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Quantitative Comparison of Image Data Using a Linear Optimal
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BACKGROUND

In an example, quantitative image comparison includes a determination of

similarities and/or differences among images. Quantitative image comparison may be

implemented in various fields, including, e.g., biometrics, automated diagnosis,

remote sensing, computer vision, biomedical imaging, and so forth.

In this example, an optimal transportation (OT) metric may be used in

quantitative image comparison. Generally, an OT metric includes a value indicative

of a distance among images. In this example, the value of the OT metric is inversely

correlated to similarity among images. For example, images with decreased OT

metrics (e.g., decreased distances) have increased similarity to each other, e.g.,

relative to similarities among other images with increased OT metrics. Hereinafter, an

OT metric may also be referred to as an OT distance, without limitation, and for

purposes of convenience.

In an example, the OT metric includes a distance function defined between

probability measures on a given set Ω. In this example, if each measure is viewed as



a unit amount of mass piled over Ω, the OT metric corresponds to the minimum cost

of turning one pile into the other pile. In an example, the cost of transport from one

point to another point is the mass transported times the square of the transportation

distance. The OT distance squared is the minimum, among all possible ways to turn

one pile into the other, of the total cost of transporting all mass. In another example,

the piles on may be represented by images, namely, image µ and image v. In this

example, the OT metric represents the least possible total cost of transporting all of

the mass from image µ to image v.

When the measures to be transported are given as continuous densities then

there exists a function φ called the transportation map which transports mass from the

first measure to the second measure in an optimal way. Then, if µ has density /then:

If the measures µ and v are discrete particles (as is the case when dealing with images)

then one needs to allow for such transformations from µ to v which can split the

particles. Then the optimal transport is given by an optimal transportation plan.

Referring to FIG. 1, representation 10 of an OT plan for images µ, v is shown.

In this example, image µ and image v both include various locations (e.g., location x)

of particles (and/or items of mass). Generally, an OT plan includes a measure on

Ω Ω

specifying for each pair (x,y) how much mass from x is transported to y . In the

example of FIG. 1, arrows 12, 14, 16, 18, 20, 22 represent the transportation of

particles from image µ to image v. A system may compute the OT metric between

image µ and image v, e.g., using algorithms that are commonly known in the art.

SUMMARY



In one aspect of the present disclosure, a method performed by one or more

processors includes retrieving a set of images; selecting, based on the images

retrieved, a reference template; calculating optimal transportation plans between the

reference template and each of the images in the set; and calculating, using the

optimal transportation plans, a linear optimal transportation metric between at least

two images in the set.

Implementations of the disclosure can include one or more of the following

features. In some implementations, the method also includes calculating for at least

one image in the set, using the optimal transportation plans, a locality in the at least

one image that corresponds to a locality in the reference template; wherein the locality

in the at least one image is calculated as a center of mass of a forward image of the

locality in the reference template via the optimal transportation plans. In other

implementations, the reference template is in accordance with =

centers of mass of an image of *via the optimal transportation plans between the

reference template and a first image in the set and a second image in the set are ,

and , respectively, and wherein the linear optimal transportation metric is

calculated in accordance with:

—

In still other implementations, the method further includes identifying, based

on the linear optimal transportation metric, a correspondence between a first image in

the set and a second image in the set. In yet other implementations, the images

include microscopy images, and the method further includes: analyzing, based on the



linear optimal transportation metric, cell image patterns in the microscopy images;

and extracting, based on analyzing, data specific to cellular morphology in the

microscopy images.

In some implementations, the method includes generating, at least partly based

on the linear optimal transportation metric, nuclear morphological data for the set of

images; and classifying, at least partly based on the nuclear morphological data,

images from the set to one or more classes of cancers. In still other implementations,

at least a portion of the images in the set include an image of cancer cells, and

wherein the method further includes: generating visualizations of distinctions among

the images classified; identifying, by the one or more processors based on the

visualizations, that the chromatin of the cancer cells are more evenly spread

throughout a nucleus in the cancer cells, relative to spread of chromatin throughout a

nucleus in normal cells; and determining, based on the identified spread of chromatin

in the cancer cells, that a loss of heterochromatin is associated with a cancer

phenotype. .

In still another aspect of the disclosure, one or more machine-readable media

are configured to store instructions that are executable by one or more processors to

perform operations including retrieving a set of images; selecting, based on the

images retrieved, a reference template; calculating optimal transportation plans

between the reference template and each of the images in the set; and calculating,

using the optimal transportation plans, a linear optimal transportation metric between

at least two images in the set. Implementations of this aspect of the present disclosure

can include one or more of the foregoing features.

In still another aspect of the disclosure, an electronic system includes one or

more processors; and one or more machine-readable media configured to store



instructions that are executable by the one or more processors to perform operations

including: retrieving a set of images; selecting, based on the images retrieved, a

reference template; calculating optimal transportation plans between the reference

template and each of the images in the set; and calculating, using the optimal

transportation plans, a linear optimal transportation metric between at least two

images in the set. Implementations of this aspect of the present disclosure can include

one or more of the foregoing features.

