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1

FUNCTION GENERATOR FOR LINEAR
INTERPOLATION

This invention relates to generators of functions having
several (particularly two) variables, using linear interpolation.

French Pat. No. 1,537,798, filed July 10, 1967 by the Com-
missariat a 'Energie Atomique and delivered July 22, 1968,
describes a device constituted by a function generator com-
prising, in combination, a number n, at least equal to three, of
channels fed by voltages, variable or constant, proportional to
the n input magnitudes, at least two of these channels compris-
ing a function unit, a comparator receiving the voltages of (n
—1) of these channels (voltages taken downstream or at the
output of the function units which may be disposed in these
channels), a storage device connected to the n™ channel,
downstream or at the output of the function unit necessarily
disposed in this channel, for storing the instantaneous value
which is transmitted to it by this n** channel, in response to an
order delivered by the comparator when this comparator finds
that the algebraic sum of the voltages which arrive at it by the
first (n — 1) channels has reached a determined value, in par-
ticular the value zero, means for transmitting the content of
the storage device and means for resetting this device and the
function units to their initial conditions.

In a particular embodiment, the device of the above men-
tioned French Pat. No. 1,537,798 comprises an integrator as
function unit in the second channel, on the one hand, and the
third channel, on the other hand, whereas the first channel
does not comprise any function unit.

The present invention relates to improvements to the above
mentioned device, in particular according to the particular
embodiment specified above, these improvements having the
object of realizing a function generator which permits an
analogue magnitude of two or more than two variables to be
obtained by linear interpolation, the precision of the generator
being limited only by the error of interpolation of the function,
having two or more than two variables, to be generated, for
the error due to the device according to the above-mentioned
French Pat. No. 1,537,798 is less than the interpolation error
(except if the number of points of reference for the interpola-
tion is very high, which is not very practical). The principal
limitation, in order to guarantee correct operation of the
generator of a function of two or more than two variables ac-
cording to the invention, is the requirement imposed by the
device according to the above-mentioned French Pat. No.
1,537,798 which this function generator comprises, namely
the slow evolution of the variables in time.

It is recalled that the generators of functions having two
variables, at present available on the market, are of the pot-
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rality of distributed, accessible points, a cursor realizing the
interpolation between two points; the pass band of such
known generators is limited to a few cycles per second by the
mechanical system on the input which determines the position
of the cursor.

The invention will be able to be well understood from the
following complementary description, as well as the accom-
panying drawings, which complementary description and
drawings are given merely by way of example.

In the drawings:

FIGS. 1 and 2 represent two graphs of linear interpolation;

FIGS. 3 and 4 represent, in the form of function blocks, two
ensembles used in a generator according to the invention,
namely respectively an integrator with an unblocking gate and
a device according to the above-mentioned French Pat. No.
1,537,798;

FIGS. 5 and 6 illustrate, in the form of function blocks, an
interpolator respectively for one and several segments con-
structed from the ensembles according to FIGS. 3and 4,

FIGS. 7 and 8 illustrate similarly the devices to be added to
the interpolator of FIG. 6 in order to constitute a generator of
functions of two variables, provided with the improvements
according to this invention;

FIGS. 9, 10 and 11 represent the curves or graphs showing
the evolution of a particular function of two variables, namely
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of the density of carbon dioxide as a function of its tempera-
ture and of its pressure; and

FIG. 12 illustrates the device to be added to the interpolator
of FIG. 6 in order to constitute a particular function generator
according to the invention adapted for the generation of the
particular function mentioned above represented by the
curves of FIGS. 9to 11.

The use of the integrators Ry, Rs, the comparator C, the
memory M and the reset means Q, is described in the above-
mentioned French Pat. No. 1,537,798. Each integrator is con-
stituted by an analogue amplifier mounted in parallel with a
condenser F, and F,. Means for resetting Q to zero comprise
the discharge of each condenser F; and F, by associated
transistors T, and T, (FET), illustrated in FIG. 7 of this French
patent. The memory M is constituted by a low-loss capacita-
tor. The comparator C is an open-loop gain amplifier. The use
of these elements in the present invention will be clear from
the description below in conjunction with the drawings.

Before explaining the invention in detail, the mathematical
expression of a linearly interpolated function will be studied.

