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METHOD AND APPARATUS FOR PRESCISION
ATTITUDE DETERMINATION AND KINEMATIC POSITIONING

ABSTRACT OF THE DISCLOSURE

A technique for resolving whole-cycle ambigulty that

is inherent in phase-angle measurements of signals received from

multiple satellite-based transmitters in a global positioning

system. The relative position of a secondary receiving antenna
with respect to a reference antenna is approximately known or
approximately initially determined and then measurements from a
minimum number of satellites are used to determine an 1nitial
set of potential solutions to the relative position of the
secondary antenna that fall within a reglon of uncertainty
surrounding the approximate position. Redundant measurements
are taken from one or more additional satellites and used to
progressively reduce the number of potential solutions to close
to one. Even if the number of potential solutions 1s not
reduced to one true solution, the number can be further reduced
by using additional measurements taken at different time
intervals, at which different satellite geometries prevail. The
disclosed technigque produces rapid elimination of false
solutions and permits real-time computation of relative position

in kinetic positioning applications, and of angular orientation

25 in attitude determination applications.
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METHOD AND APPARATUS FOR PRECISION

* DETERMINATION AND KINEMATIC POS
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This invention relates generally to position-
ing systems using signals broadcast from a plurality of
orbiting satellites and, more particularly, to satel-
lite-based differential positioning systems that deter-
mine the position coordinates of one receiver, referred
to as a remote receiver, relative to the known position
of another, referred to as the reference receiver.

There are two types of applications in which
measurements of this kind may be usefully employed. One
is referred to as kinematic positioning, in which the
remote receiver may be moved with respect to the refer-
ence receiver, and the distance between the remote re-
ceiver and reference receiver is, therefore, not ini-
tially known. The other application is attitude deter-
mination, in which the distance between the remote and
reference recelvers is fixed, and the position of the
remote receiver is used to determine the angular posi-
tion of a line or chord joining the two receiver anten-
nas. If three antennas are used instead of two, the
angular position of a plahe intersecting the three
antennas can be determined from the relative positions
of two of the antennas with respect to the third, used
as a reference. Attitude determination has application
in navigation systems on or above the earth. Using a
platform having three antennas, the roll, pitch and yaw
angles of a platform supporting the three antennas can
be determined.

Satellite-based positioning systems, such as
the Global Positioning System (GPS), provide a now
widely used means for accurately determining the
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position of a receiver in three-dimensional space.
These systems have numerous practical applications and,
depending on the time duration over which measurements
are taken, they can determine a receiver's position to
sub-centimeter accuracy.

In GPS, a number of satellites orbiting the
earth in well-defined polar orbits continually broad-
cast signals indicating their precise orbital posi-
tions. Each satellite broadcasts two modulated carrier
signals, designated I, and L,. The same two Ifrequen-
cies are used in transmitting from all of the satel-
lites, but the satellites have unigue pseudorandom
digital codes that are used to modulate the I, and
L, carriers. Each satellite signal 1is based on a
precision internal clock, and the multiple clocks are
effectively synchronized by ground-based stations that
are a necessary part of GPS. The receivers detect
superimposed modulated L, and L, signals and mnea-
sure either or both of the code and carrier phase of
each detected signal, relative to their own internal
clocks. Even though a receiver clock is not synchr‘o-
nized with the satellite clocks, a receiver can never-
theless determine the "pseudorange" to each satellite
based on the relative time of arrival of the signals,
and the receiver position can then be mathematically
determined from the pseudoranges and the known posi-
tions of the satellites. The clock error between the
receiver's time reference and the satellite clocks can
be eliminated by the availability of signals from an
additional satellite. Thus, to solve for three unknown
positional coordinates and the clock error requires the
acquisition of four satellite signals.

GPS satellites provide two types of signals
that can be used for positioning. The pseudorandom

35 digital codes, referred to as the C/A code and the P
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code, provide unambiguous range measurements to each
satellite, but they each have a relatively long "wave-
length," of about 300 meters and 30 meters, respective-
ly. Consequently, use of the C/A code and the P code
5 vyield position data only at a relatively coarse level
of resolution. The other type of signal that can be
used for position determination is the carrier signals
themselves. The L, and L, carrier signals have
wavelengths of about 19 and 24 centimeters, respective-
10 ly. In a known technique of range measurement, the
phase of one of the carrier signals is detected, permit-
ting range measurement to an accuracy of less than a
centimeter. The principal difficulty with using carrier
signals for range measurement is that there is an
15 3inherent ambiguity that arises because each cycle of
the carrier signal looks exactly alike. Therefore, the
range measurement has an ambiguity equivalent to an
integral number of carrier signal wavelengths. Various
techniques are used to resolve the ambiguity. In a
20 sense, the present invention is concerned with a novel
technique for this type of ambiguity resolution.

, In absolute positioning systems, i.e. systems
that determine a receiver's position coordinates with-
out reference to a nearby reference receiver, the

25 process of position determination is subject to errors
from a number of sources. These include orbital and
jonospheric and tropospheric refraction errors. For
attitude determination applications, the receivers are
located s0 close together that these errors are conm-

30 pletely negligible, that is to say they affect both or
all three receivers substantially ecually. For greater
receiver spacings, as in kinematic positioning applica-
tions, such errors become significant and must be

eliminated. It will be appreciated that the problems of
35 attitude determination and Xkinematic positioning are
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closely analogous. The significant difference is that,
in attitude determination, the distance between receiv-
ers is constrained. As a result, the receivers can be
operated from a single reference clock. In a general
sense, however, the attitude determination application
is simply a more restricted form of the kinematic
positioning problen.

In many kinematic positioning applications, a
reference receiver located at a reference site having
known coordinates is available for receiving the satel-
lite signals simultaneously with the receipt of signals
by the remote receiver. Depending on the separation
distance, many of the errors mentioned above will be of
about the same magnitude and will affect the various
satellite signals they receive substantially equally
for the two receivers. In this circumstance, the sig-
nals received simultaneously by two receivers can be
suitably combined to substantially eliminate the error-
producing effects of the ionosphere, and thus provide
an accurate determination of the remote receiver's
coordinates relative to the reference receiver's coor-
dinates.

To properly combine the signals received simul-
taneously by the reference receiver and the remote
receiver, and thereby eliminate the error-producing
effects, it is necessary to provide an accurate initial
estimate of the remote receiver's coordinates relative
to the reference receiver. By far the easiest way to
obtain the initial relative position of the remote
receiver is to locate it at a pre-surveyed marker.
Unfortunately, such markers are seldom available in
many practical applications.

Another method often used to obtain an accu-
rate initial relative position is to exchange the

35 receivers and antennas between the reference and remote



10

15

20

25

30

orap
| 2 Y BYS 6 %
-5—

sites while both continue to operate. This results in
an apparent movement between the two antennas of twice
the vector difference between them. This apparent move-

ment can be halved and used as the initial offset be-
tween them. The approach works well as long as the
remote receiver is in the immediate vicinity of the
reference site. Unfortunately, any time the saﬁellite
signals are lost the initial position must be reestab-
lished, which means that the remote receiver must be
returned to the control site or to a nearby marker.
This is impractical in many applications, such as
photogrammetric survey by aircraft.

In a prior patent to Ronald R. Hatch, U.S.
Patent No. 4,812,991, a method using carrier smoothed
code measurements to determine an increasingly accurate
initial position was described. This technique had the
advantage that it did not require the remote receiver
to remain stationary while the initial relative posi-
tion was established. The disadvantage of that method
is twofold. First, it is not an instantaneous method of
establishing the initial position and can take several
minutes of data collection and processing to accomplish
the task. Second it requires access to the the precise
(P) code modulation on. the L, carrier frequency.
Unfortunately, the United States Department of Defense
has reserved the right to limit access to P code modu-
lation by encrypting the P code prior to transmission
from each satellite. Therefore, the method described in

the prior patent cannot be used when access to the P
code is denied.

