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FEATURE REDUCTION METHOD FOR DECISION
MACHINES

FIELD OF THE INVENTION
The present invention relates to a method for selecting a reduced set of features
for a decision machine such as a Support Vector Machine or Principal
Component Analysis system.

BACKGROUND TO THE INVENTION

The reference to any prior art in this specification is not, and should not,
be taken as an acknowledgement or any form of suggestion that the prior art
forms part of the common general knowledge.

A decision machine is a universal learning machine that, during a training
phase, determines a set of parameters and vectors that can be used to classify
unknown data. For example, in the case of the Support Vector Machine (SVM)
the set of parameters consists of a kernel function and a set of support vectors
with corresponding multipliers that define a decision hyperplane. The set of
support vectors is selected from a training population of vectors.

In the case of a decision machine operating according to one of Principal
Component Analysis, Kernel Principal Component Analysis (KPCA),
Independent Component Analysis (ICA) and Linear Discriminant Analysis (LDA),
a subspace and a corresponding basis is determined that can be used to
determine the distance between two different data vectors and thus the
classification of unknown data. Bayesian Intrapersonal / Extrapersonal
Classifers classify according to a statistical analysis of the differences between
the groups being classified.

Subsequent to the training phase all of these decision machines operate
in a testing phase during which they classify test vectors on the basis of the
decision vectors and parameters determined during the training phase. For
example, in the case of a classification SVM the classification is made on the
basis of the decision hyperplane previously determined during the training
phase. A problem arises however as the complexity of the computations that
must be undertaken to make a decision scales with the number of support
vectors used and the number of features to be examined (i.e. the length of the
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vectors). Similar difficulties are also encountered in the practical application of
most other learning machines.

Decision machines find application in many and varied fields. For
example, in an article by S. Lyu and H. Farid entitled "Detecting Hidden
Messages using Higher-Order Statistics and Support Vector Machines" (5th
International Workshop on Information Hiding, Noordwijkerhout, The
Netherlands, 2002) there is a description of the use of an SVM to discriminate
between untouched and adulterated digital images.

Alternatively, in a paper by H. Kim and H. Park entitled "Prediction of
protein relative solvent accessibility with support vector machines and long-
range interaction 3d local descriptor" (Profeins: structure, function and genetics,
2004 Feb 15; 54(3):557-62) SVMs are applied to the problem of predicting high
resolution 3D structure in order to study the docking of macro-molecules.

In order to develop this method for feature reduction the mathematical
basis of an SVM will now be explained. It will however be realised that methods
according embodiments of the present invention are applicable to other decision
machines including those mentioned previously.

An SVM is a learning machine that given m input vectors x € R drawn

independently from the probability distribution function p¢x) with an output value
y;, for every input vector x;, returns an estimated output value f(x;) = y; for any
vector x;, not in the input set.

The (x;, v5) i = 0,...m are referred to as the training examples. The
resulting function f(x) determines the hyperplane which is then used to estimate
unknown mappings.

Figure 1, illustrates the above training method. At step 24 the support
vector machine receives a vectors x; of a training set each with a pre-assigned
class y;. At step 26 the vector machine transforms the input data vectors x; by
mapping them into a multi-dimensional space. Finally at step 28 the parameters
of the optimal multi-dimensional hyperplane defined by f(x) is determined. Each
of steps 24, 26 and 28 of Figure 1 are well known in the prior art.

With some manipulations of the governing equations the support vector
machine can be phrased as the following Quadratic Programming problem:

min W) =  %ad'Qa-&" (1)
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where Q; ;= vy K(X;,X;) (2)
e=[1,1,1,1,....,11" 3)
Subiject to 0=a'y (4)
0<a;<C (5)
where C is some regularization constant. (6)

The K(x,x;) is the kernel function and can be viewed as a generalised
inner product of two vectors. The result of training the SVM is the determination
of the multipliers «;.

