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57 ABSTRACT 
Systems and components are disclosed for the utiliza 
tion of electromagnetic waves whose phase difference, 
between lattice planes in discrete phase-ordered me 
dia, is appreciable in the forward-scattered direction. 
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SYSTEMS AND COMPONENTS FOR THE 
UTILIZATION OF ELECTROMAGNETIC WAVES 

IN DISCRETE, PHASE-ORDERED MEDIA 

BACKGROUND OF THE INVENTION 

This invention relates to the utilization of the trans 
mission, reflection, dispersion, and polarization proper 
ties of electromagnetic waves, over the entire electro 
magnetic spectrum, in discrete, phase-ordered media. 
The theory of electromagnetic waves in discrete media 
is disclosed by the applicant in Appendix A. The con 
cept and definition of "phase-ordered' media are also 
disclosed in Appendix A. Phase-ordered media include 
continuous media, single crystals, liquid crystals, poly 
crystalline and amorphous media in which the phase 
differences between scattering centers are small, and 
artificial lattices consisting of media in which obstacles 
are periodically imbedded or media which are periodi 
cally modulated by an elastic wave or other incident 
wave. Specific properties of interest in this invention 
fall into one of two categories. The first category in 
cludes the transmission bands, reflection bands, fre 
quency dispersion, and birefringence which occur at 
sufficiently small grazing angles of incidence in dis 
crete, phase-ordered dielectric media. The second cat 
egory includes the increased skin depth and reduced 
conduction loss of electromagnetic waves at arbitrary 
angles of incidence in discrete, phase-ordered metallic 
media. 

In particular, this invention relates to metallic radia 
tion guides, such as wires, transmission lines, wave 
guides, and cavities, in which travelling or standing 
electromagnetic waves propagate in well-defined 
modes with minimum radiation loss. This invention also 
relates to dielectric radiation guides, such as fibers and 
thin films, in which electromagnetic waves propagate 
by successive multiple reflection with minimum radia 
tion loss. This invention also relates to systems and 
components for control, communication, display, data 
processing, information storage, and detection in which 
precise filtering, switching, or modulation of the direc 
tion, wavelength, amplitude, or polarization of the inci 
dent electromagnetic radiation is desired. This inven 
tion further relates to... systems for the investigation of 
lattice structure and lattice defects of materials. Still 
further, this invention relates to the detection of exter 
nally applied energy which modifies the lattice struc 
ture or the electrical properties of a discrete, phase 
ordered medium. 
The present state-of-the-art of most electromagnetic 

systems and components is characterized by wave in 
teractions in which the phase difference between scat 
tering centers of the interacting medium can be ne 
glected or assumed to be zero. The medium is therefore 
usually referred to as being "continuous." The wave 
interactions for continuous media can differ signifi 
cantly from the wave interactions for discrete phase 
ordered media in which the phase difference between 
scattering centers is appreciable. A detailed compari 
son, of the properties of electromagnetic waves in con 
tinuous and discrete phase-ordered media, is given in 
Appendix A. This invention relates to a specific class 
of wave interactions in discrete phase-ordered media. 
This invention specifically relates to waves whose 
phase difference, between lattice planes in discrete 
phase-ordered media, is appreciable in the forward di 
rection. (see Appendix A, Conditions V C C 1,0s u? 
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2 
< oo). This invention should not be confused with 
wave interactions in the present state-of-the-art of 
periodic media. One such class of wave-interactions 
is characterized by Bragg reflection in which the 
phase difference between lattice planes is appreciable 
in the reflected direction (see Appendix A). An 
other class of wave interactions in the present state 
of-the-art of periodic media is characterized by 
wavelengths which are large compared to the spac 
ings between scattering centers of an artificial 
lattice (see W. E. Kock, "Metallic Delay Lenses' 
Bell Syst. Techn. J. 27, 58, 1948). A further class 
of wave interactions in the present state-of-the-art 
of periodic media is restricted to waves which are 
incident at normal incidence on artificial dielectrics 
(see S. B. Cohn, J. App. Phys. 20, 257, 1949; 21, 674, 
1950; 22, 628, 1951; see also H. S. Bennett, "The Elec 
tromagnetic Transmission Characteristics of the Two 
Dimensional Lattice Medium," J. App. Phys. 24, 785, 
1953), In this latter case of wave interactions, the 
phase difference between lattice planes can be appre 
ciable in the forward direction. Also related to this lat 
ter class of wave interactions is the propagation of 
waves in periodic-loaded transmission lines in which 
the incident and exit directions of propagation are 
known (as in the case of normal incidence). (See L. 
Brillouin, Wave Propagation in Periodic Structures, 
New York: Dover, 1953, Chapters 9, 10, and Appen 
dix). 
This invention relates to two classes of wave interac 

tions in which the phase differences between lattice 
planes is appreciable in the forward direction and 
which have not been utilized in the present state-of-the 
art of electromagnetic systems and components. The 
first class of wave interactions related to this invention 
consists of electromagnetic waves incident at small 
grazing angles of incidence on a discrete phase-ordered 
dielectric. The second class of wave interactions re 
lated to this invention consists of electromagnetic 
waves incident at an arbitrary angle of incidence on a 
discrete phase-ordered metal. 
The unique electromagnetic properties related to this 

invention for the first class of wave interactions,in 
phase-ordered dielectrics, are: . 

a. The effective phase velocity of wave propagation 
is a function of the angle of incidence, polarization, 
and incident wavelength for a given dielectric cons 
tant and lattice spacing of the medium. 

b. Narrow transmission bands occur for angles of in 
cidence sufficiently small. 

c. Total reflection occurs in relatively wide bands, for 
angles of incidence sufficiently small, regardless of 
whether the relative phase velocity is less than or 
greater than unity. 

The unique electromagnetic properties related to this 
invention for the second class of wave interactions, in 
phase-ordered metals, are: 

a. The effective phase velocity of wave propagation 
is weakly dependent upon the DC conductivity and 
is strongly dependent upon the lattice spacing for 
media of large DC conductivity. 

b. The effective skin depth is larger (and the effective 
surface resistivity is smaller) than for continuous 
metals. 

One component of this invention, common to all 
claims and embodiments, is a phase-ordered medium, 
whether it be a dielectric or a metal. A phase-ordered 
medium is one which satisfys the conditions of Equa 
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tion 2, 7 of Appendix A and includes those media 
which have been identified above. If the incident elec 
tromagnetic radiation penetrates to only a limited ef 
fective distance within the medium, then it is under 
stood that the conditions of Equation 2, 7 need only be 
satisfied by that portion of the medium to which the in 
cident radiation penetrates. Therefore a medium with 
only short range order may be phase-ordered. This is 
particularly applicable for radiation incident at small 
grazing angles of incidence because an appreciable per 
centage of the incident radiation may be reflected by 
a single lattice plane. A second example of a phase 
ordered medium which may have only short range 
order is radiation incident on metals with a skin depth 
of penetration comparable to a few lattice spacings. 
The scattering centers of a phase-ordered medium j 
may consist of either 

a. atomic or sub-atomic particles, such as electrons, 
atoms, ions, molecules, unit cells of a crystal, which sat 
isfy the conditions of Equation 2, 7 of Appendix A, 

b. obstacles which are periodically imbedded in a di 
electric to form an artificial lattice; 

c. atomic or sub-atomic particles of a medium which 
is periodically and spatially modulated by an elastic 
wave or other wave propagating in the medium, 
such as an acoustical wave which spatially modu 
lates a liquid crystal. 

A phase-ordered medium j may exist as a solid, liq 
uid, gas, or plasma provided that the conditions of 
Equation 2.7 of Appendix A are satisfied. Although the 
applicant defines and introduces in Appendix A the 
concept of phase-ordered media, this application does 
not claim the invention of phase-ordered media nor 
does it claim the invention of new forms of phase 
ordered media. Rather, this application claims new and 
novel ways of utilizing the properties, disclosed by the 
applicant in Appendix A, of electromagnetic waves in 
phase-ordered media. 

In defining a phase-ordered dielectric and a phase 
ordered metal, it is convenient to refer to the parame 
tervisvi/vii (a elple)' = . 
relative wave phase velocity for continuous media 
where 
v = wave phase velocity in medium i if medium i 
were continuous 

v = wave phase velocity in medium j if medium j 
were continuous 

pu, u = permeabilities of the respective media if the 
respective media were continuous 

e, e = permittivities of the respective media if the re 
spective media were continuous. 

The parameter v is generally a complex number since 
most media have some absorption loss. If Rev 22 Im 
vt (the real part of vu is much larger than the imaginary 
part of v) then medium j shall be referred to as a "di 
electric" with respect to medium i. If Im v. Revu, 
then medium j shall be referred to as a metal with re 
spect to medium i. A phase-ordered dielectric is there 
fore, for purposes of this invention, a medium j which 
satisfys the conditions of Equation 2.7 of Appendix. A 
and for which (Im v/Rev) << 1. A phase-ordered 
metal, for purposes of this invention, is a medium j 
which satisfys the conditions of Equation 2.7 of Appen 
dix A and for which (Im v/Rev) >> 1. "Total' re 
flection or "total' transmission by a dielectric shall be 
interpreted as referring to an idealized dielectric with 
In vF0. 
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BRIEF SUMMARY OF THE INVENTION 
According to the invention, there is apparatus for se 

lectively propagating waves in a direction having a 
component parallel to an interface comprising means 
defining discrete phase-ordered media along the inter 
face characterized by a wave refraction constant, such 
as the dielectric constant, permittivity, permeability or 
index of refraction, and a spacing d between lattice 
planes generally parallel to the interface, a source of 
waves, and means for establishing the wavelength, po 
larization and angle of incidence upon the inter-face of 
the waves to selectively propagate the waves in a direc 
tion having a component parallel to the interface in a 
predetermined manner controlled by the wave refrac 
tion constant and the spacing d and establish a substan 
tial phase difference between wave fronts at adjacent 
ones of the lattice planes in the forward scattered direc 
tion at least of the order of a radian. 
One embodiment of the invention is a metallic radia 

tion guide, for the propagation or containment of elec 
tromagnetic waves in well-defined modes, whose con 
ductors and boundary walls comprise a discrete phase 
ordered metal. The geometry and configuration of the 
radiation guide may comprise that of any existing wire, 
transmisssion line, waveguide, cavity, or electrical cir 
cuit which guides electromagnetic radiation by means 
of one or more metallic conductors. The claim of this 
invention is that the metallic conductors (media of 
large DC conductivity) of the radiation guide are dis 
crete and phase-ordered. A preferred embodiment of 
this invention is that the phase-ordered metals have 
maximum DC conductivity with maximum spacing of 
the lattice planes parallel to the guide wall. Such a pre 
ferred embodiment has minimum surface resistivity in 
metallic radiation guides of well-defined modes of 
propagation (see Equation 4.67 and Table 7 of Appen 
dix A). Metallic conductors, of present radiation guides 
of well-defined modes of propagation, are usually elec 
troformed or electroplated metals consisting of ran 
domly oriented crystals with an effective lattice struc 
ture of large phase disorder. Such metallic conductors 
are usually treated in practice as if they were continu 
ous metals with zero phase difference between scatter 
ing centers. Table 7 of Appendix A demonstrates that 
the surface resistivity for radiation guides of this inven 
tion, which utilize discrete, phase-ordered metals, is 
less than for those which utilize continuous metals. This 
invention is applicable to metallic radiation guides in 
which the radiation is guided in well-defined modes and 
is not applicable to metallic radiation pipes in which 
the radiation propagates by multiple reflection in unde 
fined modes. The cross-section of the radiation guide 
and of the phase-ordered metal may be of any geome 
try, including rectangular and circular geometries, ap 
propriate for a given mode of propagation. The phase 
ordered metal should have a thickness at least equal to 
the effective skin depth given by Equation 4.66 of Ap 
pendix A. The discrete, phase-ordered metal may ad 
join or be clad by dielectric media which are internal 
or external to the radiation guide and which are not 
necessarily phase-ordered. The discrete, phase-ordered 
metal may also adjoin or be mechanically supported by 

65 a metallic medium which is external to the radiation 
guide and which is not necessarily phase-ordered. The 
metallic radiation guide of this invention is particularly 
well-suited to microminiaturized, high frequency elec 
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tric circuits such as microcircuits and integrated semi 
conductor circuitry because: 

a. only small amounts of phase-ordered metal are re 
quired; 

b. minimum surface resistivity is required because of 5 
the small size of the conductors; and 

c. the phase-ordered metal is compatable and may be 
integrated with the single-crystalline media associ 
ated with microminiaturized circuitry. 

A second embodiment of the invention is a dielectric 
radiation pipe, for the propagation of electromagnetic 
waves by successive multiple reflection within certain 
defined bands of grazing angles of incidence, whose 
boundary walls comprise a discrete, phase-ordered di 
electric. If h is the grazing angle of incidence, then the 
defined bands of grazing angles of incidence are the 
s s by where lia, and by are given by Equation 
4.43c of Appendix A and are the angles corresponding 
to the boundaries of the total reflection regions for 
electromagnetic waves incident on discrete, phase 
ordered dielectrics. The most common form of the 
present state-of-the-art of dielectric radiation pipes 
comprises a dielectric fiber or clad dielectric fiber 
through which radiation propagates by multiple reflec 
tion at grazing angles of incidence less than the critical 
angle the of total reflection. In the present state-of-the 
art, the cladding medium j is assumed to have the prop 
erties of a continuous dielectric whose index of refrac 
tion n is less than the index of refraction in of the fiber 
i. The claims of this invention are that the cladding me 
dium j is a discrete, phase-ordered dielectric and that 
the grazing angles of incidence are restricted to the 
total reflection bands of the discrete, phase-ordered di 
electric. The index of refraction, of the cladding me 
dium j of this invention, may be greater than the me 
dium i about which it is clad. A preferred embodiment 
of this invention is that the medium i, through which 
the radiation propagates, is free space and that the 
cladding medium j is a discrete, phase-ordered dielec 
tric whose walls serve as the boundary of the free-space 
medium i. The cross-section of the radiation guide may 
be of any geometry, including tubular and slab geome 
tries, in which the radiation can propagate by succes 
sive multiple reflection at constant angles of incldence. 
The discrete, phase-ordered medium.jshould be of suf 
ficient thickness, as determined by Section 5.0 of Ap 
pendix A, so that total or almost total reflection is 
achieved. The discrete, phase-ordered medium j may 
be mechanically supported by and adjoin a dielectric or 
metallic medium which is external to the walls of the 
radiation guide. The dielectric radiation guide of this 
invention is particularly well-suited to present applica 
tions which utilize thin films and fibers as radiation 
guides. The conditions for total reflection at the surface 
of a discrete, phase-ordered dielectric may be satisfied 
for sufficiently small grazing angles of incidence, al 
though it should be clear from Equation 4.43c of Ap 
pendix A that not all small grazing angles of incidence 
satisfy the conditions for total reflection. The advan 
tages of this invention over the present state-of-the-art 
ae 

a. that the cladding medium j may be of larger index 
of refraction than the fiber medium i 

b. the radiation is reflected more completely at the 
surface of the cladding medium j for small grazing 
angles of incidence; 
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6 
c. the absorption loss of the fiber medium i can be 

eliminated completely since the medium i can be 
free space. 

It should be understood that the index of refraction, of 
either the fiber medium i or the cladding medium ji, 
may be varied by electrical or mechanical means for 
the purpose of filtering, switching, or modulating the 
incident radiation. It should be further understood that 
the conditions for total reflection at the surface of a dis 
crete phase-ordered dielectric are a function of the di 
rection, wavelength, and polarization of the incident 
radiation. Therefore, the dielectric radiation guide of 
this invention can be used to filter the direction, wave 
length, or polarization of the incident radiation. It 
should be still further understood that several dielectric 
radiation guides of this invention may be arranged in an 
array or bundle for purposes of control, communica 
tion, display, data-processing, information storage, or 
detection of the incident radiation. For such a case, a 
preferred embodiment of this invention is a swiss 
cheese configuration in which the "cheese' is the dis 
crete, phase-ordered dielectric j common to all of the 
radiation guides and the "holes in the cheese" are the 
media i through which the radiation propagates. 
A third embodiment of the invention is an electro 

magnetic band pass filter, comprising a phase-ordered 
dielectric material, which transmits very narrow bands 
of radiation of a given wavelength and polarization at 
specific small grazing angles of incidence. The angles 
of incidence th (and the corresponding wavelengths and 
polarization), at which the filter is totally transmitting, 
are l = b , M = 1, t2, . . . . , where b. is given 
by Equation 4.42b of Appendix A. The 3 db transmis 
sion bandwidths Abb, associated with the angles 
of total transmission, are given, for normal polariza 
tion, by Equation 4.46 of Appendix A. Since the angle 
how is a function of the polarization, the band pass fil 
ter may also serve as a polarizer. In the present state-of 
the-art, total transmission in a dielectric medium is 
achieved either for the relative index of refraction v = 
1 or for parallel polarization at Brewster's angle 
libretter - (b. o) p = cot'vg (see Equation 4.42a of 
Appendix A). Brewster's angle (libo) is usually a rela 
tively large grazing angle of incidence. The claim of this 
invention is that the dielectric medium is phase 
ordered at small grazing angles of incidence and in par 
ticular at the angles the so that the dielectric behaves 
as a narrow band pass filter. A preferred embodiment 
of this invention is a discrete, phase-ordered dielectric 
upon which radiation is incident from free space and 
from which the radiation, within the pass band of the 
filter, is transmitted into free space where it may be de 
tected or further processed according to the particular 
application. Another preferred embodiment of this in 
vention is a discrete phase-ordered dielectric which is 
adjoined by an absorbing detector at the exit surface of 
the dielectric. For both of these embodiments, the 
thickness of the phase-ordered dielectric does not ap 
preciably affect the transmission properties of the di 
electric. The phase-ordered dielectric may be of arbi 
trary geometry. However, a rectangular slab or disc ge 
ometry is preferred. This invention is particularly 
Suited to applications requiring thin films and miniatur 
ized circuitry. It should be understood that the filter 
may be one component of a larger system of compo 
nents for purposes of control, communication, display, 
data-processing, information storage, or detection of 
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the incident radiation. It should be further understood 
that the index of refraction or the effective lattice spac 
ing of the phase-ordered dielectric may be designed to 
be variable with the application of an externally applied 
electrical voltage or mechanical stress. If such is tha 
case, then the filter acts as a switch or modulator of the 
transmitted radiation. 
A further embodiment of the invention is an electro 

magnetic system, for the investigation of the lattice 
structure and lattice defects of materials, comprising a 
source of electromagnetic radiation, a discrete, phase 
ordered dielectric whose lattice structure is to be inves 
tigated and upon which the radiation is incident at 
small grazing angles of incidence, and a detector of the 
narrow band or bands of radiation which are transmit 
ted by the phase-ordered dielectric. In this embodiment 
of the invention, the phase-ordered dielectric, whose 
lattice structure is being investigated, behaves as the 
filter of the preceding embodiment. Therefore the 
transmission bandwidths are Alub at incident grazing 
angles of total transmission where M = 1, t2, . 
. . , . The effective lattice spacing, of the lattice planes 
parallel to the interface, is determined from Equation 
4.42b of Appendix A, assuming that the incident wave 
length, angle of incidence, and the relative index of re 
fraction are determined independently. The reduced 
transmission, which is detected at an expected angle 

of total transmission, is an indication of the lattice 
defects or phase disorder of the dielectric. In the pres 
ent state of the art, the investigation of lattice structure 
is usually achieved by either x-ray Bragg reflection, 
electron diffraction, or neutron diffraction. The latter 
two methods utilize particle bombardment of the speci 
men whereas the first method utilizes electromagnetic 
radiation of the specimen at sufficiently large angles of 
incidence by (see Equation 4.74c of Appendix A) so 
that the phase difference between lattice planes is ap 
proximately 2nt radians in the reflected direction. The 
claim of this invention is that electromagnetic radia 
tion, which is not necessarily restricted to x-ray wave 
lengths, is incident on the specimen at sufficiently small 
grazing angles of incidence by so that the phase differ 
ence between lattice planes is approximately 27t 
radians in the forward scattered direction. A preferred 
embodiment of the invention comprises a collimated, 
monochromatic source of optical radiation, a slab of 
the phase-ordered dielectric specimen, and an optical 
detector of the radiation transmitted by the specimen. 
The wavelength or the angle of incidence may be var 
ied through a calibrated range of values. Embellish 
ments such as Michelson interferometry may also be 
employed. 
A fifth embodiment of the invention is an electro 

magnetic mirror, comprising a discrete phase-ordered 
dielectric material, which reflects radiation for specific 
bands of small grazing angles of incidence. The specific 
bands of grazing angles of incidence are by tly 
s by which are defined in the description of the sec 
ond embodiment of this invention. The electronag 
netic mirror of this fifth embodiment behaves in the 
same manner as the boundary walls of the dielectric ra 
diation pipe of the second embodiment of the inven 
tion. In the present state-of-the-art of dielectric mir 
rors, the dielectric material is usually either a multi 
layer of dielectrics whose thicknesses are critical with 
respect to the incident wavelength or is a dielectric 
which is assumed to be continuous with suitably small 
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8 
index of refraction so that total reflection can occur at 
grazing angles of incidence less than the critical angle 
of total reflection. The claims of this invention are that 
the dielectric is phase-ordered and that the grazing an 
gles of incidence are restricted to the total reflection 
bands that s h s in of the discrete phase-ordered 
dielectric. The index of refraction of the phase-ordered 
dielectric may be greater or smaller than that of the 
medium from which the radiation is incident. A pre 
ferred embodiment of this invention is that the radia 
tion is incident from free space on a phase-ordered di 
electric which may adjoin, for purposes of mechanical 
support, a dielectric or metallic medium. The surface 
of the mirror may be planar or curved depending upon 
whether the focal point of the mirror is infinite or finite. 
The phase-ordered dielectric should be of sufficient 
thickness, as determined by Section 5.0 of Appendix A, 
so that total or almost total reflection is achieved. The 
relative index of the refraction of the phase-ordered di 
electric may be varied by electrical or mechanical 
means for the purpose of filtering, switching, or modu 
lating the incident radiation. Since the reflection bands 
of the mirror is a function of the direction, wavelength, 
and polarization of the incident radiation, the mirror of 
this invention may be used as a selective filter of the di 
rection, wavelength, or polarization of the incident ra 
diation. 
A sixth embodiment of the invention is an electro 

magnetic transducer of externally applied stress, com 
prising a source of electromagnetic radiation, a dis 
crete, phase-ordered dielectric upon which the radia 
tion is incident at the narrow pass bands of the dielec 
tric at sufficiently small grazing angles of incidence, de 
tectors of the radiation transmitted and reflected by the 
dielectric in the forward and reflected directions re 
spectively, and efficient means of applying the external 
stress signal so that the narrow pass bands of the phase 
ordered dielectric have maximum sensitivity to the sig 
nal. The narrow pass bands Abby at the angles lit of 
total transmission are defined in the description of the 
third embodiment of this invention. The pass bands 
Abu are a function of the effective lattice spacing and 
the index of refraction of the phase-ordered dielectric. 
Any externally applied stress, whether it be mechanical 
or electrical in nature that alters the lattice spacing or 
index of refraction, may be considered as a suitable sig 
nal for the transducer. The claim of this invention is 
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that the transducing medium is a phase-ordered dielec 
tric which utilizes the narrow pass bands, discovered by 
the applicant, at small grazing angles of incidence. A 
preferred embodiment of the invention utilizes a colli 
mated, monochromatic source of optical radiation, a 
slab of the phase-ordered dielectric mounted in free 
space, and optical detectors of the radiation transmit 
ted and reflected by the dielectric. Another preferred 
embodiment of this invention utilizes a discrete, phase 
ordered dielectric which is adjoined by an absorbing 
detector of the transmitted radiation at the exit surface 
of the dielectric. For both of these embodiments, the 
thickness of the phase-ordered dielectric does not ap 
preciably affect the transducer properties of the dielec 
tric. The phase-ordered dielectric may be of arbitrary 
geometry with planar or curved surfaces. However, a 
slab or disc geometry is preferred. 

