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SYMPLECTOMORPHIC IMAGE REGISTRATION

RELATED APPLICATIONS
This application claims the benefit of the priority of U.S. Provisional
Application No. 62/287,362, filed January 26, 2016, which is incorporated herein by

reference in its entirety.

GOVERNMENT RIGHTS
This invention was made with government support under Grant No. MH096100
awarded by the National Institutes of Health and Grant No. DBI-1147260 awarded by

the National Science Foundation. The government has certain rights in the invention.

FIELD OF THE INVENTION
The invention relates to a method for multidimensional image registration based

on the Hamiltonian formalism.

BACKGROUND

Modern imaging systems are increasingly capable of acquiring data sensitive to
a wide range of physical parameters at multiple resolutions, thus offering greater
sensitivity to structural and dynamical information in complex biological systems.
However, these technological advancements present the increasingly important
theoretical and computational challenge of how to rigorously and efficiently combine,
or “register”, such data in order to be able to accurately detect and quantify subtle and
complex system characteristics.

An important example of this problem, is presented by the application of
magnetic resonance imaging (MRI) methods to human neuroimaging (neuro-MRI).
MRI is an exceedingly flexible technology for measuring various characteristics of
water in biological systems and three major techniques have emerged as the cornerstone
of neuro-MRI: high resolution anatomical acquisitions (HRA), which facilitates the
characterization of brain morphology, diffusion weighted MRI (DW-MRI), which
allows the characterization of focal alterations in tissue diffusion as well as the
reconstruction of neural fiber pathways critical to brain function, and functional MRI
(FMRI), which is capable of detecting spatial-temporal variations in brain activity, even
if the subject is ""at rest" and not performing a task in the magnet (called resting state

fMRI, or rsFMRI). Each of these modalities is typically acquired at different spatial
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resolution and possess unique contrast characteristics.

HRA is typically a single high spatial resolution volume of data sensitive to
signal relaxation induced contrast between different tissue types (e.g., gray and white
matter). DW-MRI data consists of multiple volumes of moderate resolution data with a
range of sensitivities to the magnitudes and direction of length-scale field dependent
signal variations modulated by restricted diffusion of water with complex tissue
geometries, and FMRI data consists of multiple low resolution volumes collected at
different time points with sensitivity to the spatial-temporal intrinsic contrast induced
by magnetization changes created by the deoxygenation of hemoglobin, filtered
through the dynamic metabolic physiological changes (e.g., blood flow) during brain
activity. However, the overarching goal of neuro-MRI is to derive quantitative
quantitative estimates of the brain morphology, and structural (fiber) and functional
(activation) connectivity by combining these data into a coherent characterization of
brain structure and function.

The ability to register image data to a common coordinate system is important
not only for combining different modalities, but is also for combining data across
subjects. Spatial normalization involves warping multiple images to a single reference
frame, thus allowing researcuers and clinicians to analyze intra-subject and inter-
subject anatomical variations on a similar basis. It is, thus, a critical feature of virtually
all imaging studies that require quantitative statistical analysis of group populations.
Consequently, this subject has been the focus of much research. This subject has also
been a focus in computational neuroanatomy, which has motivated the development of
“diffeomorphic” registration methods for which faster and more efficient algorithms
continue to be developed, as well as various regularizations and addition enhancements
such as local-global mixture, contrast changes, multichannel mapping, etc, and the use
of probabilistic diffeomorphic registration methods. These registration advancements
are important to group analyses and the development of standard atlases, which serve a
critical role in the standardization of studies. The emergence of diffusion tensor imaging
(DTI) methods and their variants for connectivity studies required the extension of
diffeomorphic registration methods to accommodate tensor data. DTI is an imaging
technique that provides quantitative information with which to visualize and study
connectivity and continuity of neural pathways in the central and peripheral nervous

systems in vivo. These methods have had a profound effect on the success of
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numerous scientific studies on important clinical issues such as Alzheimer's and
traumatic brain injury, as well as studies in other organs (cardiac, lungs, etc.)

The appeal of diffeomorphic mapping to the problem of image registration is
that it provides a non-linear transformation by which each spatial coordinate is
uniquely, and therefore unambiguously, mapped to another. Moreover, an inverse map
exists that facilitates the important practical ability to map either to or from different
image volumes. However, while efforts are ongoing to develop faster methods,
diffeomorphic algorithms that are currently used in image registration still tend to be

computationally intensive.

SUMMARY

In an exemplary embodiment, the inventive method builds a diffeomorphic
mapping as a sequence of symplectomorphic maps with each map embedded in a
separate energy shell. The approach adds a novel phase space regularization based on
a powerful entropy spectrum pathways framework. The framework provides a unique
opportunity to tailor image details into regularization scheme by choosing an image
derived regularization kernel. Spherical wave decomposition (SWD) is applied as a
powerful preconditioning tool in a position domain, allowing accurate and fast
interpolation, resampling and estimation of fixed shape rotation and scale. The result is
an efficient and versatile method capable of fast and accurate registration of a variety
of volumetric images of different modalities and resolutions.

The inventive approach is demonstrated on the three different magnetic
resonance imaging (MRI) modalities routinely used for human neuroimaging
applications by mapping between high resolution anatomical volumes, medium
resolution diffusion weighted MRI (DW-MRI) volumes and anatomicals, and low
resolution functional MRI (fMRI) images and anatomicals. The typical processing time
for high quality mapping ranges from less than a minute to several minutes on a modern
multi core CPU for a typical high resolution anatomical (~256° voxels) MRI volumes.

In one aspect of the invention, a method is disclosed that is similar in spirit to
diffeomorphic mapping, but is more general and flexible. The transformation is
developed within a Hamiltonian formalism in which not only the spatial coordinates
are considered, but the entirety of phase space. Thus, the volume preserving nature of

diffeomorphisms to spatial coordinates is elevated to volume preservation of phase
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space, which is a called a “symplectomorphism.” This theoretical construct enables a
novel flexible, accurate, and robust computational method based on a sequence of
energy shell transformations. The generality of the Hamiltonian framework facilitates
the inclusion of powerful prior information for regularization in phase space using the
entropy spectrum pathways (ESP) method, which is disclosed in pending U.S.
Application No. 14/919,605, filed October 21, 2015, incorporated herein by reference.
The method also incorporates fast, accurate, and flexible spatial preconditioning using
spherical wave decomposition (SWD), which is disclosed in International Patent
Publication No. WO 2015/039054, also incorporated herein by reference.

