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ANISOTROPIC TWICING FOR SINGLE PARTICLE RECONSTRUCTION USING
AUTOCORRELATION ANALYSIS

RELATED APPLICATIONS

6601} This application claims the benefit of U.S Provisional Patent Apphication No.
62/489,115, filed Apnl 24, 2017, entitled “"ANISOTROPIC TWICING FOR SINGLE
PARTICLE RECONSTRUCTION USING AUTOCORRELATION ANALYSIS,” the entire

contents of which are incorporated herein by reference.

STATEMENT REGARDING FEDERALLY S5PONSQORED RESEARCH OR
DEVELOPMENT

6002} This mvention was made with government support under Grant No. GM-050200
awarded by the National Institutes of Health and Grant No. FA9350-12-1-0317 awarded by
the Air Force Office of Scientific Research. The government has certain rights in the

mvention.
BACKGROUND

{3003} The present mvention relates to systems and methods for determuning a structure
of a molecule using an imaging system such as, for example, x-ray free clectron lasers and

cryo-electron microscopy {cryo-EM).
SUMMARY

3604} The three-dimensional structure of an object - for example, a molecule — can be
determined using imaging techniques, such as, for example, cryo-electron microscopy {cyro-
EM} in which multiple 2D images of the object are captured and then processed to generate a
three-dimensional reconstruction of the object. In some tmplementations, the imaging svstem
defings the 3D structure of the object using Cartesian coordinates while, in other
implementations, the 38 structure of the object is defined formulaically, for example, vsing a

function or a collection of functions {¢.g., radial functions).

[6605] In some situations, an imaging system nught be utilized to determing the 3D
structure of a molecule that has been modified 1n some way from a known structure of the
molecule (or a known structure of a similar molecule). For example, the 3D structure of a

molecule mav be changed when the molecule binds to another molecule. One option for
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determining the 3D structure of the modified molecule would be to capture a sufficient
number of 2D images in order to generate a reconstruction of the 3D structure. However, in
some situations, this is type of recounstruction can require a large number of 213 images and
computational resources. Particularly in situations where many different modifications of the
molecule structure are being analyzed, this process can take too long and can hinder/limit

research progress.

3606} In various embodiments, the invention described in this disclosure provides a
technigue for reconstructing an unknown 3B structure of a molecule based on a combination
of 21 image data for the molecule and a previously determined 3D structure of a homologous
(i.c., similar} molecule. Instead of captuning encugh 2D images to determine the structure of
the new molecule on its own, the methods and system described herein capture only enough
213 images of the molecule in order to deternuine how the molecule is different from the

homologous molecule. As a result, fewer 2D mmages of the molecule are required and the

computational load {and, in turn, processing time) for determining the 3D stracture of the

molecule is also reduced.

{6067} In some implementations, the coefficients of the function defining the 3D
structure of a homologous molecule are known (2.5, based on previously captured and
reconstiucted 1mage data). Based on the assumption that the 3D structure of the new
molecule 18 similar to the 3D structure of the homologous molecule, the coefficients of a
function defining the 3D structure of the new molecule will be similar/close to the
coefficients of the function defining the 3D structure of the homologous molecule.
Accordingly, mn some implementations, the invention provides methods and systems for
determining an estimated difference between the coefficients of the function defining the 3D
structure of the new molecule and the coefficients of the function defining the 3D structure of

the homologous molecule.

6608} in some embodiments, the system is contfigured to compute the first two moments
from the image data of a plurality of 2D 1mages of the new molecule. The computed first
moment is indicative of the average image and the second moment is indicative of the 2D
covariance matrix of the image data. The 2D covariance matrix is indicative of the
correlation between pixel values across the image n all image of the plurality of images. The
covariance matrix computed from the 2D image data gives information about the 3D

structure. However, in some implementations, the covariance matrix alone is not enough to

[\]
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reconstruct the 3D structure. Instead, the svstem 1s configured to calculate the estimated
expangion coefficients for the unknown 3D structure of the new molecule based on the 2D
covariance matrix and the expansion coctficients of the known 3D structure of the

homologous molecule.

(G009} In one embodiment, the invention provides a method for generating an estimated
3D structure of a target molecule based on a plurality of 2D images of the target molecule
and a stored representation of a known 3D structure of a homologous molecule. First and
second order moments of the 3D structure of the target molecule are calculated based on the
captured 2D mages. Expansion cocfficients for a known 3D structure of a homaologous
molecule are deternmined based on data stored to a memory. Estimated expansion coefficients
of the unknown 3D structure of the target molecule are then calculated based on the
expansion coefficients from the homologous molecule and at least the second order moment
calculated for the unknown 3D structure. Afier the estimated expansion coefficients for the
unknown 3D structure are estimated, an estimated 3D structure of the target molecule is
generated and, in some embodiments, a visual representation of the estimated 3D structure is

output on a display screen.

G818} In another embodiment, the invention provides a method for generating an
estimated 3D structure of a target molecule. A plurality of 2D raw cryvo-EM mmages of the
target molecule are captured and the 2D image data is expanded in a truncated steerable basis
{e.g., Fourier-Bessel basis). A covariance matrix for the 3D structure of the target molecule
is then estimated by applying a steerable principal component analysis and estimated
autocorrelation matrices are calculated from the estimated covanance matrix. The spherical
harmonic expansion coefficients for the 3D structure of the target molecule are then
calculated up to one or more missing orthogonal matrices. The 3D Fourier transform of a
homologous molecule 1s calculated in a truncated spherical harmonic bagis from a known 3D
structure of a homologous molecule stored to a memory. An estimation of the missing
orthogonal matrices for the 3D structure of the target molecule is then calculated using
orthogonal extension based in part on the 3D Fourier transform of the homologous molecule.
The spherical harmonic expansion coefficients of the unknown 3D structure of the target
molecule are then recovered based at least in part on the estimated spherical harmonic
expansion coefficients calculated from the 2D 1mage data and the estimated missing

orthogonal matrices. The estimated 3D structure of the target molecule is then generated
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based on the recovered spherical harmonic expansion coefficients and, i some embodiments,
a visual representation of the estimated 3D structure of the target molecule 1s output on a

display screen.

6611} Other aspects of the invention will become apparent by consideration of the

detailed descaption and accompanying drawings.
BRIEF DESCRIPTION OF THE DRAWINGS

16612} Fig. 11s a block diagram of g system for deternining a 3D structure of a target

molecule according to one erabodiment.

