V < o
(8T _Sin (¥i)o—= (¥'y)p sin ¢

VAV Sin (97 F (v35), sin ¢

» (4.81)
) 2 sin ¢
(“'l/ Tl)n= : 7 s 7.
) Ty= sin ¢/+(‘U u.)nSln ¢ ')n05E<m, 0<V< w
(r/ Ty)p= 28iny
P sin (¥5)p+ (035 8in ¢
(4.82)
where v and ¢’ are given by Equations 2.21 and 2.22 the same medium j. Examples of positive and negative
respectively. waves in semi-unbounded media are shown in FIGS.
_Explicit reductions of Equations 4.3 and 4.4 have 65 18q and 18b.
been developed for the coordinates (<< I, << 1), With reference to FIG. 18a the boundary conditions
(<< 1, V), and (&, << 1). Examples of media for are identical to those that were treated in Section 2.0
which the coordinates & and ¥ can both be large are or- (see FIG. 10qa). The source of excitation is the wave of
ganic media, liquid crystals, ferroelectrics, ferromag- amplitude T, and wavelength \; which is incident from

netics, and plasma. Equations 4.3 and 4.4 may also be medium i at a grazing angle {; at the lattice plane r=1
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of medium j. The waves T, and S, at the r th lattice
plane of medium j are positive waves with respect to
the interface ij ar =1. From Equations 2.11 - 2.14,

T.=TF=T(Xy)?

Sr=Sr+=Sl+(Xii)r_l (5.1)
STyt =84T =[a/(1—3X) ]y
=ay/ (1 —®;Xsit;5) =Ty'  (5.2)

where the subscripts ij indicates that the parameters are

defined for a positive wave in a semi-unbounded me-
dium j which is excited by a wave incident from me-
dium i at the interface ij. The parameters @, Xy, ay, ty
are given by Equations 2.2,2.11, 3.29, and 3.30 respec-
tively and are a function of the phases V and i1 given
by

V=Vij= (27l"dj/)\i) sin ¥i -

T="uy;=(2rd;/\) (1/sin ¥1) (1/2) (1—v;2)
where d; is the lattice spacing of medium jand v;=v,/v;
= (g/€;)'? = the wave phase velocity in medium i
relative to that in medium j if media / and j were contin-
uous. The reflection coefficient I'y’ denotes the multi-
ple-scattering reflection coefficient in -a semi-
unbounded medium j which is excited by a wave inci-
_dent from medium { at the interface ij. If medium j of
FIG. 18a were continuous, then Ty =T}; where Ty;=
S/T is given by Equation 4.30. It is noted from Equation
4.30 that for normal incidence in continuous media,
(Ty) ¥y = w2 =—(Ty) ¢; = w/2. However, in discrete
media, (Ty') Yy=m/2 ¥ — (I'y') ;= m/2. The reflec-
tion coefficient 'y’ is an explicit function of the lattice
spacing in medium j whereas the reflection coefficient
T/ is an explicit function of the lattice spacing in me-
dium i.

In discrete, phase -ordered media the mterface ij is
defined by the spacing dy; between the last lattice plane
in medium i and the first lattice plane in medium j (see
FIG. 18a). The spacing dj; is generally not equal to ei-

ther the lattice spacing d; in medium i or the lattice -

spacing d; in medium j. As the spacing between lattice
planes in media { and j approach zero, the interface
spacing dy approaches zero and the number of lattice
planes in media i and j approach infinity. It is therefore
proper to think of continuous media as consisting of an
infinite number of lattice planes (or scattering centers)
with zero spacing between lattice planes (or scattering
centers). Even if medium j were free space, this con-
cept is valid since the reflection coefficient I';’, given
by Equatlon 5.2, reduces to Fresnel’s reflection coeffi-
cient in the limit of d;— o. The propagation of electro-
magnetic waves in a phase-ordered medium is there-
fore characterized by-the interaction of a forward wave
and a reflected wave at every lattice plane of the me-
dium. With respect to medium j, the reflected wave is
a positive travelling wave in the semi-unbounded me-
dium j of FIG. 18a. Its phase increases in the same di-
rection and at the same rate as the forward wave. Its
amplitude is of the same physical dimension, namely,
electric field intensity, as the forward wave. These self-
consistent concepts of electromagnetic wave propaga-
tion in media are independent (but not necessarily in-
consistent with) Maxwell’s field equations which as-
sume orthogonal electric and magnetic fields that prop-
agate by mutual interaction as a forward wave in the
positive direction or as a reflected wave in the negatlve
direction.