BRIEF DESCRIPTION OF THE DRAWING 

The features of the present invention are better un 
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derstood from the following descriptions made in con 
junction with the accompanying drawing, in which: 
FIG. 1a- FIG. 1e are phase-ordered metallic conduc 

tors which, in accordance with the principles of the 
present invention, serve as conductors of metallic radi 
ation guides of conventional modes of propagation; 
FIG. 2a is an axial cross-section of a dielectric radia 

tion pipe, made in accordance with the principles of the 
present invention, for the propagation of electromag 
netic waves by successive multiple reflection; 
FIGS. 2b and 2c are dielectric radiation pipes, of tu 

bular and slab geometries respectively, made in accor 
dance with the principles of the present invention, for 
the propagation of electromagnetic waves by succes 
sive multiple reflection; 
FIGS. 3a and 3b are electromagnetic band pass filters 

made in accordance with the principles of the present 
invention; 
FIG. 4 is an electromagnetic system, made in accor 

dance with the principles of the present invention, for 
the investigation of the lattice structure and lattice de 
fects of materials; 
FIG. 5 is an electromagnetic mirror made in accor 

dance with the principles of the present invention; 
FIG. 6 is an electromagnetic transducer made in ac 

cordance with the principles of the present invention; 
FIG. 7 shows phase differences across single 

scattered wave fronts; 
FIG. 8a shows cyclical allowable values of the ampli 

tude delay X in dielectrics; 
FIG. 8b shows the cyclical path of the vector X as the 

angle of incidence is varied from iT/2 to 0 radians; 
FIG. 9 shows the intensity of the reflection coeffi 

cient in the vicinity of the angles of total transmission; 
FIG. 10a shows multiple-scattered waves in a phase 

ordered discrete medium; 
FIG. 10b shows such waves in a continuous medium; 
FIG. 10c shows such waves in a discrete medium with 

equivalent parameters of a continuous medium; 
FIG. 11 shows the intensity of the reflection coeffi 

cient for phase-ordered media subject to the conditions 
V << 1, 0 is u < oo, Im v = 0; 

FIG. 12 shows the intensity of the reflection coeffi 
cient in the vicinity of the Bragg angles for total X-ray 
reflection; 
FIGS. 13 and 14 show the effective relative phase ve 

locity and angle of refraction, respectively, in phase 
ordered media subject to the conditions set forth above 
in the description of FIG. 11; 
FIG. 15 shows electromagnetic properties of a dis 

crete, phase-ordered metal relative to those of a contin 
uous metal; 
FIG. 16 shows the intensity of the reflection coeffi 

cient in phase-ordered media subject to the conditions 
u << 1, 0 s V < Oo, Im v = 0; 

FIG. 17 shows the u-V phase space in phase-ordered 
media with zero absorption loss; 
FIG. 18a shows a semi-unbounded medium j with 

positive traveling waves; 
FIG. 18b shows a semi-unbounded medium i with 

positive and negative traveling waves; and 
FIG. 18c shows a bounded medium j with standing 

W2WS. 
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DETAILED DESCRIPTION OF PREFERRED 
EMBODIMENTS 

Referring now to FIGS. 1a - 1e, the boundary walls 
of the metallic radiation guides of this invention com 
prise a phase-ordered metallic conductor 1 which may 
be of slab, tubular, rod, or other geometry. The con 
ductors 1 of FIGS. 1a- 1e may be arranged to form ra 
diation guides of conventional geometry such as coax 
ial line, two-wire line, wire over a ground plane, unbal 
anced and balanced strip line, rectangular waveguide, 
circular waveguide, etc. For purposes of enhancing the 
mechanical or electrical properties of the radiation 
guide, the conductors 1 may adjoin dielectric or metal 
lic media 2 and 3 which are not necessarily phase 
ordered. The metallic radiation guides of this invention 
are not shown in FIGS. 1a - 1e because the geometry 
of any existing metallic radiation guide with a fixed 
mode of propagation is applicable to this invention. 
The claim of this invention is not conductors 1 but 
rather the use of conductors 1 in existing metallic radi 
ation guides with a defined mode of propagation. 
With reference to FIG. 2a - 2c, a phase-ordered di 

electric j, which is mechanically supported by a me 
dium 3 and which bounds a dielectric medium i, serves 
as the reflecting walls of a dielectric radiation guide. 
The radiation is incident at a grazing angle given by 
tha.M th s that where lar and him are the angles 
corresponding to boundaries of total reflection regions 
at sufficiently small grazing angles of incidence. The 
radiation propagates in the axial direction in medium 
i by multiple reflection at the grazing angle as shown 
in FIG. 2a. Dielectric radiation guides of circular and 
slab geometries respectively are shown in FIGS. 2b and 
2c. 
With reference to FIGS. 3a and 3b, a phase-ordered 

dielectric.jserves as an electromagnetic band pass filter 
at certain small grazing angles of incidence i = j. 
Except for radiation incident at the angles lip of total 
transmission, the incident radiation d is totally or al 
most totally reflected in the reflected direction e. For 
basthm (and for the corresponding wavelengths. A s 
Mb) the incident radiation a is totally or almost totally 
transmitted in the forward direction f. In FIG. 3a the 
radiation d is transmitted in free space to a detector. In 
FIG. 3b the radiation d is transmitted to an absorbing 
detector 2 which adjoins the dielectric j. 
With reference to FIG. 4, electromagnetic radiation, 

from a collimated sourcel,is incident at grazing angles 
of incidence lish on a dielectric specimenj whose 
lattice structure is being investigated. If last), M = - 
1, t2, . . . . , where libi are the angles of total transmis 
sion for perfect phase order of the specimen j at small 
grazing angles of incidence, at least some of the inci 
dent radiation will be transmitted in the forward direc 
tion to a detector 2 even if the specimen does not have 
perfect phase order. The amount of radiation and the 
wavelength which are detected by detector 2 is a mea 
sure of the lattice defects, and lattice spacing of the 
specimen J. 
With reference to FIG. 5, electromagnetic radiation 

d is incident at a grazing angle of incidence th on a 
phase-ordered dielectric j which is mechanically sup 
ported by an adjoining medium 2. If the angle of inci 
dence h is given by that s h is lay where la and 
that are the angles corresponding to boundaries of total 
reflection bands at sufficiently small grazing angles of 

se rest 
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incidence, then the dielectric.jserves as a mirror, with 
the incident radiation being reflected at the angle in 
the direction e. 
With reference to FIG. 6, electromagnetic radiation 

d, from a collimated monochromatic source 1, is inci 
dent at a grazing angle of incidence F tour on a phase 
ordered dielectrici where thi?, M=1,2,..., are the 
angles of total transmission at sufficiently small angles 
of incidence. In the absence of any other signal, the in 
cident radiation d is transmitted by the dielectric j in 
the forward direction f to a detector 2 with little if any 
radiation being detected at the angle that in the re 
flected directione by the detector 3. However, if an ex 
ternal mechanical or electrical signal stress is applied, 
then the amount of radiation detected by detector 3 in 
the reflected direction will increase at the expense of 
the amount of radiation transmitted to detector 2 in the 
forward direction. The changes in radiation levels at 
detectors 2 and 3 can be correlated to improve the sig 
nal to noise ratio. 
There has been described novel systems and compo 

nents for the utilization of electromagnetic waves in 
discrete phase-ordered media, particularly in phase 
ordered metals at arbitrary angles of incidence and in 
phase-ordered dielectrics at small grazing angles of in 
cidence. It is evident that those skilled in the art may 
now make numerous uses and modifications of and de 
partures from the inventive concepts. Consequently, 
the invention is to be construed as embracing each and 
every novel feature and novel combination of features 
present in or possessed by the apparatus and tech 
niques herein disclosed and limited solely by the spirit 
and scope of the appended claims. 

APPENDIX A 

ABSTRACT 
The multiple-scattering and interference of waves, 

scattered by each scattering center of the medium, is 
determined for the entire electromagnetic spectrum by 
modification of the single-scattering coefficients in 
Darwin's difference equations. Anomalies, created by 
the use of Maxwell's field equations for continuous me 
dia, are resolved. The phase difference parameters W = 
2ard(sin)/A and u = 2ard(1-v)/(2Msin) are intro 
duced to account for the single-scattering phase differ 
ence between two successive lattice planes in the re 
flected and forward directions respectively. (d = lattice 
spacing parallel to the interface of the incident wave 
front, l = grazing angle of incidence, M = incident 
wavelength, vi = relative wave phase velocity for con 
tinuous media). Whereas Maxwell's field equations are 
strictly applicable only for the coordinate (0,0) in (u, 
V) phase space, the independent, unified electromag 
netic theory of this paper is applicable to any point in 
(u, V) phase space including the coordinate (0,0). The 
parameter V was originally introduced by Bragg to ex 
plain x-ray reflection but the significance of the param 
eter it has never been reported. A medium is defined to 
be phase-ordered if 8V,<< 1, 5un (< 1 where 
8 V, and 5ii are the root-mean-squared deviations 
from the average value in the medium of the respective 
parameters. Phase-ordered media therefore include 
continuous media, perfect crystals with uniform lattice 
spacing parallel to the interface, amorphous media for 
which Waterae (< 1, uaerae (< 1, and artificial lat 
tices such as periodic-loaded transmission lines and 
media. The results are applicable to any wave (electro 
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12 
magnetic, elastic, wave-mechanical De Broglie wave) 
in phase-ordered media. Semi-unbounded and 
bounded media are treated. 
The effective wave phase velocity in discrete media 

is dispersive, birefringent, and a periodic function of 
the single-scattering coefficients. Snell's law of refrac 
tion and Fresnel's coefficients of reflection and trans 
mission are a special case of a more general formula 
tion. The critical angle for total reflection and Brew 
ster's angle for total transmission are characteristic of 
only one of several total reflection and total transmis 
sion bands in phase-ordered media. At low grazing an 
gles of incidence, the transmission bandwidth (AM 1 M) 
s 10, 10, and 10 for microwave, visible, and 
x-ray wavelengths respectively. For grazing angles of 
incidence smaller than the critical angle for total reflec 
tion, partial or total transmission can occur. This result 
may be related to the transmission loss in clad optical 
fibers. The surface resistivity of metallic waveguides 
and the reflectivity of metallic radiation pipes are sig 
nificantly less for phase-ordered metals than the values 
that have been determined on the basis of Maxwell's 
equations. The theory of the propagation of x-rays, for 
any arbitrary angle of incidence, is presented. The 
anomalous x-ray absorption loss at low, grazing angles 
of incidence is resolved. 
The theory for bounded media follows easily from 

the concept of self-consistent, positive travelling, for 
ward and reflected waves at every lattice plane in semi 
unbounded media instead of from impedance concepts. 
The conditions for invisibility, total reflection, and ex 
tinction in phase-ordered media are presented. Sepa 
rate single-scattering coefficients are given for ultra 
thin films. 
The differential wave equation for continuous media 

and the difference wave equation for phase-ordered 
media, although not strictly analogous, are identical in 
the limit of zero lattice spacing. The theory of multiple 
scattering in phase-ordered media is related to the 
more general class of problems of radiative transfer in 
cluding transport phenomena. 
1.0 INTRODUCTION 
With the notable exception of Darwin's difference 

equations for Bragg reflection at x-ray wavelengths, the 
present theory of the propagation of electromagnetic 
waves in media is based on a second order differential 
wave equation derivable from Maxwell's field equa 
tions. Whereas Darwin's difference equations assume 
discrete media consisting of equally-spaced lattice 
planes, Maxwell's field equations are based on the as 
sumption of continuous media. Continuous media are 
completely characterized by the two tensor parame 
ters, permeability pu) and permittivity e, which re 
duce to scalars for isotropic media. However, classi 
cally speaking, it is well known that media are not con 
tinuous but are discrete and consist of individual atoms 
or sub-atomic particles. Each atom is a scattering cen 
ter of the incident radiation. The resultant transmitted 
and reflected radiation is determined by the interfer 
ence of the waves scattered by each scattering center 
of the medium. If the incident wavelength is very much 
larger than inter-atomic distances and if the medium 
consists of enough atoms (or lattice planes) so that the 
averaging of the, discrete scattering events is meaning 
ful, then Maxwell's equations are approximately valid 
because the discrete medium may then be approxi 
mated by a continuum of scattering centers with zero 
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phase difference between the waves scattered by adja 
cent scattering centers. 
As a consequence of approximating discrete media 

by a continuum, Maxwell's field equations do not di 
rectly relate to the single scattering event of each elec 
tron in the medium. For example, Snell's law of refrac 
tion and Fresnel's coefficients of reflection and trans 
mission at the interface between two unbounded media 
have never been formally derived from the single scat 
tering of each electron. For the same reason, physical 
phenomena, such as Brillouin' and Raman'scattering, 
which are associated with pertubations or changes in 
the quantum states of the scattering centers, are also 
not directly related to Maxwell's equations. 
Furthermore, Maxwell's equations are grossly inac 

curate whenever the previously stated conditions for 
approximating a discrete medium by a continuum can 
not be satisfied. For example, Maxwell's equations are 
inadequate for x-rays incident at an arbitrary angle of 
incidence, for electromagnetic radiation incident at 
near-zero grazing angles of incidence, and for wave 
propagation in metals. In these cases, the wavefront 
phase difference between lattice planes or scattering 
centers is appreciable. Maxwell's equations can also be 
grossly inaccurate in the treatment of ultra-thin films 
and of inhomogeneties in a medium particularly if the 
number of scattering centers near interfaces is compa 
rable to the total number of scattering centers in the 
medium. 
Therefore, the present state-of-the-art of electromag 

netic theory contains several anomalies caused directly 
by the use of Maxwell's field equations which are based 
on the assumption of continuous media. The purpose 
of this paper is to remove these anomalies by the use 
of a more exact, unified theory based on the assump 
tion of discrete media. The unified aspect of this paper 
is achieved by determining the interference of the 
waves scattered by each electron in the medium. In es 
sence, the contribution of this paper is the successful 
application of Darwin's difference equations to the en 
tire electromagnetic spectrum by suitable modification 
of the single-scattering coefficients of the equations. 
For the most part, the theory is not restricted to crystals 
of long-range order with equal spacing between lattice 
planes but is also applicable to media consisting of 
amorphous solids, liquids, gases, and plasma. 
In particular, this paper demonstrates that the wave 

phase velocity in discrete media is not equal to (ex)' 
but instead is a periodic function of the single 
scattering coefficients. It is shown that the present form 
of Snell's law of refraction and Fresnel's coefficients of 
reflection and transmission are a special case of a more 
exact general formulation. It is shown that the critical 
angle for total reflection and Brewster's angle for zero 
reflection are characteristic of only one of several total 
reflection and total transmission bands in semi 
unbounded, discrete media. A theory for bounded, dis 
crete media is developed. The results for discrete 
media are shown to reduce to those for continuous 
media as the spacing between scattering centers (or lat 
tice planes) approaches zero. 
The mathematics of discrete media differs signifi 

cantly from that of continuous media. In continuous 
media, continuous fields are defined at all points of 
space and are governed by differential field equations. 
In discrete media, electric and magnetic fields are de 
fined only at points devoid of interacting matter such 
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14 
as in free space or in the space between lattice planes. 
in discrete media, waves are treated as though they 
propagate in free space except for scattering by inter 
acting particles. The propagation of waves in discrete 
media is governed by difference equations. 
The difference equations and single-scattering coeffi 

cients, which are developed in this paper, can be ap 
plied to any wave in much the same manner as the wave 
equation for continuous media. However, unlike the 
theory for continuous media, the theory for discrete 
media is directly related to the physical phenomena as 
sociated with the single-scattering event of each parti 
cle in the medium. Furthermore, the difference equa 
tions leading to the wave equation for discrete media 
are self-consistent in the sense that the parameter being 
determined (e.g. the electric field intensity) interacts 
with itself rather than with another parameter (e.g. the 
magnetic field intensity). Because of these unique fea 
tures, the theory of this paper is also expected to pro 
vide some unifying aspects to problems concerning 
elastic waves, wave mechanical De Broglie waves, radi 
ative transfer, and transport phenomena. 
2.0 BOUNDARY CONDITIONS AND THE WAVE 
EOUATION 
Qualitative Theory 
For waves incident on a semi-unbounded continuous 

medium (see FIG.2b), the boundary conditions consist 
of equating the phases of the incident, reflected, and 
transmitted waves at the interface (contains Snell's 
laws of reflection and refraction) and of equating the 
sum of the amplitudes for the tangential components of 
the incident and reflected waves at the interface to the 
amplitude of the tangential component of the transmit 
ted wave (results in Fresnel's coefficients of reflection 
and transmission). However, there are two other 
boundary conditions which are usually not stated but 
are always assumed for continuous media. It is assumed 
that the scattering of waves within the medium is totally 
constructive for any direction, wavelength, and polar 
ization of the incident radiation. It is also assumed that 
if one can define or calculate a permeability and per 
mittivity for a medium which extends to all of space, 
then the same values (or even the concept) of perme 
ability and permittivity are valid for a bounded me 
dium. In a continuous medium, both of these assump 
tions are correct. The phase difference, between scat 
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tering centers in a continuous medium, is zero. The en 
vironment at a point near an interface is identical to the 
environment at a point in the interior of a continuous 
medium. 
For a discrete medium, neither of these assumptions 

are correct. Nevertheless, if the number of lattice 
planes (or atoms) near an interface are small compared 
to the total number in the remainder of the medium, 
then we shall make the approximation that an effective 
permeability and permittivity can be defined for a semi 
unbounded or bounded medium. However, in discrete 
media, the interference of scattered waves generally 
cannot be neglected. Therefore, if a smoothed-out ef 
fective permeability and permittivity can be defined for 
a discrete medium, they must be functions of the direc 
tion, wavelength, and polarization of the incident radia 
tion. As the distance between scattering centers ap 
proaches zero and the destructive interference of the 
scattered waves becomes negligible, the effective per 
meability and permittivity of a discrete medium must 
reduce to those for a continuous medium. However, 
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the concept of an effective permeability and permittiv 
ity in a discrete medium is at best pedagogic and is use 
ful only if one wishes to compare or substitute into ex 
isting results for continuous media. The primary pa 
rameters which characterize a discrete medium's inter 
action with waves are the single-scattering coefficients. 
of the medium. Any other parameters which character 
ize the medium's wave interaction, such as an effective 
permeability and permittivity, are secondary parame 
ters and are derivable from the single-scattering coeffi 
cients. 
Before determining, the specific single-scattering co 

efficients for electron scattering of electromagnetic 
waves (see Section 3.0), it is useful to obtain some pre 
liminary qualitative results of the interference of waves 
in discrete media. The following statements, which are 
supported in Section 3.0 are helpful in understanding 
the qualitative results. If a plane monochromatic wave 
is incident on a single electron, then the electron scat 
ters a portion of the incident wavefront in all direc 
tions. If the same monochromatic wave is incident on 
an atom containing Z bound electrons, then the inter 
ference of the waves scattered by each electron is not 
totally constructive (i.e. is not Za times the wave scat 
tered by a single bound electron) but instead is partially 
destructive because of the non-zero distance between 
electrons. If the same monochromatic wave is incident 
on a plane array (lattice plane) of the same atoms, then 
a portion of the wavefront is transmitted in the forward 
direction without scattering, a portion is scattered 
(after undergoing a phase change of af2 radians) in 
the same forward direction, and the remainder of the 
wavefront is scattered (after undergoing a phase 
change of- ar/2 radians) at a grazing angle of reflection 
equal to the grazing angle of incidence. It is assumed 
that the lattice plane is of sufficiently large extent so 
that Fraunhofer aperture diffraction can be neglected. 
It is assumed that the scattering particles may be in 
thermal agitation but that diffuse Brillouin scattering 
can be neglected. It is also assumed that the scattering 
cross-section of the particles is sufficiently small so that 
the mutual interactions between scattering centers can 
be neglected. 

If several lattice planes composed of similar scatter 
ing particles are placed parallel to the first array at a 
distance d from it, then interference occurs between 
the forward and reflected waves from each lattice 
plane. It will be shown in the quantitative treatment of 

16 
refractive properties of the medium. However, a quali 
tative appreciation for the interference of the waves 
may be achieved if the interference between waves 
scattered by the atoms of only two adjacent lattice 

5 planes is considered. The interference of waves within 
the atom will also be neglected for the present time. 
With reference to FIG. 7, consider that portion AA' 

of the incident plane wavefront of wavelength X whose 
rays are between those which intersect the z axis of the 
lattice planes at B and B'. The distance BB" = d is the 
separation between lattice planes. The incident wave 
front AA' is of uniform phase normal to the direction 
is of incidence. The reflected wavefront CC', consisting 
of only the two rays BC and B'C' normal to the direc 
tion of reflectance, is not of uniform phase but in 
stead has a phase difference across its wavefront of 2V 
= (2/A) (A'B'C' - ABC) = (2ar/A) (DB - B'E') = 
(27/M )2D'B = (27/A).2d sin . 
The phase difference V across the wavefront BB" is 

20 given by 

O 

5 

V=(2atla) (A'B'C' - ABC/2) = (2ard/A) sin ty 
(2.) 

where V is a real number. The wavefront amplitude 
delay d corresponding to the phase difference V is 
given by 

30 d = exp(-i) = exp(-i2ard(sin)/A 
(2.2) 

Four physical conditions of particular interest, defined 
by the phase V, are : 
V= 0 (Condition satisfied by a continuous medium). 
V << 1 (Condition for most wave-interactions with 

real media over most of the electromagnetic spec 
trum). m 

V = (2N + 1)(n/2), N = 1, 2, 3,... (Condition for 
total transmission if the refraction of the medium 
could be neglected and if the interference of waves 
scattered by the electrons comprising a single atom 
could be neglected). 

V = Nar, N = 1, 2, 3, ... (Condition for Bragg reflec 
tion at x-ray wavelengths, neglecting the interfer 
ence of waves scattered by the electrons compris 
ing a single atom and neglecting the refraction of 
the medium). 

The phase V is tabulated in Table 1 for electromagnetic 
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this section that the interference of the scattered waves waves in some solid materials. The three grazing angles 
from every lattice plane of the medium determine the of incidence which are considered in Table 1 are 

TABLE 1.- THE PHASE v FoR ELECTROMAGNETIC WAVES IN solID MATERIALs 
l - - -alernor-o-o-o-o-o-o-o-o-o-o- 

V= (2nd/x) sin p (radians) 
p 

... We WB,N 
(critical (Bragg 
angle) angle) af2 (normal incidence) 

Region 

X-ray Ultraviolet Wisible Infrarod Microwaves s c 

A (m) far war 
from an absorption 

Material edge (2d/N) sin -8 0-7 5X10-7 10-8 ord -3 (-2 

Beryllium, a ------ 3,30x102 Nir 1.44x10- 1.44xio-, 2,88X10-3 1.44x10-3 1. 44X0S 1.44X0-0 .41x10-7 l. Atxi 
Aluminum 6,76x10-2 Nar 2.54x10-1 2.54x10-2 5.08x10-3 2.54x10-3 2, 54x10-is 2.54X0- 2.54x107 2.5iXO 
Nicke . O6XO-i Nir 2.22x10-1 2.22x10-2 4.44x10- 2,22x10-3 2.22x10-s 2.22x10-6 2.22x10- 2,22X) ()- 
Gold--- 1.66x10-i Nar 2.56x10-1 2.56x10-2 5.12X10-3 2.56x10-3 2.56x10-5 2.56x10-6 2.56x10-7 2.56x10 
Quartz, a (SiO2) --- 3.08X10-1 3.08X10-2 6.16X10-3 3.08X10-3 3.08X10-5 3.08x10-0 3.08x10 8.25X102 Nir 3.08X10 

i Ordinary form. 
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Tr12 = normal incidence 
by =sin(NA/2d) F Bragg angles for X-ray re 
flection, N = 1, 2, 3, ... 
b = sin V 1 - v = critical angle for total reflec 
tion in continuous media for vi s 1 where vi 
v/v = relative wave phase velocity for continu 
ous media i and j. 

It will be noted that 0 < V<< 1 over most of the 
spectrum. Yet, for this considerable portion of the 
spectrum, no theory exists except the approximate 
theory2-5 based on the assumption V= 0. At x-ray 
wavelengths for angles of incidence appreciably 
larger than the critical angle the, the phase V satisfies 
the condition V > 1. Yet, for this portion of the spec 
trum, adequate theory exists only for angles of in 
cidence in the vicinity of the Bragg angles''. At 
x-ray wavelengths, for angles of incidence approxi 
mately equal to or less than the critical angle lic, 
the phase V satisfies the condition 0 < V<< 1. Yet, 
no theory exists for these angles of incidence at X-ray 
wavelengths except the approximate theory based 
on the assumption V= 0. At x-ray wavelengths far 
from an absorption edge, sin be is proportional to 
the wavelength X so that the phase V= 2ard(sin le)| 
A = V is independent of wavelength as shown in 
Table 1. 