[6613] Fig. 2 is a flowchart of a method for generating an estimated 3D structure of a
target molecule based on a plurality of 2D images of the target molecule and a known 3D

structire of a homologous molecule using the system of Fig. 1.

3014} Fig. 3A 13 a flowchart of another method for generating an estimated 3D structure
of atarget molecuole by recovering spherical harmonic expansion coefficients of the 3D
structure of the target molecule from a plurality of 2D images of the target molecule and a 3D
Fourier transform of a known 3D structure of a homologous molecule using the system of

Fig. 1.

381 5] Fig. 3B 1s a flowchart of a method for estimating the missing orthogonal matrices

in the method of Fig. 3A using orthogonal extension by least squares.

6616} Fig. 3C 15 a flowchart of a method for estimating the nussing orthogonal matrices

in the method of Fig. 3A using orthogonal extension by anisctropic twicing.

16617} Fig. 44 1s a graph of the bias of the anisotropic twicing, least squares, and twicing

estimators and also the family of estimators with 7 = 1. 5, 10 averaged over 1000 experiments.

[0618] Fig. 4B is a graph of the RMSE of the amisotropic twicing, least squares, and
twicing estimators and also the family of estimators with 7= 1, 5, 10 averaged over 1000

experiments.

6619} Fig. 5A 1s an cxample of a 3D structure of a target molecule.
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6626} Fig. 5B 15 an example of the 3D structure of the target molecule of Fig. 3A

reconstructed using a least squares estimator.

6621} Fig. 5C 15 an exampie of the 3D structure of the target molecule of Fig. SA

reconstructed using a twicing estimator.

3622} Fig. 5D 15 an example of the 3D structure of the target molecule of Fig. SA

reconstructed using an anisctropic twicing estimator,
16623} Fig. 6A 1s an ¢levation view of an example of a target molecule.

3624} Fig. 6B is an elevation view of an example of a homologous molecule similar in

structure to the target molecule of Fig. 6A.
16625] Fig. 6C i3 a reconstruction of the target molecule of Fig. 6A.
3626} Fig. 6D 18 a reconstruction of the homologous molecule of Fig. 6B,

16027} Fig. 6F is an example of the 3D structure of the target molecule of Fig. 6A

reconstructed using a least squares estimator.

16028} Fig. 6F i3 an example of the 3D structure of the target molecule of Fig. 6A

reconstructed using a twicing estimator,

{6629} Fig. 60 1s an example of the 3D structure of the target molecule of Fig. 6A

reconstructed using an anisotropic twicing estimator,

[6630] Fig. 7A 1s a graph of the non-uniform viewing angle distribution of the images

used to reconstruct the 3D structures.

16831} Fig. 7B is a graph of the wuform viewing angle distribution afier sampling of the

wmages used to reconstruct the 3D structures.

16032} Fig. 8A is an cxample of the 3D structure of the target molecule of Fig. 6A
reconstructed using a least square estimator and approximately 30,000 two-dimensional

tmages of the target molecule with an approximately umform viewing angle distnbution.
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{3633} Fig. 8B 1s an example of a 3D structure of the target molecule of Fig. 6A
reconstructed using a twicing estimator and approximately 30,000 two-dimensional tmages of

the target molecule with an approximately uniform viewing angle distribution.

106834} Fig. 8C i3 an example of a 3D structure of the target molecule of Fig. 6A
reconstructed using an anisotropic twicing estimator and approximately 30,000 two-
dimensional images of the target molecule with an approximately uniform viewing angle

distribution.

16035} Fig. 9A 1s an example of the 3D structure of the target molecule of Fig. 6A
reconstructed using a least square estimator and approximately 73,000 two-dimensicnal

tmages of the target molecule with a non-uniform viewing angle distribution.

16036} Fig. 9B is an example of a 3D structure of the target molecule of Fig. 6A
reconstructed using a twicing cstimator and approximately 73,000 two-dimensional vnages of

the target molecule with a non-uniform viewing angle distribution.

{6637} Fig. 9C 1s an example of a 3D structure of the target molecule of Fig. 6A
reconstructed using an anisotropic twicing estimator and approximately 73,000 two-

dimensional images of the target molecule with a non-umiform viewing angle distribution.

{6038} Fig. 10A 1s a graph of the FCR curve for the reconstruction of the entire molecule

corresponding to the exarples of Figs. 8A, 8B, and 8C.

[6639] Fig. 108 15 a graph of the FCR curve for the reconstruction of an unknown
additional structural component of the molecule corresponding to the examples of Figs. 8A,

8B, and 8C.
DETAILED DESCRIPTION

16044} Before anvy erabodiments of the invention are explamed in detail, it is to be
understood that the invention 1s not limited in its apphication to the details of construction and
the arrangement of components set forth m the following description or thustrated in the
following drawings. The invention is capable of other embodiments and of being practiced

or of being carmed out in various ways.



WO 2019/018040 PCT/US2018/029152

6041} Fig. 1 iHlustrates an example of a system for generating reconstructions of the 3D
structure of an object — for example, a molecule. Animaging systerm 101 captures image data
of the object. The imaging system 101 may include, for example, a eryo-clectron microscopy
{cryo-EM) imaging system configured to capture a plurality of 21 projection images of the
object (e.g., a target molecule} from a plurality of different viewing angles. Image data
captured by the imaging system 101 is transmitied to an image processing system including
and electronic processor 103 and a non-transitory computer-readable memory 103, The
electronic processor 103 1s configured to executed instructions stored on the memory 105 to
provide system functionality such as, for example, described herein. The electronic processor
103 1 configured to process the image data captured by and received from the imaging
system 101 in order to reconstruct the 3D structure of the object {e.g., the target molecule).
The electronic processor 103 1s also configured to store the reconstruction of the 3D structure
of the object to the memory 105 and, in some implementations, to store other reconstructions
of other 3D structures to the memorv 105, Simularly, the electronic processor 103 is
commumcatively coupled to a display screen 107 and 1s configured to selectively output a
visual representation of a reconstruction of a 3D structure to the display screen 107 causing

the visual representation to be shown on the display screen 107,

16842} In some implementations, the system of Fig. | is configured to capture a sufficient
oumber of 213 images of a target object such that a 3D reconstruction of the structure of the
object can be generated entirely from the 2D image data captured by the imaging system 101
Alternatively or additionally, in some implementations, the system of Fig. 1 may be
configured to generate a 3D reconstruction of the structure of the object based on a smaller
set of 2 tmages and information derived from another 3D structure that is already stored on
the memory 105, For example, the system of Fig. 1 may be configured to access a
reconstruction of a 3D structure stored to memory that s similar to the target object (e.g., a
homologous object). Instead of capturing and processing new mmages i order 1o reconstruct
the entive 3D structure of the target object, the system is instead configured to capture and
process new tmages of the target obicct in order to identify differences between the target

object and the homologous object.

