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My invention relates to artificial networks
which ‘depend essentially on frequency, such
networks, for example, as filters, distortion and
other correction lines and circuits, simulating

§ circuits and the like, and also to methods of
designing the same. In particular, the invention,
though not restricted thereto, relates to artificial
networks having mutual inductances.

An artificial network, as the term is used in
the art, is a network designed to attain, or ap-
proximate to, predetermined frequency char-
acteristics. For example, a network which imi-

10

tates the impedance of a given long line or a -

combination of lines is an artificial network be-
cause it is designed to approximate to the fre-
quency characteristics of the long line or the com-
bination of lines. An attenuation-correction cir-
cuit or a phase-correction circuit is an artificial
network because it produces the desired attenua-
20 tion or phase correction as a function of fre-
quency.
In the case of a filter, let it be assumed, for

example, that it is desired to have zero attenua-~

tion in the transmission ranges and infinite
25 attenuation in the attenuating ranges. It is im-
possible, usually, to attain the ideal conditions
exactly, but a filter that will attain or approxi-
mate to the desired frequency characteristics is
an artificial network.

An object of the invention is to provide a
new and improved method of designing circuits
equivalent to other circuits.

A further object is to improve upon lines and
circuits of the above-described character with
the end in view of improving their efficiency and
field of utility and reducing thelr cost of manu-
facture.

Another object is to provide a new and im-
proved coupling of inductances in the said cir-
cuits and, in particular, tight coupling.

Other and further objects will be explained
hereinafter and pointed out in the appended
claims, it being understood that I intend to claim
all the novelty that my invention may possess.

The invention will now be explained in con-
nection with the accompanying drawings, in
which Fig. 1 is a diagrammatic view of a canoni-
- cal form of a general, four-terminal network
~without resistances; ¥Fig. 2 is a similar view of a
network that is reciprocal or inverse to the net-
work of Fig. 1, the coils being mutually in-
ductively related; Fig. 3 is a similar view of a
network all the mutual inductances of which are
tightly coupled; Fig. 4 is a diagram of a canoni-
cal form of a four-terminal network having in-
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ductance, capacity and resistance; Fig. 5 is a
didgrammatic view of a canonical form of a two-
terminal network, all the coils being mutually in-

ductively related; Fig. 6 is a view of a network:

reciprocal or inverse to Fig. 5; Fig. 7 is a view
of a two-terminal network having impedances
with mutual inductances; Fig. 8 is a diagram-
matic view of a wave-filter circuit; Fig. 9 is a
corresponding view of a network which con-
stitutes «n improvement over the network of
Pig. 8; Fig. 10 is a diagram for aiding the under-
standing of the invention; Fig. 11 is a diagram-
matic view of a.reactive four-terminal network;
Figs. 12 and 13 are similar views of two-terminal
portions that may be embodied in Fig. 11; Fig,
14 is a view of a network equivalent to Fig. 11
and having mutual inductance; Figs. 15 and 16
are views of two-terminal portions that may be
embodied in Fig. 11 alternatively to the portions
illustrated in Figs. 12 and 13, respectively; Figs.
17 and 18 -are views of networks, with mutual
inductanee, each equivalent to the network of
Fig. 11 when the latter embodies the two-terminal
portions illustrated in Figs. 15 and 16, Fig., 17
being a special case of Fig. 14; and Figs. 19 and
20 are views of two equivalent phase-compensat-
ing networks, Fig. 20 affording also a numerical
example illustrative of the invention.

Some of the terminology hereinafter employed
will first be explained in connection with Fig. 10,
showing a general, two-terminal network con-
taining two meshes, the terminals being indi-

cated at 1, 1. The invention, of course, is general,"

and is not restricted either to two-terminal net-
works or to networks having two meshes, but this
simple case will serve for illustrative purposes.

The first mesh of the network of Fig, 10 is
shown provided with series-arranged inductance
3, resistance 4, and capacitance 5. The induc-
tance 3 has a value Li, the resistance 4 has a
value R; and the capacitance 5 has an inverse or
reciprocal value Di.

In the second mesh, similarly, there is induc-
tance 6, resistance 7 and capacitance 8, denoted
by L3, Rs and D3, which symbols represent also
the values“of the inductance and the resistance
and the inverse or reciprocal value of the capaci-
tance in the said second mesh.

A branch between the two meshes is 111ustrated
as having inductance 9, resistance 10 and capaci-
“tance 11, and having, respectively, the values L2,
Rz and the reciprocal of Da.

The value of the mutual inductance between
the inductance L: and L. will be represented by
Miz; that between the inductance L; and Lg by
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Mos; and that between the inductance L: aud Ls
by Mis.

The current flowing in the first mesh will be

denoted by I1 and that in the second mesh by I=.
The voltage across the two terminals 1, 1 wili be
referred to as Ei. The driving-point impedance
2, then, will be
=1
It will be useful to use also the following sym-
bols, which relate to meshes as the Lu, Lz, . ..

relate to branches:

Lai=Iu+4-L2+2Mi2
Tos=Ta--Li+2Mos
Li2=L2-}Mi2+Miz+Mas
Ru=Ri1+Raz
Ra2=Ra+Ra

Riz=Ra2

D1n=01+4Dz2
Das=Da+Ds3

Die=Da2

Similar symbols will be used for more compli-

cated artificial networks having a larger number
of meshes, The complex currents flowing in the
successive meshes

I, IT, I, .
will be denoted by
01,12, 15 ... In,

respectively. The inductances and the mutual
inductances between the meshes s and £ will be
denoted by Ist. Thus, the symbol for the induc-
tances and the mutual inductances between the
first and second meshes will be represented by
TIn2. ‘The corresponding resistance will be de-
noted by Rst and the corresponding reciprocal or
inverse capacity by Dst. The pulsatance will be
represented, as usual, by w, where

w=2nrf
f, being the frequency of the electromotive force
in the first mesh. The following customary ab-
breviation will also be used:
' A=jw
where

[—1.

A very brief outline of the theory of equivalence
will now be given. For a fuller discussion, refer-
ence may be had to my paper, entitled -“Eine
Klasse von Funktionen, die die Sheltjesschen
Kettenbruche als Sonderfall enthalt”, in Jahres-
bericht der deutschen Mathematikervereinigung,
1929.