All or part of the foregoing can be implemented as a computer program

product including instructions that are stored on one or more non-transitory machine-

readable storage media, and that are executable on one or more processors. All or part

of the foregoing can be implemented as an apparatus, method, or electronic system

that can include one or more processors and memory to store executable instructions

to implement the stated operations.

The details of one or more implementations are set forth in the accompanying

drawings and the description below. Other features, objects, and advantages will be

apparent from the description and drawings, and from the claims.

BRIEF DESCRIPTION OF THE FIGURES

FIG. 1 is an image of an optimal transportation plan between images.

FIG. 2 an example of a network environment for generating a LOT metric.

FIG. 3 is a visualization of an optimal transportation plan that is generated

using a reference template.

FIG. 4A shows sample images from a liver nuclear chromatin data set.

FIG. 4B shows sample images from a Golgi protein data set.



FIG. 5 is an image of histograms of particle approximation error and LOT

error.

FIG. 6 is an image that illustrates trends of variations in nuclear chromatin and

Golgi protein data sets.

FIG. 7 is an image that illustrates a discriminant trend that differentiates

normal liver nuclei from cancer liver nuclei.

FIG. 8 is a flowchart of a process for generating a LOT metric.

FIG. 9 is a block diagram of components in an example environment for

generating LOT metrics.

DETAILED DESCRIPTION

A system consistent with this disclosure uses a linear optimal transportation

(LOT) metric in performing quantitative image comparison. Generally, a LOT metric

includes a value indicative of an amount of resources (e.g., effort, work, and so forth)

used in re-arranging one image to reflect (e.g., look like) another image. Computation

of a LOT metric has increased efficiency, e.g., relative to the efficiency of computing

an OT metric. The minimization problem in finding the optimal transportation

distance and the optimal transportation plan is computationally challenging and the

current methods are too slow to compute pairwise distances in even moderately large

datasets.

Once the system for computing the LOT metric has been set up (which takes a time

which is linear with respect to number of images) computing the LOT distance

between any two images is linear with respect to number of locations in the images.

The LOT metric is indicative of a correspondence among images. Generally, a

correspondence includes a similarity between one item of data to another item of data.

In this example, the LOT metric is inversely correlated to the correspondence among



images. For example, as the LOT metric decreases the correspondence among images

increases, e.g., relative to the correspondence among other images with increased

LOT metrics. Because computation of LOT metric is a linear computation, a cost of

computing the LOT metric is decreased, e.g., relative to the cost of computing the OT

metric. Accordingly, the LOT metric promotes analysis of large image data sets.

In an example, LOT metrics may be used in analyzing cell image patterns and

in extracting data specific to (sub) cellular morphology from microscopy images.

LOT metrics may also be used in studying the effects of drugs on different cells,

studying the effect of gene silencing mechanisms in different cells, as well as studying

the distribution of different proteins and organelles in diseased and normal cells (e.g.,

cancer biomarker identification).

Referring to FIG. 2, a block diagram is shown of an example environment 100

for generating LOT metric 103 between two images, e.g., image µ and image v. The

example environment 100 includes network 108, including, e.g., a local area network

(LAN), a wide area network (WAN), the Internet, or a combination thereof. Network

108 connects client device 102 and system 110. The example environment 100 may

include many thousands of client devices and systems. The example environment 100

also includes data repository 114 for storing numerous items of data, including, e.g., a

reference template and received data sets, each of which are described in further detail

below.

Client device 102 includes a personal computer, a laptop computer, and other

devices that can send and receive data over network 108. In the example of FIG. 2,

client device 102 sends, to system 110, data set 106. In this example, client device

102 may include a device operated by an entity that differs from an entity that

operates system 110.



In an example, system 110 receives, from client device 102, data set 106.

Data set 106 may include numerous, different types of data. In an example, data set

106 includes data representing distributions of various items of data. In the example

of FIG. 2, data set 106 includes images µ, v . In this example, image µ includes various

locations of particles (e.g., distribution of particles), including, e.g., locations x - Xj,

Additionally, image v includes various locations of particles, including, e.g., locations

y i - yj . Rather than computing OT metrics for images µ, v , system 110 computes

LOT metrics for images µ , v . To compute LOT metrics, system 110 retrieves, e.g.,

from data repository 114, reference template , selection of which is described in

further detail below. In an example, reference template also includes various

locations for particles, including, e.g., location z*. In generating LOT metrics, system

110 generates association 116, including, e.g., relationships among images µ , v and

reference template , as described in further detail below.

Using reference template σ , system 1 0 calculates an OT plan between

reference template and each of images µ , v. In the example of FIG. 2,fk,t includes

an OT plan between reference template and image µ . In this example, the OT plan

fk,i includes a matrix of nonnegative entries specifying how much of the k-t particle

of is transported to the z'-th particle of µ . The locations of the particles and their

masses are part of how , µ , and v are described. In the example of FIG. 2,

includes an OT plan between reference template and image v. In this example, the

OT plans f k and g j include OT metrics between reference template and each of the

images µ and v.