It will be appreciated from the foregoing that
there is a significant need for a new approach to the
determination of the position of a remo:te receiver,
which may be moving, with respect to a reference

35 receiver, both for kinematic positioning systems and
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for attitude determination systems. Ideally, the new technique
should not be subject to the disadvantages of the prior art,
i.e. it should not require access to the P code modulating
signal, it should not constrain motion of the remote receiver,
and it should operate on a practically instantaneous basis.
The present invention fulfills this need.

SUMMARY OF THE INVENTION

The present invention resides 1n apparatus and a
related method for determining the coordinates of a remote
receiver antenna relative to a reference recelver antenna. The
remote or secondary antenna may be at a fixed distance from the
reference antenna, as in an attitude determination application,
or may be freely movable, as in a kinetic positioning
application.

Briefly, and in general terms, the method of the
invention includes the steps of a method for determining the
relative position of a secondary receiving antenna which 1is
freely movable with respect to a reference receiving antenna 1in
a satellite-based positioning system, the method comprising the
steps of: determining the approximate initial relative position
of the secondary antenna; making carrier phase measurements
based on the reception of a carrier signal from each of a
plurality N of satellites, where N is the minimum number of
satellites needed to compute the relative position of the
secondary antenna; deriving from the carrlier phase measurements
an initial set of potential solutions for the relative
position, wherein the initial set of potential solutions all
fall within a region of uncertainty defined by a sphere having
a radius equal to the maximum distance between the two
antennas, and wherein multiple potential solutions arise
because of whole-cycle ambiguity of the carrier signal;
making redundant carrier phase measurements based on the
reception of a carrier signal from an additional (N+1)th
satellite; and eliminating false solutions from the initial set
of potential solutions, based on a comparison of the redundant
carrier phase measurements with the initial set of potential

solutions, to reduce number of potential solutions to close to
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one, whereby the number of potential solutions is not increased
by use of the redundant carrier phase measurements.

The method may further include making redundant
carrier phase measurements based on the reception of a carrier
signal from other additional satellites, and eliminating other
false solutions from the set of potential solutions, based on a
comparison of the additional redundant carriler phase
measurements with the initial set of potential solutions. If
the number of potential solutions is not reduced sufficiently
by this approach, the method may also include comparing 1l1tems
in the set of potential solutions with solutions obtained 1in a
prior time interval, to provide another basis for eliminating
false solutions.

More specifically, the step of deriving an initial
set of potential solutions includes locating points of
intersection of planar carrier wavefronts defining possible
locations of the secondary antenna within the region of
uncertainty. Then the step of eliminating false solutions
includes locating a set of planar carrier wavefronts from the
additional satellite such that the wavefronts also define
possible locations of the secondary antenna within the region
of uncertainty, selecting, for each of the initial set of
potential solutions, a planar carrier wavefront from the
additional satellite such that the selected wavefront is the
one closest to the potential solution, and disregarding each
potential solution for which the closest wavefront from the
additional satellite is spaced from the potential solution by
more than a selected threshold.

The initial set of potential solutions is initially
stored in a local tangent coordinate system, X, y, 2z, where z
is a vertical axis. In accordance with one aspect of the
invention, the method further comprises the additional step of
rotating the coordinate system of the set of potential
solutions, to point the z-axis toward the additional satellite
and thereby facilitate the step of eliminating false solutilons.

The method may also include making carrier phase

measurements and deriving potential solutions for a third

mAACE s (. A etk B S e R oS 4 iy S p e x  d o amaihs; e BN 8 ie- - eve R 3 = ]
e MAOW A A e e AR A e - b o Al L P v D WP ¢ Sl A U g AR e DGk e e WAV e Y R e~y s o Je 'Mm BRI . . ' ALK AN AL | ke i Cr e g e LD el =t et - . .o . s el r AR A AP A LT ARl DL LI BT D | e N AP = 7, N s b OCLTE Sl i sl adP Ak AT A ARy el TR R et ' efatr s 8.



10

15

20

25

30

35

CA 02025966 1999-05-12

- 8 -

antenna located at a fixed distance from each of the secondary
and reference antennas, and the further step of determining the
angular position of the third antenna with respect to an axis
of rotation through the reference and secondary antennas. The
two satellites then also function as redundant satellites by
providing additional carrier phase information to the third
antenna, and facilitating elimination of false solutiomns.

For the kinematic positioning application, the
secondary antenna is freely movable with respect to the
reference antenna, and the method further comprises the initial
step of determining the approximate initial relative position
of the secondary antenna.

In terms of apparatus, the invention in general
comprises apparatus for determining the relative position of a
secondary receiving antenna which is freely movable with
respect to a reference receiving antenna in a satellite-based
positioning system, the apparatus comprising: means for
determining the approximate initial relative position of the
secondary antenna; means for making carrier phase measurements
based on the reception of a carrier signal from each of a
plurality N of satellites, where N is the minimum number of
satellites needed to compute the relative position of the
secondary antenna; means for deriving from the carrier phase
measurements an initial set of potential solutions for the
relative position, wherein the initial set of potential
solutions all fall within a region of uncertainty and wherein
multiple potential solutions arise because of whole-cycle
ambiguity of the carrier signal; means for maklng redundant
carrier phase measurements based on the reception of a carriler
signal from an additional (N+1)th satellite; and means for
eliminating false solutions from the initial set of potential
solutions, based on a comparison of the redundant carrier phase
measurements with the initial set of potential solutions, to
reduce number of potential solutions to close to one, whereby
the number of potential solutions is not increased by use ot
the redundant carrier phase measurements.

Other forms of the apparatus equivalent in scope to
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the various method statements of the invention are also
possible forms of the invention.

It will be appreciated from this summary that the
present invention represents a significant advance in the field
of satellite-based positioning systems. In particular, the
invention resolves whole-cycle ambiguity inherent in carrier
phase measurements from satellite signals, and does so 1n such
an efficient and rapid manner that the relative positilion of an
antenna, or its angular orientation, can be computed on a real-
time basis to a high degree of accuracy. One of the most
significant aspects of the invention is that it uses
measurements from redundant satellites to reduce the number of
potential solutions to the relative positioning problem, rather
than to increase the number of potential solutions. Other
aspects and advantages of the invention will become apparent
from the following more detailed description, taken in

conjunction with the accompanying drawings.
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FIGURE 1 is a diagram depicting carrier phase
ambiguities in signals received from a single satellite
by two antennas of fixed spacing;

FIG. 2 is a diagram similar to FIG. 1 but also
showing the phase ambiguities of signals received from
a second satellite in the same plane as the first:;

FIG. 3 is an elevational view showing the
phase ambiguities for the case of signals received from
two orthogonally positioned satellites, by a reference
antenna and a secondary antenna movable in three-dimen-
sional space at a fixed distance from the reference an-
tenna;

FIG. 4 is a view similar to FIG. 3, but show-
ing phase ambiguities for the case of two non-orthogo-
nal satellites:;

FIG. 5 is a vies similar to FIG. 3, but show-
ing the effect of phase ambiguities for the case of
three satellites:

FIG. 6 is a block diagram of the apparatus of
the invention; and

FIG. 7 is a flowchart of the process steps per-
formed in accordance with the invention.
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technique for determining from received Global Position-
ing System (GPS) signals the position of a remote recei-
ver antenna relative to a reference receiver antenna.
The relative position information can be used in a kine-
matic positioning system or in an attitude determina-
tion system

As discussed in the background section of this
specification, attitude determination can be logically
viewed as a special case of kinematic positioning,
wherein the distance between the reference and remote
antennas is fixed and known. For this reason, explana-
tion of the invention 1is facilitated by first descri-

bing its application to the attitude determination
problem.

