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A METHOD AND APPARATUS FOR OPTIMIZING ELASTIC
FLOWS IN A MULTI-PATH NETWORK FOR A TRAFFIC DEMAND

PRIORITY CLAIM

This patent application claims priority to U.S. Provisional Patent Application Serial

Number 60/315,034, filed on August 28, 2001.
TECHNICAL FIELD OF THE INVENTION

5 The present invention relates generally to the field of communications and, more
particularly, to a method and apparatus for optimizing elastic flows in a multi-path network

for a traffic demand.
BACKGROUND OF THE INVENTION

The Internet Engineering Task Force (“IETF”’) Multi-protocol Label Switching

10 (“MPLS”) working group has specified a set of standards that help provide quality of
service (“QoS”) for applications running over the Internet Protocol (“IP””). The MPLS
technology enables IP network operators to explicitly assign a specific path to origin-
destination (“O-D”) pairs and to reserve resources along these paths. Because of this
capability, MPLS allows network operators to exercise traffic engineering in the sense that

15  if the amount of traffic between O-D pairs is known or can be estimated, then the paths
between these O-D pairs (realized by the so called label switched paths (“LSP’s”) and the
bandwidth of the paths can be appropriately configured.

In practice, the amount of traffic that needs to be served by the network is often

known only in terms of a minimum and maximum required bandwidth rather than in terms
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of a single bandwidth value. For instance, many (so called elastic) applications can
adaptively adjust their required bandwidth to network conditions and can operate adequately
if a minimum amount of bandwidth is provided. On the other hand, many applications’
quality and performance does not increase after a certain level if the network provides more

than a required “maximum” bandwidth.

In recent years there have been significant advances in researching and standardizing
mechanisms that are capable of providing service differentiation in multi-service networks
like the Internet. While there still seems to be a wide span of the methods which aim to
provide QoS differentiation between contending flows, it is widely accepted that there is a
need for traffic engineering mechanisms that control the access of the different traffic
classes to network bandwidth resources. In particular, there is a growing interest in devising
bandwidth sharing algorithms which can cope with a high bandwidth utilization and at the
same time maintain some notion of fairness, such as the maximum-minimum fairness

(“MMF”), proportional-rate fairness (PRF) and minimum-delay fairness.

Different aspects of the MMF policy have been discussed in various publications,
mostly in Asynchronous Transfer Mode (“ATM”) Available Bit Rate (“ABR”) context,
since the ATM Forum adopted the MMF criterion to allocate network bandwidth for ABR
connections. However, these publications do not consider the issue of path optimization in
the bounded elastic environment. Moreover, these publications do not consider the
problems encompassing maximization of the minimal flow combined with optimization of
the paths used by the demands. For instance, these publications study the speed of

convergence of MMF allocation algorithms rather than focusing on path optimization.

In addition, MMF routing using widest-shortest, shortest-widest and shortest-
distance algorithms have been studied. These algorithms do not, however, aim to explicitly
maximize the carried traffic and consequently the path allocation is not formulated as an
optimization task. Moreover, a number of fairness notions have been discussed and
associated optimization tasks have been presented for the case of unbounded flows and

fixed routes.



10

15

20

25

WO 03/019878 PCT/IB02/04116

Although the MMF allocation has been widely accepted and studied in the literature,
its appropriateness can be questioned because of the relatively low bandwidth utilization.
As a result, the PRF allocation is a promising alternative to the MMF allocation. According
to the PRF criterion, in the unconstrained case (i.e. when no minimum or maximum
bandwidth requirement is associated with the flows), the rate allocations x are fair, if they
maximize X4 log x4 under the capacity and bandwidth demand constraints. This objective
may be interpreted as being to maximize the overall utility of rate allocations assuming each
route has a logarithmic utility function. While the PRF allocation considers the path
optimization problem, it fails to solve the problem and does not provide an efficient

algorithm for path optimization when the flows are bounded.

Accordingly, there is a need for a method and apparatus for optimizing elastic flows

in a multi-path network for a traffic demand.

SUMMARY OF THE INVENTION

The present invention provides a method and apparatus for optimizing elastic flows
in a multi-path network for a traffic demand. More specifically, the present invention
provides several algorithms for use in a MPLS network, which is expected to support many
applications (including adaptive audio, video and streaming applications), that exercise
routing for the LSPs and determine the bandwidth that needs to be assigned for these paths
if a traffic demand matrix in terms of bandwidth between O-D pairs is given. This joint
optimization, rather than separate optimization, of the LSP routes and the bandwidth for
such elastic traffic is an extremely complex (so called NP hard) problem that has not been
solved until now. In other words, the solution to the path and bandwidth engineering
problems is to find such optimization objective functions that incorporate both these
measures at the same time. Part of this solution is the recognition of the need for some
fairness measure between elastic flows that prevents assigning e.g. zero bandwidth to one

