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This invention relates to wave transmis-

- sion networks, and more particularly to arti-

ficial lines having broad band frequency se-
lective properties.

In wave transmission systems involving
a uniform line, or an artificial line of iterative
character, a necessary condition for uniform
efficiency of transmission is that the terminal
apparatus with which the line is associated
should have an impedance substantially equal
to the characteristic impedance of the line at
all frequencies in the range it is desired to
transmit. In certain cases this can be done
with great exactness, but where the line is
an iterative structure of reactive impedance
elements, as in case of a coil loaded line or
of a broad band wave filter, the condition
can be fulfilled only approximately. This

‘is for the reason that the characteristic im-

pedances of these structures are not constant
with frequency, except at frequencies remote
from the transmission band limits, and are
strongly variable at frequencies close to the
band limits. When such lines are used, as
is ordinarily the case, with terminal appa-
ratus of constant resistive impedance, wave
reflections occur at the ends of the line and
give rise to irregularities in the transmission
characteristic. These irregularities are most
noticeable at points corresponding to the
natural frequencies of the system and may be
regarded as due to insufficiency of the damp-
ing of the resonances by the resistive terminal
impedance. For many purposes the reso-
nance effects are of little importance since
their magnitude is greatly diminished by the
effects of dissipation in the branch imped-
ances, but in other cases, where the internal
dissipation is very small or where the operat-
ing conditions réquire a high degree of uni-
formity, the irregularities due to undamped
resonance may be very objectionable.

By this invention broad band selective sys-
tems are provided in which the transmis-
sion is free from irregularities of the type de-
scribed. This result is obtained by depart-
ing from the usual iterative type of structure
and instead, arranging the selective circuit
as a tapered line in which the impedance
values of the elements vary from section to

1929. Serial No. 374,669.

section in accordance with a prescribed law,
as hereinafter described. The structures
of the invention comprise artificial lines of
the ladder, or series-shunt type which, in

schematic form, have general resemblances -

to broad band wave filters of known type,
but differ therefrom in certain important re-
spects. One characteristic feature of the
structures is that the series branch impedances
increase in value progressively from both
ends towards the center, while the shunt
branch impedances vary in an inverse man-
ner. Viewed in the light of the ordinary
wave filter theory this method of tapering
corresponds to varying both the character-
istic impedance and the width of the trans-
mission band from section to section along the
line. The resulting characteristic may be
regarded as being due to the internal reflec-
tions neutralizing those occurring at the ends
of the line, however, the operation of the cir-
cuits of the invention cannot readily be ana-
lyzed in terms of the ordinary filter theory
and the above statement of the principle of
operation is therefore intended to be merely
suggestive.

The nature of the invention and its mode
of operation will be more fully understood
from the following detailed description and
by reference to the attached drawings, of
which :

Fig. 1 is a schematic diagram illustrating

‘the general form of the transmission net-

works of the invention; )
Figs. 2, 3, 4 and 5 show various specific
forms of line sections applicable to Fig. 1;
Fig. 6 is a diagram illustrating certain
points in the theory of the invention; and
Fig. 7 illustrates the type of transmission
characteristic obtained by the invention.
The circuit illustrated in Fig. 1 comprises
terminal resistances R, and R, of equal value
which may be constituted by resistance ele-

ments or may represent the impedances of

long transmission lines or of power consum-
ing loads, a wave source W included in series
with R., and an artificial line of the ladder
type having n branch impedances Zy, Z,, Z,
... Zn, disposed alternately in series and in
shunt between R, and R.. The branch
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impedances are made up of substantially
pure reactance elements, the series imped-
ances being all of similar character and the
shunt impedances being similar to each other,
but having a frequency variation inverse to
that of the series impedances. In accord-
ance with the invention the series impedances
Zy, Zs, ete., are given the values,

Z, =0, XR,
Zs =aXR,
Z11—1 = an—lXE

and the shunt impedances Z,, Z,, etc. are
given the values,

(1)

?