With reference to FIG. 18b, the boundary conditions
are similar to those of FIG. 18a except that the propa-
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gation in medium i is of interest rather than in medium

-j. The given excitation in medium i is a resultant trans-

mitted wave of amplitude 7,* which is incident with an
effective wavelength A;" (and an effective phase veloc-
ity v,") from medium i at an effective grazing angle ¢’
at the first lattice plane of medium j. The lattice planes
in the semi-unbounded medium i are numbered from
the interface ij with =1 corresponding to the first lat-
tice plane of medium j and with =2 corresponding to
the first lattice plane of medium i. How the incident
wave was generated at the lattice plane /=1 is not speci-
fied. Therefore, it is not possible to explicitly express
A/, v, and ¢ as a function of the lattice spacing d, in
a semi-unbounded medium i. The parameters A, and
vy are related by A,/ = 27v,’/w where o is the radian fre-
quency which is independent of the lattice spacing d,.
It is also not possible to explicitly express 7,* as the re-
sultant of a forward and reflected wave in the semi-
unbounded medium i. The incident wave 7 ,* may be
treated as a positive wave in medium / since its source
of excitation is implied to be external to medium i at
r=», The incident wave 7,* excites a wave of amplitude

~ at the interface at r= 1. The wave 7,~ is a negative
travelling wave in medium i since by definition a nega-
tive travelling wave in a given medium is one which is
excited by a wave incident from the same medium. If
it is assumed that A’ and ¢’ are equal to the respective
parameters \(=27v,/w) and ¢, defined in FIG. 18a,
then the boundary conditions of FIG, 18b are identical
to those of FIG. 18a. For these assumptions, the ampli-
tude 7,~ is given by

nomt =Ty SN =l =gy v =

(5.4)
where I'y' is defined by Equation 5.2. The reflection
coefficient I';;’ and the phase parameters V; and uy; of
Equation 5.3 are therefore explicit functions of the lat-
tice spacing d; and implicit functions of the lattice spac-
ing d; and the phase velocity v,". Since the phase veloc-
ity v; is indeterminate, it is expedient to approximate
v’ by the known phase velocity v, for a continuous me-
dium i. This is the approximation that has been made
in Sections 3.0 - 5.0 in characterizing the propagation
in medium /. If it is assumed that the interfacing spacing
dy is equal to the lattice spacing d; and that the incident
wavelength a;' at =1 is equal to the effective wave-
length in medium / at =2, then the positive and nega-
tive travelling waves in medium i at the lattice plane r
are given by

et (X @)~ .
rrmn (X e .5
where Xoi= exp(— 2  wdifhg') = éxﬁ[;z:i

wdi(sindy’)/N'] = exp(—y,'d; singyy’) = exp(—y.d, siny).

The treatment of positive and negative. waves in semi-
unbounded media can be applied to the treatment of
bounded media. With reference to FIG. 18¢c, medium
J is of finite extent with m lattice planes.and bounded
by medium / at /=1 and by medium k at r=m--1. The
source of excitation is the wave of amplitude T, and
wavelength A; which is incident from medium i at a
.grazing angle ¢, at the lattice plane r=1 of medium j.
The total forward wave T, and the total reflected wave
S, at the r th lattice plane of medium j are standing
waves and are the resultant of positive and negative

‘travelling waves with respect to the interface ij. The

total forward wave T, and the total reflected wave S,
are therefore given by (compare with Equation 2.11)
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T.=T*(Xy) r—1+TI_(Xii)—(r_1)=Tr++Tr—’
Se=8 (X)) 1+ 8 (X))~ =8,+48,~

1<r<m+1 (5.6)

where T,*, T,~, §,*, S;~ are wave amplitudes which are
to be determined by satisfying boundary conditions at
r=1 and r=m+1. The incident wave T, is the source of
excitation of the positive waves T;* and S;* at the inter-
face ij. In turn, the positive waves T.,* and Sp4,* are
the sources of excitation of the negative waves Ty~
and S,,,,~ at the interface jk. For r=1 in Equation 5.6,
the wave amplitude 7% is related to the incident wave
amplitude T, by Ty = T,* + T,~. From the Equation 5.2,
S8,*=Ty'T ,*. The wave amplitude S, results from the
positive wave T,* being transmitted from r=1 to
r=m+1, being reflected as a negative wave with respect
to the boundary at r=m-+1, and then being transmitted
back to r=1. Accordingly, $;” = T\*{(Xy) ™[’ (Xy)™.
The wave amplitude T~ results from the positive wave
S;* being transmitted from r=1 to r=m+1, being re-
flected as a negative wave with respect to the boundary

at r=m+t1, and then being transmitted back to r=1..

Accordingly, T,” = S, 7(Xy)™ I'y'(Xy)™. The boundary
conditions at r=1 and r=m+1 are therefore character-
ized by four simultaneous equations with four un-
knowns and are given by

T+ T =T
Syt =Ty’ T+
81" =Tu/ (X;;)m= T+

Ty~=Ty’ (Xy) ™8+ (5.7)
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‘The positive wave 7,* propagates in medium j with an

effective wavelength A, and an effective angle of re-
fraction ', The wave 7,* is incident at an angle of inci-
dence ¢’ at the interface jk where it excites the nega-
tive wave 7,”. The negative wave 7, propagates in me-
dium j with a wavelength A/’ at an angle of reflection
¥;'. The resultant amplitude 7, of the standing wave at
the r th lattice plane of medium j is given by

S g _#{(Tr)n=(sr)n+(Tr)n
: ) ) (7:)p=[(sin y¢;/sin (‘Pi’)D][(Sr)p‘!_(Tr)D
(_5.11)

In analogy to the reflection coefficient defined by
Equation 5.4 as the ratio of the resultant negative and
positive waves at the interface of two semi-unbounded
media, the reflection coefficient I''(r) at the r th lattice