Using OT plan f k , system 110 computes for each particle of the reference

template the center of mass ¾ of the image of the particle ∑ of the template

that is where the particle originally at ∑k ends up (on average) via the OT plan. Using



OT plan gkj , system 110 computes a center of mass k of the image of the particle

∑k of T . Using the centers of mass, system 110 computes LOT metric 103 (and/or an

approximation of the LOT metric) for images µ, v, as described in further detail

below. In an example, the number OT metrics that need to be computed is not

reduced if only two images are considered. In this example, the number OT metrics

that need to be computed is reduced in a significant way for at least moderately large

database. In this example, a database includes M images. In this example, to

compute pairwise OT distances between each two images, system 110 computes M x

(M-l)/2 OT number of distances. However, to compute pairwise LOT distance,

system 110 needs to compute M OT distances (e.g., the distances from the template to

the images). System 110 then needs M x (M-l)/2 Euclidean distances to be

computed, but computation of these Euclidean distances is very fast (e.g., thousands

of times faster than computation of OT).

In computing LOT metric 103, system 110 represents each of images µ , v as a

weighted combination of particles, each with mass (e.g., intensity) m, and location ¾.

The formula in the below Table 1 represents image µ as a weighted combination of

particles.

1
Table 1

In the above formula, Νµ is the number of masses used to represent image µ .

example, image µ is a digital image. In this example, image µ is represented



using the formula in Table 1 by selecting m to be the pixel intensity values and ¾

the pixel coordinate grid.

For computational efficiency, the system 110 can use a number of particles

which may be significantly smaller than the total number of pixels to approximate the

image. It is a careful approximation is in the sense of the OT distance with a precise

error bound. It is not a simple subsampling of the image.

In an example, for a data set of M images, a user of system 110 specifies a

number N for the approximate number of particles that is used to approximate an

image. In this example, system 110 generates an approximation of the image using

the following steps. In a first step, system 110 uses a weighted K-means algorithm to

approximate each image, with the number of clusters set to the chosen Ν . The

weighted K-means is an optimal local step for reducing the OT error between a given

particle approximation and an image.

In a second step, system 110 improves the approximation of each image by

investigating regions where each image is not approximated well, and adding particles

to those regions to improve the approximation locally. In a third step, system 110

computes the OT distance between each digital image and the approximation of each

image. For images not well approximated by the algorithm, system 110 adds particles

to improve the approximation. In a fourth step, for images where the approximation

error is significantly smaller than the average error (for the entire data set), system

110 removes (merges) particles until the error between the digital image and its

approximation is more similar to the other images, e.g., to reduce the time to compute

the distances, while not increasing the typical error.



In this example, system 110 computes the OT distance between images µ, v as

the solution to the following linear programming problem, shown in the below Table

2 :

Table 2

In the above Table 2, = and = . In this

example, a set of couplings is given by a set of matrices, as

follows:

i =

i=l

In this example, the system may not distinguish between measures in

that satisfy the conditions above. In this example, the optimal

transportation distance between and is the solution to the linear programing

problem shown in the above Table 2.



In one example, system 110 implements various techniques to solve the

foregoing linear programming problem shown in the above Table 2. One of the

implemented techniques includes Mehrotras dual interior point method. In this

example, the solution of the linear program shown in the above Table 2 is relatively

expensive, with typical computation times being around 30 seconds (e.g., with 500

particles per image). Given a large set of images, pattern recognition algorithms that

can be applied to mining the data content of a set of images usually require the

computation of all pairwise distances in the set. For large data sets, this computation

could take several weeks. To reduce the number of computations performed, system

110 implements a linear optimal transportation technique to compute a related

distance between images µ , v .

In this example, system 110 selects a reference template , which is a particle

measure f = - The distance between images µ , v is given by the formula

shown in the below Table 3.

Table 3

In Table 3, f is an OT plan from to i and g is an OT plan from to v.

Referring now to FIG. 3, image 300 shows h j , which provides the optimal

transportation plan between the f-image and the g-image of the particle at z*. For the

particle measures above, an approximation to ^LOT,Σ which is also a lower bound,

d aLOT is shown in the below Table 4.



' -

Table 4

In this example, since / and g are generically unique, system 110 computes one

pair/ g of optimal transportation plans. A s described herein, a particle approximation

algorithm is used to compute the OT metrics, but other algorithms could be used to

compute the OT metrics. In an example, da LOT, is a semi-metric, since a distance

between two distance particle measures can be zero. This is related to the resolution

achieved by the reference template . In particular if reference template has more

particles, then it is less likely that d aLo v)=0 for µ ν. In this example, q is the

mass of the particle of σ at z*. Additionally, as is shown in the below

Table 5 .

In an example, system 110 computes LOT metric 103 in accordance with the

formula shown in the below Table 5.

Table 5

In the above Table 5, /is an optimal transportation plan between

and g is an optimal transportation plan

between σ ~ k=l a n d v — j x s described herein, numerous

different algorithms may be used in computing transportation plans, including, e.g.,



the particle approximation algorithm. In this example, J * / % s the

centroid of the forward image of the particle ¾ ¾ by the transportation plan /

In an example, the centers of mass are defined as indicated in the below Table

6.

Table 6

In an example, the system calculates for at least one image, using the optimal

transportation plans, for a locality in the reference template the locality in the image

that best corresponds to the locality in the reference template. The locality in the

image is computed as the center of mass of the forward image of the locality in the

reference template via the optimal transportation plan, in accordance with the

formulas shown in the above Table 6.