A general passive network of the character

heretofore described, with n independent meshes, -

is determined, in the steady state, by the follow-
ing equations:

An In+-Az Iz+A13 In+ . +Aln In=—=E1
Az T14-Ags Tat+Az I3+ . . . A2 In=0.
Ani Tit-Am 1-.»+A,.3 Tt ... +An In=0,
where o ' '
Ay=A;=Nlg+ Ry;+N"1D,
Let : .
Ay A A ... Ay
Ay Az Ap .. . Ay
8= . .cn s
A'-f "By Bm e oo Aus

1,058,742

and
Ay Ay . Aoy
Ap Ag . Az
BI1T" s ¢ o o o
...... 80
A Am . Ay .
Then the driving-point impedance for the first
" mesh is ‘
E] — _i_
I1 a1 . 85
Two networks are said to be equivalent when
they have the same exterior efficiency as func-
tions of frequency, irrespective of what might be
the case interiorly.

A circuit is a canonical circuit for a certain 90
kind of network if it can be made equivalent to
all circuits of this kind by suitable choice of the
size of its elements.

More especially, two-terminal networks are
equivalent if they have the same driving-peint- 95 -
impedance functions of frequency. ’

For getting equivalent circuits, it is desired to
transform the quadratic form .

+ 100
EAMXBX!,
8, £=1
where zs and xt are any variables, by the affine,
real transformation: 105
T1=%x1"
Fo=—and1’ +azede’ +a3®3’+ . . . +oaznZn’
T3—andi’ +azre’ +o33r3’+ ... “-a3nn’
S 110
In=an1T1 +anzx2 tan3zs’ -+ . . . annla’
where 25’ is likewise any vanable, and where ost
is an arbitrary, real constant. Then
" n n 115
Z Agxox,= Alyx' %',
s, t=1 s, t=1 _
and :
n n 120
2 Aatxaxtz E Alatx’axl i
t=2 s, t=2
The new coefficients A’st, where 125

A al—XL,Bt'i‘R sl+>\ lD’st
thus represent a new network, having new in-
ductances L’st, new resistances R’st and new re-
ciprocal capacities D’st. The new -coefficients
may be calculated by known algebraic methods 130
such, for example, as the mult:plication of

matrices. _
A:n A:m A:u . e A:l,,
Algg .. . Alg,
a’'= A.'Z.l . .A.zz. . B : =aa?, 136
A Ay Alug .o Alpy
where :
gz @3 . Olgn
La= o3z Q33 . Q3n #0; 140
. 2 On3 Ctnn|
and similarly,
. A:zz Ajza .. A:g,, :
alu= Algg Al . .. A3"=aua2, . 145
. A'n2 A'na A’,,,.
whence it follows that
2 _a_,
a';x—au _ ISQ
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The new network represented by the coefficients
A’st, therefore, has the same driving-point im-
pedance z in the first mesh thereof, The new

"network is therefore one equivalent of the origi-

nal network. .

An important fact to be noticed is that, in the
new network, as in the original network, the
quadratic form .

. n
E Latxaxt;
) s, t=1
representing the energy of the coils;
n
Rstxsxu
s, t=1
representing Joule’s heat; and
" oa
Dxtxaxh
s, t=1

representing the energy of the capacities, satisfy
the necessary conditions that they be positive
definite.

It follows that the above group of linear trans-
formations fundamentally determines the theory
of equivalence of driving-point impedances. The

.theory includes, for example, as a special case,

the discussion of the driving-point impedances
of two-mesh circuits considered by Foster in the
Bell System Technical Journal, 1924, and by me
in Archiv fur Elektrotechnik, 1926. As will be
clear by reference to my paper entitled, “Unter-
suchungen iiber ein Problem, das drei positiv
definite quadratische Formen mit Streckenkom-
plexen in Beziehung setzt”, in Mathematische
Annalen, Band 105, Heft 1, 1931, indeed, the com-
plete theory is somewhat more complicated.
This is particularly because the above-given nec-
essary conditions for the resistances and ca-
pacities are not sufficient, for there is no such
thing possible physically as a mutual resistance
and a mutual capacity, with the result that the
transformed network is not always immediately
capable of physical realization in the precise form
determined by the linear transformation. This
exception, however, is more apparent than real,
because it is possible, as is also explained in my
said paper, to produce an actual, physical net-
work in all cases,—even the cases mentioned of
mutual resistances and capacities,—by suitable
further modification and Ainterpretation. With
this explanation, therefore, it will be understood
that the theory is perfectly general. The very
fact that there are no physical mutual resistances
and capacities, on the other hand, emphasizes
the Importance of those cases involving the use
of mutual inductances. There are other compli-
cations also, particularly in the case where all
three kinds of impedances, namely, inductance,
capacitance and resistance, are found in the net-
work.

It will be obvious that to every network there
correspond a large number of equivalent net-
works. Some of these have special properties
that make them more advantageous for use in
particular cases than others. For example, if
some of the coefficients are zero, the correspond-
ing network will have a fewer number of ele-
ments, such as inductances, capacitances, or re-
sistances. In particular, it is possible to choose
a network equivalent to some other network and

3

that shall have the minimum number of elements.
This result may be obtained by the same linear-
transformation method, as before described, and
is similar to the well-known method for reduc-

ing two quadratiec forms, by means of a general 80
linear transformation, to a sum of squares. As -
an illustration, let the following linear trans-
formation be applied to a four-terminal network
in which I; is the current at the input terminals
1, 1 and Ir at the output terminals 2, 2. 'This 86
network is to be perfectly general except that it
is to have no resistances:
T1=x1"
Ta=2x2" . )
T3=anlr’ +a32®2’ w333’ -+ . . . tasnln’ 90
Te=ault’ +as2l2’ +oaa3ls’ + - o toasnTa’
a::;:ar;l:m’—l—unz.’rz’—{-ansmz'—i— .o . F‘annla’
Any given pair of matrices (Lst), (Dst) may be 9%
reduced, by the same transformation, to the forms
Lis Lng L3z Tus . . . Lign
Lot T2 Loz Yoa . . . Lon
Lz sz Izz 0 ... .0
Lus Lz 0 Laa ... 0 100
].._m.n in;2 '0' 0 . Lnn‘
and : i
DiDi20 ...0 105
D2 D20 . ...0
0 0 D3...0
0 0’0 ...Dn 110

respectively. . Then the canonical form of circuit
lustrated in Fig. 1 will be obtained (if greater
details are desired, they will be found in my said
paper in Mathematische Annalen, particularly. 115
commencing with-page 121). This circuit com-
prises a number of parallel-connected coils and
condensers 12, 13 arranged in series with a coil
14 and a condenser 15, the last-named condenser
15 having a shunt-arranged coil 16 and condenser 120
17. An ideal transformer T is connected in this
shunt circuit. By ‘“ideal” is meant a tightly-
coupled transformer having great inductance.
The arrows connect .coils that are mutually in-
ductively related, and only the coils so indicated 125
by the arrows are so related. .
The numerical values of the transformed ele-
ments Lst, Dst of the new network obtained from
the original network, may be calculated also by -
other methods, and even without knowledge of 130
the reducing transformation. The following is :
one method that may be employed (and it will
be understood that the same method is applicable
also to the treatment of certain ofher canonical .
forms) : 135