In one example, neuro-MRI three different image acquisitions are typically
acquired on a single subject: high resolution anatomical data (HRA) sensitive to tissue
contrast, moderate resolution diffusion tensor imaging (DTI) sensitive to tissue
microstructure and to large scale neural connectivity, and low resolution functional
MRI (FMRI) sensitive to spatial-temporal fluctuations in brain activity. The goal is to
integrate the results from these different modalities in order to both assess an
individual’s brain structure and function and to compare it to other subjects. For each
of these three data types we have developed a novel processing methodology. For
analysis of HRA, we developed the spherical wave decompositions (SWD), e.g.,
WO02015/039054. For DTI we developed the GO-ESP algorithm, described in U.S.
Patent Application No. 14/919,605, which is based on the method of entropy spectrum
pathways (ESP). For FMRI we developed the entropy field decomposition (EFD)
method. The inventive method, referred to as “SymReg-ESP”, takes data pre-
processed with these methods and integrates an individual’s HRA, DTI, and FMRI data
into a common coordinate system with the same spatial resolution. SymReg-ESP is
used to build a diffeomorphic map as a sequence of symplectomorphic maps with each
map embedded in a separate energy shell. Results from multiple individuals, such as
in a longitudinal study or large group study, can all be registered together in order to
perform accurate statistical analysis.

In one aspect of the invention, a computer-implemented method for registration
of a multi-dimensional image includes: acquiring, via an imaging system, a multi-
dimensional first image defined on a fixed Cartesian grid having a plurality of locations;
defining a multi-dimensional reference image on the fixed Cartesian grid; using a

computer processor: receiving inputs comprising the reference image and the first
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image; mapping a location of the plurality of locations within the reference image and
the first image to phase space using a Hamiltonian function to define a
symplectomorphic map, wherein the map is embedded in an energy shell; repeating the
mapping for additional locations of the plurality of locations until a sequence of energy
shells is generated; generating a curvilinear mapping grid corresponding to the
sequence of energy shells; applying the curvilinear mapping grid to the first image to
generate registered image data; and generating an output to a display device in
communication with the computer processor comprising a registered image. In a

preferred embodiment, the Hamiltonian function is of the form:
Iy , 1 i 2 . N X
Mlap) =557 [ 97+ Uolx) ~ D)) } dx
where x is the fixed Cartesian grid, /, and /7, are the reference and first images,

respectively, V7 is a measure of the reference image /o domain (szdx ), and

(q(x,1), p(x,1)) isa set of canonical coordinates that define a time dependent mapping
from Cartesian grid x to anew curvilinear grid y = q(x,7). The method may further

include, prior to mapping a location, preconditioning the plurality of locations in one
or both of the first image and the reference image to account for nearest neighbor
coupling between adjacent grid locations by determining entropy spectrum pathways.
The method may also include prior to mapping a location, preconditioning the plurality
of locations to equalize dimensionality of the reference image and the first image using
spherical wave decomposition. In some embodiments, the reference image is a high
resolution image and the first image is a lower resolution image. For example, the
reference image and the first image may be magnetic resonance imaging (MRI) images,
where the reference image is a high resolution anatomical (HRA) volume and the first
image is a diffusion weighted image (DWI). In another implementation, the reference
image and the first image are magnetic resonance imaging (MRI) images, where the
reference image is a high resolution anatomical (HRA) volume and the first image is
functional magnetic resonance image (FMRI).

In another aspect of the invention, a system for registering a multi-dimensional
image includes: a memory storing computer-executable instructions; a processor in
communication with the memory and configured to execute the computer-executable

instructions to perform: acquiring from an imaging system a multi-dimensional first
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image defined on a fixed Cartesian grid having a plurality of locations; defining a multi-
dimensional reference image on the fixed Cartesian grid, mapping a location of the
plurality of locations within the reference image and the first image to phase space using
a Hamiltonian function to define a symplectomorphic map, wherein the map is
embedded in an energy shell; repeating the mapping for additional locations of the
plurality of locations until a sequence of energy shells is generated; generating a
curvilinear mapping grid corresponding to the sequence of energy shells; applying the
curvilinear mapping grid to the first image to generate registered image data; and a
display device in communication with the processor configured for receiving and
displaying a registered image corresponding to the registered image data. In a

preferred embodiment, the Hamiltonian function is of the form:

Hig,p} = ;;3* f p + {f{:{}{}wf;{q}}}z} dx

‘:r

2

where x is the fixed Cartesian grid, /, and /, are the reference and first images,
respectively, V7 is a measure of the reference image /o domain (szdx ), and

(q(x,1),p(x,1)) is a set of canonical coordinates that define a time dependent mapping
from Cartesian grid x to a new curvilinear grid y = q(x,7). The system may further

include the processor executing computer-executable instruction to perform, prior to
mapping a location, preconditioning the plurality of locations in one or both of the first
image and the reference image to account for nearest neighbor coupling between
adjacent grid locations by determining entropy spectrum pathways. The system may
further include the processor executing computer-executable instruction to perform,
prior to mapping a location, preconditioning the plurality of locations to equalize
dimensionality of the reference image and the first image using spherical wave
decomposition. In some embodiments, the reference image is a high resolution image
and the first image is a lower resolution image. For example, the reference image and
the first image may be magnetic resonance imaging (MRI) images, where the reference
image is a high resolution anatomical (HRA) volume and the first image is a diffusion
weighted image (DWI). In another implementation, the reference image and the first
image are magnetic resonance imaging (MRI) images, where the reference image is a
high resolution anatomical (HRA) volume and the first image is functional magnetic

resonance image (FMRI).
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In yet another aspect of the invention, a computer-implemented method for
registration of a multi-dimensional image includes acquiring, via an imaging system, a
multi-dimensional first image defined on a fixed Cartesian grid having a plurality of
locations; defining a multi-dimensional reference image on the fixed Cartesian grid;
using a computer processor for receiving inputs comprising the reference image and the
first image; preconditioning the plurality of locations in one or both of the first image
and the reference image to account for nearest neighbor coupling between adjacent grid
locations by determining entropy spectrum pathways; preconditioning the plurality of
locations to equalize dimensionality of the reference image and the first image using
spherical wave decomposition; mapping a location of the plurality of locations within
the reference image and the first image to phase space using a Hamiltonian function
having the form:

. . AR A C nan2
Hig. p}= 57 f p? + (Is{x) *‘fﬁﬁi}}}"} dx

2

where x is the fixed Cartesian grid, /, and /7, are the reference and first images,
respectively, V7 is a measure of the reference image /o domain (szdx ), and

(q(x,1), p(x,1)) isa set of canonical coordinates that define a time dependent mapping
from Cartesian grid x to a new curvilinear grid y=q(x,7) to define a

symplectomorphic map, wherein the map is embedded in an energy shell; repeating the
mapping for additional locations of the plurality of locations until a sequence of energy
shells is generated; generating a curvilinear mapping grid corresponding to the
sequence of energy shells; applying the curvilinear mapping grid to the first image to
generate registered image data; and generating an output to a display device in
communication with the computer processor comprising a registered image. In some
embodiments, the reference image is a high resolution image and the first image is a
lower resolution image. For example, the reference image and the first image may be
magnetic resonance imaging (MRI) images, where the reference image is a high
resolution anatomical (HRA) volume and the first image is a diffusion weighted image
(DWI). In another implementation, the reference image and the first image are magnetic
resonance imaging (MRI) images, where the reference image is a high resolution
anatomical (HRA) volume and the first image is functional magnetic resonance image

(FMRI).
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The inventive method has the ability to accurately co-register the data volumes
in computational times significantly faster and more accurately than current state-of-
the-art methods. The resulting image volumes also demonstrate previously unobserved
image contrasts that suggest the ability of the inventive method to uncover more subtle

and important structural features in the data.

BRIEF DESCRIPTION OF THE DRAWINGS

FIGs. 1A-1F illustrate a 3D extension of the classical “toy” example used for
benchmarking of diffeomorphic registration, where FIG. 1A shows a sphere; FIG. 1B
shows a spherical shell with a hole into which the sphere in FIG. 1A is to be fitted.
FIGs. 1C and 1D show results of direct and inverse maps, respectively, obtained in 8
embedded energy shells. FIGs. 1E and 1F are plots of a subset of curvilinear grid lines
for three neighboring layers selected from three orthogonal panes for direct and inverse
maps, respectively.

FIGs. 2A-21 show the results of HRA mapping to the anatomical reference
volume of FIG. 2A. FIG. 2B shows central planes for four volumes (our of ten
subjects) used for mapping. FIG. 2C shows the average for all ten volumes. FIG. 2D
illustrates the results of SWD preconditioning (fitted with orthogonal transform) for the
four volumes of FIG. 2B.  FIG. 2E shows the average for all ten subjects. FIG. 2F
shows the result of symplectomorphic transforms using five embedded shells in FIG.
2E. FIG. 2G shows the average for all ten subjects. FIG. 2H shows the result of
symplectomorphic transforms using 15 embedded shells with all ten subject averages
in FIG. 2G. FIG. 2I shows plots of curvilinear grids for the same four subjects.

FIGs 3A-3F show medium resolution (100x100x72) diffusion weighted (DWI)
volume registration to a high resolution (168x256x256) T1 reference, where FIG. 3A
is the reference T1 MRI image (2D center slice (upper) and 3D view (lower)); FIG 3B
is a DWI b0 MRI image (2D center slice (upper) and 3D view (lower)) and 3D view
(bottom)); FIG. 3C is an equilibrium probability DWI image (same resolution as b0
image of FIG. 3B (2D center slice (upper) and 3D view (lower)); FIG. 3D is a DWI
image SWD preconditioned and registered to T1 image (same resolution as T1 image)
(2D center slice (upper) and 3D view (lower)). FIGs. 3E and 3F provide a side-by-
side comparison of the 2D center slices for the reference (FIG. 3A) and the

symplectomorphic registration of the DWI volume (FIG. 3D).
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FIGs. 4A and 4B shows two examples of diffusion weighted tractography that
used the GO-ESP technique modified by addition of a HRA dataset through inverse
symplectomorphic mapping to the diffusion weighted data.

FIGs. 5SA-5C are 3D views of a brain, where FIG. 5A shows a low resolution
(64x64x30) rs-FMRI volume; FIG. 5B shows a T1 high resolution (290x262x262)
anatomical volume; and FIG. 5SC shows a SWD preconditioned rs-FMRI volume after
registration to a high resolution T1 template. FIG. 5D shows the final mapping grid
generated using 30 shells.

FIGs. 6A-6F provide comparisons of low resolution (64x64x30) rs-FMRI
volume registered to T1 high resolution (290x262x262) anatomical volume (FIGs. 6A
— 6C) to symplectomorphic maps (FIGs. 6D-6F) generated according to the inventive
method. FIGs. 6A and 6D correspond to the default mode; FIGs. 6B and 6E to visual
lateral, and FIGs. 6C and 6F to visual occipital. The upper panels (a, b, and ¢) show
the original low resolution rs-FMRI modes. The symplectomorphic maps in lower
panels (d, e, and f) show accurate localizations of functional modes in the appropriate
regions of HRA volumes.

FIG. 7 is a block diagram of an exemplary imaging system in accordance with
various embodiments of the invention.

FIG. 8 is a flow diagram of an exemplary sequence in accordance with an

embodiment of the invention.

DETAILED DESCRIPTION OF EXEMPLARY EMBODIMENTS

The SymReg-ESP method disclosed herein is validated on a well characterized
numerical phantom and then demonstrated on a set of the “standard” neuro-MRI data
acquisitions (HRA, DTI, rsFMRI) routinely collected at our UCSD Center for FMRI
(CFMRI) using the 3T GE Discovery MR750 whole body system. All data sets were
previously collected to study the effects of traumatic brain injuries (TBI) and the resting
state brain acivity (Wong et al., 2013). A multiband DTI EPI acquisition (Setsompop
et al., 2011) was used for DW data. We demonstrate the ability to accurately co-
register the data volumes in computational times significantly faster and more
accurately than current state-of-the-art methods. The resulting image volumes also
demonstrate previously unobserved image contrasts that suggest the ability of the

inventive method to uncover more subtle and important structural features in the data.
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SymReg-ESP builds a diffeomorphic map as a sequence of symplectomorphic maps
with each map embedded in a separate energy shell.

