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the receiver end are known. For example,
To all whom it may concern.
at the receiver end the E. M. F. which it
Be it known that I, EDITH CLARKE, a if
citizen of the United States, residing at is desired to obtain is known as well as the
kilowatts and the power factor, it is
Schenectady, county of Schenectady, State loadin
possible to obtain with my calculator in the
of New York, have invented certain new short
of a few minutes the current
and useful Improvements in Calculators, of at the space
generator end as well as its vector re
which the following is a specification.
My invention relates to a calculator, and lation with the current at the receiver end
O

more particularly to a calculator for inves
tigating the electrical characteristics of long
lines for the transmission of electrical
energy.

. ..

and the E. M. F. at the generator end as well

55

80

as
its vector relation with respect to the
E. M. F. at the receiver rend. It is also

possible to obtain other values when other

factors
assumed
those mentioned,
as will are
appear
from than
the description
given 65
hereinafter.
5
The results obtained with my calculator
as stated heretofore are surprisingly accu
rate. Furthermore, my calculator is ar 70
in such a way that it may obtain the
sumptions however are not justifiable when ranged
20 the transmission line which is being investi values mentioned heretofore, although such
as the length of the line, fre
gated becomes comparatively long, say a few characteristics
hundred miles. Even for such distances as quency, size of conductor and spacing be
conductors are varied. This result
200 miles, errors would result if such as: tween
possible due to the fact that certain com 75
sumptions be made. If accuracy is desired isbination
of elements involved in the calcu
25 in calculations for long lines, it is absolutely
remain substantially constant upon a
necessary to take into consideration the uni lation
of some of these factors.
formly distributed inductance and capacity Variation
calculator is based upon evaluations 80
of the line. Although formulas have been ofThe
series to a sufficient degree of ac
derived for such conditions, their applica infinite
which infinite series take into con
tion involves a great deal of work. Espe curacy,
the distributed inductance and
cially is this the case where it is necessary sideration
to investigate the behavior of transmission capacity of the line. By making the as
In the ordinary methods of calculation
employed for short transmission lines, such
as 50 miles or so, it is usually assumed that
the capacity and inductance of the line are
each concentrated at a single point or at a
few isolated points along the line. Such as

that certain of the elements in 85
lines upon varying the conditions by small sumption
volved
in
the calculations remain substan
increments at the receiver end or at the gen tially constant,
possible to perform the
erator end. It is the object of my invention operations withittheis calculator
the aid of
to make it pile to investigate the charac the combination of only a few by
pivoted arms
teristics of transmission lines of varying
representing vectors.
construction in a simple manner.
The infinite series chosen to represent the 90
With my invention, laborious calculations transmission
line characteristics are those
40 are obviated for transmission lines of any
the hyperbolic sines and cosines.
length desired, and acceptably accurate re involving
sults obtained. For example, the error ob The fundamental equations which my calcu
tained by using my calculator does not ex lator is adapted to solve are as follows:
95
ceed a small fraction of one percent for
45 lines of about five hundred miles. Lines of
e = e, cosh-WZY +ive sinh WZY (1)
such length are being considered, and there
is little doubt that in the future such long
distance lines will be quite common. With i = i, cosh WZY +ev, sinh WZY (2) 00
. . 50 the aid of my invention it is possible to ob These equations are those which are given in
tain such xalues as the current and E. M. F. Heaviside's “Electro-Magnetic Theory,” vol.
at the generator end when the conditions at

2
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1, page 450. In these relations, e is the gen
erator E. M. F. to neutral expressed as a
vector, e, is the receiver E. M. F. to neutral
expressed as a vector, Z and Y are vectors
representing the total impedance and admit
tance respectively of one conductor to neu
tral, is is the generator current, and i is the
receiver current. The derivation of these
relations
will not be entered into in this
0 specification, since, they are well known.
All of the terms used in relation 1 and 2
are vectors; that is, they may be represented
by lines having definite length and direc
tions.
The common way of writing vectors
5 is by making use of the quality uniti, which
unit represents the value V-1. Thus a vec
tor
V may be written as --jv'. This means
in effect that to plot the vector W with.
rectangular coordinates, it would be neces
20 sary to mark off on the X-axis a distance
corresponding to v, to erect at that point a
perpendicular and to measure off on this
perpendicular a distance equal to v'. The
vector extends from the origin to this point.
If y' is positive, then the distance is meas
ured upwardly; if negative, it is measured
downwardly from the X-axis. Another way
of plotting vectors is by the aid of polar
30 coordinates. In that case, the length of the
vector and its angle with respect to the zero
angle line are made use of. The angle may

40

The expansions of the hyperbolic func
tions give the following results:
sinh a = a +

as a 5

7
35 ++-------(3)

cosh a = 1 +

+E++........ (4)

These expansions are given for example, in
B. O. Peirce, A Short Table of Integrals,
formulas 790 and 791. Substituting these

become

i.-i,(1+1+1+........)
+
... ZYZZY! . .
e.Y(1+'s

5 +-------) (6)

i; the results are

ous method is used if vectors are subtracted g s (

rom each other. In this case the difference

05

These expressions may be written so that
they express the ratios between the genera- 10
tor E. M. F. and receiver E. M. F., and be
tween the generator current and receiver
current. Thus expression (5) may be di
vided through by er, and expression (6) by

sult as a vector the real part of which is 6g = (1+,ZYZY
+, +--------) -represented by the sum of the real parts of
the vectors and the imaginary part by the
ir
ZY Z2Y2
sum of the imaginary parts of the vectors.
;Z(1+,
+, +--------)
Thus if the sum of the two vectors a--ja'
and b--lib' is required, this sum may be and

written as (a-b)--i(a’--b'). An analo
60

transformation which will be described here
inafter.

values in relations 1 and 2, these relations 95
be positive or negative; if positive, it is
ZY Z2Y2
measured off in a counterclockwise direction e -e, (1+,
4 it --------) +
from the zero angle line; if negative, in the
o
ZY Z2Y2
OO
clockwise direction. Although both methods
i.Z. (1 + 3.
5. - - - - - - - - - ) (5)
of plotting are used in my calculator, its ex
planation becomes simpler if for the pres and
ent we consider only the first method of
2V2
representing
vectors;
i.e.
by
rectangular
co
ordinates.