Let - Q12=0a31

represent the minor of the determinant @ that
is complementary to the element Aiz; let ao2 rep-~
resent the corresponding minor' complementary
to the element Az; and let i represent the
minor which is the algebraic complement of

A1l Az
Az Az

The first step is to construct a two-termina] 145
circuit for ‘the primary open-circuit impedance

140

' ‘ apg’
that is, the impedance obtained across the ter- 160
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minals 1, 1 in Fig. 1, for example, when the ter-
minals 2, 2 are open. In the circuit of this
Tig. 1, this may be effected by resolution into
partial fractions. In order not to obtain physi-
cally unrealizable mutual capacities, I shall as-
sume that the mesh 2 is-not capacitatively con-
nected with the meshes IIL, IV . . . n. As'for
the quantities.

D21, L1, L3, Ioe . . . Len

they may be determined. uniquely by means of
a system of linear equations, derived by com-
parison of the coefficients of the variouts powers
of A2 in ar—lgiz. Finally, L2z and D2z may be
uniquely calculated from au. The network con-
stants so obtained will always correspond to
physically realizable circuits.

The only case that might at all be considered
troublesome is when ’

Dy <Dyl

D22<ID12‘

In that event, however, a transformer,—stch
as the transformer T of Fig. 1,—may be con-
nected either to the input or the output ter-
mirals of the system. The necessity for the use
of a transformer does not arise in the case of
symmetrical four-terminal networks. Instead of
the transformer, an additional capacity may, in
general, be required.

Several important results flow from a study
of this general theory, which results are true for

or

all networks, whether two-terminal, four-ter-.

minal, ete.

First, in many cases, the economy of the net- '

work system is greatly improved if the network
contains at least three mutually inductively re-
lated coils, no two of which are directly galvani-
cally connected together. For example, in Fig. 3,
the co’ls wis, wes, wa3, as will be explained here-
inafter, are no two of them galvanically con-
nected together, and they are mutually induc-
tively related.

Secondly, it is possible to reduce any network
with any frequency characteristics to equivalent
canonical forms.

‘'Thirdly, among these canonical forms, for
any network, it is always possible to find some
that have all their mutual inductances tightly
coupled. '

Fourthly, corresponding to every two-terminal
or four-terminal network (and also other net-
works with corresponding definitions) having
mutual inductance, it is always possible to de-

sign ‘a reciprocal or inverse network. The pos-

sibility of -constructing reciprocal four-terminal
networks may be useful also in such cases where
two reciprocal networks are not found in a
larger network. For a four-terminal network,
the definition of .a reciprocal or inverse network
is as follows: = . L

Let yix be the impedance across the terminals
1, 1 when the terminals 2, 2 are short circuited,
and y10 be the impedance when the terminals

2, 2 are open circuited. Secondly, let yzx and yzo-
be the .short-circuit and the ‘openacircuit im-

pedances at the terminals 2, 2. Let zix, 210 and
22k, 220 be the corresponding impedances for the
second network. ‘Then the second network .is
reciprocal or inverse to the first if

Zlik210=y1021k=y2k220_=y2022k=R2

where R is a constant.
Similar definitions hold for networks having

-any other number of terminals, Thus, in the

like each branch 12

1,058,742

case of the reciprocal or the inverse of a two-
terminal network, the preduct of the impedances
which are known as reciprocal to each other is
a positive constant, the square of a resistance.
The general definition of the reciprocal of a
9n-terminal network may be found in my paper
in the Mathematische Annalen, Vol. 105 (1931)
and in my paper “New Theory and Design of
Wave-Filters”, Physics 1932, especially Appendix
11, at the top of page 265. As indicated on this
page 265, the reciprocal of a an-terminal net-
work is a network whose characteristic maftrix
is the reciprocal of the characteristic matrix of
the original network, except for a positive, con-
stant factor.

It is, of course, a physical impossibility to
enumerate and describe herein all the numerous
equivalent two-terminal or four-terminal net-
work circuits. Only a few examples can here
be given.

Fig. 1, for example, as already stated, repre-
sents a canonical, four-terminal network having

negligible resistances, and is equivalent to any.

80

:1i]

95

other four-terminal network without resistances

with n independent meshes. It may have many
uses, such as for wave-filter purposes. As a filter,
it is, in general, equivalent to any unsymmetri-
cal wave filter having n independent meshes,
the circuit elements being suitably chosen and
including mutual inductances. The 37 elements
of the circuit all have.independent influence on
the frequency characteristics. The transformer
T - should have very. great inductance - and
negligible stray, as before described.