FIG. 7 is a block diagram of an exemplary magnetic resonance (MR) imaging
system 200 in accordance with various embodiments. The system 200 includes a main
magnet 204 to polarize the sample/subject/patient, shim coils 206 for correcting
inhomogeneities in the main magnetic field; gradient coils 206 to localize the MR
signal; a radio frequency (RF) system 208 which excites the sample/subject/patient and
detects the resulting MR signal, and one or more computers 226 to control the
aforementioned system components.

A computer 226 of the imaging system 200 comprises a processor 202 and
storage 212. Suitable processors include, for example, general-purpose processors,
digital signal processors, and microcontrollers. Processor architectures generally
include execution units (e.g., fixed point, floating point, integer, etc.), storage (e.g.,
registers, memory, etc.), instruction decoding, peripherals (e.g., interrupt controllers,
timers, direct memory access controllers, etc.), input/output systems (e.g., serial ports,
parallel ports, etc.) and various other components and sub-systems. The storage 212
includes a computer-readable storage medium.

Software programming executable by the processor 202 may be stored in the
storage 212. More specifically, the storage 212 contains software instructions that,
when executed by the processor 202, causes the processor 202 to acquire multi-shell
diffusion weighted magnetic resonance (MRI) data in the region of interest (“ROI”)
and process it using a spherical wave decomposition (SWD) module (SWD module
214); compute entropy spectrum pathways (ESP) (ESP module 216); perform ray
tracing using a geometric optics tractography algorithm (GO module 218) to generate
graphical images of fiber tracts for display (e.g., on display device 210, which may be
any device suitable for displaying graphic data) the microstructural integrity and/or
connectivity of ROI based on the computed MD and FA (microstructural
integrity/connectivity module 224). More particularly, the software instructions stored
in the storage 212 cause the processor 202 to display the microstructural integrity and/or
connectivity of ROI based on the SWD, ESP and GO computations.

Additionally, the software instructions stored in the storage 212 may cause the
processor 202 to perform various other operations described herein. In some cases, one

or more of the modules may be executed using a second computer of the imaging
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system. (Even if the second computer is not originally or initially part of the imaging
system 200, it is considered in the context of this disclosure as part of the imaging
system 200.) In this disclosure, the computers of the imaging system 200 are
interconnected and configured to communicates with one another and perform tasks in
an integrated manner. For example, each computer is provided access the other’s
storage.

In other cases, a computer system (similar to the computer 226), whether being
a part of the imaging system 200 or not, may be used for post-processing of diffusion
MRI data that have been acquired. In this disclosure, such a computer system comprises
one or more computers and the computers are interconnected and are configured for
communicating with one another and performing tasks in an integrated manner. For
example, each computer has access to another's storage. Such a computer system may
comprise a processor and a computer-readable storage medium (CRSM). The CRSM
contains software that, when executed by the processor, causes the processor to obtain
diffusion magnetic resonance (MRI) data in region of interest (ROI) in a patient and
process the data by performing spherical wave decomposition (SWD), entropy
spectrum pathway (ESP) analysis and applying geometric optics (GO) algorithms to
execute ray tracing operations to define fiber tracts for display on a display device.

FIG. 8 provides a flow diagram for the basic steps of the inventive SymReg-
ESP method according to the invention. In step 302, the image to be registered is
acquired from an imaging system. In the examples described herein, the imaging
system may be an MRI system, e.g., system 200 in FIG. 7, which is configured to
generate an image of the types described in the background section. Since an
important goal of the inventive method is to allow the registration of lower resolution
images to higher resolution anatomical images, for purposes of illustration, the first
image may be a DWI, DTI or FMRI image. In step 304, a reference image is defined.
In some examples, the reference image may be a single high resolution volume image
from the same subject, e.g., HRA, T1 or other image, or it may be a collection of images
from several subjects, which images may be averaged to produce an “anatomical
template.” Optional, but preferred, step 306 may be used to precondition the data to
account for the coupling effect of neighboring points on the grid, for example, in DTI
or DWI. This coupling behavior is ideally incorporated using an entropy spectrum

pathways (ESP) scheme, which is disclosed in the inventor’s co-pending patent



WO 2017/132403 PCT/US2017/015173

10

15

20

25

-12-

application, U.S. Patent Publication No. 2016/0110911, which is incorporated herein
by reference. Since the data obtained from differing imaging systems tends to have
different spatial resolution, preconditioning step 308 may be utilized to equalize the
dimensionality of the data. In the preferred method, spherical wave decomposition
(SWD), such as described in the inventor’s co-pending patent application, U.S. Patent
Publication No. 2016/0225146, incorporated herein by reference, may be employed.

In step 310, the relationship between the input and reference images are mapped
to phase space using a Hamiltonian function to define an energy shell, as described in
detail below. Each location in the Cartesian grid is mapped through an iterative
process to define a plurality of energy shells (step 312). The resulting energy shells
are used to create a curvilinear grid (step 314) that will be used as a map that can be
applied to the input image in step 316 to create a registered image. In step 318, the
registered image may then be displayed on a display device to allow the visualization
of, for example, functional data from DTI or DWI, with reference to accurate
anatomical features obtained using HRA. The details of the individual steps of the
inventive SymReg-ESP process are provided below.

For implementation of symplectomorphic mapping, we introduce Hamiltonian
function #{%: P} on a fixed Cartesian grid x as

Haw) =gy [ o+ 60 L) ax

Here /, and I, aretwo multidimensional images defined on the same fixed
Cartesian grid x,} is the measure (volume) of the reference /, image domain
V EIdx ), and (q(x,?), p(x,?)) is a set of canonical coordinates, that define a time
dependent mapping from Cartesian grid x to a new curvilinear grid y = q(x,¢), such
that initially at =0 the grids are identical, i.e. (q(x,0), p(x,0)) = (x,0).

The Hamiltonian Eq. (1) defines a flow at each location on fixed grid through a

system of Hamilton's equations

dq OH _ -
dp  &H _ . Of :
T e {I()“]l}"g(“}" (3)

where O0H/d... denotes variational (or functional) derivative.
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The flow defined by Eqns (2) and (3) is called a Hamiltonian flow and takes
places in the space of the coordinates (q,x) , which is called phase space.
Diffeomorphisms in this phase space are called Hamiltonian diffeomorphisms, or
“symplectomorphisms”, since a phase space is a symplectic manifold. Thus,
symplectomorphisms preserve the symplectic structure (including the volume) of phase
space. This is an important feature that will allow the generation of a shell-like sequence
of transformations suitable for volumetric measurements and quantifications.