user flow while maximizing the bandwidth of another user flow.
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The present invention provides a method for optimizing elastic flows in a multi-path
network for a traffic demand by jointly determining a bandwidth for each flow in a set of
flows that realize the traffic demand and an optimized path for the traffic demand by
maximizing a fairness utility. The method may also include allocating the bandwidth for
the traffic demand and assigning the optimal path for the traffic demand. Moreover, the
traffic demand can be a specified bandwidth between one or more origin-destination pairs or
a minimum bandwidth and a maximum bandwidth between one or more origin-destination
pairs. In addition, the fairness utility can be a MMF utility or a PRF utility. Furthermore,

the optimized path can be a single optimized path or at least two optimized paths.

All aspects of the present invention can be implemented as a computer program
embodied on a computer readable medium for optimizing elastic flows in a multi-path
network for a traffic demand in which the functions or steps of the method are implemented
as code segments adapted to perform those functions or steps. In addition, the present
invention can be implemented as an apparatus for optimizing elastic flows in a multi-path
network for a traffic demand wherein the apparatus includes a processor and an interface
communicably coupling the processor to the multi-path network. The processor jointly
determines a bandwidth for each flow in a set of flows that realize the traffic demand and an

optimized path for the traffic demand by maximizing a fairness utility.

Other features and advantages of the present invention shall be apparent to those of
ordinary skill in the art upon reference to the following detailed description taken in

conjunction with the accompanying drawings.

BRIEF DESCRIPTION OF THE DRAWINGS

For a better understanding of the invention, and to show by way of example how the
same may be carried into effect, reference is now made to the detailed description of the
invention along with the accompanying figures in which corresponding numerals in the

different figures refer to corresponding parts and in which:
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FIGURE 1 is a flow chart illustrating an algorithm for solving MMF without bounds
and optimized multiple paths (“MMF/NB/OP”) in accordance with one embodiment of the
present invention;

FIGURE 2 is a flow chart illustrating an algorithm for solving MMF without bounds
5  and optimized single paths (“MMF/NB/OSP”) in accordance with another embodiment of

the present invention;

FIGURE 3 is a bar graph of the minimum allocated bandwidth for various path
optimizations in accordance with the prior art and several embodiments of the present
invention;

10 FIGURE 4 is a bar graph of the maximum allocated bandwidth for various path
optimizations in accordance with the prior art and several embodiments of the present
invention;

FIGURE 5 is a bar graph of the average allocated bandwidth for various path
optimizations in accordance with the prior art and several embodiments of the present

15 invention;

FIGURE 6 is a bar graph of the level of unfairness for various path optimizations in
accordance with the prior art and several embodiments of the present invention;

FIGURE 7 is a bar graph of the network utilization for various path optimizations
using upper bounds in accordance with several embodiments of the present invention; and

20 FIGURE 8 is a bar graph of the variance of the allocated bandwidth for various path
optimizations using upper bounds in accordance with several embodiments of the present

invention.
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DETAILED DESCRIPTION OF THE INVENTION

While the making and using of various embodiments of the present invention are
discussed in detail below, it should be appreciated that the present invention provides many
applicable inventive concepts, which can be embodied in a wide variety of specific contexts.
For example, in addition to telecommunications systems, the present invention may be
applicable to other forms of communications or general data processing. Other forms of
communications may include communications between networks, communications via
satellite, or any form of communications not yet known to man as of the date of the present
invention. The specific embodirpents discussed herein are merely illustrative of specific

ways to make and use the invention and do not limit the scope of the invention.

The present invention provides a method and apparatus for optimizing elastic flows
in a multi-path network for a traffic demand. More specifically, the present invention
provides several algorithms for use in a MPLS network, which is expected to support many
applications (including adaptive audio, video and streaming applications), that exercise
routing for the LSPs and determine the bandwidth that needs to be assigned for these paths
if a traffic demand matrix in terms of bandwidth between O-D pairs is given. This joint
optimization, rather than separate optimization, of the LSP routes and the bandwidth for
such elastic traffic is an extremely complex (so called NP hard) problem that has not been
solved until now. In other words, the solution to the path and bandwidth engineering
problems is to find such optimization objective functions that incorporate both these
measures at the same time. Part of this solution is the recognition of the need for some
fairness measure between elastic flows that prevents assigning e.g. zero bandwidth to one

user flow while maximizing the bandwidth of another user flow.

