
Sept. 22, 1970 G. D. BOYD ET All 3,530,301 
NONLINEAR OPTICAL DEVICES EMPLOYING OFTIMIZED FOCUSING 

Filed March 4, 1968 2. Sheets-Sheet l 

A/G. f. CAUSSIAN OPTIC AXIS 
2 3 / BEAM 

als n 

PUMPNG Y S. 
UT LIZATION 
APPARATUS SIGNAL 

BEAM 
SOURCE 

--O-e CRYSTAL 
--- a 2 i. 280 5 - 0.5 (i. s W. S 6 

SIGNAL 
BEAM 
SOURCE 

() 

35 36 

G. A. AsOMA 'W'W' 12,waw 
urgedzul. 

A 77OAA/EY 

PUMPNG 
- BEAM 
SOURCE 32 

  

    

  

  

  

  

  



Sept. 22, 1970 G. D. Boyd ETAL 3,530,301 
NONLINEAR OPTICAL DEVICES EMPLOYING OPTIMIZED FOCUSING 

Filed March 14, 1968 2. Sheets-Sheet 2 
A/G. 4 

OO4 OO6 O. O2 O4. O6 O8 2 3 

X = % 

  



United States Patent Office 3,530,301 
Patented Sept. 22, 1970 

1. 

3,530,301 
NONLINEAR OPTICAL DEVICES EMPLOYING 
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ABSTRACT OF THE DISCLOSURE 
Optimum focusing is disclosed for various optical 

parametric devices, harmonic generators and nonpara 
metric nonlinear mixers, such as sum-frequency mixers. 
It is found that, in each case, optimum focusing resides 
in a range of a focusing parameter which is not in 
tuitively obvious because of the complex inter-relation 
ship of the advantages of increased beam intensity pro 
vided by sharper focusing and the disadvantages of more 
rapid divergence due to diffraction caused by the sharper 
focusing. Moreover, in some resonant cases in which 
crystal losses are appreciable, it is shown that there exists 
an optimum optical path length in the body of nonlinear 
material. 

BACKGROUND OF THE INVENTION 
Traveling-wave nonlinear optical devices, such as 

parametric amplifiers, parametric oscillators and para 
metric mixers, harmonic generators and nonparametric 
mixers such as sum-frequency mixers, have been the sub 
ject of intensive recent research and development. Un 
fortunately, this research and development has occurred 
largely on a hit-or-miss basis. That is, it has typically 
used the most easily obtained experimental arrangements 
because of the great difficulty involved in the theoretical 
analysis of such devices. 

In a long series of discoveries, it has gradually developed 
that phase-matching of the optical beams involved in 
nonlinear devices is generally desirable, although slightly 
mismatched conditions may yield an advantage in certain 
circumstances. It has also been found that a focused 
beam can frequently provide a stronger nonlinear optical 
interaction than an unfocused beam. 
A parametric device is usually understood to be a non 

linear optical device in which the highest frequency wave 
is also the most powerful, that is, the pump. To avoid 
confusion, we shall use the phrase "nonlinear optical de 
vice' as the generic description for all devices to which 
our invention applies, regardless of the relative frequencies 
of the pump and the other waves. Such devices all em 
ploy a reactively nonlinear interaction in a distributed 
bulk of optical material with relatively small losses of 
the supplied optical energy to heat. Preferably, the inter 
action is a traveling-wave interaction, in that it can occur 
throughout an indefinitely large optical path length. 

Phase-matching is that condition in the propagation 
of a multiplicity of optical waves through a medium which 
provides that the vector sum of the propagation constants 
of some of them is equal to the vector propagation con 
stant of another, or the sum of the vector propagation con 
stants of the others. These vector propagation constants 
have a numerical value equal to the angular frequencies 
of the respective waves times the indices of refraction of 
the medium for those waves divided by the velocity of 
light. Much of the mathematics of nonlinear interaction 
is most readily described in terms of these propagation 
constants, which are sometimes called wave vectors. For 
the purpose of describing optimum focusing and claiming 
our invention, we shall endeavor to describe the various 
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2 
relationships pertinent to optimum focusing in terms of 
geometrical parameters of the arrangement which are 
readily demonstrated and measured and which eliminate 
the propagation constants from the equations. These 
parameters will include the minimum beam diameter, 
called the beam waist, 2wo, of a beam whose frequency 
is one-half the highest frequency in the interaction (i.e., 
half the pump frequency in a parametric interaction). 
They further include the corresponding beam divergence 
angle, 50, produced by diffraction, the double refraction 
angle p and the effective path length l of the interaction in 
the body of the optical non-linear material. In particular, 
hereinafter we will frequently employ a focusing param 
eter, 

loo $2, 
and a double refraction parameter 

pling | 
- 260,000 

where n is the index of refraction for the pump frequency 
and no is the index of refraction for the frequency that is 
one-half the highest frequency in the interaction. The 
focusing parameter, which we will designate & hereinafter 
for brevity, and the double refraction parameter, which 
We will hereinafter designate B for brevity, can be shown 
to be independent. In essence, the focusing parameter 
describes the length of the crystal with respect to the 
beam shape; and the double refraction parameter describes 
the double refraction angle with respect to the other para 
meters upon which the strength of its effect depends. The 
beam shape depends on the initial size or shape of the 
beam and the focusing power of the lens or lenses used. 