Suppose we train a SVM classifier with pattern vectors x;, and that » of
these vectors are determined to be support vectors, Denote them by x;
i=1,2,....,/. The decision hyperplane for pattern classification then takes the
form

fx)= 2, oyK(xx)+b (7)

where ¢; Is the Lagrange multiplier associated with pattern x; and X¢.,.) is
a kernel function that implicitly maps the pattern vectors into a suitable feature
space. The b can be determined independently of the ;. Figure 2 illustrates in
two dimensions the separation of two classes by hyperplane 30. Note that all of
the x's and 0's contained within a rectangle in Figure 2 are considered to be
support vectors and would have associated non-zero «;.

Given equation (7) an un-classified sample vector x may be classified by
calculating f{x) and then returning -1 for all returned values less than zero and 1
for all values greater than zero.

Figure 3 is a flow chart of a typical method employed by prior art SVMs
for classifying vectors x; of a testing set. At box 34 the SVM receives a set of
test vectors. At box 36 it transforms the test vectors into a multi-dimensional
space using support vectors as parameters in the kernel function. At box 38 the
SVM generates a classification signal from the decision surface to indicate
membership status, member of a first class "1" or of a second class "-1", of each
iInput data vector. Steps 34 through 40 are defined in the literature and by
equation (7).

It will be realised that in both the training and testing phases, the
computational complexity of the operations needed to define the hyperplane,
and to subsequently classify input vectors, is at least in part dependent on the
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size of the vectors x;. The size of the vectors x; is In turn dependent upon the
humber of features being examined in the problem from which the x; are derived.

In the early phase of learning machine research and development few
problems Involved more than 40 features. However, it is now relatively common
for problems involving hundreds to tens of thousands of variables or features to
be addressed. Consequently the computations required to determine the test
surface, and {o perform classification has increased.

An example of this sort of problem is the classification of undesired emaiil
or 'spam” and normal email. If the words or phrases used in the messages are
used for classification then the number of features can be the size of the number
of commonly used words. This number for an adult English speaker can easily
exceed 5 to 10 thousand words. If we add misspellings of common words and
proper and generic nhames of drugs and other products then this list of features
can easily exceed 50 thousand words. The actual features (words of phrases)
that are needed to separate spam and email may be considerably less than the
total number of features. For example the word “to” will not add to the
determination of a decision surface, but will be evident in many emails.

The problem of dealing with a very large number of features is discussed
in a paper by Guyon and Elisseeff, entitled "An introduction to variable and
feature selection", Journal of Machine Learning Research, 3, 1157-1182, 2003.
In that paper the authors explain that "There are many potential benefits of
variable and features selection: facilitating data visualization and data
understanding, reducing the measurement and storage requirements, reducing
training and utilization times, defying the curse of dimensionality to improve
prediction performance." The authors of the article go on to state that they are
unaware of any direct method for feature selection in the case of nonlinear
learning systems.

It is an object of the invention to provide a method for feature selection
that provides one or more of the potential benefits described above.

SUMMARY OF THE INVENTION

According to a first aspect of the present invention there is provided a method of
operating at least one computational device as a decision machine to solve a
problem having a solution dependent upon vectors derived from a set of
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features in a feature space, the method including operating said computational
device to perform the steps of:

(a) solving a minimization problem corresponding to an SVM quadratic
programming formulation of the problem in order to identify significant features
of said set ; and

(b) solving the problem by operation of the decision machine in a reduced
number of computational steps on the basis of the identification of the significant
features.

The method may further include:

programming at least one computational device with computer executable
instructions corresponding to steps (a) and (b) and storing the computer-
executable instructions on a computer readable media.

In the preferred embodiment the step of solving the minimization problem
comprises solving a least squares problem.

The computational device may be operated as a decision machine o
solve a problem comprising a classification problem or alternatively to solve a
problem comprising a regression problem.

Preferably the decision machine operates on the basis of one of the
following: a Principal Component Analysis, Kernel Principal Component Analysis
(KPCA), Independent Component Analysis (ICA), Linear Discriminant Analysis
(LCA), and Bayesian Intrapersonal or Extrapersonal Classifiers.

Preferably the method includes processing only significant features when
solving the problem.

The decision machine may comprise any one of the following: a support
vector machine, a principal component analysis machine, a kernel principal
component analysis machine, an independent component analysis machine or a
linear discriminant analysis machine.