The addition, subtraction, multiplication
and division of vectors represented this way
may be easily performed, since there are
definite rules which tell us how these proc
esses may be performed. The part y of the
vector is usually termed the “real’ com
Ronent, and the part o' is usually termed the
"imaginary' component of the vector W.
To add two vectors it is merely necessary
to add their real parts together and their
imaginary parts together and write the re

5

to the product of the lengths of the two vec
tors which are multiplied together and an
angular displacement from the zero angle
line equal to the sum of the angles of the tw)
vectors. The length of the vector is equal to 70
the square root of the sum of the squares of
its two components. When one vector is di
vided by another, the resultant is a vector,
the length of which is equal to the length of
the first vector divided by the length of the 5
other, and whose angular displacement from
the zero angle line is equal to the langular
displacement of the first vector minus the
angular displacement of the second vector.
From these fundamental relationships it is SO
possible to understand the processes of

lly

r

(7)

ZY Z2Y2

:= (1+, +, +-------- ) +

between the real parts as well as the differ
er
ZY Z2Y2
Y
ence between the imaginary parts are taken
Y(1+,
+,
+........
)
(S)
for the corresponding parts of the resultant
vector. When two vectors are multiplied to In further derivations, the first term of the
gether, the new vector has a length equal

l25

light hand member of each of the equations 130
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(7) and (8) will be written in its shorter member
We may
now
dividehand
bothmember
the leftof hand
and
the
right
form as cosh WZY simply as a matter of tion (13) by this vector e. This resultsrelain
convenience, so that the equations become
X
ir e? Xwatts
3 X P.F.
= cosh WZY +Z(1+ -

6

P.F. +(t Ji-P.F.) (14)

ZYZY2.
St

St or - a us - a on )

(9)

O

Now
we know that watts=K.W.X10,
where R.W. is the receiver load in kilo

and
r

70

watts; also that

- cosh WZY + r Y(1+
3 + 5

e=
- - - - - - - -) (10)

E2
3

80

where E is the E. M. F. between lines at

the receiver end. We can also put K.V. as
the receiver kilovolts between lines, or
EX 10. When these substitutions are
tween lines. Furthermore it must not be made, we obtain the final form for (14) as
overlooked that e, i, e, and is are vectors ir
K.W.
as well as Z and Y, so that the ratios given
90
10KV.B.F.X.
2 5 inequations. (9) and (10) are vector ratios.
To simplify expressions. (9) and (10)
further, it is advisable to obtain equivalent
expressions for and i. The vector i may Substitution of expression (15) in expres
95
30 be obtained as follows: The load at the re sions (9) and (10) results in
ceiver end in watts in a three-phase system
which is the only kind considered, in this
discussion, is

In equations (7), and (9), although
E. M. F.'s to neutral are taken, the ratio of
these E. M. F.'s is the same as the ratio be

P.F., +j(+ V-P.F.) (15)

o

e

2,

r

: - coah ZY+ 10-kB.F.X

0.

watts =le.X3XiXP.F. (11)

5

where e, and i? are the absolute values of
e, and i respectively, and P.F. is the power

factor at the receiver end. From this it
follows that

40

P.F.+i(4. Ji-PF)xex 1 x 6 (16)
and

:- cosh JZY+P.F.xRW x 10'--

0.

P.F.--i(+ Vi -P.F.) xy X1XB (17)
If e, is taken as the zero angle vector, then
i will be displaced therefrom by an angle
depending on the power factor P.F.. This
angle is equal to that of the unit vector

P. F. Fict V-P. F.

In these two equations, 2 and y were taken
as vectors representing the impedance and
admittance respectively, per unit length of
one conductor to neutral, 1 as the length of
the line, and 3 as the infinite series

(+ 2 +...).

The ambiguous sign is placed before the
radical expression since it is taken as posi Equations (16) and (17) are the final forms
tive when i, leads, and negative when i lags. of the equations which the calculator is
The vector i, may now be written
adapted to solve.
Now.bearinginmind that Zequals 12 that Y
equalsly, and that 2=R--2arf, and y = o
watts,
60

'r Tex3xF.F.X

. P.F., +i(+ Ji-PF). (13)

12t fo, since the leakance is neglected, where
R is the resistance of the line per unit length
of one conductor, fis the frequency, Lis the
inductance per unit length of one conductor

The vector e being taken as zero angle vec to neutral, and C the capacitance per unit
length to neutral, such values as ZY and 1
5 tor, it is equal to e.

4.
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ZY may be obtained as vectors which are and

functions of the above mentioned factors.

Thus
5

R 1. - 4trfL C+j2arfCR}

Substitution
of these
in cosh WZY
and in the infinite
seriesvalues
f gives

10

1+2+3+...--1-2 fill C+f 14L2C2

and

giri Rich...}+jr-fic--if I'll C+...) (18)
1+2+E+ - - - - {1-fi: LC+

f1LC-, (19)

af214C2R.?------ +jRific-rri'l C--- -15

20

to be noted
that the
leakance of the line
isIt isneglected
in these
expressions.
Expression (18) shows that in the first
three terms of the real part of the expression
the inductance L and capacity C of one line

to neutral enter into the equation to the
terms L and C are raised to the same power.
In the calculator it is assumed that this
product is a constant for all lines and that
same degree; i. e., in each of these first three

therefore the real part of expression (18) is
a constant for all lines having the same
length and frequency. Further, a reason
able value is assigned to R, and since it ap
pears first in the fourth term, which is al
ways very small, the error introduced has
been found to be extremely small. The
product of L and C also remain substan 30
tially
constant. The formulas for L and C
are as follows:
w

henries
L-0,741 13 log (2 X 12X v2) +0.030470per
mile
w

C = 0.03883x10---log (2 X 12X v25) farad per mile
Therefore the formula for the product of L and C is
A.

LC=.02878x10+.003125x10---log (2 X 12 X v25) (20)
35

S is the flat spacing of the conductor in feet age of a large number of lines actually con
and D'' is the diameter of the conductor in

structed. Furthermore if the lines have a
inches. It is seen from this formula that triangular
spacing arrangement, instead of

60

the product of L and C. is a function solely a flat spacing, this may be taken into consid
of S and D'. When the expression
eration by taking S as the
S/

DF

varies from 15 to 35 the product of L and C
varies to a very small extent; that is, be
tween .02996X10-9 and .02981)x10-9. It
is thus possible to plot the real part

of expression (18) against length of
lines at any given frequency and ob
tain surprisingly close results for this
value, especially since a large majority of

50

transmission lines are so constructed that

the value

D?
55

1.