As a result, the present invention provides optimal path selection and bandwidth
allocation algorithms for elastic flows under fairness constraints in a multi-path network for
a given traffic demand. More specifically, the present invention can be used to provide
Label Switched Path (“LSP”) dimensioning and routing for elastic traffic in a Multi-
protocol label Switched (“MPLS”) Network. The traffic demands between origin-

destination (O-D) pairs are characterized by a specified bandwidth requirement (“without
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bounds”) or a minimum and a maximum bandwidth requirement (“with bounds™). These
bounds are implied by typical traffic source characteristics and may also be imposed by
traffic management tools to control individual/total throughput. Between each O-D pair
there is a set of admissible paths through which the flows realizing the demand may be
routed. In other words, a set of flows realizes a demand associated with an O-D pair, if the
sum of the allocated bandwidths of these flows is at least this demand. Thus, the allocation
task is not only to determine the bandwidth of each flow realizing the demands, but also to
identify the specific path for each demand such that a fairness specific utility is maximized.
In the maximum-minimum fairness (“MMF”’) case this implies the maximization of the
minimum allocated bandwidth, whereas in the proportional fairness (“PRF”) case it implies
the maximization of a logarithmic utility function. Moreover, the present invention allows
multiple paths to realize a given demand (demand-split). The present invention, therefore,
provides efficient and useful algorithms that solve the respective optimization tasks
associated with the MMF and PRF sharing constraints. As a result, the present invention

can be used in traffic engineering of MPLS networks carrying elastic traffic.

The present invention also provides algorithms that optimize a fairness specific
quantity (often known as the utility function), given that either a single flow (using a single
path) or multiple flows (using a set of paths) are allowed to realize the user demands.
Although the present invention can be adapted to use various fairness criteria, the MMF and
the PREF criteria are described below. Path optimization under both these fairness criteria
significantly increases the minimum allocated bandwidth (among all flows) without much
decrease in the maximum allocated bandwidth and network utilization. It follows that path
optimization increases the fairness between traffic flows by reducing the variance of the

bandwidth allocated to the different flows.

When path optimization is applied using the present invention, the difference
between MMF and PRF (in terms of performance measures, such as the minimum,
maximum and average allocated bandwidth, and network utilization) is significantly lower
than without path optimization. Finally, in terms of these performance measures, allowing

multiple flows (along multiple paths) does increase the fairness among the demands, but its
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impact (as compared to the single optimized path case) is limited. The present invention
could be adapted to optimize over all possible paths between the O-D pairs (rather than
optimizing over the paths of a predefined set) or use distributed algorithms to implement the

proposed path optimization algorithms.

Recent results indicate that it is meaningful to associate a minimum bandwidth
requirement even with elastic traffic (and to exercise call admission control (“CAC™)),
because CAC algorithms in concert with QoS routing provide a means to prevent sessions,
such as TCP, from excessive throughput degradation. From this perspective it is important
to develop models and computational techniques that make analytical studies of the

behavior of such future types of networks possible.

The problem of finding a suitable set of paths between each O-D pair and reserving
bandwidth along each of these paths is formulated as an optimization task, where a utility
function representing user satisfaction is to be maximized under capacity and fairness
constraints. The formulation of the optimization is based on the key observation that the
fair bandwidth allocation (without bounds and assuming a single pre-defined path for each
O-D pair) can easily be based on a Linear Programming (“LP”’) sub-problem that can be

solved with a computationally efficient algorithm.

Speciﬁcally, the set of demands that are to be satisfied are given and labeled with d
=1,2,...,D. Each demand d is defined between a specific O-D pair. In the pre-defined
path case there is a single path defined between each O-D pair and the allocation task is to
determine the bandwidth (flow) x4 assigned to each demand d. In the path optimization
case, there is a set of admissible pathj =1, 2, . . ., m(d) between each O-D pair that can be
potentially used to realize flows of demand d. In this case the allocation task does not only
imply the determination of the bandwidth of the flow x4 realizing demand d, but also the
identification of the specific path j(d) that is used to realize demand, d. As will be described
below, an interesting and practically important case of the path optimization problem arises
when multiple paths are allowed to realize each demand (demand-split). This generalization
can be useful in the case when the demand is associated with e.g. a Session Initiation

Protocol (“SIP”) session that contains multiple IP flows.
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In the multi-commodity flow networks language the MMF allocation problem with
fixed paths can be formulated as follows. There is a given set of demands (each demand is
identified with the path between its originating and destination nodes) labeled with d = 1, 2,
...,D, a given set of links labeled withe =1, 2, . . ., E, and a given link-path incidence
relation defined by coefficients a,, (e = 1,2,., E, d=1,2,..., D)suchthata,, =1 iflinke
belongs to path d, and 0 otherwise. The flows x allocated to the paths satisfy the Max-Min
Fairness condition if for each demand d there exists a saturated link e belonging to d such
that flow x4 is maximal on e (i.e. xg = o Xd* . Ged’ = 1,d’ = 1,2, ,D}). Link e of

capacity y, is saturated when 24 aeg’ xqd‘ = y,.