In our prior paper with A. Ashkin, Physical Review, 
volume 145, page 338 (1966), we have considered cases 
in which the focusing parameter is much greater than 
unity. This choice was made for ease of analysis; but did 
not necessarily represent a feasible embodiment of an 
operative device. We now know that focusing parameters 
much greater than unity and the associated great path 
lengths, in themselves, do not provide optimum condi 
tions. 

In our prior paper with A. Ashkin and J. Dziedzic, 
Physical Review, volume 137, page A1305 (1965), we 
have considered focusing parameters which are much 
less than unity. In fact, this is the typical experimental case 
because obtainable optical quality crystals are typically 
Small and focusing is typically relatively weak. In the 
prior paper of one of us, G. D. Boyd, with A. Ashkin, 
Physical Review, volume 146, page 187 (1966), double 
retraction was eliminated in a special way and a calcula 
tion was presented for a focusing parameter of unity. 
This calculation was presented with the general teaching 
that, with focusing parameters this large, the effects of dif 
fraction are quite significant and must be taken into ac 
COUnt. 

Nevertheless, there has been no theory heretofore which 
has been able to account fully for the effects of diffrac 
tion and/or double refraction. The only previous article 
which has dealt explicity with the optimization of focus 
ing in the presence of significant double refraction and dif 
fraction is the paper by J. E. Bjorkholm, Physical Review, 
volume 142, page 126 (1966). His analysis applies only 
to nonresonant second harmonic generation and is approx 
imate and inexact in ways which make it valid only for 
relatively large values of the double refraction parameter 
(B)2). His integral expression for the second harmonic 
power generated is exact only for the case of ordinary 
phase-matching, Ak=0, which we now know to be non 
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optimum in the general case. When B is larger (B)2), 
corresponding to the usual situation of reasonably thick 
crystals (l).2 cm.) with significant double refraction, and 
when phase-matching occurs far from 90 with respect to 
the optic axis, there is negligible difference between ordi 
nary and optimum phase-matching. This is the case for 
three of the four curves computed by Bjorkholm; and 
for these cases, for second harmonic generation, Our 
theory is in excellent agreement with his computations and 
also his measurements. Nevertheless, when B is small, 
either because of small double refraction angle p or small l, 
his analysis is no longer valid. His estimate of the optimum 
focusing parameter & is not exact but is based on the in 
tersection of asymptotic relations. The erroneous conclu 
sion that &m is independent of the double refraction param 
eter B followed from an asymptotic expression for the 
region of strong focusing (Ed.) 1) that was too small by 
a factor of 4. His recipe for maximum power gives only 
54 percent of the true maximum power, which can be ob 
tained through our invention. Moreover, it cannot be 
established from his analysis how the optimum relation 
ships for second harmonic generation are related to the 
optimum relationships for parametric generation, para 
metric amplification and parametric mixing and for non 
parametric mixing Such as sum mixing. 

SUMMARY OF THE INVENTION 

According to our invention, we have recognized that 
substantially optimum focusing can be achieved in a travel 
ing-wave nonlinear optical device by providing a focus 
ing parameter which lies in a range centered at 2.84 for 
no double refraction (B=0) and is centered at successive 
ly lower values down to about unity fonr B=2. Moreover, 
for resonant interactions, including resonant Second har 
monic generation, we have found that the theoretical opti 
mum ranges of the focusing parameters are unexpectedly 
different from the nonresonant cases analyzed by Bjork 
holm. 
According to one aspect of our invention, the limits of 

the optimum range of the focusing parameter depend 
upon the resonance conditions for the nonlinear interac 
tion. One set of optimum ranges exists for nonresonant, 
or single-pass interactions; and a different set of optimum 
ranges exists for highly resonant nonlinear interactions in 
which an optical resonator is provided having reflectors of 
reflectivities substantially exceeding the respective sums of 
their transmissions and reflector losses. For example, in 
the nonresonant case, the focusing parameter & should 
be greater than 1.5 minus qB1/4 and should be less than 
61--rB1/4, where q equals 0.5 and r equals 0. In the 
case of the highly resonant interaction, q equals unity and 
r equals 10. Therefore, these ranges depend upon the 
fourth root of B. It is seen that q and ’ are parameters 
related to resonance conditions for the nonlinear inter 
action and that they are non-negative real numbers. 

