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(57) ABSTRACT 

A method and apparatus for determining forces to be applied 
to a user through a haptic interface. The method includes the 
steps of generating a representation of an object in graphic 
space, sensing the position of the user in real space and 
calculating a force to be applied to a user in response to the 
users haptic interface and the user's fiducial object. The 
user's fiducial object represents the location in graphic space 
at which the user's haptic interface would be located if the 
haptic interface could not penetrate the surfaces of virtual 
objects. In one embodiment, the method calculates a stiff 
ness force to be applied to the user. In other embodiments, 
the method calculates damping and friction forces to be 
applied to the user. In one embodiment the step of generating 
a representation of an object in graphic space includes 
defining the object as a mesh of planar Surfaces and asso 
ciating Surface condition values to each of the nodes defin 
ing the planar surfaces. In another embodiment, the step of 
generating a representation of an object in graphic space 
includes describing the Surface of the object using a coor 
dinate system and associating Surface condition values with 
each set of coordinates of the coordinate system. 
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METHOD AND APPARATUS FOR DETERMINING 
FORCES TO BE APPLIED TO A USER THROUGH 

A HAPTIC INTERFACE 

FIELD OF THE INVENTION 

0001. The invention relates generally to a method and 
apparatus for determining forces to be applied to a user 
interacting with virtual objects in a virtual reality computer 
environment and more specifically to a method and appa 
ratus for determining forces to be applied to a user through 
a haptic interface. 

BACKGROUND OF THE INVENTION 

0002 Virtual reality (VR) computer systems generate 
simulated environments called “virtual environments' for 
interaction with a user. The virtual environments include 
virtual representations of objects which the user can manipu 
late through an input device. Conventional VR systems 
attempt to simulate the visual, audio and touch sensory 
information which would be accessible to a user in the real 
world environment when interacting with physical objects. 
These VR systems also attempt to give the user the control 
over objects that the user would have in the real world 
environment. 

0003 VR system applications include video games, engi 
neering tools and training tools. VR systems have been used 
to replicate situations which would be too costly or too 
dangerous to create otherwise. One example of a VR system 
which is used as a training tool is a flight simulator. Flight 
simulators replicate cockpits of airplanes and are used to 
train pilots without Subjecting the pilots to the danger of 
actual flight. 
0004 The more sophisticated VR systems include a 
haptic interface system. A haptic interface system allows a 
human “observer” to explore and interact with a virtual 
environment using the sense of touch. The major goal of a 
haptic interface system is to provide the sensations a user 
would experience if the user were to touch a virtual envi 
ronment. Haptic interface systems replicate the forces felt by 
humans when interacting with real objects. 
0005 The two different forms of human haptic percep 
tion that haptic interface systems attempt to replicate are 
tactile and kinesthetic. The human tactile system consists of 
nerve endings in the skin which respond to pressure, 
warmth, cold, pain, vibration and itch. The tactile system 
allows humans to sense local geometry, rough texture, and 
thermal properties from static contact. The kinesthetic sys 
tem refers to the collection of receptors in the muscles, 
tendons, and joints which allow perception of the motion 
and forces upon a human’s limbs. In order to accurately 
replicate the forces experienced by humans in the real world, 
haptic interface systems attempt to model the shape, Surface 
compliance and texture of objects. 
0006 Haptic interface systems include three main com 
ponents: a haptic interface device, a model of the environ 
ment to be touched, and a haptic rendering application. A 
haptic interface device is a tactile or force-feedback device 
used by a human which provides the touch sensations of 
interacting with virtual objects. Known haptic interface 
devices consist of an electromechanical linkage which can 
exert a controllable force on a humans hand. The model of 

Nov. 22, 2007 

the environment is a computer generated representation of 
the real world environment. The haptic rendering applica 
tion determines the forces to be applied to the user based on 
the model environment. 

0007 One known haptic interface system reduces the 
users interactions with the virtual environment to those of 
a point interacting with three dimensional objects. The 
haptic rendering application used in this known system 
utilizes vector field methods to determine the force to be 
applied to the user. Vector field methods are a classification 
for any method that can determine the feedback force to be 
applied to a user by knowing only the location of the haptic 
interface point. As used herein, a “haptic interface point' is 
defined as the endpoint location of the physical haptic 
interface as sensed by the encoders of the VR system. The 
haptic interface point represents the location of the user in 
the virtual environment. Vector field methods however, do 
not accurately replicate the touch sensations a user would 
experience for many objects in the real world. Users using 
a haptic interface system which utilizes a vector field 
method may experience force discontinuities when travers 
ing the volume boundaries of the virtual objects. 
0008 Further, vector field methods also do not accurately 
model thin objects. Due to the limited servo and mechanical 
stiffnesses, the haptic interface point must travel somewhat 
into the object before enough force can be applied to the user 
to make the object feel “solid.” When this distance becomes 
greater than the thickness of an object, the vector field 
method produces unrealistic sensations. For example, when 
the haptic interface point penetrates more than halfway 
through a thin object, rather than exerting a force to push 
back against the user, the force vector changes direction and 
applies a force which pushes the user out the side of the 
object opposite to the side that the user entered. Vector field 
methods also cannot determine the appropriate forces to 
apply when the model of the environment overlaps simple 
objects to create more complex objects. 
0009 What is desired then is a haptic interface system 
which provides touch interfaces which accurately replicate 
the touch sensations a user would experience in the real 
world. The present invention permits such functionality. 

SUMMARY OF THE INVENTION 

0010. The invention relates to a method for determining 
the forces to be applied to a user through a haptic interface. 
The method includes the steps of generating a representation 
of an object in graphic space, sensing the position of a user 
in real space, determining the users haptic interface in 
graphic space, determining the user's fiducial object in 
graphic space and determining a force to be applied to the 
user in real space. In one embodiment the method calculates 
a stiffness force to be applied to the user. In other embodi 
ments, the method calculates damping and friction forces to 
be applied to the user. 
0011. In one embodiment, the step of generating a rep 
resentation of an object in graphic space includes defining 
the object as a mesh of planar Surfaces and associating 
Surface condition values to each of the nodes defining the 
planar Surfaces. In another embodiment, the step of gener 
ating a representation of an object in graphic space includes 
describing the Surface of the object using a coordinate 
system and associating Surface condition values with each 
set of coordinates. 
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0012. The invention also relates to an apparatus for 
determining the forces to be applied to a user through a 
haptic interface. The apparatus includes a position sensor, a 
processor executing an algorithm to determine the forces to 
be applied to a user in real space, a display processor and a 
force actuator. In one embodiment, the algorithm determin 
ing the forces to be applied to the user includes a module 
generating a representation of an object in graphic space, a 
module determining the users haptic interface in graphic 
space, a module determining the user's fiducial object in 
graphic space and a module calculating the force to be 
applied to the user in real space. 

0013 The present invention has the technical advantage 
of accurately replicating the touch sensations a user would 
experience when interacting with real world objects. The 
present invention has the further advantage of accurately 
modeling the forces applied to a user by thin and arbitrarily 
shaped polyhedral objects. The present invention has yet the 
further advantage of determining the appropriate forces to be 
applied to a user by a complex virtual object formed from 
overlapped simple virtual objects. 