The following Mixed-Integer Programming (“MIP”) problem formulation shows
that it is possible to express the above characterization of the MMF allocation problem as a
mathematical programming (MIP) problem. Letdge (e=1,2,.. ,E, d=1,2,...,D)bea
set of binary variables such that §j, = 0 implies that e belongs to d, e is saturated and the
flow x4 is maximal on e. Then the flows x4 (x4>0,d =1, 2,. . . ., D) satisfy the Max-Min

Fairness condition if, and only if, they solve the following MIP problem.

Constraints (Eq. 1) assure that loads do not exceed link capacities, while (Eq. 2)
guarantees that at least one d 4, = 0 for each path d. Further, (Eq. 3) implies that if 64, = 0
then link e is saturated. Finally, using auxiliary variables z, (¢ = 1, 2,. . . , E), constraints

(Eq. 4) and (Eq. 5) assure that x4 is the maximal flow on link e if dgp = 0.

Although the MIP problems are in general difficult to solve, the problem (1)-(5) can
be solved algorithmically in a simple and effective way. Probably the simplest way to
achieve this is given by the following algorithm. When the algorithm terminates, the

resulting flows x satisfy the MMF requirement.

D Gedxd < e e=1,2,...,E (Eq. 1)
d

> Ged(l -dde) > 1 d=12,...,D (Eq. 2)

4
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Ye 2. J’e'z Ged’xXd’ d=192a"-aD;e=152,"'sE’- aed=1 (Eq3)
T

OedVe > Ze-Xd d=1,2,...,D; e=1,2,... ,E;apq = 1. (Eq. %)

xd < zg d=1,2,...,D;e=1,2,... ,E;apq = 1. (Eq. 5)

Accordingly, the following algorithm can be used to solve MMF without bounds and
5  with fixed paths (“MMF/NB/FP”):

Stepl: xg:=0ford=1,2,...,D.

Step 2: typgx = min { ye/(Z,aed)} te=1,2,.. ., E.

Step 3:ye : = Ve - tmax 24 Ged fore=1,2,.. , E.
xd =xd+tymacford=1,2,...,D.

10 Remove all saturated links e (with y, = 0) and all paths (demands) d that use

the removed links (gggd = 1).
Step 4: If there are no demands left then stop, otherwise go to Step2.

Note that #,,4, calculated in Step 2 of MMEF/NB/FP is the solution of the following
LP task (hereinafter referred to as “LP1”):

15 indices: d=1,2,...,D demands
e=1,2,...,E links
constants: aeq = 1 if e belongs to the path realizing demand d, 0 otherwise
Ye capacity of link e
c¢q weight of demand d
20 variables: t auxiliary variable (continuous)

objective: maximize C =¢ (Eq. 6)

10
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constraints: tZ;cdded < Ye e=12,...,E (Eq.7)
t > 0. (Eq. 8)

The solution of LP1 is trivial: t;4y = min{ ye/Egcgdaed) :e=1,2,...,E}.
Hence, as mentioned above, the value of the #5;,4 in MMF/NB/FP is indeed the solution of

5 the LP1 (forcg =1).

The considered MMF problem can be extended to the case when demands are
weighted with coefficients Cd > 1 (d = 1, 2,. . ., D) i.e. when some demands can be more
valuable than others and this should be taken into account in the fairness definition. Such

an extended problem is solved with almost the same algorithm as the one for NIW/NB/FP.

10 The MMF can be extended to handle bandwidth bounds (still assuming fixed and
predefined paths). Note that the inclusion of the bandwidth bounds is important, because it
easily allows the handling of the rigid traffic demands. An extension of MMF is obtained

by introducing lower and upper bounds for the demands’ flow allocation:
hg <xg<Hg d=12,...,D (Eq. 9)

15 The corresponding algorithm for solving MMF with bounds and with fixed paths
(“MMEF/B/FP”) is as follows:

Step l: ye: =ye -Zdaedhdfore=1,2,...,E xg:=hgford=1,2,...,D.
Remove all saturated links and all demands that use the removed links.
Step 2: Solve LP1 to obtain t4x
20 Step 3: Ve . = Ye -tmax Zdcdaded fore=1,2,...  E.
xd = xd+tcgtmax ford=1,2,..., D.
Remove all saturated links and all demands that use the removed links.

Step 4: If there are no demands left then stop, otherwise go to Step 2.

11
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Note that the upper bound is taken into account in the problem preprocessing by
introducing an auxiliary leaf node v for each demand d, then by adding an extra link of
capacity Hy from the end node of the path realizing demand d to node v, and finally by
adding this link to the considered path. As before, when the algorithm terminates, the

5  resultingxg(d =1,2,..., D) is the assumed fair flow realizing demand d on its path.