The four-terminal network of Fig. 2 is re-
ciprocal or inverse to that of Fig. 1. The coils
18, 20 and 23 are connected by mutual induc-
tances. The transformer T is of the same char-
acter as that of Fig. 1. The reciprocal or in-
verse circuit of Fig. 2 is obtained from that of
Fig. 1 in the the following manner. The canoni-
cal circuit of Fig. 1 is first replaced by an

100

105

110 -

115

imaginary equivalent network in which no coils .

are connected by mutual inductances, but the
capacities are connected by mutual capacities;
for instance, in the canonical circuit of Fig. 1,
by interchanging the role of the capacities and’
the inductances. That is, in the imaginary net-
work, the coils 12, 14, 16, which are mutually
related, but no two of which are directly con-
nected together galvanically, are replaced by in-
terlinked capacities, and -the capacities 13, 15,
17 are replaced by non-intérlinked inductances.
The imaginary circuit thus produced is then re-
placed, in a known manner, by another arrange-
ment, branch for branch,—branches in ’parallel,
and the corresponding
branch 13 of Fig. 1, being replaced by branches

in series, like each branch 19 and the corre-

sponding branch 18 of Fig. 2, and vice versa.
The inductances thus become replaced by pro-
portional capacities. The quadratic form -

n
D,z
s, f=1"

which represents the interlinked capacities be-
comes replaced by the reciprocal or inverse
quadratic form which is also positive definite, and

the coefficients thereof represent therefore induc- -

tances and mutual inductances that are always
physically realizable. "In the reciprocal or in-
verse circuit of Fig. 2, the inductance 23 corre-
sponds to the imaginary capacity corresponding

120
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to the inductance 14 of Fig. 1. 'The capacity 21
of Fig. 2, similarly; corresponds to the capacity
17 of Fig. 1; the capacity 22 of Fig. 2 to the ca-
pacity 15 of Pig. 1; and the inductance 20 of Fig.
2 to the inductance 16 of Fig. 1.

In the circuit arrangement of Fig. 3, there are
7 series of coils each series being connected be-
tween two terminals 1,1; 2,2; 3,3 ... n, n, re-
spectively. The first series of coils is indicated at

w11, Wiz, W13 . . . Win;
the second series at
W22, W23 . . . W2n,
the third series at
w33, W3¢ . . . Wan, ,

etc.

The last series consists of a single coil wan. The
coils of the second series are tightly connected
with each coil of the first series except one; the
coils of the third series are tightly connected with
each coil of the second series except one, and with
all those of the first series except two; and so on.
The last series, which consists of only one coil
wnn, is tightly connected with one coil of each of
the other series.

The network is, in general, equivalent to n
coils arbitrarily interlinked, with inductances
Lst, and is therefore a canonical form for n arbi-
trarily interlinked coils. The couplings are all
ideal and tight, with wst turns. The inductances
of the primary coils are

For n=3, the following relations hold good be-
tween L, wst and List:

Ly,
Ly
Ly
L. l

Ly
Ly
L,
Loy
L

Ly
L3

Ly l

Ly ‘

Ly

I Ly, Ly lz
L3

Ly

Ly,

I- L’

2
| W213—LLE13:51 N

‘ Ly

Ly
Ly
Ly,

Ly l
Wiz Lj;

waz t

Ly | °
Ly |

and .
w13 : w23 wsz—=Li3: Lo3: L3s.

A more complicated case, including resistances
as well as inductances and capacitances, is illus-
trated by the canonical, four-terminal network of
Fig. 4 and is equivalent to every four-terminal
network constituted of three independent meshes,
The diagram is restricted to only three inde-
pendent meshes, for the sake of simplicity only,

- in order not to complicate the drawing, the same

70

principle being applicable irrespective of the
number of meshes. Between the terminals 1, 1,
there are connected coils 24, 25, 26, resistances
27, 28, 29 and condensers 30, 31. Between- the
terminals 2, 2, there are connected coils 32, 33,

34, 35, 36. 'The coils 25, 32 form a tightly cou-

pled transformer Si. The coils 26, 33 and & coil

. inductances,

37 form g tightly coupled transformer Sz, Coils
38, 39 and 40 are connected in shunt across the
resistances 28 and 29 and the condenser 30, re-
spectively, in the meshes A, B and C. If the
meshes A, B and C are omitted, the circuit will
have exactly three independent meshes. The
coils 34 and 38 constitute a tightly coupled trans-
former T1. The coils-35 and 39 and a coil 41 con-
stitute a tightly coupled transformer T2, The
coils 36 and 40 constitute a tightly coupled trans-
former T3. The transformers Ti, Tz and T3 are
ideal transformers.

The coils 37 and 41 are connected in & circuit
III in series with a condenser 42, This forms a
canonical circuit with tight coupling. It is an
advantage to have a circuit with tight coupling
because it is more easily realizable in practice
with given values of the elements. The necessity
of taking the transformers Ti, Tz and 'T: arises
from the fact that no mutual capacities or resist-
ances exist.. The importance lies, not so much in
having the transformers Ti, Tz and_T3 ideal, as
in having mutual inductances. This is true in
general, and is not restricted to the particular
circuit shown. _

In the most general case, three independent
meshes will involve 18 elements. If we count
several coils on a single core, as one coil, and if we
use the circuit arrangement of Fig. 4, then the 18
elements will reduce to 12, These 12 are as
follows: |

(1) Coil 24;

(2) The transformer Si;

(3) The transformer Sg;

4), (5), (6) The resistances 27, 28, 29
¢1y, (8), (9) The transformers Ti, Tz, Ts,
10) The condenser 42;

(11) The condenser 30; and

(12) The condenser 31.

It will be noted that, in the transformer Sz, as
in the case of the coils w13, w2z and wss of Fig. 3,
there are three coils, not immediately galvanically
connected together, but all tightly coupled fo-
gether. The same is true of transformer T.

In Fig. 5, there is shown a canonical two-ter-
minal network, the coils 43 having inductance,
and the network having also mutual inductance,
capacities and resistances. By our definition,
this circuit is equivalent to all other two-terminal
circuits with n independent meshes containing
including mutual inductance, ca-
pacities and resistances. Each mesh has a coil
43 and a condenser 44 in series and a resistance
45 in shunt. The coils 43 are all interlinked by
mutual inductances.

The network of Fig. 6 is remprocal or inverse
to that of Fig. 5, the analogous relations being
similar, but not exact, to that existing between
Figs. 1 and 2, and the mutual inductances of the
reciprocal or inverse-circuit being ca.lculated in
the same manner as before described.

To obtain the imaginary circuit equivalent to
the circuit of Fig. 5, I replace the capacities 44
by resistances, the inductances 43 by imaginary
capacities which are interlinked, and the resist-
ances 45 by non-interlinked inductances.

The said imaginary circuit may be obtained by
using the principle of linear transformation for
the given circuit. The coils 47-are mutually in-
terlinked, the Let’s being determined by the quad-
ratic form which is reciprocal or inverse to the
quadratic form of the Dst’s of the imaginary cir-

cuit equivalent to the circuit of Fig. 5. This’

imaginary circuit will _correspond to the recip-
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rocal or inverse circuit. Fig. 6, in the same man-

-ner as described above in connection with Fgs. 1

and 2. This circuit of Fig. 6 contains condenser
46 in series and inductances 47 and resistances 48

.5 in parallel.