It is one aspect of our invention that it teaches a new 
relationship among the geometrical parameters determin 
ing optimized focusing for all different types of nonlinear 
interactions, e.g. parametric interactions, harmonic gen 
eration, and sum mixing. This teaching is applicable equal 
ly to both positive and negative uniaxial crystals and 
also biaxial crystals of optically nonlinear material. A Sub 
sidiary aspect of this teaching is that the principal differ 
ence among different interactions, with respect to opti 
mized focusing, is the presence or absence of resonance 
conditions for the nonlinear interactions; that is, the prin 
cipal difference is determined by the presence or absence 
of an optical resonator. We have found that this is true 
in spite of the fact that, in harmonic generation and mix 
ing, one can calculate the generated powers without regard 
to the so-called pump power thresholds which must be 
taken into account in parametric oscillation. 

For resonant parametric devices, our invention encon 
passes optimized focusing for the entire range of the dou 
ble refraction parameter B, 
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4. 
BRIEF DESCRIPTION OF THE DRAWING 

Further features and advantages of our invention will 
become apparent from the following detailed description, 
taken together with the drawing, in which: 

FIG. 1 is a partially pictorial and partially block dia 
grammatic illustration of a nonresonant embodiment of 
the invention; 
FIG. 2 shows curves which are useful in defining the 

ranges of optimum focusing for nonresonant interac 
tions; 

FIG. 3 is a partially pictorial and partially block dia 
grammatic illustration of a resonant embodiment of the 
invention; 

FIG. 4 shows curves which are useful in defining the 
optimum ranges of the focusing parameter for resonant 
embodiments of the invention; and 

FIG. 5 shows curves which are useful in optimizing 
crystal lengths in resonant nonlinear optical interactions 
having a threshold. 
DESCRIPTION OF ILLUSTRATIVE EMBODIMENTS 

Nonresonant embodiments 
In the embodiment of FIG. 1, a traveling-wave non 

linear optical interaction in a body 11 of appropriate 
optically nonlinear transparent material is to be optimized 
with respect to the focusing of the beam of coherent 
radiation supplied from a source 12 by selection of ap 
propriate focusing, such as provided by the lens 13. With 
optimized focusing, the utilization apparatus 14 will re 
ceive the greatest amount of usable power at the desired 
output frequency. The geometrical parameters pertinent 
to the optimization of focusing are indicated on the 
pictorial showing of body 11. These are the effective path 
length l of the intreaction in body 11, the divergence 
angle 60 of the beam within the medium, the double 
refraction angle p and the beam waist diameter 2wo, as 
defined above, both within the medium. Another pertinent 
parameter is the location of the focus f, which is at the 
center of the waist of the beam, as a function of the 
axial coordinate z. Since our theory shows that in nearly 
all cases the value of f should be l/2, we need not treat 
if as a variable for purposes of this application. In general, 
60 and wo are not independent, inasmuch as 6 is typically 
the angle determined by diffraction of the beam and there 
fore is inversely related to wo. For an essentially col 
limated beam of a given diameter, the waist 2wo of the 
focused beam after passage through a lens 13 depends 
inversely upon the focal power (itself inversely related 
to the focal length) of the lens 13 and directly upon the 
wavelength of the beam. These relationships are well 
known to those skilled in the optics and quantum elec 
tronics arts. Despite the interdependence of 80 and wo, 
we employ both of these quantities in order to eliminate 
propagation constants from the pertinent geometrical 
relationships. The double refraction angle p is a function 
of the angle 6 of propagation of the beam with respect 
to the indicated optic axis of the body 11. The angle p 
will be nonzero when 0 is not 90 or 0. 

There is an optimum focusing condition because of 
the following considerations. On the one hand, stronger 
focusing of the beam produces greater light intensities in 
the body 11 and provides a more efficient interaction at 
the beam waist. On the other hand, the over-all result may 
have reduced efficiency if the increase of the diffraction 
angle 8 causes the intensities to fall off so rapidly to 
either side of the beam focus that the path length l is 
inefficiently utilized. Thus, the optimum focusing is re 
lated to the shape of the beam and its path length in the 
crystal. 
We have found it convenient to work with a focusing 

parameter & which equals loo/2wo and a double refraction 
parameter B which equals 

pling 
26gwono 
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In all the embodiments to be described hereinafter, 
the nonlinear crystals employed are essentially transparent 
to the pumping radiations and generated radiations. This 
condition is typically achieved when their free charge 
carrier concentrations are low enough that the measured 
loss is of the order of, or less than, three (3) reciprocal 
centimeters, which will produce about 37 percent power 
loss in a path about 0.3 centimeter long. Lower losses 
are, of course, preferred. 