65

/2
times the distance between adjacent conduc
tors. This formula is based on derivations
which it is not necessary here to investigate. 70
Discussing now expression (19), several
features of this expression should be noted:
The first is that the imaginary part is al
ways very small as compared with the real
part. The error introduced by assuming 75
fC as a constant for obtaining the length of
this vector is also very small, for the reasons
stated heretofore. It is thus possible to plot
the absolute value of BX1X10* against
given length of line at any given frequency 80

lies between 15 and 35. In the calculator, so that the length of such a vector may be
such a value of
taken off a chart directly. This value may
S/
be termed Q and will be so designated in the

remainder of the specification. .
should also be noted that the slope of
ean be assumed that it represents the aver theItvector
of expression (19) is small, since
Dif

85
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5

Referring
now more in detail to the draw
the imaginary component is small as com ings,
which like reference characters refer
pared to the real component. The angle of to likein parts
I provide a chart
vector (19) is the angle the tangent of which: 11 divided forthroughout,
ease
in
reading
polar co-or 70
is equal to the imaginary component divided dinates. In order to have as large
a scale
by the real component. The tangent is thus as possible for a given size of chart, only
proportional to R, since R is a factor in useful part of the polar co-ordinate scaletheis
the imaginary component. Without appre plotted, and thus the origin o, o does not

ciable error, since the angle is small, the appear thereon. The divisions for plotting
value of the angle itself may be considered
75
10 proportional to R. This angle may then be polar co-ordinates comprise the concentric
circles
12
and
the
radial
lines
13,
each
written R K, where K is the angle the tan marked with their appropriate values as in
gent of which is the imaginary component dicated. The series of vertical lines 14 in
of (19) divided by R and also by the real tersect the horizontal zero angle line 15 at
component. This small angle may also be points corresponding to the real component 80
considered without appreciable error to be of the expansion of
constant for all lines of the same frequency
and length. In the calculator there is a
cosh WZY
table giving the value of this angle desig
nated as K for lines having varying lengths as stated heretofore. This real component
e
stays substantially constant for lines of quite
20 and frequencies,
Now returning to the expressions (16) varying construction so long as their fre
and (17), it will be seen how these assump quency and length are the same. These
tions are utilized. The values
division lines which correspond to the real
part
90
25
cosh WZY
are grouped into three parts; those corre
which it is desired to obtain are each equal sponding
to lines of 25 cycles, those corre
to the sum of two vectors. It is the func sponding to
lines of 50 cycles and those cor
tion of the calculator to plot both of these
30 vectors expeditiously and to find the ex responding to lines of 60 cycle... It would
been possible to designate these divi
tremity of the resultant vector, whereby the have
sion
lines
the product of frequency and
numerical value of the ratio, as well as the length sincebyboth
l enter into the ex.
phase difference between the numerator and pansion of the realif and
portion
of this function 100
denominator of the ratio may be immediate
35 ly obtained. For reading the ratio and the substantially to the same degree. In fact, l
lines, plotted as a product of f and 2
phase difference there is provided a base such
are shown at 42. The distance from the
chart constructed on the principle of polar origin
of the polar co-ordinates along the
co-ordinates. Use is also made of a plu Zero angle
15 to any one of these di l).5
rality of pivoted arms or members for add sion lines 14linerepresents
the real part of the
40 ing the vectors. These arms carry appropri
expansion
for
that
line
having
thedivision
length
: ateFor
divisions
for their proper setting.
corresponding
to
the
a better understanding of my inven i.le. frequency
. . .
.
tion reference is to be had to the following It should
be noted that the real part . O
description together with the accompanying of expressionalso(18)
which is the real part
drawings, in which Fig. 1 is a plan view the hyperbolic function
referred to above
of the complete calculator, showing all of its of
includes
the
value
unity,
from which the
parts assembled, but not necessarily at any
term of the expansion is subtracted.
setting used in calculations; Fig. 2 is a view next
the signs change alternately, but the 1.5
of a disc by which certain angles may be set Then
real
part
always less than unity. At
off; Fig. 3 is a view of a pivoted arm; Fig. the point stays
10 of the polar chart 11, an arm
4 is a view of another pivoted arm; Fig. 5 16 is pivoted
of which it is pos
is a perspective showing how the slide is sible to obtainbythemeans
of the vector
constructed for enabling the arm shown in corresponding to theextremity
expression
(18), or to
Fig. 3 to slide along the arm shown in Fig.
55 4: Fig. 6 is a cross-sectional view showing the first term of the right hand members
expressions (16) and (17). The partic
more in detail how the arms and the disc of
means for doing this will now be dis
are assembled; Fig. 7 is a diagram showing ular
how the extremity of one of the vectors of cussed.
expressions (16) or (17) is determined; Fig. Attention is now directed to Fig. 7. In 125
60 8 is a diagram showing how the voltage ratio this figure the point 10 is shown from
the line 17 extends towards the up
of expression (16) is determined with the which
per left hand corner. This line 17 corre
aid of the chart, and Fig. 9 is a diagram sponds
to the center line or graduated edge
showing how the current ratio of expression of the arm
16. For convenience in setting
(17)
is
obtained
with
the
aid
of
my
cal
this arm, it may be made of transparent ma
65 culator,

63
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terial. If this line 17 be given the proper the point-X, R, the point -2X,2R is plot
ted, but the line 17 has exactly the same slo
as if the point -X, R. had been plotted. The
zero angle line 15 may also be graduated di
rectly in reactance per mile in ohms, as
hand member of this expression is to be con shown on Fig. 1.
sidered. If only the first two terms of this The intersection of the line 17, correspond
expression are considered it is seen that the ing to the center line or graduated edge of
vector to be added to the vector unity, which the pivoted arm 16 with the vertical divi
extends from the origin to the point 10 is 'sion line 33 conforming to the real compo
nent of expression (18) gives the extremity
ZY

slope it is evident that it will intersect that
particular division line of the set 14 at the
extremity of the vector corresponding to ex:
pression (18). To obtain this slope the left
O