Using the above-defined centers of mass and , system 110 may

compute LOT metric 103 in accordance with the formula shown in the below Table 7 :

k - Vk\

Table 7

As previously described, system 110 also selects reference template . In this

example, a template that is distant from all images (e.g., particle approximations) is

likely to increase the difference between d r and daLOT- In an example, system 110



computes a reference template from an average image. To compute such average

image, images (e.g., images stored in data repository 114) are aligned to remove

translation, rotation, and horizontal and vertical flips. System 110 averages the

images, and the particle approximation algorithm described above is used to obtain a

particle representation of the average image. This template is denoted as and it

contains N particles. Once the particle approximation for the template is computed,

system 110 normalizes the reference template to a standard position and orientation,

as described above.

In one example, given a set of images (e.g., measures) ... system 110

computes the particle approximation, of the form given in Table 1, for each image .

System 110 then selects the reference template σ and computes the OT plan between

the reference template (also chosen to be a particle measure) and the particle

approximation of each image. Once these metric are computed, the LOT distance

between any two particle sets is given by the formula shown in the above Table 5.

The approximation of the linear optimal transportation distance da L0 T defined

in the formula in the above Table 5 provides a method to map a sample measure v

(estimated from image ) into a linear space. In this example, > - i - }

and the reference measure is ~ >= . System 110 obtains the linear

embedding by applying the discrete transportation plan between the reference

measure and v i to the coordinates y j via the formula shown in the below Table 8.



Table 8

As shown in the above Table 8, a is the centroid of the forward image of the

particle by the optimal transportation plan, between images ^and v i , in

accordance with the formula shown in the below Table 9 :

Execution of the formula shown in Table 9, e.g., by system 110, results in an

¾-tuple ¾of points in 2 , which is called the linear embedding of v . That is,

, € " . e embedding is generative in the sense that a point in this space can

be visualized since it corresponds to a unique measure (image) over the set Ω .

In an example, system 110 is configured to implement a statistical analysis.

For example, when a linear embedding for the data can be assumed, standard

geometric data processing techniques such as principal component analysis (PCA) are

used to extract and visualize major trends in the morphologies of organs and cells. In

an example, given a set of data points , for = !,.. .,M, the covariance matrix can be

computed, M * with =
i-- i= i representing

center of the entire data set. PCA is a method for computing the major trends



(directions over which the projection of the data has largest variance) of a data set

the solution of the following optimization problem shown in the below Table 10:

p = are 3 S w

Table 10

System 110 can be configured to solve the problem shown in the above Table

10 via eigenvalue and eigenvector decomposition, with each eigenvector

corresponding to a major mode of variation in the data set. In this example, a

corresponding eigenvalue is the variance of the data projected over that direction. In

one example, in addition to visualizing the main modes of variation for a given data

set, important applications involve visualizing the modes of variation that best

discriminate between two or more separate populations (e.g., as in control vs. effect

studies).

In an example, system 110 is configured to apply a Fisher linear discriminant

analysis (FLDA) technique. In this example, application of the FLDA technique in

morphometry visualization problems can lead to erroneous interpretations, since the

directions computed by the FLDA technique are not constrained to pass through the

data. Therefore discriminant effects can be misleading since the discriminating

direction may not be present in the data. To alleviate this effect, system 110 modifies

the method as follows. Given a set of data points i , for = 1 . . . N, with each index

belonging to class c, the original FLDA is modified by adding a least squares-type

representation penalty in the function to be optimized. The representation constrained

optimization can then be reduced to the formula shown in the below Table 11:

W LDA Big ax
w (Sw + w

Table 11



As shown in the above Table 11, ~ - ~ x χ represents the

'total scatter matrix,' represents the 'within

class scatter matrix,' is the center of class c . The solution for the problem above is

given by the well-known generalized eigenvalue decomposition

= + ' . In this example, the penalized FLDA method above seeks

to find the direction w that has both a low reconstruction error, but that best

discriminates between two populations. System 110 uses the foregoing method to

select the penalty weight a .

In one example, (sub) cellular protein patterns and organelles results are

analyzed, e.g., by system 110, from microscopy images. Results are shown that are

aimed at 1) evaluating the particle approximation algorithm described earlier, 2)

evaluating how much the LOT distance differs from the OT distance, 3) evaluating the

discrimination power of the LOT distance (in comparison to more traditional feature-

based methods and to OT distance), and 4) making use of the linear embedding to

visualize the geometry (summarizing trends) of protein pattern distributions, including

discrimination properties.

In an example, system 110 generates LOT metrics to promote an

understanding of cellular morphology from two data sets. The first data set includes

nuclear chromatin patterns, e.g., that have been sent to system 110 from client device

102. In this example, system 110 extracts nuclear chromatin patterns from

histopathology images. The extraction process includes a semi-automatic level set-

based segmentation, together with a color to gray scale conversion and pixel

normalization. In this example, the data set includes five human cases of liver

hepatoblastoma (HB), each containing adjacent normal liver tissue (NL). In total,

system 110 extracts one-hundred nuclei are extracted from each case (50 NL, 50 HB).



The second data set includes fluorescent images of two golgi proteins: giantin

and GPP130. In one example, 8 1 GPP and 66 giantin protein patterns are utilized.

