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(57) ABSTRACT 

An improved method for simulating noise-varying risk factor 
values in a parametric simulation comprises analyzing his 
torical data to determine the actual value of the risk factors 
and other attributes in the model and using this data to gen 
erate historical residual values which reproduces the histori 
cal price when used in the model with corresponding histori 
cal attribute values. The set of historical residual values is 
standardized and can be bootstrapped to increase the number 
of members in the set or vary the sets properties. Values of the 
historical residuals are then selected, e.g., at random, and 
used in place of the random noise components to produce 
simulated risk factor values which are used in the parametric 
model to simulate the evolution of the instrument price. 
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METHOD AND SYSTEM FOR SIMULATING 
RISK FACTORS IN PARAMETRIC MODELS 
USING RISKNEUTRAL HISTORICAL 

BOOTSTRAPPING 

FIELD OF THE INVENTION 

0001. This invention is related to a method and system for 
measuring market and credit risk and, more particularly, to an 
improved method for the simulation of risk factors in para 
metric models for use in making value at risk and other risk 
evaluations. 

BACKGROUND 

0002. A significant consideration which must be faced by 
financial institutions (and individual investors) is the poten 
tial risk of future losses which is inherent in a given financial 
position, Such as a portfolio. There are various ways for 
measuring potential future risk which are used under different 
circumstances. One commonly accepted measure of risk is 
the value at risk (“VAR”) of a particular financial portfolio. 
The VAR of a portfolio indicates the portfolio's market risk at 
a given percentile. In other words, the VAR is the greatest 
possible loss that the institution may expect in the portfolio in 
question with a certain given degree of probability during a 
certain future period of time. For example, a VAR equal to the 
loss at the 99" percentile of confidence level indicates that 
there is only a 1% chance that the loss will be greater than the 
VAR during the time frame of interest. 
0003 Generally, financial institutions maintain a certain 
percentage of the VAR in reserve as a contingency to cover 
possible losses in the portfolio in a predetermined upcoming 
time period. It is important that the VAR estimate be accurate. 
If an estimate of the VAR is too low, there is a possibility that 
insufficient funds will be available to cover losses in a worst 
case scenario. Overestimating the VAR is also undesirable 
because funds set aside to cover the VAR are not available for 
other uses. 
0004 To determine the VAR for a portfolio, one or more 
models which incorporate various risk factors are used to 
simulate the price of each instrument in the portfolio a large 
number of times using an appropriate model. The model 
characterizes the price of the instrument on the basis of one or 
more risk factors, which can be broadly considered to be a 
market factor which is derived from tradable instruments and 
which can be used to predict or simulate the changes in price 
of a given instrument. The risk factors used in a given model 
are dependent on the type of financial instrument at issue and 
the complexity of the model. Typical risk factors include 
implied Volatilities, prices of underlying Stocks, discount 
rates, loan rates, and foreign exchange rates. Simulation 
involves varying the value of the risk factors in a model and 
then using the model to calculate instrument prices in accor 
dance with the selected risk factor values. The resulting price 
distributions are aggregated to produce a value distribution 
for the portfolio. The VAR for the portfolio is determined by 
analyzing this distribution. 
0005. There are two alternative simulation techniques 
which are conventionally used during risk analysis, such as 
VAR calculations: parametric simulation and historical simu 
lation. 
0006. In a parametric simulation, the change in value of a 
given price for a security is simulated by changing the value 
of the risk factors in the model from their initial values 
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according to a stochastic or random function. A well known 
model used in option pricing is the Black-Scholes model 
which models the change in a stock price S over a time 
interval t as a function of OVAte, where O is a risk factor 
indicating the Volatility of the price, and e is a random com 
ponent. Parametric simulation has the advantage of being 
very flexible. For example, the values of the parameters which 
define the model can be adjusted as required to make the 
model risk neutral. In addition, when the starting values of the 
model parameters cannot be determined or implied from 
actual data, default parameters can be used until reliable 
historical or market data is available. 
0007. A serious drawback to this technique, however, is 
that the noise components e used to vary the risk factor values 
are generally assumed to have a normal distribution. In real 
ity, low probability events occur with more frequency than in 
a normal distribution. As a result, so-called "fat-tails” of the 
probability curve must be explicitly defined in the model and 
used to alter the normal distribution of e. 
0008 Another problem with parametric models is that the 
model must expressly model cross-correlations between Vari 
ous risk factors. Typically, a variance-covariance matrix is 
used to preserve a predetermined correlation between the 
various risk factors during a simulation. An underlying 
assumption to this technique is that the correlations between 
various factors are constant across the range of input param 
eters. However, the correlations can vary depending on the 
circumstances. Detecting these variations and compensating 
for them through the use of multiple variance-covariance 
matrices is difficult and can greatly complicate the modeling 
process. In addition, the computational cost of determining 
the cross-correlations grows quadratically with the number of 
risk factors. It is not unusual for large derivative portfolios to 
depend on 1000 or more risk factors and determining the 
cross-correlations for the risk factors quickly becomes 
unmanageable, particularly when the simulation process 
must be run daily. 
0009. An alternative to parametric simulation is historical 
simulation. In a historical simulation, a historical record of 
data is analyzed to determine the actual risk factor values. To 
simulate price evolution, risk factor values are selected at 
random from the historical set and applied to the model to 
determine the next price in the simulation. This approach is 
extremely simple. Because historical data is used as a direct 
Source for the risk factor values, the methodology does not 
require calculation of model parameters, such as correlations 
and volatilities. Moreover, the fat-tail event distribution and 
stochastic correlations between various factors is automati 
cally reproduced. However, this method is limited because 
the statistical distribution of values is restricted to the specific 
historical sequence which occurred. In addition, historical 
data may be missing or non-existent, particularly for newly 
developed risk factors, and the historical simulation is gener 
ally not risk neutral. 
0010. Accordingly, there is a need for an improved tech 
nique for adjusting the value of risk factors during simulation 
of a financial instrument, e.g., for use in risk analysis. 