{0043} Fig. 2 is one example of a method for determining an estimated 3D structure of a
target molecule using the system of Fig. 1. A plurality of 2D cryo-EM projection tmages of

the target molecule are captured using the imaging system 101 (step 201). The system of Fig.

-~
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1 then processes the captured image data to calculate a first order moment and a sccond order
moment for the voknown 3D structure of the target molecule (step 203). In some
mmplementations, the first order moment 1s an average image calculated from the raw image
data captured by the imaging system and, in some implementations, the second order moment
i3 a 2D covariance matrix indicating a correlation between pixel values across the image
all of the images of the target molecule captured by the imaging system 101, The 2D
covanance matrix provides information about the 3D structure of the target molecule.
However, the 2D covariance matrix alone does not provide enough data in order to
reconstruct the entire 3D structure of the target molecule. Instead, the system access a
previously stored 30 structure of a similar molecule {¢.g., a homologous molecule) from the
memory 103 {step 203) and calculates expansion cocfficients of the known 33 structure (step
207). Based on the expanston coethicients for the known 3D structure of the homologous
molecule and the second order moment calculated for the unknown 3 structure of the target
molecule, the system calculates estunated expansion coefficients for the unknown 3D
structure of the target molecule (step 209). Based on the estimated expansion coctficients,
the system generates an estimated reconstruction of the 3D structure of the target molecule
(step 211). The estimated reconstruction is then stored to memory and a visual representation
of the estimated reconstruction of the 3D structure of the target molecule is output on the

display screen 107.

3044} The missing phase problem mn crvstallography entails recovenng information
about a crystal stracture that is lost during the process of imaging. In X-ray cryvstallography,
the measured diffraction patteras provide information about the modulus of the 3D Fourier
transtorm of the crystal. The phases of the Fourier cocfficients need to be recovered by other
means, in order o reconstruct the 3D electron density map of the cryvstal. One method to
solve the missing phase problem is Molecular Replacement (MR), which relics on a
previously solved homologous structure which is similar to the uwoknown structure. The
unknown structure 1s then estimated using the Fournter magnitudes of its diffraction data,

along with phases from the homologous structure.

06645} The missing phase problem can be formulated mathematically using matrix

notation that enables gencralization as follows. Each Fourter coefficient A 1s a complex-
p . P 4 5 . . ; %

valued scalar, i.e., 4 € €1 that we wish to estimate, given measurements of C =4 A

{4 denotes the complex conjugate transpose of 4, 1.¢..4; = 4;;). corresponding to the
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Fourier squared magmitudes, and 8 corresponds to a previousiy solved homologous structure
such that 4 = B+ K, where ¥ is a small perturbation. We denote an estimator of 4 ag 4.
There are many possible choices for such an estimator. One such choice is the solution to the

least squares problem
A = argamin |4 — Blr. subject toAA =C (1)

wherte ||, || » denctes the Frobenius norm. However, A, does not reveal the correct relative
magnitude of the unknown part of the crystal structure, and the recovered magnitude is about
half of the actual value. As a magnitude correction scheme, 1t was empirically found that
setting the magnitude to be twice the experimentally measured magnitude minus the
magnitude of the homologous structure has the desired effect of approximately resolving the

s ]

tssue. That is, the estimator ZAq ¢ — &5 15 used instead. This procedure is referred to as

twicing.

[(6046] In this disclosure, we consider the following problem: How to estimate 4 €
R¥ <2 (or CV*P) from Cand B, where C =4 A" and A = B + E for matrix E of small
magnitude? When N = D, the result described below for an asymptotically consistent

estimator of A is given by Ayr = B+ UWU (AL — B).

3647} The motivation to study this problem s 3D structure determination in single
particle reconstruction {SPR) without estimating the viewing angle associated with each
mmage. Although the examples discussed in this disclosure focus on cryo-electron
microscopy {crvo-EM), the methods and svstems can also be apphied to SPR using other
imaging technigues mcluding, for example, x-ray fice electron lasers (XFEL). In SPR using
XFEL, short but intense pulscs of x-rays are scattered from the molecule. The measured 2D
diffraction patterns m random oricntations are used to reconstruct the 3D diffraction volume

by an iterative refinement procedure, akin to the approach in cryo-EM,

[6648] Some of the examples discussed below utilized orthogonal extension (OF) in
crvo-EM that combines ideas from MR and Kam’s autocorrelation analvsis for the purpose of
3D homology modeling, that is, for reconstruction of an unkoown complex directly from its
raw, noisy images when a previously solved similar complex exists. In SPR using cryo-EM,
the 3D structure of a macromolecule 1s reconstructed from iis notsy, contrast transfer function

(CTF) affected 2D projection images. Individual particles images are picked from
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micrographs, preprocessed, and used in further parts of the cryo-EM pipeline to obtain the 3D
density map of the macromolecule. Algorithms such as RELION, XMIPP, SPIDER,
EMANZ, FREALIGN refine a starting 3D structure using noisy 2D projection imagines. Fhe
result of the refinement procedure is ofien dependent on the choice of the mitial model. Ttis
therefore important to have a procedure to provide a good starting model for refinement.
Alsoc, a high guality starting model may significantly reduce the computational time
associated with the refinement procedure. Such a high quality starting model can be obtained
usimg OF. The main computational component of antocorrelation analysis is the estimation
of the covariance matrix of the 2D mmages. This computation requires only a single pass over
the expenimental images. Autocorrelation analysis is therefore much faster than iterative
refinement, which typically takes manv iterations to converge. In fact, the computational cost
of autocorrelation analysis i even lower than that of a single refinement iteration, as the latter
involves comparison of image pairs {noisy raw images with volume projections}. OF can
also be used for the purpose of model validation, being a complementary method for structure

prediction.