Sample images 402, 404 for the nuclear chromatin and golgi data sets are show in

FIG. 4 .

The particle-based algorithm described above is tested to investigate how well

the different data sets are approximated. In this example, system 110 computes the

OT distance between each image and its particle approximation, relative to the OT

distances that are present in a data set. For each image in a data set, the

approximation distance is computed where d is the OT

distance computed through the formula shown in Table 2 and is the upper bound

on the OT distance between the particle approximation of image i . The computation

is repeated for all M images in a given data set.

Referring to FIG. 5, histograms 500, 502 of the errors for both data sets are

shown. The x-axis represents the relative error in percentage, and the y-axis represents

the portion of samples that has the corresponding relative error. In one example,

system 1 0 is configured to begin computations with the initial number of particles in

the particle approximation algorithm to be 500. In this example, the data shows that

the average errors are 1.60% for the nuclear chromatin data set and 0.1 8% for the

golgi protein data set. After particle approximation, the particles are pre-processed by

translation and rotation normalization, e.g., by system 110.

In one example, system 110 compares the approximate LOT distance with the

OT distance, defined in the formula shown in Table 2, for the two data sets used. In

this example, for each pair of images (in each data set), system 110 computes the

following difference metric: « . In this example, histogram 502

displays the relative difference for the nuclear chromatin and golgi. The average



absolute difference for the nuclear chromatin data is eor.wT
= 2.94% and βοτχοτ =

3.28% for the golgi data set.

In an example, system 110 uses the LOT metric (e.g., for input data such as an

image or the particle distribution shown in an image) to generate nuclear

morphological data for the input data. For example, system 110 may apply, to the

LOT metric, the FLDA technique described above in combination with the formula

shown in Table 1 to generate the nuclear morphological data.

Using the nuclear morphological data, system 110 classifies the input data to

one or more of different classes of liver and thyroid cancers. In an example, data

repository 114 stores class data indicative of a class of a known disease (e.g., a class

of liver cancer, a class of thyroid cancer, and so forth). System 110 applies a

classification algorithm to (i) the nuclear morphological data, and (ii) the class data to

classify the input data as belonging to one of the classes. In this example, the

classification algorithm may include one of the a neural network classifier, a support

vector machine classifier, a k-nearest neighbor classifier, a Gaussian mixture model

classifier, a Gaussian classifier, a naive Bayes classifier, a decision tree classifier, and

so forth.

In one example, the linear OT approximation can be used for discrimination

purposes with little or no loss in accuracy when compared to traditional feature-based

approaches. To test classification accuracy, system 110 implements a standard

implementation of the support vector machine method with a radial basis function

(RBF) kernel. In one example, for the nuclear chromatin in liver cancer data set, a

leave one case out cross validation approach is implemented by system 110. The

classification results are shown in the below Table 12.



o a uracy in liv<i data

Table 12

For comparison, system 110 also computes classification results using a

numerical feature approach with various numerical features (e.g., shape parameters,

Haralick features, multi-resolution type features, and so forth). System 110 also

implements stepwise discriminant analysis to select the significant features for

classification. Classification results are shown in the above Table 12.

As shown in the above Table 1 , a difference between the two

implementations are the pairwise distances computed (OT vs. LOT vs. feature-based).

In Table 12, each row corresponds to a test case, and the numbers correspond to the

average classification accuracy (per nucleus) for normal liver and liver cancer. The

first column includes the classification accuracy for the feature-based approach. The

second column includes the accuracy for the OT metric. The third column includes

the accuracy for the LOT metric.

In another example, system 110 compares classification accuracies in the golgi

protein data set. The results of this classification are shown in the below Table 13.



Feature <) ! LOT
g p gia gpp gia gpp

79.2% 20.8% 86.3% I 3 3% 83.8% 16 .2%

PP 28.6% 7 1.4% 35.6% 64.3% 30.7% 69.3%

Table 13

example, system 110 applies the PCA technique to both data sets. The

first three modes of variation for the nuclear chromatin data sets (including both

normal and cancerous cells) are displayed in image 602 in FIG. 6. The first three

modes of variation for the golgi data set (with both proteins combined) are shown in

image 604 in FIG. 6. For both data sets, the first three modes of variation correspond

to over 99% of the variance of the data. The modes of variation are displayed from

the mean to plus and minus four times the standard deviation of each corresponding

mode. For the chromatin data set, the nodes are visually detected by size (e.g., first

mode), elongation (e.g., second mode), and differences in chromatin concentration,

from the center to the periphery of the nucleus (e.g., third mode). In the golgi data

set, system 110 detects variations in size (e.g., first mode), elongation (e.g., second

mode), as well as bending (e.g., third mode).

In one example, system 110 implements the FLDA method to generate a

visualization of the most significant differences between the two classes in each data

set. The two most discriminating modes for the nuclear chromatin data set are shown

in images 702, 704 for the golgi data set, as shown in FIG. 7. In the nuclear chromatin

case, the normal tissue cells look more like the images in the left portion of images

702, 704, while the cancerous ones tend to look more like the images on the right

portion of images 702, 704. In this example, system 110 detects that the most

discriminating effect includes a combination of size together with differences in

chromatin placement (near periphery vs. concentrated in the center).