In Fig. 7, one of the networks Z: has two ter-

. minals 49 and 50 and the other has two terminals

51 and 52. The networks Zz have each the two

. terminals 49 and 52, and 50-and 51, respectively.

10

15

The two-terminal networks Z: and Z: contain
mutual inductance, satisfying the relation.

Z1Za—R?

where R is a constant, equal to the value of the
resistance across the terminals 50 and 52. The
practical value of this arrangement is that, given
any impedance 7, it is possible to design & second

~ impedance Z2 so as to have a constant reﬁlsta,nce

20

across the terminals 50, 52.

Fig. 8 illustrates a lattice network having four
branches. - The branches 1, 2 and the branches
1’, 2’ are equal to each other, as also are the
branches 1, 2° and 1’, 2. ‘The branches 1, 2
and 1’ 2’ each contains a condenser 53, an in-
ductance b and an inductance ¢ in parallel with
a condenser 54. ‘The branches 1, 2’ and 1/, 2

. similarly each have a condenser 55, an induc-
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tance ¢ and an inductance d in parallel with a
condenser 58. The coils g, @ are mounted on &
single core. The same is true of the coils b, b,
as well as of the coils ¢, ¢ and the coils d, 4.
This lattice-type network is useful as a wave-
filter circuit if the elements a, b, ¢, 4, 53, 54,
55-and 56 are suitably chosen.

Fig. 9 illustrates a balanced four- terminal net-

work circuit comprising a multiple-inductance

wave filter embodying the present invention. A
balanced network, as is well understood in the
art, involves symmetry along the horizontal line.
The network of Fig. 9 can be made equivalent
to the filter of Fig. 8 by suitable choice of dimen-
sions of the elements and which contains a smaller
number of capacities and also a more suitable
choice of dimensions of the capacities than is
true of the circuit of Fig. 8. This circuit com-
prises four jpranches, as in Fig. 8. The first
branch contains a condenser 57, and ftwo coils
58, 59 in series between the terminals I, 2.. The
second branch, between the terminals 1, 2’, con-
tains a condenser 60 and two. coils 61 and 62 in
series. ‘'The third branch contains a condenser 63
and two coils 64, 65 between the terminals 1’, 2’.
The fourth branch contains a condenser 66 and
two coils 67 and 68 between the terminals 1’, 2.

The coils 58 and 84 are tightly coupled and
mounted upon a single core 69. The same is
true of the coils 61 and 67, upon a single core
70. The coils 59 and 65 are similarly mounted
upon g single core 71 with a third coil 72, which
latter is shunted by a condenser 73. It will be
noted that the coils 59, 65 and 72 are none of
them directly galvanically connected, but are
mutually tightly coupled. A similar construction
obtains for the coils 62 and 68 and a third coil
74, which latter is shunted by a condenser 75.
The coils 62, 68 and 74 are tightly coupled and
'are all mounted upon a single core 76 similarly
to the coils 59, 65 and 72.

The six condensers 57, 60, 63, 66, 73 and 75
are smaller in number than the eight condensers
53, 54, 55 and 56 of Fig. 8. A further advantage
of the circuit of Fig. 8 is to avoid too great capaci-
ties such as would be necessary, in practice, with
the circuit of Fig. 8. The dimensions of the ele-
ments indicated in Fig. 9 were calcyulated before-

1 058,742

hand for a given attenuatlon requlrement and
were actually checked experimentally.

The networks disclosed, for example, in Figs. 9 .

and 20, being symmetrical about a median, hori-
zontal line, are balanced with respect to the
ground potential. Thus, in Fig. 20, the middle
point of the right-hand coil 5 may be connected
with the ground. To avoid confusion, it may be
stated that the expression “symmetrical four-
terminal network”, as used in this specification,
is not synonymous with “balanced network”, as

it assumes that the efficiency of the four-terminal

network is unaffected by an interchange of the
input and output terminals. A network may, of
course, be both balanced and symmetrical, as is
the case with the networks illustrated in Figs.
9 and 20. '

It would be a practical impossibility to illus-
trate all the many uses of my invention. Filters
have already been mentioned, and a suggestion
has also been made in connection with Fig. 7.
The invention finds use also in simulating or cor-
rection or compensating circuits, as well as in
other relations. According to present practice,
particularly in the more complicated cases, the
known methods of correction are not always suc-
cessful. It is possible to attain success by using
mutual inductances in accordance with my in-
vention.

It will be unnecessary to recapitulate all the
advantages of this invention. Mention has been

.made, for example, of the desirability of having

several coils on a single core. It is thus possible
to have the same number of arbitrary constants
in the circuit, though using fewer elements and
occupying less space. - The counting of several
coils on a single core as one element has al-
ready been referred to.

Again, if a given network is to be reduced to
an equivalent network more suitable for practical
design,—as, for example, having less elements,—
it is often not the best way to apply the principle
of linear transformation directly to the circuit.
In all cases where the given circuit has not the
least number of independent meshes, we repiace,
first, the network by any equivalent network
which has the least number of elements. For in-
stance, if we have a bridge-type, four: terminal
network,—as the circuit, Fig. 7, input terminals
1, 1 and output terminals 50, 52, with the resist-
ance R removed,—and arbitrary 21 and 2z with-
out resistances, then a first equivalent network
without superfiluous meshes mmay be obtained in
the following way: We use the relations

zitz_an -
2 anz

and

zi—z_ an
2 aum

As the network is symmetrical,
ain=—aze.

The procedure from. this point on for obtaining a
first network without superfluous ‘meshes is the
same as before described.

As a further example, if we have several bridge- ‘

type, four-terminal networks of the form shown
in Fig. 7, (with the terminals 1, 1, 50, 52 and the
resistance R being removed), in series the im-
pedances Z1, Zgz having the same product, though

‘not necessarily constant, we can reduce this cir-

cuit to a single, bridge-type circuit according to
the procedure on page 279 of my paper: entitled
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“Vierpole” in Elektrische Nachrichtentechnik,
1929,

The invention will now be further explamed
in connection with Figs. 11 to 20.