3649} in some tmplementations, OF predicts the structure directly from the raw, noisy
mmages without any averaging. The method 1s analogous to MR in x-ray erystallography for
solving the missing phase problem. In OF, the homologous structure is used for estimating
the missing orthogonal matrices assoctated with the spherical harmonic expansion of the 3D
structure in reciprocal space. It is important {o note that the missing orthogonal matrices
OF are not assoctated with the unknown pose of the particles, but with the spherical
harmonics expansion cocfficients. The missing coefficient matrices are, in general,
rectangular of size & x D, which serves as the motivation to extend twicing to the general

case of finding an estimator when (VD) # (1,1}

{3056} Fig. 3A illustrates a method for estimating a 3D structure of a target molecule
using orthogonal extension. First, a plurality of raw 2D cryo-EM projection images are
captured of a target molecule with an anknown 3D structure (step 301). Next, the 213 images
are expanded in a truncated stecrable basis such as Fourier-Bessel basis (step 303). The
system then applies a steerable principal component analysis to estimate the covariance
matrix of the underlving clean images and their m-plane rotations {step 305). The
autocorrelation matrices of the unknown 3D structure are then estimated from the covariance

matrix, for example, using Kam’s theory (step 307). The Cholesky decomposition of the

10
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autocorrelation matrices is then computed to estimate the spherical harmonic expansion
cocfficienis of the unknown 3D structure of the target molecule up to the missing orthogonal
matrices (step 309). In order to estimate/recover the missing orthogonal matrices for the
unknown 3D structure of the target molecule, a reconstruction of a similar molecule (e.g., a
homologous molecule) with a known 3D structure is accessed from memory (step 311) and
the 30 Founer transform of the homologous molecule is computed in a trancated spherical
harmonic basis {¢.g., spherical-Bessel) (step 313). Orthogonal extension is then applied {(as
discussed 1 further detail below) to estimate the missing orthogonal matrices (step 313) and
the spherical harmonic expansion cocfficients of the unknown 3D structure of the target
molecule are recovered {(step 317). Finally, based on the recovered spherical harmonic
expansion coefficients, a reconstruction of the 313 structure of the target molecule is
generated (step 319}, In some implementations, the reconstruction of the 3D structure 1s
stored to memory and/or a visual representation of the reconstruction of the 3D structure is

output on a display screen.

[6051] “Orthogonal Retrieval” is an approach for 3D homology modeling based on
Kam’s theory. Orthogonal Retricval can be regarded as a gencralization of the MR method
from x-ray crystaliography to cryo-EM. Let @, 0 R® — R be the clectron scattering density
of the unknown structure, and let F{®,) : R® - C be its 3D Fourier transform. Consider the

spherical harmonics expansion of F{M,)

F(D)(k, 0,9) = 8720 2t A ()Y (8, ) (2)

where k is the radial frequency and 11™ are the real spherical harmonics. The autocorrelation

matrices
C!(k‘pkzj = Erln:—lAlm{kl)Alm(kZ)4- { = 0'14- (S)

can be estimated from the covariance matrix of the 2D projection images whose viewing
angles are uniformly distributed over the sphere. This can be achieved with both clean as
well as noisy tmages, as long as the number of noisy images 1s large enough to allow
catimation of the underlving population covarniance matnx of the clean images to the desired
level of accuracy. The decomposition (equation 3) suggests that the /™ order autocorrelation
matrix {7 has a maximum rank of 2/+1, and the maximum rank 1s ¢ven smaller in the

presence of symmetry.

i
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3052} While equation (2) holds true if the molecule 1s represented to infinitely high
resohition, in practice the images are sampled on a finite pixel grid and information cannot be
recovered beyond the Nyquist frequency. In addition, the molecule is compactly support in
R", and the support size can also be estimated from the images. It therefore follows to
expand the volume 1o a truncated basis of spherical Bessel functions or 3D prolates. This
leads to

F(@)(k6,9) = Sl She 1AV (@ @),  1=81..1 ()

where the truncation £ is based on the resolution limit that can be achieved by the
reconstruction. Our specific choice of 1 15 described after equation (8} below. We can
expand Apfk) in a truncated basis of radial functions, chosen here as the spherical Bessel

functions, as follows:

Aim (k} = Ziz] almsjis (k) (5)

[B053] Here the normalized sphencal Bessel functions are

¥ . f k .
A () = ! i (Ris m) O<k<e s=12,..5 ()

eV R
where ¢ is the bandlimit of the images, and Ry is the s positive root of the equation ji(x) = 0.

The functions jis are normalhized such that
Iy JisGdjis Uik = 1 (7)

[0854] The number of the radial basis functions S in equation {5) is determined using the
Nyquist criterion. We assume that the 2D images, and hence the 3D volume are compactly
supported on a disk of radius R and have a bandbhmit of 8 <¢ <0.5. We require that the
maximum of the inverse Fourier transform of the spherical Bessel function and its first zero
after this maxumum are both inside the sphere of compact support radins K. The truncation
bt &7 m equation (3) 1s then defined by the sampling criterion as the largest integer s that

satisfies

R!,(S’P-l) < ZmekR (8}

iz
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[B055] L in equation {4} is the largest integer / for which equation (8} has only one
solution, that is 5, in equation (3} 1s at least 1. Each {15 a matrix of size 8 x 8, when using
the representation of equation (5} in equation (3}, 5, 18 a monotonically decreasing function
of / with approximately linear decay that we compute numerically. In matrix notation,

cquation {3} can be written as
Cr=AA; (%)

where A; is a matrix of size 8§ x (27+1), with Afs, m) = ap,s 10 equation (5). From equation (9),

we note that 4; can be obtained from the Cholesky decomposition of € up to a unitary matrix

i, € U{21 + 1) (the group of unitary matrices of size (2/+1) « (2/413). Since B, 15 real-

valued, one can show using properties of its Fourner transform together with properties of the

real spherical harmonics, that A,,{4} {and hence 4} is real for even / and purely imagimary for
;

odd /. So A;is unigue up to an orthogonal matrix @; € 021 + 1) (the group of unitary

matrices of size (2/+1) x (2/+1}). Determining ¢ is an orthogonal retrieval problem.