Let z:be a (general) function of two variables x and y, and
let there by (n+1) (particular) functions, in the plane defined
by z and x, for (n +1) particular values of y: Yo, y1,--:¥1— 1, ¥o»
¥+ 15 .- Yn, these functions being noted:

(2= (%, Y)

(@=f(x,5)

(za=F(x, ya)

If it is wished to interpolate the function y between two
values y; and yc+; of the variable y for a value x, of the variable
x, and if the function z(x,, y) is called 2(y), the following rela-
tionships will be true, as visible directly on FIG. 1:

a. whatever be y such that y,<<y<<ys;.

2y=2H—ydga
) Zit1 2
Yirr— Ui
b. whatever be y such that y— < y=Cy;:

_ z(y)?zr‘l(y—)’i)tgﬂ
2(y) =z + (y—ps) 221

z2(y) =z (y—u:

—Ri~1
Yi—Yi1

c. more generally, in order to specxfy z(y) by means of a sin-
gle formula, whatever be y such that y—, <Xy <<y, the
unit function of Heaviside y (y — ») multiplied by the
term (y—y)(tgB—tbB) will be used in order to reahze
the change of slope of the function z(y), which will give:.

2(y) =21+ (y—u:) tg B

+(y—u:) (tg a—tg B) Y (y—vs
that is to say g (y—v»),

2(y) =21+ (y— y.)y——;—-’;
212 2i—%i
+|:yi+1—yi ](y )Y (y—y1)

d. more generally still, by taking one more segment of + 1
(the segment for which y is comprised between y ,—, and
¥i—1), the result will be, whatever be i—2 Sy\y,ﬁ - 2( y) =
2 2+(}’_}"2)th+()’_)/1 1)(th—tbv) Yoyt
O—ytga—tgB'Y°y—

which is written

=2 g, BTl T A2
2(y) =22t (Y—¥i2) = —
TRi-1 _ Rim1— 25—
+(y—yi-1) [y TR R—— ]Y(y Yi-1)
i+1 —Zi—1
+(y— y)ryﬂ__ ]Y(y Yi)

e. in the most general manner, by extending the domain of -
the variable y to the complete domain envisaged, that is
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to say for all y’s such that Y,<<y=<<y,, the relationship will
be: )

212
2(y) =zo+ (Y—¥yo) ———=
(y) =2+ (y y)yl_yo
10
Ei+_1‘“_f‘i__ 2:-1] y
+23 — (y—v)Y (y—y;

In the particular case where the function z( y) is only
defined for y such that 0=Sy=<y, and where z,= 0 (FIG. 2),
the relationship can be written:

— 2i-+1 2:—1
z(y)-jz_ [2=h Azt gy v (ua),
—1

Y1
(1)

In order to realize the linear interpolation of z(y), it is suffi-
cient to generate a function of time having the aspect of the
broken line with successive ramps of FIG. 2, to make cor-
respond to each y; of the interval envisaged at time ¢, given by
t;=k y; (k being a constant) and to sample, in a memory ele-
ment (with a device of the type forming the subject matter of
French Pat. No. 1,537,798 and illustrated in FIG. 4 of the ac-
companying drawings). The value of the voltage (which
represents z) corresponding to the time ¢t = k y, y being the
value of the variable indicated during the measurement.

It suffices to repeat the operation in time, the output mag-
nitude V, then representing z(y) = z(x,, ¥)-

If

Yi—

by puttlng

&1 2i—Zi~1
[P e M e
Yi—Yi-1

Yit1Yi (2)

it is a question of generating a succession of ramps such that

E(y ?/n)Y(?/ yx)—-)E Y(t_t)

This is realized, in the case of this i mvennon, by an ensemble
illustrated in FIG. 3 and comprising in series an electronic in-
terrupter or gate P and an integrator R of time constant -k, of
known type, the integrator being unblocked by the “closing”
of the gate (which switches into the pass state) from the in-
stant ¢ = t;, the input of this ensemble at A being the voltage —
E;and the output at S the voltage

Eit—;t-‘Y(t——ti).