~ R
2T X
R
Z4—m’ (2)
R
Zn:m,

where R is the common value of resistances
R; and R., X is a frequency factor express-
ing the variation of the impedances with fre-
quency and the factors @y, @., etc. are numeri-
cal coeflicients having the values

@;=2sin 2—7; )

as=2 sin g%r, 3)

;=2 siﬁ S—Z » ete,
or in general,

a, =2 sin Qﬁ%ﬁr .

Thecircnitisshown terminatingatthe right
in a series impedance Z; and at the left in a
shunt impedance Z,, n being an even number.
It is not necessary, however, that this partic-
ular arrangement be followed ; the invention
1s not restricted to an even number of
branches and each end of the line may termi-
nate in a series or in a shunt impedance re-
gardless of the termination of the other end.
The coeflicients a,, s, etc. as given by Equa-
tion 3 are applied to the branches in order,
counting from one end of the line, but it is
immaterial which end is used as a starting
point since the coeflicients are equal in pairs
as follows:

1= oy,
2= n_q,
3= Qu_s, etc.

With these proportions the current in re-
sistance R, due to an E. M. F. B, in series
with R, is given by the equation

E
I = SRJTFIX] (4

where [Ij denotes the absolute magnitude, or

1,849,656

modulus value, of the current, and IX]| is the
modulus value of the frequency factor X.
The factor X, which expresses the fre-
quency variation of the branch reactances ig
an Imaginary quantity expressible as an odd
rational function of frequency, but its mod-
ulus value is a positive real quantity. Nu-
merically X is equal to each of the ratios

7 R R
ol oR’ 2, aZy
that is, it defines, except for the numerical
coeflicients a,, a,, etc. the ratio of the values
of the series impedances to the terminal re-
sistance, or the ratio of the terminal resist-
ance to the shunt reactances. The general
form of the impedance of any reactance struc-
ture, and hence the general form of the fre-
quency factor X, is discussed by R. M. Foster,
A reactance theorem, Bell System Technical
Journal, Vol. TIT, No. 2, April 1924, page 259.
From Equation (4) it follows that, so long
as [X] is less than unity, the value of the cur.
rent is closely equal to

B

2R
but when [X| exceeds unity the current be-
comes very small, particularly when the num-
ber 7 of the impedance branches is large.
The frequencies at which X passes through
the value unity thus demark the transmission
and the attenuation ranges of the cireuit, the

former being defined by numerical values of
X between

+4/~1 and— /7,
From the known properties of reactances it
follows that as |X| increases from zero to
unity, the quantity on the right hand side of
Equation (4) continuously diminishes from
the maximum value

£
2R
_E
the rate of diminution being very small at
first and then increasing, but showing no
intermediate maxima or minima. The fre-
quencies for which X is zero correspond to
the resonances of the series branches and to
the anti-resonances of the shunt branches.
The transmission bands are therefore cen-
tered about the resonance frequencies of the
series branches, except when these oceur at
zero frequency and infinite frequency.

The determination of the numerical co-
efficients a;, a., ete., which define the taper of
the line, is a lengthy and involved mathe-
matical procedure, only the major steps of
which will be described here.

The ratio of the voltage E of the source W

to the value
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to the current T in-the resistance R; may be
expanded as .a power series,

E_AX + AX T AXR .
T T A, X A, X+l ©)

in 'which the coefficients A,, A,, etc. are func-
tions of the coefficients @, a. etc. of the im-
pedance branches. The simple character of
the power series is due to the fact that the
series impedances and the shunt admittances
are all proportional to the same frequency
function X, thus permitting the ratio to be
expanded as a function of a single variable.
Equation (5) may be written in the form
B A@-X)X-X)X-X)
: (X—X.),

where X, X,, etc. are the n roots of the ex-
pression on the right of Equation (5) and
the desired ratio, namely that of the absolute
magnitudes of E and I, can be found by mul-
tiplying this expression by its conjugate.
This gives E
LIEE