6056} I£.8,> 21 +1, estimating the nussing orthogonal matrix € is equivalent to
cstimating 4;. Since Sy 18 a decreasing function ot /, for some large enough 7/ we would have
S§p <2/ +1, that 18, #t has O(L) degrees of freedom. In such cases, it does not make sense to
estimate 0 which has O(L”) degrees of freedom. But we can still estimate 4, closest to B

using equation {1}

[6657] In order to determing the 3D Fourier transform /7 @,) and thereby the 3D density
@y, we need to deternine the coefficient matrices A; of the spherical harmonic expansion.
Fig. 3B tHustrates an example using OF in which the coefficient matrices 4; are estimated
with the aid of a homologous structure @5 using a least squares estimator. Suppose @gisa
known homologous structure whose 3D Fourier transform /{®g) has the following spherical

harmonic expansion:

F(@p) (k. 6,9} = 520 =t Bun VOY™8, @) (10)
16058] In practice, the homologous structure By is available at some finite resolution,
therefore only a finite number of cocfficient matrices 8, (/=0, 1. . . ., L) are given. We show

how 1o estimate the unknown structure ®, up to the resolution dictated by the input images
and the resolution of the homologous structure through estimateing the coefficient matrices Ay

for{=0,1,.. L, where L= min (L Lg).

[—
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3059} Let Fy be any matrix of size Sy x 2/+1 satisfying C=F/F,, determined from the

Al

Cholesky decomposition of & {step 321). Then, using equation {9}
‘1; = F,}()g (E 1)

where §; € 021 + 1) for §; >2/ +1. Using the assumption that the structures are

homologous, A;~ By, one can deternune (O as the solution to the least squares problem

= 99 s, ; 2
O = oo MingpliF0 — Billf (12)
where || || 7 denotes the Frobenius norm. Although the orthogonal group 1s non-convex, there

is a closed form solution to equation (12) given by
o=y (13)

where
B =0y (14

is a singular value decomposition (SVD) of B, F) (step 323). Thus, .4, can be estimated by

the following least squares cstimator (step 325}
Ajs=FVity (1%)

10864 Hereafter, we drop the subscript / for convenience, since the procedure can be

applied to cach / scparately.

16061} As a natural generalization, one may wonder whether the estimator 24,58 (i,
an estimator utilizing twicing) is unbiased for (N,ID) #(1,1). We assume that 4 1s sampled
from the model A = FV, wherein F F = C and ¥ is a random orthogonal matrix (or a random
anttary matrix) sampled from the uniform distribution with Haar measure over the orthogonal
group when 4 18 a real-valued matrx or the unttary group {(when A 1s a complex-valued
matrix). This probabilistic model is reasonable for equation (1), because when 4 A is given,
Fig known and ¥ is an unknown orthogonal or unitary matrix, that is, we have no prior
information about ¥. In addition, we assume the & is a matnx close to A4 such that A — B ig
fixed. An unbiased estimator of 4 which is an affine transformation of A, sis determined as

follows.

14
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3062} When N=D, assuming that the spectral decomposition of C1s given by C=U diag

(AL Az, ..., Ap) [/, then using our probabilistic model we have
B4~ A ] = UTU (A~ B) +o(lA~ Bllp) (16}

where T is a diagonal matrix with /' diagonal entry given by

i {3 a2 ] . X
: ] ) mDxD
= {—- S+ Tisjen prvE when 4, €€ R

Ty ’

1 Av‘z 7 mDxD
s . S A & =
I §:1<]<D /’“»f ag wihen A, C i\

and AX) = o({| Xl r means that lim sup ), ,/ (X)/[X|lr — 0.

[B063]  From equation (16), we have (-1 +UTU YA - B) = B — B/d.s] + o4 — Bl| 5 and

an asymptotically consistent estimator of 4 1s given by
Ay =B~ - UTU ¥ (B-Agg) = B+ UWU {Ay5 - B) (17)

where W =(1-T)". When 4, B € C'*' the matrices reduce to scalars: U=1, T=% W=2,

and Axy = B + 24 s - B).
10664} From equation {16}, it follows that
4] = ELws] + UTU (4 - By +o (1A~ Bl (1)

[B065] A could be approximated in the right-hand-side of cquation (18) by Ay g, which
leads to a new estimator A7 :/ELS + Ty (JLS — B). In fact, there exasts a fanuly of
estimators by approximating 4 recursively in the right-hand-side of equation (18} by A

with A7 = 4 15

AN = AL YUTU (A5 — By (19)
This family of estimators can be written explicitly as

A = B AU @47+, + TY U (As - B) (20}

Using W=(1-Ty =377, we have that A7 = Aaras § — oo, In general, this family of
cstimators has smaller vanance than A a1, but farger bias since they are not unbiased (see,

c.g., Figs. 4A and 4B).

[—
(]
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3066} H N> D, then the column space A 1s the same as the column space of €. Let Pbe
the projector of size N x D to this column space, then we have 4 = PP A, As a result, to
find an unbiased estimator of 4, it is sufficient to find an unbiased cstimator of & A, which is
a square matrix. Since P A is close to £ B and (P 4AWP 4) = P'C P is known, an unbiased
estimator of P74 can be obtained through equation (17), with B replaced by P Band €
replaced by #°C P, In swmmary, an unbiased estimator of A can be obtained in two steps:
First, find A4, an unbiased estimator of £ 4. by applying cquation (17}, with B replaced
by P B and C replaced by P'C P Second, an unbiased estimator of A is obtained by Aap= 2

A

10667} IfN < B, we use the following heuristic estimator. Let Pbe a matrix of size D x
N that is the projector to the row space of B, and assuming that A, the estimator of 4, has the
same row space as i3, then A=A PP and itis safficient to find AP, and estimator of AP,
With (4PYAPY = A4 = Cknown and the fact that AP s close to BP, we may use the
estimator of equation (17). In summary, we use the following procedure: First, find find
A, an estimator of AP, by applying the estimator of equation (17), with B replaced by BP

. L . P
and, second, an estimator of 4 is obtained by Aar=Aar"P .

G063} We remark that for N < D), there is no theoretical guarantee to show that itis an
unbiased estimator, unhike the setting N > D, However, the assumption that A has the same

column space as &£ 1s reasonable and the proposed estimator performs well in practice.

[6669] The autocorrelation matnces £ are derived from the covariance mairix % of the
2D Fourier transformed projoction images through the equation:

Gyl tko D) = 2r(20+ 1) fﬁﬁ 5kl kol P{cos ) sing dip 2h

where w 18 the angle between the vectors &; and £» in the x-v plane. We cstimate the
covariance matrix 2 of the underlying 2D Fourier transformed clean projection tmages. This
cstimation method provides a more accurate covanance compared 1o a classical sample
covarance matrix. First, it corrects for the CTF. Second, it performs eigenvalue shrinkage,
which is critical for high dimensional statistical estimation problems. Third, it exploits the
block diagonal structure of the covariance matrix in a stoerable basis, a property that follows
from the fact that any experimental image is just as hikelv to appear in different in-place
rotations. A steerable basis consists of cuter products of radial functions (such as Bessel

functions} and Fourner angular modes. Each block along the diagosal correspondstoa

6
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different angular frequency. Moreover, the special block diagonal structure facilitates fast

computation of the covariance matrix.