Because the Hamiltonian function Eqn (1) and the reference image /, are
defined on a Cartesian grid x we do not calculate the curvilinear gradient d/,/dq
directly. Instead, we express /,(q) and a function on Cartesian grid 7,(q(x,7)) and
use chain rule to evaluate the curvilinear gradient through a gradient on Cartesian grid
ol,/ox and Jacobian J =0dq/0x as 9/,/0x(dq/dx) "

An evolution of the Jacobian with time can be obtained by differentiating the

position equation (Eqn. (2)) on a fixed grid giving a closed set of equations

daq  _ 4
a '

dp ol,

— =(/ -1 )= 5
dt ( 0 1) ox ®
al - _dp

dt ox ©)

Integrating these equations with initial conditions q(x,0)=x, p(x,0)=0, and
J(x,0)=1 generates a symplectomorphic transformation x — q(x,7). A new metric
can be defined for the position part q of the canonical coordinates by introducing the
metric tensor G ={g,}=.J "J . The metric tensor is important for providing accurate

measures of line and surface properties using the curvilinear coordinate system q. For
example, a length of a curve parameterized by x(¢) with a parameter 7 between zero
and one in Cartesian space can be expressed using the metric tensor and curvilinear
mapping as

1

J

0

dx

— dt
dt

di =j dq’ dq’

S odr )

0

where repeated indices i and j represent summation.
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To ensure that the transformation is symplectomorphic at every location on the
fixed grid x during numerical integration, we set a small constant € and impose a
requirement that both the Jacobian and the inverse Jacobian are bounded by this
constant, i.e.

e<lJ(x.0)|<e™, ®)
For practical implementations only the first inequality is required. When the
Jacobian becomes sufficiently close to zero, the further integration does not make sense
as it will not be able to guarantee either symplectomorphic or diffeomorphic property
of the flow (even numerical stability of the solution can be compromised). Therefore,
when the condition of Eqn. (8) is violated, we stop numerical integration, freeze the
flow, and restart the integration, thus initiating a new energy shell. Repeating this
multiple times with shell-like sequence of initial conditions
a0 = g D (e, 00 ey, €)

(10)
(11)

Y] i 1

plix ) =0,

JEx =1
generates a set of shell-embedded symplectomorphic transformations such that the total

transformation is diffeomorphic with the Jacobian defined as a product of J”
J(X,f)z J(n)<X,f _ f(n)>' J(n—l) (X,f(n) —f(n_l)>-
) 1)

Since the Hamiltonian is an operator that describes the “energy" of a system,

we refer to these as “energy shells.”
The number of shells # does not have to be introduced in advance and can be
determined based on overall convergence (or even devised from running time
constraints). In our numerical implementation, the shells were terminated as soon as the

I, = I, convergence condition

/ { (106 ~ 1™

- ({(}{X‘} - fl{q{‘n"n}\)a} dx < 0
(13)

was not satisfied.
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The form of Hamiltonian function used in Eqn (1) assumes only local input from
difference between [/, and /, images to the flow momentum p atevery point on the
fixed grid x . A more reasonable assumption would be an inclusion of some
information relevant to the structure of /, and /, images. One possible (and by far
the most straightforward) way to provide this structure-based preconditioning would be

the entropy spectrum pathways (ESP) approach that takes into account nearest neighbor

coupling between adjacent grid locations for phase space regularization.

The ESP approach starts with generating the coupling density O(X,X ), which

can be as simple as the adjacency matrix, or may in general include a strength of
coupling through some kind of coupling potentials that may depend on the grid

positions. The ESP approach solves the generalized eigenvalue problem

wit) = [ QX
(14)

finding the largest eigenvalue A4 and correspondent eigenvector y(x) and then
constructs the quantity
Q{x, x" ) (x')
A{x)

p{x’,x) =
(15)

calling it the transition probability density for transition between grid locations x and
x'. The square of the eigenvector W¥(X) is called the equilibrium probability z(x)

in a sense that it represents the stationary solution that satisfies the stationary point

condition

u(x'y = /p(x’,x);.@(x}dx

(16)
Eqn. (15) can be included in Eqn. 1 to take into account non-local effects and provide

a way of regularization by defining a non-local Hamiltonian

nd g \ 1 f Uy [
H™{q,p) =57 / / (x, x")p?
+ plx,x") (Tp{x") — .I;,{q}}}g} dxdx’

. (17

where 8{X, X'} is Dirac delta function. This non-local expression for the Hamiltonian
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function produces non-local Hamilton's equations

dag B
a P (18)
dp o Bl
P f {f?*\x,x Yl — Iy (NI dx’ (19)
dJ Op

= 20
dt X (20)

2

where momentum equation (Eqn (19)) now includes the convolution of local potential

(gradient of squared image difference in our case) with a kernel p{X, X'} that depends
on coupling between grid locations.

Assuming that the coupling density ({X.X'} does not depend on position x
but depends only on a difference between them (i.e., Q{x,x} = Q{x — x'}), the
ESP scheme can provide a variety of position independent regularization kernels often
used as convolution filters in image registration. As a trivial example, an eigenvalue
problem (Eqn (14)) for position independent Gaussian coupling density G{x —x"} =
exp(—(x —x"}T8(x=%1)} in infinite n-dimensional domain has maximum
eigenvalue A=+/7"/detS and a trivial eigenvector w(x)=const, resulting in the
commonly used Gaussian regularization kernel.

We would like to stress that for the ESP regularization it is not only possible,
but very advantageous, to use coupling that incorporates information from either or

both of 7, and 7, images. The position-dependent coupling naturally creates image

dependent regularization. Moreover, any information that is not present in the images
themselves but known a priori and related to images in some quantitative way can be
easily included into the coupling scheme with some sort of linear or nonlinear
parameterization. This provides great flexibility for tailoring the method to specific
applications.
In an embodiment of the inventive method, spherical wave decomposition can
be used as a position domain preconditioning operation.
The set of Hamilton's equations (Eqns. (18) to (20)) used in the previous steps
to generate a sequence of energy shell-embedded symplectomorphic transformations

(Eqn (12)) requires equal dimensionality of images /, and /,. However, in many

cases, the images to be registered are of different spatial resolutions so that some form
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if interpolation is required. To provide an effective way to do position domain
resampling, interpolation, filtering and estimation of best orthogonal transform in a
single step we used the spherical waves decomposition (SWD) approach.