If this integrator R, of time constant &, has not one input (as
illustrated in FIG. 3), but n inputs, each unblocked by a gate at
the instant indicated in the table herebelow and fed respec-
tively by the voltage indicated on the same line of the table

Instant of Input

unblocking  voltage
t=0 —E,

t=h —E1
=t SR
t=t. ~E,

the output voltage will be of the form

ZiZ:;—Eit—mkﬁ Y(t—t) (3)

this formula (3) being identical with (1), when account is
_taken of (2) and that the indices i and j are dummy indices.
The interpolation can thus be realized by means of a par-
_ticular device according to the above mentioned French Pat.
No. 1,537,798 having two integrators, one in the second chan-
nel and the other in the third channel, namely of the ‘“multipli-
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FIG., the designation is as follows:
A,, A,, A, the three inputs;

4

R;, R; the integrators of the channels L, and L,

C the comparator of the outputs of the channels L, and Ly;

M the device for memorizing or storing the output of the
channel L;, when the comparator C detects the equality
of the outputsof L, and L,;

Q the device for resetting to zero, or to the initial state, the
integrators R, and R; also in response to the detection of
this equality; and

V, the output voltage of M, that is to say the stored mag-
nitude.

Supposing that the two integrators R, and R, have the same
time constant 7, by applying to the three inputs A;, A,, Ag
respectively the voltages V(y)=Ky,— ¥V, and — E; (K being a
constant), the outputs of the channels L,, L,, L; will be respec-
tively

13

t
Ky, V1 ;: E,;

the comparator C triggering the storing at the instant ¢, of

V)

to__ 7
V,——Ei-;—E, v,

for at the instant

t=t,, Vl (output of L;) =V (y) (output of L;).
Hence
_EiKy_
V= 2
Thus the voltage '
Bl
is sampled at the instant when the comparator C triggers
_ir be __Vw LKy
V(y)—VIT -—)to—'f Vl Vl

and this voltage which constitutes V, is stored or memorized,
the device M then resetting to zero the integrators R, and Ry,
which permits the cycle to begin again. (A complementary ex-
planation regarding the circuitry and the operation of the
generator of FIG. 4 is given in the above mentioned French
Pat. No. 1,537,798)

In order to realize an interpolator, it is approprlate to modi-
fy slightly the schematic diagram of FIG. 4, taking into ac-
count the circuit of FIG. 3.

First, let us consider the realization of an elementary inter-
polator for a single straight line segment. In this case, the cir-
cuit is the one shown in FIG. 5, which differs from the one
shown in FIG. 4 by the use of a second comparator C;, com-
paring the output of the channel L, with the output of a ““first”
supplementary channel L, having an input A,, and of an elec-
tronic gate P;, disposed in the channel L; upstream of R; and
closed under the control of C; when C; detects the equality of
the outputs of L, and L, the P; ~R; ensemble being the one
discussed above with reference to FIG. 3.

The triggering of C; takes place when t =t ;, which closes P;,
whereas the triggering of C always takes place when t =1,

Finally,

=B E Yt —t) 2Ve=Eiy—1) Y (=)

In order to sxmpllfy FIG. 5, the device Q for resetting to zero
of FIG. 4 has not been shown, but of course this device exists
in the real circuit.

In FIG. 6 (in which, by contrast, the device Q for resetting
the integrators to zero has been shown), a linear interpolator
for n straight line segments is illustrated. This interpolator
comprises n ensembles of the comparator-gate type, each
comparator C,, D,, C;,...C,, comparing the output of L, with
the output of a particular channel L'}, L’,, L's,...L’, receiving ~
the input voltage V(y;) =K y1, V(32) = K s, V(y3) =K 33,..:¥3)
=K y, respectively and closing the associated gate P,, P,,
P.....P., which is placed in a channel 1.”". T, T/ 1"
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and feeding an integrator Ry, having (n + 1) inputs (which
replaces the integrator R, having one input) at the same time
as a channel L”', without gate to which is applied the input
voltage —E,. It is supposed that V, and V(y;) are of the same
sign.

Let 7, be the time constant of the integrator R, and 7, that of
the integrator Ry, the comparator C is triggered at the instant

Vi)

t==tf,=1 v,

whereas the comparators C,, C,,... C, will be triggered by : =
4, t = b,.. t =1, when it will close the associated gate P,,
P,,...P,. The device Q for resetting to zero will be actuated by
the comparator C.