“.plane of a bounded or unbounded medium is defined

30

20 ‘as

'(iry=+-"/1*

(5.12)
It should be noted that in a bounded medium the reflec-

25 tion coefficient I''(r) is not equal to §,/T,, §,*/T,*, or

S.~/t.~. The reflection coefficient at the 1 st lattice
plane of the bounded medium j of FIG. 18¢ found from
Equations 5.9, 5.10, and 5.12 to be

(D) =[Ty +Tp'(Xy) 21 + Ty Ty’ (Xy)2™]
(5.13)

- If media i, j, k are continuous, then Equation 5.13 re-

duces to the well-known result of interference optics®
given by :

T (r)=T"(2+1)=0T"(1)=T(1)

Solving Equations 5.7 for the unknown wave ampli-
tudes,

T+ Ty=1/[1+ T3/ Ty (X))

8%/ Ty=Ty' [l1 -+ T Ty (X;5) ]

Iy /T =Ty T/ (X)) /(14 Dy Ty (X ) 2]
87/ Ty=Tp/ (Xyp)=/[1+ Ty Ty’ (Xy')2=]  (5.8)

Substituting Equations 5.8 into Equations 5.5,

__ Ty(Xy)t T (X )2 mm D)
= T (R (T T (2
Dy (X)) =t

Se=1 + Ty Ty’ (Xip)2m

[14 (Tu//Ty") (X )2 m=r+0]

40

45

_[Du+Taexp (=2vsing . . wl, .

T TTic exp (—27; sin gmw)] 0 ¢ ok
(5.14)
‘where T
w = m d; = thickness of medium j assuming that the
interface spacing dj, is included as part of medium
J. The reflection coefficient at the (m-+1) th lattice
plane is also found from Equations 5.9, 5.10, and

5.12 and reduces to

'(m+1) = Tnl+1_/7m+}+ =Ty’

. (5.15)
The positive and negative waves incident and reflected

. 50 respectively at an angle of incidence ;" at the 1 st lat-

tice plane of medium 4 are given by Equation 5.10 for
r=m+1. In analogy to Equation 5.11 for the resultant
transmitted wave in medium j, the resultant transmitted
wave 7 in medium £ at its first lattice plane is given by

55 (ri)a= (rhp)allF (Tu'dal

T (r)p=[1/sin (¥')pl sin (457D p () pll + (T )5l
(5.16)
where ;' = cos ~!(v,~'cosy,’) = effective angle of re-

1<r<m+1 (5.9) 60 fraction in medium k. Equations 5.9 — 5.16 are func-

From Equation 2.24, the resultant transmitted positive
wave 7,7 and negative wave 7,~ are given by

tions of I'y’ and [y’ which are given by

Ty’ =au/ (1 — &5 X5ti5)

T’ =ajx/ (1 — P Xinti) (6.17)

. +={(Tr+)n=[(Tl+)n+ (81+)a] (X5)~¢D

(re*)p=[(sin ¥1) /sin (¢ )] [T1*) o+ (Si*) ol (Xis) 1

Tr

__{(Tr—)n=[(Tl_)n+ (8 )al(X )=

s 1<r<m+1 (5.10)

(re7)p=[(sin ¢} /sin (¥1")pll{T1)p+ (1) o) (X)) ==V ,



3,765,773
65 66

t”_{(tii)n:cos [(ua)ii (1/Z4);Fr (w3, b); (sign cos 2¢)]- exp [i(uq)y]
T ) p=cos [(%a)1;(1/Za) ;F (¢, k); (cos 2¢1)]- exp [i(ua)y)

. :{(tik)n=005 (o) 1/Za)uFr(¥5', h)x (sign cos 2¢5']- exp [i(ug)i]
* Ut p=cos [(ua) 1(1/Z4)Fr(¥;', h)y (cos 2491 exp [7(wa) ]

1<m«10  (5.23)

The parameters ®;; and P, are defined b.y Equation 2.2 Equations 5.9 - 5.23 give the general properties of

as o electromagnetic waves in bounded, phase-ordered me-
@y=exp (—1Vy) =exp [—4(2ndy/n) sin pi] dia. :

Pju=exp (—iVi) =exp [—i(2rdy/N/) sin /] (5.18) If medium j and medium & are discrete media, then

the reflection coefficient I';' is an explicit function of

where the atomic structure factor and lattice spacing in both

sing; ' = [1 — (v’ )" 2cosy, ]2 15 media j and k. The reflection coefficient T'’ is an ex-

A =Ny plicit function of the atomic structure factor and lattice

viy' = [cos®, — (N/2mdy)2(In Xy)*]'2, vy = [costy’ spacing of medium j only (because \; and ¢, are un-

— (A [2md )3 (In X )22 specified functions of the lattice spacing and atomic

The parameters X;; and Xy are defined by Equations structure factor of medium /). If media i and % are iden-
2.10 and 2.11 as 20 tical and continuous, then

 Xu=AnE (A2 =1, Ay= (1/28ut) [L 1 (€11)7 (7 — )]
Xie=Aset (A —1)12, Ajie= (1/285t51) [1 + (851)2 (2 —a;,2) ]
' (5.19)
If the number m of lattice planes in medium j is suffi- o’ =v, Jn/ =o' fo;=1]v;
ciently large (m >>_1) so that the parameter v, = eyt PR iy
(e)/€) is well defined, then the single-scattering coef- 008 i = (o' /0" cos ' =[ (vy/ /i) cos ¢ (vifv, ) =cos ¢
ficients ay and ay, are defined by Equation 3.30 as or Yu' =¢i=0v;,di=dp =0 (5.24)