BRIEF DESCRIPTION OF THE DRAWINGS 

0014 FIG. 1 is a flowchart representation of an embodi 
ment of a process for determining a force to be applied to a 
user through a haptic interface; 

0015 FIG. 2 is a flowchart representation of an embodi 
ment of a process for determining a feedback force to be 
applied to a user through a haptic interface; 

0016 FIG. 3 is a pictorial view of a representation of a 
real world object in graphic space; 

0017 FIG. 4A is a pictorial view of a convex portion of 
a virtual object formed by two planar surfaces and a fiducial 
object located on one of the Surfaces; 
0018 FIG. 4B is a pictorial view of the two planar 
surfaces of FIG. 4A and the fiducial object of FIG. 4A 
transitioning between the two planar Surfaces; 

0019 FIG. 4C is a pictorial view of the two planar 
surfaces of FIG. 4A and the fiducial object of FIG. 4A after 
the fiducial object has transitioned between the surfaces: 
0020 FIG. 5A is a pictorial view of a concave portion of 
a virtual object formed by two planar surfaces and a fiducial 
object located on one of the Surfaces; 
0021 FIG. 5B is a pictorial view of the two planar 
surfaces of FIG. 5A after the fiducial object has penetrated 
one of the Surfaces: 

0022 FIG. 6A is a perspective view of a complex virtual 
object formed from two simpler virtual objects; 

0023 FIG. 6B is a cross-sectional view of the complex 
virtual object of FIG. 6A taken through line A-A of FIG. 6A: 

0024 FIG. 7 is a flowchart representation of an embodi 
ment of a process for removing hidden Surfaces of complex 
virtual objects; 

0.025 FIG. 8 is a flowchart representation of an embodi 
ment of a process for determining a friction force to be 
applied to a user through a haptic interface; 
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0026 FIG. 9 is a graphical representation of a friction 
force applied to a user to model friction with slip: 
0027 FIG. 10 is a pictorial view of one of the triangular 
planar Surfaces forming the Surface of a virtual object; 
0028 FIG. 11 is a flowchart representation of an embodi 
ment of a process for performing Surface Smoothing of a 
virtual object; 
0029 FIG. 12 is a flowchart representation of another 
embodiment of a process for performing Surface Smoothing 
of a virtual object; 
0030 FIG. 13 is a flowchart representation of embodi 
ment of a process for modeling texture on the Surface of a 
virtual object; 
0031 FIG. 14A is a pictorial view of one of the planar 
Surfaces forming the Surface of a virtual object; 
0032 FIG. 14B is a pictorial view of the texture map to 
be mapped onto the planar surface of FIG. 14A, and 
0033 FIG. 15 is a flow diagram of one embodiment of 
the invention. 

0034) Like reference characters in the respective drawn 
figures indicate corresponding parts. 

DETAILED DESCRIPTION OF THE 
INVENTION 

0035) In brief overview, and referring to FIG. 1, a flow 
chart shows the steps performed by one embodiment of the 
method of the present invention for determining the forces 
to be applied to a user through a haptic interface device. In 
step 10, the haptic rendering application generates a repre 
sentation of a real world object in graphic space. As used 
herein, "rendering is defined as the creation of an image in 
graphic space. "Haptic rendering application” refers to the 
application which generates the representation of the real 
world object and determines the forces to be applied to the 
user through the haptic interface. As used herein, “graphic 
space' is defined as the computer generated virtual envi 
ronment with which the user can interact. In one embodi 
ment, the haptic rendering application uses mathematical 
models to create the representation of the object. In another 
embodiment, a separate application is used to create the 
representation of the object. For example, in one embodi 
ment, a Computer-aided design (CAD) software application 
is used to generate the representation of the object. The real 
world objects capable of being represented include planar 
Surfaces, curved surfaces and arbitrarily shaped polyhedral 
objects. The real world objects may also include concave, 
convex and curved portions. As used herein, “virtual object’ 
is defined as the representation of the real world object in 
graphic space. 

0036). In step 12, the sensors of the haptic interface 
system sense the position of the user in real space. As used 
herein, “real space' is defined as the real world environment. 
In step 14, the haptic rendering application utilizes the 
information obtained by the sensors to determine the haptic 
interface in graphic space. The location of the haptic inter 
face describes the position of the user in the virtual envi 
ronment. In step 16, the haptic rendering application deter 
mines the fiducial object in graphic space. The fiducial 
object is the “virtual location of the haptic interface. The 
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fiducial object location represents the location in graphic 
space at which the haptic interface would be located if the 
haptic interface could be prevented from penetrating the 
virtual objects. The fiducial object does not penetrate the 
surfaces of the virtual objects. When the haptic interface 
does not penetrate the surface of a virtual object, the haptic 
interface and the fiducial object coincide. When the haptic 
interface penetrates the surface of the virtual object, the 
fiducial object remains located on the surface of the virtual 
object The purpose of the fiducial object remaining on the 
surface is to provide a reference to the location on the 
surface of the virtual object where haptic interface would be 
if the haptic interface could be prevented from penetrating 
surfaces. It is important to know the location of the fiducial 
object in order to accurately determine the forces to be 
applied to the user. The method used to determine the 
fiducial object will be described in more detail below. 
0037 After the haptic rendering application determines 
both the haptic interface and the fiducial object, in step 18. 
the application calculates a force to be applied to the user in 
real space through the haptic interface device. After the 
haptic rendering application has calculated the force to be 
applied to the user, this force may be generated and applied 
to the user through a haptic interface device. 
0038. In the preferred embodiment of the method of the 
present invention, the haptic rendering application prevents 
the fiducial object from penetrating the surface of any of the 
virtual objects in the virtual environment. In this embodi 
ment, the fiducial object is placed where the haptic interface 
would be if the haptic interface and the virtual object were 
infinitely stiff. Forcing the fiducial object to remain on the 
surface of the virtual object allows for a more realistic 
generation of the forces arising from interacting with the 
virtual object. Unlike in the vector field methods, the direc 
tion of the force to be applied to the user in real space is 
unambiguous. The user is not “pulled through an object 
when the user should continue to be “pushed away from the 
object. The method of the present invention is therefore 
suitable for thin objects and arbitrarily shaped polyhedral 
objects. 
0039. In yet another embodiment, the haptic rendering 
algorithm forces the fiducial object to follow the laws of 
physics in the virtual environment. This allows for an even 
more realistic simulation of the real world environment. 