2 O

70

75

of the vector

cosh WZY,
It is the slope of this supplementary vector
which is determined by the setting of the which vector will be hereafter designated as 80
arm 16. To obtain this slope it should be oc. Although the terms beyond the second
noted that the vector ZY must have a slope have
for obtaining the slope
which is equal to the sum of the slopes of of armbeen16,neglected,
it
has
been
found that the ex
20 the vector Z and the vector Y, from the fun tremity of this vector is quite accurately de
damental theory of vectors discussed here
by the method described. This is
tofore. Furthermore, since the vector Y termined
due to the fact that one of the two compo
represents the capacity susceptance of One nents
of the vector of expression (18) is quite
line, it has an angle of 90°. Therefore all accurately
determined in the first place and
25 that is necessary to do to set the arm 16 at further that if the imaginary component of
the proper angle which is the sum of 90 the expression (18) be accurately obtained 90
and the angle of the vector Z. The vector Z. it would practically coincide in length with
represents the impedance of one line. If the distance from the zero angle line 15 to
from the point 10 the value X or reactance the
extremity of the vector obtained by the
30 per unit length is plotted along the Zero foregoing method, measured perpendicular
angle line toward the origin and if a per to the Zero angle line.
pendicular be erected at the extremity of this ly The
18 used for determining the
line of the length corresponding to R, the slope ofchart
arm
16 has certain novel features.
resistance per unit length of the line, then It is so arranged
certain electrical prop
the line connecting the point 10 with the erties of the line, that
such
its reactance, which 00
extremity of the perpendicular last con are dependent upon itsasphysical
structed will have the proper slope. To fa may be determined against the construction
ratio
cilitate this setting on the arm 16, I make
use of a chart 18 to the left of the main
S’
chart,
so
arranged
that
the
point
-X
R
as
D7
40
lotted from the point 10 may be imme
iately determined from the constants of and the frequency. This is a useful arrange
the transmission line. Along the horizontal ment and saves a great deal of time in cal
zero angle line 15 there are a series of ver culating the value of the reactance X.
tical division lines 41 corresponding to the After the extremity of the vector oc corre
ratio of spacing of the conductors to the sponding to the expression (18) has been ll0
diameter, and to the frequency of the line. obtained as described above it is necessary
There are two sets of these perpendicular to add to this vector the other vector occur
lines corresponding to 60 cycles and 50 ring in the right hand members of expres
cycles. As stated heretofore, the reactance sions (16) and (17). Considering for the
X per unit length of the line is a function moment the case where the vector corre il5
solely of the ratio of spacing and of the di sponding to the ratio of e and e, is desired,
ameter of the conductor. A series of hori as expressed in relation (16), the supple
zontal parallel lines 19 corresponding to R, . mentary
vector to be added to the vector
the resistance per unit length. The hori already obtained is given by the second
Zontal lines 19 are so arranged that the in
of the right hand member of this ex 20
tersection of the proper vertical line with term
pression. It is to be noted that this latter
the proper horizontal line will give the ex expression is a product of several scalar
tremity of the vector whose co-ordinates are quantities
and of three vectors. The first
60 -X, R from the point 10. To obtain points vector is the unity vector
corresponding to 25 cycle lines, the 50 cycle
125
values are taken for the reactance, and since
this is equal to twice the reactance which
the line would have at 25 cycles, the resist and the others are the vectors 2 and B.
65 ance per mile is taken as twice R. In this Therefore to obtain the angle of this sec
way, for 25 cycle lines, instead of plotting ond vector it is necessary to get the sum 30
5

P.E..+i (+ yi-P.F.)
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20 is directly graduated to give power
of the angles of these three component arm
factors,
all that it is necessary to do.
vectors. For setting this second vector I to add toand
the
angle
of arm 20 the angle corre
make use of a second arm 20 so arranged sponding to the power
factor, is to rotate 70
that it slides along the arm 16. This arm the arm 20, until the proper
power factor
20 is shown in greater detail in Fig. 3. The division coincides with the center
of
particular means for obtaining this sliding arm 16. The new setting of armline
20 is
connection is of no importance so far as this

by dotted line 36 of Fig. 8. To the
invention is concerned. In the present in shown
angle
of
this arm must also be added the 75
stance a runner or slider 24 shown in Figs. slope of the
3. The expansion of 3
5 and 6, is used, to which is pivotally at is given in vector.
expression (19). The addi
tached the arm. 20. The arm 20 is thus free tional angle through
which the arm 20 must
to rotate about a pivot point 21, which pivot be turned corresponds
to the angle whose
point is located in the member 24 in such a tangent is equal to the imaginary
of 3 80
way that this pivot point may be accurate divided by the real part of 3. Thispart
ly placed over any desired point on the is directly proportional to R, since thetangent
chart 11. This may be accomplished for R may be divided out of the imaginaryfactor
example by utilizing a small metallic bush of expression (19). After this factor part
R is
ing 23 passing through arm 20 and the taken out, due to the fact that the angle
member 24. The arm 20 pivots about the considered is always small, the other values 85
20 bushing 23.
appearing in expression (19) may be used
Returning now to the second term of the representing
for allandtransmis
right hand member of expression (16), the sion lines, at aa fair
givenaverage
frequency
length
angle of 2 may be immediately obtained, of line. It is possible
to
obtain
values
of 90
since this vector 2 is perpendicular to the the angles, the tangents of which are equal
setting of the arm 16, this arm having been to the imaginary part of 3 divided by R and
set with the aid of chart 18, at an angle by the real part of 3, which angles have
equal to 90 plus the angle of 2. To as values given as K. on the supplementa
sist the setting of arm 20 in this direction chart 27 for any given frequency and lengt
use is made of the line 25 drawn perpen of line. The values of K as given in this
dicular to the direction of arm. 20. The table thus correspond with any given fre
first step then for obtaining the direction quency and length of line to the angle whose
of the second vector is to slide the arm 20 tangent
is equal to the imaginary part of
up along the arm 16 until the pivot point the expression
(19) divided by R and also 00
21 coincides with the extremity of the first by the real part
of expression (19). No
The
next
step
is
to
rotate
the
arm
vector.
great
error
is
introduced
assuming that
20 about this pivot point until the perpen the angle of 3 is directlybyproportional
dicular line 25 coincides with the centerline the varie of R. Therefore a? that it to
is
of the arm 16. With this setting the slope necessary to do to obtain the slope of 3 is to
of arm 20 is equal to the slope of the vector multiply the values of K given in chart 27 105.
40 2. The direction of arm 20 is that shown by the value R. The arm 20 may now be
by the dotted line 34 on Fig. 8. Now con turned through this angle. Since this
sidering again the expression (16), to this angle, is always positive the arm. 20 is
angle of arm 20 must be added the slope turned always in a counterclockwise direc
of the unity vector
tion. To effect this result easily divisions