— { (@:)a=1 sin (205 (1/Z);F(¢s, )3l exp (i) o
Y @) o=1 sin [u;(1/Z4) ;1 (g5, h);(5in? g; — 0372 cos? yi)]- exp [4u:; (072 cos? i +sin? ¢'))]
a :{(ij)n=i $in (W (1/Za) 1 Fr(¥'5, h)il- oxp (iu5) ,
7V a5 p=1 sin [5:.(1/Zs) Fr(¥'5, R) (5in? ¢/ —0.20" 72 cos? ¥';) ]+ -exp (4251 (via’572 oS ¢';+sin? ¢/ ;jm>>1

(5.20)
The single-scattering coefficients ¢;; and ¢y, are defined  The reflection coefficient Ty’ may be written in the
by Equation 3.30 as form given by Equation 4.34 where siny = siny;. Simi-

tn__{(tis)n:COS [%i;(1/Z2)iF (¢, h)3]- exp (Ts;) '

Nt p=cos [4;;(1/Z4) ;Fr (¢, b);(sin? ¢; —v;;2 cos? ¥i) 1o exp [{u:; vy cos? ¢; +sin? y;)]

4 —{(tik)nzcos (@i (1/Z2) P (s, h)i]- exp (i) o

() p=cos (@ (1/Z4) L Fr (s, h) . (sin? Yi—ui’2 cos® Y2') 1 exp [T (0’72 cos? i +sin? ¢’y >l
: (5.21)

where Ty = (2@d/A)(1/2 sing)(1-v;2), Ty = larly, the reflection coefficient I'yx’ may be written as
T2 S 207, e S () s
If the number m of lattice planes in medium j is small , (T )“_Sin(%")n-f- (o) n sin (i )u

(I £ m << 10) so that it is not meaningful to define 50 Tl = Sin (¥ )p— (2 ) p sin (957

a permittivity €, then the single scattering coefficients (Pik,)n=sin(‘/,kr)p+ (v’,k,)n Sin(,/,).f)p

ay and ay, are defined by Equation 3.18 as PO toe

(5.25)
a,.={(a;i);=i sin [(dn);i(i}ZA)iFT(‘/’i, k); (sign cos 2y3]- exp [2(un) 5]
Y @) p=1 sin [(un)i5(1/Za)sFr(¥;, h);(cos 20:)]- exp [4(ua)y]
age={ () =8 oin [(n) s (UZ0 WP (94, R (sigm cos 244)]- exp [i(un)
" Wandp=1 sin [(ua)u(1/Z4)xFr (¥, h)x (cos 2¢y')] exp [#(ua) il
' ' 1<mk10 (5.22)
where ' ) ‘S'ubstituting Equations 5.24 into Equations 4.34 and
(n)y=— (G, Z, Mo)JAl/Sin"bl 5.25,
(e = — (Gy Z_.-l Mo)k)\J'/Sln!pJ’ .
G, = function related to the électronic or atomic po- g5 Ty ==Tyu ,forvi=v,di=d,=0
larization of the medium (see Equation 3.6) . .
M, = number of atoms (or molecules) per unit area _ » (5.26)
in a single lattice plane of the medium. The reflection coefficient I'"(1) of Equation 5.13 is

The single-scattering coefficients ¢;; and 1), are defined independent of the number of lattice planes in medium
by Equation 3.19 as J if and only if '



3,765,773

. 67 _ A .. .. 68 :
'y’ =0 for most electromagnetic wave-interactions (V; << 1),
(1) =Ty, or ¢,2=1. Irrespective of the value of @, Equations 5.31

(P”r)z 1 (r“f_ 4 1) (5 27) and 5.32 both give the results S,,.,=0 and §,/8, = (X;)-

R "I = (X)X — (Xy)P™). Equations 5.32 dif-

5 fer from Equations 5.31 by the factor @2 because Dar-

win (and then Mauguin) incorrectly assumed that if

Sn+1=0 at the (m+1) th lattice plane, then the reflected

wave S, just above the (m+1) th lattice plane is also

zero where m < r < m+ 1. However, S, is a standing

10 wave in a bounded medium and the amplitude of the

standing wave is non-zero at an infinitesimally ‘small

distance away from the null point at r=im+1. Therefore,

in determining T4, and S,,, Darwin and Mauguin ne-

glected the small contribution of the reflected wave S,

15 just above the (m+1) th lattice plane. If S, had been a

travelling wave or if the initial condition had been non-

zero, then the method of substituting the initial condi-

.tion into the difference equations would have given
correct results.