FIG. 1 is a diagrammatic depiction of two
antennas, referred to as A and B, and the attitude
determination problem is to find the angular elevation
of the line AB between the antennas, by measuring the
phase difference between carrier signals arriving at
the antennas. Horizontal lines, indicated by reference
numeral 10, represent wavefronts of a carrier signal
received from a satellite located immediately overhead.
It is assumed that the antennas are separated by a
known distance ecqual to five carrier wavelengths, or
approximately one meter at the GPS L, carrier frequen-
cy. It is also assumed that the phase difference meas-
ured between the two antennas is 2ero. Because the
carrier phase repeats identically every wavelength,
there are twenty locations, of which eleven are shown
at Bl through Bll, where antenna B will see the sane
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phase as antenna A. If the distance AB were less than a
carrier wavelength,there would be no ambiguity, but the
pointing accuracy would be five times worse. If the
length AB were greater than five wavelengths, the accu-

racy would improve but the number of ambiguities woulad
increase.

One method for resolving the ambiguity is to
move one antenna from A to B and to measure the total
phase change. For example, in moving from A to B6 there
would be no phase change, since B6 is located on the
same wavefront as A. Similarly, in moving from A to B5
there is a phase change of 360 degrees. By observing
the total phase change in moving from A to the actual
position of B, including the number of whole cycles,
any phase ambiguity is immediately resolved. ‘Unfortu-
nately, this approach is impractical for many applica-
tions.

Another approach, which is the one used in
this invention, is to resolve the ambiguity by utili-
zing signals from a second satellite. FIG. 2 shows how
this approach is applied in the simple two-dimensional
attitude determination problem depicted in FIG. 1. The
measured phase difference for signals from a second
satellite may not necessarily be zero, and some other
value is assumed here, as might be deduced from the
fact that none of the wavefronts 12 from the second
satellite passes through the fixed antenna A. The
wavefronts 12 are drawn such that antenna A 1is
displaced from one of the lines 12, which represent
zero phase, by an amount corresponding to the measured
phase difference between antennas A and B, for signals
from the second satellite. Thus, any of the lines 12
that passes through one of the points Bl-Bll represents
a possible solution. As will be observed, the only

35 exact solution is at B6. For the points B2, B4 and Bl0,
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there is a poor fit between the point and the lines 12,
and none of the other B points fits as precisely to a
line 12 as does Bé6.

If the line AB may be positioned at any angle
in three-dimensional space, the position of the remote
antenna B is defined by the surface of a sphere with a
radius equal to the line AB. This is shown in two-dimen-
sional form in FIG. 3, for the case in which AB is one
meter in length and the carrier is I,, with a wave-
length of 19 centimeters. The circle 14 in FIG. 3 is an
elevational view of a sphere of one-meter radius. Hor-
izontal lines 16 represent wavefronts of the L, carri-
er signal from an overhead satellite, and vertical
lines 18 represent wavefronts of the L, carrier
signal from a second satellite located at the horizon.
The lines 16 and 18 are actually planes of equal phase,
which intersect the surface of sphere. These planes
intersect each other along straight lines 20, indicated
as points in the drawing. Each of the lines 20 inter-
sects the spherical surface at two pdints, which are
seen as being coincident in the drawing. For the
example given, there are a total of 11 x 11 or 121
lines 20, but only 94 of these fall within the projec-
tion of the sphere seen in FIG. 3. Thus there are only
188 points of intersection between the lines 20 and the
surface of the sphere. Each such intersection repre-
sents a possible solution to the wavelength ambiguity
of the carrier signal. This is to be distinguished, of
course from the possible resolution with which angular
position can be determined. Phase differences can be
detected to much smaller resolutions than one full
wavelength.

FIG. 4 is similar to FIG. 3 except that it
shows wavefronts from two non-orthogonal satellites,
with the wavefronts indicated by 16 and 18'. The
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principal difference is that there are fewer intersect-
ing lines 20', giving a total of 126 points of intersec-
tion between the lines 20' and the surface of the
sphere.

FIG. 5 shows how the availability of signals
from a third satellite further reduces the ambiguity
inherent in FIG. 3. The points of intersection of the
lines 20 and the surface of the sphere are indicated in
FIG. 5 &s small sguare areas 22. In practice, the
points 20 cannot be achieved because o©of uncertainties
of phase measurement. Hence the representation as small
square regions 22. Wavefronts 24 emanate from a third
satellite which is assumed, for ease of illustration,
to be in the same plane as the first and second
satellites. Again it is assumed that there is a zero
phase difference between the two antennas receiving
this third satellite signal. Therefore, any nonintersec-
tion of the planes 24 with the square regions 22 may be

eliminated as a possible solution. This reduces the
possible solutions to 28 points.

The same principle discussed above can also be
applied to the kinematic positioning application. The
principal difference is that, instead of being the
surface of a sphere, the region of uncertainty is the
entire volume of a sphere, the radius of which is the
maximum range permitted between the reference and
remote antennas. As already mentioned, four satellite
signals are needed to determine the three-dimensional
relative position and the clock phase or clock error.
However, the clock phase may be considered a "nuisance
variable" for present purposes, since the clock phase
does not need to assume multiple whole=-cycle values.
The number of potential solutions in an uncertainty
volume of one cubic meter is then a maximum of 11° or
1,331. When more than four satellites are available,
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redundant satellites can be used to reduce the number
of these potential solutions.
In general, the method of the invention has
three major steps: approximately determining the
5 relative position of a remote receiver with respect to
a reference receiver, determining all potential solu-
tions that are present in an uncertainty region surroun-
ding the approximate solution, and eliminating false
potential solutions in the potential solutions.

10 For attitude determination, the relative
separation distance is usually short and known, and the
first step of determining approximate position is
unnecessary. Specific techniques for performing the
first step in the kinematic positioning application

15 will be discussed later in this specification.

The next step in the method of the invention
is to determine all of the potential solutions to a
determination of the relative position of the remote
antenna. This step involves carrier phase measurements

20 obtained at both antennas, using the minimum number of
satellites required to obtain a relative solution.
These carrier phase measurements are indicative of the
range from the receiver antennas to the satellites, but
they are ambiguous at the whole cycle level. However,

25 31f the relative position of the remote antenna with
respect to the reference antenna were known precisely,
then the difference in range to the satellite from each
of the antennas could also be precisely determined, and
from this difference in range the number of whole

30 cycles of phase in the difference of the carrier phase
measurements could by computed. But, since the relative
position of the remote antenna is known only approxi-
mately, the range difference between the two antennas
and each satellite is also ambiguous at the whole cycle

35 level. That is to say, several different values of the
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whole cycle difference in range could possibly be the
true whole cycle value of the difference.

As discussed above with reference to FIG. 1, a
set of potential solutions can be found which are close
enough to the approximate relative position to have a
reasonable probability of being the true relative posi-
tion. In fact, any of the combinations of whole cycle
values of carrier phase difference which result in
potential solutions within an uncertainty region sur-
rounding the approximate solution could be the true
solution.

The number of potential solutions is a func-
tion of the size of the uncertainty region and of the
wavelength of the carrier signal. The L, carrier has
a wavelength close to 19 centimeters, the L, carrier
has a wavelength close to 24.4 centimeters, and the
wavelength of the difference frequency L,~L, has a
wavelength of about 86 centimeters. Therefore, in any
given uncertainty region there are fewer potential
solutions if one can use the difference of the carrier
phase at the two frequencies than if one must use the
L, or the L, carrier phase measurements alone. This
means that two-frequency receivers are preferred to
single~frequency receivers for application of the inven-
tion.