The SWD approach uses fast algorithms to expand both 7/, and 7, images in

8,1 ; X m
;;rm = / / / o130 8. ) Rur(r)
8 JO

YN8, o) de sin 8dfde,

spherical wave modes

2
where Y77 {# ¢} are the spherical harmonics, and R, (r) can be expressed through

the spherical Bessel function

an{*'} = }l{‘z‘lnf s

VN (22)
with an appropriate choice of normalization constants N, and the discrete spectrum

wave numbers &, determined by the boundary conditions. The number of modes

(Il,Lm=0...L,, and n=1...N,,)aredetermined by the highest image resolution. The

X

interpolation and resampling are then implemented as fast inverse spherical wave

transform
- i‘\' ..'
I@‘}J{H U o, ('{) Z Z Z Frmn fémn H 19{?'.}}'}.?” {9 m}
reml bl aman—f (23)

using appropriate grid locations (r,6,¢) and assigning f, = to zeros for modes with
n>N, or Im>L . A variety of low/band/high pass filters can be used for

frequency domain filter & following standard image processing techniques.
The scale and the amount of rigid rotation between images can be easily and
effectively estimated using decomposition of the radial and spherical parts using the

partial transforms

N )
1 < i g1} . . .
.{ {0 1} {r) 3 = Z Y Fi oon f, (-3{;%:}30 {fg\'-'()n-?‘} :
‘v =1 ¥YYOR (24)

Z Frny fg,ﬁll ' Y78, o),

} 9 ()) ==
o Z 5 % 03)
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and finding the parameters of rigid transformation (scale S, and rotation angles er

and ¢r ) by solving the two (one and two dimensional) minimization problems:

RHE‘GK’
. s e N s 2 2\ N 27 .
sp = argmin j {{I{g\ {r}y - Y {ser)) } dr,
o (26)
2w o®
: N . s R PR 2
{#,,0p) = argmin {(ID’{Q,@}} - (27)
' Br by | . ’
g 0

(f{‘{{;} = G &= ¢y }}3:} d8do,

using a small number of modes (L <L, and N <N, ) forinitial coarse search and

increasing them to refine the estimate, thus avoiding being trapped in local minima and
at the same time creating computationally efficient approach. Criteria similar to the
considerations about optimal order of SWD transform can be used as a stopping
condition for this scale refinement procedure.

The following examples illustrate application of the SymReg-ESP method to

representative image data:

Example 1: Phantom data registration

To test the SymReg-ESP approach, we first applied it to a three-dimensional
(3D) extension of a classical “toy” example commonly used to show the performance
of non-linear registration approaches -- the registration of a “C” shape to a "circle"
shape. The original 200x200x200 3D “C” and "circle" volumes are shown in FIGs. 1A
and 1B, respectively. FIGs. 1C and 1D show a 3D view in their respective lower right
corners and central slices for the forward and inverse maps, respectively, of the
volumes. FIGs. 1E and 1F illustrate grid lines for a subset of points selected from three
groups of orthogonal planes, where FIG. 1E corresponds to the direct map and FIG. 1F
corresponds to the inverse map. The overall performance of our approach seems to be
good, with a nearly perfect forward map of the “circle” to the “C” shape (FIG. 1C), and

only a slight signature of the original hole in the inverse map of “C” shape to the “circle”
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(FIG. 1D). No SWD preconditioning was used in this example and a simple adjacency
type matrix was used for phase space coupling. Both inverse and direct maps (FIGs.
IF and 1E, respectively) were obtained in a single computer processing run. The
processing time for 200x200x200 volumetric datasets was just above 30 seconds on 12

cores INTEL Core™ i7-4930K CPU, 3.40GHz.

Example 2: High resolution anatomical data registration

For a more complex test of the SymReg-ESP approach, we registered a set of
high resolution anatomical (HRA) images to a common reference image. We utilized
HRA data collected on the 3T GE Discovery MR750 whole body system at the UCSD
Functional MRI (CFMRI) using a 32 channel head coil for ten different subjects. The
images had been previously collected in conjunction with a study to determine the
effects of caffeine on the resting state brain activity. (Wong et al., 2013). Only high
resolution T1 data (all having 290x262x262 voxel resolution) were used for the
registration test in this example.

FIGs. 2A-2G are images corresponding to this registration test. The central
plane from anatomical volume used as reference is shown in FIG. 2A. The same
location planes for four volumes randomly selected from those of ten subjects in the
Wong study are shown in FIG. 2B. FIG. 2D shows the result of a SWD
preconditioning step equivalent to rigidly fitting each volume to reference with an
orthogonal transform that includes rotation and uniform scaling for the same four
volumes. FIG. 2C shows the result obtained from averaging the SWD preconditioned
volumes for all ten subjects. The next four panels show results of symplectomorphic
transforms using five (FIG. 2F) and fifteen (FIG. 2H) embedded energy shells with the
corresponding ten-subject averages shown in FIG. 2E and FIG. 2@, respectively. FIG.
21 shows illustrative plots of curvilinear grids for the same randomly chosen four
subjects (indicated as (1) through (4).)

Overall, as it would be expected, the symplectomorphic registration shows
significant improvement over rigidly fitted volumes. Additional improvement can be
obtained by increasing the number of energy shells used in the registration, as seen from
FIGs. 2F and 2H. The total processing time for all ten subject fitting ranges from 15
to 40 minutes, depending on selected quality, when running the registration on 12 cores

Intel Core™ 17-4930K CPU 3 .40GHz).
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Example 3: Diffusion weighted (DW) image registration

As a next test we completed a task of registering differing-resolution diffusion
weighted (DW-MRI) and HRA images of the same subject. The data was again
collected by the UCSD Center for Functional MRI (CFMRI) using 3T GE Discovery
MR750 whole body system to study the effects of traumatic brain injuries (TBI). The
HRA T1 volume has 168x256x256 voxel size with 1.2x0.9375x0.9375mm resolution.