[6678] Since the autocorrelation matrix C estimated from projection images can have a
rank exceeding 2/ +1, we first find its best rank 2/ + 1 approximation via singular value
decomposition, before computing its Cholesky decomposition. fn the case of symmetric
molecules, we use the appropriate rank as dictated by classical representation theory of SU(3)

(less than 2/ +1).

6671} Fig. 3C illustrates a method for estimating the 3D structure of a target molecule
using anisotropic twicing as described above {particularly in reference to equations (16)
through (21}). Given aknown structure & of a homologous molecule and a covariance matrix
 of the target molecule, the systom is configured to find a matrix F&€ ™ *Psuch that C=F
F'(step 331). Next, the system calculates B F and its singular value decomposition B F =
UpZsVy (step 333). The system then calculates the OE-LS estimator as described in Fig. 3B
{step 335). HN=D {step 337}, then the anisctropic twicing estimator is defined as Apr=B+
UWU (A e -B) (stop 339). N > D (step 341), then the anisotropic twicing estimator is
defined as A ar = P A" assuming that Pis a projectors of size N x D to the D-dimensional
subspace spanned by the columns of O {step 343). If N <D, Then the anisotropic twicing
estimator is defined as Ay =A™ 27 where P is a projector of size D x N to the N-

dimensional subspace in R® spanned by the rows of B (step 345).

16672} For any parameter 8, the performance of its estimator 8" can be measured in terms
of its mean squared error (MSE), E||6¢ — 87]|2. The MSE of any estimator can be

decomposed 1nto its bias and variance:

MSE =1{||8 — 81?1 = [ibias||* + var (22}
where
Bias={6"] -8 (23)
and
var=[||8" - E[6"]]"] (24)
(6673} Unbiased estimators are ofien not optimal 1o terms of MSE, but thev can be

valuable for being unbiased. In the examples below describe a numerical expeniment starting

17
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with a fixed FER 19410 and an unknown matrix A4 = #O where O is a random orthogonal
matrix. We are given a known similar matrix & such that 4 = #+E. The goal 1s to estimate A
given Band F. Fig. 4A shows a comparison of the bias and Fig. 4B shows a companison of
the root mean squared error (RMSE) of different estimators averaged over 10,000 runs of the
numerical experiment: the anisotropic twicing estimator, the twicing estimator, the least
squares gstimator, and estimators from the family of estimators for some values of ¢ The
figures demonstrate that the anisotropic twicing estimator is asympiotically unbiased at the

cost of higher MSE.

[6674] Figs. 5A, 5B, 3C, and 5D tllustrate another numeric example using synthetic
datascts gencrated from an artificial molecule. Fig. 5A illustrates the target molecule made
up of ellipsoids with the density set {o | mside the cliipsoids and set to zero outside. The
target molecule llustrated in Fig. 3A mcludes a small ellipsoid 501 that is not present in the
homologous molecule. This represents the small perturbation £ When the Fourier volume

B+E 1s expanded in the truncated spherical Bessel basis described above, the average relative

perturbation [|E 1|/ 14, |} for the first fow cocfticients in the truncated spherical harmonic

expansion for /=1, ..., 1015 8%.

6075} Next we generated 10,000 projection images from the volume of the artificial
molecule of Fig. 5A. We then emploved OF to reconstruct the volume 4 (as tllustrated in
Fig. 5A} from a koown homologous structure 8 (similar to the volume in Fig. 5A, but
without the additional ellipsoid 501). Fig. 5B shows the reconstructed volume using a least
squares estimator. Fig. 5C shows the reconstructed volume using a twicing estimator. Fig.
5B shows the reconstructed volume using an anisotropic twicing estimator. We note that,
while all three estimators are able to recover the additional subunit 501, the amisotropic
twicing estimator of Fig. 5D best recovers the unknown subuntt o its correct relative
magnitude. The relative error in the region of the unknown subunit 501 is 59% with least

squares, 31% with twicing. and 19% with anisotropic twicing.

13676} Figs. 6A through 6G illustrate another example using a synthetic dataset generated
from a TRPV1 molecule {with tmposed C,4 rotational symmetry) in complex with DkTx and
RTX (4). This volume is available on EMDB as EMDB-8117. The actual 3D structure of
the target molecule is dlusirated in Fig. 6A and the homologous molecule (1.e., the “known™
structure} 1s tHustrated i Fig, 6B, The small additional subunit E i visible 1n Fig. 6A as an

extension over the top of the molecule. This represents the small perturbation £ (ie., the

18
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difference between the target molecule structure A and the known homologous molecule
structure &), Fig. 6 iHustrates the “ground truth” representation of the structure of the target
molecule 4 while Fig. 6D illustrates the formulaic representation of the homologous structure
B. A total of 26,000 projection images were generated from A (e, the volume as illustrated
i Fig. 6}, the effects of both CTF and additive white Gaussian noise were added, and then
OF tochniques were used to reconstruct the vohume A, Fig. 6F shows the reconstruction of
the target molecule structure using a least squares estimator, Fig. 6F shows the reconstruction
using a twicing estimator, and Fig. 6G shows the reconstruction using an anisotropic twicing
estimator. The Cy symmertry was taken into account in the autocorrelation analysis by
including in equation (2) only symmetry-invariant spherical harmonics Y\" for which m=0

mod 4.

G877 Again, all three estimators are able to recover the additional subunit £, but the
anisotropic twicing estimator best recovers the unknown subunit to its correct relative
magnitude. The relative error in the unknown subunit is 43% with least squares, 56% with

twicing, and 30% with anisotropis twicing.

[0678] In the example of Figs. 6A through 60, OF technigues were applied to
experimental data of the TRPVI molecule in complex with DkTx and RTX, deternuned in
lipid nanodisc, available on the public database Electron Microscopy Pilot Image Archive
(EMPIAR} as EMPIAR-10059, and the 3D reconstruction 1s available on the electron
microscopy data bank (EMDB) as EMDB-8117. The dataset consists of 73,000 motion
corrected, picked particle tmages (which were used for the reconstruction in EMDB-8117
(Fig. 6A)) of size 192 x 192 with a pixel size of 1.34. The 3D structure of TRPV1 alone was
used as the “homologous structure.” This is available on EMBD as EMDB-8118. The two
structures differ only by a small DkTx and RTX subunit at the top, which can be seen in Fig.