The condition (I";)2 = 1 corresponds to the edges of
the total reflection bands given by Equation 4.43¢
(total internal reflection) and by Equation 4.74c¢
(Bragg reflection). More specifically, the condition I';;’
= +1] is identified with the angles {; = (Yz,);; and ¥, =
($p.4)iy — (Agip )i whereas the condition 'y = —1 is
identified with the angles ¥; = (Yi,,11)s and ¥ = (Pp.4)
+ (AYp.n)y- The condition I'y,’ = 0O corresponds to the
angles of total transmission defined for the interface jk.
More specifically, the condition I'y," == 0 reduces to ¢;'
= (Yo.m )5k

The general condition for the invisibility (zero reflec-
tion) of the waves incident on the bounded medium j
of FIG. I8¢ is given by

r =0 g " waverront. incident on 2 parfect mvent | s
Ty =£Ty/, Ty =0 (5 28) a perfect crystal j which is

s bounded by free space at both interfaces. In particular,
If media i, j, and k have zero absorptlon loss, then for consider an angle of incidence ¢, = (Ypu)y
radiation at normal incidence, Equation 5.28a reduces: | corresponding to the center of the Darwin bands for
to 25 Bragg reflection in medium j. For this angle of inci-

; videvy, v = (v )2, md;= (A /4) (2k+1), k=0,1,2,3,
T (1) foymerz=0, {v —vp di=dy=0, mdy=(; ’/2)(2k+1) 5k=0,1,2.3,

e e _ -.(529)
Equation 5.28b reduces to dence, I'y =i and Xy = exp(i Nm) exp[— g (M Z)Fr
: - ' (4n,h)]. Substituting these values into Equations 5.31,
r'(l)= {:’ﬁz: g' éfb_%) ',Z:h_ (‘,://;)hi)lk the reflection coefficient I''(1) is given by I (1)/T,; =
_ (5.30) 35 tanh[m Up.w (I/ZA) FT(‘II«J')] ¢'i = (Yp.a)y; Conditions

. (5.33)
in Equauons 5 29b and 5 30b the condmons Vi= v, d; where .

= d, = 0 are derived from Equation 5.26. - . e
If media i and k are identical continuous media so g = (27difA)(1/2 sindip y) (1=vi")=(1—v,?)/2N7r

that Conditions 5.26 are satisfied, then Equations 5.9 49 For m— o, I'(1)/T'y’ — 1 and for m — 0, T'(1}/Ty
reduce to o e
— (T3 )2 (X j5) 2mmr+D)
Tr/T1=(Xii)'_l[1 (_ ; ).;/(i h).. m ] . :
- 1= (T2 (X))
ve=0;, di=d,=0, 1<r<m-+1

— (Xu)z(m—r+l)
8./ Ty=TIyy (Xu) T’W] (5.31)

Equations 5.31 are an improvement over the results ob- Equation 5.33 should be compared with the result
tained by Darwin®, Mauguin®, and Brillouin® for (x- - Ne o i _ _
rays incident on) a perfect crystal which is bounded by 50 |I'(1/Ty'|?= [m pn(1/Zy) Fr(y,h)]1 "tanh{m Fpn

free space at both interfaces. Darwin® assumed the ini- (1/Z) Frldush)]

tial condition Sy = 0 (for the notation of FIG. 18¢c)  obtained by Darwin® for x-rays from a point source (a

and substituted this condition into the difference equa- spherical wavefront) incident at approximately the

tions given by Equations 2.8. mauguin® demonstrated Bragg angle {iz.4.

that the substitution of this initial condition into Equa- 55 6.0 TOWARDS A UNIFIED SCATTERING THEORY

tions 2.8 leads to solutions for S, and 7, in terms of In determining the interference of electromagnetic

well-defined recursion  polynomials.  Brillouin® waves which are scattered by each scattering center of
identified these polynomials as Gegenbauer functions semi-unbounded and bounded media, this paper has

of rank 1. With the use of Equation 2.14aq, it can be attempted to resolve anomalies and to unify aspects of
shown that Mauguin’s solution is equivalent to 60 electromagnetic theory. Whereas Maxwell’s equations,

T/ Th=(X35) =11 —&;2(Ty; )2 (X 33) 2@-s+0]/f1 —;4’132(1‘13')2(15:5)’“‘]
S/ Thy=0 (X3y) 71 — (X;) m-m+D]/[1=;2 (T ) 2 ( X 55) 2]

in their present form, are applicable to only the one co-
where @, is given by Equation 5.18. For angles of inci- ordinate (0,0) in &,V phase space, the difference equa-
dence in the vicinity of the Bragg angles (Vy;~ Nm) and tions and single-scattering coefficients which have been
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developed in this paper are applicable to every coordi-
nate in u,V phase space. Since matter is discrete rather
than continuous, Maxwell’s equations are at best an
idealized mathematical theory which is only approxi-
mately correct for those electromagnetic wave-
interactions whose phase coordinates (%, V) are in close
proximity to the origin (0,0). In contrast, the theory of
this paper is exact (within the limitations that have
been imposed) at every coordinate (&,V) and is inti-
mately related to the physical phenomena associated
with each scattering event in phase-ordered media.

Several conditions have been imposed upon the re-
sults. Some methods and problems associated with the
removal of these conditions are now discussed.

1. The concept of phase interference is meaningful in
terms of steady-state monochromatic waves. The con-
cept can also be applied to other periodic waveforms
and to transient waveforms if the input waveform is ex-
pressed in terms of its Fourier or Laplace frequency
components. Standard convolution techniques can
therefore be applied to determine the reflected and
transmitted waveforms for input waveforms of arbi-
trary shape.