In addition to the interference of rays scattered in the 
reflected direction ty, which is characterized by the 
phase difference 2V, the interference of rays scattered 
in the forward direction must also be considered. With 
reference to FIG. 7, the distance that a ray travels in 
the forward direction between adjacent lattice planes 
is given by BF = D'F' = d/sin ty, However, the transmit 
ted wavefront FF' normal to the forward direction is 
not of uniform phase as is the incident wavefront BD'. 
The rays in the vicinity of BF and D'F' of the incident 
wavefront BD' are scattered in the forward direction at 
B and B' respectively whereas the other rays of the 
wavefront are not scattered. The non-scattered rays un 
dergo a phase change 27td./Msinth whereas the scattered 
rays undergo an additional phase change (of approxi 
mately - T/2 radians as shown in Section 3.0). The av 
erage phase difference 2u of the rays in the wavefront 
FF' is not known but may be estimated if it is assumed 
to a first order approximation that half of the rays are 
not scattered and the other half are uniformly scattered 
as though they propagated in a continuous medium. If 
these scattered rays did not change direction, then their 
phase change in travelling a distance disinth would be 
27td v?. A sin i where vu= v/v is their wave phase ve 

vi = 

locity in medium i relative to that in medium j if media 
i andji were continuous. However, the rays of a contin 
uous medium are refracted in a direction by given by 
cos b = cos li/v. The effective phase change of the 
scattered rays of the wavefront FF in the forward di 
rection is therefore (27td v? A sin y) (cos li?cos i) = 
2nd v/Asini. The average phase difference 2a of the 
unscattered and scattered rays in the wavefront FF is 

TABLE 2.- THE PIAse U for ELECTRoMAGNETIC waves INCIDENT FRoM FREE-space oNTo 
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18 
given approximately by 2ia = 2 mid(1 - vi')/N. sinth so 

u = (2ard/N) (1/sini) (1 - v? 2) (2.3) 
The phase u is a measure of the refraction caused by a 
single lattice plane. The phase u is related to the phase 
V by ------------------------- 

u = V (1 - v)/(2 sinly) (2.4) 
We shall choose the convention that the angle of 
incidence ) is always defined to be a positive angle. 
Therefore, the phase V is always a positive real 
quantity whereas the phase it may be complex and 
may assume negative values as well as positive 
values. The phases 2V and 2i are measures of 
wave interference in the reflected and forward 
directions respectively. The phase 2V was first used 
by Bragg to explain reflection at x-ray wavelengths. 
However, the phase 2u for wave interference in the 
forward direction has previously not been reported. 
Four physical conditions of particular interest, defined 
by the phase u, are: 
u = 0 (Condition satisfied by a continuous medium). 
at C C 1 (Condition for most wave interactions with 
real media over the electromagnetic spectrum). u = 
(2M + 1) T?2, M = 0, - 1, -2, 3, .... (Condition for 
total reflection if multiple scattering between lattice pl 
anes and the interference of waves scattered by the 
electrons comprising a single atom could be ne 
glected). u = Mat, M = 0, it 1, t2, it 3, ... (Condition 
for total transmission if multiple scattering between lat-, 
tice planes and the interference of waves scattered by 
the electrons comprising a single atom could be ne 
glected). In Table 7, (see p. 62a) the phase u is tabu 
lated for free space-metal interfaces for any arbitrary 
angle of incidence at wavelengths longer than optical 
wavelengths. For the better conducting metals, u > 1 
even for normal incidence. Present theory' for the 
propagation in metals is based on the assumption u = 
0. The phase u is also tabulated in Table 2 for electro 
magnetic waves in free space which are incident on 
quartz at grazing angles of incidence given by 

T/2 = normal incidence 
= b = sin V 1 - v = critical angle of reflection 
- if W < 1 

M = sin (d (1 - v)/MM), M = 0, 1, E2, it 
3, ... = qualitative condition for total transmis 
sion 

It will be noted that 0 < |u <<l over most of the elec 
tromagnetic spectrum for a free space-quartz interface. 
Yet, for this considerable portion of the spectrum, no 
theory exists except the approximate theory''' based 
on the assumption u = 0. At grazing angles of incidence 
sufficiently less than the critical angle the for total re 
flection, the phase a satisfies the condition u > 1. No 
adequate theory exists for these grazing angles of inci 
dence, 

Fresnel's equations, based on the assumption u = 0, 
predict that total reflection should occur for this the vu 
4 1, Im v = 0. However the condition 

QUARTZ 

(u=(2rd/a)(1/2 sin w)(1-vi;?) (radians) 
Region 

X-ray Ultraviolet Visiblic Infrared Microwaves DC 
A (m) far fron all --- 

w absorption edge 1.6x10f 5X10-7 10-6 10-4 10-3 10-2 100 cc. 

Tl2. -- 4.12X102 sin --- -2.0X10 -4.0X103 -1.8)X103 -1.)X105 - 4.3X106 - 4.3X107 - 4.3X10 O 
be... -- 4.12X10--------- Not applicable, wi> ----- 
Vb. M-- Mir--------------- Mir Mr Mar Mr Mir Mr Air () 

NoTE.-dis 4.9X10-10m, vir=1.95 (microwaves), 1,5 (visible, infrared), 2.0 (ultraviolet). 
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u = (2M + 1)nt/2 which corresponds to totally de 
structive interference states that total reflection shall 
occur at grazing angles thi? given by (1 - vu)/singly 
= (2M + 1)T/V.), M = 0, it it 2, -3, ..., Im v = 0, 
multiple scattering and the interference of waves scat 
tered by the electrons comprising a single atom are ne 
glected. (2.5) 
Equation 2.5 implies that total reflection can occur at 
discrete angles for vi > 1. Equation 2.5 also implies 
that total reflection does not occur for all angles less 
than the critical angle the for via 1. 
Even more significant is the condition u = Mar, corre 

sponding to totally constructive interference, which 
states that total transmission should occur for grazing 
angles by given by 
(1 -vi)/sini - (2Mn/V), M = 0, 1, t2, 3,... 

, in v = 0 (2.6) 
multiple scattering and the interference of waves scat 
tered by the electrons comprising a single atom are ne 
giected. 
The case M = 0 corresponds to the trivial case v F 1. 
With reference to Table 2, total transmission occurs at 
a grazing angle b, as 10 radians for visible radiation 
of wavelength A = 5 x 10 m incident on a free space 
quartz interface. This result is in contrast to the almost 
total reflection predicted by Fresnel's equations. With 
a well-collimated light source and a sufficiently large 
sample so that Fraunhofer diffraction effects are negli 
gible, total transmission should be able to be observed 
at approximately this angle. However, it will be shown 
in Section 4.0 that the width of the transmission band 
is extremely small and is smaller than the reflection 
band for Bragg reflection. Whereas Bragg reflection re 
quires materials whose thickness is at least of the order 
of the penetration depth and whose lattice structure is 
of corresponding long-range order (x-ray penetration is 
of the order of 1000 lattice planes), total transmission 
at low grazing angles of incidence is enhanced as the 
thickness of the material is reduced because the num 
ber of scattering centers is reduced. For total transmis 
sion, the lattice structure need only be of short-range 
order equal to the depth of penetration. If the medium 
were unbounded, then total transmission would occur 
only if its lattice structure were of long-range order ex 
tending to infinity. Narrow transmission bands at low 
grazing angles of incidence and total reflection bands 
for vad 1 are expected to find application in the inves 
tigation of the structure of materials and in the propa 
gation of surface waves, particularly in thin films and 
fibers for precise filtering and selection of the direction 
or wavelength of the incident radiation. 
The Bragg angle for total reflection at X-ray wave 

lengths and the angles for total reflection and total 
transmission given by Equations 2.5 and 2.6 are based 
on assumptions of the nature of the wavefronts CC' and 
FF' in FIG. 1, particularly in regard to the number of 
scattered and non-scattered rays in each wavefront. In 
Sections 3.0 and 4.0 an independent, exact, quantita 
tive treatment, free of such assumptions, gives results 
which are in substantial agreement with the preceding 
qualitative results. 
The phases V and u are both functions of the lattice 

spacing d parallel to the interface. However, most ma 
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terials are polycrystalline or amorphous and do not 65 
have a well-defined lattice structure of long-range or 
der. Furthermore, many crystals do not have a lattice 
structure in which the atoms are arranged in equally 
spaced planes parallel to the interface and therefore 
cannot be characterized by a single lattice spacing d. 

20 
Ewald has circumvented this latter difficulty by intro 
ducing the concept of reciprocal vectors. The problem 
of treating polycrystalline and amorphous materials has 
remained unsolved and has been a severe limitation in 
many other fields of physics besides electromagnetic 
theory. The following method for treating polycrystal 
line and amorphous materials is now offered. 
The interference of secondary waves which are mui 

tiple-scattered is generally dependent upon the order in 
which they interfere and the number of scattering 
events. For these reasons the effective phase interfer 
ence parameters V and u of a polycrystalline or amor 
phous medium generally are not equal to the average 
phase parameters V of 2nd (sin h)/A and u = 2ard 
(1 - vii)/(2 A sinth) where d = the average spacing of 
the lattice planes parallel to the interface in a polycrys 
talline material or the average spacing between neigh 
boring atoms in an amorphous material. However, 
there are conditions for which the resultant interfer 
ence in polycrystalline and amorphous materials is rela 
tively unaffected by the use of the average phase inter 
ference parameters V and ur. For example, if the 
spacing dan for each pair (m,n) of adjacent lattice 
planes in a polycrystalline material or of atoms in an 
amorphous material satisfied the conditions V, -V. 
| << 1, unn - ua << 1, then V as V and itsu, 
because the interference of the phase differences are 
constructive. However even if a small percentage of the 
spacings dinn do not satisfy the above conditions, the re 
sultant interference is still relatively unaffected assum 
ing that the scattering cross-sections of the atoms asso 
ciated with the spacings dinn are not appreciably larger 
than the majority of the scattering centers. Therefore 
let the root-mean-squared deviation from the mean of 
the parameters d, V, and u be given respectively by 
ödin F V (dar - dinn), ÖVn = (War Wann), 6in. 
= V ( - unn). The effective phase difference pa 
rameters in polycrystalline and amorphous materials 
may therefore be estimated to a first order of approxi 
mation, subject to the appropriate conditions, by 

V as V, 8 Via C 1 
a sile, 8in Cal 

(2.7) 
A material which satisfies Equations 2.7 is defined as 
"phase-ordered." If Conditions 2.7 are satisfied by 
polycrystalline or amorphous materials, the problem of 
obtaining approximately valid results with such materi 
als reduces to the problem of treating a single crystal 
for any value of the phase parameters V and ii. 
Before concluding the qualitative theory, it is useful 

to state some properties regarding the phase order of 
materials. Continuous media and perfect single crys 
tals, whose atoms are arranged in equally spaced planes 
parallel to the interface, satisfy the conditions 8dn= 
6V,m= 8irns 0. Wave interactions, in materials which 
satisfy the conditions Wa-C 1, ua- ( 1, also satisfy 
the conditions 6 Winz- 1, 8am << 1 but the con 
verse is not true. For a solid amorphous material, the 
average spacing da between neighboring atoms is de 
termined by assuming that each atom (or molecule) oc 
cupies a volume (4 ft/3)(d/2) = A/pM where A = 
atomic (or molecular) weight (gms), p = material den 
sity (gm/cm), and N = Avogadro's number = 6.022 X 
10. In Table 3 the structured vs. amorphous spacings 
of some solid materials are compared. Most liquids can 
be treated as amorphous materials, However, some liq 
uid solutions should be treated as polycrystalline mate 
rials since they have a well-defined lattice structure of 
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short-range order with an average lattice spacing which 
can be comparable to those for solids or which can be 
more than an order of magnitude larger. Gases and 
plasmas are amorphous media whose average time 
independent lattice spacing is equal to the average dis 
tance between scattering centers. A property common 
to all media is that the scattering centers are in thermal 
motion. For solids, the root-mean-squared thermal 
fluctuation w8 of the lattice is small compared to the 
average lattice spacing. For gases, 

TABLE 3. STRUCTURED vs. AMORPHOUS SPACINGS OF 
SOME SOLID MATERLALS 

Structured spacings attempera - Amorphous 
ture Ta-293 K. spacing (average 

spacing between 
Closest Lattice atoms) (100m.) 

approach parameter a 
Material (10-10m.) (10-10m.) 
Beryllium, cy. ------ 2.225 2.285 2, 48 
Aluminunn 2.862 4.049 3.16 
Nickel--- 2.49 3.524 2,76 
Gold.---- 2.884 4.078 3, 195 
Quartz, a (SiO2).------------------ 4.9 4.15 
Silver--------------- 2.888 4,086 3.20 
Copper------------- 2.556 3: 615 2.84 
Tungsten, a 1------- 2.739 3,156 3.12 
Lead--------- --- 3.449 4.950 3.86 . 
Mercury------------ 23.006 22.006 3.56 

Crdinary form. 
2 T-2270 K. 

the root-mean-squared fluctuation V A? of the mol 
ecules is equal to the average spacing between mole 
cules. Therefore, for gases, = 8drin F d, 8 V,m= 
War, and 8 turm liar. In any medium, pertubations or 
changes in the quantum state of the scattering centers 
can cause diffuse scattering and also modification of 
the specularly scattered radiation. The diffusely scat 
tered radiation resulting from thermal agitation has 
been treated by Brillouin' and that resulting from 
higher order acoustical vibrations and rotations has 
been treated by Raman'. The effect of thermal agita 
tion on the specularly scattered radiation is well 
established for single crystals' and is usually treated as 
a modification of the atomic structure factor (see Sec 
tion 3.0). However, as illustrated above for gases, an 
additional effect of thermal agitation is to decrease the 
phase order of the medium because the effective values 
of 8drms, 8Vrm, and 5ums are increased. 
Quantitative Theory 
Thus far, only the interference of single-scattered 

waves by two adjacent planes has been considered and 
qualitatively described by the phase parameters V and 
it. The quantitative theory, which now follows, deter 
mines the interference of waves multiple-scattered by 
all the lattice planes of the medium. 
The author has found that Darwin's difference equa 

tions are applicable to the entire electromagnetic spec 
trum if the single-scattering coefficients of the equa 
tions are suitably modified by removing the approxima 
tions which Darwin made for the condition V = NT at 
x-ray wavelengths. For purposes of comparison, the no 
tation of this paper corresponds approximately to that 
of Compton and Allison' who present a summary of 
Darwin's work and other related work. With reference 
to FIG. 10a, consider a plane monochromatic wave of 
wavelength M and amplitude T, which is incident from 
medium i at a grazing angle of incidence th on a semi 
unbounded medium ji,consisting of lattice planes of sep 
aration d measured normal to the interface, that ex 
tends to to in the x and y directions and from 0 to -- 
o in the z direction. For purposes of normalization, it 
will be assumed that T = 1 and is the electric field in 
tensity, on the z axis just above the lattice plane r = 1, 
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polarized either normal or parallel to the plane of inci 
dence. In FIG. 10a, the direction of the electric vector 
T is not shown and only the direction of propagation 
of T is shown. The medium is extended to too in the 
x and y directions so that Fraunhofer aperture diffrac 
tion need not be considered. The following conventions 
will be adopted. If the lattice plane nearest the inter 
face is labeled r = 1, as in FIG. 10a, then the amplitudes 
of the total forward and reflected waves, measured on 
the z axis just above the rth lattice plane, are T and 
S, respectively. (Compton and Allison use the notation 
T-1 and S-1.) The total amplitudes T, and S, at each 
lattice plane are the steady-state resultant amplitudes 
caused by the interference of the waves scattered by 
each lattice plane of the medium. Medium i, from 
which the radiation of wavelength \ is incident, need 
not be restricted to vacuum but can be any medium i 
with its own lattice structure since T, and S are the re 
sultant amplitudes and include the effect of any scatter 
ing in medium i. If the wavelength of the incident radia 
tion in medium i is M, then N = X. In defining the total 
forward wave at each lattice plane, it is convenient to 
set its grazing angle of incidence at each lattice plane 
equal to the grazing angle of incidence at the first lat 
tice plane. The actual direction of travel of the total 
forward wavefront is found by comparing complex am 
plitudes of the total forward wave at each lattice plane. 
It will be shown in Section 3.0 that the grazing angle of 
reflection of the total reflected wave at each lattice 
plane is equal to b. For unbounded continuous media 
(see FIG. 10b), the boundary conditions are defined 
only at the interface and are in terms of the incident 
amplitude T = T = 1, the reflected amplitude S, and 
the transmitted amplitude f = T + S. For unbounded 
discrete media, the reflected and transmitted waves are 
determined by the boundary geometry of FIG. 10a. 
Nevertheless, the results for discrete media can be used 
to define an equivalent set of boundary conditions (see 
FIG. 10c) at the interface in terms of an incident ampli 
tude T = T = 1, a reflectedamplitude S = S, and a 
transmitted amplitude t = T, +S. The direction by, 
phase velocity v', and amplitude T of the transmitted 
wave in a discrete medium j reduce to the correspond 
ing parameters thy, v, and t of a continuous medium as 
the lattice spacing dapproaches zero. 
The single-scattered specular waves at each lattice 

plane, which were qualitatively described earlier in this 
section, are not shown in FIG. 10a. However, they re 
late the total forward and reflected waves at a given lat 
tice plane to the total forward and reflected waves at 
each of the immediately adjacent lattice planes. By def 
inition, let 
a F single-scattering coefficient of reflection = ampli 
tude of the single-scattered reflected wave for unit 
amplitude of the incident wave 

t = F single-scattering coefficient of transmission = re 
sultant amplitude of the single-scattered and non 
scattered forward waves for unit amplitude of the 
incident wave. 

The single-scattering coefficients a and t are generally 
a function of the polarization (normal or parallel) and 
nature (electric or magnetic field intensity) of the inci 
dent wave. The single-scattering coefficients are di 
mensionless and should not be confused with a scatter 
ing cross-section which has the dimensions of area. 
The normalized total amplitudes S/T and T/T are, 

in effect, multiple-scattering coefficients because they 
are the resultant normalized amplitudes after multiple 
scattering has occurred. With reference to FIG. 10a, 
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the total amplitudes Sr. and T are related to the single 
scattering coefficients by 

S= a T -- top Sr-1 
T td Tr-1 -- ad Sr. 

(2.8) 
where d is given by Equation 2.2. Equations 2.8 are 
similar in form to those derived by Darwin with the ex 
ception that the single-scattering coefficients a and t 
are not necessarily equal to those of Darwin. Equations 
2.8, together with the equations which specify the sin 
gle-scattering coefficients a and t (see Section 3.0), 
comprise the interference and the boundary conditions 
of steady-state waves in phase-ordered media. From 
Equation 2.8b, S = (T - t d T,)/adband S = (Tri 
- t d T)/ad. Substitution of these expressions into 
Equation 2.8a yields Darwin's second-order difference 
equation 

T - 2 1 + d°(f -a)/2 d tj T + T = 0 
(2.9) 

An identical equation in terms of the total reflected 
waves S, Sr., and S- also follows from Equation 2.8. 
Equation 2.9 is the wave equation for steady-state 
waves in phase-ordered media. 
Equation 2.9 is a homogeneous, second-order differ 

ence equation of the form T - 2A T + T-1 = 0 
where A is a constant given by 

A = 1 + d'(t-a)/2 d t 
(2.10) 

Equation 2.9 has the general solution' 
T = c X-1 + c X 

(2.1) 
where 

X = A + v A - 1 = A + i V 1 - A = exp(-i i8), 6 = 
cos'A 

c, c = constants which must satisfy boundary condi 
tions. As a corollary of Equation 2.11, the parameter 
A is given by 

A = x-, + x = (1 + d"(f-a)/2 dt) 
(2.11a) 

Conservation of energy requires that T. S. T. For 
a wave of amplitude T incident ar r = 1 on a semi 
unbounded medium (1 s r < oo), the wave propagates 
only in the +r direction. For such a case, Equation 2.11 
reduces to 

T = T, X-1, X = A + VA - 1 , X S 1 (2.12) 
where A is given by Equation 2.10. Similarly, the wave 
equation for the reflected wave is given by S-1 - 2A S. 
+S-1 = 0 which has the solution 

S = S, X, X = A-E VA - 1, X s. 1 
(2.13) 

The phase of the reflected wave increases at the same 
rate and in the same direction as the forward wave. 
Substitution of Equation 2.13 into Equation 2.8a yields 
the equations S = a T, + t d S, X and S = a T + td 
S X. The amplitudes S and S, are therefore given by 
S/T = S/T = a/(1 - d X t), semi-unbounded media 

(2.14) 
With the use of Equation 2.11a, it can be shown that 
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a/(1 - d X t) = (1 - dt/X) facts 

(2.14a) 
Equation 2.14 (for S/T) was first derived by Darwin' 
to explain Bragg reflection at x-ray wavelengths. How 
ever it will be shown in Sections 3.0 and 4.0 that Equa 
tion 2. 14 gives the multiple-scattering reflection coeffi 
cient in phase-ordered, semi-unbounded media over 
the entire electromagnetic spectrum if the single 
scattering coefficients a and t are suitably derived. 
However, without explicitly deriving the single 

scattering coefficients a and t, it is possible to express 
the secondary parameters, which characterize the re 
fractive parameters of a medium, as a function of a and 
t. The parameter X, given by Equation 2.12, is the 
multiple-scattering coefficient of amplitude delay 
which may be written in the more familar form 

X = exp- ty' z/(r-1) = exp (- 1. d) 
(2.15) 

where 
1' aro" + i B's effective propagation constant in 
the direction of the z axis in the medium j. 

a' = effective attenuation constant in the direction 
of the z axis in the medium j. 

g" = effective phase constant in the direction of the 
z axis in the medium j. 

Therefore, 

1y' = - (1/d) in X 
(2.16) 

where X is given by Equation 2.12. The effective wave 
length A," in the direction of the z axis in medium j is 
given by 

M = 2nt/In(y) = 2nd (3' 
(2.7) 

With reference to FIG.2c, the effective direction l' of 
wave propagation and the effective relative wave phase 
velocity vid's viv" are the refractive parameters of me 
dium j. Snell's law of refraction (see Equation 4.22 
where the law is derived) may be used to give 

sin by = (1-(cos'u)/(v)) 
- (2.8) 

The effective propagation constant y' in the direction 
normal to constant phase front in medium j is given by 

y = y/sin th' = i 27tv/M = a + i 3' 
(2.19) 

The effective wavelength X" in the direction normal to 
constant phase front in medium j is given by 

M = 2ar / 3,' = A/v', Im v' = 0 
(2.20) 

Solving Equations 2.16, 2.18, and 2.9 for v' and l', 
vg = v/v' = cosli - (A in X/2 ard)? I 

(2.21) 

cos l' = cos lifv = 1 - (A sectly in X/2T d)?-12 
(2.22) 

where X is given by Equation 2.12. 
Equations 2.15 - 2.22 relate the refractive properties 

of a medium to the single-scattering coefficients of the 
medium. Additional secondary parameters are the ef 
fective relative permittivity ey'? et and the effective rela 
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tive permeability u'? put if the magnetic properties of enter the discussion of the propagation of waves in 
the adjacent media are identical, then u'? put F 1 and media only if the equivalent refractive properties of the 

e/ e = (vt) = (cosh -(X in XI27T d) medium are to be determined. It should be understood 
(2.23) however that refraction is nothing more than an effec 

where the incident amplitude T (see FIG. 10) refers to 5 tive smoothed-out parameter interpretation of the in 
the electric field intensity. If the non-magnetic electri- terference of waves scattered by each lattice plane. In 
cal properties of adjacent media are identical so that Section.0, the refractive properties of media are de 
e'/ e = 1, then T, refers to the amplitude of the mag- rived directly from Equations 2.10 - 2.14. 
netic field intensity and u1 u is given by Equation 3.0 SINGLE-SCATTERING COEFFICIENTS 
2.23. If ulu le 1 and eleiae 1, then Equations 2.8 10 The single-scattering coefficients a and t specify the 
must be supplemented by additional field relationships amplitudes of the reflected and transmitted waves re 
which specify the interaction between the electric and spectively which result when a plane, monochromatic 
magnetic properties of the media. In this paper, it will wave, whose electric field intensity is of unit amplitude. 
be assumed that the magnetic properties of adjacent 5 T=1, is incident on either a plane array of atoms in free 
media are identical to that of free space and that T. space or on a lattice plane of a phase-ordered medium. 
refers to the incident electric field intensity. The coefficients a and t are a function of the polariza 
With reference to FIG. 10c, the resultant amplitude tion of the incident wave. The subscripts in or p will be 

T of the total forward wave T and the total reflected used to denote whether the incident electric field inten 
wave S, at the lattice plane r is given by 20 sity is polarized normal or parallel respectively to the 
-> --> --> -) -9 --- - plane of incidence. The coefficients a and t are deter 
r=T--S= (T--S) X- mined by considering in progressive order, the scatter 

(T) = (Tl) n- (S), X, ing by: 
R sin 1. Free electrons J= - - - T S X-1 (tr),p-si (). ) -- (Si)) (2.24) 25 2. Bound electrons in an atom, molecule, or unit cell 

where the subscripts n and p denote whether the inci- of a crystal 
dent electric field intensity is polarized normal or paral- 3. Bound electrons of a plane array in free space 
lel respectively to the plane of incidence. For normal 4. Bound electrons of a lattice plane in a phase 
polarization, the electric vectors S and T are in the ordered medium. 

30 Scattering by Free Electrons 
Consider a plane wave of wavelength M, whose elec 

tric field intensity is of amplitude T-1, which is inci 
dent at time t = 0 on the origin O in the forward direc 

35 tion at an angle d = 0 with respect to the x axis. Assume 
that an electron of charge -e, mass m, and zero spin, 
is located at the origin O and is not subject to any 

same direction so that their resultant T is simply the 
sum of the two amplitudes. For parallel polarization, 
the electric vectors S., T. and their resultant T are not 
in the same direction but their directions are related to 
each other by the angles l and (l), defined in FIG. 
2c. The multiple-scattering coefficients of reflection 
S/T and transmission T/T at the interface of semi 
unbounded media are therefore given by . . . . forces of constraint. A portion of the incident wave. 