Let it be assumed that it is desired to obtain
a more economical, balanced network equivalent
to the symmetrical, four-terminal, reactive net-
work illustrated in Fig. 11, having four branches,
as in Fig. 8, with the respective impedance Z: and
Z2, as indicated in the said Fig. 11. The im-
pedances Z: and Z: are each a two-terminal por-
tion, as represented in Figs. 12 and 13, respec-
tively. The two-terminal portion Zi, has series
capacitances 80, 82 and 84 and shunt inductances
81, 83 and 85.
a series capacitance 86 and a shunt inductance 87.
Let the reciprocal values of the capacitances 80,
82, 84 and 86 be represented by di, d2, dz and ds,
respectively. ILet the values of the inductances
be represented by Ui, Iz, Iz and l4, respectively.

Following out the procedure outlined above, the
first step is to construct a twa-terminal circuit for
the secondary open-circuit impedance, that is, the
impedance obtained across the terminals 2, 2* of
Fig. 11, the terminals 1, 1’ being disregarded, as
though they were open, with the modification,
however, that the secondary open-circuit im-
pedance will be taken now instead of the primary
open circuit impedance:

an =Z1+Zz.
anzs 2

Instead of resolving

a
A1192

in partlal fractions, which would result in a spe-
cial case of the circuit illustrated in Fig. 1, it is
preferred here to develop in a Stieltjes continued
fraction as explained for example, in my paper
entitled, “Verwirklichung von Wechselstrom-
widerstanden vorgeschriebener Frequenzabhing-
igkeit”, in Archiv fiir Electrotechnik, Heft 4,
Band XVII, 1920. The two-terminal network
shown by heavy lines in Fig. 14, and having the
two terminals 2, 2’, is thus obtained. The re-
maining circuit elements of the final network are
next calculated, as also described above. The
first four-terminal network thus obtained, as an
equivalent to the four-terminal network illus-
trated in Fig. 11, will be that illustrated in Fig. 14.

To obtain the said heavy-line, two-terminal
network of Fig. 14, bearing in mind that Z: and
Z2 are as illustrated in Figs. 12 and 13, the follow-
ing values are first written down:

1
Ly= —(11 +1)
_ 1)UL+ b4+ L1)
28,
_(hh+ 1214 + LWL+ B)+ LLUL -+ 14)]
’ 2121122
(11 + 1,)d,
282
(1112 + LI+ 11,)°ds
2P\,
To simplify the notatlon the following are in-
troduced. also:

D,= ;‘(dx +dy)

2h151,

o= 11+ 1)+ Ll T 17)

The two-terminal portion Z2 has-

7

" If the meshes.II, III and IV are oriented as

“in Fig. 14, and assuming arbitrarily, but pre-

missibly, that mesh II is nat capacitatively con-
nected with the meshes III and IV, so as to have

D3= D3 = Dy=Dy=0, . 80
the matrices (Lst) and (Dst) of the final network,
with four meshes, will have the following values:

Ly Ly Ly Ly
(Ly)= Ly L, 2 0 85
/"Ly Ly Ly+Ly L
Ly O Ls L3fj‘L4.
Dy D 0 0
(D)= D“ ODZ %3 8 .90
0‘ 0 1] D4
To determine Diz, Liz, Lu3, Lus, the coefficients of
the various powers of A2=z, in A3a:2 may be com-
pared. 05
— (L2+L )x+D; . Lix
Maym = Lix (L3 Lx+Dyl™
K{(Iq13+1311+1112)x2 }
F L+ BYdy+ (L4 LYds)x+ dods
where 100
_ ()WL B L)
_ 4P,
Since, from the network of Fig. 11, 105
an _ i %
ame | 2
it follows that
7\3812=%(90X3‘F erx?--ex+ e3) 110
where
eo=hLL— (LL+ L+ 1),
e =1112(d1+d2+d3)+1113(d1 4 dg) + LLd, 115

(1 + BYds 4 (L + B)do| L+ (L -+ L1 - L) d, ]
62—11(d1 +da)ds -+ L(dy 4 ds)dy 4 Isd /dy — {14d2d3+
[(1+B)ds 4 (L4 B)d.ld, }
€;=d dyd3;— d,d3d,;

On the other hand, according to the definition of 120
a1z given in the general treatment above,

L14X
L3X
(Ls+Ly)x-+ D,

=[- LIZI(4L2LL3 + LyLy+ L4Lﬂ) + LLy(Ls+Lg)—

(DA P ALt L)+ Lul(La 4 LDy +
(L34 L) D3] — Lyi3Ly Dy} x2

— {Dy[{Ls+ L3) Dy -+ (Ls+ Lu) D3]+ Ly D3 Dy} x

— DDy D,

A comparison of the coefficients of x° yields:

L12X+ D]o
Léx (L2+L3)X+D3

3X

)\3&12= -

125
130

—DypDyDy= ;—(éa= - 435

from which it follows that
d,—d,
2 .10

K
Z—dzda(dl"dl)

. Dp=Dny=

A similar comparison of the coefficients of 1, z2,

23 in Aaiz2 gives similarly
14—11

Lp= Lz7 = 145 ]

Ly=Ly=0. _
To calculate the remaining unknowns, Li: and 150
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‘Du, a similar comparison is made of the coeffi-

cients of the different powers of & in A3g2, taking

a2

L—4n) I? 12
(11+14)2L2+L32L3+ L42L4+ LO—LZ
as it should be. This equivalent network is more
economical than the network illustrated in Fig.
11. It contains mutual inductances in tightly
coupled form, as described above. The coils 81
and 92 are tightly coupled, the turn-ratio. being

D (o (=T

The coils 94 and 95 are tightly coupled, with a
turn-ratio -

—Is: La

The turn-ratio of the tightly coupled coils 97
and 98 is
) Is : La.

The turn-ratio may be regarded as positive when
the inductances of a pair of coupled coils are
additive when connected in series in the same
direction.

- In the special case when

Ie=0

the connections of Fig. 12 reduce to those of
Fig. 15. The condensers 80 and 82 of Fig. .12
become the condensers 100 and 101 of Fig. 15,
with the same recipzfocal values di, dz respective-

1,958,742 . R

ly. The inductance 81 of Fig. 12 becomes the
inductance 102 of Fig. 15, with the same value L.