In the kinematic positioning application of
the invention, the minimum number of satellites needed
to solve for the relative position of the remote site
with respect to the reference site is four. Measurement

30 to four satellites are required because there are three

dimensions of relative position and an additional un-
known in the relative clock phase of the two receivers.
Consider the difference in carrier phase. measurements
to one of the four satellites obtained at the two recei-

35 vers. this difference in the carrier phase measurements
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across the two sites will be referred to as the "“first-
difference" of the two measurements. If, for example,
the approximate relative position of the two receivers
is known sufficiently accurately to be sure that it is
within plus or minus 4.3 meters of the true solution,
and assuming two-freguency receivers are employed
(which allow the use of the 86~-centimeter wavelength
for the difference frequency), then a total of ten
different whole=cycle values could be added to the
first-difference of the carrier phase measurements and
still agree with the approximate relative position
within plus or minus 4.3 meters. In terms relative to
FIGS. 1-~4, the region of uncertainty has a radius of
4.3 meters, and ten wavefronts of wavelength 86 centi-
meters will fall within the region of uncertainty.

Continuing with this example, if ten different
whole-cycle values can be added to the first-differ-
ences from each of the four satellites, then one might
expect 10% or 10,000 possible solutions within the
uncertainty region. Indeed, some authors have defined
the number of possible acceptable solution in exactly
this fashion. However, only 1,000 of the potential
solutions in this example are independent position
solutions. The other 9,000 solutions differ from one of
the independent solutions only in the whole-cycle value
of the clock phase of the two receivers. But this
relative whole~cycle value of the clock phase is of no
practical interest, and it can be eliminated from
consideration in the kinematic positicning application,
to prevent any effect on the solution for the relative
position coordinates of interest.

Removal of the whole-cycle clock phase measure-
ments in the kinematic positioning application is best
illustrated by forming what will be referred to as sec-
ond-difference measurements. If one of the satellites
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is chosen as a reference satellite, and the first-dif-
ference measurements for this satellite are subtracted
from the first-difference measurements for the other
three satellites, there remain three second-difference
measurements, which are independent of the relative
clock phase of the two receivers. Using the same ex-
ample of uncertainty in approximate position as was
used above, there are ten acceptable whole=cycle values
that can be added to each of the three second-differ-
ence measurements. This leads directly to a conclusion
that there are 10> or 1,000 potential solutions in
the vicinity of the approximate relative position.

The situation is simpler in the attitude deter-
mination application, in which the relative separation
distance is generally so short that the two receivers
can be designed such that the same clock drives both of
the receivers. Therefore, there is no unknown relative
clock phase that need to be made part of the solution.
This means that the second-difference of the measure-
ments as described above is not required in the atti-
tude determination application. In addition, the sepa-
ration distance of the two antennas 1is generally Kknown
and can be used to constrain the relative position of
the two antennas and leave only a two-dimensional uncer-
tainty region, corresponding the the surface of a
sphere, as discussed with reference to FIGS. 3 and 4.
Thus, only two satellites are needed to define all the
potential solution that can exist on the two-dimension-
al uncertainty region.

In brief, then, the kinematic positioning
application reduces to a three-dimensional uncertainty
problem, reqguiring three satellites for position
measurement and one to handle clock uncertainty, to
define all of the potential solutions. The attitude
detection application is a two-dimensional uncertainty
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problem, requiring two satellites to define all of the
potential solutions.

The final broad step in the method of the in-
vention is eliminating false potential solutions based
on redundant information from additional satellites,

i.e. additional to the minimum two or three satellites

required to define all of the potential solutions. Each
additional redundant measurement, whether it is a
second-difference measurement in a Xkinematic position-
ing application or a first-difference measurement in an
attitude determination application, could have multiple
whole-cycle values added to it which would still cause
the surface defined by the measurement to pass through
the uncertainty region. If each of these possible
whole=-cycle values were used to modify each of the
potential solutions, then the number of potential solu-
tions would increase by a large factor. However, only
one of the whole-cycle values will result in a surface
that passes closer a specific potential solution than
any other whole-cycle value. This closest whole-cycle
value (from the additional satellite data) is selected
for each of the potential solutions, and is used to
modify the redundant measurement for inclusion in that
same potential solution. By using only the closest
whole~cycle value for the redundant measurement, <the
number of potential solutions is not increased.
However, even the c¢losest whole~cycle value
may still result in the redundant measurement disagree-
ing substantially with the potential solution. When the
redundant measurements as modified by the appropriate
whole-cycle value 1is incorporated into the potential
solution, it will result in a large root mean square
(rms) residual if it is in substantial disagreement
with the original potential solution. Since the

35 potential solution after the redundant measurement is
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overdetermined, the rms residual error 1is a quantita-
tive measure of the amount of disagreement 2 threshold
can be selected which, when the rms residual error ex-
ceeds it, results in the potential solution being de-
clared a false solution and removed from the set of
potential solutions. The threshold can be adjusted as a
function of the carrier phase measurement noise, to
result in a high probability of rejecting false solu-
tion while maintaining an acceptable low probability of
rejecting a true solution. ‘

If enough redundant measurements are avail-
able, all of the false solutions can be eliminated with
one set of essentially instantaneous measurements from
the multiple satellite signals, leaving only the true
solution. Even when the set of redundant measurements
is insufficient to eliminate all of the false solution
instantaneously, and residual false solutions remain in
the set of potential soclutions, the redundant measure-
ments are still of great benefit. As the relative
geometry of the satellite that provides the redundant
measurements changes due to motion of either the
satellites or motion of the remote receiver, the
sp’ecific false solutions which are not eliminated from
the set of potential solutions will change. Only the
true solution will continue to be a common subset of
the set of potential solutions. This allows the true
solution to identified quickly as the geometry changes,
even when the redundant measurements are insufficient
to identify the true solution instantaneously.

For a three-dimensional attitude determination
system, an additional set of redundant measurements is
obtained as a by=-product of having to include three
antennas. When measurements are taken from two
satellites, the third antenna provides two additional
sets of measurements. One set is needed to provide
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additional data concerning angular position about a
third axis, but the other additional set is redundant
and may be used in the process of elimination of false
solutions. In effect, then, the three-antenna system is
easier to solve becuase it inherently yields a redun-
dant set of measurements. |

The mathematical relationships underlying the
concepts described in this overview of the invention
will be set out in the following descriptive sections.
For convenience, the remainder of this detailed descrip-
tion is divided into two sections, relating to attitude
determination and kinematic positioning, respectively.
However, it will by now be understocod that much of the

processing that takes place is common to both applica-
tions.

*gnf ation Svstem:

Attitude De

As shown in FIG. 6, this invention is embodied
in apparatus for accurately determining the orientation
of one or more secondary antennas 30 with respect to a
reference antenna 32, using signals broadcast from a
plurality of orbiting satellites 34. The apparatus is
particularly useful as part of the Global Positioning
system (GPS), in which each satellite broadcasts two
separate carrier signals, denoted L, and L,, each
modulated by a separate pseudorandom digital code. The
entire structure supporting the secondary and reference
antennas 30, 32 and an associated receiver 36 is al-
lowed to move, but the distance between the antenna is
held fixed. Typical separation distances are on the
order of one meter. For the four satellites 34 depict-
ed, there are eight separate links 38 formed between
the satellites and the antennas 30, 32.

The L, and L, carrier signals broadcast by
the four satellites 34 are on the same two frequencies,
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but each such carrier signal is modulated a pseudoran-
dom digital that is unique to the satellite from which
it is transmitted. This provides one method by which
the satellite signals may be separated, even though
received using onmnidirectional antennas. The two an-
tenna 30, 32 are connected to separate receivers or, as
illustrated, the same receiver 36, which is driven by a
a single reference clock (not shown). The receiver 36
separates the superimposed multiple satellite signals
from each other, and demodulates the signals to obtain
the pseudorandom digital code. The receiver 36 derives
two types of measurements from the received signals.
These are referred to as Ycode measurements" and
“carrier measurements." The pseudorandom digital code
signals provide an unambiguous measure of the distance
to each satellite, referred to as the "pseudorange."
This is not necessarily the same as the actual range to
the satellite, because of lack of time clock synchro-
nism between the satellite and the receiver. However,
the pseudoranges of the four satellites can be used to
eliminate the clock error and derive the position of a
receiver. However, the relatively long effective
“wavelength" of the pseudorandom codes limits the
accuracy of the measurements, which is why measurements
of carrier phase are made by the receiver. Carrier
phase measurements can provide positional data to

subcentimeter accuracy, provided there is some way to
eliminate the inherent whole-cycle ambiguity of carrier
phase measurements.