SUMMARY OF THE INVENTION 

0011. This and other needs are addressed by present inven 
tion which provides an improved method for varying the 
value of risk factors in a parametric simulation. The new 
method accurately accounts for “fat-tail” probability distri 
butions and cross-correlation between various risk factors 
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while allowing the model to be risk neutral. In addition, the 
method is suitable for use in developing models which are 
accurate for both short horizon VAR simulations and long 
horizon potential credit exposure (“PE) simulations. 
0012 Initially, the risk factors used in a parametric model 
of a given attribute, such as the price of an instrument, are 
identified. The historical data is analyzed to determine the 
actual value of those risk factors over a certain period along 
with the value of the modeled attribute. The historical risk 
factor values and the corresponding attribute values are then 
applied to the parametric model and the model is solved to 
derive a set of historical residuals that quantify the values of 
the noise factors c needed to reproduce the historical values of 
the attribute using the historical risk factor values in the 
model. The distribution of the residuals values is then stan 
dardized. A bootstrapping procedure can be performed to 
increase the number of residual values in the set. 
0013 During simulation, values from the standardized set 
of historical residuals are selected at random and used as the 
c values in the parametric model. Advantageously, the his 
torically derived residuals retain the underlying correlation 
between the various risk factors while still permitting the 
model to be risk neutral. As a result, there is no need to 
separately determine cross-correlations or correct for them 
using a variance-covariance matrix. Further, because the data 
is historically derived, the distribution of residual values 
retains historical fat-tail distributions which are absent in the 
normal distributions used in conventional parametric simula 
tion. 

BRIEF DESCRIPTION OF THE FIGURES 

0014. The foregoing and other features of the present 
invention will be more readily apparent from the following 
detailed description and drawings of illustrative embodi 
ments of the invention in which: 
0015 FIG. 1 is a flow diagram of a process for determining 
the value at risk for a portfolio: 
0016 FIG. 2 is a diagram indicating the use of matrices of 
precalculated simulated risk factor values to a pricing model 
to generate a matrix of simulated instrument prices; and 
0017 FIG. 3 is a flowchart of a method for simulating the 
risk factor values in a financial model in accordance with the 
present invention. 

DETAILED DESCRIPTION OF THE PREFERRED 
EMBODIMENTS 

0018 Turning to FIG. 1, there is shown a general flow 
diagram of a system for evaluating an integrated risk in a 
portfolio. Initially, the portfolio or position at interest is ana 
lyzed to determine the appropriate risk factors to apply. The 
risk factors are simulated using a market simulation model or 
other stress scenarios to produce sets of simulated risk factors 
for the time period of interest. The simulated risk factors are 
applied to pricing models for the various instruments in the 
portfolio and a set simulated prices for each of the instruments 
is generated. The simulated values for the priced instruments 
are then aggregated to produce a set of simulated prices for 
the portfolio. These prices can then be analyzed to evaluate 
various risk measures, such as VAR. 
0019. According to the invention, a risk neutral bootstrap 
method is used to generate a set of historical residuals for a 
given factor in a parametric model based. The residuals are 
determined by calculating the value of the factor at the time of 
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each historical sample and then determining what residual 
“random value of E would be required to produce the actual 
historical price or other modeled value using the model. The 
distribution of historical residuals is standardized and then 
used to generate the simulated factor values which can then be 
applied to the model to simulate the performance of the 
instrument over a given time period, e.g., in order to deter 
mine the VAR. 