The MMF concept of fairness has been criticized because it treats the demands that
use long paths equal to those that use short ones, leading to a decrease in the total network
throughput. To overcome this difficulty, the PRF concept has been proposed. The PRF
allocation problem is specified as the following convex programming problem (hereinafter

10  referred to as “CP1”).
variables: xXd flow realizing demand d
objective: maximize C = Zg cglogxg (Eq. 10)
constraints:  (Eq. 9) and
Ydaed*d < ye e=12,...,E (Eq. 11)

15 As a convex problem, CP1 has no local minima and can be solved through a multi-
variable function optimization procedure with linear constraints. A more efficient method is -

to solve the dual problem to CP1.

A more efficient approach to the PRF allocation problem than solving the dual of
CP1 is based on the piece-wise approximation of the logarithmic function hereinafter

20 referred to as “PRF/FP”,

variables: xXd flow realizing demand d
fd non-negative continuous auxiliary variable associated with d
objective: maximize C = Zgcgfy (Eq. 12)

constraints: fg < bixgtgr d=1,2,...,D;k=12,..,K (Eq. 13)

12
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The use of the LP formulation for the PRF allocation problem is advantageous

because commercial LP solvers can effectively solve it and because it can be easily

extended to the path optimization case. It is important that the approximation used in

PRF/LP is not limiting since even with small value of K the approximation is practically not

worse than the original logarithmic function.

A natural question arises as to how to define and solve fair bandwidth allocation

problems when the paths used for realizing the demands are also optimized (in some sense)

as opposed to the fixed (given) set of paths described above. The following discussion will

deal with this type of fair allocation problem.

Consider the following, path-dependent version of task LP1 hereinafter referred to as

“LP2” (MMF with multiple paths):

indices:

constants:

variables:

objective:

constraints:

d=1,2,...,D demands

Jj=12,...,m(d)  paths that can potentially realize demand d
e=1,2,...,E links

aedj = 1 if e belongs to the path j realizing demand d, 0 otherwise
Ve capacity of link e

cd weight of demand d

xdj flow allocated to path j realizing demand d (non-negative

continuous)

t auxiliary variable (continuous)

maximize C = ¢ (Eq. 14)
Ljxgj =cd-t d=12,..,D (Eq. 15)
IdZj aedixdji < e e=12,...,E (Eq. 16)

13
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t> 0. (Eq. 17)
LP2 allows for multiple flows realizing the demands and is a Linear Program.
Algorithm for solving MMF without bounds and optimized paths (“MMF/NB/OP”):
Step 1: Xg:=0ford=1,2,...,D;
5 xay:=0ford=1,2,...,D,j=1,2,...,m(d).
Step 2: Solve LP2 to obtain optimal flows
xy @d=1,2,...,Dj=12,...,md).
Step 3: ye, = Ye - TdZj Gedj ¥y fore=1,2,.. E.
Xg=Xg+Zjxy ford=1,2,...,D.
10 xab':=xdj+xgj ford=1,2,...,Dj=12,..., md).

Remove all saturated links and all demands that use the removed
links.

Remove all demands with empty lists of available paths.
Step 4: If there are no demands left then stop, otherwise go to Step 2.

15 When the above algorithm determines, X returns the total flow allocated to demand
d, and xgj returns the allocation of its individual flows (i.e. per path). Unfortunately, such
an extension of the fixed path case is not entirely correct. In the MMF problems with fixed
paths the obtained solution at each step of the iterative algorithms (cf. MMF/NB/FP) is
unique. This property in fact makes the MMF notation straightforward in the case when the

20  paths are fixed. When the paths are subject to optimization, however, this is no longer true

and the issue is that the optimal solutions of LP2 are in general not unique. This means that

we can have more than one flow vector x° = (xgj, d=12,...,D; j=1,2,...,m(d) that

14
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maximize the value of ¢ in (Eq. 14). Consequently, the choice of the optimal solution x° in

Step 2 may influence the further development of the algorithm and its final result.

Hence, the notion of MMF becomes less clear in the case of flexible (optimized)
paths. The MMF solution can also be characterized in the following way: if the realized
demands are ordered according to their increasing values then the resulting vector is
lexicographically as great as possible. Unfortunately, this nice characterization is not easily
exploited, primarily because there is not an efficient way to determine MMF solutions in
this sense. Another problem is that even if an MMF solution could be found, the solution
might not maximize the throughput. To overcome this difficulty, the following procedure
can be used. First, solve LP2 to obtain the maximum ¢ (t,,y). Next, solve the following
LP3 (throughput maximization) task maximizing the network throughput assuring that each

demand is assigned at least t;;4y bandwidth.

indices: d=1,2,...,D demands
j=1,2,...,m(d) paths that can potentially realize demand d
e=1,2,...,E links

constants: aedj =1 ife belongs to the path j realizing demand d, 0 otherwise
Ye capacity of link e
cd weight of demand d
tmax lower bound for demand realization

variables: xgj  flow allocated to path j realizing demand d

objective: maximize C = Xg cdZj xgj

(Eq. 18)
constraints:  Xjxgi > Imax d=1,2,...,D (Eq. 19)
LiZjaedi Xdj < Ve e=12,...,E (Eq. 20)
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The above approach may seem a bit “brute force”, as solving LP3 it is not totally

fair.