BA.

16079} Since the noise in the experimental images is colored while our covariance
cstimation procedure requires white noise, we first preprocess the raw images in order to
“whiten” the noise. We estimate the power spectrum of noise using the corner pixels of all
images. The images are then whitened using the estimated noise power spectrum. In the
context of our mathematical model, the volume EMDB-8117 of TRPV 1 with DkTx and RTX

is the unknown volume 4 and the volume EMDB-8118 of TRPV 1 alone 1s the known, similar
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volume . We use OF to estimate 4 given & and the raw, noisy projection images of 4 from

the experimental datasct.

[0084] The basis assumption in Kam’s theory s that the distribution of viewing angles 1s
antform. This assumption is difficult to satisfy n practice, since molecules in the sample can
often have preference for certain onientations duc to their shape and mass distribution. The
viewing angle distribution in EMPIAR-10059 18 non-uniform as illustrated in Fig. 7TA. Asa
robusiness test, we attempt 3D reconstruction with (i) all images, such that the viewing angle
distrtbution is non-uniform {i.e.. Fig. 7A) and {11} by sampling tmages such that the viewing
angle distribution of the images is approximately uniform (as shown in Fig. 7B). Forthe
samphling procedure, we chose 10,000 points at random from the vniform distribution on the
sphere and classify each tmage into these 10,000 bins based on the point closest to it. We
discard bins that have no images, and for the remaining bins we pick a maximum of 3 points
per bin. We use the selecied images (slightly less than 30,000) for reconstruction with

roughly uniformly distributed viewing angles.

G081} Figs. 8A, 8B, and 8C ilustrate the 3D reconstructions of the TRPV 1 in complex
with DkTx and RTX (EMPIAR-10059) using least aquares, twicing, and anisotropic twicing,
respectively, based on the images selecied by sampling to impose approximately uniform
viewing angle distribution. Figs. 9A, 9B, and 9C illustrate the 3D reconstructions of the
TRPV1 in complex with DkTx and RTX (EMPIAR-10039) using least squares, twicing, and
anisotropic twicing, respectively, based on all 73,000 images such that the viewing angle
distribution is non-unifornm. Fig. 10A shows the FCR curve for the reconstruction of the
entire molecule obtained by OF using the least squares, twicing, and anisotropic twicing
cstimators corresponding to Figs. 8A, 8B, and 8C. Fig. 10B shows the FCR curve for only

the unknown subunit.

16082} The methods described in the examples above were implemented in the UNIX
cuvironment on a computer with 60 cores running at 2.3 GHz with total RAM of 1.5 TB.
Using 20 cores, the total time taken for preprocessing the 2D mmages (whitening, background
nomnalization, etc.) and computing the covariance matrix was 1400 sceonds. Calaulating the
autocorrelation matrices using equation {21} involved some numerical integration which took
790 seconds, but for a fixed ¢ and R (statisfied for datasets of roughly similar size and
quality) these can be precomputed. Computing the basis functions and calculating the

cocfficient matrices of the homologous structure took 30 seconds and recovering the 3D
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strcutreu by applying the appropriate estimator (AT, twicing, or LS) and computing the

volume from the estimated coefficients took 10 seconds.

{0083} The orthogonal retrieval problem in SPR is akin to the phase retrieval problem in
x-ray crystallography. In crystallography, the measured diffraction patterns contain
information about the modulus of the 3D Fourier transform of the structure but the phase
information 1s nussing and needs to be obtained by other means. In crystallography, the
particle’s ortentations are known but the phase of the Fourier coefficients is missing, while in
cryo-EM, the projection images coutain phase information but the orientations of the particles
are nussing. Kam’'s autocorrelation analvsis for SPR leads to an orthogonal retrieval problem
which is analogous to the phase retrieval problem in crystallography. The phase retrieval
problem is perhaps more challenging than the orthogonal matnx retrieval problem in cryvo-
EM. In crystallography, cach Fourier cocfficient is mussing its phase, while in crvo-EM only
a single orthogonal matrix 1s missing per several radial components. For each /, the unknown
coeflicient matrix A; 18 of size S; x (27 +1), corresponding to {2/ +1} radial functions. Each 4;
is to be obtained from €, which is a positive semidefinite matrix of size §) x 5 and rank at
most 2/ +1. For 5> 2/ +1, mstead of estimating S; (2 +1} cocfficients, we only need to
cstimate an orthogonal matrix in Q{27 +13 which allows {2/+1) degrees of freedom.

Therefore, there are (S-{2/ +1) fower parameters to be estimated.

3684} In some implementations, OF requires a sufficient number of 2D images to
estimate the covariance matrix to the desired level of accuracy, so it has a greater chance of
success for homology modeling from notsv images than other ab~-initio methods such as those

based on commons line, which fail at high noise levels.

[B085] In the examples described above, vanious implementations provide, among other
things, a general magnitude correction scheme for a class of phase-retrieval problems, in
particular, for orthogonal extension in crvo-EM. In some implementations, the magnitude
correction scheme includes a variation of “twicing” referred to hercin as anisotropic twicing.
An asymptotically unbiased estimator is describes and the examples demonstrate 3D
homology modeling using OF with synthetic and experimental datasets. These and similar
techniques can be used to provide medels and to mitialize refinement directly from
experimental 1mages without performing class averaging and orientation estimation in ¢ryo-

EM and XFEL.