At the output of the integrator Ry, the voltage will be

L t—1;
> E—Y(t—-t),
i=o T
hence

L
V5= E ;E, 2
i=o0

- by (to—t) =2V,

=%Z Ey—y)Y(y—w)

i=o0

In order to construct, from the interpolator of FIG. 6, a
generator of a function having two variables, it is sufficient to
provide means for making the input magnitudes E; of the in-
terpolator vary as a function of X.

Now

2i—&i~1

Ei=zi+l_2i_
Yi—Yi-1

Yir1—Yi
in which formula z;=z(X,, ).
If x, evolves, z;=z(x,=y;) and E; is a function of x. )
In the most general case, a generator of the type illustrated
in FIG. 7 can be realized for each E;, comprising: :
three segment function generators G,, G, and G; generating
respectively zrty, zi and zi— from the common input mag-
nitude x:

two differential amplifiers D;, D, deducing the input
marked —1 from the input marked +1; the first is fed by
the output of G, applied at +1 and the output of G, ap-
plied at —1 and the second by the output of G, applied at
+1 and the output of G; applied at —1; :

two dividers or quotientmeters H,, H, dividing the outputs

(differences concerning x) of D, and D, respectively by
the corresponding differences concerning y; and

a differential amplifier G whose input +1 receives the out-

put of H; and whose input —1 receives the output of H,,
and which delivers E;.

If {(n + 1) units of the type illustrated in FIG. 7 generating
respectively E,, E,, E,, E,... E, are disposed upstream of the
(n+ 1 )inputs so marked of the device of FIG. 6, there is finally
obtained a generator of a function z of two variables x, y real-
ized according to the invention.

In the case where the function z is fixed, it can be ad-
vantageous to generate directly, by segment generators G,, the
terms N N

2(z,yi+1) —2(z,y:)
Yir1—¥i

and to subtract them two by two in differential amplifiers H, as
illustrated in FIG. 8, constituting a variant of (n + 1) ensem-
bles according to FIG. 7.

It is this solution which has been used in the particular func-
tion generator intended to generate (as the function) the volu-
mic mass of carbonic gas as a function of the temperature and
of the pressure to which it is subjected, which will be discussed
hereafter with reference to FIGS. 9 to 12, as an example of a
practical application of this invention.
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Let r=f (T, p) be the volumic mass r of the carbonic gas as
a function of its temperature 7T and of its pressure P. When the
input magnitudes T and p vary slowly in time (for example the
maximum gradient of temperature reaches 500° C. per
minute), as in a nuclear reactor cooled by circulation of car-
bonic gas in closed circuit, r can be calculated by putting the
invention into practice with more than five samplings per
second.

In FIGS. 9 and 10 have been shown the variations of r
respectively when 7 varies from 40° C. to 700° C. (for several
values of p) and when p varies from 0 to 80 bars (for several
values of T).

Functions (7, p;) have been chosen such that, in a useful
region 200° C=< T'=<700° C., the error of linear interpolation
does not exceed 0.2 percent both for the variable T and for the
interpolation between p; and pity; this inperative determines
five functions (T, p;}, namely for

p1="1Dbars

Pp>=19 bars
p3=135 bars
Pps=155 bars
ps= 18 bars

represented by the five curves of FIG. 9, each constituted in
fact by 18 straight line segments.

Five function generators of the type G, of FIG. 8 give
directly the terms of the type

i1 "
Pit1—Pi (7
which occur in the formula of the linear interpolation and
whose variations are represented on FIG. 11 (to clarify this
FIG. only the two extreme curves have been traced entirely).
From the above mentioned terms, five terms are obtained of
the type
="
Pit1—Pi

Ti—Ti—1
Pi—Pi~1

by means of a circuit having four differential amplifiers H,, il-
lustrated in FIG. 12, whose five inputs are fed as indicated
above by five function generators of the type G, (FIG. 8) and
whose five outputs are delivered to an interpolator of the type
illustrated in FIG. 6, in which the index n is equal to 4.

The combination of these five generators, of the circuit of
FIG. 12, whose five inputs are connected each to the output of
one of these generators, and of the circuit of FIG. 6 when n =
4 constitutes the overall generator of the function r = f (T, p)
for carbonic gas.

So far, the description has been limited to the generation of
a function of two variables.

The invention is also applicable to the realization of a
generator of a function having three variables.