0040. In more detail and referring now to FIG. 2, a 
flowchart illustrates a more detailed sequence of steps 
performed by one embodiment of the present invention to 
determine a feedback force to be applied to a user in real 
space through a haptic interface. In the embodiment illus 
trated by the flowchart of FIG. 2, the users interactions with 
the virtual environment are reduced to those of a point 
interacting with three dimensional objects. In other embodi 
ments, the users interactions are not reduced to those of a 
point interacting with three dimensional objects. In other 
embodiments, the haptic interface and the fiducial object 
may be a series of points. In still other embodiments, the 
haptic interface and fiducial object may be three-dimen 
sional objects. 
0041. In step 20, the haptic rendering application gener 
ates a representation of a real world object in graphic space. 
As described above, this representation is termed the virtual 
object. The real world objects modeled by the method of the 
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present invention may have concave portions as well as 
convex portions. Many different methods can be used to 
generate the virtual object. In one embodiment, the haptic 
rendering application defines the real world object as a mesh 
of planar Surfaces. In one embodiment utilizing the mesh of 
planar Surfaces method, each of the planar Surfaces com 
prising the mesh has the same number of sides and the same 
number of nodes. In another embodiment, the planar Sur 
faces comprising the mesh have varying numbers of sides 
and nodes. In the preferred embodiment, each of the planar 
Surfaces is triangular and has three nodes. In another 
embodiment, the haptic rendering application defines the 
real world object as an n-noded polygon. In still another 
embodiment, the haptic rendering application describes the 
real world object using a coordinate system. In yet another 
embodiment, the representation of the object is displayed on 
a display. 
0042 FIG. 3 shows an example of a representation of a 
real world object which has been generated by one embodi 
ment of the present invention. The real world object depicted 
in FIG. 3 is a space shuttle. The representation consists of 
616 polygons. In one embodiment, the representation is 
generated from a standard object file format Such as 
AutoCad's DXF or WAVEFRONTS OBJ. 

0043 Referring again to FIG. 2, once the haptic render 
ing application has generated a representation of an object in 
graphic space, in step 22 the haptic interface device senses 
the position of the user in real space. In another embodiment, 
the haptic interface device senses the position of the user 
simultaneously with the haptic rendering application gener 
ating the representation of the object in graphic space. The 
haptic interface device may utilize any of the devices known 
in the art for sensing the position of an object. 
0044. After the haptic interface device has sensed the 
position of the user in real space, the information regarding 
the position of the user is relayed to the haptic rendering 
application. In step 24, the haptic rendering application uses 
the position of the user in real space to determine the 
location of the haptic interface point in graphic space. When 
the user changes position, the haptic interface device senses 
this change in position and the haptic rendering application 
updates the location of the haptic interface point in graphic 
space to reflect the change of the user's position in real 
Space. 

0045. Once the haptic rendering application determines 
the haptic interface point location, it uses the haptic interface 
point location to determine the location of the fiducial object 
point in graphic space as illustrated by step 26. As discussed 
above, if the haptic interface point does not penetrate a 
virtual object, the haptic interface point and the fiducial 
object point are collocated. As the haptic interface point 
penetrates the surface of a virtual object, the fiducial object 
remains on the surface of the virtual object. The haptic 
rendering application computes the fiducial object point 
location to be a point on the currently contacted virtual 
object surface such that the distance of the fiducial object 
point from the haptic interface point is minimized. The 
method used by the haptic rendering application to calculate 
the location of the fiducial object will be discussed in more 
detail below. 

0046. In one embodiment, the location of the fiducial 
object point relative to the representation of the object is 
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displayed on a display along with the representation of the 
object. When the position of the fiducial object changes, the 
display reflects this change in position. 

0047 Once the haptic rendering application has deter 
mined the locations of the haptic interface point and the 
fiducial object point, in step 28 the haptic rendering appli 
cation calculates the stiffness force component of the feed 
back force to be applied to a user in real space through the 
haptic interface. The stiffness force represents the force that 
would be applied to the user in the real world by a real world 
object due to the stiffness of the surface of the object. Simple 
impedance control techniques can be used to calculate the 
stiffness force to be applied. In one embodiment, the haptic 
rendering application uses Hooke's law to calculate the 
stiffness force as illustrated by equation (1) below, wherein 
k is the stiffness of the virtual object's surface. 

Fstiffness k^fiducial-object haptic-interface) (1) 

0048. In equation (1), F represents the stiffness 
force to be applied to the user through the haptic interface, 
xnaisses represents the position of the fiducial object in 
graphic space. Xhartie-interes represents the position of the 
haptic interface in graphic space and k represents the stiff 
ness of the virtual object's Surface. As shown by equation 
(1), to calculate the stiffness force, the haptic rendering 
application first calculates the displacement between the 
fiducial object point location and the haptic interface point 
location, represented in equation (1) by (Xndeiassiss-Xa 
tie-interface) The haptic rendering application then multiplies 
this displacement by the stiffness of the virtual objects 
Surface, k. 

0049. After determining the locations of the haptic inter 
face point and the fiducial object point, the haptic rendering 
application stores state variables representing these loca 
tions for later use in calculating the forces to be applied to 
the user. The purpose of storing information relating to these 
locations is to enable the haptic rendering application to 
compute the forces to be applied to the user based on the 
history of the user's motions. 

0050. In order to accurately model the forces that would 
be exerted on a user in the real world, in one embodiment, 
the haptic interface application adds a damping force to the 
stiffness force calculated in step 28. The combination of a 
stiffness force and a damping force provides a more accurate 
model of the local material properties of the surface of an 
object. 

0051) To obtain the necessary information, the haptic 
rendering application next determines the Velocity of the 
haptic interface point in step 30 and determines the velocity 
of the fiducial object point in step 32. In one embodiment, 
the haptic rendering application determines the Velocities of 
the haptic interface point and the fiducial object point 
relative to a common reference. The common reference may 
be a virtual object or simply a point in the virtual environ 
ment. In another embodiment, the haptic rendering applica 
tion determines the velocity of the fiducial object point 
relative to the haptic interface point. After the haptic ren 
dering application has determined the Velocities of the haptic 
interface point and the fiducial object point in steps 30 and 
32, it calculates a damping force to be applied to the user in 
real space as illustrated by step 34. 
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0052. In one embodiment of the method of the present 
invention, the damping force (Faai) is based on the 
motion of the haptic interface point (xiii-inters) relative 
to the motion of the fiducial object point (xiasis) In 
another embodiment, only motion in a direction normal (N) 
to the surface of the virtual object is used to calculate the 
damping force so that motion of the user tangential to the 
surface of the virtual object is not impeded. In one embodi 
ment, the haptic rendering application computes the damp 
ing force according to equation (2) in which c is the damping 
coefficient and N represents the vector normal to the surface 
of the virtual object. 

Fdamping-c(Xfiducial-object-Knaptic-interface)N)N (2) 

0053. In one embodiment, the haptic rendering system 
only applies a damping force to the user when the calculated 
damping force has the effect of stiffening the virtual objects 
Surface. The purpose of only applying a damping force 
which has the effect of stiffening the surface is to avoid the 
surface having the effect of resisting the withdrawal of the 
haptic interface from the surface. This embodiment would 
not exert a force against the user that would inhibit the user 
from moving away from the virtual objects surface. Oth 
erwise, the damping force would make the object feel sticky 
to the user. 

0054) Once the haptic rendering application calculates 
the stiffness and damping forces to be applied to the user in 
real space, in step 36 the haptic rendering application 
calculates a feedback force (F) to be applied to the 
user by Summing the stiffness (Finns) and damping 
(Fair) forces as shown by equation (3) below. 