In this special case, however, no change occurs
in the connections of Fig. 13 which may, however,

anz be represented as in Fig. 16, the condensers 86 80
from the original network. In the particular being there illustrated at 103 and the inductance
case of Fig. 11, the original network happens to 87 at 104. ’
be symmetrical, so that ' The network of Fig. 14 thus becomes reduced

Gi1=—=dz to the special case illustrated in rig. 17.

As a check upon the work, and tc give an illus- 88
from which it follows that tration of the method of matrix multiplication
LHX—{— Du L13X L14X L2X+ Dg L?_X 4]

Lyx {(Ly+Lyyx+ D3 Lsx = Lyx (L2+L3)X+Ds Lyx
Lux Lx - (Ls+Lox+Dy 0 Lox (Ls+Lx+ D 0
A comparison of the coefficient of x° on both sides referred to in the general treatment above, the '
yields equivalence of the networks illustrated in Figs.
D=1, 11 and 17, for the special case where.
and a similar comparison of the coefficients of I 95
! yields, finally, ‘ 3=0,
Lyi==Tua. . .
- . - will be demonstrated independently.
The resulting matrices (Lst) and (Dst) of the elec- The network of Fig. 11, where Z1 and Zs are
trict constants of the different meshes are NOowW pow as illustrated in Figs. 15 and 18, is first re- 100
3 placed by its equivalent network, illustrated in
L, i~y  —L 0 Fig. 18, which is'a modification of a special case
- h ' of the network of Fig. 1, where n=3. '
(Loy=jgi— 1) L, L Y Let the oriented mesh I in Fig. 18 be so chosen
—Ly Ly Lyt L Ly that it shall contain the capacity 113. _ 105
o 0 z Lo+ L The electric constants (Lss) and (Dst) of the
3 37T network Fig. 18 are given by the following
D, 1( di—d;) 0 0 matrices: ‘
o 2 hoh o 110
(D)= E(Cﬂ—dx) Dy 0o 0 2 2
] 0 D; 0 (Zu: |k BETE L)
0 0 0 D, R 2 2 2
Inspection of Fig. 14 demonstrates that the net- 0 i 4 118
work illustrated therein fulfills the conditions re- I
quired by these electric- constants, with tight
couplings. Thus, the mutual inductance be- ldit-dotdy di—di b
tween the meshes I and TII is 2 2 2
L—h, Ly py=| Gzdr  ditds . 120
11+14L2 L;;La_ Lz, ( at) P 3
.and the self-inductance of mesh I is oy o =
2 2

Equivalent circuits, with new constants L’ss and 125
D’st, may be obtained by means of the relations

3 : 3

E Lyx.x¢= 2 L yx' 2’y 130
s, t=1 s, t=1

3 3

2 Dypxgxy= 2 D' yx’ o x'y 138
s, t=1 s, £=1 )

by the transformation which is obtained from
the general transformation discussed in an
~earlier part of this specification, letting

140

. . n=3: -
and writing 145
ag=a’
an=4
Q=Y
x1=x1'
X2=X2’

xy=ax, + 8%, + vz’ 150 -
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It results that the (I’st) and (D’st) may be cal-
culated by the following matrix multiplication:

(L= - P E: %;: E: (1) 9 o| of.the mesh containing it, and if the turn-ratio is
0 0 v| |Ly Zz Lu| |« B 4| positive. Eachchange in there orientations, orin 30
Ly+42aLi3+a?La Lyy+aLy+BListafLy ~yLp+avyLs
=1 Liy+BLu+aly+aBly Lo+ 28Lg+ 2Ly vLy+B8vLss
vintarLly YLz +ByLas ¥ Las
An analogous matrix may be obtained for (D’st). the sign of the turn- ratlo, involves the introduc- 85
&, 8, v may be determined by the assumptions tion of one minus sign for Is2. For instance, if
L L7 both meshes have the opposite orientation to that
D’ﬁ: % of the corresponding coils contained therein, and
D'23=O’ if the turn-ratio is negative, three negative signs .
. A . are involved, so that therefore, Li2 is negative in 90
which conditions are satisfied in the network this case.
¥ig. 17. It follows that The numbers 4, 2.5 ete. on the coils 128, 130, etc.
k41, are proportional to the turn number.
a==—1, =0, y=—7—" Therefore, the turn-ratio between the coils 128 o5
Putting in these values and the above values of ?1?3 nll?igctfgzt;n gﬁi%‘flégfs 25. It follows that
Fig. 18 for the (Lst) and (Dst), it results that:
hth L=k _(htl) o.1><(2—f> =0.0390625 henry.
2 2 2 :
: The self-inductivity of mesh III is . 100
(p=| Bk BEh b o me '
)= .
2 2 2 L/33=40.0390625+ (%) X 0.0§625=
_.(1142‘14) 51‘;14 (11'2?“114)2 ) 0.78125 henry.
ditd di—d, ! As an example of mutual inductance, let 1’12 be 105
_‘_2_‘ —4._2__‘ 0 calculated. According to the above explanations,
)
;s | di—dy ditdy L']g=—4><0.05625><'2.—5=_0-375-
(D aﬂ) - 2 2 0 . 1'5
B+ 1)2d, Though the networks of Figs. 19 and 20 are 110
0 0 o equivalent, and thus attain, or approximate to,

These circuit elements are found in the network
of Fig. 17, which is thus equivalent to that of
Fig. 18 which, in turn, is equivalent to that of
Fig. 11, The second calculation has independ-
ently thus yielded the same results as the first
calculation.

The network of Fig. 19 is a special case of the
network of Fig. 11, for the following special
vaiues:

d1=12=0
! dz"l:o.lMF
d4_1= 0.4;&F

This network represents a known form of phase-
compensating network. .

The network of Fig. 20 is an equivalent network
of the same type as that of Fig. 19, with mutual
inductances all in the form of tight couplings.
For example, the coils 128, 130 and 131 are mu-
tually inductively related in this manner.

The numerical values annexed to the various
parts in Fig. 20 make it easy to read from the

diagrem that the circuit elements are determined

by the matrices:
0.625—0.375—0:625
AL'w)=]—0.375 0.625 0.625 |,
—0.625 0.625 0.78125
1.25.16° 1.25-10% 0
(D',)=|1.25-10° 1.25-10% 0 ,
0 0 7.8125.10°

which are the same as the former matrices (Ii'st),
(D’st) for the above numerical values.