Indeed, in order to generate a function z(x, y, u) of three
variables x, y, u, a first generator of a function having two vari-
ables (x, y) of the type described previously (constituted by .
the combination of the circuit of FIG. 8 and the circuit of FIG.
6 fed by the outputs of the circuit of FIG. 8) permits

z2={(x, y, u,) which is noted z,, to be obtained for a particu-

lar value u, of u;
other generators of a function having two variables (x, y) of
the same type (FIG. 8 +FIG. 6) permit

z(x,y,u,), noted z;, foru=u,

z(x,y, uz), noted z,, foru=u,

2(x,y, uy), noted z,, foru=u,
to be obtained.

The function z(x, y, u) is obtained on an interpolator of the
type illustrated in FIG. 8 performing the interpolation on the
variable u which varies between u, and u,,.

The number of circuits necessary for the realization of the
complete generator of the function having three variables can
be very great, above all in the case where there is a great
number of points between which it is necessary to interpolate.
Nevertheless, it is rare that a function must be interpolated on
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a great number of points with respect to all the variables; it
can thus be arranged to realize the interpolation which
requires the fewest points in the last place.

It is thus seen that the invention permits the realization of a
generator adapted to calculate functions of two or more than
two variables, which presents, with respect to the function
generators already existant, numerous advantages, in particu-
lar the following:

First of all its precision is only limited by the error of inter-

polation of the function to be generated.
The generator can be realized from standard units (am-

plifiers, integrators, comparators, €tc.) easily available on the
market.

One can pass very easily from the calculation of one func-
tion to another.

Although the present invention has been described with
specific reference to particular examples, it is clear that the in-
vention should not be so limited, since various modifications
and changes can be made without departing from the scope or
spirit of this invention. '

Iclaim:

1. A generator of a function z (x, y) of at least two variables
x,y, which comprises in combination:

a linear interpolator of a function of y for the field of values

Yo» P1» Yas -+ ¥ur-Of ¥, constituted by:

a first channel (1,) comprising an integrator and supplied
with a negative supply voltage,

a second channel (L,) comprising an integrator and sup-
plied with a negative supply voltage;

n other channels (L', L',, L'5,—L",), called direct input
channels, supplied by voltages k y,, k y,, & Yk Yy
respectively:

n other channels (L"',, L'";, L""3,—L"",), called indirect
input channels and comprising a gate (Py, Py, 3—Pn)s

a last channel (L"’,) of indirect input without a gate;

each of said channels having an input and at least one out-
let;

a first comparator comparing the voltage at the output of
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8

the first channel (L) with the voltage at the output of the
second channel (L,) and emitting a signal of equality
when these two voltages are equal; :

n other comparators (C;, Ca, C3,—C,) each comparing the
voltage at the output of the second channel (L.) with the
voltage at the output of one of the n direct input channels
(L';, L%, L's,—L",) to open a gate (P, Py, P,,—P,)inone
of the n indirect input channels (L"',, L"'5, L"4~L",)in
response to a signal of equality emitted by itself;

an integrator with (n+ 1) inputs, receiving the outputs of (n
+ 1) indirect input channels constituted by the said n
channels with gate (L'*,, L"'s, L"'3,—L""y) and said last
channel (L",) without gate, and with one output;

a storage unit connected to the-output of the integrator with
(n+ 1) channels and storing the value received under the
control of the signal of equality emitted by said first com-
parator; and

means for resetting to zero the integrators in response to the
signal of equality emitted by said first comparator; and, a
system constituted by generators of a function by seg-
ments, of a variable (G, G,, Ga; G.) with an input receiv-
ing each x and an output and differential amplifiers (D,
D,; H,) with two inputs and an output, each of said dif-
ferential amplifiers receiving at its two inputs the outputs
of two such generators of successive ranks, this system
supplying the inputs of (N + 1) indirect input channels
(L",, L, L"yL",... =L",) of said linear interpolator.

2. A generator of a function of two variables according to

claim 1, wherein said system further comprises dividers
adapted to divide the output voltage of each differential am-
plifier by the difference concerning one of the variables,
whereas the differential amplifiers are adapted to operate on
the difference concerning the other variable.

3. A generator of a function of two variables according to

claim 1, wherein in said system the differential amplifiers are
adapted to operate directly on the differences concerning the

two variables.