In biological applications, visualizations (e.g., images 602, 604, 702, 704) can

be important in helping elucidate effects and mechanisms automatically from the

image data. For example, the results with the nuclear chromatin data set show that, in

this disease, cancer cells have their chromatin more evenly spread (e.g., chromatin)

throughout the nucleus, whereas normal cells have their chromatin in more compact

form (heterochromatin). This shows that the loss of heterochromatin is associated

with the cancer phenotype in this disease.

FIG. 8 is a flowchart of process 800 for generating a LOT metric (e.g., LOT

metric 103). In operation, system 110 receives (802) data set 106, e.g., from client

device 102. In this example, data set 106 includes various images, including, e.g.,

images µ, v. System 110 also selects (804), from data repository 114, a reference

template, including, e.g., reference template . In this example, system 110

implements the above-described techniques in generating and selecting reference

template .

System 110 also calculates (806) an OT plan between reference template and

each of images µ, v. For example, as previously described, system 110 generates OT

plans f k,i and (FIG. 1) that each include OT metrics between reference template

and each of images µ, v. Using an OT plan, system 110 calculates (808) the center of

mass

of the image of for each particle in reference template . For example, using OT

plan f k , system 110 computes center of mass ¾ for the image of the particle ∑k of the

reference template . Using OT plan g , system 110 computes center of mass for

the image of the particle of the reference template . Using the centers of mass,

system 110 calculates (810) a LOT metric for images µ, v. For example, using centers

of mass ¾ and ¾ , system calculates LOT metric 103.



Using the techniques described herein, system 110 is configured for

quantifying and visualizing morphological differences in a set of images using the

LOT metric. The LOT metric is based on an optimal transportation framework with

quadratic cost and utilizes a linearized approximation based on a tangent space

representation to make the method amenable to large datasets. The implementation of

the LOT metric is based on a discrete particle approximation of pattern (e.g., input

data and/or image), with subsequent linear programming optimization is particularly

fast for images that are sparse in mass distribution.

In an example, an advantage of the LOT metric is the reduced cost of

computing the metric between all image pairs in a dataset. For a dataset of M images,

the number of transportation related optimization problems that need to be solved for

computing all pairwise distances is M . In comparison, the number of transportation

related optimizations necessary for computation of the OT metric is M(M - \)I2.

In addition to increased computational efficiency, another advantage of the

LOT metric is the isometric linear embedding provided by the LOT metric. In

contrast to other methods that also obtain linear embeddings, the embedding in the

LOT space allows for one to synthesize and visualize any point in the linear space as

an image. Therefore, the LOT embedding can facilitate visualization of the data

distribution (via PCA) as well as differences between distributions (via penalized

FLDA). In this example, the LOT metric promotes the automatic visualization of

differences in both shape and texture in different classes of images.

In biological applications, these visualizations may promote elucidation of

effects and mechanisms, e.g., automatically from the image data. For example, the

results with the nuclear chromatin dataset described above suggest that, in this

disease, cancer cells tend to have their chromatin more evenly spread (e.g.,



euchromatin) throughout the nucleus, whereas normal cells tend to have their

chromatin in more compact form (heterochromatin). This suggests that the loss of

heterochromatin is associated with the cancer phenotype in this disease. Accordingly,

in some applications the present invention provides methods for diagnosing cancer

based on, for example, analysis of the distribution of chromatin in a cell's nucleus.

Referring to FIG. 9, components 1000 of an environment (e.g., environment

100) for generating LOT metrics. Client device 102 can be any sort of computing

device capable of taking input from a user and communicating over a network (not

shown) with server 110 and/or with other client devices. For example, client device

102 can be a mobile device, a desktop computer, a laptop, a cell phone, a personal

digital assistant ("PDA"), a server, an embedded computing system, a mobile device

and so forth. Client device 102 can include monitor 1108, which renders visual

representations of interface 1106.

Server 110 can be any of a variety of computing devices capable of receiving

data, such as a server, a distributed computing system, a desktop computer, a laptop, a

cell phone, a rack-mounted server, and so forth. Server 110 may be a single server or

a group of servers that are at a same location or at different locations.

Server 110 can receive data from client device 102 via interfaces 1106,

including, e.g., graphical user interfaces. Interfaces 1106 can be any type of interface

capable of receiving data over a network, such as an Ethernet interface, a wireless

networking interface, a fiber-optic networking interface, a modem, and so forth.

Server 110 also includes a processor 1002 and memory 1004. A bus system (not

shown), including, for example, a data bus and a motherboard, can be used to

establish and to control data communication between the components of server 110.

In the example of FIG. 10, memory 1004 includes system 110.



Processor 1002 may include one or more microprocessors. Generally,

processor 1002 may include any appropriate processor and/or logic that is capable of

receiving and storing data, and of communicating over a network (not shown).

Memory 2244 can include a hard drive and a random access memory storage device,

such as a dynamic random access memory, machine-readable media, or other types of

non-transitory machine-readable storage devices. Components 1000 also include data

repository 114, which is configured to store data collected through server 110 and

generated by server 110.