S. |T-S5.)=a/(1-pxt) front is scattered by the electron in all directions as a 
(S/T) = (a/ (1-X) ld 40 transverse electromagnetic wave. If the recoil of the 

t/T= E. (S/T) electron is neglected, then the scattered wave E(p, b, 
''' (r/T)=(sin p/sin (b)(1-- (S/T) t) at a distance p from the origin O at a field point 

P(p,q)) is given (after J. J. Thomson) by E(p, q},t)= 
(2.25) E(p, d) expi 2nt(ct-p)/N} where 

E=-e? (sign cos p)/4treopmc., T = Tin-1 
E ( ) = is normal to the plane defined by OP and the x axis, 

' 'TE= -e cose/4treopmc., T = Tip=1 
is parallel to the plane defined by OP and the x axis 

(3,1) 
1, 0 < e <r/2 

sign cos p = -1, T/2< e < 7t 
0, p = 1/2 

As the lattice spacing d approaches zero, Equations Equation 3.1 is expressed in rationalized MKS units 
2.25 must reduce to Fresnel's coefficients of reflection where ea is the permittivity of free space. The minus 
S/T and transmission riT for continuous media. sign enters into Equation 3.1 because the acceleration 
- - - - - ----- - - - - - - - - - - - - - - - - - - - - - - --- - - 60 of the electron is -e T/m, The quantity, sign cos d5, is 

Equations 2.10 - 2.14, which completely determine necessary in Equation 3. la because E = E for d = 0 
the properties of waves in phase-ordered media, were and ds F at radians. The angular distribution of the scat 
derived independently of Maxwell's field equations. tered radiation of Equation 3.1 is known as Rayleigh 
Equations 2.24 and 2.25 are derived from Equations scattering. The total power P, scattered in all directions 
2.10 - 2.14. Equations 2.15 - 2.23, which determine 65 is found by integrating the intensity E of the scattered 
the effective smoothed-out secondary parameters as wave over the surface of a sphere of radius p and is 
functions of the single-scattering coefficients a and t, given by 
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where r = classical radius of the electron = 2.818 X 
10m. The quantity P/T has the dimensions of area 
and is defined as the scattering cross-section of a free 
electron. If the incident wavefront is of unit area, then 
Equation 3.2 gives the fraction of the incident wave 
front which is scattered. The wave scattered by a free 
electron in the forward direction is 180 degrees out of 
phase with the incident wave and the power scattered 
in any given direction b (of zero cone angle) is zero. 
Therefore, the amplitude t of the total specularly trans 
mitted wave in the forward direction is t = (1 - 
P/T)' and the amplitude a of the specularly re 
flected wave in a direction db from the forward direc 
tion is a = 0 where t and a are normalized with respect 
to T. 
Scattering by Bound Electrons in an Atom, Molecule, 
or Unit Cell of a Crystal 

Electrons are generally not free from forces of con 
straint and, for example, may be bound to the nucleus 
of an atom. Consider an atom of Z electrons which are 
quasi-elastically bound to the nucleus. If the interfer 
ence of the waves scattered by each electron were to 
tally constructive, then the amplitude at P(p, d) of the 
wave scattered by the k thbound electron would be 
given by E(p, q}) 1 - ofio - i 2 cylot where 

a) = 27tc/ M = radian frequency of the incident radia 
tion 

cok a resonant radian frequency of the k th bound 
electron 

a = damping factor of the kth bound electron. 
However if the wavelength of the incident radiation is 
comparable to the distance between the bound elec 
trons, then the interference of each scattered wave is 
not totally constructive. The atomic structure or form 
factor F(qb/2, h) has therefore been defined and tabu 
lated to account for the interference of waves scattered 
by each electron in an atom, molecule, or unit cell of 
a crystal, assumed to be at rest at absolute temperature 
T=0. The parameter h = (4m / A) sin (db/2). The quan 
tity F(qb/2, h) is a positive real number with the follow 
ing properties: . . . . . . . . . . . . . . 
F(0, h)=F(0, 0)=ZA = number of bound electrons 
F(db/2, 0) = Z.A 
0s. F(d.12, h) SZA 
F(db/2, h) = Z' if the electrons scatter incoherently. 

Accordingly, the resultant amplitude flip of the scat 
tered wave at P(p, d5), caused by scattering and inter 
ference of all the bound electrons in the atom is given 
by 

k=2A 

If w << 0 and a << a. , then the forces of constraint 
are approximately zero for each electron and Equation 
3.3 reduces to 

fp = EF(db/2, h); aj <<a, c) << a. 
(3.4) 

An electron need not be bound to a single atom but 
may also be bound to more than one atom as in a mole 
cule or unit cell of a crystal. Therefore, in addition to 
the electronic polarization of an atom, the incident ra 
diation can cause atomic and orientation polarizations 
of the molecule'. If the incident wavelength is large 
compared with the dimension of the scattering particle 
or the scattering dipole, then regardless of the particu 
lar mechanism which gives rise to the scattering, the 
scattered radiation will be characterized by a Rayleigh 
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28 
angular distribution (see Equation 3.1). If the atoms 
comprising the molecule or unit cell are in thermal agi 
tation at an absolute temperature T > 0, with a mean 
square displacement 8 of the distances between them, 
then there is additional destructive interference and the 
corresponding atomic structure factor Fr(qb/2, h) is 
given by 

(3.5) 
where 

exp (-M(db/2, h)= atomic structure temperature 
factor = exp (-81T6°(sindb/2)/N) (after Waller and 

James) 
It should be noted that F(0, h) = F(0, h). For a plane 
wave of electric field intensity T = 1, which is incident 
in the x direction (d = 0) and which is scattered by 
bound electrons at the origin O, the amplitude flip of 
the scattered wave at P(p,qb) can be written in the gen 
eral form 

flip = (G/p) (sign coste) FT (p/2, b) T1 
is normal to the plane defined by OP and the ac axis 
folp=)G/p) (cos p) FT (e?2, h), T = 1 
is paralled to the plane defined by OP and the c axis 

(3.6) 

where Gi (volts) is independent of the direction ds, dis 
tance p, and interference of the scattered waves. For 
example, for electronic polarization of the atom, 

kri ZA 
G = (-e/4treamcza) X 1-colos-2ak?ol volts. 

ke 

Scattering by Bound Electrons of a Plane Array in Free 
Space 
Consider now M scattering centers (atoms or mole 

cules) per unit area arrayed in a single plane of infinite 
extent (x = y = too) in free space at z = 0. Let a plane 
wave, of electric field intensity T = 1 and wavelength A. 
be incident on the plane array at a grazing angle li. We 
shall assume that the spacing d" between scattering cen 
ters is sufficiently large so that the electrons of a scat 
tering center scatter the incident wavefront indepen 
dently of the electrons in an adjacent scattering center. 
This condition is equivalent to the requirement that the 
radius of the electron scattering cross-section be much 
smaller than the spacing d"/2 projected normal to the 
incident wavefront. From Equation 3.2 we therefore 
have the condition 

r (32/3)' << (d"/2) sin h, electronic polarization of 
the atom, to C Co. (3.7) 

From Table 3, it is noted that d" > 2.2 X 100m. The 
atoms can therefore be assumed to scatter indepen 
dently of one another provided that the grazing angle 
of incidence >> 6 X 10 radians. 
Darwin has shown that if the plane array is of infi 

nite extent and the scattering centers scatter indepen 
dently of one another, then, if higher order terms are 
neglected, the interference of the individual scattered 
waves results in a specular scattered wave (-ior)exp 
(i27t/A)(ct - p) in the forward direction and a specular 
scattered wave (- is)exp (i27t/A)(ct-p) in a direction 
db = 2 bfrom the forward direction. The distance p is 
measured from the field point P to the origin of the 
plane array. The direction d = 2 corresponds to a 
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grazing angle of reflection equal to the grazing angle 
tly of incidence. According to Darwin, Otands are given 
by 

a - G.F(0, h)(sign cos 0) M.Alsin = G, F(0, h) 
MM/sin j, or << 1 

(3.8) 

s.s (Fr(, h)/F(0, )3(sign cos 2), a la T=1 
S st is normal to the plane of incidence 
Tsas (Fr(), h)/F(0, h)6 cos 2p, 5 u1, T1=1 

is parallel to the plane of incidence 
(3.9) 

where 
tly = db/2 
G is defined by Equation 3.6. 

10 

15 

The condition or << 1 was not explicitly stated by 
Darwin but was implied since of - o as - 0. Con 
servation of energy requires that ot, S 1. The ampli 
tude a of the reflected wave in a direction 2 from the 
forward direction and the amplitude t of the total trans 
mitted wave in the forward direction were given by 
Darwin as a = -is and t = 1 -- (-io). The author has 
found that retention of the higher order terms, which 
Darwin neglected in his Taylor series expansion for pa 
(pa is the distance from an individual scattering atom 
to the field point P), results in a correction factor for 
the scattered forward and reflected waves of exp 
(i2npla)(Nglpsin l) where g is an unspecified functic 
of the angle of incidence l. The scattered waves there 
fore propagate with a velocity which is different from 
the velocity in free space. Another problem with Dar 
win's expressions for a and t is that t clearly violates the 
requirement for conservation of energy if or is real. It 
has been arugued that o is always complex and it 
s 1 because the scattering process is associated with an 
absorption loss. This argument is clearly fallacious at 
wavelengths far removed from an absorption band. In 
an effort to remove these difficulties of Darwin's ex 
pressions for a and t, let 

d = a exp (i u) = -is exp (iii) 
(3.0) 

t = to exp (i u) 
where 
a = -is, a s 1 
t = complex amplitude of the total wave transmitted 

in the forward direction if there were no refraction 
caused by a single plane array in free space; to 
s 1. 

u = complex phase change, of the reflected and total 
forward wave, resulting from the refraction intro 
duced by a single plane array in free space. 
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that it? to s 1. This condition is satisfied if the unscat 
tered forward wave has an amplitude ti - o) and 
if the scattered forward wave has an amplitude t-iot) 
assuming that of s 1. The single-scattering coeffi 
cient t is therefore given by 

f = r (i. s?)1/2(1 or?)12 ior 

(3.13) 
By comparison of Equations 3.10 and 3.12 with 3.13, 
it is noted that exp (i u) = (1 - or) - iot. Since the 
scattered portion of the forward wave is identical for 
normal and parallel polarizations (see Equation 3.6), 
on = or = ot. For scattering by a single plane array in 
free space, u = u = u. However, it will be shown later 
that, for scattering by a lattice plahe in a phase-ordered 
medium, u \, u. In order not to confuse the two cases, 
let (1 -o)-ior = exp (iu) where or = ot. - ot. How 
ever, (1 - o') - io = cos(arcsin ot) - i sin(arcsin or 
) = exp (-i arc sin ot) = exp (i u). 
Accordingly, 

or = or se or s- sin u. 
(3,4) 

An explicit expression for un, in terms of the scattering 
from each electron, is determined by noting in Equa 
tion 3.14 that u as - or for or << 1. Therefore, from 
Equation 3.8, a possible solution for u is given by 

un - u = u = - G F(0, h) MX/sinh 
. (3.15) 

The parameter or is therefore given by 
O = on For F - sin u = sin(G F(0, h) MX/sini) 

(3.16) 
From Equation 3.9 and by comparison of Equation 
3.16 with Equation 3.8, a possible solution fors is given 
by 

s= -sin u, (sign cos 2) 
Fr (p, h) 

tle F(0)-cos 2 (3.17) 
where u is given by Equation 3.15. With reference to 
Equations 3.10 and 3.12, the single-scattering coeffi 
cients a and t for a single plane array in free space are 

s= -sin 

given by 

a= sin (u (sign cos 2) (1/ZA) Fr(, b) exp (un) 
Tlap = i sin (un (cos 2) (1/ZA) Fr(v, h)) exp (iu) 

(3.18) 

t= {C un(sign cos 2p.) (1/ZA) FT (p, h). exp (iun) 
t=cos un(cos 2b) (1/ZA) Fr(l, h). exp (iu) 

(3.19) 
Conservation of energy requires that a* + |t| s 1. 55 where u = u = up is given by Equation 3.15. Equations 
A more convenient expression for the conservation of 
energy is obtained by the use of the complex energy 
amplitudes a” and t”. If it is assumed that to is Tl2 radi 
ans out of phase with ao, then 

t - a. 

(3.l. i.) 
It immediately follows that 

t = (1 - s?)12 
(3.12) 

If o is real, the total wave in the forward direction con 
sists of an unscattered wave and a scattered wave which 
are ar/2 radians out of phase with each other (see Dar 
win's expression for t). Conservation of energy requires 
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3.18 and 3.19 are significant improvements over Dar 
win's expressions. They are applicable for any angle of 
incidence at any wavelength of the electromagnetic 
spectrum (where the recoil of the electron can be ne 
glected). Equations 3.18 and 3.19 exhibit the periodic. 
properties which generally characterize the interfer 
ence of waves. 
Scattering by Bound Electrons of a Lattice Plane in a 
Phase-Ordered Medium 
The single-scattering coefficients a and t for a lattice 

plane, in a phase-ordered medium consisting of parallel 
lattice planes of separation d (see FIG. 2), are not the 
same as for a single plane array in free space because 
the function G is modified when other lattice planes 
are brought in close proximity to the single array. 
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The modified function G for totally constructive in 
terference may be calculated using Clausius-Mosotti, 
Lorentz-Lorenz, Onsager, or other mathematical mod 
els of the local polarization fields'. The modified func 
tion G for totally constructive interference is related 
to the permittivity e of a continuous medium j by 

eife= i-H Pfe.T= -- Gao (4Trclas?) N 

= 1 + (4tc/o?) X N. (Gao) (3.20) 10 
where 
P = electronic or atomic polarization of medium j 
N = number of scattering electrons per unit volume 
N = number of scattering electrons per unit volume 
of the oscillator types 

e = permittivity of free space 
However, the modified function, Go is still not satis 

factory. The modified function G does not consider 
the interference of the scattered waves since the inter 
ference is generally not totally constructive. Therefore, 
the single-scattering coefficients a and t must be modi 
fied by more than simply substituting Go for G in 
Equations 3.18 and 3.19. Therefore the permittivity e. 
given by Equation 3.20 should not be confused with the 
effective permittivity e' defined by Equation 2.23. 
Whereas the permittivity e is the permittivity for a con 
tinuous medium j, e' considers the actual interference 
of the scattered waves. In this context, the permittivity 
ey will be used to characterize the polarization proper 
ties of a continuous medium wherease' will refer to the 
effective permittivity of a phase-ordered medium 
which is not necessarily continuous. It will be assumed 
that the relative permeability u?ui = 1 so that ele 
(v/v) = v and e'?et = (v'). The determination of 
the single-scattering coefficients a and t for phase 
ordered media now follows. 
Consider a wave, of wavelength M (radian frequency 

c) = 27rv/N) which is incident at a grazing angle at 
time t = 0 at the origin of the first lattice plane of me 
dium j (see FIG. 10). If the interference of the waves, 
specularly transmitted and reflected by each lattice 
plane, were assumed to be totally constructive as in a 
continuous medium, then the wave would travel in time 
t the distance p = vt. The transmitted wave, normalized 
to unit amplitude, would therefore be given by 
exp(i2n/N)(vit - vip/v)}. If there were no scattering 
at all, then the wave would propagate in the forward di 
rection and be given by exp((i 27T/N)(vit - p)). If the 
interference of the specularly scattered waves from 
each lattice plane is neglected but not necessarily as 
sumed to be totally constructive, then the transmitted 
wave would be given by 
(t/t)"exp(i 27t/a)(vt-p)) = exp(i u (r-1)) 

exp(i 27t/N)(wit - p) 
where tit = exp (i u) is defined by Equations 3.10 
3.14 and r-1 is the number of lattice planes which are 
penetrated in travelling the distance p. If it is assumed 
that r can be propitiously chosen, so that the totally 
constructive wave can be equated with the wave for 
which interference is neglected, then 

(3.21) Solving for u, 

u =(2Tp(1 - valv))/(A(r-1)) 
(3.22) 

32 
At x-ray wavelengths, the transmitted wave travels al 
most in the forward direction since the index of refrac 
tion is approximately unity and the scattering parame 
ters or and s are very small (s. 10). Darwin therefore 

5 assumed that r-1 = (psinth)/d. However, this assump 
tion is valid only if there were no scattering at all. In 
stead, the author has found that r-1 is given by 

r-1 = (psin it) |d (2vi/ (vi--v), electric field polarized normal to the plane of 
incidence 

lr-1=(p sin p)/a2wif (v;--vi) 
2/(2--cos 2-cos 2p) 

electric field polarized parallel to the plane of 
incidence 

(3.23) 15 

where b = cos(vt cos y) = angle of refraction for 
continuous media. 
Equations 3.23 may be deduced by the following 

considerations. If the interference of the scattered 
waves were totally constructive, then the transmitted 
wave would propagate in the direction by defined 
"above. If the actual interference were considered, then 
the transmitted wave would propagate in the direction 

25. th' given by Equation 2.22. Since the wave on the left 
hand side of Equation 3.21 is constructed by neither 
the actual interference nor the totally constructive in 
terference of scattered waves, its direction (ti-A) in 
travelling a path length p is not known. However, it is 
known that the wave's initial velocity in medium j is v, 
and that its final velocity is v since it is equated with 
a wave travelling with velocity v. Therefore the wave's 
final velocity v, relative to its average velocity is 
2v/(viv). Let the wave's direction of propagation 

35 (j-i-Alt), determined solely by its change in velocity 
and its initial direction l, be specified by the require 
ment that sin (l-Ali) -> sin as vi - (viv)/2 

v. Accordingly, 

40 sin (tly -Ali) e 2v sin b/(v -- v) 

(3.24) 
Setting r1 = p sin (, Ali) ( d. Equation 3.23a is ob 
tained. From Equation 3.6 it is seen that the wave scat 
tered by each electron in the forward direction is iden 

45 tical for normal and parallel polarizations since cos (b 
= 1. For a single plane array, the phase of the total 
transmitted wave is independent of polarization (see 
Equation 3. 19) because the transmitted wave is in the 
forward direction. Scattering of the transmitted wave 

50 by several lattice planes causes a change in its velocity 
with a resultant change in its direction (see Equation 
3.24). Since the transmitted wave is no longer in the 
forward direction and cos (b. At 1, an additional change 
in direction occurs for parallel polarization of the wave. 

55 By analogy with Equation 3.24, let the direction of . 
propagation (lit. All) for parallel polarization, deter 
mined by its initial direction th, its change in velocity, 
and its deviation from unity of cos (b, be given by 

sin () + Ale) = (sinth (2v?(vity)2(cos d) /((cosd), 
-- (cos d) (3.25) 

where (cosd) and (cosd) are the initial and final val 
ues of cos (b. The wave's initial direction is and its 
final direction is li since it is equated to a wave for 

65 which interference is totally constructive. The final 
value (costly) = 1 since this is characteristic of a trans 
mitted wave with totally constructive interference. The 
initial value (cos (b) must have the property that (cos 
d) is 1 as thy - b. Since b = 2 (see Equation 3.9), 
(cos (b) should also be a function of cos 2 and cos 2. 
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A function which satisfies these two requirements is and 3.30 therefore contain higher order corrections to 
given by (cos (b) = 1 + cos 2h - cos 2b. Substituting the present state of the art of x-ray spectroscopy. 
(cos d) = 1 and (cos clb) = 1 + cos 2th - cos 2 into 
Equation 3.25 and setting r-1 = p sin ( ' Ali) /d, 
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However, of far greater significance, Equations 3.29 
Equation 3.23b is obtained 5 and 3.30 are valid for any angle of incidence and for 
Equations 3.23 can also be derived by inductive argu- E. yleg stage st 

ments independent of the above deductive derivation. (where the recoil of the electron can be neglectec ). 
For example, it will be shown in Section 4.0 that Equa- Equations 3.29 and 3.30 exhibit periodic properties 

previously unreported for scattering of electromagnetic 
waves in phase-ordered media. From Equations 3.29 
and 3.30 for normal polarization, it is noted that total 
reflection occurs for u(1/Z)F(t),h) = (2M-1)7t/2, 
M = 0, 1, 2, .... Total transmission occurs for ul(l- 
/Z)F(th,h) --- Mar, M = 0, 1, 2, .... With the excep 
tion of the factor (1/Z)Fr(t),h), which accounts for 
the interference of waves scattered by the electrons 
comprising a single scattering center (atom, molecule, 
or unit cell of a crystal), these conditions agree with 
those given by Equations 2.5 and 2.6 for total reflection 

tion 2.14 satisfys conservation of energy requirements 
and reduces to Fresnel's reflection coefficients, for nor- 10 
mal and parallel polarizations, as the spacing d between 
lattice planes approaches zero, provided that the values 
of r given by Equation 3.23 are used in deriving a and 
. 

The single-scattering coefficients a and t for a lattice 15 
plane in phase-ordered media are determined by solv 
ing for u and substituting u into Equations 3.16 - 3.19. 
Substituting Equations 3.23 into Equation 3.22, u is 

given by and total transmission respectively. Neither Equations 
un=27td(1-vii)/(2X sin) —a. 3.29 and 3.30 nor Equations 2.5 and 2.6 consider the 

useu-2ard (1-vii) (sin? --vii cos I) /(2N sin ) multiple scattering of the waves scattered by every lat 
= u(sin2 y --vii.2 cos? p.) tice plane of the medium. A more complete treatment 

(3.26) of the properties of reflection and transmission in 
where " ' " TT 25 E. media is given in E. glowing section Fe where multiple scattering is considered. enging Eyotion '" REFLEON ANDTRANSMission IN seM. 

2 - 2 - UNBOUNDED MEDIA 
vti = (vt/v) = e/e, - . . . . . . . - - - 

sinly-v'cos = 1 + (1/2)(cos 2b-cos 2) The complete quantitative description of steady-state 
Substituting Equation 3.26a into Equation 3. 14, o is 30 electromagnetic waves in phase-ordered, semi 
given by unbounded media is determined by substitution of the 

single-scattering coefficients a and t, given by Equa 
tions 3.29 and 3.30, into Equations 2.10 - 2.14. The 

(3.27) secondary refractive parameters are determined by 
Substituting Equation 3.26 into an equation analogous substitution of Equations 3.29 and 3.30 into Equations 
to that of Equation 3. 17, 2.15 - 2.23. 

=CE (u,(1/Z.) Fr(, ))--sin (u(1/Z.)Fr(,h)) 
s= -sin (u, (-1) (cos. 2.) (1/ZA) Fr(, h))=-sin (u (sin v-v cos ) (1/ZA)F(, h)) (3.28) 

or = or = o = -sin u = -sin it 

where It is convenient to define the parameter U by 
cos d = cos 2 = (cos 2br-cos 2))/2 = -sin' -- v. - - - - - - - - - - - - - - ' ". . . . " " '' -- - - - ---------, 

sco 2-(coarcos 2 -- vi U-E-SAF 
signs has been chosen so that s =s for normal inci- U= un(sin -vi cos ) (1/ZA) FT (ph) 
dence and so that the reflected electric field inten- 45 (4.1) 
sity is positive in the same direction as the incident where u is given by Equation 3.26a. The quantity A of 
electric field intensity. Equation 2. 10 reduces to 

Substituting Equation 3.28 into Equations 3.10 and ' ' ' ' ' ' ' - - ---------............. 

3.12, the single-scattering coefficients a and t for a lat- A-2C ?cos U, 
tice plane in phase-ordered media are given by 50 A=cos(V-u)/cos U, (4.2) 

- - - -ammammam-m- an = i sin un (1/ZA) FT (p, h)-exp (iun) 
= i sin (1/ZA) FT (y, h)-exp (iii) 

F -- 

a = i sin un(-1) (cos 2y) (1/ZA) FT(, h) exp (up) 
= i sin u(sin -vi cos? ) (1/ZA) Fr(, h)-expiu(sin? --vii.2 cos? ) (3.29) 

t=cos un(1/ZA) FT (l, h)-exp (iun) 
t= =cos (1/ZA) Fr(, h)-exp (it) 

t=cos un(-1) (cos 2p.) (1/ZA) FT (, h)l-exp (up) 
=cos u(sin -vi cos? p.) (1/ZA) Fir (, h)-expiat (sin? --vii.2 cos? p.)) (3.30) 

Equations 3.29 and 3.30 should be compared with where V, u, and U are given by Equations 2.1, 3.26, and 
Darwin's single-scattering coefficients at x-ray wave- 4.1 respectively. The multiple-scattering amplitude 
lengths, namely' delay coefficient X, defined by Equation 2.11 reduces 

to ------ 
w 65 . . . . . - - - - - - - --------. . . . . 

an=afcos 2p=ial(1/ZA) Fr(,h), - cos (V4) El- ". t=t=1-- it '', via 1. (3.31) x= Xn cos U, cos U, X31 
At x-ray wavelengths, vu as 1 for all media. Equations X cos (V-up) +)-1" |Xal 3.29 and 3.30 reduce to Equations 3.31 if terms of PT cos U, cos? U. 1.pn 
higher order than (1-vu) are ignored. Equations 3.29 (4.3) 
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where V, u, and U are given by Equations 2.1, 3.26, and 
4.1 respectively. The multiple-scattering reflection co 
efficient S/T, given by Equation 2.14, reduces to 

Tisin U. exp(iu.) 
1-X cos U, exp (-i(W-un) 

sin. Up exp (iu) 
1-X cos U, exp (-i(W-up) 

(4.4) 
In Equation 4.4, the reflected electric field intensity S, 
is positive for the same direction as the incident electric 
field intensity T. Equations 4.3 and 4.4 determine the 
properties of steady-state electromagnetic waves in 
phase-ordered, semi-unbounded discrete media subject 
to the following conditions: 

l. The recoil of the electrons is negligible. 
2. The scattering cross-section of each electron is suf 

ficiently small so that the mutual interactions between 
neighboring atoms in any lattice plane are negligible. 

3. Pertubations or changes in the quantum sates of 
the medium are negligible. 

4. The relative permeability u/u = 1. 
The coefficients S/T and X are functions of the 

physical parameters d/N, , v, and (1/Z)F(,h). A 
complete quantitative description of electromagnetic 
waves in phase-ordered, semi-unbounded media is ob 
tained by evaluating Equations 4.3 and 4.4 for all possi 
ble combinations and values of the physical parame 
ters. In this section, each of the following cases will be 
considered separately: 

l. v is real 
2. W. Dd 1, uCC1 
3. V << 1, 0 s a goo 
4.0 s V < 0, a << 1 
5.0 s V <oo, 0 s a <oo. 