0020. In an arbitrary parametric model used in simulation, 
the change in value dF of a given value F. Such as price of a 
security or a market variable effecting the price of a variable 
that is subjected to a “noisy” variation over time, is repre 
sented by a model M which includes at least one parametera. 
The variations in factors are induced by random error or noise 
terms e. . . e. 

dF-M(Fa1, a2, ... age 1.e3.e.) Equ. 1) 

The risk factors used in a given model are dependent on the 
type of financial instrument at issue. Typical risk factors for 
the price of a security include implied volatilities, prices of 
underlying Stocks, discount rates, loan rates, and financial 
exchange rates. Some of these risk factors, such as a time until 
expiration, are deterministic and have values which can easily 
be determined for simulation of future events. Other risk 
factors, however, are dependent on noise-varying parameters 
and must therefore be modeled. 

0021. A typical model represents one attribute and con 
tains a single noise term e. For example, a well known model 
of the change in a stock price Sover a time At is provided by 
Black-Scholes as: 

AS Edu. 2 = uA + or At & (Equ. 2) 

where L is a drift parameter, O is a factor indicating the 
Volatility of the price, and e is a noise component which is 
used to alter the Volatility by a given amount at each step of the 
simulation and has a value between Zero and one. For sim 
plicity, this aspect of the invention will be illustrated with 
respect to the Black-Scholes model of Equ. 2. However, the 
invention can be applied to other, more complex multiple 
factor models. 

0022. According to the invention, historical data is ana 
lyzed to determine the actual value of the factors for each time 
index i (Such as at the end of each trading day). This infor 
mation and the historical values of the modeled value are 
applied to the model to determine the corresponding residual 
values e, which would recreate the historical value from the 
model using the historical factor values. In other words, the 
arbitrary model is solved for each residual value: 

e;=M'(dF. Fai,a2,..., a,) (Equ. 3) 

Performing this using the example Black-Scholes model of 
Equ. 2 provides: 

(Equ. 4) 1 ( 

where O, is the implied volatility, L, is the implied drift, inap, 

and e, is the historical residual value at index i (e.g., time t). 
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Both O, and Ll, can be determined, estimated, or implied inap, 

from historical market data using conventional techniques. 
0023 The result of this process is a collection of one 
dimensional indexed series of determined historical residual 
values c, for a set of timestin the historical record. This series 
is stored and used as discussed below. 
0024 For an arbitrary model with k different noise com 
ponent residuals, there will be a corresponding series for each 
residuale, ... e. As will be appreciated, if multiple residu 
als are present, there must a sufficient number of modeled 
equations on each historical day to permit the model to be 
Solved for the residuals at each historical point. This is gen 
erally the case since Some of the noise factors can be solved 
for using independent models. For example, a model of the 
change in the stock of a software company could include risk 
factors based upon measures of the software sector, and the 
market as a whole, e.g., AS/S Xe+Y(sector)e+Z(market)es. 
Although this simplistic model has three noise factors e. . . 
es, the residual values for the sector and market could be 
Solved for using separate models of these factors and then the 
results used when solving for the remaining value of e. 
Alternatively, the model can be adjusted, e.g., by combining 
the effect of various factors, to reduce the number of evalues 
to a solvable level. Appropriate techniques for doing this will 
be known to those of skill in the art. 

0025. For each of the parameters a . . . a which were 
derived from the historical data, such as implied drift and 
Volatility, this process also generates a corresponding indexed 
series of parameter values. Preferably, the sets of implied 
historical parameters are also stored for future use. Advanta 
geously, because the historical residual values and parameter 
values are derived from historical data, Subsequent analyses 
using 'new' historical data can re-use much of the previously 
calculated data. The sets of implied parameters and derived 
residuals can be updated incrementally based on recent his 
torical data points (and the oldest values deleted as appropri 
ate). This reuse can Substantially reduce the amount of pro 
cessing which is required for Subsequent simulations. 
0026. The distribution of values in the sequence of deter 
mined historical values e, will generally not be standard. 
According to one aspect of the invention, the generated his 
torical residual values are used in a parametric model in place 
of the random components. Thus, the values of the historical 
residuals should be standardized to the range suitable for the 
corresponding random component in the model, typically an 
empirical average Ee=0 and a variance Vare=1. To pre 
serve correlations which may exist between different sets of 
residuals from the historical sample, a linear standardization 
process can be applied to each residual value series, e.g., e, to 
provide a corresponding standardized series: 