‘E 2
I (X2—X.2). (7

If now, it is stipulated that the absolute
magnitude of the voltage ratio-shall have
the value

2
11

the identity is established: that

(—1)"PAHX2—-XP) (X=X -+
(XX =X 1, (9)

which is satisfied for A, equal to unity and
X2, X,? etc. respectively equal to the n, nth
roots of =1, the + sign being taken if »
is odd and the — signif niseven. The values
of the roots X,, X2, etc. may be written as
follows:

N (— 1) AFX - X)X

2

=X +1, «(8)

X, = :E[cos (2r

@l jsin Tl | -1
. X7‘= :’t[cos Qr__—_z_)ﬂ__l__jsin (27'_2)

2n
2n 2n W] ’

when n is even, and
when # 1s odd, the sign being chosen so that

. the real part corresponding to the damping

constant, is negative.

These roots define the character of the
transient, or free, oscillations of the circuit.
The imaginary parts of the roots are pro-
portional to the natural frequencies and the
real parts to the corresponding damping con-
stants. Tf plotted in the complex plane with
the real parts as abscissee and the imaginary
parts as ordinates, it will be seen that the
roots are represented by equal vectors spaced

'n)7

3

at equal angles, the angle between successive
vectors being equal to \ o

kis

n

.

The roots in their .complex form are some-
times termed the complex damping constants
of the circuit. A circuit for which the com-
plex damping constants have the values in-

dicated ahove possesses the unique transmis- ¢

sion characteristics expressed by Equation 4.
It is not free from natural or transient oscil-
lations, but in its response to forced oscilla-
tions, resonance effects at the several natural
periods are not in evidence. The response
to forced oscillations resembles that of a
singly resonant system but is much broader
and flatter. In the more complex systems of
the invention a plurality of transmission
bands may exist, the response characteristics
in each band being of the character of a single
broad resonance, free from irregularities at
the natural periods. The roots in such cases
each define a plurality of natural periods, one
for each transmission range. ,

The roots X,, X,, having been found, the
coefficients A;, A,, etc. in Equation 5 can be
determined by standard mathematical proc-

esses, these coefficients being related to the

roots in the following manner;
4 .
4o
A
4y
‘Aj is the sum of the products taken three
A, at a time, and so on. ’

is the sum of the roots;

is the sum of the proaucts of

the. roots
taken two at a time; o ‘

" Having determined the necessary values ;45

of the coefficients of Bquation (3) to make
it correspond to the stipulated form of the
voltage ratio, the next step is to determine
the values of the impedance coefficients a,

@, ete. so that the physical network will have -3

(10)

the prescribed characteristic. To do this

Equation (5) may be rewritten with the co- =

efficients A;, A,, ete. fully expanded, that is,
expressed in- terms of the impedance coeffi-
cients @, ., etc. of which they are functions.
Two expressions are thus established for the
ratio - o :
B
E’

the one involving the numerical values of

the coefficients ‘A, A, necessary to obtain :

the prescribed characteristic, and the other
involving ‘the coefficients expanded as func-
tions of a,, @, etc. Equating the coefficients
of corresponding powers of X, a sufficient
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the individual values of the impedance co-
efficients to be found.

By carrying out the steps indicated above
for a number of cases, corresponding to pro-
gressively increasing values of n from 2 to
10, the general values of the coefficients @y,
@, etc. given in Equations 8 were arrived at.
Further computations in which these values
were applied to circuits having greater num-
bers of branches have shown that they apply
for all values of n as large as may be desired.

The design of circuits to transmit oscilla-
tions between prescribed limits of frequency
may be carried out in a direct manner by giv-
ing the series branches an appropriate struc-
ture and assigning such values to the ele-
ments that the reactances have the magni-
tudes =aR at the specified limits, the co-
efficients @ being those appropriate to the
order of the branch. The design of the shunt
branches follows from the reciprocal rela-
tionship involved. However the following
procedure, which is based on the design of
uniform wave filters is generally simpler.