WO 2019/018040 PCT/US2018/029152

3086} While anisotropic twicing outperforms least squares and twicing for synthetic
data, in the examples described above, the three estimation methods have similar
performance for experimental data. One possible explanation is that the underlying
assumption made by all estimation methods that £ are noiseless as implied by imposing the
constraint ;= A4, is viclated more severely for certain types of experimental data.
Specifically, the () matrices are derived from the 2D covanance matnx of the images and
cstimation errors are the result of noise o the images, the finite number of images available,
non-uniformity of viewing directions, and imperfect estimation of mmdividual image noise
power spectrum, contrast transfer function, and centering. These effects are likely to be more
pronounced in some types of expenmental data compared to synthetic data. As a result, the
crror in estimating the € matrices from experimental data is larger. The error in the
cstimated £} can be taken into consideration by replacing the constrained least squares

problem of equation (1) with the regularized least squares problem

miin, |4 — BJi% + Al

¢~ AA'|I2 25)

where A > 0 is a regulanization parameter that would depend on the spherical harmonic order

A

{3687} Thus, the nvention provides, among other things, methods and systems for
generating a reconstruction of a 3D structure of an object (such as, for example, a target
molecule} based on a low order moment of 213 image data for the object and prior knowledge
of a similar, homologoas 3D structure. Various features and advantages of the invention are

set forth in the following claims.
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CLAIMS

What is claimed is:
I A method for digitally reconstructing an unknown 3D structure of a target molecule,
the method comprising:
receiving, by an electronic processor, a plurality of 2D images of the target
molecule captured by an imaging svstem;
calculating, by the electronic processor, an estimated low order moment of the
unknown 35 structure of the target molecule based on the plurality of 2D images;
dentifyving a homologous molecule having a known 3D structure;
determining, by the electronic processor, at least one expansion coefficient of
the known 3D structure of the homologous molecule;
calculating, by the electronic processor, at least one estimated expansion
coefficient for the unknown 31 structure based at least in part on the estimated low
order moment of the unknown 3D structure of the target molecule and the at feast one
expansion cocfficient of the known 3D structure of the homologous molecule; and
sencrating, by the clectronic processor, an estimated 31 reconstruction of the
target molecule based on the at least one estimated expansion coefficient for the

unknown 3D stracture of the target molecule.

2. The method of claim 1, further comprising outputiing on a display screen a visual

representation of the estimated 3D reconstruction of the target molecule.

3. The method of claim 1, further comprising storing the estimated 3D reconstruction of

the target molecule to a non-transitory computer-readable memory.

4, The method of claim 1, wherein calculating the estimated low order moment of the
unknown 3D structure of the target molecule based on the plurality of 2D images includes
calculating a covariance matrix from the plurality of 2D images.
5. The method of claim 4, further comprising calculating at least one autocorrelation
matrix based on the covarance matrx, and

wherein calculating the at least one estimated expansion coefficient for the

unknown 3D structure based at least in part on the estimated low order moment of the

]
2



WO 2019/018040 PCT/US2018/029152

unknown 3D structure of the target molecule and the at least one expansion
coefficient of the kanown 3D structure of the homologous molecule includes
caleulating a set of expansion cocfficients for the unknown 3D structure based at least

m part on the at least one autocorrelation matrix,

6. The method of claim 4, further comprising capturing a plurality of notsy two-
dimensional projection tmages of the target molecule using a cryo-cleciron microscopy
gystem, and wherein caleulating the covariance matrix includes calculating an estimated
covariance matrix mdicative of a phurality of clean two-dimensional projection images of the

target molecule based on the plurality of noisy two-dimensional projection images.

7. The method of claim 1, further comprising expanding 2D tmage data from the
plurality of 21 images in a truncated stecrable basis, and wherein calculating the estimated
low order moment includes calculating an estimated covanance matrix by applying a

steerable principal component analysis to the expanded 2D image data.

8. The method of claim 1, whercin identifying a homologous molecule having the
known 3D structure includes identitving the homologous molecule that is sinular to the target

molecule and 1s expected to have a similar 3D structure.

9. The method of claim 8, further comprising accessing a previous reconstruction of the
known 3D structure of the homologous molecule from a non-transitory computer-readable

memory.

10.  The method of claim 1, further comprising

calculating, by the electronic processor, a plurality of estimated spherical
harmonic expansion coefficients for the unknown 3D structure, whergin the plurality
of estimated spherical harmonic expansion coefficients for the unknown 3D structure
does not include at least one missing orthogonal matrix that cannot be recovered from
the plurality of 2D images of the target molecule because image data of the target
molecule in the plurality of 2P images is mncomplete, and

wherein calculating the at least one estimated expansion coctficient of the

unknown 30 structure includes
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cstimating the at least one missing orthogonal matrix based at least in
part on data indicative of the known 3D structure of the homologous molecule
using orthogonal extension, and

recovering a set of estimated spherical harmonic expansion coefficients
for the unknown 3D structure of the target molecule based on the plurality of
estimated spherical harmonic expansion coefficient for the unknown 3D

structure and the estimated at least one missing orthogonal matrix.

11, The method of claim 10, wherein estimating the at least one nussing orthogonal

matrix using orthogonal extension inchides applying an anisotropic estimator,

12, The method of claim 11, wherem applving the anisotropic estimator inchudes
calculating the at least one missing orthogonal matrix Aar,
where Axr=B-UWU B - ALsl,
where £ is indicative of the known 3D structure of the homologous molecule,
where Ay ¢ is a least squares estimator of the at least one missing orthogonal matrix

and is equal to FV,Uy .

13, The method of claim 11, wherem applving the anisotropic estimator inchudes

. o . - PR
calculating the at least one missing orthogonal matrix Ay, where Aar = P Aa™, and where
F 15 a projector of size N x D to the D-dimensional subspace spanned by the colurans of the

autocorrelation matrix.

14, The method of claim 11, wherein applying the anisotropic estimator includes
N F . . . a ~ “~ (}\. - P P
calculating the at least one missing orthogonal matrix Ay, where Asr=A4r" P, and where
- . . . - . . D ; ; ~
P*is a projector of size ID x N to the N-dimensional subspace in B spanned by the rows of a

matrix £ mdicative of the known 3D structure of the homologous molecule.

15, The method of claim 11, wherein applying the anisotropic estimator inchudes
finding a F € € P such that C = F F’, wherein C € €7,
calculating & F and calculating its singular value decomposition B F' =
UsZVy', where B € C¥* and is indicative of the known 3D structure of the

homologous molecule,

]
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calculating an orthogonal extension least-squares estimator of the at least one
missing orthogonal matrix Ay s, where Ay g is equal to F¥3l;", and

calculating the at least one missing orthogonal matrx A AT, Wherein

when N=D, A svis calculated as B -UWU'[B — Aisl.

when N> D, A is calcalated as 2 A4, and Pis a projector of size
N« D to the D-dimensional subspace spanned by the columns of the
autocorrelation matrix, and

when N<D, dat is calculated as A4 P, and P* is a projector of size
D x N to the N-dimensional subspace in R" spanned by the rows of a matrix B

mdicative of the known 3D structure of the homologous molecule
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