where the values of C. and B are selected to provide Ee-0 
and Vare, 1 for the given series of e, at issue (and may be 
different for different series). 
0027 Finally, the residuals (and determined parameters) 
are applied to the corresponding model. Initially, the values of 
the model parameters, such as drift and Volatility, are deter 
mined for the starting point of the model. Such as the most 
current values. At each simulated step in a scenario run, an 
index value X is selected at random and the value for the 
historical residual for that index value is substituted into the 
model to generate a simulated risk factor value which can 
then be used in the model to generate a simulated price or 
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other modeled attribute. Preferably, the initial value for the 
parameters is used to generate each simulated risk factor 
value although, in an alternative embodiment, these values 
could also be adjusted as appropriate. 
0028. Thus, for the Black-Scholes model discussed above, 
the initial values of O, and u, to use in the simulation are 
determined from the starting conditions. Then, the simulated 
scenario progresses using values of i selected randomly to 
access a “random” value of e, from the set of historical 
residuals to produce a simulated value O,e, for the Volatility imp 

risk factor which is used in the price model: 

AS p (Equ. 6) 
s =plimp At + Oimp v At 8: 

More generally, for a randomly selected index value x, the 
simulation progresses as: 

dF-M(Fa1, a2, ... a 

0029. In a preferred embodiment, prior to performing the 
simulation process, a bootstrapping process is performed on 
the historical residuals. This process can be used to account 
for certain deficiencies in the data, adjust the statistical dis 
tribution, increase the number of available samples, or a com 
bination of these or other factors. Various bootstrapping pro 
cesses are discussed below. 
0030. In some situations, historical data may be missing, 
incorrect, or non-existent. This can occur, for example, when 
the performance of a new security must be simulated. In order 
to compensate for Such gaps, the missing historical data can 
be back-filled with “synthetic' data generated using conven 
tional techniques, such as extrapolating from valid data, 
drawing historical data from similar securities, or applying 
performance models. The synthetic historical data can be 
replaced by actual historical data as it becomes available. In 
addition, bad historical days, such as holidays, can be identi 
fied and corresponding historical residual values excluded 
from the set. Similarly, outliers can also be excluded, such as 
data points which differ from the mean by more than a 
selected multiple of the standard deviation, for example, 
5.5*.sigma. 
0031. During a simulation with a large number of sce 
narios, the number of historical residuals used will typically 
greatly exceed the actual number of samples calculated 
directly from the historical data. Thus, it may be necessary to 
increase the total number of historical residuals which are 
available. To address this situation, an n-day bootstrap pro 
cedure can be used to generate additional residual values for 
use during simulation. A preferred bootstrapping technique is 
to Suma set n of randomly selected Samples and divide by the 
square-root of n to produce a new residual value: 

1x2x. . . . . ex) (Equ. 7) 

(Equ. 8) 

This increases the total number of samples by a power of n (at 
the cost of reducing kurtosis, the fourth moment of the sta 
tistical distribution, for higher values of n). Preferably, a 
two-day bootstrapping is used. For a 250 day history, this 
process produces a sequence of up to 250250-62.500 
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samples to draw on. Moreover, the low value of n=2 does not 
significantly reduce any fat-tail which may be present in the 
distribution. 
0032. In certain circumstances, it may be desirable to pro 
vide a sets of historical residuals in which the distribution has 
been normalized (e.g., the fat-tail has been removed), but the 
correlations are maintained. In accordance with the central 
limit theorem, as n is increased, the distribution of the result 
ing residuals moves more towards a normal distribution. As a 
result, using a relatively high value of n, such as 6 or more, 
will artificially remove some or all of a distribution fat-tail 
which may be present while preserving the cross-correla 
tions. By selecting intermediate values of n, the effect of the 
fat-tail can be reduced without completely eliminating it. In 
addition, by comparing historical distributions with and with 
out the fat-tail it is possible to determine the shape of the 
fat-tail relative to a normal distribution. 
0033 According to another bootstrapping procedure, the 
distribution of residuals is symmetrized. This is useful for 
situations where the historical data produces variations in a 
risk factor which are generally skewed. A symmetrized set 
can be generated by randomly selecting two residual values i 
and j and combining them as: 

s: -s. (Equ. 9) 