For operation of the present invention, the
receiver 36 should be capable of receiving at least the
L, carrier. As previously discussed, | there are
advantages in receiving the I, carrier as well, but
this is not an absolute regquirement. The code and
carrier phase measurements are transmitted to a
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processor, indicated at 38, which may be incorporated
into the receiver 36, where the attitude determination
computations are performed. Typically, the code and
carrier measurements are made at a rate of ten times
per second. The processor 38 may process all of the
measurements in real time, or, if it has insufficient
processing speed, the measurements may be sampled by
selecting only every Nth measurement, where N is often
on the order of 10, or the measurements may be compact-
ed by fitting sequential groups of N measurements to a
polynomial in time, and the polynomial value at its
midpoint in time is used as a smoothed measurenment.

On start-up or if signal reception from sone
of the satellites has been lost, an initialization
procedure must be implemented. This procedure is
computation intensive; and ongoing measurements will be
sampled or compacted if processing power is limited.

The first computations to be performed in an
atitude determination application are to compute the
entire set of potential solutions based on the carrier
phase measurements from two satellites. One of the
significant features of the method described is the use
of only two of the satellites to determine the set of
potential solutions, rather than more than two satel-
lites. The two satellites used for this computation
usually are chosen as the two of highest elevation, or
the two that are closest together in angular separation
as seen from the reference antenna 30. These choices
tend to minimize the total number of potential solu-
tions that must be computed in the initial set. The two
satellites chosen are used to compute all possible sets
of coordinates of the secondary antenna 32 relative to
the reference antenna 30, which satisfy the carrier
phase measurements obtained from the two selected

satellites, subject to the separation distance
constraint.
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The process of determining the set of all pos-
sible solutions was described in general terms with
reference to FIGS. 3 and 4. The planes 16 and 18 define
different whole-cycle values of the first-difference
measurements from the two satellites, and the inter-
sections of the lines 20 with the spherical surface
comprising the region of uncertainty define potential
solutions to the relative position of the secondary
antenna 30. It will be recalled that, for a wavelength
of 19 centimeters (L,) and a one-meter antenna
spacing, the number of potential solutions resulting
from measurements from two satellites is 188. Although
there are 121 lines of intersection between the two
sets of planes 16 and 18, only a maximum of 89 of these
intersect the spherical surface defining the region of
uncertainty. Hence there are 188 potential solutions in
this example. Various mathematical techniques may be
used to obtain the potential solutions, and to elimi-
nate false solutions. One of these techniques will now
be described.

Some egquivalent mathematical technigues to
compute the potential solutions include the use of a
Kalman or Magil filter, the use o0f sequential least
squares, and the use of Square Root Information Filters
(SRIF). Information on the SRIF may be found in a text
by Gerald J. Bierman entitled "Factorization Methods
for Discrete Sequential Estimation," which is Volume 28
of a series on Mathematics, Science and Engineering,
published by Academic Press (1977). Some specific
computational speed advantages accrue if one uses the
SRIF approach, but the equivalent least squares ap-
proach yields the same results and is used to describe
the method here. z

some definitions are employed to enable con-
pact equations to be used. The position vector, X, 1is a
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column vector whose components are the relative carte-
sian coordinates of the seccndary antenna 30 with res-
pect to the reference antenna 32. The column vector, H,
is a measurement sensitivity vector whose components
are a measure of how much the measurement would change
with a change in the respective x, y, and z components
of the position vector or matrix X.

Two column vectors E, and E, are defined
to represent the first-difference phase measurements
obtained from the first satellite and the second
satellite, respectively. In the ordinary use of least
squares solutions, only one answer is obtained and E,
and E, are single element vectors. However, in the
example given above, it is known that there are a
potential of 242 solutions. The specific whole-cycle
modified first~difference measurement from the first
satellite corresponding to each of these solutions must
be an element of E,, and similarly the whole-cycle
modified first-difference measurements from the second
satellite corresponding to each of the solutions must
be an element of E,. In the case of the example
above, 11 different values of first-differences were
found, but each of these values must be repeated 22
times when forming E, so that each value can be
paired with each of the 11 values of first-difference
from the second satellite, and each of these needs to
be paired with the mirror image. The same is of course
true when forming E,.

For later use, standard rotation 3x3 rotation
matrices are defined: R(a), 1s a coordinated rotation
through and angle, a, corresponding to the azimuth of a
satellite about the 2z axis; and R(e), is a coordinate
rotation through an angle, e, corresponding to the
conplement of the elevation angle of the satellite
about the x axis.
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The 3x3 identity matrix, I, is defined as the
all=-zero matrix except that the diagonal elements are
one. The coordinate system chosen is in the local tan~
gent plane to the earth, with East, North and Up corres-
ponding to x, y and z cartesian coordinates, respective-
ly.

For several reasons, it is advantageous to
rotate the coordinate system each time a new satellite
is processed. First, a rotation around the 2z axis is
performed so that the y axis points in the azimuth of
the satellite, and then a rotation around the x axis so
that the 2z axis points directly toward the satellite.
This has the advantage that the sensitivity vector, H
is sensitive to the rotated z component only, i.e. its
X and y components are zero and the z component is one.

The normal sequential least squares equation
is given by: |
Ay X = V4 veo (1)
where the subscript i indicates which successive satel-
lite's measurements are being incorporated. When no
rotations are performed between successive satellites,
A and V are defined by:

A; = HyH;T + Ay, ces(2)
Vi = HiE;T + V5.4 e o (3)
The superscript T means the matrix transpose and E;
means E, or E,, depending on whether it is the
first or second satellite, respectively. The initial

values of the elements of the matrices A and V are all
Zeros.

When rotations are performed between the inclu-
sion of measurements from different satellites, then
equations (2) and (3) become:
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A; = HHT + R(e)y R(a),A;_qR(-a) ,R(-e€),, el (4)
Vi = HE;T + R(e),R(a),Vi_qR(-a) R(-e),, .. (5)

The subscript has been dropped from the H sensitivity
vector, since its definition is always the same in a
coordinate system where the range to the satellite only
has a z component. The rotation angles defined by the
azimuth and elevation angles are the azimuth and
elevation angles as defined in the coordinate systemn.
Thus, they need to be adjusted for the cumulative
rotations. The cosine and sine of the azimuth and
elevation can be computed directly from the direction
of the satellites. As long as the direction cosines are
rotated to each new coordinate system, then the azimuth
and elevation angles will be correct. Use was made in
equations (4) and (5) of the orthogonality constraint
which causes the transpose of a rotation matrix to be

given the rotation matrix with the direction of
rotation reversed.

No matter how equation (1) is obtained, its
solution is:

X = A"1lv .o (6)
where A"l is defined as the inverse of A, such that
a"ia = 1.

As stated above, orthogonality conditions
require that the transpose of the rotation matrices is
the same as the rotation around the negative angle.
Thus the matrix of solution vectors X can be converted
back to the original coordinate system at any point by
rotating appropriately by the negative of the azimuth
of the last satellite included. |
Xeny ™ R(-2) R(-e),X, | e (T)
where the subscript enu means in the east, north and up
coordinates, and the elevation and azimuth angles are
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defined in the east, north and up coordinate systenmn.
The incorporation of the first-difference
measurements using equations (4) and (5) for the first
satellite and then for the second satellite results in
a least squares matrix eguation which has all zero
elements in the X components. The reason is that mea-
surements from only two satellites are two-dimensicnal

and correspond to the y,z plane. Obtaining the x compo-
nent of the solutions involves a special process. Equa-
tion (6) is used to solve for the y and 2z components,
which are the second and third rows of the matrix X.
The first row corresponding to the x components is
zZero.