Freedback-stiffness-Falamping (3) 

0.055 As described above in the discussion of FIG. 3, one 
embodiment of the method of the present invention gener 
ates the representation of the real world object in graphic 
space by describing the object as a mesh of planar Surfaces. 
Simulating real world objects using Surfaces provides an 
accurate model for the user to interact with because in the 
real world humans interact with objects on the objects 
Surfaces. Also as discussed above, one embodiment of the 
method of the present invention generates the representation 
of the real world object by defining the object as a mesh of 
triangular planar Surfaces. This embodiment uses a mesh of 
triangular elements because this representation is the most 
fundamental, and assures that all of the nodes of each 
Surface are coplanar. Because graphic models do not require 
the exactness required by haptic models, it is not uncommon 
to find graphic representations of objects with four-noded 
surfaces where the four nodes are not coplanar. When the 
nodes are not coplanar, the fiducial object point may slide 
between two surfaces and no longer remain on the Surface of 
the virtual object. This would cause the haptic rendering 
application to calculate incorrect forces to be applied to the 
user. The problems caused by such surfaces can be avoided 
by using a triangular mesh. In addition, since three points 
define a plane, the nodes defining the virtual object can be 
moved at any time and the object will still be composed of 
Surfaces that are geometrically acceptable for calculating 
forces according to the method of the present invention. 

0056. Another embodiment of the invention takes advan 
tage of this ability to move nodes to implement representa 
tions of objects having deformable surfaces. This embodi 
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ment simulates deformable surfaces by moving the nodes 
defining the virtual object in response to forces applied to the 
deformable surfaces by the user. 

0057 FIGS. 4A-4C illustrate the steps performed by one 
embodiment of a haptic rendering application to move a 
fiducial object point 38 between two planar surfaces, 40 and 
42 respectively, joined to form a convex surface, when the 
haptic interface point 44 moves past the intersection 46 of 
the two planar surfaces 40 and 42. The two planar surfaces 
40 and 42 act as constraints on the motion of the fiducial 
object point 38. That is, the fiducial object point 38 can not 
penetrate the surfaces 40 and 42. In order to determine the 
new location of the fiducial object point 38 in response to a 
change in location of the haptic interface point 44, one 
embodiment of the method of the present invention first 
determines the active constraints on the motion of the 
fiducial object point 38. For infinite planar surfaces, the 
haptic rendering application of this embodiment defines the 
planar Surface as an active constraint if the fiducial object 
point 38 is located a positive distance from the planar 
surface 40 or 42 and the haptic interface point 44 is located 
a negative distance from the planar surface 40 or 42. The 
distance is positive if the point is located in the direction of 
the Surface normal pointing outward from the Surface of the 
virtual object. The distance is negative if the point is located 
in the direction of the Surface normal pointing inward from 
the surface of the virtual object. Using this definition of an 
active constraint causes the virtual Surfaces 40 and 42 to act 
as one-way constraints to penetration. That is, the Surfaces 
40 and 42 only prevent the fiducial object point 38 from 
entering the surfaces 40 and 42. 

0.058 For surfaces that are not of infinite extent, in 
addition to the requirements for infinite planar Surfaces, to 
be defined as an active constraint the haptic rendering 
application requires that the contact of the fiducial object 
point 38 with the plane containing the Surface take place 
within the boundaries of the planar surface. In order to 
determine whether the contact of the fiducial object point 38 
takes place within the boundaries of the planar Surface, in 
one embodiment the haptic rendering application determines 
the line intersecting the current haptic interface point 44 and 
the old fiducial object point 38 which the haptic rendering 
application is updating. If this line passes though the planar 
surface within the boundaries of the surface, then the haptic 
rendering application defines the Surface as active. 

0059 FIGS. 4A-4C show two surfaces, 40 and 42 respec 
tively, of a convex portion of a virtual object. In the 
embodiment wherein the users interactions with the virtual 
environment are reduced to those of a point interacting with 
three dimensional objects, when a user interacts with convex 
portions of objects, only one surface of the virtual object is 
an active constraint at a time. To transition the fiducial object 
point 38 between two Surfaces sharing a convex edge 
requires two steps. In FIG. 4A, surface 40 is an active 
constraint because the fiducial object point 38 is located a 
positive distance from the surface 40, the haptic interface 
point 44 is located a negative distance from the Surface 40 
and the fiducial object point 38 is located within the bound 
aries of the surface 40. While surface 40 remains an active 
constraint, the fiducial object point 38 remains on the plane 
48 containing the Surface 40, but not does not necessarily 
remain within the physical boundaries of surface 40. 
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0060 FIG. 4B illustrates the first step performed by the 
haptic rendering application to transition the fiducial object 
point 38 to the surface 42. In the first step, the haptic 
rendering application moves the fiducial object point 38 over 
the second surface 42, but the fiducial object point 38 
remains in the plane 48 of the first surface 40. In the second 
step, the haptic rendering application no longer considers the 
first surface 40 an active constraint because the fiducial 
object point 38 is not located within the physical boundaries 
of the surface 40. The haptic rendering application then 
moves the fiducial object point 38 onto the second surface 42 
as illustrated in FIG. 4C. In other embodiments wherein the 
users interactions with the virtual environment are not 
reduced to those of a point interacting with three dimen 
sional objects, more than one Surface of a convex portion of 
a virtual object may be an active constraint at a time. 
0061 FIGS. 5A and 5B show a concave portion of an 
object defined by two planar surfaces, 50 and 52 respec 
tively. When the user interacts with a concave portion of an 
object, multiple Surfaces can be active simultaneously. 
When the user interacts with the concave intersection 53 of 
the two planes 55 and 57, the haptic rendering application 
defines both planes, 55 and 57 respectively, as active con 
straints and the motion of the fiducial object 54 is restricted 
to the line defined by the intersection of the two planes 55 
and 57. When the user is in contact with the intersection of 
three planar Surfaces, all three Surfaces are active constraints 
and the fiducial object is confined to the point defined by the 
intersection of the three surfaces. At the intersection of more 
than three surfaces, the haptic rendering application consid 
ers only three of the Surfaces as active constraints at any one 
time and the fiducial object point is again confined to a point. 

0062 FIGS.5A and 5B illustrate the situation that occurs 
when the user interacts with Surfaces that intersect at an 
acute angle. FIG. 5A shows the location of the fiducial object 
point 54 when the user presses into the surface 50 to the 
location defined by the haptic interface point 56. As the user 
slides down along the surface 50, the fiducial object point 54 
may cross over the surface 52 before the surface 52 meets 
the requirements outlined above to be defined as an active 
constraint. 