Case 1 includes the general conditions for total reflec 
tion and total transmission in dielectrics with zero ab 
sorption loss. Case 2 includes the special case of con 
tinuous media and is applicable to most electromag 
netic wave-interactions. Case 3 is applicable to very 
low grazing angles of incidence and to the propagation 
in metals. Case 4 includes the case of Bragg reflection 
at X-ray wavelengths. Case 5 considers cases not in 
cluded by Cases 2-4. 
v is real 
Consider a wavelength N sufficiently far removed 

from an absorption band so that v = e/e, is a real 
quantity. Media, characterized by Im vu = 0, shall be 
referred to as "dielectrics.' The reflection coefficient 
S/T and the amplitude delay coefficient X are now de 
termined for dielectrics. 

First, it will be shown that 
S/T = 1, cos(V-u)/cos'U a 1, v, real 

(4.5) 
where it is understood that V, u, and U are given by 
Equations 2.1, 3.26, and 4.1 respectively. For the con 
ditions of Equation 4.5, Equation 4.3 reduces to 
X real, -1 X s 1, cos(V-u)/cosu ras e 1, vity real 

(4.6) 
Substituting the conditions of Equation 4.6 into Equa 
tion 4.4, S/T = sinU/1 - exp(-i(V-u)) (cos U)'X 
* = sinUlsinU = 1. The most general conditions for 

total reflection in dielectrics are therefore given by 
Equation 4.5. Equation 4.5 includes the cases of total 
internal reflection at the angle the (see discussion for V 
<< 1, u << 1), Bragg reflection at x-ray wavelengths 
(see discussion for V as Nat, it << 1), and the case 
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qualitatively given by Equation 2.5 for low grazing an 
gles of incidence (see discussion for V << 1, 0 s a 
<oo). 
It follows from Equation 4.5 that 

S/T - 1, cos(V-u)/cos U < 1, v, real 
(4.7) 

For the conditions of Equation 4.7, Equation 4.3 re 
duces to 
X complex, X = 1, cos(V-u)/cos U < 1, y real 

(4.8) 
For the conditions of Equation 4.8, the values of X are 
confined to the perimeter of the unit circle in the com 
plex X plane. Substituting Equation 4.3 into Equation 
4.4, the intensity of the reflection coefficient, with or 
without absorption 
loss, is given by 

sin U 2 

sin (V-u) Feos U-cos2 (V-u)1/2 
(4.9a) 

where it is understood that the Froots of Equation 4.9a 
correspond to the roots of Equation 4.3, the choice 
of sign being determined by the requirement S/T, 
is 1. For vs real, Equation 4.9a reduces to 
TS/T = (sin U/sin(V-u) cosu-cos(V-u)2) 

, vs real 
(4.9b) 

With reference to Equation 4.9b, 
2r. sin U '- in Si"ITP-gati = 0 (4.10) 

The necessary and sufficient condition for zero reflec 
tion (total transmission) in phase-ordered dielectrics is 
therefore given by 
U = U = MTM = 0, 1, 2, . . . 

O 
., v, real, S/T = 

(4.) 
where U is given by Equation 4.1. For zero reflection, 
Equation 4.3 reduces to 

X = exp(-tt i(V-u), S/T = 0 
(4.12) 

Equation 4, 11 includes the cases w = 1, Brewster's 
angle for parallel polarization (see discussion for V << 

SO 
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1, it << 1), and the case qualitatively given by Equa 
tion 2.6 for low grazing angles of incidence (see discus 
sion for V << 1, 0 < a. Coo). 
The allowable values of the transmission X in phase 

ordered dielectrics are plotted in the complex X plane 
in FIG. 8a. The values of X is specified by the vector 
drawn from the origin O to a point on the plot. The vec 
tor X for phase-ordered media generally traverses an 
infinite number of cycles about the path shown in FIG. 
8b as the grazing angle of incidence is varied from 0 to 
TI2. 
V << 1, a << 1 
Most electromagnetic wave-interactions, excluding 

near-zero grazing angles of incidence, Bragg reflection 
at X-ray wavelengths, and propagation in metals, are 
characterized by the joint phase conditions 

V<< 1, a << 1 
(4.13) 

where V and u are defined by Equations 2.1 and 2.3 re 
spectively. These conditions include the special case of 
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totally constructive interference in continuous media A=1-- (1/2) V2 (Q-1) 
defined by A-. " (1/24) VI (Q-1) (Q-1--Q2) - Q2 (2RT/d)? 

V = u = 0 A=1 -- (1/2) V2 (Q-1) 
-- (1/24) VI(Q-1) (Q-1--Q-2) - Q_2(2R/d)? 

(4.14) 5 (4.18) 
Present electromagnetic theory, with the exception -- - - - - - - 

of theories describing Bragg reflection at x-ray where terms containing factors of higher order than 
wavelengths' ', is based on Conditions 4.14. In this (27td/N) have been neglected. For Conditions 4.13, it 
sub-section, the relatively small corrections introduced is noted from Equation 4.18 that A-1 << 1. 
by Conditions 4.13 are considered. 10 However, for A-1 << 1, the transmission X of Equa 
For V << 1, the normalized average intensity of the tions 2. l l reduce to 

atomic structure factor reduces to X = A - (A-1) = 1 + (112) 2 (A-1) - 20A-1) 1 
F°(l,h)/F(0,h) = (1/Z)F(t),h) exp(-2M(t),h)s + (A-1)/2)} 

(1 - h"R/3)(1-2M) 15 as 1 - (2(A-1)] + (1/2) 2(A-1) - 
as 1 - (V/3d)(2R-68) = 1 - (V/3)(2R/d), V (1/8)2(A-1)2(A-1)) 

<< 1 sexp-2(A-1)/2 + (1724)2(A-1)(2(A-1)}1/2 
(4.15) as exp (-(2(A-1)/2(1-(1/24)2(A-1))}A-1|<<1 

where is 19 20 (4.19) 
R = electronic radius of gyration' of a particle Substituting Equation 4.18 into E ion 4.19 
(atom, molecule, or unit cell) at rest about its elec- '99 ion 4. 8 into Equation 4.19, a- - - - 
tronic center of mass = root mean squared orbital -- 2 
radius of the electrons comprising the particle at X-ey S.E.A. 9258?) } 
rest. If d is the spacing between particles, then 25 X- - (V2/ o 2 2 
2Rold S. l. If d is the spacing between particles in X- - V. %r. . SY, {2} 1953 3. 
amorphous media (see Equation 2.7), then Ros - (V2/12)Q_2(2RT/d)}/{ 
(d/2)(215) assuming as a first approximation that Xs exp (-VL(Q-1) (l-i-VQ/12) 
the electron density is uniform in a sphere of radius X= - (V2/12) Q(2R/d)?y), V<<1, w<<1 
d/2. For continuous media, 2Rolds 1. 30 “TXs exp (-V (Q-1)(1+VQ-2/12) 

M(t),h) = 81r 8,(sin)/x = 2 V8'ld (see Equa- - (V2/12)Q_2(2RT/d)?/2} 
tion 3.5) (4.20) 

8, - (5) = root mean square displacement of where terms containing factors of higher order than 
the particle in thermal agitation above and below (2ard/N) have been neglected. With reference to FIG. 
its average position in the atomic plane under con- 358a and Equation 4.20, the only allowable values of X, 
sideration. for Conditions 4.13 and Im v= 0, are those which are 

R = R(1 + 3 8m/R) = electronic radius of gyra- on the real axis or on the unit circle in the vicinity of 
tion of a particle in thermal agitation. For a solid X=1. For Conditions 4.13 and Im v. A 0, the allow 
at room temperature, Rot s R. For a gas, Ror = able values of X in the complex X plane are within the 
R+3d. (see discussion following Equation 2.7). 40 unit circle in the vicinity of X=1. 

For purposes of simplifying the equations which are Substituting Equation 4.20 into Equation 2.16, the 
to follow for Conditions 4.13, it is convenient to define effective propagation constant y' in the direction of 
the following parameters: the Z axis in the medium j is given by 

, (),-(via) (co-) (1 + Vo?ia)-(v/12)Q (2RT/d)?!? Yia ={38 visio-15-vois) (visio (Eliyap's, is 
(4.2) 

Q = 2 u/V = 2 un/V = (1-vi)/sin' By definition of y', it should follow that 
Q = (2 a? V)(sin')--v'cos') = (2 un/V)(u?u) = 50 lim yi = y = 

(1-v)(1--vcotli) d-0 
(4., 6) propagation constant in the direction of the z axis in 

a continuous medium j. Q- = (2u/V)(sin'?-ycosy) = (2u/V)(U/ U.) = ss From Equation 4.21, (1-v)(1-vicoty) 
where u and U are given by Equations 3.26 and 4.1 re- lim = (Vid) (Q-1)!/ r – c - - - 
spectively. Equations 4.16 satisfy the identity s ' d-20 = (2nfa) sin p(1/sin p) (1-vii) -1)!/ 

(1 - Q/2) = 1 - Q + Q/4 . . . . . 60 to (2ar/N) sin bi=y 
(4,17) (4.22) . 

For Conditions 4.13 and with the use of Equations . . . w 
4.15-4. 17, the parameter A of Equation 4.2 reduces to where 

sinly= (1 - vucosyl)" = Snell's law for the angle 
A = (1 - (1/2)(V-u) + (1124)(V-ru)-.../1 - (1/2) U. sh, of refraction in continuous media (see FIG, 2b), 

+ (1124) U- .....) To the best of the author's knowledge, Equation 4,22 
as 1 - (1/2)(V-1) + (1124)(V-u) 1 + (1/2) U + marks the first time that Snell's law of refraction has 
(5/24) U been formally derived from the interference of waves 

as 1 - (1/2)(V-u) + (112) U + (1124)(V-u) + scattered by each electron. Substituting Equation 4.22 
(5/24) U- (1/4) U(V-u)--... into Equation 4.21, 
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f (3:32:.S.S.R.C.E.S.E Yiz st (Yi.")=yi, 1 + (VQ-2/12) (1 - (2 Rot/d)?/ (Q-1)}1/2 
(4.23) 

The effective secondary parameters yi', vy", costly, propagation, (b'), - (l,') = AU, is given by 
and e are determined by substitution of Equation All cos(th') - cos(th') / sinth = cotli (vu") - 
4.20 into Equations 2.21-2.23. Accordingly, (vu")/vi, Ab-1 (4.27) 

V<<1, u<<1 
(4.24) 

where y = (i27tla)vy - propagation constant in a con- 15 Substituting into Equations 4.26 and 4.27 for the above 
tinuous medium j. example, 

vu"/vg = (costly'lcosby) = (e."fe) i = y/y, (vu") - vi'))/v = 2.34 X 10% and All = 4.43 
(4.25 X 10 radians. This result should be compared to the 

The secondary parameters differ from those for con- 20 birefringence of crystalline quartz whose anisotropy 
tinuous media by the percentage deviation given by (vi) - (vi)o)/v = 0.6% where E and O refer to 

(4.26) 

The minimum percentage deviation occurs at normal directions perpendicular and parallel to the optic axis". 
incidence (FF/2) for vi> 1 and at an angle l = sin- 30 For the same radiation incident on crystalline quartz at 
1-vt/1+(2Rrld)” for v < 1. At grazing angles of in- an angle at f4 radians with respect to the optic axis of 
cidence characterized by sinly-(1-v)/ 1+(2R/d) the crystal, A = 6.8 x 10 radians. The phase shift Ab 
, the percentage deviation increases with decreasing between the two orthogonal components of 

grazing angles of incidence and is given by Equation polarization per unit path length L is given by 
4.26 until the condition Tu<< 1 is no longer satisfied. 35 
For visible radiation, of wavelength A = 5 x 10m in 
free space, which is incident on fused quartz (d. 4.9 
X 10-10m, v= 1.5, (2Rorld) as 2/5 at normal inci- Ahir = i? ...') - ?y.' 
dence, the percentage deviation(y' - y)/y)= 2.9 X Adb/L =F (27T/N) (vi) - (vt') 
10%. If the lattice spacing d is increased by a factor 40 ( 4.28) 
of 20 (as might occur in a dilute liquid solution), then 
for the same conditions and dielectric properties as the 
previous example, the percentage deviation at normal 
incidence is 0.1 percent. To the best of the author's 
knowledge, Equation 4.26 marks the first time that the 4 
error, caused by the substitution of Conditions 4.14 for 
Conditions 4.13 has been calculated. It should be noted 
that every phase-ordered medium exhibits frequency 
dispersion even if the relative phase velocity vu is a real 

For the preceding examples for fused quartz and crys 
talline quartz, Ads/L = 0.37 radians/cm and 1.1 X 10 
radians/cm respectively. The birefringence of fused 

, quartz is therefore small compared to crystalline 
quartz. Nevertheless, the birefringence of amorphous, 
phase-ordered materials may find application when an 
isotropic materials are not available. 

constant, unless the medium is continuous. 50 
Discrete, phase-ordered media are birefringent (dou- The reflection coefficient S/T for Conditions 4.3 

ble-refracting) because the normal and parallel compo- may be determined directly, without the use of second 
nents of polarization have different velocities and dif- ary parameters, by substituting Equation 4.20 into 
ferent directions of propagation as shown by Equation Equation 4.4 and expanding sinu, cost J, and exp(-i(- 
4.26. For example, consider visible radiation of wave- 55 V-u) in a Taylor series expansion. Since the denomi 
length A = 5 x 10m which is incident at a grazing nator of Equation 4.4 involves the difference of two 
angle thr-atla radians on fused quartz of the previous ex- quantities which are approximately unity for Condi 
ample. Fused quartz is generally considered not to be 'tions 4.13, it is important that terms of the order of 
birefringent. However, according to the above theory, (2ard/A) or larger be retained for accurate results. Sub 
the incident beam should separate into two orthogo-60 stituting Equation 4.20 and the Taylor series expan 
nally polarized beams whose difference in directions of sions into Equation 4.4, 

(Si/T)n-1 (1 - U12) (f)(iiz) (7 ft)2(f65(V)2X. m 
S/T = V<1,7K1 

SIT)= (U-U/6) -- iu- (1/2) up-iu/6) (S/T)p-1-(1-U/2)ii (; ) (fr) (vi) ific)(V)2X. (4.29) 
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where X, and X are the Taylor series expansions of The last step of Equation 4.30a was obtained by mul 
Equation 4.20. tiplying the numerator and denominator by 1 - 1 - 

Definition of Equation 4.30 

(in) lin (), iv(1-girty-a-7A ... "30-of-3- - OY 172 (V-T/2Y - T2(1-Q)1/2 - d-90 T/n V (1 Q) +i (V pln) () V(19) 1/2--i(V-un) 2 ( Q) --2-Q 

(cos' 2 (1-(1-Q)1/2) sin p sin v- (sin i-1+pi)1/2 " v-vis (1 vi 

sin -vii sin V, 
sin --vii sin i 

lim (i) c ip (sin i-vii cos ) P 17 Pn 
VT/p V (1-Q)1/2+i (V-u) ; :V(1-0) i? +i (V-1)) 

vii? sin' yo(sin . ) 
y 

cos? 
sin -vi sin - Y+cos' 

- l 

2 sin (sin p-1--vi?)1/2-1-2 sin? v-sin p. vii sin - cos Y+ cos. p. 
--- sin2 p-vii sin? p. (sin li-vii sin V) (sin Wi-vii sin V) 

2vii sin sin --sin --sin -v sin sin -i-vii sin ) 
sin i-vii sin 

Tsin -vi sin 

Equation 4.29 gives the reflection coefficient for (1-v)/sinil 112 whereas for Equation 4.30b the 
phase-ordered, semi-unbounded media subject to Con- numerator and denominator were divided by (1 - 
ditions 4.13. An essential property of Equation 4.29 is vicosi)'--v sini). It should be immediately recog 
that it must reduce to Fresnel's formulae for Conditions nized that Equation 4.30 is Fresnel's formulae for the 
4.14. In other words, it is essential that 40 reflection coefficient in continuous media where v = 

(elet)' for u/put = 1. To the best of the author's knowl 
--- edge, Equation 4.30 marks the first time that Fresnel's 

it, S/T=S/T formulae have been formally derived from the interfer 
ence of waves scattered by each electron of the me 

- - - - - - -- - - - - - - - - - - - - - - - - - - - - - - - - - - - - -u- - - - - - - - - - 45 dium. 

where S and T are defined in FIG. 2b for continuous Substituting the conditions V << 1, a << 1 into 
media. A close examination of Equation 4.29 reveals Equation 4.5, total reflection occurs for (V-u)/U 
that the factor (27td/M) is common to both numerator a 1. For these conditions, 

(V-w)/U= (EEE) (V13) (2RT/d)? 
(4.31a). 

and denominator. Therefore, Equation 4.29 should re- The above inequality is satisfied by only the positive 
duce to Fresnel's formulae if terms of higher order than 55 root for normal polarization and by only the negative 
(27td/A) are discarded. Accordingly, root for parallel polarization. Accordingly, the effec 

(SIT)= lin se Q Sin Vivij Sin Vi 
lim (SIT) = "TiV (1-Q)1/2+i (V-u.) 2(1-Q)/2+2-QTsin y +vi; sin , 
d-90 11 I. J. F (SFT) lun (sin V-vi-' cos' l). Q- sin bi-vii sin . 

P V (1-Q)1/2+i (V-up) 201-Q)1/2+2-Q sin --vii sin 
(4.30) 

where . . . . . . . ss tive critical angle th, for total internal reflection is 
lim V = lim u = 0. Yi l, d-90 given by 

sin (v.). -tsin li- (V/24) (2RTfd)? --- 
sin (bo')=sin poll - (V°/24) (cos' pe) (2RT/d)? V<<1, Fi, ) 

) 

sin bo' - 
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where From Equation 4.35, 

<0, sin basin (pe"), vii complex, vii.31 
(S/T) - (S/T) K = 0, sin yasin (bo'), vii real, via1. V<<1, u<<1 

D0, sin b) sin (ba') or vii') 
(4.36) 

sinth = (1-v), v 3 1, = critical angle for contin-. The percentage difference of the reflected intensities, 
uous media for radiation of wavelength A = 5 x 10m at normal in 

V = (27td/A) sini ----- 10 cidence on fused quartz, is 
IS/T * = 1, sin i < sinth." (For Conditions 4.13 - - - - - - - was --- as - - - - - - - - - - - - - - - - - - - - - - 

only) S/T - S/T)/S/T as 4 (v'-v)/(v-1) = 1.4 
If sini' = sin(k - ) is expanded for Ali << 1, then X 10.8%. 

, f) v.- (v2/24) (tan v.) (2Rorld)? - v'-E383,538, 3...ora vs.<1, Iss 
(4.32) 

The effective critical angle b." has a weak dependency Consider now x-ray radiation incident, at grazing an 
upon the atomic structure factor. The condition for gies less than or equal to the effective critical angle 
total internal reflection, given by Equation 4.31, is a 20 (b.'), on materials such as those in Table 1. 
special case of a more general condition (Equation 4.5) At x-ray wavelengths, the relative velocity v = v/v in 
for total reflection. continuous media is given by 

Substituting Conditions 4.13 into Equation 4.1 1, 
total transmission occurs for U = 0 corresponding to M - . . . . x - v = (1-8) - if = 0. With reference to Equation 4.1, this condition re- 25 
duces to - (4.37) 

S/T=0, E. normal and parallel polarization V-1, u<<1 
p = cot 'tii - Brewster 

(4.33) 

The condition v = 1 is the case of an unbounded me- where - - - - - 
dium with no interfaces. The condition th = cot'vu is . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
Brewster's angle for zero reflection of electromagnetic 8 = unit decrement of the index of refraction (8 << 
waves whose electric field is polarized parallel to the: 35 1) ' ' -- - - - - - - - - - - 

plane of incidence. Brewster's condition is a special e - absorption index 
case of a more general condition, (Equation 4.11) for sinu = (1-(Rev)} f = (28)/ 
total transmission. . g/8 = absorption ratio 

It is of interest to compare the reflection coefficient. 40 • . 
S/T, given by Equation 4.29 for Conditions 4.13, to At the critical angle (b.") given by Equation 4.31a, 
the reflection coefficient SIT, given by Equation 4.30 Equation 4.35 reduces to 

1-icefou-(v/12)-(v/12) (2R-rid)?) ..., 
Fitzsatists: - ). i-, -, -, 

for Conditions 4.14. Equation 4.29 can be expressed in It is noted from Equation 4.38 that the effective ab 
a form an alogous to that of Equation 4.30, namely sorption ratio (318),' has increased to an amount given 

where vis' 
4.24 and 4.25 for Conditions 4.13. Equation 4.34 is ex 
pressed in 

in i- ?n. - T 50 by (3/8),' = (3/8) {1 + (V112)(1-(2R), j = Sl ('i') a sin (wi') in or led 
(S/T).-E.E.E.E. (b.'), g/8 << 1, 8 << 1, V. << 1, (4.39) 

sin (wi') - (vii') sin p. At lower grazing angles of incidence, the effective ab 
(S/ Ti)=it (b.") + (vii'), sin p (4.34) sorption ratio is larger and is given by 

a 1+ (v12) (8 sin visin v)-21+(orld))) (8/6). =(8/8) { Th;isitivities; 8/8<<1, 8<<1, V-1, ". 
= (e."fe)" and by are given by Equations 60 The effective absorption ratio in discrete media relative 

to that in continuous media is tabulated in Table 4 for 
terms of the effective refractive parameters some solid materials at x-ray wavelengths. Table 4 is 

corresponding to those defined in FIG. 10c. In comput- consistent with the long-standing anomaly in x-ray 
ing S/T for Conditions 4.13, Equations 4.29 and 4.34 
give identical results. For normal polarization, Equa- 65 
tions 4.29 and 4.34 are given explicitly by 

physics' ' that the measured absorption ratio is sev 
eral per cent more than the calculated 
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TABLE 4.-RELATIVE EFFECTIVE ABSORPTION RATIO 
(NORMAL POLARIZATION) FOR SOME SOLID MATERIALS ATX-RAY WAVELENGTHS 

(sin)f(sino) t 

Material 1. 3 10 

Berylliuni, a ----------------------- 1.00009 1.0015 1.018 
Aluminum 1.00038 *1.0065 *1,074 
Nickel---- .00093 * Olb8 *1170 
Gold.----- 1, 00230 *1.0390 *1,370 
Quartz, Oz (SiO2)-------------------- 1.00057 *1.0097 "1.110 
* Estimate only because the condition (uk(1 is not satisfied. 
NOTE.-Entries are calculated using Equation 4.40, the values of Wo 

given in Table 1, and the parameter (2Rorld)=0. 

absorption ratio based on Fresnel's reflection coeffi 
cient for continuous media. A more complete discus 
sion of this anomaly is given in the following sub 
section. 

V << 1, 0 < t <o 
In the previous sub-section, the substitution of Con 

ditions 4.13 for Conditions 4.14 led to relatively small 
deviations of the reflected and transmitted radiation 

from that predicted by existing theory for continuous 
media. Consider now the more general conditions 

M = 1, +2, ... 

V << 1, 0 < it < 0. 
- (4.4) 

For Conditions 4.41, the reflected and transmitted ra 
diation can differ appreciably from that for continuous, 
media. 
From Equations 4.11 and 4.15, the angles by for 

total transmission are determined exactly by the condi 
tions 

(U) = (27td/M)(1/sini) (1/2)(1-v) 
(1-(V/6)(2R/d)) = Mat 

10 

15 

20 

30 

40 

(U) = (27td/M)(1/sini) (1/2)(1-v)(sin' - vu 
costly) 1-( V/6)(2R/d)? = MTM = 0, 1, 2, 3, 50 

v (4.42) 

Defining V. = (2nd/a)(1-v), Equations 4.42 re 
duce to 

(h. O)n is not defined - M=0 t 
vii = 1 (normal and parallel polarizations) 

M = 1, +2, ... , 

46 
and corresponds to total transmission for either Condi 
tions 4.13 or the more restrictive Conditions 4.14 for 
continuous media. For normal polarization, Equation 
4.42b is identical to the qualitative results derived ear 
lier (see Equation 2.6). The propagation of electro 
magnetic waves at low grazing angles of incidence is a 
strong function of the polarization of the waves since 
sin(b)/sin(b) as vi', M A 0. 
The general conditions for total reflection, subject to 

Conditions 4.41, are determined from Equations 4.5 
and 4.15 which reduce, without approximation, to the 
conditions 

(V/2)(1+ (v2/12) (2Rfd)2 
-Matgua (V/2)1 -- (V2/12) (2RT/d)? 