are placed upon the disc 26 also pivoted on
bushing 23, which read directly in angles
and correspond merely to a protractor.
This slope is dependent upon the power Therefore,
next step to get the proper
factor at the receiving end. When the load slope of thethesecond
vector is to rotate it to
50 at the receiving end is lagging then the an angle corresponding to RK. To do this
sign in front of the square root sign is
disc 26 is turned so that the Zero line
negative. When the load is leading then the
of
its
protractor portion corresponds with
the sign in front of the square root sign is the graduated
edge or to the center line of 120
positive. The conditions having been as arm 20. The arm
may now be swung in
sumed at the receiving end, this sign is now a counterclockwise 20direction
until its grad
taken into consideration. The circular por uated edge corresponds with the
proper divi
tion of arm 20 is graduated then directly sion on the RK scale of disc. 26.
di
in angles of lead or lag. Thus with the rection of the second vector is nowThe
power factor corresponding to 95 lead, the mined, and is shown as the full line deter
35 on 125
60 arm 20 must be turned through a further Fig. 8.
w
angle in a counterclockwise or positive The next step,- to locate the extremity
of
direction. If the power factor is, for ex the second vector is to mark off along the
ample, .95 lag, then the arm 20 must be
20 the length of this vector. The 30
turned through a similar angle in a clock arm
length,
as may easily be seen from an in
wise direction. The circular portion of

P.F., +j (+ V1-P.F.).
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5
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spection of the expression (16) has factors
corresponding to the length of 6, and of 2,
and also the factor 108. The other elements
entering into the length of this second vec
tor are 1, the length of the line, KW, KV.
and P.F.. The elements KWr and KV
anay be grouped as a single factor M and
may be obtained readily for any given con
dition at the receiver end. The length of
the vector 2 is eqlal to the length of the line
extending from the point 10 along the arm
16 to the point obtained on the chart. 18.

This
is seencomponents
to be truecorresponding
since the two toper
pendicular
X
and R have been plotted from the point 10

on the chart 18. When 25 cycle lines are
ing is taken, since as stated heretofore, the
values of R and X have been multiplied by
2, for getting the slope of line 17. The arm
16 is appropriately graduated as shown in
Fig. 2 so that this value of the length of 2
is immediately obtaine. The length of 18
o multiplied by the length of the line 1 and
by 10 may be plotted against the iength of
line at a given frequency of the line, as
shown in the supplementary table or chart
28. These values have been given the nota
30 tion Q. As stated heretofore, the value of
{Q is substantially constant for lines of a
given length and frequency. For more ac
curate determination of the value of Q.
where odd lengths of lines are used, a curve
3 5 sheet 29 is provided giving the value of 18
for 25, 50 and 60 cycle lines plotted against
the length of the line in miles. From the
pivot point 21 the arm 20 is graduated to
the same scale as the polar co-ordinate scale
considered, only half the value of the read

i5

line and substantially independent of the
other physical constants of the line. These
assumptions are entirely justifiable and er
rors in lines up to four or five hundred miles
or even longer correspond to no more than
a fraction of one per cent. This degree of

70

accuracy
is quite sufficient for all ordinary
purposes.
Considering now the expression (17), for
obtaining the vector ratio of the generator

current to the receiver current, the vectol
represented by the first term of the right
hand member is exactly the same vector as
the first term of the right hand member of
expression (16), which has just been dis- 8
cussed. It is necessary to add to the first
vector as obtained previously a second vec
tor corresponding to the second term of the
right hand member of expression (17).
Therefore, the arm 16 is left in the same 8
place as before as well as the pivot point
21 which corresponds to the extremity of the

first vector. Applying the principles of
multiplication and division of vectors, it is
evident that the angle of the vector repre
sented by the second term is equal to the sum
of the angles of vector of 6 and of the vector
gy minus the angle of the unit vector

()

P.F., +i (+ VI-P. F.)F.).

The slope of vector gy is 90° since it repre
sents the capacity susceptance of the line
per unit length. Therefore, to obtain this
setting the arm 20 is rotated until its gradu
ated edge is perpendicular to the Zero angle
line 15. This setting is represented by the
clotted line 37 of Fig. 9. From this angle of
so
that
it
is
possible
to
mark
off
the
value
arm
20 must be subtracted the slope of the
unit vector
of
. .. . .
3 5
QXMX2
PF,
When this is done the extremity of the sec Subtraction means that if the slope of unit
ond vector is obtained and furthermore the vector is positive the arm 20 is moved in a O
sum of the two vectors corresponding to the clockwise direction. If the slope of the unit
two vectors of expression (16). Its length vector is, however, negative, then the arn
and direction may be read off from the polar 20 must be rotated in a counterclockwise di
co-ordinate chart 11. This value represents rection. These slopes correspond to power
the ratio of the two vectors e and et and factors at the receiver end of the line and 15
thus shows the vector relation between the practically means that for a lagging power
generator E.M. F. and the receiver E. M. F., factor the arm 20 must be rotated in a
as well as the ratios of the absolute value counterclockwise or positive direction, where
of these quantities. The various operations as for leading power factors it must be ro
described hereinbefore for obtaining this tated in a counterclockwise or negative di
value do not take more than a few minutes rection. The amount of this rotation is ob
and save an enormous amount of calcula tained with the aid of the disc 26, which has
tion. It is possible to perform this opera divisions corresponding to the power fae
tion quickly because the calculator is based tor, as shown in Fig. 2. The unity power
upon the assumption that the real part of factor line is made to coincide with line 37;
disc 26 is now held stationary while arm 20
cosh WZY
is rotated to a new position corresponding
to
the power factor. The new position is
as well as the length of vector (3 are variable shown
by the dotted line 38 of Fig. 9. After
only with the frequency and length of the this setting
is obtained it is necessary to add l. 30
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to the angle of arm 20 the angle of B. This
is obtained exactly as before and needs no
further comment and it is not considered
necessary to discuss this operation any fur
ther. After the arm 20 is set at the right
angle it is merely necessary to scale of the
E. value of the vector represented by the
second term of the right hand member of
expression (17). This scalar value is equal
O