0063 FIG. 5B illustrates the situation in which the fidu 
cial object point 54" has crossed over surface 52 before the 
Surface 52 is considered an active constraint. According to 
the definition of an active constraint discussed above, Sur 
face 52 does not qualify as an active constraint in FIG. 5B 
because the haptic interface point 56' is not a negative 
distance from the plane 57 containing the surface 52. To 
Solve this-problem, in one embodiment, the haptic rendering 
application iterates the process of determining the new 
fiducial object point location. During the first iteration, the 
haptic rendering application determines a set of active 
constraints and calculates the new fiducial object point 
location 54'. During the second iteration the haptic rendering 
application uses the “new” fiducial object point location 54 
as the haptic interface point location in combination with the 
“old” fiducial object point location 54 to check the neigh 
boring Surfaces to determine whether any additional Surfaces 
qualify as active constraints. If the haptic rendering appli 
cation determines that an additional Surface qualifies as an 
active constraint, the haptic rendering application continues 
the iterations and updates the fiducial object point location 
until no new active constraints are found. 
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0064. In one embodiment, once the complete set of active 
constraints is found, the haptic rendering application uses 
Lagrange multipliers to update the location of the fiducial 
object point. Lagrange multipliers are used in maximizing or 
minimizing functions which have several variables which 
are subject to constraints. In this embodiment, the virtual 
environment is described by a rectangular coordinate system 
having coordinate sets with three entries. The haptic ren 
dering application uses equation (4) below to model the 
energy of a virtual spring of unity stiffness. In equation (4), 
Q represents the energy in a virtual spring between the 
fiducial object and the haptic interface, X, y and Z represent 
the coordinates of the fiducial object point and x, y, and Z 
represent the coordinates of the haptic interface point. In 
equation (4), the spring constant equals 1. The goal in 
Solving equation (4) is to minimize the value of Q, thereby 
making the virtual spring as Small as possible. 

1 1 1 4 
Q = (x-x, + i (y-y, + (3-3, (4) 

0065. The haptic rendering application then adds the 
active constraints as planes according to equation (5). In 
equation (5), An, Bn and Cn indicate the direction of the 
surface normal to the plane containing the constraint. Dn 
indicates the distance from the origin of the plane containing 
the active constraint. 

The first step in utilizing Lagrange multipliers is to form a 
function L of the variables in the equation to be minimized 
and the equations defining the constraints. In the case of 
three constraints, L will be a function of x, y, Z, 1, 12 and 1. 
where 1, 12 and l are the Lagrange multipliers. The function 
L will be in the form of: 

L(x,y,z, ill,i)=(function to be minimized)- 
i (constraint) 12(constraint)-l(constraints). 

Following this model, the haptic rendering application com 
bines equations (4) and (5) to generate equation (6). 

L = (6) 

1 2 1 2 1 2 
5 (x-xp) + 3 (y-y) + 3 (3-3) +l (A1X + By + Cz - D) + 

0.066 The haptic rendering application calculates the new 
location of the fiducial object point by minimizing L in 
equation (6). To minimize L, the haptic rendering applica 
tion first computes the six partial derivatives of equation (6). 
The haptic rendering application then minimizes L by setting 
all six partial derivatives of L to 0. This results in six 
simultaneous equations with six variables (x, y, Z, 1, 1 and 
1) to Solve for. The six partial derivative equations can be 
organized into a set of simultaneous equations represented 
by the matrix equation (7) below. 
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1 O O A1 A2 A3 x Xp (7) 
O 1 O B B B3 y yp 
O O 1. C C2 C3 3. p 

A B C 0 O O i. D1 

A2 B2 C2 0 0 0 || 12 | | D. 
A3 B3 C3 () () () Lls D, 

0067. The matrix equation (7) has a number of useful 
properties. It is symmetric, the upper left hand corner (3x3) 
is always the identity matrix, the lower left hand corner is 
always a null matrix, and the matrix is invertible. Solving the 
matrix equation (7) also does not require row Swapping. 
Because of these properties, X, y and Z can be solved for in 
only 65 multiplicative operations. In the case when there are 
only two active constraints, the leftmost matrix is a (5x5) 
matrix and x, y and Z can be solved for in only 33 
multiplicative operations. In the single constraint case, the 
leftmost matrix is a (4x4) matrix and x, y and Z can be solved 
for in only 12 multiplicative operations. As described above, 
when there are no active constraints, the fiducial object point 
is located at the position of the haptic interface point and no 
calculations are required. 
0068 FIGS. 6A and 6B show an example of a complex 
object 58 formed from the overlapping of two simple 
objects, 60 and 62 respectively. As described above, one of 
the problems with existing haptic rendering applications is 
that they can not determine the appropriate forces to apply 
to a user when the model of the environment overlaps simple 
objects to create more complex objects. When multiple 
objects are in close proximity, a naive active constraint 
detector will return too many active surfaces and the com 
puted force will be incorrect. One embodiment of the 
method of the present invention includes a method for 
removing hidden Surfaces to assure that the fiducial object 
point is located on the appropriate Surface of the virtual 
object. A hidden surface is a surface of a virtual object which 
is covered by a surface of another virtual object. 
0069. In the example shown in FIGS. 6A and 6B, when 
a user presses down on Surface 64, the haptic interface point 
66 penetrates both surface 64 and surface 68. Without 
removing the hidden surface 69, the haptic rendering appli 
cation would define both surfaces 64, 68 as active con 
straints and would not calculate the location of the fiducial 
object point 70 correctly. 

0070 FIG. 7 shows a flowchart illustrating the steps 
performed by one embodiment of the present invention to 
remove hidden surfaces. In step 71, the haptic rendering 
application determines the Surfaces that qualify as active 
constraints. In step 72, the haptic rendering application 
determines the redundant Surfaces. Redundant Surfaces are 
Surfaces which have been defined as active constraints and 
which have the same or similar Surface normals. Referring 
again to FIGS. 6A and 6B, surfaces 64 and 68 are redundant 
surfaces. Referring back to FIG. 8, in step 74, the haptic 
rendering application determines the redundant Surface 
which is closest to the fiducial object and add this surface to 
the list of non-redundant active constraints. In step 76, the 
haptic rendering application orders the list of non-redundant 
active constraints by the distance of the active constraints to 
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the fiducial object. Next, in step 78, the haptic rendering 
application computes the new fiducial object location using 
the closest non-redundant active constraint in equations 
(4)-(7) above. In step 80, the haptic rendering application 
determines whether the updated fiducial object location is 
valid. The updated fiducial object location is valid unless it 
penetrates a surface of the virtual object. 
0.071) If the fiducial object location is valid, in step 82 the 
haptic rendering application waits for a change in position of 
the haptic interface point before repeating the process. If the 
fiducial object location is not valid, in step 84 the haptic 
rendering application adds the crossed active constraint 
which is nearest to the fiducial object point to the compu 
tation matrix of equation (7). Next, in step 86 the haptic 
rendering application recomputes the fiducial object loca 
tion. The haptic rendering application then repeats steps 80. 
84 and 86 until the computed fiducial object point location 
is valid. 

0072. When humans interact with objects in the real 
world, the objects exert both a normal force and a friction 
force to the human. In order to accurately model real world 
interactions with an object, one embodiment of the method 
of the present invention includes a method for determining 
and applying friction forces to a user. 
0073 FIG. 8 shows a flowchart of the steps performed by 
one embodiment of the present invention for determining the 
friction forces to be applied to a user in the real world 
through a haptic interface device. The method illustrated by 
the flowchart in FIG. 8 determines the static friction force to 
be applied to the user in real space. Friction models with 
Stiction in general have two states of contact Stiction and 
kinetic friction. In the Stiction state the user has made 
contact with an object but has not provided enough tangen 
tial force to “break away.” When enough force is applied, a 
transition is made to the kinetic friction state. In the kinetic 
friction state a force is applied in a direction to impose the 
direction of motion. All friction forces are applied to the user 
in directions tangential to the feedback force discussed 
above. 