The Pythagorean theorem is used to obtain the
x components of the solutions by constraining the solu-
tion to the appropriate sized sphere. A separation
distance between the antennas of one meter, or 5.26
wavelengths, results in a sphere of which the radius is
the same, and gives the following equation:
X = % ,(5.26)2 - yé - 22 ceo(8)
If the value inside the sguare root is positive and
greater than some small threshold, then the positive
square root is assigned to one of the pair of solutions
with identical measurement components in E, and E,
and the negative square root is assigned to the other.
If the value inside the square root is negative, and
negative by more than some small threshold, then it
dose not correspond to a valid solution and the pair of
columns with the associated y and z components is
removed from the X matrix and the V matrix so that
their longitudinal dimension is reduced by two. If the
value inside the sguare root is very near zero, with
the specific threshold related to the noise in the
carrier phase measurements, the value of the x
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component 1is set to 2ero in only one of the pair of
columns of X with the associated y and 2z components.
The second column in the pair is removed from the
potential solutions in the same manner described above
and the dimension of X and V is reduced by one. This
last solution corresponds to the situation when the
line defined by the pair of first-difference equations
does not pass through the sphere but just touches it at
one point.

The elements in the top row and first column
corresponding to the X component of A are still zero
and they cannot remain zero if the solution is to be
constrained to the spherical surface. Inserting a
single value in the element in the first column and the
first row will constrain the solution. A value of one
in this element will make the constraint egual in
strength to the first-difference egquations. Larger
values constrain the solution closer and closer to the
sphere. The choice ©of a value of ocne is recommended
since it allows the solution to move slightly off the
surface of the sphere to fit subsequent first-differ-
ence measurements from additional satellites as appro-
priate to noisy measurements from the first two satel-
lites. Whatever the choice of the first diagonal
element of A, equation (1) must be reversed to set the
elements in the first row of B using the corresponding
values computed above for the elements of X.

V = AX oo (9)

The complete set of potential equations using

two satellites is now defined using the least scquares
equations. The matrices A, X and V contain all the

- required information in the form of equation (1) and

can be inverted for the specific coordinates in the
form of equation (6). |

The sequential processing of first-difference
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measurements from additional satellites can now be
described. The process is very similar to the process
given in equations (4 ) and (5) except that the process
described there must be modified to allow the appro-
priate construction of the first-difference measurement
vector E; corresponding to satellite i, where i
sequentially takes on the values 3, 4, .... First the
incoming matrices A and V are rotated appropriately for
the i'th satellite.

As.q = R(e)y R(a)zA;.qR(-a) ,R(-e),, eee(10)

Vi_3 = R(e),R(a),V;_qR(-2),R(~e),, eesf(ll)

A and V in equations (10) and (11) retain the same sub-~
script since the measurement data from the i'th satel-
lite are still not included. The only change caused by

equations (10) and (l11) 1is to rotate the coordinate
system.

Now the rotated A and V matrices are used in
equation (6) to give rotated coordinates of the poten-
tial solutions as the elements of X. Actually X could
have been rotated directly, but since the rotated forms
of A and V are needed later it is beneficial to rotate
them and then solve the equation (6). The solution (6)
can be simplified if desired, since only the 2z
components or third row elements of X are needed in the
next step.

Using the same example of a one-meter or 5.26
wavelengths separation distance between antennas, it is
clear that 11 different values of the first-difference
measurement can be constructed. But a complete set of
potential équations has already been found that spans
the entire spherical surface. If subsequent satellites
would result in different solutions, then they would
agree with the solution from the first two satellites.
This would represent a false solution, since a true

35 solution must agree with all of the measurements. Thus,
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each element of the first-difference measurement vector
E; nmust be selected from the 11 different possible
first-difference values, such that it is the value
closest to the corresponding solution of in X. The
motivation for this requirement is that any other value
of the first difference should clearly disagree with
the existing solution by at least one-half a cycle and
would therefore, of necessity, be a false solution.
Since the first-difference values are measures
of the distance of the secondary antenna from the
reference antenna in the direction of the satellite,
and since the 2z component is in the direction of the
satellite, the appropriate element of E; is found by
selecting from the 11 possible values the one which is
closest to the associated 2z component of X. One could,
if the closest possible value of the first-difference
differs by more than a given amount, declare the solu-
tion a false one, and remove it from further proces-
sing. However, it 1is safer to construct a complete E;
vector and incorporate it into the potential solutions.
This is done now that the E; vector 1is constructed by
following equations (10) and (11) with:
A; = HﬁT + Aj_4 vee(l2)
Vi = HE;T + Vj.q .o s (13)
The resulting new values of A and V can be
solved for updated values of the X, and the rms resid-
uals of the solutions can be used to eliminate those
potential solutions which are highly unlikely to be the
true solution. An alternative is to compute the updated
residual with respect to the last satellite only. this
can be done by using equation (6) again to solve for
new 2z components and differentiating them with the
corresponding value of Ej. A positive threshold and
its negative could then be used to eliminate all poten-

35 tial solutions of which the residual was greater than
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or less than the threshold. the threshold value is a
function of the measurement noise and is chosen such
that there is a reasonable probability of eliminating
false solutions and a high probability that the true
solution is not eliminated. |

After all the potential solutions are checked,
the false solutions eliminated ant the corresponding
matrix and vector sizes reduced, the whole process is
repeated with the next satellite until the first-differ-
ence measurements from all the satellites have been
processed. Ideally, when all satellites have been pro-
cessed only one solution, the true solution, remains in
the set of potential solutions. But even if multiple
potential solutions remain, the true solution can still
be determined using subsequent measurements from the
same satellites.

Each of the potential solutions can be iden-
tified bye three indices 3, k, and l. The J index
corresponds to the choice of whole-cycle value for the
first satellite's first-difference measurement, and
thus in the example would range between +5 and -5. The
X index corresponds to the choice cof whole-cycle value
for the second satellite and has the same range as the
j index. The 1 index has only two values, +1 and -1,
corresponding to the choice of the plus square root or
the minus square root in equation (8).

As long as the signals from each of the satel-
lites are continuously received, the change in the
whole cycles of the first differences is accumulated in
the measurements. This means that the indices from one
set of measurenents can be related to the indices
obtained at subsequent times from additional sets of
measurements. But the changing geometry of the satel-
lites relative to the antennas, due to either satellite

15 motion or due to antenna motion, will cause the
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different false solutions to appear in the potential
solution set. Only the true solution can remain in the
potential solution set at each point in time. Thus the
true solution can be clearly identified as the geometry
changes.

Once the true solution is identified, and as
long as no loss of signal is encountered, the measure-
ments can simply be modified by the whole-cycle value
indicated by the true solution indices, and the modi-
fied measurements fed into a standard Kalman filter or
least squares smoothing filter to obtain a continuing
estimate of the orientation. In an off-line modest rate
the computations described above can be performed to
ensure that the signals have not been lost and that the
true solution that 1s subsequently obtained has the

same indices as that being used in the active proces-
sing filters.

Kinematic Positioning System:

The kinematic positioning system is only
modestly different from the attitude determination
system. The significant difference in the apparatus is
that, in the kinematic system, the remote movable
antenna and receiver are typically far enough removed
from the reference antenna and receiver that they
cannot be connected to the same reference clock. In
addition, there is not separation distance constraint
in the kinematic positioning system, and the reference
receiver location must remain fixed. The minimum number
of satellites required to obtain a solution was two
satellites for the attitude determination system. The
kinematic positioning system requires a minimum of four
satellites. One satellite is required for solution and
removal of the differences in carrier phase caused by
the separate local reference clocks at the two
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receivers; and three satellites are required to obtain
the three-dimensional coordinates of the remote recei-
ver antenna relative to the reference receiver antenna.
To allow a search through a set of potential solutions
similar to that used in the attitude determination
system, at least one more satellite is required to
provide a set of redundant measurements.