For the nonresonant embodiment of FIG. 1, which 
could be a harmonic generator if source 12 supplies only 
one beam or could be a nonresonant mixer if source 12 
supplies two beams of coherent radiation of different 
frequencies, optimum focusing is defined by a single 
range of the focusing parameter as labeled on the draw 
ing for FIG. 1, that is is 

1.5-0.5B/4s;s6 (1) 
It is inherent in our theory and in this result that the 
optimum condition is obtained when all of the supplied 
beams of coherent radiation have the same focusing 
parameter. It will be noted that, for arbitrary values of 
the double refraction parameter B, the limits of the range 
of the optimum focusing parameter & depend upon the 
fourth root of the double refraction parameter in the 
approximate functional form (1) we have chosen to rep 
resent the broad maximums of the curves. 
The range of the focusing parameter & defined by Equa 

tion 1 is shown graphically by the shaded areas on the 
curves of FIG. 2 for Bs2. In FIG. 2, the parameter 
h(B,8) is the geometrically variable portion of the ex 
pression for generated power assuming a crystal of length 
l in nonresonant interactions. The generated power is 
approximately proportional to l'h (B,8). The actual 
value of the parameter him is unimportant for present 
purposes. Only its shape for the constant values of double 
refraction parameter B is pertinent because the shape 
defines the optimum range of the focusing parameter 8 
which appears along the horizontal axis in FIG. 2. 

Nonresonant second harmonic generator 
Our first specific example for the nonresonant embodi 

ment of FIG. 1 is a nonresonant second harmonic gen 
erator. 

In this specific example, the body 11 is a crystal of 
tellurium having a very low concentration of free car 
riers, for example, a hole concentration equal to or less 
than 1x1017 per cubic centimeter at room temperature. 
The pumping beam source is a carbon dioxide laser 
operating at 10.6 microns and the utilization apparatus 
is illustratively a detector at 5.3 microns. The setup is 
similar to that disclosed by C. K. N. Patel in his article 
“Efficient Phase-matched Harmonic Generation in Tel 
lurium with a CO Laser at 10.6 Microns,” Physical 
Review Letters, volume 15, page 1027 (Dec. 27, 1965), 
but with the modification that focusing is optimized ac 
cording to our invention. 
The 10.6 micron pumping beam is propagated at an 

angle of about 14 degrees (0=14) with respect to the 
optic axis polarized as an extraordinary wave (in the 
Y-Z plane); and the second harmonic propagates in the 
same direction polarized as an ordinary wave (along 
the X axis). 

For an effective path length, l, within body 11 of 
0.04 centimeter, we obtain B=1.7 and =1.65. For the 
value of B employed, this optimized focusing (8=1.65) 
is quite different from any focusing suggested by the 
prior art. 

Patel has demonstrated that phase-matching can be ob 
tained in a crystal of tellurium for essentially all types of 
optically nonlinear processes therein, as disclosed and 
claimed in his copending patent application Ser. No. 
515,981, filed Dec. 23, 1965 and assinged to the assignee 
hereof. Tellurium is a positive uniaxial crystal of class 32 
(Ds) which is reasonably transparent in the infrared from 
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6 
about 5 microns to beyond 25 microns wave-length. The 
combination of tellurium and the carbon dioxide laser is 
particularly interesting because of the extremely large 
value of the nonlinear coefficient d (Te). This coeffi 
cient equals (1.27-0.2) X105 esu. (electrostatic units). 
The aforesaid combination is also particularly interesting 
because of the high power available continuously at 10.06 
microns. 

Nonresonant parametric amplification 
Let us now analyze a specific example of non-resonant 

parametric amplification. 
In this specific example, the body 11 is a crystal of tel 

lurium having a very low concentration of free carriers, 
for example, a hole concentration equal to to or less than 
1x1017 per cubic centimeter at room temperature. The 
pumping beam source 12 is a carbon dioxide laser oper 
ating at 10.6 microns and the utilization apparatus 14 is 
a detector for detecting the amplified radiation at 17.9 
microns. It may be noted that the idler wavelength is 
25.9 microns. The setup is similar to that disclosed by 
C. K. N. Patel in his article “Parametric Amplification 
in the Far Infrared,' Applied Physics Letters, volume 9, 
page 332 (November 1966), but with the modification 
that the focusing is optimized according to our inven 
tion. 

Since the crystal is positive uniaxial, we consider the 
case in which the signal and generated idler waves are 
extraordinary waves and the supplied pump wave is an 
ordinary wave. The power transferred from the pump 
wave to the amplified signal can be shown to be a curve 
of the same shape with respect to the focusing param 
eter 8 as one of the curves of FIG. 2. Because the non 
linear effect exists in tellurium only for double refraction 
parameters B which are nonzero, we find that for the 
above pump, signal and idler wavelengths that 6-7.2, 
p=2.9 and for l- 0.11 centimeters we have B=1.0. 
Therefore, optimum focusing in nonresonant parametric 
amplification in tellurium is described substantially ac 
curately with respect to the geometrical factors by the 
"B-equals-l' curve of FIG. 2. We see from this curve 
that the optimum value of the focusing parameter i in 
this nonresonant arrangement is about 1.9. 