A uniform line of recurrent structure, hav-
ing series branches of impedance 2XR and
shunt branches of impedance

B
2X’
has its transmission band limits defined by
the condition -
X=& [T

which is the same as the condition determin-
ing the band limits in the circuits of the
invention. Such a line, like the circuits of
the invention, is characterized by an inverse
relationship between its series and its shunt
impedances, the product of any pair of these
impedances being constant and equal to R2.
The design of wave filters of this type, to
which the name “constant K” has been given
is described in U. S. Patent 1,227,113, issued
May 22,1917 to G. A. Campbell, and in U. S.
Patent 1,509,184 issued September 23, 1924 to
0. J. Zobel.
patents may be used to compute the imped-
ance elements of ‘a typical section of the
“constant K" line having the prescribed cut-
off frequencies, and, from the impedances
of this typical section, the design of the cor-
responding circuit of the invention may be
computed by virtue of the relationship men-
tioned above. The impedances of the series
branches are equal to half the series imped-
ance of the related “constant K section mul-
tiplied by the appropriate impedance co-
efficients of Equation 3, and the impedances of
the shunt branches are found by taking twice
the shunt impedance of the iterative struc-
ture and applying the appropriate coeffi-
cients.

The application of the foregoing princi-
ples will be illustrated in connection with

The design formulae of these -

1,849,656

specific circuits adapted to pass a single band
of frequencies, the line structures being illus-
trated by Figs. 2, 3 and 4 respectively.

Fig. 2 represents a typical section of a
low-pass structure, the series branches com-
prising simple inductances and the shunt
branches simple capacities. Assuming the
section illustrated to represent the »* and
the (7—1)*™ branches, the impedances have

the values
jwlz = (ZrXR
and
1 R
ijz - ar_zX

respectively where o denotes 2r times the
frequency. If the cut-off frequency for
which [X| is unity, be denoted by f, it fol-
lows that

a. R

L2=2_ﬂ‘:'f’07 (11)
— a'*l_
C, 27rf0R’ (12)
and also that
x=7L. 3)

Jo

The form of the transmission characteris-
tic of the low-pass type of circuit is shown
in Fig. 7 in which the magnitude of the re-
ceived current is plotted against the fre-
quency function f/f,. The uniform curves
10, 11 and 12, representing the characteristics
of circuits having 8, 5 and 7 branches respec-
tively, illustrate the high degree of uni-
formity that exists throughout the transmis-
sion range. Tor comparison purposes dotted
curve 15 shows the value of the voltage ratio
in the prototype “constant K” wave filter
having five branches. These curves are com-
puted on the assumption that there is no en-
ergy dissipation in the energy branches, the
effect of dissipation being to add to the curves
for the circuits of the invention a gradual
downward slope with frequency, and to re-
duce the high peak in curve 15.

Fig. 8 shows a typical section of a high-
pass structure, the series impedance in this
case being capacities and the shunt imped-
ances inductances. Capacity C,, represent-
ing in general the 7" branch impedance has
the value

1
G-azgm 04
and inductance Li; of the (7—1)® branch has
the value

Ls :ar_127Tfo. (15) )
The frequency factor in this case has the °
value '
x=ib. (16
J f (16)

The structure of Fig. 4 is of the band-pass -
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type, the series branches consisting of simple
resonant circuits, and the shunt branches con-
sisting of simple anti-resonant circuits. The
series branches are all resonant at the same
frequency, since their impedance values con-
tain the same frequency factor X and the
shunt branches are likewise anti-resonant at
the same frequency. If the two cut-off fre-
quencies be denoted by f: and 7> respectively
the frequency factor has the value

7, 7. 00

where
. So=Afif"
" The design in this case is most readily de-
veloped by camparison with the prototype