A multiband DTI EPI acquisition using three simultaneous slice excitations was
used to acquire data with three diffusion sensitizations (at b-values b=1000/2000/3000
s/mm?) for 30, 45 and 65 different diffusion gradients (respectively), uniformly
distributed over a unit sphere. Several baseline (b=0) images were also recorded. The
data were reconstructed offline using the CFMRI’s multiband reconstruction routines.
The DWI data has 100x100x72 voxel size with 2mm3 resolution.

FIG. 3A shows a central slice (upper) and 3D view (lower) of the reference
volume. The DWI b=0 volume is shown in FIG. 3B, again with the central slice in the
upper portion of the panel, 3D view in the lower part. The DWI equilibrium probability
volume with the same resolution as the b=0 volume of FIG. 3B is shown in FIG. 3C.
The final symplectomorphic registration of DWI equilibrium probability volume is
provided in FIG. 3D.  FIGs. 3E and 3F provided an enlarged side-by-side comparison
of the HRA reference and transformed DWI with the same resolution.

Two examples of DW tractography that employed the GO-ESP technique
modified by addition of the HRA dataset through inverse symplectomorphic mapping
to the DWI data are shown in FIGs. 4A and 4B, respectively. These figures demonstrate
that the symplectomorphic registration method facilitates accurate localization of
diffusion-derived tracks with the high resolution anatomical features provided in HRA
images. It should be noted that details of the tractography implementation are known
in the art are not separately described here.

A considerable amount of work has been spent recently not only on spatial
registration of diffusion imaged volumes, but also on devising techniques for local
reorientation of diffusion tensors that would be consistent with the new deformed
spatial grid. These methods are both time consuming and involve an unnecessary
intermediate step when viewed in the context of the inventive method. An important
feature of the SymReg-ESP method is that we can directly import the diffeomorphic

maps together with the high resolution data into our diffusion estimation and
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tractography technique GO-ESP, providing a fast and effective way of adding an
increased level of detail to relatively low resolution output available from diffusion

weighted (DW) tractography.

Example 4: Registration of functional images

We used low spatial resolution functional rs-FMRI data from the same caffeine
study dataset used in the preceding examples (Wong, et al., 2013). Only the data
collected prior to caffeine administration were used. Whole brain BOLD resting-state
data were acquired over thirty axial slices using an echo planar imaging (EPI) sequence
(flip angle = 70°, slice thickness=4mm, slice gap=1mm, FOV=24cm, TE= 30 ms,TR =
1.8 s, matrix size = 64 x64 x30). All data were pre-processed using the standard pre-
processing analysis pathway at the CFMRI . Nuisance terms were removed from the
resting-state BOLD time series through multiple linear regression. These nuisance
regressors included: 1) linear and quadratic trends, ii) six motion parameters estimated
during image co-registration and their first derivatives, iii) RETROICOR (2nd order
Fourier series) and RVHRCOR physiological noise terms calculated from the cardiac
and respiratory signals, and iv) the mean BOLD signals calculated from WM and CSF
regions and their first respective derivatives, where these regions were defined using
partial volume thresholds of 0.99 for each tissue type and morphological erosion of two
voxels in each direction to minimize partial voluming with gray matter.

FIGs. SA-5C provide a side-by-side comparison of 3D views of rs-FMRI (FIG.
5A), T1 (FIG. 5B) and rs-FMRI mapped to T1 (FIG. 5C) volumes. The processing
was carried through 30 energy embedded shells and required about five minutes on 12
cores Intel Core™ i7-4930K CPU 3.40GHz from start to the finish. A subset of the
final grid is shown in FIG. 5SD. Efforts are currently underway to include flexible
mapping grids directly to our rs-FMRI mode detection approach.

FIGs. 6A-6F provides comparisons of original and registered images for several
of the resting state functional modes obtained using our entropy field decomposition
(EFD) technique. FIGs. 6A and 6D show the default mode, FIGs. 6B and 6E, the
visual lateral mode, and FIGs 6C and 6F the visual occipital mode for some of the
subjects from FIGs. 2A-2H. The symplectomorphically-mapped images overlayed
over correspondent HRA slices in FIGs. 6D, 6E and 6F provide accurate localization

of functional modes in the appropriate regions of HRA volumes.
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The SymReg-ESP method described herein is a new and flexible
multidimensional image registration approach based on the Hamiltonian formalism.
The method generates a set of Hamilton's equations capable of producing a
symplectomorphic transformation for mapping between Cartesian to curvilinear grids
that minimizes some predefined image difference metric. The final diffeomorphic
mapping is constructed as a multiplicative sequence of symplectomorphic transforms
with gradually diminishing levels of total energy, thus providing a sequence of energy
embedded symplectomorphic shells. For demonstration purposes, we used both a
simple local squared difference, as well as a more complicated non-local image squared
difference, as a Hamilton function. In general, Hamiltonian formalism allows easy
adaptation of custom and possibly more complex forms of image difference metrics.

An application of the powerful and versatile ESP approach to the phase space
domain resulted in a non-local form of Hamilton's equations. The non-local form
represents an efficient and relatively straightforward way to introduce regularization
that is able to take into account some image specific details or even additional
knowledge based parameterizations.

The resolution differences between images as well as rigid shape alignment is
addressed using the preconditioning step based on the SWD technique. This efficient
volumetric decomposition computes a set of fast spherical harmonics and spherical
Bessel transforms and is able to produce accurate interpolation, filtering and fitting of
rigid shapes.

Overall, the symplectomorphic registration approach seems to be both accurate
and fast and is capable of processing of a variety of volumetric images of different
modalities and resolutions. In the examples described herein, we were able to handle
all three different MRI modalities routinely used for human neuroimaging applications,
including mapping between high resolution anatomical volumes, medium resolution
diffusion weighted volumes and anatomicals, and low resolution functional MRI
images and anatomicals. The typical processing time for high quality mapping ranges
from less than a minute to several minutes on a modern multi core CPU for a typical
high resolution anatomical MRI volumes. The speed, accuracy, and flexibility of this
new method is expected to play an important role in the quantitative assessment of
neuroimaging data in a wide range of both basic research and clinical applications.
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CLAIMS:
1. A computer-implemented method for registration of a multi-dimensional
image, comprising:
acquiring, via an imaging system, a multi-dimensional first image defined on a
fixed Cartesian grid having a plurality of locations;
defining a multi-dimensional reference image on the fixed Cartesian grid,;
using a computer processor:
receiving inputs comprising the reference image and the first image;
mapping a location of the plurality of locations within the reference
image and the first image to phase space using a Hamiltonian function to
define a symplectomorphic map, wherein the map is embedded in an energy
shell;
repeating the mapping for additional locations of the plurality of
locations until a sequence of energy shells is generated,;
generating a curvilinear mapping grid corresponding to the sequence of
energy shells;
applying the curvilinear mapping grid to the first image to generate
registered image data; and
generating an output to a display device in communication with the computer

processor comprising a registered image.