Resonant embodiments 

In the resonant embodiment of FIG. 3, the body 31 
of the optically nonlinear substantially transparent ma 
terial is disposed within the highly reflective members 38 
and 39 which may be mirrors coated directly upon curved 
end Surfaces of the body 31. For purposes of illustration, 
a mixing process is illustrated. The mixing process is 
driven by two supplied beams of coherent radiation, one 
from the pumping beam source 32 at the visible optical 
frequency as and one modulated beam from the signal 
beam source 35 at an infrared frequency ce. The beams 
are focused by lenses 33 and 36 respectively in order 
to have like shape, path lengths, and focusing parameters 
within the body 31. The pumping beam is partially re 
flected from a hybrid or beam splitter 37 into the body 
31. The signal beam from source 35 is partially trans 
mitted through the hybrid or beam splitter 37 into the 
body 31. The utilization apparatus 34 may illustratively 
be an optical detector adapted to detect the radiation 
generated at the difference frequency wa equals a minus 
a 1. The optical resonator composed of reflective mem 
bers 38 and 39 is made resonant at frequency o but 
preferably not at the frequency wa of the pumping ra 
diation. 
With respect to the reflectivities of reflectors 38 and 

39, there are two cases of general interest. In the case of 
the parametric oscillator, signal source 35 is absent; and 
reflectors 38 and 39 are typically made highly reflective 
at both the desired so-called signal frequency w and the 
idler frequency (2. In the case of the resonant parametric 
mixer or resonant sum-frequency mixer, the reflectors 
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38 and 39 are typically made highly reflective only at the 
desired output frequency. Nevertheless, with careful de 
sign and fabrication of the reflectors 38 and 39, it may be 
feasible to resonate one or more supplied radiations, as 
well as the generated radiations, in any of the foregoing 
CaSeS. 

One case of resonant parametric mixing is of particu 
lar interest because it enables conversion of an optical 
frequency to a higher frequency. This is called up-con 
version. Sum-frequency mixing also provides up-conver 
Sion. Up-conversion is very desirable when a supplied 
modulated signal radiation of frequency w is an infrared 
radiation because infrared radiations are not easily de 
tectable with conventional photodetectors and photo 
multipliers. Specifically, infrared radiations are prefer 
ably up-converted to a visible radiation or a radiation 
very near the edge of the visible spectrum. For para 
metric mixing, the generated frequency ag=ws-w, where 
(3 is the pump frequency. For up-conversion, odo. For 
Sum-frequency mixing, a 2–c.3--wi; and up-conversion is 
obtained in all cases. 
Our principal result with respect to resonant embodi 

ments of optically nonlinear devices as shown in FIG. 3 
is that all such devices, including resonant harmonic gen 
erators, parametric devices such as that shown and reso 
nant Sum-frequency mixers, have like ranges of the geo 
metrical factors involved for optimum results. That is, 
they have the same range of the focusing parameter S. 
The optimum range of the parameter & for resonant em 
bodiments is shown by the shaded area in the curves of 
FIG. 4. 
The principal difference from the nonresonant embodi 

ments is the substantial broadening of the peaks of the 
curves, especially for substantial values of the double 
refraction parameter B. A related difference is the shift 
ing of the peaks of the curves substantially to smaller 
values of 8 for substantial values of the double refraction 
parameter B. 

Resonant parametric oscillator 
As a first example of a resonant embodiment of our 

invention, let us first consider a simplified version of FIG. 
3 in which the signal source 35 is not required. Such an 
example is a parametric oscillator. 

In order to make the example as simple as possible, let 
us again consider the use of tellurium. Thus, crystal 31 
is a tellurium crystal with a low concentration of free 
carriers. The resonator formed by reflectors 38 and 39 is 
made resonant at both the signal frequency w and the 
idler frequency cop. The pumping radiation of frequency wa 
is propagated at the phase-matching angle 0. Let us 
assume that 0 is approximately 7, as for the tellurium 
amplifier example for FIG. 1. The pump wavelength is 
illustratively 10.6 microns, the generated “signal' wave 
length is 17.9 microns and the generated idler wavelength 
is 25.9 microns. 
Now let us assume a crystal length of 0.14 centimeter. 

The desirability of this choice will be shown hereinafter. 
From the known value of p for Te under this circum 
stance one can compute a value of Bas 1. From the curves 
of FIG. 4, for B=1, we obtain & equal to about 1.5. 
The generated wavelengths w and c in the foregoing 

example can be varied by varying temperature or an 
applied electric field. See Pat. No. 3,328,723, issued to 
J. A. Giordmaine et al. on June 27, 1967 and assigned to 
the assignee hereof. Typically, refectors 38 and 39 can 
be sufficiently broadband that they will support oscilla 
tion at the varied frequencies w and ca. It is, of course, 
still preferable not to resonate the pumping radiation. 