2. The radiation scattered by each electron of the
medium has been assumed to have a frequency identi-
cal to that of the incident radiation, a phase directly re-
lated to the phase of the incident radiation, and a direc-
tional amplitude of complete certainty characterized
by Rayleigh scattering. These assumptions are valid
only if there are no pertubations or changes in the en-
ergy state of the electrons. Brillouin scattering® and the
Compton effect®®*” are examples of incoherently scat-
tered radiation resulting from changes in the energy
state of the electrons. In the case of Brillouin scatter-
ing, the direction and frequency of the scattered radia-
tion is a function of the acoustical vibrations of uncer-
tain amplitude caused by the thermal energy of the lat-
tice or atoms. In the case of the Compton effect, the di-

,fection and frequency of the scattered radiation is a

function of the electron recoil and its uncertainty to an -

elastic collision with a high energy (hard x-ray) photon
of the incident radiation. In these examples of incoher-
ently scattered radiation, only a portion of the incident
wavefront is scattered incoherently. The resultant re-
flected and forward waves are partially coherent, par-
tially monochromatic, and partially specular. Coherent
atomic structure factors may be modified and incoher-
ent atomic structure functions may be introduced, as is
done in x-ray physics'é, to account for changes in the
energy state of electrons. However, until the uncertain-

ties associated with these energy changes are resolved,

the interference of waves scattered from such electrons
must also remain uncertain.

3. The parameters 8V, and 8%, Which character-
ize the phase-disorder of media, have been assumed to
satisfy Conditions 2.7 if the difference equations are to
be applicable. Perfect phase order occurs only in con-
tinuous media or in perfect crystals whose atoms are
arranged in equally spaced planes parallel to the inter-
face. In such media, 8V, = 6%ms = 0 and the interfer-
ence of scattered waves results in specularly reflected
and transmitted waves. In this paper, no attempt has
been made (except for the case 8V, = 8ifyms = 0) to
establish the functional relationship of the phase-
disorder parameters to the amplitudes of the scattered
waves.

4. The permeability of the media has been assumed
to be identical to that of free space. Only the harmonic
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linear displacement, of electrons excited by the inci-
dent electric field intensity, has been considered. If the
theory of this paper is to be extended to magnetic
media and is still to be derived independently of Max-
well’s equations, then it will be necessary to consider
also the harmonic changes in the spin and orbital mo-
tion of the electrons comprising the media.

3. The scattering cross-section of each electron has
been assumed to be sufficiently small (see Equation
3.7) so that each scattering center in a given lattice
plane scatters the incident wavefront independently of
one another. This assumption is valid for electromag-
netic waves with the possible exceptions of grazing an-
gles of incidence almost identical to zero and wave-
lengths in the immediate vicinity of an absorption line.
The interference of waves from coupled-scattering cen-
ters has been studied for low-energy electron waves3®
and for the general class of waves in periodic struc-
tures®. In the former case, the diffraction from parallel
lattice planes is combined with a method of self-
consistent fields. In the latter case, a more general dif-
ference wave equation than Equation 2.9 is employed
to account for mutual forces between scattering cen-
ters. Both of these cases develop useful methodologies
but are incomplete because they fail to correctly relate
wave refraction to the phase difference # of the for-
ward scattered wavefront. As a consequence, in the lat-
ter case for example, the difference wave equation is
abandoned for the differential wave equation and the
pertubation theory (or selected periodic functions) as-
sociated with it*,

6. Any discrete medium, whose phase disorder does
not violate Conditions 2.7, can be approximated to at
least a first order approximation by scattering centers
which are arranged in equally spaced planes, of spacing
day, parallel to the interface of the incident wavefront.
For example, if V,, << 1 and |'ii,, | << 1, then the the-
ory of this paper is applicable to any crystal or amor-
phous medium. However, if either V,, > 1 or 0,2
24 1, then Conditions 2.7 are safisfied only by those
crystalline lattice structures in which the atoms are ar-
ranged in equally spaced planes parallel to the inter-
face. For these crystalline lattice structures of perfect
periodicity which do not satisfy Conditions 2.7, the
atoms are also arranged in planes parallel to the inter-
face. However, in this case, the spacings between
planes are not all equal but instead have more than one
periodicity. The problem therefore reduces to the the-
ory of difference equations with more than one period-
icity. An alternative approach is to define a unit cell as
the diffracting unit rather than a lattice plane. The unit
cell is defined by Ewald’s reciprocal lattice parame-
ters®#!, The interference of waves, with the unit cell as
the diffracting unit, has never been determined exactly.
However, approximate solutions for Bragg-type reflec-
tion in three-dimensional lattices have been obtained
by assuming that the effective wavelength at the center
of the reflection bands is either equal to the incident
wavelength?? or is equal to the incident wavelength di-
vided by the relative wave velocity vy for continuous
media®. The correct effective relative wave velocityv,,’
in the vicinity of a Bragg angle (for equal lattice spac-
ings) is given by Equation 4.80 which is derived from
difference equations rather than differential equations.
Brillouin*® has determined the geometric zones (using
Ewald’s construction) associated with Bragg-type re-
flection for several three-dimensional crystalline struc-
tures. Brillouin zones are identified with the phase pa-



3,765,773

71

rameter V since Bragg reflection occurs for ¥V = Nx. In
addition to Brillouin zones, it is possible to determine
zones which are identified with the phase parameter w
since total reflection also occurs for @ =~ (2M+1)(7/2).