Where the decision machine comprises a support vector classification
machine the method may further include defining a hyperplane separating the
vectors into discrete classes.

Preferably the hyperplane is defined using vectors containing only
significant features.

Alternatively, the support vector machine may comprise a support vector
regression machine.

SUBSTITUTE SHEET (RULE 26) RO/AU
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In one embodiment the method involves comparing a value of the
solution of the minimization problem to a predetermined threshold value in order
to determine if a corresponding feature is to be deemed insignificant.

The method will preferably include normalising the solution of the
minimization problem.

In a preferred embodiment the step of solving the minimization problem
will include minimizing the square of a 2-norm.

Alternatively, the step of solving the minimization problem may include
minimizing with respect to another suitable norm such as a 1-norm or an Infinity
norm.

The method may include a step of mapping the least squares problem
Into the feature space. In that case the method provides a direct method for
feature selection in non-linear learning systems.

Preferably the method further includes a step of classifying test vectors
derived from the feature space.

According to a further aspect of the present invention there is provided a
computational device programmed to perform the above-described method.

The computational device may comprise a conventional computer system
such as a personal computer however it could also be Incorporated into a
personal digital assistant, a diagnostic medical device or a wireless device such
as a cell phone, for example.

According to another aspect of the present invention there is provided a
media, for example a magnetic or optical disk. bearing machine readable
Instructions for execution by one or more processors to Implement the above
described method.

Further preferred features of the present invention will be described in the

following detailed description of an exemplary embodiment wherein reference
will be made to a number of figures as follows.

BRIEF DESCRIPTION OF THE DRAWINGS

Preferred features, embodiments and variations of the invention may be
discerned from the following Detailed Description which provides sufficient
Information for those skilled in the art to perform the invention. The Detailed
Description is not to be regarded as limiting the scope of the preceding
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Summary of the Invention in any way. The Detailed Description will make
reference to a number of drawings as follows:

Figure 1 is a flowchart depicting a training phase during implementation
of a prior art support vector machine.

Figure 2 is a diagram showing a number of support vectors on either side
of a decision hyperplane.

Figure 3 is a flowchart depicting a testing phase during implementation of
a prior art support vector machine.

Figure 4 is a flowchart depicting a training phase method according to a
preferred embodiment of the present invention. _

Figure 5 is a flowchart depicting a testing phase method according to a
preferred embodiment of the present invention.

Figure 6 is a block diagram of a computer system for executing a
software product according to an embodiment of the present invention.

DETAILED DESCRIPTION OF EXEMPLARY EMBODIMENTS

The present inventor has realised that a method for feature selection in
the case of non-linear learning systems may be developed through the solving
of a minimization problem. More particularly, the method may be developed out
of a least squares approach. In the following embodiment a 2-norm formulation
of the least squares minimization problem is used. However, those skilled in the
art will realise that a 1-norm, infinity-norm or other suitabie formulation might
also be used.

The minimization problem of equations (1-3) is equivalent to

Minimise | Ko — el 2 (8)
x 2

where the (ij) entry In K is K (x;, x) , o is the vector of Lagrange
multipliers and e is a vector of ones. The constraint equations (4-6) will also
apply to (8). The notation outside the norm symbol indicates that we are taking
the square of the 2-norm. We will first develop the theory for a linear kernel
where K (x, xj)=x,-T - x; Is @ simple inner product of two vectors. Writing our input
vectors as a matrix: X = [Xj,....xi] we will write e=X"b for some vector b and then
rewrite the above problem as:
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Minimise
a

| X" X -X"b||2 (9)

This is the normal equation formulation for the solution of

Minimise

a | X a-bl (10)

so that (9) and (10) are equivalent. The first step in the solution of (10)
is to solve the underdetermined least squares problem that will have multiple

solutions
Minimise
b IX"b-ell3 (11)
any solution is sufficient. However the desired and feasible solution is
[ bIT
b=P b2 (12)
A i

where P is an appropriate pivot matrix and b2,=0. The size of b, is determined by
the rank of the matrix X, or the number of independent columns of X. To solve
(12) we use any method that gives a minimum 2-norm solution and meets the
constraints of the SVM problem. It is in the solution of (11) that an opportunity
for natural selection of the features arises since only the nonzero elements of b
contribute to the solution. For example, suppose that the non-zero, or very
small, elements of b=[ by,..., b,,z]T are by, by, bro; bz bsaz, by, €tc. In that case
only X, X7, X191 X 202 X323 , X344 €tc. are used in the vectors x. The other
elements of x can be safely ignored without changing the performance of the
SVM.