Optimization of crystal length 
This resonant parametric oscillator has a threshold 

and thus provides us with an example in which the crystal 
length itself can be optimized, inasmuch as a tellurium 
crystal has a significant optical loss. It may be noted that 
in FIG. 4, the him ordinate value is the geometrically var 
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8 
iable part of the reciprocal of the threshold in cases where 
a threshold exists. The existence of optimum crystal 
lengths is very significant in those cases in which the 
resonant nonlinear interaction has a threshold, as is the 
case for parametric oscillation. Our theory shows the 
following relationships. The parametric oscillation thresh 
old P3 is proportional to 

e1e3/lin (B.:) (2) 
The fractional losses e1 and e2 for the generated signal and 
idler waves, respectively, depend upon l as follows: 

e1=1-R1-- ol (3) 

e2= 1 - R2--cal (4) 
where R1 and R2 are the power reflection coefficients of 
the reflectors for signal and idler and ox1 and c are losses 
per unit length in the body 31. We include in 1-R the 
loss at the mirrors due to scattering and transmission. 
The quantity e1e/l now has a minimum at 

lo= (1-R) 1/(1-R) 1/2(oxa)-1/2 (5) 
In the absence of double refraction, the optimum crystal 
length lim equals lo. In general, however, we have limklo 
due to the rapid dropoff of the geometrical factor shown as 
the ordinate in the curves of FIG. 4. For the case of large 
double refraction such as we have in tellurium, we de 
fine xn equals lin/lo. Then the optimum value xm Satisfies 
the cubic equation 

2Tx3--1-2)-1-0 (6) 
where I'= 1.07p°kolo/ir, ko is the degenerate frequency 
(one-half the highest frequency in the interaction) propa 
gation constant and the equation for lo was just given 
above. 

Alternatively, a may be obtained from its relationship 
to a function f (T,) plotted in FIG. 5. In FIG. 5, f(I,x) 
is a loSS-dependent portion of the expression of the 
pumping power threshold for parametric energy transfer 
to the signal and idler in a resonant process. These curves 
are employed by seeking values near the minimum ordi 
nate value for the appropriate value of T, where l is 
obtained as explained above. The corresponding x is 
then read from the abscissa (horizontal axis). For our 
specific example employing tellurium, assuming 

and c.1=r C.2=.1 cm., we obtain lo equals 0.5 centimeter 
and lm, which is the pertinent crystal path length, equal 
to 0.14 centimeter, as mentioned previously. For a travel 
ing-wave nonlinear optical interaction, this is a Surprisingly 
short crystal length. 

Moreover, optimum crystal lengths can be shown to 
exist for lossy crystals even when the interaction does 
not have a threshold. Thus, the embodiments of FIG. 1 
can be somewhat refined in this respect, by employing 
loss calculations similar to those just described. 
We find a pumping power threshold of approximately 

one watt for parametric generation for the specific example 
employing tellurium and the carbon dioxide laser with 
optimized focusing parameter & optimized double refrac 
tion parameter B and optimized crytal length. 

If only one frequency is resonated such as for example 
wg while w is not resonated, a threshold still exists. The 
above Equation 2, as written, does not apply rigorously; 
but this case is approximately equivalent to setting e1-1 
for the nonresonant frequency wi. The optimization cri 
teria are still approximately applicable. 

and 

Resonant parametric oscillator without double refraction 
Similarly, for a specific example of a resonant oscillator 

embodiment employing lithium niobate pumped by an 
argon-ion laser at 0.5147 micron supplied as an extraor 
dinary wave in producing degenerate signal and idler 
waves as ordinary waves at 1.0294 microns, with phase 
matching normal to the optic axis (0 equals 90, B 
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equals 0), and a focusing parameter & equals 2.84, we find 
a threshold for parametric generation of 22 milliwatts in a 
crystal one centimeter long. As for the preceding example, 
this example assumes an arrangement as in FIG. 3, but 
without source 35. 

Resonant parametric oscillator with double refraction 
A third specific example of a resonant embodiment 

employs a parametric oscillator in which a lithium niobate 
crystal 31 is pumped by the neodymium laser (yttrium 
aluminum garnet host material) at 1.0648 microns. At 
this pumping wavelength, lithium niobate appears to be 
less susceptible to optically induced damage than at 
0.5147 micron. For room temperature operation, We cal 
culate operating conditions as follows: 6 equals 43.2, 
p equals 0.0374 radians, and B equals 3. The effective non 
linear coefficient, x, equals 3.0x108 esu. In this case, 
we find that a crystal length l equals 0.4 centimeter is 
adequate; and essentially nothing would be gained by 
using a longer crystal. The focusing parameter would 
be about 0.6 in view of the fact that the double refraction 
parameter B is 3 for the angle of incidence described. 
This fact may be verified by reference to FIG. 4. 