In the preceding discussion of Conditions 5 and 6, it
was suggested that waves in discrete media cannot be.
correctly treated by a differential wave equation unless
the effective refractive parameters are substituted into
it. This point is illustrated by the following comparison
of differential and difference wave equations. The dif-
ferential wave equation for the projection onto the z
axis of a wavefront propagating in the continuous me-
dium j of FIG. 104 is given by

(2/d2) (1—4)

(o®1/az?) + (27/A\)2r = 0

(6.1)
where 7= transmitted electric field intensity at a coor-
dinate z on the z axis of medium j. A, = /vy = wave-

length in the direction of the z axis in a continuous me- )

dium j. However, as was pointed out in Section 5.0, the
-transmitted electric field intensity in any phase-ordered
medium, whether it be discrete or continuous, may be

expressed as the sum of a forward wave T and a re-.

flected wave S whose phases propagate in the same di-
rection and at the same rate. From Equations 5.11, the
transmitted electric field intensity 7 in a continuous me-
dium j is given by

—’_._—’ _‘_ ™= Tn[1+(rii)n]
= T+S‘{fp=[Tp<sin ga) fsin gl [L+ (T3]
(6.2)

Therefore Equation 6.1 may be expressed as two differ-
ential wave equations given by

(o? T/azz) + (27/A2)? T= 0, (0 S/ 022) + (2m/\,)%S
=0

(6.3)
The correspondmg difference equation for the forward
wave T, (and an identical one for the reflected wave S,)
in the discrete. medium j of FIG. 10a is given by Equa-
tion 2.9. Equation 2.9 can be expressed in a form which
more closely resembles that of Equation 6.3. Dividing
by d* (where d is the lattice spacing) and rearranging
terms, Equation 2.9 may be written as

(Ud)(Tpsy — 2T, + Tooy) + (2/@)(1-A)T, = 0 where
A is given by Equation 2.10. If we now introduce the
central difference operator 8 defined by!?

8T, = Triy2 — Tr_yj2, then 8T, = 87,)=T,,— 2T,

+ T,_,. The same results are obtained for the reflected

wave §,. Therefore, the difference wave equations for
the forward and reflected waves reduce to

(& T)IF] + (2/#)(1-A)T, = 0, [(8%5,)/d*] +
' /&) (1-4)S, =0

(6.4)
It is important to recognize that the quantity
(2/d%)(1—A) is generally not equal to (2#/\;,')? where
A;;' is the effective wavelength in the direction of the
z axis in a discrete medium j. From Equations 2.11,
2.15, and 2.17, A;;' is given by

72
(27N Y2 = — (1/d)*(In X)? = (1/d)*(cos~'A)?

(6.5)
If the single-scattering coefficients of Equations 2.2,

5 3.29, and 3.30 are substituted into Equation 2.10, then
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parameter A exhibits the properties

" [A%1,(d0, Conditions 6.6¢ not satisfied)
A<lim A—1 as d—0
A=1, (V=2N"75=M7") (1/Za) Fr(y,h) =1

(6.6)

It then follows that

" [%(25/70)2, (d%0, Conditions 6.6¢ not satisfied)
= (27/\;)2, d—0
=(27/N,")2, (V=2Nw, W=Mm, (1/Z4) Fr($,h) =1

(6.7)

From Equation 6.7b, the difference wave Equations 6.4
reduce to the differential wave Equations 6.3 in the

limiting case of continuous media. From Equation 6.7a,

for discrete media, Equations 6.4 are not strictly analo-
gous _to Equations 6.3 with the exceptlon of the case

s given by Equation 6.7c. Whereas \;,’ is derivable

from the solution of Equations 6.4, attempts to derive
Ajz from the solution of Equations 6.3 have either
been unsuccessful or have been only approximately
correct in certain restricted cases?®40, If A;,' is
determined a priori (for example, by solution of
Equations 6.4) and is substituted for A;, in Equations
6.3, then Equations 6.3 will give the same resuits

as _the solution of Equations 6.4 for discrete media.

Differential wave equations of the same form as
Equations 6.3 are applicable to any kind of plane wave
(electromagnetic, elastic, or wave-mechanical De Bro-
glie wave) in continuous media. Similarly, difference
wave equations of the same form as Equations 6.4 are
applicable to any kind of plane wave in phase-ordered
media (continuous or discrete). Since matter is discrete
rather than continuous, difference wave -equations,

~which relate multiple-scattering wave amplitudes to

single-scattering events, give more unified and exact
results than is obtainable from differential wave equa-
tions. For this reason, theoretical physics should more

. logically be dominated by difference equations which

are based on single-scattering concepts rather than by
differential equations which are based on field con-
cepts. Difference wave equations of the form of Equa-
tions 6.4 are self-consistent because they are always de-
rivable from two self-consistent first order difference

“equations of the form given by Equations 2.8. Equa-

tions 2.8 are self-consistent because the wave ampli-
tudes T, and §, have identical physical dimensions of
some physical characteristic of the wave. For example,
T, and S, may be an electric field intensity for an elec-
tromagnetic wave, a linear displacement for an elastic
wave, or a flux density for a wave-mechanical De Bro-
glie wave. The self-consistent nature of the difference
equations and the extremely narrow transmission and
reflection bandwidths that can result from these equa-
tions suggest an alternative approach to quantum me-
chanics which is presently treated as a self-consistent
probability eigenvalue problem in the form of a differ-
ential wave equation. The results of this paper are ex-
actly applicable to any type of plane wave in phase-

- ordered media which satisfys the conditions that have

been imposed upon the results. For example, it is ex-

_pected that the results of this paper will find application
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in caiculating the detailed structure of the reflection
and transmission bands associated with acoustic and
electron waves in phase-ordered media. The results
should not only provide a more exact solution for Bragg
reflection bands (V = Nar) but should also lead to the
discovery of new transmission and reflection bands for
the conditions & = Mz and & =~ (2M+1)(7/2) respec-
tively.