0074. In step 88, the haptic rendering application deter 
mines the location of the Stiction point in graphic space. The 
location of the Stiction point starts at the location in graphic 
space where the user first makes contact with the virtual 
object. The location of the stiction point is in reference to the 
location of the fiducial object. The location of the stiction 
point starts at the location: where the fiducial object makes 
contact with the virtual object. Once the stiction point is 
determined, the haptic rendering application determines the 
velocity of the stiction point in step 90. Next, in step 92, the 
haptic rendering application calculates the friction force to 
be applied to the user in real space. 
0075 One embodiment of the present invention uses 
equations (8), (9) and (10) below to calculate the friction 
force to be applied to the user. In these equations, X 
point is the location of the Stiction point, Xhartie-interface is the 
location of the haptic interface and AX represents the dis 
placement between the Stiction point location and the haptic 
interface point location. 

As-(steion-pointhaptic-interface) (8) 
Axarenia,(Ax-(Ax-N)*N) (9) 

In equation (9), AXansential represents the component of the 
displacement between the Stiction point location and the 
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haptic interface point location that is tangential to the 
surface of the virtual object. N is a unit vector which is 
normal to the surface of the virtual object and points outward 
from the surface. The purpose of equation (9) is to determine 
the component of the displacement vector between the 
Stiction point location and the haptic interface point location 
that is not in the direction normal to the surface of the virtual 
object. 

Friction-Avtangential+CAvangentail (10) 

0076. In equation (10), Ffriction represents the friction 
force to be applied to the user. k represents the maximum 
stiffness value of the surface that the haptic interface device 
can apply to the user without becoming unstable. c repre 
sents the maximum viscosity of the virtual objects surface 
that the haptic interface device can apply to the user without 
becoming unstable. When the haptic interface device 
attempts to apply a stiffness value (k) or a viscosity (c) that 
is greater than the maximum value, the haptic interface 
device may become unstable. In one embodiment, when the 
haptic interface device becomes unstable, it begins to 
vibrate. AXtangential represents the rate of change of the 
component of the displacement vector between the stiction 
point location and the haptic interface point location that is 
tangential to the surface of the virtual object. 
0077. After the haptic rendering application has deter 
mined the friction force to be applied to the user, one 
embodiment of the present invention calculates the total 
force to be applied to the user according to equation (11) 
below. 

Flotai-Freedbadkiffliction (11) 

In equation (11) the calculated friction force (F) is 
added to the calculated feedback force (F) to deter 
mine the total force (F) to be applied to the user. 
0078 Referring again to the flowchart of FIG. 8, once the 
haptic rendering application has determined a friction force 
to be applied to a user, the haptic rendering application 
performs a series of steps according to equation (12) below 
to update the stiction point location and the friction force to 
be applied to the user. 

Friction Freedback (12) 

0079. In equation (12) Fred represents the sum of the 
stiffness force and the damping force calculated above. In 
step 94, the haptic rendering application multiplies the Sum 
of the stiffness force and the damping force (F) by a 
coefficient of friction u to obtain a product. In step 96, the 
haptic rendering application compares this product to the 
calculated friction force to determine whether the calculated 
friction force is greater than or equal to the product. The 
purpose of equation (12) is to determine whether the calcu 
lated friction force can be applied to the user without 
violating the laws of physics. If the friction force is too large 
and violates the laws of physics, the Stiction point must be 
updated until a friction force is calculated that can be applied 
to the user without violating the laws of physics. If the 
friction force is less than the product, the haptic rendering 
application proceeds to step 98 and adds the friction force to 
the sum of the stiffness force and the damping force to 
calculate a total force to be applied to the user in real space 
through a haptic interface device. If the calculated friction 
force is greater than or equal to the product, the haptic 
rendering application proceeds to step 100 and updates the 
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Stiction point location according to equation (13) which will 
be discussed below. Next, in step 102 the haptic rendering 
application recalculates the friction force to be applied to the 
user and returns to step 96. The haptic rendering application 
repeats steps 96, 100 and 102 until the friction force is less 
than the product obtained in step 94. 
0080. In step 100 the haptic rendering application updates 
the position of the stiction point. When the old stiction point 
is broken, the new stiction point location is calculated using 
the new fiducial point location and the old stiction point 
location. The new stiction point is placed on the line 
intersecting the new fiducial object point and the old Stiction 
point. The new stiction point is placed at a distance (AX 
gential) from the new fiducial object point so that the force on 
the user is equal to the maximum friction force, as described 
by equation (13). In equation (13), c is the Viscosity, LL is the 
coefficient of friction, k is the stiffness value of the surface 
and Fernal is the calculated normal force. AXangential repre 
sents the rate of change of the component of the displace 
ment vector between the stiction point location and the 
haptic interface point location that is tangential to the 
surface of the virtual object. 

il C. 13 Avangential - Formal Avangential (13) 

0081. In the real world there is an additional slipping 
sensation which a user experiences when the user is slipping 
relative to an object. Also, in the real world there is usually 
Some vibration associated with slipping. In order to model 
the sensation of slipping, one embodiment of the method of 
the present invention utilizes two coefficients of friction. 
This embodiment uses one coefficient of friction to deter 
mine whether the stiction point location should be updated, 
and another slightly lower coefficient of friction for calcu 
lating the new location of the stiction point. The result of this 
method is that each time a new stiction point is placed, the 
friction force is lower, and a small distance must be traveled 
for the user to break away again. 
0082 FIG. 9 shows the saw-tooth wave that results when 
a constant relative velocity is specified between the fiducial 
object and the virtual object being touched. When the 
Stiction point is updated, the new position is calculated using 
a coefficient of friction that is smaller than the one used to 
determine whether the maximum friction force has been 
exceeded. When a constant velocity is specified a vibration 
is felt due to the saw-tooth like variation in friction force. 

0083. One embodiment of the method of the present 
invention uses equations (14) and (15) below to model 
friction with slip. As discussed above, since the fiducial 
object can not penetrate the Surface of a virtual object, when 
the haptic interface has penetrated the surface of a virtual 
object, the fiducial object remains on the surface of the 
virtual object. Therefore, as long as the fiducial object 
remains on the surface of the virtual object there is no 
non-tangential motion of the fiducial object with respect to 
the surface of the virtual object and equation (9) above can 
be simplified to equation (14) below. 

Avangential(striction-points fiducial-object) (14) 
I0084 Axential represents the component of the dis 
placement between the stiction point location (X stiction-p oint) 
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and the fiducial object point location (Xndeisses) that is 
tangential to the surface of the virtual object. 

0085. If the feedback force calculated above is zero (0) 
then the stiction point should be collocated with the fiducial 
object point. The position of the stiction point should only 
be updated when the distance from the fiducial object point 
to the Stiction point exceeds the distance from the haptic 
interface point to the fiducial object point multiplied by the 
coefficient of friction (L). The stiction point location (X- 
tion-point) can then be used in combination with the haptic 
interface point location (Xiline) and the stiffness 
value (k) of the Surface to calculate the change in force 
(AF) to be applied to the user according to equation (15) 
below. 