Before a set of potential solutions can be
constructed for the kinematic positioning system, an
initial approximate position of the remote receiver
must be obtained. This was not required in the attitude
determination system, because the distance between the
antennas was short and held fixed at a specific value.

Several methods are available for establishing
the initial approximate position. If the remote recei-
ver is moving, the best method is undoubtedly to use
differential carrier smoother code measurements in a
standard navigation Kalman filter implementation. If
the remote receiver is stationary, then standard
triple-difference or integrated Doppler implementation
can yield competitive accuracy. Whatever method is used
to establish the approximate positions, it is important
to also determine the approximate uncertainty in the
relative coordinate values. Typical strategies require
that the uncertainty region over which the potential
solutions are evaluated have a range of at least plus
or minus three times the standard deviation in each
dimension.

Once an initial position is established, four
satellites are selected to establish the initial set of
potential solutions. The simplest implementations usual-
ly involve the computations of the second-differences
of the carrier measurements. First-differences of the
carrier phase measurements are computed just as they
were in the attitude determination system for all
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satellites. Specifically, the carrier phase measurement
at the reference site for each satellite is subtracted
from the carrier phase measurement at the remote site
for the corresponding satellite. Then, 1in corder to
remove the effects of different reference clock phase
at the two receivers, the first-difference of carrier
phase measurements from one of the satellites selected
as a reference satellite is subtracted from the first-
difference carrier phase measurements from each of the
other satellites. The result is a set of three second-
difference carrier phase measurements.

Just as the first-difference carrier phase
measurements were ambiguous over a region of two-dimen-
sional space in the attitude determination system, so
the second-~difference phase measurements are ambiguous
in a region of three-dimensional space. For illustra-
tive purposes, assume that the uncertainty region is a
three-dimensional volume about two meters in length in
each direction. Assume also that only L, signals are
obtained by the receivers and that the carrier phase
wavelength is approximately 19 centimeters. The second-
difference carrier phase measurements associated with
each of the satellite pairs could then have about 11
acceptable whole-~cycle values that would intersect the
uncertainty region. Thus, the number of potential
solutions would be 11° or 1,331 potential solutions.

No special process is required to obtain each
of these solutions, as was the case in the attitude
determination system. The measurement vectors Eq,
E, and E, are each 1,331 elements long and are
formed by choosing all possible difference measure-
ments. The measurements associated with the first
satellite pair of second-difference measurements are
entered as elements of E,, and the second satellite
pair with E,, and the third satellite pair with E,.
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The coordinates are rotated and the measurements are
incorporated into A and V via equations (4) and (5),
just as they were in the attitude determination systemn.
After the measurements from the four satellites are
incorporated via the three sets of second-difference
measurements, the least square equation for the matrix
X could be solved using equation (6) for the set of
coordinates of all the potential solutions, though the
solutions is not explicitly required at this point.

The next step is to commence the elimination
of false solutions, in almost exactly the same way as
in the attitude determination application. However,
instead of using first-differences of the redundant
satellites, the second-differences are formed by
subtracting from each of the redundant first-differ-
ences the first-differences measurement obtained from
the same reference satellite that was used earlier in
forming the original second-difference measurements.
This new redundant set of second-difference measure-
ments 1s ambiguous and presumably can have, for
example, 11 different possible whole-cycle values. As
described previously for the attitude determination
system; the A and V matrices are rotated using equa-
tions (10) and (11). Then the rotated least squares
matrix is solved for X to obtain the 2z component of
each potential solution. The second-difference measure-
ment vector E; 1is constructed by choosing for each
element the specific whole-cycle value of the second-

difference measurement closest to the associated 2z
component in the X matrix.

Equations (12) and (13) are then implemented
and, based on the residuals, conmputed in the sane
fashion as in the attitude determination solutien,
false values being detected and eliminated. the above

process is repeated for each of the redundant
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satellites and, ideally, only the true solution will
remain after all of the redundant satellites have been
processed.

Just as in the attitude determination systen,
if there are multiple potential solutions left when all
of the redundant satellites have been processed it is
still possible to identify the correct solution if one
is willing to wait while the satellite geonmetry
changes. Repeating the entire process using data col-
lected at subsequent time intervals leads to new sets
of potential solutions and indices, as described ear-
lier, can be constructed relating the potential solu-
tions between data sets. Only the true solution will
continue to remain a common element in the sets of the
potential solutions.

Once the true solution is identified, the modi-
fied second-difference equations are sent directly to a
Kalman filter or least squares smoothing filter for a
continuing smoother output of relative remote receiver
coordinates. The process described above can continue
to be computed at a slow rate to ensure that an inadver-
tent loss of signal has occurred. Such a loss of signal
would be signaled by a new true solution whose indices
would be different from the prior true solution.

O ¢

bi

The method steps for resolving whole-cycle
ambiguity in both the attitude determination applica-
tion and the kinematic positioning application are
shown in flowchart form in FIG. 7. Basically, these are
the steps performed in the processor 38 (FIG. 6) for
attitude determination, or in an equivalent processor
used in kinematic positioning.

The first step in the processing loop illus-

umnmnary oj3

13X RESC

x

35 trated in FIG. 7 is, as shown in block 50, to measure
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the code an carrier phase for L (and L, if avail-
able) from each satellite. In decision block 52, the
guestion posed is whether initial ambiguities is the
relative position of the secondary antenna with respect
to the reference antenna have been resolved. Clearly,
on a first pass through this flowchart the answer will
be in the negative. If the answer is affirmative, the
relative position information is passed to a standard
Kalman filter for smoothing and output, as indicated in
block 54. If ambiguities have not yet been resolved,
another decision block 56 poses the question whether
this is an attitude determination system or a kinematic
positioning system. Normally, these systems would not
be incorporated into one processor, but the flowchart
is intended to show the commonality of the two systems.
In an attitude determination system, only two satel-
lites are initially employed, as indicated in block 58,
to compute a set of potential solutions, located in an
uncertainty region on the surface of a sphere. In a
kinematic positioning system, the next step is to
compute an approximate relative position for the remote
antenna, as indicated in block 60; then to use four
satellites to compute a set of potential solutions
located in a three-dimensional uncertainty volume, as
indicated in block 62.

The remaining blocks in the flowchart are
common to both types of systems. The first of these
blocks, at 64, performs a coordinate rotation such the
z (vertical) axis 1is pointed directly to a selected

redundant satellite, and for each measurement the
processor solves for the z component. Then, in block

66, the processor constructs a measurement vector by
choosing a whole-cycle value nearest to the z component
for each potential solution. The resulting new measure-
ment is incorporated into the matrix of potential
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solutions, as in block 68. Then, false solutions are
edited out of the matrix using a residual threshold, as
indicated in block 70. In block 72, a check is made to
determine if additional redundant measurements remain
to be processed for the redundant satellite under con-
sideration. If so, return is made to block 64 to con-
tinue processing. If not, a check is made in block 74
to determine if only one potential solution remains. If
s0, the ambiguity has been resclved and this part of
the processing is complete, as indicated at 76, and
processing is continued in block 54, using the standard
Kalman filter. If more than one solution still remains,
processing continues in block 78, where a comparison is
made for intersection of prior solutions, i.e. solu-
tions reached at earlier time intervals and different
satellite geometries. Implied in this block is the
further elimination false solutions based on their
failure to recur at successive time intervals. In
decision block 80, another check is made for the
existence of a single solution. If the ambiguity has
been totally resolved, processing continues wvia blocks
76 and 54. If there is still ambiguity, processing
continues in block 50, using data from a different
redundant satellite.