When optimizing the paths, it is reasonable to assume that the entire flow of each
demand is realized over one of the possible alternative paths. The following Mixed-Integer
5  Programming task solves the first stage of the MMF problem with single paths hereinafter
referred to as “MIP1” (MMF with single paths):

additional constant: M Large number

additional variables: €4j binary variable indicating which path is chosen

to carry demand

10 objective: maximize (Eq. 14)
constraints: (Eq. 15), (Eq. 16), (Eq. 17) and
Lieg=1 d=12,...,D, (Eq. 21)

xgj<Megi d=1,2,...,D, j=1,2,...,md. (Eq.22)

After the MIP1 task is solved, the paths that result from the optimal solution can be
15  fixed, and the solution can proceed just like in the case of MMF/NB/FP. As in the multiple
path case, the notion of the maximum lexicographical order could be used. This time,
however, it is known that even in the special case of the single source, the MMF solution
does not in general maximize the throughput. The MIP formulation above constitutes the
basis of the following algorithm for solving MMF without bounds and optimized single

20  paths (“MMF/NB/OSP”):
Step 1: Xg:=0ford=1,2,...,D;
xdj:=0ford= 1,2,...,D,j=12,...,md).
Step 2: Solve MIP1 to obtain optimal flows
xy @=1,2,...,D,j=12,...,m(d).
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Step 3: Let4 < {1, 2,..., D} be the set of indices such that d € 4 if the path

realizing demand d contains a saturated link e (i.e. yo = )
Putye:=ye-Z4 AZjaegixy fore=1,2,...,E.
Foralld e A put Xg:= X4 + % aegjx
5 and xdj:=xd,-+x2j forj=1,2,..., md).
Remove from the network all saturated links and all demands from 4.

Step 4: If there are no demands left then stop, otherwise go to Step 2.

Note that in Step 3 of the above algorithm the network is modified only with respect
to the flows that use the removed saturated links (only the capacity used by these flows is

10  subtracted from the links).

The MMF allocation problem with bounds (Eq. 9) and paths’ optimization is solved
by slightly modifying the algorithms MMF/NB/OP or MMF/NB/OSP. For this first
algorithm the modification results in the algorithm called MMF/B/OP that works as follows:
during the first (and only the first) execution of Step 2, constraint (Eq. 15) in task LP2 is

15  substituted with

ijdj=hd+cdt d=12,...,D (Eq. 23)

Similarly, MMF/B/OSP is obtained with the same modification (constraint (Eq. 15)
substituted with (Eq. 23)) from MMF/NB/OSP. This time, however, in Step 2 the modified
task is used in all cases. Of course, in both cases the auxiliary links with capacity Hyzare

20  added to the network.

Task PRF/LP formulated above can be easily adapted to the PRF allocation problem
with path optimization hereinafter referred to as (“PRF/OP”) or PRF with Optimized
Multiple Paths:

variables: xdj ~ flow allocated to path j realizing demand d
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fd non-negative continuous auxiliary variable associated with d
objective: maximize C = Z4 cdfd (Eq. 24)
constraints: kg < Ljxgj < Hyg d=12,...,D (Eq. 25)
LdZjaedixdi < Ve e=1,2,...,F (Eg. 26)
5 fd < bkLjxgi +gp d=1,2,...,D,k=12,...,K (Eq.27)

Similarly, the PRF allocation problem with single paths’ optimization is as follows

hereinafter referred to as “PRF/OSP” or PRF with Optimized Single Path:

variables: €gj binary variable indicating which path is chosen to carry
demand d
10 xgj  flow allocated to path j realizing demand d
fd non-negative continuous auxiliary variable associated with d
objective: maximize (Eq. 24) (Eq. 28)

constraints:  (Eq. 21), (Eq. 22), (Eq. 25), (Eq. 26), (Eq. 27).