The theory, of waves in phase-ordered media, applies
not only to atomic lattices but also to artificial lattices.
Periodic loaded transmission lines and media (in which
lumped obstacles are imbedded in a dielectric) are
some examples of artificial lattices to which this theory
can be applied. A further example is an elastic wave
which periodically modulates a. medium through which
an electromagnetic or electron wave propagates. The
wavelengths associated with . particular reflection or
transmission bands may be orders of magnitude larger
in artificial lattices than in atomic lattices because the
lattice spacing d can be made correspondingly larger.

The theory of waves in phase-ordered media is a the-
ory of multiple scattering based on single-scattering
concepts. Table 8 compares some characteristics of
single-scattered waves with those of multiple-scattered
waves in phase-ordered media. Prior to this paper it
had not been possible, with the exception of x-ray
Bragg reflection’, to relate multiple scattering in phase-
ordered media to single-scattering concepts.

Multiple scattering is usually associated with prob-
lems of radiative transfer and transport phenomena. In
terms of the phase-disorder parameters 8V,,, and
8%yms, radiative transfer may be defined as the propaga-
tion of waves in media of any phase-disorder (0
S 8V ime<®, —® < §if,my < ®) whereas transport phe-
nomena {such as diffusion, heat conduction, viscosity)
may be defined as the propagation of waves in media
of large phase-disorder (8Vms = 7 or |8upms |> 7). A
medium of large phase-disorder should not be confused.

with an amorphous medium since it has already been 40

shown that
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oped, was first conceived by the ‘author in work per-

formed in- 1968 at American Science & Engineering,

Inc. on the resolution and efficiency of x-ray tele-

scopes. '
Useful reference material was brought to.the atten-

tion of the author by the following colleagues and

friends:

Dr. Gene Baraff, Bell Telephone Laboratories (Refer-

ence 38)

Dr. Paul Chorney, Unitrode Corp.

Dr. Carolus Cobb, American Science & Engineering,

_ Inc. (Reference 19 and notes of the course on x-ray

15

25

30

35

physics given by Prof. Bertram Warren at Massa-
chusetts Institute .of Technology)

Dr. Robert Kohler, State University College at Buffalo
Dr. Oscar Manley, American Science & Engineering,
Inc. (Reference 35)

Mr. Walter Rotman, Air Force Cambridge Research
Laboratories (Reference 26).
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an amorphous medium may satisfy Conditions 2.7.
Since this paper determines the radiative transfer in
those media which satisfy Conditions 2.7, the results
are related to the solution of the general class of prob-
lems associated with radiative transfer including trans-
port phenomena. :
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What is claimed is:

1. Apparatus for selectively propagatmg waves in a
direction having a component parallel to an interface
comprising, ’

means defining discrete phase-ordered media along

said interface characterized by a wave refraction
constant and a spacing d between lattice planes
generally parallel to said interface,
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a source of said waves,
and means for establishing the wavelength, polariza-
tion and angle of incidence upon said interface of
said waves to selectively propagate said waves in a
direction having a component parallel to said inter-
face in a pre-determined manner controlled by said
wave refraction constant and said spacing d and es-
tablish a substantial phase difference between wave
fronts at adjacent ones of said lattice planes in the
forward scattered direction at least of the order of
.~ aradian. ‘
2. Apparatus in accordance with claim 1 wherein said
waves are electromagnetic and metal comprises said

-media.

3. Apparatusin accordance with claim 1 wherein said
waves are electromagnetic and dielectric comprises
said media.

4. Apparatus in accordance with claim 3 wherein said

_angle of incidence is a small grazing angle slightly

greater than zero degrees with said wave refraction

_constant and said lattice spacing being such that only

narrow bands of electromagnetic waves of predeter-
mined polarization and wavelength propagate in said
direction.

5. Apparatus in accordance with claim 4 and further
comprising means for adjusting and measuring said
angle of incidence,

and means for detecting the wavelength, intensity

and polarization of the waves propagated by said
apparatus in said direction.

6. Apparatus in accordance with claim 4 wherein at
least one small angle of incidence produces substan-
tially total reflection,

7. Apparatus in accordance with claim 5 wherein said
means for detecting includes means for detecting trans-
mitted waves and means for detecting reflected waves,

and further comprising means for stressing said

media to effect the ratio of transmitted wave inten-
sity to reflected wave intensity.

8. Apparatus in accordance with claim 6 wherem said

‘media surround different media of wave refraction

constant less than that of said first-mentioned media
whereby waves may propagate through said second
media by multiple reflections from said first-mentioned
media.