“aonstant K wave filter, the values of the im-
pedance elements of which are given by

R
Lo=2=1
Cp= f 2 —f 1
: O 4xf B
for the series branches, and
L'_m = OmR?‘,
s —Lu
Ly °7) 4

for the shunt branches. These values lead
at once to the impedance values for the cir-
cuit of the invention S
' L = G,R ___=a,.L40 : )
TG 2

__h=h _20s
~ZemfiB e

R(f:—f1)

7 = \J2 JY)

L‘ a,_.121rf1f2’

G

and

V... S,
0 Ll a,_;27r(fz—f1)’

the series elements Li, Cs, as befofe, being

assumed to represent the 7" branch and the -

shunt elements L/, C’, constituting the
(r—1)® branch of the artificial line.

The circuits of the invention may also be
adapted for multi-band transmission, an ex-
ample of a structure of this type being shown
in Fig. 5. Only a single section is llustrated,
but this suffices to show the character of the
branch impedances. The particular struc-
ture shown has three pass bands, one of which
starts at zero frequency. The series imped-
ance Z, comprises an inductance and two
anti-resonant circuits all in series, This com-
bination is resonant at three frequencies, in-
cluding zero, and is anti-resonant at three
frequencies, including infinity.. The shunt

5

impedance Zj is inversely related to Ze, being
anti-resonant at the resonance frequencies
of Z, and vice versa. It comprises a con-
denser and two series resonant circuits all
connected in parallel. The three transmis-
sion bands are located about the three reso-
nance frequencies of the series branch im-
pedance, and may be placed roughly in their
desired positions in the frequency scale by
properly placing the resonance frequencies.
L,40=04032, .
Additional bands may be obtained by adding
anti-resonant circuits to the series branch and
corresponding resonant circuits to the shunt
branch. The formation of the pass bands is
illustrated by Fig. 6, which shows the form
of the frequency factor X for the circuit of
Fig. 5. The value of X increases from zero
at the first resonant frequency, f,=0, to in-
finity at the first anti-resonant frequency T2
and “passes through zero and infinity at the
successive frequencies fs, fi, f5 and fe=co.
The transmission ranges are defined by values
of X between —1and +1 and are indicated in
the figure by the thickened portions of the
horizontal axis.

Explicit design formule for multi-band
cireuits become extremely complicated and
of little use for practical purposes. It is
generally simpler to proceed towards the
final design by a trial method involving stc-
cessive approximations, the first step of the
process being the determination of the “con-
stant K prototype, as in the example dis-
cussed above.  The form of the branch im-
pedances having been determined for the pre-
seribed number of bands, a trial design of
the series impedance may be made, with the
resonant frequencies placed according to the
desired band locations. A plot of the imped-
ance will indicate the positions of the band
limits and, if these are incorrect, the con-
stants may be varied in successive trials until
a good approximation to the desired positions
is obtained. The design of the shunt imped-
ance follows from the inverse relationship,
and the final design is obtained by applying
the impedance coefficients @i, @, as already
indicated. :

What is claimed is:

1. A frequency selective transmission line
comprising a plurality of reactive imped-
ances disposed alternately in series and in
shunt relation, said series impedances being
of similar type whereby their reactances are
constantly Telated at all frequencies, said
shunt impedances being of inverse type to said
series impedances, and the reactances of said
series impedances and the susceptances of said
shunt impedances being proportional to the
quantity : :
2r—1

2n
where r denotes the order of the impedance

sin T
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counting from one end of the line and » is
the total number of impedances.

2. A broad band frequency selective system
comprising an artificial line of ladder struc-
ture, each series branch of said line including
an inductance and each shunt branch includ.
ing a capacity, the values of said inductances
and said capacities being proportional to the
quantity

2r—1
2n

sin T
where 7 denotes the order of a branch count-
ing from one end of the line, and # is the total
number of branches.