A second motivation for this approach is the fact that equation (9)
contains inner products that can be used to accommodate the mapping of data
vectors into feature space by means of kernel functions. In this case the X
matrix becomes [®(x),...,D(x,)] so that the inner product X'X in (9) gives us the
kernel matrix. The problem can therefore be expressed as in (8) with e = &(x) -
@(b). To find b we must then solve the optimisation problem

Minimise
b |D(x) - D(b) — e ; (13)
where O(x) - O(b) is computed as K (x;, b).

Thus a method according to an embodiment of the present invention can

be readily extended to kernel feature space in order to provide a direct method
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for feature selection in non-linear learning systems. A flowchart of a method
according to an embodiment of the present invention is depicted in Figure 4. At
box 35 the decision machine, for example an SVM, receives a test set of vectors
x;. At box 37 the test data vectors are mapped into a multi-dimensional space,
for example by carrying out equation (2). At box 39 an associated optimisation
problem (equation (13)) is solved to determine which of the features making up
the test vectors are active, i.e. significant. An example of this step is describead
with reference to equations (8) - (12) above. At box 41 the decision parameters
for the particular type of decision machine are determined using only the active
features. For example, in the case of a classification SVM an optimal multi-
dimensional hyperplane is defined using test vectors containing only the active
features through the use of equations (1) to (6) with the reduced feature set.

Figure 5 is a flowchart of a method of classifying test vectors according to
an embodiment of the present invention. Initially at box 42 a set of test vectors
is received. At box 44, when testing an unclassified vector, there is no need to
reduce the unclassified vector to just its active features, the operations inclusive
In the inner product K(x;,x) will automatically use only the active features.

At box 48 a classification for the test vector is calculated. The test result
Is then presented at box 50.

In the Support Vector Regression problem, the set of training examples is
given by (x;, vi), (X2 V2) ..., Xm, Vi), X c R where y; may be either a real or
pbinary value. In the case of y; € {1}, then either the Support Vector
Classification Machine or the Support Vector Regression Machine may be
applied to the data. The goal of the regression machine is to construct a
hyperplane that lies as "close" to as many of the data points as possible. With
some mathematics the foliowing quadratic programming problem can be
constructed that is similar to that of the classification problems and can be
solved in the same way.

Minimise — %A'DA- A"
subject to

AMg=0

054, 5C
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[_ —
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W__/\__V__JJ

1 F

e

This optimisation can also be expressed as a least squares problems and the
same method for reducing the number of features can be used.

In the case of Principal Component Analysis, Kernel Principal Component
Analysis (KPCA), Independent Component Analysis (ICA) and Linear
Discriminant Analysis (LCA), and Bayesian Intrapersonal/Extrapersonal
Classifiers (Bayesian) decision machines, the training phase proceeds as
described above for SVMs until the reduced set of features Is determined. The
input vectors are then reduced by eliminating all features not in the reduced set
and those features are then applied to any one of the above mentioned decision
machines. The training and use of each decision machine then proceeds as
described in the prior art.  From a practical point of view, a decision machine
according to a preferred embodiment of the present invention is implemented by
means of a computational device, such as a personal computer, PDA, or
potentially a wireless device such as a mobile phone. The computational device
executes a software product containing instructions for implementing methods
according to embodiments of the present invention, such as the embodiments
llustrated in the flowcharts of Figure 4 and Figure 5.