AFalk(stiction-point haptic-interface) (15) 

0086. In yet another embodiment of the present inven 
tion, the haptic rendering application performs surface 
Smoothing of a virtual object. In the real world, it is common 
for the properties of an object to vary across its Surface. 
Therefore, to provide a comparable experience to the user of 
a haptic interface system, the present invention provides a 
haptic rendering application for providing to the user tactile 
feedback of the properties of the surface of an object being 
touched. 

0087. In one embodiment, the present invention provides 
such feedback to the user by dividing the surface of an object 
into a mesh of planar Surfaces, assigning Values to nodes 
defined by intersecting points in the planar Surfaces, and 
utilizing such values in an interpolation scheme. This 
method of using planar Surfaces effectively provides a 
human with the sensation of feeling Surface characteristics, 
notwithstanding the absence of curved surfaces. Planar 
Surfaces can be used to accurately model an objects Surface 
because of the fact that humans have a rather poor sense of 
position but are extremely sensitive to discontinuities of 
force direction. If the force exhibited at points normal to the 
object are smoothed, then the actual shape of the object need 
not be as true to its actual shape in the real world to provide 
the user with an adequate simulation of the object. 

0088 Referring to FIG. 10, shown is one of the triangular 
planar Surfaces forming a virtual object simulated by the 
haptic rendering application of one embodiment of the 
present invention. In this figure, the planar Surface forms a 
triangle, however planar Surfaces of other shapes can be 
used. Typically, the virtual object comprises a plurality of 
such planar surfaces, as described above and shown in FIG. 
3. The haptic rendering application assigns to the triangle a 
plurality of nodes shown as A, B, and C. As further described 
below, by assigning a parameter value representing a surface 
characteristic to each of the nodes of the polyhedra and 
interpolating the parameter values between nodal values, 
parameter values at other points within the triangular surface 
can be determined. In this manner, the haptic rendering 
application provides continuity in the direction of the force 
applied to the user across the area defined by the triangle. 

0089 Referring to FIG. 11, a flowchart shows the steps 
employed by one embodiment of the haptic rendering appli 
cation of the present invention for performing a method of 
Surface Smoothing. In step 104, the haptic rendering appli 
cation defines an object as a mesh of planar Surfaces. 
Referring again to FIG. 3, the planar surfaces define a 
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plurality of polyhedra, each having a plurality of nodes 
associated therewith. In step 106, the haptic rendering 
application assigns a parameter value to each node of each 
planar Surface. In one embodiment, the parameter value is 
the surface normal. Alternatively, in other embodiments of 
the invention, the parameter may be a stiffness force or a 
damping force. In step 108, the haptic rendering application 
determines on which planar Surfaces the fiducial object point 
is located. As discussed above, the fiducial object point 
represents the location in graphic space at which the haptic 
interface point would be located if the haptic interface point 
could be prevented from penetrating virtual objects. By 
determining the planar Surfaces on which the fiducial object 
point is located, the haptic rendering application determines 
the nodes and corresponding parameter values to be utilized 
in the interpolation scheme to provide a user with a tactile 
sensation of the Surface characteristics of that point. In step 
110, the haptic rendering application computes the param 
eter value at the location of fiducial object point by inter 
polating the parameter values associated with the nodes 
assigned to the planar Surfaces on which the fiducial object 
is located. 

0090 Referring again to FIG. 10, the fiducial object point 
is located at point D. In step 108 as described above, the 
haptic rendering application determines that the fiducial 
object lies in the planar surface defined by nodes A, B, and 
C. After determining the nodes defining the planar Surface, 
the interpolation scheme described in step 110 can be 
accomplished by projecting the vector AD to the line BC to 
determine the point E. The parameter value for point E is 
found by interpolating the parameter values of nodes B and 
C, and is shown mathematically by equation (16) below. 

CE (16) 
BC 

BE 
E = - 

BC 
B C 

0091. Once the parameter value al point E is determined, 
the parameter value at fiducial object point D is determined 
in a similar fashion. The parameter value at point D is 
determined by interpolating between the points A and E. 
shown mathematically by equation (17) below. 

DE (17) 
AE 

AD 
D = - 

AE 
A + E 

0092 Referring to FIG. 12, a flowchart shows the steps 
employed by another embodiment of the haptic rendering 
application of the present invention for performing a method 
of Surface Smoothing. In this embodiment, the present 
invention provides tactile feedback of the surface charac 
teristics of a virtual object to the user through the aid of a 
coordinate mapping system. Through the use of a coordinate 
mapping system, the tactile sensation of the varying char 
acteristics of the virtual object can be simulated. Such 
characteristics can include the texture, as well as the stiffness 
and damping characteristics of the virtual object. As shown 
in step 112, the haptic rendering application initially 
describes the Surface of the object using a coordinate system. 
In one embodiment, the coordinate system is a rectangular 
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coordinate system. In other embodiments, the coordinate 
system may be a spherical or cylindrical coordinate system. 
In step 114, each coordinate set comprising the coordinate 
system is assigned a parameter value representing a char 
acteristic of the virtual object. The characteristic may be a 
stiffness value, a damping coefficient or a surface normal. 
0093. For example, part of the object may be smoother 
than another portion. To accurately model this, the parameter 
values at the corresponding coordinate sets would vary 
accordingly. In step 116, the haptic rendering system deter 
mines which set of coordinates describes the location of the 
fiducial object point. Once this set of coordinates is known, 
the parameter value representing the Surface characteristic at 
the fiducial object point location is known and can be used 
to determine a force to be applied to the user representing the 
texture, stiffness or damping characteristics of the virtual 
object. 

0094. In this embodiment of the invention, the force 
applied to the user is a function of position and changes as 
the user moves across the surface of the virtual object. Given 
that the human sensation of texture is carried out by the 
mechano-receptors in one's finger tip. Such changes in 
forces applied to the user's fingertip adequately simulate 
Such characteristics as texture. 

0.095 Referring to FIG. 13, a flowchart illustrates the 
steps employed by yet another embodiment of the haptic 
rendering application of the present invention for perform 
ing a method of Surface smoothing. In this embodiment, the 
present invention provides tactile feedback of the surface 
characteristics of a virtual object to the user through the aid 
of a coordinate mapping system known as bump mapping. 
In the graphics world, bump maps are used to correctly 
display the illumination of a bumpy surface. Similar to the 
coordinate mapping system described above, bump maps 
use coordinate systems to associate a small displacement 
force to be applied to the user in a direction normal to the 
surface of the virtual object. The application of a small 
displacement force models the texture of a surface. For 
example, as a user moves along a Surface, the user can 
experience the feeling of a bumpy Surface. 
0096 Referring to step 117, the haptic rendering appli 
cation initially describes the virtual environment using a 
coordinate system. The coordinate system can be a rectan 
gular, spherical or cylindrical coordinate system. Referring 
now to FIG. 14A, a graph shows a planar surface 130 of a 
virtual object. In FIG. 14A, the haptic rendering application 
defines the virtual environment, designated generally by 
reference numeral 132, using a rectangular coordinate sys 
tem having X, y, and Z axes which are orthogonal to each 
other. 