As will be appreciated by those skilled in the art, the various embodiments of the

15  present invention (MMF/NB/OP, MMF/NB/OSP, MMF/B/OP, MMF/B/OSP, PRF/OP and
PRF/OSP) can be characterized by a method for optimizing elastic flows in a multi-path
network for a traffic demand by jointly determining a bandwidth for each flow in é set of
flows that realize the traffic demand and an optimized path for the traffic demand by
maximizing a fairness utility. The method may also include allocating the bandwidth for

20 the traffic demand and assigning the optimal path for the traffic demand. As previously
described, the traffic demand can be a specified bandwidth between one or more origin-
destination pairs or a minimum bandwidth and a maximum bandwidth between one or more

origin-destination pairs. In addition, the fairness utility can be a MMF utility or a PRF
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utility. Moreover, the optimized path can be a single optimized path or at least two

optimized paths.

All aspects of the present invention can be implemented as a computer program
embodied on a computer readable medium for optimizing elastic flows in a multi-path
network for a traffic demand in which the functions or steps of the method are implemented
as code segments adapted to perform those functions or steps. In addition, the present
invention can be implemented as an apparatus for optimizing elastic flows in a multi-path
network for a traffic demand wherein the apparatus includes a processor and an interface
communicably coupling the processor the to the multi-path network. The processor jointly
determines a bandwidth for each flow in a set of flows that realize the traffic demand and an

optimized path for the traffic demand by maximizing a fairness utility.

More specifically, FIGURE 1 is a flow chart illustrating an algorithm 100 for
solving MMF without bounds and optimized multiple paths (“MMF/NB/OP”) in accordance
with one embodiment of the present invention. The algorithm 100, which one
implementation of the method described above, begins at block 102 and the total flow
allocated to each traffic demand and the flow allocated to each path realizing each traffic
demand are initialized in block 104. The optimal flow allocated to each path realizing each
traffic demand is determined in block 106. This determination can be performed using LP2
or LP2 followed by LP3. The capacity of each link is set to the capacity of the link minus
the sum of the flows allocated to each path realizing each traffic demand for all paths and
traffic demands that the link belongs to in block 108. Each total flow allocated to each
traffic demand is set to a total flow allocated to each traffic demand plus a sum of the flows
allocated to each path realizing each traffic demand for all paths in block 110. Each flow
allocated to the path realizing the traffic demand is set to the flow allocated to the path
realizing the traffic demand plus the optimal flow allocated to the path realizing the traffic
demand in block 112. All saturated links and traffic demands that use the removed links
and all demands with empty lists of available paths are removed in block 114. Ifthere are .

no more traffic demands, as determined in decision block 116, the process ends in block
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118. If, however, there are more traffic demands, the process loops back to block 106 and

the process is repeated until there are no more traffic demands.

Similarly, FIGURE 2 is a flow chart illustrating an algorithm 200 for solving MMF
without bounds and optimized single paths (“MMEF/NB/OSP”) in accordance with another
embodiment of the present invention. The algorithm 100, which one implementation of the
method described above, begins at block 204 and the total flow allocated to each traffic
demand and the flow allocated to each path realizing each traffic demand are initialized in
block 204. The optimal flow allocated to each path realizing each traffic demand is
determined in block 206. This determination can be performed using MIP1. A set of all
traffic demands in which the path realizing the traffic demand is a saturated link is identified
in block 208. A capacity of each link is set to the capacity of the link minus the sum of the
flows allocated to each path realizing each traffic demand for all paths and traffic demands
that the link belongs to if the link is saturated in block 210. For all traffic demands in the
set of traffic demands in which the path realizing the traffic demand contains a saturated
link, each total flow allocated to each traffic demand is set to a total flow allocated to each
traffic demand plus a sum of the flows allocated to each path realizing each traffic demand
for all paths in block 212. Each flow allocated to the path realizing the traffic demand is set
to the flow allocated to the path realizing the traffic demand plus the optimal flow allocated
to the path realizing the traffic demand in block 214. All saturated links and traffic demands
in the set of traftic demands in which the path realizing the traffic demand contains a
saturated link are removed in block 216. If there are no more traffic demands, as
determined in decision block 218, the process ends in block 220. If, however, there are
more traffic demands, the process loops back to block 206 and the process is repeated until

there are no more traffic demands.

A simplified model of the Polish backbone network will be considered and the
impact of path optimization on relevant performance measures will be investigated. Execpt
for on section below, the unbounded MMF and PPF allocation methods will be examined

comparing utilization, average bandwidth and the variance of the allocated bandwidth under
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these two schemes. The 3 path selection algorithms will be used: fixed path (“FP”),
optimized single path (“OSP”) and optimized (multiple) path (“OP”).

This example network contains 12 nodes and 18 links, with user demands between
each pair of nodes, resulting in a total of D = 66 demands. Each user demand can be carried
by several (varying between 6 and 13) alternative paths. To obtain results with relevant
statistical confidence, the bandwidth sharing algorithms detailed beforehand were applied
for the same network topology for a number of times, with link capacities set randomly in
the consecutive experimental calculations, but preserving the same fixed overall available
network bandwidth. In all cases the demands have been assigned equal weights, setting cg
=1,d=1,2,...D.