3. A broad band frequency selective system
comprising an artificial line of ladder struc-
ture, each series branch of said line including
a capacity, and each shunt branch including
an inductance, the values of said capacities
and said inductances being inversely propor-
tional to the quantity

2r—1.
an T

where 7 denotes the order of a branch count-
ing from one end of the line, and 7 is the total
number of branches.

4. A broad band frequency selective sys-
bem. comprising a ladder type artificial line
each series branch of which comprises an in-
ductance and a capacity in series and each
shunt branch of which comprises an induc-
tance and a capacity in parallel, said series
branches being all resonant at a given fre-
quency and said shunt branches being anti-
resonant at the same frequency, and the in-
ductances of said series branches and the ca-
pacities of said series branches being propor-
tional to the quantity

2r—1
oan T

where 7 denotes the order of a branch count-
ing from one end of the line, and 7 is the to-
tal number of branches.

5. In combination with a wave source and
a terminal load having equal resistive im-
pedances, a network in accordance with claim
1 the branch impedances of which are pro-
portioned with respect to the resistance of
the terminal impedances and to the limiting
frequencies of a preassigned range whereby
transmission through the network in the pre-
assigned frequency range is substantially free
from irregularities due to wave reflection at
the terminals.

6. A wave transmission network compris-
ing a plurality of reactive impedances dis-
posed alternately in series and in shunt to
constitute a multi-section ladder type line,
said series impedances being of similar type
whereby their reactances are constantly re-
lated at all frequencies, said shunt imped-
ances being of inverse type to said series im-

sin

sin

1,849,656

pedances, and the reactances of said series
impedances and the susceptances of said
shunt impedances increasing symmetrically
from both ends of the line towards the center.

7. A wave transmission network compris-
ing a plurality of reactive impedances dis-
posed alternately in series and in shunt to
constitute a multi-section ladder type line,
sald series impedances being of similar type,
saild shunt impedances being of inverse type
to said series impedances, and the reactances
of said series impedances and the susceptances
of said shunt impedances increasing from
both ends of the Iine towards the center, the
rate of increase diminishing towards the
center,

8. A broad-band wave filter comprising a
plurality of sections, the transmission bands
of said sections having a frequency range in
common and said sections being so propor-
tioned that their respective band widths vary
progressively from both ends towards the
center of the network.

9. A broad-band wave filter comprising a
plurality of sections, the transmission bands
of said sections having a frequency range in
common and said sections being so propor-
tioned that their respective barnd widths
diminish progressively from both ends to.
wards the center of the network.

10. A transmission network comprising a
plurality of sections, each of said sections be-
ing adapted to transmit selectively oscilla-
tionsin a broad frequency range and said sec-
tions being so proportioned with respect to
each other that the transmission bands of ad-
jacent sections have a frequency range in
common and’ vary progressively in width
trom both ends towards the center of the net.
work.

11. The method of eliminating transmis-
sion irregularities in a broad-band multi-
section wave filter which comprises progres-
sively increasing the transmission band
widths of adjacent sections from the center
of the filter towards both ends.

12. A low pass wave filter comprising a
plurality of sections, each section including
series inductance and shunt capacity, the in-

ductances and capacities of said seetions -

being so proportioned that the cut-off fre-
quencies of the respective sections increase
progressively from the center of the filter to-
wards both ends.

13. The method of eliminating transmis-
sion irregularities in a broad-band multi-sec-
tion wave filter which comprises progressive-
ly increasing the transmission band widths
of adjacent sections from the center of the
filter towards both ends and: varying the
values of the nominal characteristic im-
pedances from one section to another.

14. A broad-band wave filter comprising s
plurality of sections, the transmission bands
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of said sections having a frequency range in
common, and said sections being so propor-
tioned that their band widths vary progres-
sively from both ends toward the center of
the network and their nominal characteristic
impedances change in value from section to
section.

Tn witness whereof, I hereunto subscribe
my name this 28th day of June, 1929.

WILLIAM R. BENNETT.