Resonant devices with lossless crystals and double 
refraction 

In fact, we have found a very useful approximate rela 
tionship for lossless crystals. This relationship tends to 
indicate practical relationships even for lossy crystals. 
Specifically, the reciprocal of the parametric oscillator 
threshold in a resonant interaction is approximately pro 
portional to Bhim.(B), as can be seen from (2), where 
h(B) is a plot of the curves of FIG. 4 versus B at 
optimum in From this relationship, we can show that 
very little is gained in a resonant interaction by increas 
ing B beyond 3. Thus, we have chosen B=3 in the pre 
ceding example with lithium niobate. Then, we recall that 
B is given by the formula in the Summary of the Inven 
tion. From this relationship, we calculate l=0.4 centi 
meter for our last example. 

For fractional losses e equals ea equals 0.01 in the last 
example, we obtain a threshold pump power of 4.5 watts. 
We see that double refraction has proved very costly in 
terms of the required pumping power threshold, even for 
optimized focusing. 

It can be shown that the threshold without double re 
fraction (for example, at a temperature of 750 C., with 
propagation normal to the optic axis) would have been a 
factor of 10 lower. The optimum focusing parameter & 
would then be 2.84, as shown in FIG. 4 for B equals 0. 
The empirically preferred range of the focusing pa 

rameter & equals lö/2wo is indicated on the drawing with 
FIG. 3 and is the same for all resonant embodiments, 
namely: 

1.5-B%sis6(1--10B%) (7) 
It is to be understood that we prefer operation in the 
portion of the shaded areas for which B-s4. 

Resonant parametric mixer 
As a further specific example of the resonant emobdi 

ment of FIG. 3, employing a source 35, let us consider 
parametric mixing for up-conversion from 10.6 microns 
to .6729 micron employing a helium-neon laser as a pump 
at 0.6328 micron and a nonlinear crystal 31 of mercury 
sulfide (HgS), commonly called alpha cinnabar, having 
a free charge carrier concentration equal to or less than 
1x1017 per cubic centimeter. Crystal 31 is provided with 
reflectors 38 and 39. Accordingly, pumping source 32 is 
the helium-neon laser at .6328 micron, the signal Source 
35 comprises a carbon dioxide laser at 10.6 microns and 
suitable modulators which have modulated information 
onto the 10.6 micron beam, and the utilization apparatus 
34 is a photodetector responsive to radiation at the differ 
ence frequency, for which the wavelength is 0.6729 mi 
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cron. For example, apparatus 34 may then be an ordinary 
photomultiplier. The effective nonlinear coefficient, x, We 
estimate to be 3.0X10 e.s.u. 

In a parametric mixer, the ordinate f of FIG. 4 
represents the geometrically variable portion of the power 
transferred to the difference-frequency or sum-frequency 
wave in the mixing process for a crystal of length l. Spe 
cifically, P2 is proportional to 

PsPhm (B,8) (8) 
In choosing l in the presence of double refraction when 

bulk loss in the material is negligible, nothing is to be 
gained in increasing l such that B exceeds approximately 
3. Let us choose B-4 for simplicity in using the curves 
of FIG. 4. The desirable path length l is calculated from 
the formula for B to be about 0.07 centimeter. A crystal 
any longer introduces more loss. 
From FIG. 4, we see that the optimum value of the 

focusing parameter is about 0.2. 
Other parametric mixers 

If we could produce a similar interaction in a nonlinear 
crystal which permitted phase-matching normal to the 
optic axis, we could increase the quantum efficiency of 
the interaction and could operate with a focusing pa 
rameter 8 of 2.84. It may be that this result can be 
achieved in crystals of proustite (Ag3AsS) or pyrargyrite 
(Ag3SbS) of similarly low free charge carrier concentra 
tion. It is also possible to employ sum-frequency mixing 
in the embodiment of FIG. 3 in crystals of mercury sul 
fide, proustite or pyrargyrite employing the 1.06 micron 
YAG:Nd laser. To up-convert the 10.6 micron carbon 
dioxide laser radiation, the source 32 would be the 1.06 
micron neodymium laser and the sum frequency received 
at apparatus 34 would be 0.964 micron, which is within 
the usable range of infrared photomultipliers. 
Optimum focusing is again determined by the same 

consideration that nothing is to be gained in resonant 
situations by increasing B beyond 3, and by the use of 
FIG. 4. Similarly, a desirable path length l is calculated. 