the impedance or 2 per mile for each con

ductor may now be read directly from the
graduations on arm 16. The intersection of
the graduated line of arm 16 with one of

the series of vertical lines 14 which corre

70

spond to the length of line and frequency

of the line gives the end of the vector

cosh WZY.
to the value of
The arm. 20 and disc 26 are now slid along 75
the arm 16 until their pivot represented by
the central point of bushing 23 is directly
over the end of this vector. The arm 20
now moved so that the line 25 perpen 80
The values of Q and M are obtained as be is
to the graduated edge of the arm
fore. The scalar value y may be obtained dicular
20
coincides
the direction of arm 16.
by the aid of another chart which I supply The directionwith
of
arm
will then be that
with the calculator, which chart is labeled of the dotted-line 34 of20 Fig.
8, or perpen
30. This chart is plotted to give the abso dicular to the arm 16. The arm
20 is now 85
lute or scalar value of y for lines of 25, 50 further turned until the proper
or 60 cycles against the ratio of flat spacing factor line thereon coincides with the power
direc
of the conductor in feet to the diameter of tion of arm 16. The new position of arm
the conductor in inches. In this way this.

is then shown by line 36 of Fig. 8. Now
absolute value of y is obtained with the 20
after rotating the disc 26 so that its zero 90
minimum
amount
of
difficulty.
This
chart
25 30 is similar to chart 18 in that it makes use line of the graduations corresponding to
RK coincides with the graduated edge of
of the ratio
S’
arm 20 corresponding to the dotted line 36,
the arm 20 is rotated in a counterclockwise
Dr
direction for the angle equal to RK. The 95
30 directly to obtain an electrical property of value of R has been used heretofore for the
of the point on chart 18. The value
the lines. It is thus unnecessary to use location
of
K
may
read off directly from chart
lengthy formulas nor to use the factor 21cf. 27 for anybegiven
of line and fre
Another chart 31 and table 32 are placed quency. After thislength
setting
is made the 00
for convenience upon the same sheet as the
35 main chart 11. The chart. 31 is a curve con graduated edge of arm 20 is now in its
position for adding the two vectors
necting power factor with the angle of lead correct
the right hand member of expression
or lag. This is merely a sine or cosine curve in(16).
It is now merely necessary to get
as will be readily recognized. The table 32 the length
second vector. This ma 05
gives values of the power factor for the ap be obtainedofbytheobtaining
the value of
40 propriate angles of lead or lag.
charts 28 and 29 for the proper fre
The explanation of the theory of the cal from
and length of line. Then this value
culator being now completed, a short re quency
may
be
multiplied on the slide rule by the
view of the method of operation will now
value of 2, the impedance per unit 10
be described. Consider first the solution of absolute
45 the equation (16). This expression gives length of a single line. This impedance
been noted from the divisions on arm
the numerical ratio between the generator has
16.
The value M may also be readily com
E. M. F. and the receiver E. M. F., as well
and the three factors Q, M and 2 are
as their phase difference. Although the puted
be divided by the power factor of the line 115
ratio as given in expression (16) is that to
between the E. M. F. to neutral in each to obtain the length of the second vector.
this value is obtained a point is made
case, this ratio of course is the same as the When
this value on the graduated edge
ratio between the E. M. F. between lines. opposite
of arm 20 on the base chart 11. This chart
To solve this equation having given the con gives
in polar co-ordinates the length and 120
ditions at the receiver end of the line and
55 the constants of the line such as its resist direction of the ratio which may be imme
diately read off by the aid of the gradua
ance R, the diameter of the conductors D tions.
The angle read off of the base chart
and the spacing of the conductors S, the shows how
much the generated E. M. F.
arm 16 is first turned so that the graduated
the E. M. F. at the receiver end.
center line intersects the point on chart 18 leads
Coming now to equation (17) it is seen 25
which corresponds to the resistance R per that
this equation gives the ratio of the
mile and also to the ratio of the flat spacing
between the conductors in feet to the di vectors corresponding to the current through
ameter of the conductors in inches at the the lines at the generator end to the current
proper frequency. This setting of arm 16 through the lines at the receiver end. The 130
65 is shown in Fig. 7. The absolute value of first term of the right hand member of this

ice
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equation is exactly the same as the first term
in equation (16). Therefore, the setting of
arm 16 and the location of the pivot point
21
is exactly the same as before. The arm
5 20, however, is set differently. Its method
of setting is readily understood with the aid
of Fig. 9. The first setting of arm 20 is
made so that it is perpendicular to the zero
angle line. The position of arm 20 is then
shown by the dotted line 37 of Fig. 9. To
compensate for the angle of lead or lag at
the receiver end it is necessary to rotate the
arm 20 through an angle corresponding to
the angle of lead or lag. This is done with
the aid of disc 26, the zero line of which
is made to coincide with the graduated edge
of arm. 20. The arm 20 is then rotated
through the proper angle, clockwise for an
angle of lead and counterclockwise for an
angle of lag. In the illustration given in
Fig. 9 it is assumed that the load is lag
ging and that the arm 20 has been rotated
in a counterclockwise direction so that its
graduated
edge coincides with the dotted
25
line 38. A further rotation of arm 20 is
then performed in the same way as before,
corresponding to the angle RIS. The final
position of the graduated edge of arm 20
is
then shown by the full line 39. The
30 length of the second vector of expression
(17) must now be scaled off along the arm
20. This numerical value is obtained by
multiplying together the value Q, the
power
factor and the absolute value /, the
35 capacity susceptance per mile of the line,
and dividing by M. The value of y is ob
tained immediately from chart 30 for the
proper frequency of the line and for the
proper value of the ratios
40