2. The method of claim 1, wherein the Hamiltonian function is of the form:

}« .

Higp) = 55 / o+ {Ic»{'x>~*fz{q}}ﬁ>2} dx

2

where x is the fixed Cartesian grid, /, and I, are the reference and first images,
respectively, V" is a measure of the reference image /o domain (}J = Idx ), and

(q(x,1), p(x,1)) is a set of canonical coordinates that define a time dependent

mapping from Cartesian grid x to a new curvilinear grid y = q(x,7).

3. The method of claim 1, further comprising, prior to mapping a location,
preconditioning the plurality of locations in one or both of the first image and the
reference image to account for nearest neighbor coupling between adjacent grid

locations by determining entropy spectrum pathways.
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4. The method of claim 1, further comprising; prior to mapping a location,
preconditioning the plurality of locations to equalize dimensionality of the reference

image and the first image using spherical wave decomposition.

5. The method of claim 1, wherein the reference image is a high resolution

image and the first image is a lower resolution image.

6. The method of claim 1, wherein the reference image and the first image
are magnetic resonance imaging (MRI) images, and wherein the reference image is a
high resolution anatomical (HRA) volume and the first image is a diffusion weighted

image (DWI).

7. The method of claim 1, wherein the reference image and the first image
are magnetic resonance imaging (MRI) images, and wherein the reference image is a
high resolution anatomical (HRA) volume and the first image is functional magnetic

resonance image (FMRI).

8. A system for registering a multi-dimensional image, the system
comprising:
a memory storing computer-executable instructions;
a processor in communication with the memory and configured to execute the
computer-executable instructions to perform:
acquiring from an imaging system a multi-dimensional first image
defined on a fixed Cartesian grid having a plurality of locations;
defining a multi-dimensional reference image on the fixed Cartesian
grid,
mapping a location of the plurality of locations within the reference
image and the first image to phase space using a Hamiltonian function to
define a symplectomorphic map, wherein the map is embedded in an energy
shell;
repeating the mapping for additional locations of the plurality of
locations until a sequence of energy shells is generated,;
generating a curvilinear mapping grid corresponding to the sequence of

energy shells;
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applying the curvilinear mapping grid to the first image to generate
registered image data; and
a display device in communication with the processor configured for receiving

and displaying a registered images corresponding to the registered image data.

9. The system of claim 8, wherein the Hamiltonian function is of the form:

. _ 1 0o . . s
Hiaop) = 555 | 07+ (o0 — Lfa))?] dx

2

where x is the fixed Cartesian grid, /, and 7, are the reference and first images,
respectively, V" is a measure of the reference image /o domain (V' = Idx ), and

(q(x,1), p(x,1)) is a set of canonical coordinates that define a time dependent

mapping from Cartesian grid x to a new curvilinear grid y = q(x,7).

10. The system of claim 8, further comprising the processor executing
computer-executable instruction to perform, prior to mapping a location,
preconditioning the plurality of locations in one or both of the first image and the
reference image to account for nearest neighbor coupling between adjacent grid

locations by determining entropy spectrum pathways.

11. The system of claim 8, further comprising the processor executing
computer-executable instruction to perform, prior to mapping a location,
preconditioning the plurality of locations to equalize dimensionality of the reference

image and the first image using spherical wave decomposition.

12. The system of claim 8, wherein the reference image is a high resolution

image and the first image is a lower resolution image.

13. The system of claim 8, wherein the reference image and the first image
are magnetic resonance imaging (MRI) images, and wherein the reference image is a
high resolution anatomical (HRA) volume and the first image is a diffusion weighted

image (DWI).

14. The system of claim 8, wherein the reference image and the first image

are magnetic resonance imaging (MRI) images, and wherein the reference image is a
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high resolution anatomical (HRA) volume and the first image is functional magnetic

resonance image (FMRI).

15. A computer-implemented method for registration of a multi-dimensional
image, comprising:
acquiring, via an imaging system, a multi-dimensional first image defined on a
fixed Cartesian grid having a plurality of locations;
defining a multi-dimensional reference image on the fixed Cartesian grid,;
using a computer processor:
receiving inputs comprising the reference image and the first image;
preconditioning the plurality of locations in one or both of the first
image and the reference image to account for nearest neighbor coupling
between adjacent grid locations by determining entropy spectrum pathways;
preconditioning the plurality of locations to equalize dimensionality of
the reference image and the first image using spherical wave decomposition;
mapping a location of the plurality of locations within the reference
image and the first image to phase space using a Hamiltonian function having

the form:

N i S e
Hla,p) = 55 f gp‘ﬂfﬁm~fz.iq}}}2} dx

2

where x is the fixed Cartesian grid, /, and 7, are the reference and first
images, respectively, V" is a measure of the reference image /y domain (

V= Idx ), and (q(x,7),p(x,?)) is a set of canonical coordinates that define a

time dependent mapping from Cartesian grid x to a new curvilinear grid

y = q(x,7)to define a symplectomorphic map, wherein the map is embedded

in an energy shell;

repeating the mapping for additional locations of the plurality of
locations until a sequence of energy shells is generated,;

generating a curvilinear mapping grid corresponding to the sequence of
energy shells;

applying the curvilinear mapping grid to the first image to generate

registered image data; and



WO 2017/132403 PCT/US2017/015173

10

8-

generating an output to a display device in communication with the computer

processor comprising a registered image.

16. The method of claim 15, wherein the reference image is a high resolution

image and the first image is a lower resolution image.

17. The method of claim 15, wherein the reference image and the first image
are magnetic resonance imaging (MRI) images, and wherein the reference image is a
high resolution anatomical (HRA) volume and the first image is a diffusion weighted

image (DWI).

18. The method of claim 15, wherein the reference image and the first image
are magnetic resonance imaging (MRI) images, and wherein the reference image is a
high resolution anatomical (HRA) volume and the first image is functional magnetic

resonance image (FMRI).
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