Embodiments can be implemented in digital electronic circuitry, or in

computer hardware, firmware, software, or in combinations thereof. Apparatus of the

invention can be implemented in a computer program product tangibly embodied or

stored in a machine-readable storage device and/or machine readable media for

execution by a programmable processor; and method actions can be performed by a

programmable processor executing a program of instructions to perform functions and

operations of the invention by operating on input data and generating output.

The techniques described herein can be implemented advantageously in one or

more computer programs that are executable on a programmable system including at

least one programmable processor coupled to receive data and instructions from, and

to transmit data and instructions to, a data storage system, at least one input device,

and at least one output device. Each computer program can be implemented in a

high-level procedural or object oriented programming language, or in assembly or

machine language if desired; and in any case, the language can be a compiled or

interpreted language.

Suitable processors include, by way of example, both general and special

purpose microprocessors. Generally, a processor will receive instructions and data



from a read-only memory and/or a random access memory. Generally, a computer

will include one or more mass storage devices for storing data files; such devices

include magnetic disks, such as internal hard disks and removable disks; magneto-

optical disks; and optical disks. Computer readable storage media are storage devices

suitable for tangibly embodying computer program instructions and data include all

forms of volatile memory such as RAM and non-volatile memory, including by way

of example semiconductor memory devices, such as EPROM, EEPROM, and flash

memory devices; magnetic disks such as internal hard disks and removable disks;

magneto-optical disks; and CD-ROM disks. Any of the foregoing can be

supplemented by, or incorporated in, ASICs (application-specific integrated circuits).

Other embodiments are within the scope and spirit of the description claims.

For example, the methods for discovering data about cell morphology can be applied

to other biological applications and diseases. In another example, computation of the

LOT distance is applicable and much faster (e.g., for large datasets) than computation

of the OT distance, e.g., regardless if a system uses the particle approximation

algorithm and regardless of which way the system computes the OT plan between the

template and the images.

In an example, the system may implement many different numerical

algorithms to compute the OT distance. For example, in addition to using the particle

approximation algorithm, the system may also use computational fluid mechanics

algorithms, algorithms that are based on intensity-based image registrations, distance

algorithms, mass transport algorithms, and so forth.

In this example, independent of the algorithm used by the system in

computing the OT distance, computation of the LOT distance for a large dataset will

take a decreased amount of time, e.g., relative to the amount of time require to



compute the OT distance. For example, if T ot is the time to compute the OT

distance and T_e is the time to compute the Euclidean distance the for a database of

M images, then computing the pairwise OT distances takes an amount of time in

accordance with M (M-l)/2 T_ot. However, in this example, computing the LOT

distance takes an amount of time that is in accordance with M (M-l) T_e + M T_ot.

In this example, T_e has a value that is less than the value of T ot. Additionally, T_e

is many times smaller than T_ot, regardless of what algorithm for T_ot is

implemented by the system. In this example, T_e is a metric with increased

simplicity, e.g., relative to the simplicity of other metrics. In contrast, T ot is based

on solving of a computational problem, e.g., independent of the algorithm used for the

computation.

In an example, an advantage of the LOT distance (e.g., relative to the OT

distance) is that the LOT distance is much faster to compute for large datasets.

However, for datasets including a few images (e.g., two images) the amount of time

required to compute the LOT distance may correspond to the amount of time required

to compute the OT distance. Another advantage of the LOT distance is the inclusion

of isometric linear embedding, e.g., as previously described.

In another example, due to the nature of software, functions described above

can be implemented using software, hardware, firmware, hardwiring, or combinations

of any of these. Features implementing functions may also be physically located at

various positions, including being distributed such that portions of functions are

implemented at different physical locations.

A number of embodiments have been described. Nevertheless, it will be

understood that various modifications can be made without departing from the spirit

and scope of the processes and techniques described herein. In addition, the logic



flows depicted in the figures do not require the particular order shown, or sequential

order, to achieve desirable results. In addition, other steps can be provided, or steps

can be eliminated, from the described flows, and other components can be added to,

or removed from, the described systems. Accordingly, other embodiments are within

the scope of the following claims.



WHAT IS CLAIMED IS:

1. A method performed by one or more processors, comprising:

retrieving a set of images;

selecting, based on the images retrieved, a reference template;

calculating optimal transportation plans between the reference template and each

of the images in the set; and

calculating, using the optimal transportation plans, a linear optimal transportation

metric between at least two images in the set.

2 . The method of claim 1, further comprising:

calculating for at least one image in the set, using the optimal transportation plans,

a locality in the at least one image that corresponds to a locality in the reference template;

wherein the locality in the at least one image is calculated as a center of mass of a

forward image of the locality in the reference template via the optimal transportation

plans.

3. The method of claim 1, wherein the reference template is in accordance

with ∑ fesi ¾ ¾ , centers of mass of an image of *via the optimal transportation

plans between the reference template and a first image in the set and a second image in

the set are , and respectively, and wherein the linear optimal transportation

metric is calculated in accordance with:



4. The method of claim 1, further comprising:

identifying, based on the linear optimal transportation metric, a correspondence

between a first image in the set and a second image in the set.

5. The method of claim 1, wherein the images comprise microscopy images,

and wherein the method further comprises:

analyzing, based on the linear optimal transportation metric, cell image patterns in

the microscopy images; and

extracting, based on analyzing, data specific to cellular morphology in the

microscopy images.