It will be appreciated from the foregoing that
the present invention represents a significant advance
in the field of satellite-based differential position-
ing and attitude determination systems. In particular,
the invention provides a novel technique for removing
whole~cycle ambiguity from carrier phase measurements
of relative position, both in kinematic positioning
systems and in attitude determination systems. It will
also be appreciated that, although an embodiment of the
invention has been described in detail for purboses of

illustration, various modifications may be made without
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departing from the spirit and scope of the invention

Accordingly, the invention is not to be limited except
as by the appended claims.
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CLAIMS:
1. A method for determining the relative position of a
secondary receiving antenna which is freely movable with
respect to a reference receiving antenna in a satelllite-based
positioning system, the method comprising the steps of:

determining the approximate initial relative position
of the secondary antenna;

making carrier phase measurements based on the
reception of a carrier signal from each of a plurality N of
satellites, where N is the minimum number of satellites needed
to compute the relative position of the secondary antenna;

deriving from the carrier phase measurements an
initial set of potential solutions for the relative position,
wherein the initial set of potential solutions all fall within
a region of uncertainty defined by a sphere having a radius
equal to the maximum distance between the two antennas, and
wherein multiple potential solutions arise because of whole-
cycle ambiguity of the carrier signal;

making redundant carrier phase measurements based on
the reception of a carrier signal from an additional (N+1)th
satellite; and

eliminating false solutions from the initial set of
potential solutions, based on a comparison of the redundant
carrier phase measurements with the initial set of potential
solutions, to reduce number of potential solutions to close to
one, whereby the number of potential solutions 1is not increased

by use of the redundant carrier phase measurements.

2. A method as defined in claim 1, and further
comprising the steps of:

making redundant carrier phase measurements based on
the reception of a carrier signal from other additional
satellites; and

eliminating other false solutions from the set of
potential solutions, based on a comparison of the additional
redundant carrier phase measurements with the 1nitial set of

potential solutions.
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3. A method as defined in claim 1, and further
comprising the steps of:

comparing items in the set of potential solutions
with solutions obtained in a prior time interval, to provide

another basis for eliminating false solutions.

4. A method as defined in claim 1, wherein:

the step of deriving an initial set of potential
solutions includes locating points of intersection of planar
carrier wavefronts defining possible locations of the secondary
antenna within the region of uncertainty; and

the step of eliminating false solutions includes,
locating a set of planar carrier wavefronts from the additilonal
satellite such that the wavefronts also define possible
locations of the secondary antenna within the region of
uncertainty, selecting, for each of the initial set of
potential solutions, a planar carrier wavefront from the
additional satellite such that the selected wavefront is the
one closest to the potential solution, and disregarding each
potential solution for which the closest wavefront from the
additional satellite is spaced from the potential solution by

more than a selected threshold.

5. A method as defined in claim 1, wherein:

the initial set of potential solutions is initially
stored in a local tangent coordinate system x, y, z, where z 1s
a vertical axis; and

the method further comprises, after the step of
making redundant carrier phase measurements, the additional
step of rotating the coordinate system of the set of potential
solutions, to point the z-axis toward the additional satellite
and thereby facilitate the step of eliminating false solutions.

6. A method as defined in claim 4, wherein:
the initial set of potential solutions is initially
stored in a local tangent coordinate system, X, y, Z, where =z

is a vertical axis; and
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the method further comprises, after the step of
making redundant carrier phase measurements, the additional
step of rotating the coordinate system of the set of potential
solutions, to point the z-axis toward the additional satellite
and thereby facilitate the step of eliminating false solutilons.

7. A method as defined in claim 6, wherein the step of
selecting a planar carrier wavefront from the additional
satellite is performed by comparing the z-axis component of
each potential solution with possible positions of wavefronts

in the region of uncertainty.

8. A method as defined in claim 1, wherein:

the secondary antenna is held at a fixed distance
from the reference antenna;

the method further comprises the step of determining
from the relative position of the secondary antenna the angular
attitude of a line between the two antennas, with respect to a
selected set of coordinate axes; and

the minimum number of satellites N 1s two.

9. A method as defined in claim 8, wherein:

the method further comprises the steps of making
carrier phase measurements and deriving potential solutions for
a third antenna located at a fixed distance from each of the
secondary and reference antennas, and the further step of
determining the angular position of the third antenna with
respect to an axis of rotation through the reference and
secondary antennas; and

wherein the two satellites also function as redundant
satellites by providing additional carrier phase information to
the third antenna.

10. A method as defined in claim 1, whereiln:
the step of determining the approximate position

includes making measurements of pseudorandom codes received
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from the satellites, and computing the approximate position

from the code measurements.

11. Apparatus for determining the relative position of a
secondary receiving antenna which is freely movable with
respect to a reference receiving antenna in a satellite-based
positioning system, the apparatus comprising:

means for determining the approximate initial
relative position of the secondary antenna;

means for making carrier phase measurements based on
the reception of a carrier signal from each of a plurality N of
satellites, where N is the minimum number of satellites needed
to compute the relative position of the secondary antenna;

means for deriving from the carrier phase
measurements an initial set of potential solutions for the
relative position, wherein the initial set of potential
solutions all fall within a region of uncertainty and wherein
multiple potential solutions arise because of whole-cycle
ambiguity of the carrier signal;

means for making redundant carrier phase measurements

based on the reception of a carrier signal from an additional

(N+1)th satellite; and
means for eliminating false solutions from the

initial set of potential solutions, based on a comparison of
the redundant carrier phase measurements with the initial set
of potential solutions, to reduce number of potential solutions
to close to one, whereby the number of potential solutions 1is
not increased by use of the redundant carrier phase

measurements.

12. Apparatus as defined in claim 11, and further
comprising:

means for making redundant carrier phase measurements
based on the reception of a carrier signal from other
additional satellites; and

means for eliminating other false solutions from the

set of potential solutions, based on a comparison of the
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additional redundant carrier phase measurements with the

initial set of potential solutionmns.

13. Apparatus as defined in claim 11, and further
comprising:

means for comparing items in the set of potential
solutions with solutions obtained in a prior time interval, to

provide another basis for eliminating false solutions.

14 . Apparatus as defined in claim 11, wherein:

the means for deriving an initial set of potential
solutions includes means for locating points of intersection of
planar carrier wavefronts defining possible locations of the
secondary antenna within the region of uncertainty; and

the means for eliminating false solutions includes
means for locating a set of planar carrier wavefronts from the
additional satellite such that the wavefronts also define
possible locations of the secondary antenna within the region
of uncertainty, means for selecting, for each of the initial
set of potential solutions, a planar carrier wavefront from the
additional satellite such that the selected wavefront is the
one closest to the potential solution, and means for
disregarding each potential solution for which the closest
wavefront from the additional satellite 1s spaced from the
potential solution by more than a selected threshold.

15. Apparatus as defined in claim 11, wherein:

the initial set of potential solutions 1is 1nitially
stored in a local tangent coordinate system, X, y, 2, where z
is a vertical axis; and

the apparatus further comprises means for rotating
the coordinate system of the set of potential solutions, to
point the z-axis toward the additional satellite and thereby

facilitate elimination of false solutions.

16. Apparatus as defined in claim 14, wherein:

the initial set of potential solutions is 1initially
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stored in a local tangent coordinate system, X, y, Z, where zZ
i1s a vertical axis; and

the apparatus further comprises means for rotating
the coordinate system of the set of potential solutions, to

5 point the z-axis toward the additional satellite and thereby

10

15

facilitate elimination of false solutions.

17. Apparatus as defined in claim 16, wherein the means
for selecting a planar carrier wavefront from the additional

satellite includes means for comparing the z-axis component of
each potential solution with possible positions of wavefronts

in the region of uncertainty.

18. A method as defined in claim 11, wherein:

the means for determining the approximate position
includes means for making measurements of pseudorandom codes
received from the satellites, and means for computing the
approximate position from the code measurements.
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