0097. Referring again to FIG. 13, in step 118 the haptic 
rendering application next describes the Surface of the object 
using a coordinate system. The coordinate system can be a 
rectangular, spherical or cylindrical coordinate system. In 
FIG. 14A, the haptic rendering application describes the 
planar Surface 130 using a rectangular coordinate system 
having S and taxes. In certain embodiments, the S and taxes 
may not be orthogonal. The coordinates of the (s,t) coor 
dinate system can be mapped into the (x, y, z) coordinate 
system through a series of transformation equations in which 
S is a function of X, y and Z and t is a function of x, y and 
Z. 
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0098 FIG. 14B shows the texture map 134 to be applied 
to the planar surface 130. The texture map 134 is defined by 
a third coordinate system having u and V axes. The texture 
map represents the texture to be assigned to the planar 
surface 130. For example, the bumps 135 illustrate displace 
ment forces to be applied to a user to simulate a bumpy 
Surface. A second series of transformation equations maps 
the coordinates (s, t) of the planar surface 130 to the 
equivalent (u, v) coordinates of the texture map 134. 

0099 Referring again to FIG. 13, in step 120, each 
coordinate set (u, v) of the texture map coordinate system is 
assigned a displacement value to be applied in the direction 
normal to the surface of the virtual object. This displacement 
value represents the force that would be exerted by the 
surface of the virtual object on the user. The texture function 
B(u, v) represents the displacement values assigned to the 
coordinate sets (u, v). For example, in one embodiment, the 
texture function B(u, v) represents the height of a bump to 
be experienced by a user as a function of the user's position 
in the texture map. As shown in step 122, the haptic 
rendering application also associates a Surface normal for 
each set of coordinates (s,t) of the planar Surface coordinate 
system. 

0100. The embodiment shown in FIGS. 4A and 4B uti 
lizes rectangular coordinate systems and the Surface of the 
virtual object 130 has surface coordinates (s,t) and the 
texture map 134 has coordinates (u, v). In step 124, the 
haptic rendering application calculates the new surface 
normal N for each set of coordinates by adding the 
displacement force of the texture coordinates (u, v) to the 
corresponding Surface normal of the planar Surface coordi 
nates (s,t) as shown below by equation (18). 

B (NXP) - B (NXP, (18) N.N.B.(NXP). B (NXP)X ". (NXP) 

0101. In equation (18) N is the surface normal to the 
planar surface 130. Bu and Bv are the partial derivatives of 
the texture function B(u, v) with respect to the u and v 
directions. Bu represents the curvature of the bump in the u 
direction and Bv represents the curvature of the bump in the 
V direction. Ps and Pt are the partial derivatives of the 
equation P=x(s,t), y (s,t), Z (s,t) in the S and t directions. 
Ps and Pt represent the unit vectors in the planar surface 
coordinate system illustrated in FIG. 14A. 

0102 Associating an additional displacement force to 
certain coordinate sets replicates where a bump is to appear 
on a virtual object’s surface and be sensed by the user's 
hand. As shown in step 126, the haptic rendering application 
then determines which coordinate set describes the fiducial 
object point. In step 128, the haptic rendering application 
determines the total Surface normal corresponding to that 
coordinate set and uses that total Surface normal to deter 
mine the appropriate force to be administered to the user. 
The haptic rendering application thereby represents the 
existence of a bump on the surface of the virtual object to the 
USC. 

0103) This embodiment of the invention can be used to 
simulate materials like wood, sand paper, or rusted metal, for 
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example. 5 The present invention also relates to an apparatus 
for determining forces to be applied to a user through a 
haptic interface. FIG. I 5 shows an embodiment of an 
apparatus for determining forces to be applied to a user 
through a haptic interface. The apparatus includes a sensor 
140, a haptic rendering processor 142 for determining the 
forces to be applied to the user, a display processor 144, a 
force actuator 148 and a display 150. The purpose of sensor 
140 is to sense the position of the user 146. The sensor 140 
may be any of the devices known in the art for sensing 
positions of objects. The haptic rendering processor 142 is in 
electrical communication with the sensor 140 and executes 
an algorithm to determine the forces to be applied to the user 
146 in real space. The algorithm includes a module gener 
ating a representation of a real world object in graphic space, 
a module determining the users haptic interface in graphic 
space, a module determining the user's fiducial object in 
graphic space and a module calculating a force to be applied 
to the user in real space. The module determining the user's 
haptic interface in graphic space translates the position of 
the user in real space into a position in graphic space. The 
module determining the user's fiducial object in graphic 
space determines the location at which the haptic interface 
would be if the haptic interface could be prevented from 
penetrating virtual objects. In one embodiment, the user's 
haptic interface and fiducial object are points in graphic 
space. In one embodiment, the module calculating a force to 
be applied to the user in real space calculates a stiffness force 
to be applied to the user. In other embodiments, this module 
calculates a damping force, a friction force or a combination 
of forces to be applied to the user. 
0.104) The display processor 144 is in electrical commu 
nication with the haptic rendering processor 142. The dis 
play processor 144 displays the representation of the real 
world object created by the haptic rendering processor 142 
on a display 150. In one embodiment, the display processor 
144 also displays the user's fiducial object location on the 
display 150. The user's fiducial object location represents 
the position of the user in graphic space relative to the virtual 
object The display 150 may be a computer screen, television 
screen, or any other device known in the art for displaying 
images of objects. The display 150 may also produce audio 
Sounds in response to the interactions of objects in virtual 
Space. 

0105 The force actuator 148 is in electrical communica 
tion with the haptic rendering processor 142. The force 
actuator 148 produces the force calculated by the haptic 
rendering processor 142 and applies the calculated force to 
the user 146. The force actuator 148 may be any device 
known in the art for applying a force to an object. 
0106. In one embodiment the haptic rendering processor 
142 and the display processor 144 are different processors. 
In another embodiment, the haptic rendering processor 142 
and the display processor 144 are the same processor. In yet 
another embodiment, the module generating a representation 
of an object in graphic space, the module determining the 
users haptic interface in graphic space, the module deter 
mining the user's fiducial object in graphic space, and the 
module calculating a force to be applied to the user in real 
space are separate devices. 

0.107 Having described preferred embodiments of the 
invention, it will now become apparent to one of skill in the 
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art that other embodiments incorporating the concepts may 
be used. It is felt, therefore, that these embodiments should 
not be limited to disclosed embodiments but rather should be 
limited only by the spirit and scope of the following claims. 

1-38. (canceled) 
39. A method for determining forces to be applied to a 

user through a haptic interface, the method comprising the 
steps of 

generating a representation of a virtual object; 
determining a haptic interface location in response to a 

location of a user-manipulated haptic interface; 
determining a fiducial object location on the Surface of the 

virtual object; and 
calculating a force to be applied to the user in response to 

the haptic interface location and the fiducial object 
location. 
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40. A system for determining force to be applied to a user 
through a haptic interface, the system comprising: 

a modeling module configured to generate a representa 
tion of a virtual object; 

a computation module configured to determine a haptic 
interface location in response to a location of a user 
manipulated haptic interface; 

a locating module configured to determine a fiducial 
object location on the surface of the virtual object; and 

a force computation module configured to calculate a 
force to be applied to the user in response to the haptic 
interface location and the fiducial object location. 