6. The method of claim 1, further comprising:

generating, at least partly based on the linear optimal transportation metric, nuclear

morphological data for the set of images; and

classifying, at least partly based on the nuclear morphological data, images from

the set to one or more classes of cancers.

7. The method of claim 6, wherein at least a portion of the images in the set

comprise an image of cancer cells, and wherein the method further comprises:

generating visualizations of distinctions among the images classified;

identifying, by the one or more processors based on the visualizations, that the

chromatin of the cancer cells are more evenly spread throughout a nucleus in the cancer

cells, relative to spread of chromatin throughout a nucleus in normal cells; and

determining, based on the identified spread of chromatin in the cancer cells, that a

loss of heterochromatin is associated with a cancer phenotype.



8. One or more machine-readable media configured to store instructions that

are executable by one or more processors to perform operations comprising:

retrieving a set of images;

selecting, based on the images retrieved, a reference template;

calculating optimal transportation plans between the reference template and each

of the images in the set; and

calculating, using the optimal transportation plans, a linear optimal transportation

metric between at least two images in the set.

9 . The one or more machine-readable of claim 8, wherein the operations

further comprise:

calculating for at least one image in the set, using the optimal transportation plans,

a locality in the at least one image that corresponds to a locality in the reference template;

wherein the locality in the at least one image is calculated as a center of mass of a

forward image of the locality in the reference template via the optimal transportation

plans.

10. The one or more machine-readable of claim 8, wherein the reference

template is in accordance with σ ~ , centers of mass of an image of ∑ via

the optimal transportation plans between the reference template and a first image in the

set and a second image in the set are , respectively, and wherein the linear

optimal transportation metric is calculated in accordance with:

fc=l



11. The one or more machine-readable of claim 8, wherein the operations

further comprise:

identifying, based on the linear optimal transportation metric, a correspondence

between a first image in the set and a second image in the set.

12. The one or more machine-readable of claim 8, wherein the images

comprise microscopy images, and wherein the operations further comprise:

analyzing, based on the linear optimal transportation metric, cell image patterns in

the microscopy images; and

extracting, based on analyzing, data specific to cellular morphology in the

microscopy images.

13. The one or more machine-readable of claim 8, wherein the operations

further comprise:

generating, at least partly based on the linear optimal transportation metric, nuclear

morphological data for the set of images; and

classifying, at least partly based on the nuclear morphological data, images from

the set to one or more classes of cancers.

14. The one or more machine-readable of claim 13, wherein at least a portion

of the images in the set comprise an image of cancer cells, and wherein the method

further comprises:

generating visualizations of distinctions among the images classified;

identifying, by the one or more processors based on the visualizations, that the

chromatin of the cancer cells are more evenly spread throughout a nucleus in the cancer

cells, relative to spread of chromatin throughout a nucleus in normal cells; and



determining, based on the identified spread of chromatin in the cancer cells, that a

loss of heterochromatin is associated with a cancer phenotype.

15. An electronic system comprising:

one or more processors; and

one or more machine-readable media configured to store instructions that are

executable by the one or more processors to perform operations comprising:

retrieving a set of images;

selecting, based on the images retrieved, a reference template;

calculating optimal transportation plans between the reference template

and each of the images in the set; and

calculating, using the optimal transportation plans, a linear optimal

transportation metric between at least two images in the set.

16. The electronic system of claim 15, wherein the operations further

comprise:

calculating for at least one image in the set, using the optimal transportation plans,

a locality in the at least one image that corresponds to a locality in the reference template;

wherein the locality in the at least one image is calculated as a center of mass of a

forward image of the locality in the reference template via the optimal transportation

plans.

17. The electronic system of claim 15, wherein the reference template is in

accordance with , centers of mass of an image of ∑ via the optimal

transportation plans between the reference template and a first image in the set and a



second image in the set are ' , and , respectively, and wherein the linear optimal

transportation metric is calculated in accordance with:

k=l

18. The electronic system of claim 15, wherein the operations further

comprise:

identifying, based on the linear optimal transportation metric, a correspondence

between a first image in the set and a second image in the set.

19. The electronic system of claim 15, wherein the images comprise

microscopy images, and wherein the operations further comprise:

analyzing, based on the linear optimal transportation metric, cell image patterns in

the microscopy images; and

extracting, based on analyzing, data specific to cellular morphology in the

microscopy images.

20. The electronic system of claim 15, wherein the operations further

comprise:

generating, at least partly based on the linear optimal transportation metric, nuclear

morphological data for the set of images; and

classifying, at least partly based on the nuclear morphological data, images from

the set to one or more classes of cancers.

2 1. The electronic system of claim 20, wherein at least a portion of the images

in the set comprise an image of cancer cells, and wherein the method further comprises:



generating visualizations of distinctions among the images classified;

identifying, by the one or more processors based on the visualizations, that the

chromatin of the cancer cells are more evenly spread throughout a nucleus in the cancer

cells, relative to spread of chromatin throughout a nucleus in normal cells; and

determining, based on the identified spread of chromatin in the cancer cells, that a

loss of heterochromatin is associated with a cancer phenotype.
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