It is desirable to have some convention for de-
termining the sign of a mutual inductance be-
tween two oriented meshes, each containing an
oriented coil.

©

The mutual inductance Liz between meshes I
and II may be assumed positive if the orientation
of the coils has the same sense as the orientation

the same, predetermined, frequency character-
istics, no two of the three mutually inductively
related coils 128, 134 and 136 of the network of
Fig. 20 are directly connected together galvanic-
ally.” No such arrangement is disclosed in Fig.
19. The employment of this mutual inductance,
as illustrated, for example, in Fig. 20, thus en-
ables one to attain equally good, or better, re-
sults, but with greater economy, involving the
employment of a fewer number of circuit ele-
ments. This is not true of the network of Fig.
19. One glance suffices to show how much more
economical is the network of Fig. 20.

The network of Fig. 20 is not quite a special 125
case of that of Fig. 17, as it is somewhat changed,
s0 as to be balanced.

It will be understood that the invention is not
restricted to the exact embodiments herein illus-
trated and described, but that modifications may
be made by persons skilled in the art, and all
such are considered to fall within the scope of
this invention.

What I claim is:

1. An artificial network attaining or gpproxi-
mating predetermined frequency characteristics
and having one or more passive network sections,
one of the sections having three or more mutually

115

120

135

- inductively related coils no two of which are di-

rectly galvanically connected together. 140

2. An artificial network attaining or approxi-

" mating predetermined frequency characteristics

and having one or more passive network sections,
one of the sections having three or more mutusally
inductively related coils tightly coupled together 145

~no two of which are directly galvanically con-

nected together.

3. An electric system having four two-terminal
portions containing mutual inductance and con-
nected together at four vertices, the .oppositely 150
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disposed portions being substantially alike, the
product of the unlike portions being substantially
equal to the square of a resistance across two of
the vertices.

4. An artificial network having one or more:
"passive network sections and provided with two

terminals only, one of the sections having three
or more mutually inductively related coils no two
of which are directly galvanically connected to-
gether, and means connecting the coils with the
terminals. | .

5. An artificial network having one or more
passive network sections including a two-ter-
minal network portion provided with three or
more mutually inductively related coils no two
of which are directly galvanically connected to-
gether, and means connecting the coils with the
terminals. ’

6. An artificial network having one or more
passive network sections and provided with two
terminals only, one of the sections having three
or more mutually inductively related coils tightly
coupled together, no two of which are directly
galvanically connected together, and means con-
necting the coils with the terminals.

7. An artificial network having one or more
passive network sections including a two-ter-
minal network portion provided with three or
more mutually inductively related coils tightly
coupled together, no two of which are directly
galvanically connected together, and means con-
necting the coils with the terminals.

8. An artificial network having four terminals
only and provided with one or more passive net-
work sections, one of the sections having three
or more mutually inductively related coils no two
of which are directly galvanically connected to-
gether, and means connecting the coils with the
terminals. )

9. An artificial network having one or more
passive network sections including a four-ter-
minal network portion, provided with three or

" more mutually inductively related coils no two

of which are directly galvanically connected to-
gether, and means connecting the coils with the
terminals.

10. An artificial network having four terminals
only and provided with one or more passive net-
work sections, one of the sections having three
or more mutually inductively related coils tight-
ly coupled together, no two of which are directly
galvanically connected together, and means con-
necting the coils with the terminals.

11. An artificial network having one or more
pa:ssive, network sections including a four-ter-
minal network portion provided with three or
more mutually inductively related coils tightly
coupled together, no two of which are directly
galvanically connected together, and means con-
necting the coils with the terminals.

12, An artificial network attaining or approxi-
mating predetermined frequency characteristics
and having one or more passive network sec-
tions, one of the sections having three or more
mutually induetively related coils no two of which
are directly galvanically connected together, the
network being balanced with respect to the
ground potential.

13, An artificial network attaining or approxi-
mating predetermined frequency characteristics
and having one,or more passive network se-

. therein, the characteristic matrix of the imped-

1,058,742

tions, one of the sections having three or more
mutually inductively related coils tightly coupled
together no two of which are directly galvani-
cally connected together, the network being bal-
anced with respect to the ground potential.

14. An artificial network having four terminals
only and provided with one or more passive net-
work sections, one of the sections having three
or more mutually inductively related coils no
two of which are directly galvanically connected
together, and means connecting the coils with the
terminals, the network being balanced with re-
spect to the ground potential.

15. An artificial network having one or more
passive network sections including a four-ter-
minal network portion provided with three or
more mutually inductively related coils no two
of which are directly galvanically connected to-
gether, and means connecting the coils with the
terminals, the network being balanced with re-
spect to the ground potential.

16. An artificial network having four terminals
only and provided with one or more passive net-
work sections, one of the sections having three
or more mutually inductively related coils tightly
coupled together, no two of which are directly

80

86

95

100

galvanically connected together, and means con- -

necting the coils with the terminals, the network
being balanced with respect to the ground po-

tential. 105

17. An artificial network having one or more
passive network sections including a four-termi-
nal network portion provided with three or more
mutually inductively related coils tightly coupled
together, and means connecting the coils with the
terminals, the network being balanced with re-
spect to the ground potential.

18. An artificial network having two network
portions each provided with mutual inductances

ance forming one of said network portions being.
the reciprocal of the characteristic matrix of the
impedances forming said other network portion,
multiplied by a positive, constant factor. -

19. An artificial network having two network
portions each provided with mutual inductances
therein and each having a number of pairs of
terminals, the characteristic matrix of the im-
pedances forming one of said network portions
being the reciprocal of the characteristic matrix
of the impedances forming said other.network
portion, multiplied by a positive, constant factor.

20. An artificial network having two network
portions each provided with mutual inductances
therein tightly coupled together, the character-
istic matrix of the impedances forming one of

110

1156

120

126

130

said network portions being the reciprocal of the -

characteristic matrix of the impedances form-
ing said other network portion, multiplied by a
positive, constant factor.

21. An artificial network having two network
portions each provided with mutual inductances -
therein tightly coupled together and each having
a number of pairs of terminals, the characteristic
matrix of the impedances forming one of said
network portions being the reciprocal.of the
characteristic matrix of the impedances forming
said other network portion, multiplied by a pos~
itive, constant factor. . .
" WILHELM CAUER.
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