0034 Various other bootstrapping techniques known to 
those of skill in the art can also be used and more than one 
modification to the originally derived set of historical residu 
als can be performed prior to the simulation. In order to 
preserve correlations that exist between the various 
sequences of (standardized) historical residuals, the same 
bootstrapping process should be applied to each historical 
residual sequence to be used in a simulation to provide new 
bootstrapped sequences. Preferably, standardization is per 
formed prior to the bootstrapping procedure. However, it is 
possible to perform standardization after the bootstrapping 
process. 
0035 Regardless of the particular bootstrapping tech 
niques which are used, after the working sets of historical 
residuals have been generated, they can be applied to the 
model to produce simulated instrument prices or other simu 
lated values. In one embodiment, the values of the various risk 
factors used in the model at each set of the simulation can be 
determined “on-the-fly” as the simulation progresses. While 
this is a suitable process for simulation of a single instrument, 
when multiple instruments are simulated, on-the-fly risk fac 
tor evaluation may not be efficient because the same risk 
factor (and set of historical residuals) can be used during the 
simulation of several different instruments. 
0036. Accordingly, in a preferred implementation, and 
with reference to FIGS. 1 and 2, the evolving values of the risk 
factors themselves are simulated and the results for each risk 
factor are stored in a corresponding simulated risk factor 
matrix. After all of the relevant risk factors have been simu 
lated and the matrices stored, the simulated risk factor data is 
applied as to the appropriate simulation model to produce a 
matrix of simulated price scenarios for the particular instru 
ments of interest. 

0037. When multiple instruments are simulated the simu 
lated price matrices for those instruments are aggregated 
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using conventional techniques to produce a matrix of simu 
lated prices for the entire portfolio. If multiple portfolios are 
being analyzed, each will generally have its own simulated 
pricing matrix which can be used to determine the VAR for 
the portfolio at a given percentile or for other purposes. 
0038. The simulation process as it applies to a single 
instrument is summarized in the flowchart of FIG. 3. Initially 
a suitable parametric simulation model is provided. (Step 30) 
Next, the values of the parameters for a set of historical data 
is determined (step 31) and a corresponding sequence of 
historical residual values are created which, when applied to 
the model using the historical parameter values, recreate the 
historical performance of the modeled attribute, such as price 
or a noisy factor to be used in a pricing model. (Step 32) The 
historical residuals are standardized (step 33) and then boot 
strapped (step 34). 
0039. The working set of historical residuals can then be 
used to generate a simulated value matrix for each noisy risk 
factor, each of which contains the simulated value of the 
respective risk factor for each step of a number of simulated 
scenarios. (Step 35) Finally, the simulated risk factors are 
applied to the model to generate a corresponding matrix of 
simulated prices for the matrix which can be used in subse 
quent risk analysis. (Step 36) 
0040. Through the use of this method, the advantages of a 
parametric simulation methodology can be leveraged without 
having to determine and model cross-correlations between 
risk factors or adjust the random risk factor variations to 
reflect a fat-tail distribution. As a further advantage, the 
present invention provides a mechanism through which a 
single model can be developed which accurately models both 
short-horizon events (to determine VAR) and long-horizon 
events (to determine PE, the potential exposure), as opposed 
to the conventional practice which utilizes different models 
for short and long horizon simulations. 
0041. The present invention can be implemented using 
various techniques. A preferred method of implementation 
uses a set of appropriate Software routines which are config 
ured to perform the various method steps on a high-power 
computing platform. The input data, the generated interme 
diate values, simulated risk factors, priced instruments, and 
portfolio matrices can be stored in an appropriate data storage 
area, which can include both short-term (fast access) memory 
and long-term storage, for Subsequent use. Appropriate pro 
gramming techniques will be known to those of skill in the art 
and the particular techniques used depend upon implementa 
tion details, such as the specific computing and operating 
system at issue and the anticipated Volume of processing. In a 
particular implementation, a Sun OS computing system is 
used. The various steps of the simulation method are imple 
mented as C++ classes and the intermediate data and various 
matrices are stored in respective files and databases. 
0042. While the invention has been particularly shown and 
described with reference to preferred embodiments thereof, it 
will be understood by those skilled in the art that various 
changes in form and details can be made without departing 
from the spirit and scope of the invention. 

1. A method for simulating the value of an attribute of a 
financial instrument comprising the steps of 

providing a parametric model for the attribute having at 
least one noise-varying parameteran with a correspond 
ing noise component e,,, 

determining values for the at least one parameter and the 
attribute at various time indices i using historical data; 
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deriving a set of historical residual valuese, for each noise 
componente, the historical residual valuee, at index i. 
when applied to the model with the determined param 
eter values at index i, at Substantially reproducing the 
determined attribute value at index i: 

standardizing each set of historical residual values e, and 
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using values selected from the set of standardized historical 
residual values e, as the noise component during a simu 
lation of the attribute value via the model. 

2.-20. (canceled) 