45

S'
D7

ceiver E. M. F. is the vector which coin

cides with the zero angle line. The current
at the receiver end of the line may now be
plotted, since the power factor at the re
ceiver end is known. From the directions
of these two vectors representing the re
ceiver E. M. F. and the receiver current,
may be plotted vectors representing the gen
erator E. M. F. and the generator current
from the solutions obtained by the aid of the
calculator. The cosine of the angle between
the vectors representing the current and
E. M. F. at the generator end is then the
power factor at the generator end.
The power at the generator end may S0
easily be obtained as is self evident from
the values at the generator end of the cur

rent, E. M. F., and power factor.
For obtaining the generator current and
E. M. F. for a condition corresponding to

no load at the receiver end, the right hand
member of expression (16) reduces merely
to the first term, since in such a case KW is
zero and the second term vanishes. There

fore
the ratio of the E. M. F. at the gen
erator end to the E. M. F. at the receiver

end is represented by the extremity of the
first vector corresponding to the intersec
tion of the graduated line of arm 16 with
one of the vertical division lines 14.
There is sometimes utilized at the re

ceiver end, a Synchronous condenser for rais
ing the power factor at no load. The syn
chronous condenser must run with a current
lagging by practically 90° to accomplish this
result. To calculate the conditions at the
generator end when such an apparatus is
used, the arm 20 must be set at zero power

to
lagging; that is, while obtaining the
Wale
6g

er
The value of Q is obtained from charts 28
for example the arm 20 is set so that its
and 29. The value of M is the same as be graduated
edge falls, along the center line
fore and is equal to

KW,

..)

of arm 16 but extending in the opposite

00

05

10

direction. When obtaining the value

KV2'
g
After the value of the length of the vector
is obtained by the aid of a slide rule it is the arm 20 extends inr a horizontal direction. Il S
properly pointed off along the graduated
edge of arm. 20. The position of this point To these settings of arm. 20 must be added
corresponds to the position of the end of of course the small angle RK, determined
vector ratio
as before. Furthermore, after the proper
angular setting is obtained, the length of the 120
g
vector to be marked off on arm 20 is in the
y

50

r

The angle by which the current at the gen

60

first instance 2 QM’ and in the second in

stance

yC.
receiver end corresponds to one co-ordinate
M/
of this point, shown as 40 on Fig. 9, and M is equal to
the numerical ratio between them is given
KVA
by the other co-ordinate.
KV2
The power factor at the generator end
may be obtained by assuming that the re where KVA is the kilovolt ampere load on
erator end is leading the current at the

125

L.
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the condenser. This change is necessary,

This leads to

since the value on M came into the formulas

i. eX 3 (21)
ir
and equation (15) is accordingly modified
er
to
See equations (11), (12), and (13). With read i
KVA
d
zero power factor and no watts load, for

for the evaluation of

5

-10-Yxo-i (22)

equation (11) may be substituted:

-)

KVA=lex3xi. (20)
e.

5

Expressions (16) and (17) become

=cosh JZY+10 Mxo-ix2x1xf (23)

used and is being used to a large extent by
engineers desiring to investigate the char
03
acteristics of transmission lines.
=cosh JZY+,-o-i Xy X1X 6. (24) While I have shown in the accompanying
drawings but one embodiment of my inven- 75
The absolute value of the second term of tion,
it is evident that it is not limited there
the right hand member in (23) is MX2XQ, to and
I aim to embrace in the appended
and in (24) is QXy
claims all modifications falling within the
spirit and scope of my invention.
M7
What I claim as new and desire to secure 80
by Letters Patent of the United States, is
as stated heretofore.
1. In a calculator for investigating the
To find the conditions during short cir electrical
characteristics of transmission
cuit of the line, use is made of formula de lines of varying
construction, means for com
veloped by Prof. Kennelly in his "Applica
vectors of proper length and direc 85
tion of Hyperbolic Functions to Electrical bining
to obtain the desired result, compris
Engineering, Problem”, page 16. This for tion
ing a chart, and a plurality of arms coop
mula is as follows:
erating with said chart for scaling of the
lengths of the vectors, the chart being pro
6g
vided
with divisions conforming with re
i = 12 tanh WZY.
sults obtained from evaluating an appro
priate infinite series to a sufficient degree of
accuracy, whereby one of two components of
The absolute value reduces to

and
is

30

40

45

one of the vectors may be immediately de
2. In a calculator for investigating the
tiv3Qia
electrical
characteristics of transmission
To obtain the charging current for no load lines of varying
construction, means for
on the line, use is made of the formula given combining vectors of
proper length and di
on
page
15
of
Prof.
Kennelly's
book
referred
to before. This formula is as follows:
rection to obtain the desired result, com
prising a chart, and a plurality of arms co
. . ..
operating with said chart for scaling of the
g = 12 tanh WZY.
lengths of the vectors, the chart being pro
y
vided with divisions whereby one of two

i |-

50

55

|al.

termined.

100

perpendicular components of one of the vec
tors may be immediately determined. 3. In a calculator for investigating the
electrical characteristics of transmission

05,

It is thus evident that my calculator may plotting the expression cosh WZY compris
be used to obtain ity all of the val- E. a chart having divisions representing
lies required in transmission line calcula the real part of the expansion of
65

0.

The absolute value reduces to
KVQly
- 18 o

-

GE,
of short
E.time,
values
within aAllvery
suchare
as five i
minutes, by anyone who is fairly familiar with

70

lines of varying construction, means for

ZY Z2Y2
2
cosh WZY, or 1+.
4. ---- ---- 115
its operation. A great saving of time re
to a sufficient E. of accuracy
sults when such calculations are to be per evaluated
formed and in fact my calculator has been for varying frequencies and lengths of line,
f7V

2

O
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where Z and Y are vectors representing the of varying construction, means for graphi.
total impedance and capacity susceptance cally solving equations of the form of ex 4.
respectively of one conductor to neutral, pression (17) or its equivalent, comprising
said chart also having additional divisions a graduated chart, an arm for obtaining the
corresponding to resistance per unit length, extremity of the vector cosh WZY on the
and divisions perpendicular to the last men chart, and an arm having graduations for
tioned divisions corresponding to reactance setting it with respect to the first al'm so 5.
per unit length, and an arm pivoted at the
it will be at an angle to the Zero angle
point 10 of the chart co-operating with the that
line corresponding to the angle of vector /
resistance-reactance divisions in such a way ninus the angle of vector

that a slope equal to that of the vector

30

ZY
2

may be given it, whereby the intersecton of
the center line of this arm set at the proper
point on the resistance-reactance divisions
intersects the division line corresponding to
the real part of cosh WZY at the extremity
of this vector. .
4. In a calculator for investigating the
electrical characteristics of transmission
lines of varying construction, means for
graphically solving equations of the form
of expression (16) or its equivalent, com
prising a graduated chart, an arm for ob
taining the extremity of the vector cosh WZY
on the chart, and an arm having gradua
tions for setting it with respect to the first
arm so that it will be at an angle to the Zero
angle line corresponding to the sum of the
angles of vector

P.F., +i (+ V1-P.F.)
and of the vector 2.
5. The combination as set forth in claim

O

4, with means for adding to the angle of
the arm an additional angle corresponding
to the angle whose tangent is the imaginary
part of 3 divided by the real part of 6.
6. In a calculator for investigating the

electrical characteristics of transmission lines
8

ar

K.W.