Except for the differences which result from the dif 
ferences of the curves of FIG. 4 from the curves of FIG. 
2, the operation of the resonant embodiment of FIG. 3 
is essentially similar to that of the nonresonant embodi 
ments of FIG. 1. In general, the effects of the resonance 
conditions for the nonlinear interaction can be accounted 
for with the coefficients q and r as set out in the general 
inequality in the Summary of the Invention above. 
Our invention was referred to in the article by E. F. 

Labuda and A. M. Johnson, "Continuous Second Har 
monic Generation of A2572 A. Using the Argon II Laser, 
I.E.E.E. Journal of Quantum Electronics, volume QE-3, 
page 164 (April 1967) and formed the basis for their 
experiments. 
We claim: 
1. A nonlinear optical device comprising a body of an 

optically reactively nonlinear substantially transparent 
active medium, said body having an effective length l in a 
direction suitable for a substantially phase-matched non 
linear interaction characterized by a half-frequency beam 
Waist 2wo, a diffraction angle 8 and a double refraction 
angle p, said body having an index of refraction n for 
the highest frequency involved in said interaction and an 
index of refraction no for the half-frequency, where the 
half-frequency is one-half the highest frequency involved 
in said interaction, and means for supplying a beam of 
coherent radiation to said body to propagate in the direc 
tion of the length l with polarization to drive a nonlinear 
interaction in said body, said supplying means including 
means for focusing said beam to provide a focusing pa 
rameter & equal to loo/2wo which is greater than 1.5 minus 

ifs still 
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where q and r are parameters related to resonance condi 
tions for said interaction, q and r being non-negative real 
numbers, the double refraction parameter 

p°ling 1/2 .. 
equal to B being less than or equal to 2.0. 

2. A nonlinear optical device according to claim 1 in 
which the body is adapted for essentially a nonresonant 
interaction and in which the focusing means is adapted to 
provide a focusing parameter & in a range for which q 
equals 0.5 and r equals 0. 

3. A nonlinear optical device according to claim 1 in 
which the body is adapted for a resonant interaction, 
reflectors being disposed about the body to form an 
optical resonator and adapted to provide a reflectively 
substantially exceeding transmission plus reflector losses 
at the frequency of an optical radiation generated in said 
interaction, and in which the focusing means is adapted 
to provide a focusing parameter : in a range for which 
q equals 1.0 and r equals 10. 

4. A nonlinear optical device according to claim 1 
in which the body of material is capable of a substantial 
nonlinear interaction in the direction of the length l 
with double refraction angle p approximately equal to 
ZCO. 

5. A nonlinear optical device according to claim 4 
in which the focusing means provides a focusing param 
eter & approximately equal to 2.84. 

6. A nonlinear optical device according to claim 3 
in which the focusing means is adapted to provide a 
focusing parameter & which ranges from a value of ap 
proximately 2.84 for a double refraction parameter that 
is approximately zero to a value of approximately unity 
for a double refraction parameter B that is approxi 
mately 2. 

7. A nonlinear optical device according to claim 6 
in which the frequency and polarization of the supplied 
radiation and the effective birefringence of the body of 
material in the direction of length l are appropriate for 
generating the second harmonic of the supplied radiation 
in the nonlinear interaction. 

8. A nonlinear optical device according to claim 1 
in which the supplying means supplies a plurality of 
coherent radiations of frequencies and polarizations ap 
propriate for parametric interaction while propagating 
in the direction of length, l, the focusing means including 

and is less than 
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means for providing the same focusing parameter for 
all of said radiations, said focusing parameter lying in 
the range for which q is one of the values 0.5 and unity 
and r is one of the values Zero and 10. 

9. A resonant parametric device comprising a body 
of an optically reactively nonlinear substantially trans 
parent active medium, said body having an effective length 
l in a direction suitable for a substantially phase-matched 
nonlinear interaction characterized by a degenerate-fre 
quency beam waist 2wo, a diffraction angle Öo and a 
double refraction angle p, said body having an index of 
refraction in for the highest frequency involved in said 
interaction and an index of refraction no for the half 
frequency, where the half-frequency is one-half the high 
est frequency involved in said interaction, and means 
for supplying a beam of coherent radiation to said body 
to propagate in the direction of the length l with polar 
ization to drive a nonlinear interaction in said body, re 
flectors being disposed about the body to form an optical 
resonator, said supplying means including means for fo 
cusing said beam to provide a focusing parameter & which 
is greater than 1.5 minus B1/4 and is less than 
6(1--10B1/4), the double refraction parameter B being 
less than or equal to 4, where 

-- lóo - p°ln. I 5-2, B - E, 
10. A parametric device according to claim 9 in which 

the means for focusing is adapted to provide a focusing 
parameter 8 that is substantially equal to 2.84 for no 
double refraction and that is substantially equal to suc 
cessive values smaller than 2.84 varying smoothly down 
to approximately 0.6 for values of the double refraction 
parameter B near 4. 
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