-- (2M--1) ar/2, M=0, 1, s2, . . . normal polarization 
4.43 (V/2)(1-- (V2 vii.112) (2RT/d)? (4.43) 

-- Margui (cos? p.)/vig (V/2)(1+(V2 wit/12) (2R/d)? 
-- (2M--1)t?2, M =0, -1, 4:2 . . . parallel polarization 

Equations 4.43 reduce to the following conditions for 
total reflection: 

1+ (v/12) (2R/d).<sin po?sin vs 1 + (r/V.), normal polarization 
1.-- (VP/12) (cos' pe) (2RT/d)<tan po?tan S1--(it cos po)/V, parallel polarization 

where (2V/ar) << 1 (normal polarization) and 
(2V/Tv) << 1 (parallel polarization) (4.43a) 

1 + (2 Mr V.)'s (1-vii)/sin vs1 -(2M-1) / V, normal polarization 
1.-- (2 Marvi? V)2S (1-vii)/vii tan? p. S1 --(2M-1) rvi/V, parallel polarization 

where (V112)(2Rorld) << 1, 2V/(2M-1) r << 1 
(normal polarization) and (W/12)(2R/d) << 1, 
2V/(2M-1) rvu), (C. l (parallel polarization). 
(4.43b) The left-hand boundary of Equation 4,43a was 
derived earlier for Conditions 4.13 (see Equation 
4.3.1). The right-hand boundary of Equation 4.43a 
indicates that total reflection does not occur at all graz 
ing angles less than the critical angle lic' for the case v. 
< 1. Equation 4.43b indicates that in phase-ordered 
media there are periodic regions of total reflection re 
gardless of whether v < 1 or v D 1. Equations 4.43 
differ in an important respect from the qualitative re 
sults derived earlier (see Equation 2.5). The qualitative 
theory predicted that total reflection should occur at 
discrete angles that of zero bandwidth. The quantita 
tive theory shows that total reflection occurs in discrete 
angular bands whose bandwidths include the discrete 
angles law. 

(4.42a) 
(1-vii)/sin (, M) as (2Mn/V)2 (normal polarization) 
(1-vii)/viitan (bb, M) s (2 Marvi? W.) (parallel polar). 

(4.42b) 

where (V°/12)(2R/d)*(V./Mar) << 1 (normal po- 65 If the angles law and the are defined as the angles 
larization), and (V/24)(2R/d)*(V/Mat v) << 1, 
(1+vt)(W/MTv) << 1 (parallel polarization). 
Equation 4.42a was derived earlier (see Equation 4.33) 

corresponding to the left and right hand boundaries re 
spectively of the total reflection regions of Equations 
4,43a and 4.43b, then 
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where 
(1-vii)/sin” (p.m.), as 1+(2M-1-1) tr/V.P 
(1-vii)/vitan (M) as 1. Fei's videfines la, M 
(1-vii)/sin (M), as (M-1) ar/V2 
(1-vii)/vii tan? EAvdefines ls, M 
(1-vii)/sin (p, M) as 1-- (2Mt/V, defines v. 
(i-vii?)/vii tan (l, M) as 1 + (2 Marvi? V)2 (4.43c) 

The percentage bandwidth Alli?h, of each total re- gular transmission bandwidth is not defined for M-0 
flection region of Equations 4.43a and 4.43b, is given because (bo) is not defined. For parallel polarization, 
approximately by . the reflection coefficient and the transmission band 

width are functions of the parameters v and the angle 
Abifflings ANtil Mir s 1/(2M-1), M-F0tlt2... . . 5 in addition to the parameter (O). Therefore it is 

. (4.44) easier to discuss the case of normal polarization. The 
It should be noted that bio =l.' = effective critical transmission bandwidths for a free space-quartz inter 
angle of total reflection. face is tabulated in Table 5 for the case of normal po 
Unlike total reflection, total transmission in phase- larization and Mail. The transmission bandwidths of 

ordered media does not occur in bands but at discrete 20 Table 5 are extremely narrow throughout the electro 
angles by given by Equation 4.42. The reflection coef- magnetic spectrum. The bandwidths are so narrow that 
ficient S/T, for lash or Us U, is determined by they may be considered as line bandwidths. Whereas 
expanding Equation 4.9 for the conditions U- Um the theory for continuous media predicts that total re 
<< 1, V << 1. Retaining only the first order terms of flection or near total reflection should occur at low 
the Taylor series expansion of Equation 4.9, 25 grazing angles of incidence, the theory for discrete, 

m (QM)n 

(S/T), 21-(Q)ifi2-(Q), 
S/T = (S/T) as (QM) (sin -vi cosp) 

' 'P21- (Q)/2-2-(Q), (sin? --v-2 cos? ) 
V<1, U-U, MK1 (4.45) 

where phase-ordered media predicts that total transmission 
(Q) = (1-vs) csch - csc(b)= Q - (2MT/V), can occur at discrete wavelengths at certain discrete 

M =0, l, 3. - 35 low grazing angles of incidence. 
The extremely narrow transmission bands, defined by 

(O) = (1-vt)csch - csc(?) = Q - S/T' s 0.5, are part of much larger partial trans 
• (2Mtvi/V.), M = 0, + 1, it 2. mission regions defined by S/T * < 1. The regions of 
Equations 4.45 are identical in form to Fresnel's equa- partial transmission are defined by 
tions for continuous media if the parameter Q is sub- 40 
stituted for the parameter Q. For M-0, Q =QoEQ and 
Equation 4.45 reduces to Fresnel's equations for con 

Val-, + (2M-1)ts 2U is V, F2Mt, S.T. < 1, VC < 1 (4.47) 
tinuous media given by Equation 4.30. Fresnel's equa- where a M-1 and a M correspond to the values of V for 
tions are therefore a special case of Equation 4.45 angles M1 and thi,M, respectively. In addition to the 
which in turn is a special case of Equation 4.4. The in-4s previously defined angles ha, half, tha.m. and thby, it is 
tensity of the reflection coefficient,for angles of inci- convenient to define the anglela,M, near the M-1 but in 
dence approximately equal to lib, is plotted in FIG.9 the transmission region, given by : 
for the case of normal polarization and Im vs 0. If the (l-v)/sin() = 2 V/(2M-1) trl 
transmission bandwidth AQ is defined as the range of 
values of Qi for which S/TS 0.5, then it is seen 50 
in FIG. 4 that (AQ) = 33. The angular and wave- (1-v)/tan(b) = (2 V/(2M--l)ttvil 

TABLE 5. TRANSMISSION BANDWIDTH FoR ELECTRoMAGNETIC WAVEs (NoRMAL 
POLARIZATION) INCIDENT FROM FREE-SPACE ONTO QUARTZ AT THE ANGLE w, OF 
TOTAL TRANSMISSION 

(4,48) 

Region Wavelength x (m) (b. 1)n (rad) (Abb, fib, ) in (AAb)a(m) (Alb, ) (rad) 
1. 37XO-9 1, 1x10-i 1.11x10-i - 4.00x10-26 

Microwawe- 0-2 1.37X10-7 X1013 11X10-5 400X10:30 
1-3 37x10-8 1.11x10-il 11X10i4 4,00XO-17 

Infrared.------ 0- 6.12XG-6 4.95X10-10 4.95X1014 1, 35X10-15 
10-8 6.2XO-4 4, 95X106 4,95X102 1.35XO-9 

Visible.-------- 5X10-7 1.27x10-3 , 99X10-5 9,90x10-12 13X10-8 
Ultraviolet---. 6XO-7 9, 20XO-3 4, 69X10-4 7, 20x10-11 1. 08X106 
X-ray--------- (1) 1.31X102Xsini 2,85X10-3 3.71X10-8Xsing 3.74x105Xsing 

NoTE-d4.9X100m, vii =1.95 (microwave), 1.5 (visible, infrared), 2.0 (ultraviolet). 
4. 

length transmission bandwidths corresponding to From Equation 4.9, the intensity of the reflection coef 
(AQ) = 33 are given by 65 ficient for the angle that is given by S/T as 1 - 2V 
(Alfi) = (AN/A) as (33/2)(V/2Mar)?, M = - 1 - 4V/(2M-1)7. If v = 2.25, d = 4.9 x 10'm, 

it 1, t2,.... and A= 5 x 10m, then b = 1.64 x 10 radians and 
. (4.46) S/T = 1-2.02 X 10. For these same values of b 

Equation 4.46 was obtained by setting h = b - Ali in and S/T in a clad optical fiber of length L=10 m 
Equation 4.45 for O. For normal polarization, the an- and diameter DalOn, the radiation would be re 
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flected (LID)) times with a net transmission T/T 
|2=S/T litud, 1 = 0.72. The radiation loss result 
ing from the discrete nature of the cladding material 
has not been considered in previous studies of fiber 
optic transmission'. 
The intensity S/T of the reflection coefficient for 

phase-ordered media subject to the conditions V << 1, 
0/3u<co, In v =0, is sketched in FIG. 11 for graz 
ing angles of incidence 0 < t < T/2. As the grazing 
angle of incidence is decreased towards zero, the inter- 10 

773 
50 

shown in FIG. 8b corresponds to decreasing values of 
if v < 1 and to increasing values of l if v < 1. 
The effective relative velocity vs " and the effective 

direction of propagation by are determined by direct 
substitution of ln X into Equations 2.21 and 2.22. The 
refractive parameters v and ly' are tabulated in Table 
6 and plotted in FIGS. 13 and 14. In phase-ordered me 
dia, the parameters vi' and ly' are quasi-periodic func 
tions of the angle of incidence ty. For each value of U 
(and b ) 

TABLE 6-ELECTRoMAGNETIC PRoPERTIEs of DISCRETE, 

S12 
2U X 

va, M-1-------- Va. M-1--(2M-1) at 1 -1 =exp (-1)M+liar) 
yd, M--------- 2Vd. M--(2M-1) tr <1 (-1) M+li=exp (-1) M+littl2 

b. M--------- 2Mat 0 exp (-1) M+liVb, M. 
Va., M--------- Va. M--2Mr 1 : 1 =exp (0) 
wa, M--------- (2M-1) ar 1 0=exp (- Co) 
a. M--------- Wa, M--(2M--i) at 1 -1 =exp (-1)M+liar) 

ference of the scattered waves changes periodically 
from constructive to destructive interference with a 
corresponding periodic change in the reflection coeffi 
cient from total transmission to total reflection. Total 
reflection or near total reflection occurs unless the 
phase difference 2U of the forward scattered waves is 
almost exactly zero or a multiple of 2at radians. With 
reference to FIG. 9 and Equations 4.43 and 4.46, the 
percentage transmission bandwidth 2(AU)/27T , in 
each zone of phase difference 2U-2nt radians, for nor 
mal polarization is given by 

(32) 1/2--1)(V)2), M-0 
(33/2) (V/2Mar)?, M = 1, 2, . . . 

25 

30 

In FIG. 11, the transmission bands are so narrow that 
they appear almost as discrete lines. The largest trans 
mission bandwidth occurs for the ground zone MF0. 
The ground zone M=0 includes the condition 2 U-3 
1 and therefore also includes the condition a << 1. 
Since the parameter it is a measure of the phase differ 
ence of the single-scattered forward waves between ad 
jacent lattice planes, the zone number M specifies the 
multiple of 21T radians that is associated with the phase 
difference 2U between adjacent lattice planes of the 
forward-scattered waves. Present electromagnetic the 
ory is included in the ground zone M-0. FIG. 11 clearly 
demonstrates that a general treatment of electromag 
netic waves must also include the higher order zones of 
interference of the scattered forward waves. 
The amplitude delay multiple-scattering coefficient 

X, in phase-ordered media subject to the conditions V 
<<1,0s a <o, In vg =0, is determined from Equa 
tion 4.3 by use of the approximations us U, up s-U, 
for M 0. The amplitude delay X is tabulated in Table 
6 as a function of 2U with the corresponding grazing 
angles l of incidence. The principal value of the argu 
ment of X is given in Table 6 rather than the principal 
value plus 2Mar radians. For example, X = -1 is written 
as exp(-1)*int) rather than exp(-i(2M-1)7T). The 
reason for selecting the principal value is so that both 
ln X and X are periodic functions of the angle of inci 
dence l. The cyclical path traced by the vector X, as 
the angle of incidence is decreased towards zero, is 
shown in FIG. 8b with the corresponding values of the 
angle th given by Table 6. The direction of the path 

40 

45 

50 

55 

60 

65 

FHASEpRDERED MEDIA SUBJECT TO THE CONDITIONS 
in vii = 0. 

aid 6'd vi' wi 
0 (-1) M+1 (cos(ya, M-1)+(Mt/2ard)?)1/2>>1 = 1/2. 
0 (-1) M+l 12 cos (yd, M)--(Xilaird)2)2) >1 as T12. 
0 (-1) MVb. M. cott (bo), M=0 b, M M =0, 
0 0 cos ya, M 0. 
o 0 ico Cut-off. 
0 (-1) M+1 cos (pa, M) --(Arr12ard)? 22>1 =712. 

satisfying the condition 2U as 2Mnt, vu's 1 and by 
=tb, "M is 0. For M-0, U<< 1, v's vandl st 
th. Phase-ordered media, at low grazing angles of inci 
dence is highly birefringent since (b)/(b) = vu 
for MA 0. The effective anisotropy of phase-ordered 
media at low grazing angles of incidence can be much 
larger than anisotropic crystals at angles perpendicular 
and parallel to the optic axis. 
Thus far the explicit treatment of Conditions 4.41 has 

been concerned with the results for media with zero 
bulk absorption loss (In v = 0). Two important exam 

(449) 

ples,which are relevant to Conditions 4.41 and which 
involve media with absorption loss, are now consid 
ered. 
As a first example, consider X-ray radiation incident 

from free space at grazing angles s lic. In Table 4 
it is noted that some of the entries are only estimates 
of the effective absorption ratio (3/8) because the 
condition |a| << 1 is not satisfied. For x-ray radiation 
incident on gold at an angle s (1710), Equation 
4.40 estimates that the effective absorption ratio is 37 
percent larger than the theoretical value for a continu 
ous medium. For this case, W = 1.66 x 10 and u 
= (V/2)(sin le?sin y) = 0.83. The condition i = 0.83 

violates one of the Conditions 4.40. A more accurate 
value of the effective absorption ratio for normal polar 
ization is determined by direct substitution of the pa 
rameters V and u into Equations 4.3 and 2.21. Letsin 
| s= (26) = 0.0412 and (3/8)= 0.241 which are the 
oretical values based on the assumption of continuous 
media for this case '. Substituting these values into 
Equation 4.3, the amplitude delay X=0.821 - 
-2.06. Substituting in X=|n Y,+iarctan (Im X|Re 

a x- 0.201 - 190.4 into Equation 221, (v)=1- 
1.31 8-i 0.5226 = 1 - 6'-i 3". The effective absorp 
tion ratio (618) = 0.522/1.31 = 0.398. The effective 
absorption ratio relative to . 
that for continuous media is given by 

(8/6) 1 (6/8) = 0.398/0.241 = 1.65, gold, x-ray 
radiation, Fl/10 

(4.50) 
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The effective absorption ratio is 65 percent larger than 
the theoretical value for a continuous medium and 28 
percent larger than the estimate of 37 percent given in 
Table 4 based on Equation 4.40. The experimental 
value of Hendrick for amorphous gold',(g/6)eer. / 
(gf8) = 0.33/0.241 = 1.37, was determined by the best 
fit of data to curves based on Fresne's formula for con 
tinuous media. A true experimental value requires the 
best fit of data to curves based on Equations 4.3 and 
2.21. The value given by Equation 4.50 is based on the 
structured lattice spacing a of Table 3 rather than the 
amorphous lattice spacing dr. For amorphous gold, 
Conditions 2.7 may not be satisfied so that Equations 
4.3 and 2.21 may not be applicable. 
As a second example of media with bulk absorption 

loss and subject to Conditions 4.41, consider radiation 
incident from free space on non-magnetic metals at suf 
ficiently low frequencies (DC - infrared) so that the 
complex relative permittivity effe a vi is given by 

vii = (Ree)le, -i aloe, s 1 -i ope/e, a) = 1 -i 
(opcM/27t) (pu le)' non-magnetic metals, Re e s e, 

or as G 

(4.51) 
where 
opc = DC conductivity of the metal (mhos/meter) 
(pu?e)'s characteristic impedance of free space = 
377 Ohs 

a) = (2nt/M)(eu) = radian frequency (rad/sec) 
First consider the propagation in continuous metals 
(Valo, u-0) which is a special case of Conditions 4.41. 
From Equation 4.24, the propagation constant y is 
given by 

v=i(2nix) (1-i(opcNJ2ar), Wu.e. 1/2 s(1+i) 
(Topc/N) Wi?e 'non-magnetic continuous metals, 

(opch/2n)(Aufe)' >> 
(4.52) 

The wavelength M of the radiation in the metal is given 
by 

A = 2n/6, sI(4tralooc) wer.)", Conditions 4.52 
(4.53) 

The direction by of the transmitted radiation is given by 
this = cos (w cos ) as cos 0 = 7/2 radians, 

Conditions 4.52 

(4.54 
The magnitude of the reflection coefficient is found 
from Equation 4.30 to be 

20 

52 
Re(opc 8.in) (7tfoca) Violeo 112, Conditions 

4.52 
run-a- a------- - - - - (4.57) 

Equations 4.51 - 4.57 are the formulae presently used 
to characterize the propagation of electromagnetic 
waves in non-magnetic metals. Although these formu 
lae are strictly correct only for the conditions V =i =0, 
the results are almost identical, as shown by Equation 
4.24, if the conditions V << 1, a << 1 are satisfied. 
It has already been shown in Table 1 that the phase 
condition V << 1 is satisfied in metals for any angle of 
incidence and for wavelengths longer than ultraviolet 
wavelengths. The phase it is given by 

u F (27td/N)(lfsinib)(1/2)(1-vt) = i (u?e) (doc/2 
sini), Conditions 4.51 

5 

O 

15 

(4.58) 
The phase it is independent of wavelength assuming 
Conditions 4.51. The phase u is tabulated in Table 7 for 
several non-magnetic metals. From Table 7 it is evident 
that the phase u does not satisfy the phase condition 
iTss for the better conducting metals, even for 
radiation at normal incidence. Formulae 4.52 - 4.57 
must therefore be in substantial error for discrete, 
phase-ordered metals. A correct treatment for phase 
ordered metals now follows. 

25 

Consider radiation whose electric field intensity is 
polarized normal to the plane of incidence. Substituting 

30 Equation 4.58 into Equation 4.3a, 

x= (cos v) -- (sin v) (tan hi) - (cos V) 
+i (sin V) (tan hu)2-13 1/2 

s exp (iW). exp (-(1+ i) (V tan hai)1/2), V 
K1, Conditions 4.51 (459) 

35 

Substituting Equation 4.59 into Equation 2.21, the ef 
fective complex relative permittivity (ele) = (vt'). 

40 is given by 
(vii') = cos? p. - (N/2ard)2(2i V (tan hai) - V2 

-2i V (1--) (V tan hal) 1/2 as 1. 
-i (Afard) (sin p) (tan hi) = 1 

- (Afard) (sin p) (tan h) (dSpc/2 sin p) Wael V 

<1, Conditions 4.51 (4.60) 

45 

Equation 4.60 reduces to Equation 4.51 if ful << 1 
since tanh was a for i << 1. For the better con 

50 

S/T as 1-vii sin 

The skin depth 8, of the current in a plane conductor 
is given by 
8, =(1/a,)tl=T/2 s((Aftopc). Wels.)", Conditions 

4.52 

(4.56) 
The surface resistivity R of a plane conductor is given 
by S 

is 1-(2 sin v)/Reis 1-(4 sin y)(r/abox) velu." 
Hills EEEEE 1 + (1-) sin w(8pc/4r) ves?e? 

Conditions 4.52 (4.55) 

ducting metals, tanh is 1 as shown in Table 7. 
Therefore the effective permittivity of discrete, phase 
ordered metals is very weakly dependent upon the con 
ductivity opc and is strongly dependent upon the lattice 

is spacing d. The effective relative phase velocity (v) 
, given by Equation 4.60, has strong absorption loss for 
(ard/A) << sin is stf2 and weak absorption loss for 0 
< sin has (ard/A). Specifically, 



3,765,773 
54 

TABLE 7-ELECTRoMAGNETIC PROPERTIES OF PHASE-ORDERED, NoN-AAGNETIC METALs AT LoNG 
WAVELENGTHS 

tanh usin life 
8DC - --- R. All Rs-Xlf 

Metal (mhos/m.) d(i,0-10 m.) isin y Tanh tisin tisin (olhlms-nh.if) (ohills-nh. if) 
Silver--------------- 614. X107 3.20 3.70 0.999) 0, 603 0.0265 0.0439 
Copper (annealed)- 5.80X07 2.84 3,10 0.996 0,566 0.0256 0.0452 
Gold.--------------- 4.10X107 3.20 2.47 0.986 0, 636 0.034() 0.0534 
Aluminum --------- 3.54Xi07 3.16 2.1 0.971 0.68 0.0093 0.057 
Beryllium, or-- 2.25X107 2.48 1.05 0.782 0.683 0.0437 0.064 
Tungsten-- 1.81X107 3.12. 1,06 0,786 0,859 0.0694 0.0807 
Lead.------ 0,48X107 3.86 0.35 0.336 0,993 0.54 0. 55 
Mercury--- 0.10x107 3.56 0,067 0,067 1,000 0.343 0.343 

NoTE.-The above values of 8pc and d are for amorphous, polycrystalline metals. A more correct tabulation should be based 
on the values for single-crystalline metals. 

41...Y - (tan hu/ai)1/2, (ard/A) < sin pat/2 
(vii') as 1- (A/2ard) sin p, 0< sin lig (ard/N) 

non-magnetic metal, V<1, (poleo)/(6DcM/2t)>1 (4.61) 

Substituting (vg), for vu in Equations 4.52 - 4.57, 

, ify (tan hal/l)1/2, td/A)K sin list/2 (Yi ) -: , E. sin , 0 < sin lig (ard/X) 
Conditions 4.61 

oo-Ryan Essli)< in 's- Ai') as A, 0 < sin pK (ard/X) 
Conditions 4.6i 

(l' -3.3 (ird/A) < sin 3 ar/2 ''), 0.3'sin &(tax) 
1-S/T (ii/tan h. ii)/2, (ard/xk sin 

Conditions 4.61 

8, F 6, (usin itan hit sin p)7, Conditions 4.6i 

Conditions 4.61 

fore not phase-ordered. For such polycrystalline met 

(4.62) 

(4.63) 

(4.64) 

31/2 

(4.65) 

(4.66) 

R = R (tan hui sin p/al sin p)1/2, Conditions 4.61 (4.67) 

For angles of incidence given by (ard/A) << sin 40 als, neither the assumption of continuous media nor the 
< T/2, the electromagnetic properties of discrete, 
phase-ordered metals are related to those of continu 
ous metals by 

assumption of discrete, phase-ordered media are ap 
propriate. Experimetal results indicate that, for poly 
crystalline metals, the surface resistivity is larger and 

= (tan hu/ai)1/2 

8/8, - R.'/R = (tan hit sin bl/usin y)/ 

The function (tanhuiu I) 1/2 is plotted in FIG. 16. The The function (tanhuiu I) 1/2 is plotted in FIG. 16. The 
function (tanhat sin y)/u sin || is tabulated in Table 
7 for several non-magnetic metals. The normalized sur 
face resistivities R.' A' and RX' are also tabulated in 
Table 7. The effective surface resistivity for discrete, 
phase-ordered metais is less than for continuous met 
als. The reflection coefficient is also less for discrete, 
phase-ordered metals than for continuous metals. 
Therefore, the power loss in discrete, phase-ordered 
conductors should be less for transmission lines (where 
the radiation is guided)and more for radiation pipes 
(where the radiation is relfected) than if the conductors 
were continuous metals. For radiation pipes, the dis 
crepancy should become more apparent as the grazing 
angle of incidence is decreased. Most metals,of poly 
crystalline structure in which the crystals are randomly 
oriented, do not satisfy Conditions 2.7 and are there 

(4.68) 

(4,69) 

the reflection coefficient is smaller" than those cal 
culated on the assumption of continuous media. The 
experimetal anomalies have previously been attributed 
to surface contaminations, surface roughness, and 

55 other experimetal errors. The surface resistivity of 
transmission lines could be substantially reduced, par. 
ticularly if the conductors were coated with a metal 
whose phase order not only increased the skin depth 
but which also increased the conductivity. 

60 
For angles of incidence given by 0.3 sin 
<<(Td/M), Equations 4.61 -4.65 indicate that elec 

tromagnetic radiation propagates with a loss tangent 
Im(v)|Re(v)= (Mard) sin J C < 1 and is not ap 

65 preciably reflected at the air - metal interface. This re 
sult is in sharp contrast to the theory for continuous 
metals which predicts that electromagnetic radiation is 
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strongly attenuated in metals and almost totally re 
flected at the air - metal interface. 
Consider now the case where the electric field inten 

sity is polarized parallel to the plane of incidence for 
radiation incident on a phase-ordered metal. Substitut 
ing Equation 4.58 into Equation 4.3b. it is recognized 
that simple expressions cannot be obtained for X at all 
angles of incidence. However, simple expressions have 
been obtained for angles of incidence given by 

Tl2 
y:tan (ard/A sin p) <usin p31 

cot (ard/A sin p) Kitsin p<l 

S6 
0 < V <oo, it << 1 

(3.73) 

in media which are sufficiently phase-ordered so that 
5 Conditions 2.7 are also satisfied. 