= cosh WZY--0 K.V. (P.F.)(P.F.) x

or its equivalent where Z and Y are vectors
representing the total impedance and capac
90 ity susceptance respectively of one conductor
to neutral, et and e, are the generator E. M.
F. to neutral vector and receiver E. M. F. to
neutral vector respectively, K. W. is the
load in kilowatts at the receiving end, K. W.
95 is the value of the receiver E. M. F. in kilo
volts, P. F. is the power factor of the load,
(3 is the infinite series
ZY Z2Y2
OO

1+, +, +-------- s

2 is the impedance vector per unit length of

P.F., +i (4.4/i-P.F.)
7. The combination as set forth in claim

6, with means for adding to the angle of
the arm an additional angle corresponding
to the angle whose tangent is the imaginary
part of 6 divided by the real part of {3.
8. The apparatus set forth in claim 4, to
gether with means for adding to the angle
of the second mentioned arm an additional
angle corresponding to the angle whose tan
gent is the imaginary part of 6 divided by
the real part of 6 and a second chart giving
the value of the angle whose tangent is the
imaginary part of 3 divided by the real part
of 6 and by R, for any given length of line
and frequency.
9. The apparatus set forth in claim 6, to
gether with means for adding to the angle
of the second mentioned arm an additional
angle corresponding to the angle whose tan
gent is the imaginary part of 8 divided by
the real part (8 and a second chart giving the
value of the angle whose tangent is the imag
inary part of 6 divided by the real part of g
and by R, for any given length of line and
frequency.
10. In a calculator for investigating the
electrical characteristics of transmission
lines, of varying construction, means for
Solving graphically expressions of the type

60

65

O

75

80

P.F., +i (i. Ji-PF)x 2x1 x f,
of the line, comprising a chart having divi
sions representing the real part of the ex
pansion corresponding to

cosh WZY, or 1.2.2
evaluated to a sufficient degree of accuracy
for varying frequency and length of line,
said chart also having additional divisions
corresponding to resistance per unit length,
and divisions perpendicular to the last men
tioned divisions corresponding to reactance
per unit length, an arm pivoted at tine point

one conductor to neutral, and 1 is the length 1.0 of the chart cooperating with the resist

05

110
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center
line resistance-reactance
of this arm set at thedivisions
proper
ance-reactance divisions in such a way that a the
point
on
the
slope equal to that of the vector

60

intersects the division line corresponding to
the real part of
ZY
2
65
cosh WZY,
may be given it, whereby the intersection of
the center line of this arm set at the proper at the extremity of this vector, and another
arm having graduations for setting it with
point on the
the division
resistance-reactance
divisions
intersects
line
corresponding
to
respect to the first arm so that it will be at 70
O the real part of
an the
angleangle
to theofzero
angleminus
line the
Egy
to
vectory
angle o
cosh WZY
vector
at the extremity of this vector, and another
arm having graduations for setting it with
75
P.F.--i (t Ji-PF)
5
respect to the first arm so that it will be at

an angle to the zero angle line corresponding 14. The combination as set forth in claim
to the sum of the angles of vector
13, with means for adding to the angle of the
second arm an additional angle correspond
ing to the angle whose tangent is the imagi 80
20
nary part of B divided by the real part of 8.
and of the vector 2.
15. The FE set forth in claim. 13,
11. The combination as set forth in claim together
with means for adding to the angle
10, with means for adding to the angle of the of the second
mentioned arm an additional
second arm an additional angle correspond
25 ing to the angle whose tangent is the imagi angle.corresponding to the angle whose tan 85
is the imaginary part of B divided by
nary part of 3 divided by the real part of 9. gent
the real part of 3
second chart cooper
12. In combination the apparatus set forth ating with said means giving the value of
in claim 10, together with means for adding the angle whose tangent is the imaginary
30 to the angle of the second mentioned arm an art of 8 divided by the real part of 8 and 90
additional angle corresponding to the angle y R, for any given length of line and fre
whose tangent is the imaginary F: of B quency.
divided by the real part of B and a second 16. In a calculator, a chart, having divi
chart giving the value of the angle whose sions
plotted in accordance with polar coor
tangent is the imaginary part of 3 divided dinates,
arm pivoted at a point away
35
by the real part of B and by R, for any given from theanorigin
of the chart, and another
length
of
line
and
frequency.
arm
the
pivot
of
which is slidable along the
13. In a calculator for investigating the first arm.
.
electrical characteristics of transmission 17. In a calculator, a chart
having divi
0. lines of varying construction, means for solv sions plotted in accordance with polar co 00
ing
graphically
of the
type of ordinates, an arm pivoted at the point away
expression
(17y orexpressions
its equivalent,
comprising
the origin of the chart, and another
a chart having divisions representing the from
arm
the
of which is slidable along the
real part of the expansion corresponding to first arm,pivot
provided with graduations for set
ting it at any angle with respect to the first

cosh WZY or 1+2+2+ is a

a

ZY
2

luay be given it, whereby the intersection of

,

18. In a calculator, a chart having divi

plotted in accordance with polar coordi
said chart also having additional divisions sions
an arm pivoted at the point away from
corresponding to resistance per unit length nates,
50 and divisions perpendicular to the last named the origin of the chart, another arm the
of which is slidable along the first arm,
divisions corresponding to reactance per unit pivot
with graduations for setting it at
length, an arm pivoted at the point 10 of the provided
any
angle
with respect to the first arm, and
chart
cooperating
witha way
the resistance-react
a graduated member pivoted at the same
ance
divisions
in
such
that
slope
equal
point as the second arm.
55
to that of the vector

05

8.

In witness whereof, I have hereunto set

my hand this 6th day of June, 1921.

EDITH CLARKE,

10 .
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