Figure 6 depicts a computational device in the form of a conventional
personal computer system 52 which operates as a decision machine, according
to an embodiment of the present invention, while executing a decision machine
computer program, also according to an embodiment of the present invention.
Personal Computer system 52 includes data entry devices in the form of
pointing device 60 and keyboard 58 and a data output device in the form of
display 56. The data entry and output devices are coupled to a processing box
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54 which includes at least one central processing unit 70. Central processing
unit 70 interfaces with RAM 62, ROM 64 and secondary storage device 66 via
mainboard 68. Secondary storage device 66 includes an optical and/or
magnetic data storage medium that bears instructions, for execution by central
processor 70. The instructions constitute a software product 72 that when
executed causes computer system 52 to operate as a decision machine and to
implement the feature reduction method described above with reference to
Figure 4 and equations (8)-(12) and also the testing phase method described
with reference to Figure 5 if required. It will be realised by those skilled in the art
that the programming of software product 72 is straightforward given a method
according to an embodiment of the present invention. Accordingly, a method
according to an embodiment of the invention may include the steps of
programming a computer, or one or more computational devices, with computer
executable instructions to implement the method and storing the computer-
executable instructions on a computer readable media such as an optical or
magnetic disk or solid state memory.

The embodiments of the invention described herein are provided for
purposes of explaining the principles thereof, and are not to be considered as
limiting or restricting the invention since many modifications may be made by the
exercise of skill in the art without departing from the scope of the invention
determined by reference to the following claims.

SUBSTITUTE SHEET (RULE 26) RO/AU



CA 02591402 2007-06-14

WO 2006/063395 PCT/AU2005/001888
12
Claims
1. A method of operating at least one computational device as a decision

machine to solve a problem having a solution dependent upon vectors derived
from a set of features in a feature space, the method including operating said
computational device to perform the steps of:

(@) solving a minimization problem corresponding o an SVM quadratic
programming formulation of the problem to thereby identify significant features
of said set; and

(b)  solving the problem by operation of the decision machine in a reduced
number of computational steps based on the identification of the significant

features.

2. A method according to claim 1, wherein the step of solving a minimization
problem comprises solving a least squares problem.

3. A method according to claim 1 wherein the computational device Is

operated as a decision machine to solve a problem comprising a classification
problem.

4. A method according to claim 1 wherein the computational device Is

operated as a decision machine to solve a problem comprising a regression
problem.

5. A method according to claim 1, wherein the decision machine operates
according to one of the following: Principal Component Analysis, Kernel
Principal Component Analysis (KPCA), Independent Component Analysis (ICA),

Linear Discriminant Analysis (LCA), Bayesian Intrapersonal or Extrapersonal
Classifiers.

6. A method according to claim 1, including processing only significant
features when solving the problem.
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7. A method according to claim 1, wherein the decision machine comprises
any one of the following: a support vector machine, a principal component
analysis machine, a kernel principal component analysis machine, an
Independent component analysis machine or a linear discriminant analysis
machine.

8. A method according to claim 7, wherein the decision machine comprises
a support vector classification machine, said method further including:
defining a hyperplane separating the vectors into discrete classes.

9. A method according to claim 8, including defining the hyperplane usihg
vectors containing only significant features.

10. A methpd according to claim 7, wherein the decision machine comprises
a support vector regression machine.

1. A method according to claim 1, including:
comparing a value of the solution of the minimization problem to a

predetermined threshold value in order to determine if a corresponding feature is
to be deemed insignificant.

12. A method according to claim 11, including:
normalising the solution of the minimization problem.

13. A method according to claim 1, wherein the step of solving the
minimization problem includes minimizing the square of a 2-norm.

14. A method according to claim 1, wherein the step of solving the
minimization problem includes minimizing with respect to a 1-norm.

15. A method according to claim 1, wherein the step of solving the
minimization problem includes minimizing with respect to an infinity-norm.
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16. A method according to claim 1 including: '
mapping the least squares problem into the feature space.

17. A method according to claim 13 including:
classifying test vectors derived from the feature space.

18. A computational device programmed to perform the method of claim 1.

19. A computational device according to claim 15 comprising any one of:
a personal computer;
a personal digital assistant;
a diagnostic medical device; or

a wireless device.

20. A media bearing machine readable instructions for execution by one or

more processors fo implement the method of claim 1.

21. A method according to claim 1, further including:

programming at least one computational device with computer executable
instructions corresponding to steps (a) and (b) and storing the computer-
executable instructions on a computer readable media.
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