The general conditions for total reflection, subject to 
Conditions 4.73, is determined by substituting V = NT 
+ (V-Nat), N = 0, 1,2,..., into Equation 4.5. Equation 
4.5 reduces to 

non-magnetic metal, V<1, (paleo) (8pcN2r)>1 (470) 
The conditional sin lig- 1 corresponds to the condi 
tion th Cz T/2. For the conditions of Equation 4.70, 
Equation 4.3b reduces to 

cos ((V-Nar) - u?cos U 1 
(4.74a) 

exp 

-exp (-(1-- i) (w/2) (sin? ) tan (ard/A sin)/2 

Substituting Equation 4.71 into Equation 2.21, the ef. 
fective relative permittivity (e'/e) = (vt ') is given 
by 

-V{ivufe (8pcA/2t sin b)-131/ltan (ard/A sin. b) <|w sin pg.1 
cot (ard/Asin p) < sin2 <1. 

conditions 4.70 (4.71) 

If ~ 1, the above inequality can be satisfied only 
if V-Nar << 1. Retaining the first two terms in the 
Taylor series expansion of Equation 4.74a, 

(v'ii), p = 1/2 
-: tan (ard/M sin y) Kitsin i <1 

The propagation of electromagnetic waves in phase 
ordered metals for parallel polarization may therefore 
be summarized as follows: for normal incidence, the 
properties are given by Equations 4.60-4.69; for a cer 
tain interval of grazing angles much smaller than 7T/2 
radians, the properties are almost identical to those for 
continuous metals; for still smaller grazing angles of in 
cidence, the radiation propagates with relatively little 
attenuation but with a phase velocity considerably less 
than for electromagnetic waves in free space. 
0 < V < oo, as << 1 
The preceding sub-section was limited to electromag 

netic wave-interactions which satisfy the condition V 
<< 1. Some examples of electromagnetic wave 
interactions which do not satisfy the condition V << 1 
are: x-ray radiation incident at grazing angles larger 
than the critical angle of total reflection, optical radia 

Av, (sin 2n)-(1-p) 
(i-vii) (1/ZA) Fir (p,h) 

(N2d)21-(ifr) (2u sin p) tan (ard/X sin p)1/2} cot (ard/Asin p) < sin<1 
Conditions 4.70 (4.72) 

35 first - - - - zici)(1/ZA) Fr(,h) <1, normal polarization, 
itki,V-Nark1 (4.74b) 

(V-Nar) -u, (ol, cos? Yiels - - - - - - - - - - - - - - 
u(sin p-cos ) (1/ZA) Fir (,h) 

1, parallel polarization 
40 

For N = 0, Equation 4.74b reduces to sin i < sinu." 
45 which is the case for total internal reflection given by 

Equation 4.31a. For N = 1, 2, . . . . , and V = NT, W = 
V=(27td/N) sin by = Bragg condition for total re 
flection. For NA 0, the conditions of Equation 4.74b 
reduce to 1-vu- 1, V-Vay (< 1. For V-V. 

50 | << 1, All = |-|x-1 and sin th s sin be + All 
\cos law. Equation 4.74b reduces to 

2 <1, 
|a|K1, V-VB.NK1,2,. . . . (4.74c) Ap (sin 2fBN) - (1-vii) <1 

(cos 2wen) (1-vii) (1/ZA) FT (p,h) f' 

tion incident on fluids and organic matter of large lat 
tice spacing d, and microwave radiation incident on low 
density gases and plasma. For the above example of 
x-ray radiation, the condition u << 1 is also satisfied. 
Therefore, consider the phase, conditions 

The range of angles Atly, for which total reflection oc 
o curs in the vicinity of the Bragg angles this, is found by 

setting the left side of Equation 4.74c equal to unity 
and solving the resulting quadratic equation for Ali. 
Accordingly, 

(ABN)n = (DN - B.N.) E (APDN)), 
(Abb,N)p-F (DN - B.N)(1st (Al-DN)), K1, V-VB.NK1,N=1,2,. . . . (4.75) 
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where Although Equation 4.76 gives the reflection coeffi 
lip. = B.A. - (1-vt)/(sin 2 lbs.) cient intensity for angles in the vicinity of the Braggan 

- - - - - f(Avon ) = (DN (1/ZA) FT (p,h) gles, one of the major anomalies of x-ray physics has 
- been the inability to calculate the reflection coefficient 

(ADN) = D.N (cos 2B.N) (1/ZA) Fr(p,h) 5 at angles of incidence far removed from the Bragg an 
Equation 4.75 is identical to the results obtained by gles. The explanation for this anomaly is that Equation 
Darwin' for X-rays incident from free space onto the 4.76 is derived from Equation 4.9 by imposing the re 
face of a single crystal. Total reflection occurs in bands strictive conditions i << 1, V-Va., n << 1. 
centered about the angles lip with a total bandwidth Furthermore, Equation 4.9 is based on the single 
2Abpy. These results, which consider the multiple scat- 10 scattering coefficients a and t given by Equations 3.29 
tering by all the lattice planes of the medium, are in and 3.30 whereas Darwin derived Equation 4.76 by the 

Ald n= 

contrast to the results, l = bay, A = 0, obtained by use of his more restrictive single-scattering coefficients 
Bragg who considered the single scattering by adjacent given by Equations 3.31. If only the restrictive condi 
lattice planes. The intensity of the reflection coeffi- tion IV-VB.N << 1 is removed from Equation 4.76 
cient, for any angle in the vicinity of the Bragg angles 15 then Equation 4.9 reduces to 

2 U. 
S/Til-la-gi) in V) - un (cos V) -- 1 - U-(1-u?/2) (cos V) -- un (sin V)2 1/2 

lik1, 0<V Zoo (4.77) 
S/T :- U 2 S/Tilt (1-12) (sin V)-(eos V) + 1-U-I(1-1/2) (eos V) -- u(sin V)2 1/2 

and for phase-ordered media with or without absorp- Equation 4.77 is applicable to any angle of incidence 
tion loss, is found by expanding Equation 4.9 in a at x-ray wavelengths except for grazing angles much 
Taylor series subject to the conditions of Equation 25 less than the critical angle the of total reflection. The 
4.75. X-ray anomaly associated with grazing angles less than 
Accordingly, the critical angle the has already been treated in the pre 

- ceding sub-section. The intensity of the reflection coef 
- --- 2 1/2-2 ficient is sketched in FIG. 16 for the conditions i << S/T2= (S)-- s -1} 301,0 sWCo, Im v=0. In phase-ordered G Wii 

(v- Vo (l- V. N)2 1/2-2 satisfy the condition i << 1, total transmission or 
S/T = + (Ays), -1} almost total transmission occurs unless the phase dif 

AYD. Nip D, NJ p ference 2V of the reflected scattered waves at adjacent 
|aki, V-Vs. NK1, N-1, 2, ... (4.76) lattice planes is almost zero or almost a multiple of 27t 

-- . . . . . . . . . . . . ... 35 radians. In FIG. 16, the reflection bands are so narrow 
where boy and Alpy are given by Equation 4.75 and that they appear almost as discrete lines. The largest 
are complex numbers for media with absorption loss. reflection bandwidth occurs for the ground zone N = 
The intensity of the reflection coefficient, in the vicin- 0. In comparing FIG. 16 with FIG. 11, it is noted that 
ity of a Bragg angle, is sketched in FIG. 12 for the case the zone number N is restricted to positive integers 
of zero absorption loss. For x-rays of wavelength N = 40 which satisfy the constraint sin by F (NMI2d) a 
0.708 x 10m which is incident on a perfect calcite whereas the zone number M may be any integer be 
crystal, 20Alpi) = 1.47 x 10' radians. For this exam- tween minus infinity and plus infinity. Present electro 
ple, the bandwidth for 50 percent reflection is 6 per- magnetic theory based on Maxwell's equations is in 
cent larger than the bandwidth for 100 percent reflec- cluded in the double ground zone (Mao, N=0). 
tion. This 3.db bandwidth is considerably larger than 45 For the condition it << 1, the amplitude delay X, 
the 3 db transmission bandwidth at the angle tub of given by Equation 4.3, reduces to - 

x (1-us/2) (eos, Yu (sin V). a-up) (cos V) + u(sin v) '-." 1- U2/2 1- U2/2 

X = (1-u?/2) (cos V) --u(sin V) -(1-t) (cos V) --up (sin V) y 
p 1- U2/2 1 - U2/2 

u<1,03 V A co, (4.78) 

total transmission at a free space - quartz interface (see 55 For angles of incidence in the vicinity of the Braggan 
Table 5). gles By, Equation 4.78 reduces to 

X- (-1)N 1- (1/2) (V-Nau)21 - (1/2) U.2-Up - (V-N-u)2/2 
s (-1) Nexp -U,2- (V-Nar-u)2)/2} 

as exp (NT) exp(2rd?)(1/2 sin in)(1-p) (1/4)F(,h): '',C. " 

X = (-1) N1 - (1/2) (V-Nar-u)21 + (1/2) U.P-U- (V-Nar-w)2172 
& (-1)N exp (-U- (V-Nar-u)2/2} 

as exp (inn) exp(2rdi) (cot ven) (1/2)(1-vi) (1/2) Pr(,h): R '-." 
u<1, V-VB.NK1, N=1, 2, . . . (4.79) 
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For the case where Im vs 0, the incident wave propa- reduced for such media provided that the media are 
gates with no attenuation outside the reflection bands sufficiently phase-ordered so that Conditions 2.7 are 
and with attenuation inside the reflection bands. On the satisfied. 
edges of the reflection bands X = exp (i Nat). At the 5.0 BOUNDED MEDIA 
center of the reflection band, X = exp (i Nat) exp - 5 The present theory of electromagnetic waves in 
u(1/Z)F(bh). Using these values of X, it can be bounded media is based on the assumption of lumped, 
shown that S/T as i at the edge nearest the corre- circuit elements and/or continuous media with distrib 
sponding Bragg angle, SJTF i in the center of the re- uted parameters. Ampere's circuital law and Fara 
flection bands, and S/T = -1 at the edge farthest from day's induction law' yield the telegrapher's transmis 
the corresponding Bragg angle. The effective relative 10 sion line equations for periodic, lumped, circuit ele 
velocity vs', for angles of incidence in the vicinity of ments. Maxwell's field equations yield the wave equa 
the Bragg angles, is determined by sutstituting Equa- tions for continuous media in bounded and unbounded 
tion 4.79 into Equation 2.21. Accordingly, space. This section develops the theory of wave propa 

(vii), a 1-(1/2)(1-v.) (1/Z.)F(, ): ...) '-." v;' = (AD, N)n 
ii - 

(of)-1-(1/2) (1–1) (cos v.n) (1/Z.)F(, ) ,-1" WD, N)p 
u<1, V-VB, NK1, N= 1, 2, . . . (4.80) 

In contrast to previous efforts '', Equation 4.80 gives gation in bounded, phase-ordered media. Like the pre 
the correct effective relative phase velocity for angles ceding section for semi-unbounded media, this section 
of incidence in the vicinity of the Bragg angles. for bounded media is developed independently of Max 
0s V Coo, Osu <oo 25 well's equations or any circuit equations. 
The three separate sets of conditions, V << 1, it The concept of positive and negative travelling waves 

<< 1; V C< 1, 0 <u <oo; 0 < V <oo, u << 1; is useful in the treatment of bounded media. In Section 
include most electromagnetic wave-interactions occur- 2.0 it was shown that the transmitted wave t at the r 
ring in practice. However, they involve only a small th lattice plane is the resultant of the total forward 
part of a - V phase space as shown in FIG. 17. Let an 30 wave T, and the total reflected wave S, at the rth lat 
arbitrary coordinate in ti - V phase space be denoted tice plane. The transmitted wave t in a semi 
(ii, V). The coordinate (0, 0) corresponds to the case unbounded medium is a travelling wave because T, and 
of continuous media which, prior to this paper, has S, are travelling waves and their phases increase with 
been treated by Maxwell's field equations or equations increasing values of r at exactly the same rate and in the 
reducible from Maxwell's field equations. The indepen- 35 same direction. In a bounded medium, the total for 
dent theory of this paper provides an exact treatment ward and reflected waves, which are generated in the 
for any coordinate (li, V) including (o, o). In this sense, positive direction at the first boundary, interfere with 
the theory of this paper provides a vastly more unified the total forward and reflected waves which are gener 
electromagnetic theory than had existed heretofore. ated in the negative direction at the second boundary. 
Although Fresnel's reflection and transmission coef- 40 The resultants of the positive and negative travelling 

ficients are applicable only to the coordinate (0,0), the waves in bounded media are standing waves; i.e. the 
multiple-scattering reflection and transmission coeffi- total forward, total reflected, and transmitted waves 
cients, given by Equations 2.14 and 2.25 respectively, are standing waves in bounded media. A positive wave 
are applicable to any coordinate (ii, V). Equations 2.14 with respect to a given interface ij is defined to be a 
and 2.25 may also be expressed in a form analogous to 45 travelling wave in medium j which is excited at the in 
Fresnel's equations if the effective refractive parame- terface ij by a wave which is incident from medium i. 
ters (see Equations 2.15-2.23) are first determined as A negative wave with respect to a given interface ij is 
a functions of the single-scattering defined to be a travelling wave in medium j which is ex 
parameters d, a, and t. Accordingly, cited at the interface ij by a wave which is incident from 

(s/T).- - Sin sin SY), 
S/T = sin -- (ty') sin (vi) 0<< 0, 0<VC Co 

(S |T ) sin (y')- (vii) sin 
11 psin (y") + (g), sin 

(4.81) 
2 sin (t1/T) = - 

TIT- sin y + (v i). sin (p ” 0<<e, 0<VC co 
(r/T)=- 7 Flyy is , sin (';) -- (v'ii) sin y. 

(4.82) 

where vu" and b are given by Equations 2.21 and 2.22 the same medium j. Examples of positive and negative 
respectively. waves in semi-unbounded media are shown in FIGS. 
Explicit reductions of Equations 4.3 and 4.4 have 65 18a and 18b. 

been developed for the coordinates (<< 1, << 1), With reference to FIG. 18a the boundary conditions 
(<< 1, V), and (ii, << 1). Examples of media for are identical to those that were treated in Section 2.0 
which the coordinates a and V can both be large are or- (see FIG. 10a). The source of excitation is the wave of 
ganic media, liquid crystals, ferroelectrics, ferromag- amplitude T and wavelength \t which is incident from 
netics, and plasma. Equations 4.3 and 4.4 may also be medium i at a grazing angle it at the lattice plane r=1 
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of medium j. The waves T, and S, at the r th lattice 
plane of medium j are positive waves with respect to 
the interface ij ar r=1. From Equations 2.11 - 2. 14, 

S=S+=S+ (X) r-1 (5.1) 
S/T = St/T =a/(1-p)K.) 

= aii/(1-diXiitii) = Ti" (5.2) 
where the subscripts ijindicates that the parameters are 
defined for a positive wave in a semi-unbounded me 
dium j which is excited by a wave incident from me 
dium i at the interface ij. The parameters du, Xi, at, ty 
are given by Equations 2.2, 2.11, 3.29, and 3.30 respec 
tively and are a function of the phases V and it given 
by 

V= V= (2ard/A) sin ti-ti- (2ndix (i?sity) (1/2)(1-p) 
where d is the lattice spacing of medium j and v= y/vy 
= (e/e)' = the wave phase velocity in medium i 
relative to that in medium j if media i andji were contin 
uous. The reflection coefficient It" denotes the multi 
ple-scattering reflection coefficient in a semi 
unbounded medium j which is excited by a wave inci 
dent from medium i at the interface ij. If medium j of 
FIG. 18a were continuous, then I'= Ti, where Tiji= 
S/T is given by Equation 4.30. It is noted from Equation 
4.30 that for normal incidence in continuous media, 
(IT) b = n/2 = -(It) l = Tl2. However, in discrete 
media, (T") l = TI2 A. - (IT") l = T/2. The reflec 
tion coefficient IT is an explicit function of the lattice 
spacing in medium j whereas the reflection coefficient 
Ti' is an explicit function of the lattice spacing in me 
dium i. 

in discrete, phase-ordered media the interface ij is 
defined by the spacing du between the last lattice plane 
in medium i and the first lattice plane in medium j (see 
FIG. 18a). The spacing d is generally not equal to ei 
ther the lattice spacing d in medium i or the lattice 
spacing d in medium j. As the spacing between lattice 
planes in media i and j approach zero, the interface 
spacing du approaches zero and the number of lattice 
planes in media i and j approach infinity. It is therefore 
proper to think of continuous media as consisting of an 
infinite number of lattice planes (or scattering centers) 
with zero spacing between lattice planes (or scattering 
centers). Even if medium j were free space, this con 
cept is valid since the reflection coefficient T', given 
by Equation 5.2, reduces to Fresnel's reflection coeffi 
cient in the limit of dy-> o. The propagation of electro 
magnetic waves in a phase-ordered medium is there 
fore characterized by the interaction of a forward wave 
and a reflected wave at every lattice plane of the me 
dium. With respect to medium ji, the reflected wave is 
a positive travelling wave in the semi-unbounded me 
dium j of FIG. 18a. Its phase increases in the same di 
rection and at the same rate as the forward wave. Its 
amplitude is of the same physical dimension, namely, 
electric field intensity, as the forward wave. These self 
consistent concepts of electromagnetic wave propaga 
tion in media are independent (but not necessarily in 
consistent with) Maxwell's field equations which as 
sume orthogonal electric and magnetic fields that prop 
agate by mutual interaction as a forward wave in the 
positive direction or as a reflected wave in the negative 
direction. 
With reference to FIG. 18b, the boundary conditions 

are similar to those of FIG. 18a except that the propa 
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gation in medium i is of interest rather than in medium 
j. The given excitation in medium i is a resultant trans 
mitted wave of amplitude t which is incident with an 
effective wavelength N' (and an effective phase veloc 
ity vi') from medium i at an effective grazing angle l' 
at the first lattice plane of medium j. The lattice planes 
in the semi-unbounded medium i are numbered from 
the interface ij with ral corresponding to the first lat 
tice plane of medium j and with r=2 corresponding to 
the first lattice plane of medium i. How the incident 
wave was generated at the lattice plane r-1 is not speci 
fied. Therefore, it is not possible to explicitly express 
Mi', v', and bi' as a function of the lattice spacing d in 
a semi-unbounded medium i. The parameters A" and 
v" are related by M = 2atv/a) where a) is the radian fre 
quency which is independent of the lattice spacing d. 
It is also not possible to explicitly express t as the re 
sultant of a forward and reflected wave in the semi 
unbounded medium i. The incident wave T * may be 
treated as a positive wave in medium i since its source 
of excitation is implied to be external to medium i at 
r=o. The incident wave ti" excites a wave of amplitude 
Ti at the interface at r= 1. The wave t is a negative 
travelling wave in medium i since by definition a nega 
tive travelling wave in a given medium is one which is 
excited by a wave incident from the same medium. If 
it is assumed that N' and th' are equal to the respective 
parameters M(=2arvi?o) and it defined in FIG. 18a, 
then the boundary conditions of FIG. 18b are identical 
to those of FIG. 18.a. For these assumptions, the ampli 
tude t is given by 

(5.4) 
where Tu' is defined by Equation 5.2. The reflection 
coefficient Ti' and the phase parameters V and ut of 
Equation 5.3 are therefore explicit functions of the lat 
tice spacing d and implicit functions of the lattice spac 
ing d and the phase velocity v'. Since the phase veloc 
ity vi' is indeterminate, it is expedient to approximate 
v' by the known phase velocity v for a continuous me 
dium i. This is the approximation that has been made 
in Sections 3.0 - 5.0 in characterizing the propagation 
in medium i. If it is assumed that the interfacing spacing 
du is equal to the lattice spacing d and that the incident 
wavelength o' at r=1 is equal to the effective wave 
length in medium i at r=2, then the positive and nega 
tive travelling waves in medium i at the lattice plane r 
are given by 

rt = Tit (Xo ) -(r-1) 
-E-3 sci-) (5.5) 

where X= exp(-i 2 td./M.') = exp(-i2 
7td(sini')/N'l F exp(-y'd siny') s exp(-yd sinth). 
The treatment of positive and negative waves in semi 

unbounded media can be applied to the treatment of 
bounded media. With reference to FIG. 18c, medium 
j is of finite extent with ni lattice planes and bounded 
by medium i at r=1 and by medium k at r=m+1. The 
source of excitation is the wave of amplitude T and 
wavelength Mt which is incident from medium i at a 
grazing angle lit at the lattice plane rs1 of medium j. 
The total forward wave T and the total reflected wave 
S, at the r th lattice plane of medium j are standing 
waves and are the resultant of positive and negative 
travelling waves with respect to the interface ij. The 
total forward wave T and the total reflected wave S, 
are therefore given by (compare with Equation 2.1 l) 
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(5.6) 

where T, TT, S, S are wave amplitudes which are 
to be determined by satisfying boundary conditions at 
r-i and r=n--1. The incident wave T is the source of 
excitation of the positive waves T, and S, at the inter 
face ij. In turn, the positive waves Tin" and Smi are 
the sources of excitation of the negative waves Tin 
and S. at the interface ik. For r=1 in Equation 5.6, 
the wave amplitude T is related to the incident wave 
amplitude T, by T = T -- T. From the Equation 5.2, 
S = TT. The wave amplitude S results from the 
positive wave T, being transmitted from r = 1 to 
r-m+1, being reflected as a negative wave with respect 
to the boundary at r=m+1, and then being transmitted 
back to r-l. Accordingly, S = Ti(X) "T"(X)". 
The wave amplitude T results from the positive wave 
S being transmitted from rail to rom--l, being re 
flected as a negative wave with respect to the boundary 
at r=m--1, and then being transmitted back to r-1. . 
Accordingly, T = S(X)" T'(X)". The boundary 
conditions at r=1 and r-m-- are therefore character 
ized by four simultaneous equations with four un 
knowns and are given by 

T-TT, 
S+= ''T+ 

S = I (X).2m Tit 
T= Ti' (X)2m St (5.7) 

Solving Equations 5.7 for the unknown wave ampli 
tudes, 

Substituting Equations 5.8 into Equations 5.5, 

T T(X) r-i. 1. --T'I' (X)2(n+1) 

TI' (X) ri 

5 

O 

15 
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The positive wave t." propagates in medium j with an 
effective wavelength N' and an effective angle of re 
fraction hy'. The wave r" is incident at an angle of inci 
dence thy' at the interface jk where it excites the nega 
tive wave T.T. The negative wave T, propagates in me 
dium j with a wavelength N' at an angle of reflection 
th". The resultant amplitude t of the standing wave at 
the rth lattice plane of medium j is given by 

(tr)n = (Sr) + (T,) 
(t) = (sin ti?sin (yi) (S.) -- (T,) 

(5.11) 
In analogy to the reflection coefficient defined by 
Equation 5.4 as the ratio of the resultant negative and 
positive waves at the interface of two semi-unbounded 
media, the reflection coefficient T'(r) at ther th lattice 

s plane of a bounded or unbounded medium is defined 
20 

25 

30 

aS 

T'(r) = Tif it 
(S.12) 

It should be noted that in a bounded medium the reflec 
tion coefficient T'(r) is not equal to S/T, St/T, or 
Slt,. The reflection coefficient at the 1 st lattice 
plane of the bounded medium j of FIG. 18c found from 
Equations 5.9, 5.10, and 5.12 to be 

T(1) = (T + T'(X) /(1 + T' It" (xi)?" 
(S. 3) 

If media i, j, k are continuous, then Equation 5.13 re 

T' (r) = T' (2-1) = I (1) = I (1) 

40 

45 

55 (t) = (ria).[1+(r.).) 

duces to the well-known result of interference optics 
given by 

- Fat Feep (-2), in . . . tella-a-a-o 1--Tr exp (-2, sin y) 'i'i'k 
(5.4) 

where a -v- -- 

w = m d = thickness of medium j assuming that the 
interface spacing dik is included as part of medium 
j. The reflection coefficient at the (n-1) th lattice 
plane is also found from Equations 5.9, 5.10, and 
5.12 and reduces to 

T'(m+1) = Tim Filt n+1" = T' 
W (5.15) 

The positive and negative waves incident and reflected 
- 50 respectively at an angle of incidence h' at the 1st lat 

tice plane of medium k are given by Equation 5, 10 for 
r=n-1. In analogy to Equation 5.11 for the resultant 
transmitted wave in mediumi, the resultant transmitted 
wave t in medium k at its first lattice plane is given by 

"T(t)=(1/sin (b.'), sin (, ) (ri:) (1 + (Tik'), 
(5.16) 

where thr' = cos (viscostly') = effective angle of re 
1 < r <m. --1 (5.9) 60 fraction in medium k. Equations 5.9 - 5.16 are func 

From Equation 2.24, the resultant transmitted positive 
wave Tr" and negative wave T are given by 

tions of Tu" and T' which are given by 
Tii' = aii/(1-diXiitii) 
Itik's aik/(1-dikxktik) (5.17) 

- 3.E., (S+) (X) (r-t) T(r,t)=(sin pi)/sin(p;'). Tt).-- (Sit)(Xii) 

(3E), (S)(Xii) r (r)=(sin i) sin (f)(T) -- (S)p(X) 

, 13 r3 m. -- (5.10) 
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ty-3. (un)ii (1/ZA) iPT (ii, h)i (sign cos 2) exp (i (un)ii 
' (ti) = cos (un)ii (1/ZA) iPT (li, h)i (cos 2\pi) exp (i (un) ii 

t ={3. (wn)ik (1/ZA); Fr (; , h)k (sign cos 2y," exp (i(u);) 
"(ti)=cos(u) ik (1/ZA). FT (w,", h), (cos 2,')} exp (i(u);) 

1 < m<10 (5.23) 

The parameters d and dik are defined by Equation 2.2 Equations 5.9 - 5.23 give the general properties of 
3S 10 electromagnetic waves in bounded, phase-ordered me 
bi=exp (-i Vii)=exp(-i (2rd/A) sin pil T dia. 
dik = exp (-i Vi) = exp (-i (2ard/Xi') sin p") (5.18) If medium j and medium k are discrete media, then 

the reflection coefficient Ti' is an explicit function of 
where the atomic structure factor and lattice spacing in both 
sinth' = 1 - (v)costly 15 media j and k. The reflection coefficient Ti" is an ex 
A' = \t/vi' plicit function of the atomic structure factor and lattice 
vi" = cosli - (Mt/2ard)(ln Xu)'', v' = (cosh," spacing of medium j only (because Mi and li are un 
- (X"/2ard)(ln X.) specified functions of the lattice spacing and atomic 

The parameters X and X are defined by Equations structure factor of medium i). If media i and k are iden 
2.10 and 2. l l as 20 tical and continuous, then 

X = A + (A-1) i?, Ali- (1/2diti)[1+(iii) (ti-ai) 
X = Aid (Aik-1)/2, Alik = (1/2dpiktik) -- (dik)2 (ti-ai) 

(5.19) 

If the number m of lattice planes in medium j is suffi- o' = 'ful'-o'?),=1/n," 
ciently large (m >> 1) so that the parameter v = - (4), 1). ... - f. 14. l?. 14), Y 
(e?e) is well defined, then the single-scattering coef- cos lk= (vt/v; ) cos '-' (vi"/v;) cos yi) (v/v; ) = cos i 
ficients at and as are defined by Equation 3.30 as or ik" = livk=vid= d = 0 (5.24) 

-: , E: Rice ' (aii) = i sin Illi (1/ZA) iFT (pi, h); (sin hi-vii cos’ pi). exp (iiii (vii) cos? --sin2 p'i) 
O; ={:}; sin (lik (1/ZA): Fr (y'i h)k) exp (inik) (ajk) = i sin (viik (1/ZA) kFr(y'i, h)k(sin' y'i-vi-'n'-cos' y';)]- exp (iii, (vy'; 2 cos p'; +sin? 'ilms1 

(5.20) 
The single-scattering coefficients t and t are defined The reflection coefficient Itu" may be written in the 
by Equation 3.30 as - form given by Equation 4.34 where sinu = sinu. Simi 

th-EC ui (1/ZA); FT (pi, h)il. exp (iwi) - 
'(t) = cosu (1/ZA); Fr (wi, h) (sin bi-vii cos wi) expiuti (vii cos? --sin yi) 
4-3C alik (1/ZA). FT (p'i, h) kill exp (uk) 

(t) = cos ui(1/ZA). Fr(h'i, h)k(sin' p'i-vo', cost?') exp (ius (v*w'? cos p' --sin' p'i)mx1 
(5.21) 

where it = (27td/X) (1/2 sinuli) (1-v), it = larly, the reflection coefficient T." may be written as 
(27td/A)(1/2 sinli')(l-v'v'). (, , , sin(, ) - (e."), sin (v.) 
if the number n of lattice planes in medium j is small (Tik )a=sin(){ (vik')n sin(k’), 
(1 < n << 10) so that it is not meaningful to define 50 Tik'- sin(yk') - (vik') sin(p;') 
a permittivity e, then the single scattering coefficients (T) =E-S-L-R): 
at and as are defined by Equation 3.18 as p i v Vijk p fo 

(5.25) 
Oli i Er {: sin (us) (1/Z);Frch,h), (sign cos 24.) exp (u), 
'T (aji) = i sin (un)ii (1/ZA); FT (pi, h)i (cos 2) exp (i(wn)ii 

air-El sin (un)ik (1/ZA). FT (yi', h)k (sign cos 2y') exp (i(u)ikl 
'(aik) = i sin (un)ik (1/ZA)KFT (b', h)k (cos 2bi")). exp (i(u) i. 

1 <m.<10 (5.22) 

where Substituting Equations 5.24 into Equations 4.34 and 
(un)ly R mer- (G Z. M.)Alsinth, 5.25, 
(un) is C a (G Z. M.) A'?sinth' s 
G = function related to the electronic or atomic po- 65 T' = - T', for v = v, d = d = 0 

larization of the medium (see Equation 3.6) (5.26) 
M = number of atoms (or molecules) per unit area 
in a single lattice plane of the medium. The reflection coefficient T(1) of Equation 5.13 is 

The single-scattering coefficients tu and tik are defined independent of the number of lattice planes in medium 
by Equation 3.19 as j if and only if 
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I'' (1) = It', O 
(T')2 = i. (Ii = - 1) (5.27) 

The condition (T') = 1 corresponds to the edges of 
the total reflection bands given by Equation 4.43c 
(total internal reflection) and by Equation 4.74c 
(Bragg reflection). More specifically, the condition Ts' 
= +1 is identified with the angles b = (tra) and bi-F 
(low) - (Atly) whereas the condition T = 1 is 
identified with the angles h = (th); and hi- (bpy); 
+ (Ap). The condition Ti" = 0 corresponds to the 
angles of total transmission defined for the interface jk. 
More specifically, the condition Ti" = 0 reduces to it.' 
F (b.M) sk. 
The general condition for the invisibility (zero reflec 

tion) of the waves incident on the bounded medium ji 
of FIG. 18c is given by 

() as (1) 0 ET. Tik'-0 (5.28) 
If media i, j, and k have zero absorption loss, then for 
radiation at normal incidence, Equation 5.28a reduces 
to 

5 

O 

15 

20 

25 

68 
for most electromagnetic wave-interactions (V. << 1), 
di's 1. Irrespective of the value of ds, Equations 5.31 
and 5.32 both give the results Si-O and S/S = (X)- 

1 - (X)"r)/ 1 - (X)"). Equations 5.32 dif 
fer from Equations 5.31 by the factor d? because Dar 
win (and then Mauguin) incorrectly assumed that if 
Smi-0 at the (m+1) th lattice plane, then the reflected 
wave S, just above the (m+1) th lattice plane is also 
zero where m < r < m+ 1. However, S, is a standing 
wave in a bounded medium and the amplitude of the 
standing wave is non-zero at an infinitesimally small 
distance away from the null point at r=m+1. Therefore, 
in determining T-1 and Sn, Darwin and Mauguin ne 
glected the small contribution of the reflected wave S. 
just above the (m-1) th lattice plane. If S had been a 
travelling wave or if the initial condition had been non 
zero, then the method of substituting the initial condi 
tion into the difference equations would have given 
correct results. 
Consider Equations 5.31 for the case of a plane x-ray 

wavefront incident on a perfect crystal j which is 
bounded by free space at both interfaces. In particular, 
consider an angle of incidence ty (thd.n)ij 
corresponding to the center of the Darwin bands for 
Bragg reflection in medium j. For this angle of inci 

I'(1)/ - O EN: wi = (viv) 11, mali- (Ai'/4) (2k-1), k=0,1,2,3, - - 
''T'lv=v, d = d =0, md;= (x;"|2) (2k+1), k=0,1,2,3,... 

Equation 5.28b reduces to 
, , y fviv., Wi-F (b.M)ii,' = (b.M) ik 

T' (1) –08: d = dk =0, b = (b.M) ii 
-- (5.30) 

In Equations 5.29b and 5.30b, the conditions v = vs. d. 
= d = 0 are derived from Equation 5.26. 

If media i and k are identical continuous media so 

35 

dence, T = i and X = exp(i Nar) exp-u(11ZA) Fr. 
(thi,h)). Substituting these values into Equations 5.31, 
the reflection coefficient T"(1) is given by T(1)/T" 
tanh(muaw (1/ZA) Fr(thth), b = (bpy), Conditions 
5.26 (5.33) 
where 

usy - (2nd/A)(1/2 sinley) (1-v)=(1-v)/2NT 
that Conditions 5.26 are satisfied, then Equations 5.9 40 For m - Co, T'(i)/T" -> 1 and for m --> 0, T'(1)/T' 
reduce to 

Equations 5.31 are an improvement over the results ob 
tained by Darwin, Mauguin, and Brillouin' for (x- 
rays incident on) a perfect crystal which is bounded by 
free space at both interfaces. Darwin' assumed the ini 
tial condition S = 0 (for the notation of FIG. 18c) 
and substituted this condition into the difference equa 
tions given by Equations 2.8. mauguin' demonstrated 

-> 0. 

, v=vi, di = d = 0, i < r < n + 1 
(5.31) 

Equation 5.33 should be compared with the result 

(1/ZA) F(thih) 
obtained by Darwin' for x-rays from a point source (a 
spherical wavefront) incident at approximately the 
Bragg angle sw. 

that the substitution of this initial condition into Equa- 55 6.0 TOWARDS A UNIFIED SCATTERING THEORY 
tions 2.8 leads to solutions for S and T in terms of 
well-defined recursion polynomials. Brillouin 
identified these polynomials as Gegenbauer functions 
of rank 1. With the use of Equation 2.14a, it can be 
shown that Mauguin's solution is equivalent to 

In determining the interference of electromagnetic 
waves which are scattered by each scattering center of 
semi-unbounded and bounded media, this paper has 
attempted to resolve anomalies and to unify aspects of 

60 electromagnetic theory. Whereas Maxwell's equations, 

where d is given by Equation 5.18. For angles of inci 
dence in the vicinity of the Bragg angles (V.4 as Nar) and 

in their present form, are applicable to only the one co 
ordinate (0,0) in u, V phase space, the difference equa 
tions and single-scattering coefficients which have been 
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developed in this paper are applicable to every coordi 
nate in u, V phase space. Since matter is discrete rather 
than continuous, Maxwell's equations are at best an 
idealized mathematical theory which is only approxi 
mately correct for those electromagnetic wave 
interactions whose phase coordinates (u, V) are in close 
proximity to the origin (0,0). In contrast, the theory of 
this paper is exact (within the limitations that have 
been imposed) at every coordinate (u, V) and is inti 
mately related to the physical phenomena associated 
with each scattering event in phase-ordered media. 

Several conditions have been imposed upon the re 
sults. Some methods and problems associated with the 
removal of these conditions are now discussed. 

1. The concept of phase interference is meaningful in 
terms of steady-state monochromatic waves. The con 
cept can also be applied to other periodic waveforms 
and to transient waveforms if the input waveform is ex 
pressed in terms of its Fourier or Laplace frequency 
components. Standard convolution techniques can 
therefore be applied to determine the reflected and 
transmitted waveforms for input waveforms of arbi 
trary shape. 

2. The radiation scattered by each electron of the 
medium has been assumed to have a frequency identi 
cal to that of the incident radiation, a phase directly re 
lated to the phase of the incident radiation, and a direc 
tional amplitude of complete certainty characterized 
by Rayleigh scattering. These assumptions are valid 
only if there are no pertubations or changes in the en 
ergy state of the electrons. Brillouin scattering and the 
Compton effect' are examples of incoherently scat 
tered radiation resulting from changes in the energy 
state of the electrons. In the case of Brillouin scatter 
ing, the direction and frequency of the scattered radia 
tion is a function of the acoustical vibrations of uncer 
tain amplitude caused by the thermal energy of the lat 
tice or atoms. In the case of the Compton effect, the di 
rection and frequency of the scattered radiation is a 
function of the electron recoil and its uncertainty to an 
elastic collision with a high energy (hard x-ray) photon 
of the incident radiation. In these examples of incoher 
ently scattered radiation, only a portion of the incident 
wavefront is scattered incoherently. The resultant re 
flected and forward waves are partially coherent, par 
tially monochromatic, and partially specular. Coherent 
atomic structure factors may be modified and incoher 
ent atomic structure functions may be introduced, as is 
done in x-ray physics', to account for changes in the 
energy state of electrons. However, until the uncertain 
ties associated with these energy changes are resolved, 
the interference of waves scattered from such electrons 
must also remain uncertain. 

3. The parameters 8V, and 8urn, which character 
ize the phase-disorder of media, have been assumed to 
satisfy Conditions 2.7 if the difference equations are to 
be applicable. Perfect phase order occurs only in con 
tinuous media or in perfect crystals whose atoms are 
arranged in equally spaced planes parallel to the inter 
face. In such media, 8Vn = 5urn = 0 and the interfer 
ence of scattered waves results in specularly reflected 
and transmitted waves. In this paper, no attempt has 
been made (except for the case 8Vn = 6in F 0) to 
establish the functional relationship of the phase 
disorder parameters to the amplitudes of the scattered 
WaVeS. 

4. The permeability of the media has been assumed 
to be identical to that of free space. Only the harmonic 
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linear displacement, of electrons excited by the inci 
dent electric field intensity, has been considered. If the 
theory of this paper is to be extended to magnetic 
media and is still to be derived independently of Max 
well's equations, then it will be necessary to consider 
also the harmonic changes in the spin and orbital mo 
tion of the electrons comprising the media. 

5. The scattering cross-section of each electron has 
been assumed to be sufficiently small (see Equation 
3.7) so that each scattering center in a given lattice 
plane scatters the incident wavefront independently of 
one another. This assumption is valid for electromag 
netic waves with the possible exceptions of grazing an 
gles of incidence almost identical to zero and wave 
lengths in the immediate vicinity of an absorption line. 
The interference of waves from coupled-scattering cen 
ters has been studied for low-energy electron waves' 
and for the general class of waves in periodic struc 
tures'. In the former case, the diffraction from parallel 
lattice planes is combined with a method of self 
consistent fields. In the latter case, a more general dif 
ference wave equation than Equation 2.9 is employed 
to account for mutual forces between scattering cen 
ters. Both of these cases develop useful methodologies 
but are incomplete because they fail to correctly relate 
wave refraction to the phase difference u of the for 
ward scattered wavefront. As a consequence, in the lat 
ter case for example, the difference wave equation is 
abandoned for the differential wave equation and the 
pertubation theory (or selected periodic functions) as 
sociated with it. 

6. Any discrete medium, whose phase disorder does 
not violate Conditions 2.7, can be approximated to at 
least a first order approximation by scattering centers 
which are arranged in equally spaced planes, of spacing 
da, parallel to the interface of the incident wavefront. 
For example, if Va (< 1 and up << 1, then the the 
ory of this paper is applicable to any crystal or amor 
phous medium. However, if either Va 2 1 or u2 
24 1, then Conditions 2.7 are satisfied only by those 
crystalline lattice structures in which the atoms are ar 
ranged in equally spaced planes parallel to the inter 
face. For these crystalline lattice structures of perfect 
periodicity which do not satisfy Conditions 2.7, the 
atoms are also arranged in planes parallel to the inter 
face. However, in this case, the spacings between 
planes are not all equal but instead have more than one 
periodicity. The problem therefore reduces to the the 
ory of difference equations with more than one period 
icity. An alternative approach is to define a unit cell as 
the diffracting unit rather than a lattice plane. The unit 
cell is defined by Ewald's reciprocal lattice parame 
ters'. The interference of waves, with the unit cell as 
the diffracting unit, has never been determined exactly. 
However, approximate solutions for Bragg-type reflec 
tion in three-dimensional lattices have been obtained 
by assuming that the effective wavelength at the center 
of the reflection bands is either equal to the incident 
wavelength' or is equal to the incident wavelength di 
vided by the relative wave velocity v for continuous 
media'. The correct effective relative wave velocityv" 
in the vicinity of a Bragg angle (for equal lattice spac 
ings) is given by Equation 4.80 which is derived from 
difference equations rather than differential equations. 
Brillouin' has determined the geometric zones (using 
Ewald's construction) associated with Bragg-type re 
flection for several three-dimensional crystalline struc 
tures. Brillouin zones are identified with the phase pa 
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rameter V since Bragg reflection occurs for V as Nat. In 
addition to Brillouin zones, it is possible to determine 
zones which are identified with the phase parameter a 
since total reflection also occurs for us (2M+1)(n/2). 

In the preceding discussion of Conditions 5 and 6, it 
was suggested that waves in discrete media cannot be. 
correctly treated by a differential wave equation unless 
the effective refractive parameters are substituted into 
it. This point is illustrated by the following comparison 
of differential and difference wave equations. The dif 
ferential wave equation for the projection onto the z 
axis of a wavefront propagating in the continuous me 
dium j of FIG. 10b is given by 

(2/d2) a-4: 
(ortforz) + (2n/M)'t = o 

(6.1) 
where t = transmitted electric field intensity at a coor 
dinate z on the z axis of medium j. M = At/vg = wave 
length in the direction of the z axis in a continuous me 
dium j. However, as was pointed out in Section 5.0, the 
transmitted electric field intensity in any phase-ordered 
medium, whether it be discrete or continuous, may be 
expressed as the sum of a forward wave T and a re 
flected wave S whose phases propagate in the same di 
rection and at the same rate. From Equations 5.1 i, the 
transmitted electric field intensity tin a continuous me 
dium j is given by 

?t-T1-(F) 
tec T+5-TE, li)/sin bill -- (IT) 

(6.2) 

Therefore Equation 6.1 may be expressed as two differ 
ential wave equations given by 

(or Tlotz) + (2n/M.) T = 0, (or S/orz) + (2T/X)?S 

v - (6.3) 

The corresponding difference equation for the forward 
wave T (and an identical one for the reflected wave S) 
in the discrete medium j of FIG. 10a is given by Equa 
tion 2.9. Equation 2.9 can be expressed in a form which 
more closely resembles that of Equation 6.3. Dividing 
by d” (where d is the lattice spacing) and rearranging 
terms, Equation 2.9 may be written as 
(l/d)(T - 27 + T-) + (2/d)(1-A) T = 0 where 
A is given by Equation 2.10. If we now introduce the 

central difference operator 8 defined by 
6T = T - T-2, then 8T = 8(8T) = T - 2 T. 
-- T-1. The same results are obtained for the reflected 
wave S. Therefore, the difference wave equations for 

the forward and reflected waves reduce to 

(6.4) 
It is important to recognize that the quantity 
(2/d) (1-A) is generally not equal to (2ar/M") where 
M' is the effective wavelength in the direction of the 
z axis in a discrete medium j. From Equations 2.1 1, 
2. 15, and 2.17, M' is given by 
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gous to Equations 6.3 with the exception of the case 

(6.5) 
If the single-scattering coefficients of Equations 2.2, 
3.29, and 3.30 are substituted into Equation 2.10, then 
parameter A exhibits the properties 

lim A-1 as d->0 
A = 1, (V=2Nir,7= Mat, (1/ZA) Fir (p,h) = i 

Aar 1, (dèco, Conditions 6.6c not satisfied) 
A: 

O 

(6.6) 

It then follows that 

A: (2nfa')?, (dAt 0, Conditions 6.6c not satisfied) 
(2nt/Ai), d-90 

= (27t/Xi')2, (V=2N ar, i = Mat, (1/ZA) Fr(,h) = 1 (6.7) 

20 From Equation 6.7b, the difference wave Equations 6.4 
reduce to the differential wave Equations 6.3 in the 
limiting case of continuous media. From Equation 6.7a, 
for discrete media, Equations 6.4 are not strictly analo 

given by Equation 6.7c. Whereas M' is derivable 
from the solution of Equations 6.4, attempts to derive 
Mia' from the solution of Equations 6.3 have either 
been unsuccessful or have been only approximately 
correct in certain restricted cases, 40. If A," is 
determined a priori (for example, by solution of 
Equations 6.4) and is substituted for Mia in Equations 
6.3, then Equations 6.3 will give the same results 
as the solution of Equations 6.4 for discrete media. 

Differential wave equations of the same form as 
Equations 6.3 are applicable to any kind of plane wave 
(electromagnetic, elastic, or wave-mechanical De Bro 
glie wave) in continuous media. Similarly, difference 
wave equations of the same form as Equations 6.4 are 
applicable to any kind of plane wave in phase-ordered 
media (continuous or discrete). Since matter is discrete 
rather than continuous, difference wave equations, 
which relate multiple-scattering wave amplitudes to 
single-scattering events, give more unified and exact 
results than is obtainable from differential wave equa 
tions. For this reason, theoretical physics should more 
logically be dominated by difference equations which 
are based on single-scattering concepts rather than by 
differential equations which are based on field con 
cepts. Difference wave equations of the form of Equa 
tions 6.4 are self-consistent because they are always de 
rivable from two self-consistent first order difference 
equations of the form given by Equations 2.8. Equa 
tions 2.8 are self-consistent because the wave ampli 
tudes T and S have identical physical dimensions of 
some physical characteristic of the wave. For example, 
T and S may be an electric field intensity for an elec 
tromagnetic wave, a linear displacement for an elastic 
wave, or a flux density for a wave-mechanical De Bro 
glie wave. The self-consistent nature of the difference 
equations and the extremely narrow transmission and 
reflection bandwidths that can result from these equa 
tions suggest an alternative approach to quantum me 
chanics which is presently treated as a self-consistent 
probability eigenvalue problem in the form of a differ 
ential wave equation. The results of this paper are ex 
actly applicable to any type of plane wave in phase 
ordered media which satisfys the conditions that have 
been imposed upon the results. For example, it is ex 
pected that the results of this paper will find application 
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in calculating the detailed structure of the reflection 
and transmission bands associated with acoustic and 
electron waves in phase-ordered media. The results 
should not only provide a more exact solution for Bragg 
reflection bands (V as NT) but should also lead to the 
discovery of new transmission and reflection bands for 
the conditions u as Mat and it as (2M-1)(n/2) respec 
tively. 
The theory, of waves in phase-ordered media, applies 

not only to atomic lattices but also to artificial lattices. 
Periodic loaded transmission lines and media (in which 
lumped obstacles are imbedded in a dielectric) are 
some examples of artificial lattices to which this theory 
can be applied. A further example is an elastic wave 
which periodically modulates a medium through which 
an electromagnetic or electron wave propagates. The 
wavelengths associated with particular reflection or 
transmission bands may be orders of magnitude larger 
in artificial lattices than in atomic lattices because the 
lattice spacing d can be made correspondingly larger. 
The theory of waves in phase-ordered media is a the 

ory of multiple scattering based on single-scattering 
concepts. Table 8 compares some characteristics of 
single-scattered waves with those of multiple-scattered 
waves in phase-ordered media. Prior to this paper it 
had not been possible, with the exception of X-ray 
Bragg reflection', to relate multiple scattering in phase 
ordered media to single-scattering concepts. 
Multiple scattering is usually associated with prob 

lems of radiative transfer and transport phenomena. In 
terms of the phase-disorder parameters 8Vrms and 
8urn, radiative transfer may be defined as the propaga 
tion of waves in media of any phase-disorder (0 
s 8V,<o, -oo < 5um 3 oo) whereas transport phe 
nomena (such as diffusion, heat conduction, viscosity) 
may be defined as the propagation of waves in media 
of large phase-disorder (6V, n. 2 it or 8urm 2 t). A 
medium of large phase-disorder should not be confused 
with an amorphous medium since it has already been 
shown that 
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oped, was first conceived by the author in work per 
formed in 1968 at American Science & Engineering, 
Inc. on the resolution and efficiency of X-ray tele 
scopes. 

Useful reference material was brought to the atten 
tion of the author by the following colleagues and 
friends: 
Dr. Gene Baraff, Bell Telephone Laboratories (Refer 
ence 38) 
Dr. Paul Chorney, Unitrode Corp. 
Dr. Carolus Cobb, American Science & Engineering, 
Inc. (Reference 19 and notes of the course on x-ray 

15 

20 

30 

35 

physics given by Prof. Bertram Warren at Massa 
chusetts Institute of Technology) 
Dr. Robert Kohler, State University College at Buffalo 
Dr. Oscar Manley, American Science & Engineering, 
Inc. (Reference 35) 
Mr. Walter Rotman, Air Force Cambridge Research 
Laboratories (Reference 26). 
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What is claimed is: 
1. Apparatus for selectively propagating waves in a 

direction having a component parallel to an interface 
comprising, 
means defining discrete phase-ordered media along 
said interface characterized by a wave refraction 
constant and a spacing d between lattice planes 
generally parallel to said interface, 

10 

15 

20 

25 

30 

35 

40 

45 

50 

55 

60 

65 

76 
a source of said waves, 
and means for establishing the wavelength, polariza 

tion and angle of incidence upon said interface of 
said waves to selectively propagate said waves in a 
direction having a component parallel to said inter 
face in a pre-determined manner controlled by said 
wave refraction constant and said spacing d and es 
tablish a substantial phase difference between wave 
fronts at adjacent ones of said lattice planes in the 
forward scattered direction at least of the order of 
a radian. 

2. Apparatus in accordance with claim 1 wherein said 
waves are electromagnetic and metal comprises said 
media. 

3. Apparatus in accordance with claim wherein said 
waves are electromagnetic and dielectric comprises 
said media. 

4. Apparatus in accordance with claim 3 wherein said 
angle of incidence is a small grazing angle slightly 
greater than Zero degrees with said wave refraction 
constant and said lattice spacing being such that only 
narrow bands of electromagnetic waves of predeter 
mined polarization and wavelength propagate in said 
direction. 

5. Apparatus in accordance with claim 4 and further 
comprising means for adjusting and measuring said 
angle of incidence, 
and means for detecting the wavelength, intensity 
and polarization of the waves propagated by said 
apparatus in said direction. 

6. Apparatus in accordance with claim 4 wherein at 
least one small angle of incidence produces substan 
tially total reflection. 

7. Apparatus in accordance with claim 5 wherein said 
means for detecting includes means for detecting trans 
mitted waves and means for detecting reflected waves, 
and further comprising means for stressing said 
media to effect the ratio of transmitted wave inten 
sity to reflected wave intensity. 

8. Apparatus in accordance with claim 6 wherein said 
media surround different media of wave refraction 
constant less than that of said first-mentioned media 
whereby waves may propagate through said second 
media by multiple reflections from said first-mentioned 
media. 