The random link capacity values of the studied network topology were established
using the following algorithm for each setup. First 1-1 random numbers are generated in the
interval [0,1] and the random numbers are sorted in increasing order, partitioning the [0,1]
interval into “1” random length sections. Each of these sections is associated to a link and
the according link capacity is obtained by multiplying the length of the section with the
targeted (overall available network capacity (360 bandwidth units in the present case). In
order to avoid inaccuracies and the possibility of including extremely low bandwidth links,
the results are rounded to integer values (> 1) and adjusted to preserve the same total

network bandwidth.

To highlight the benefits of path optimization, in the first experiment the shortest (in
the sense of number of links involved) path method was used to choose between the
alternative routes to carry user demands. After selecting the paths, the corresponding MMF
and PRF allocations were calculated. In the case of MMF, the LPI formulation together
with the MMF/NB/FP algorithm was applied, while the PRF shares were calculated with
PRF/FP.

In the case of flexible (multiple) paths, the multiple route shares are given by
MMF/NB/OP and PRF/OP. The numerical examples for the single route scenario were
laborated using MMF/NB/OSP and PRF/OSP.
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The impact of path optimization is illustrated in FIGURES 3 and 4 that show the
minimum allocated bandwidth 300 and maximum allocated bandwidth 400, respectively, for
the MMF/NB/FP (prior art), MMF/NB/OSP (present invention), MMF/NB/OP (present
invention), MMF/NB/OSP+ (present invention), PRF/FP (prior art), PRF/OSP (present
invention), PRF/OP (present invention) and Brute (present invention). Note that the MMF
allocation implies the maximization of the “smallest” flow, as it is also shown in FIGURE
3. Maximizing the minimum bandwidth results of course in smaller maximum bandwidth

as compared to the PRF allocation, see the FP columns in FIGURE 4.

Optimizing a single path has a profound impact under both fairness constraints: the
bandwidth of the “small” flows increases about five times without much decrease of the
maximum bandwidth. Also, both the minimum and the maximum bandwidth values are
roughly the same under the MMF and the PRF allocations. In other words, optimal path
selection decreases the importance of the specific fairness notion. (This observation is
further supported by FIGURE 6, which shows the level of unfairness 600, where the
variance of the allocated bandwidth decreases with optimal path selection.) FIGURES 5
and 6 also show MMF/NB/FP (prior art), MMF/NB/OSP (present invention), MMF/NB/OP
(present invention), MMF/NB/OSP+ (present invention), PRF/FP (prior art), PRF/OSP

(present invention), PRF/OP (present invention) and Brute (present invention).

FIGURE 5 shows the average bandwidth 500 allocated over all 66 flows in the
network. Again, note that while fairness does have an impact on the allocated bandwidth, iﬁ
the path optimized case its relevance is smaller. (MMF normally results in smaller average
bandwidth.) Note also that while path optimization is important, because it contributes to
optimize the utility function of the fairness criteria, it decreases the utilization somewhat,

especially under max-min fairness.

The impact of upper-bounding the demands can be seen in FIGURES 7 and 8, which
show how variance and utilization are influenced by the presence of upper bounds.
FIGURES 7 and 8 show MMEF/B/OP (702 and 802; present invention), MMF/B/OSP (704
and 804; present invention), PRF/OP (706 and 806; present invention) and PRF/OSP (708

and 808; present invention). As expected, the utilization increases roughly linearly with the
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demand’s upper bound. However, the difference between the single and multiple path cases

is negligible.

The embodiments and examples set forth herein are presented to best explain the
present invention and its practical application and to thereby enable those skilled in the art
to make and utilize the invention. However, those skilled in the art will recognize that the
foregoing description and examples have been presented for the purpose of illustration and
example only. The description as set forth is not intended to be exhaustive or to limit the
invention to the precise form disclosed. Many modifications and variations are possible in
light of the above teaching without departing from the spirit and scope of the following

claims.
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CLAIMS

What is claimed is:

1. A method for optimizing elastic flows in a multi-path network for a traffic
demand, the method comprising the step of:
jointly determining a bandwidth for each flow in a set of flows that realize the traffic

demand and an optimized path for the traffic demand by maximizing a fairness utility.

2. The method as recited in claim 1, further comprising the steps of:
allocating the bandwidth for the traffic demand; and
assigning the optimal path for the traffic demand.

3. The method as recited in claim 1, wherein the traffic demand is a specified

bandwidth between one or more origin-destination pairs.

4. The method as recited in claim 1, wherein the traffic demand is a minimum

bandwidth and a maximum bandwidth between one or more origin-destination pairs.

5. The method as recited in claim 1, wherein the fairness utility is a maximum-

minimum fairness utility.

6. The method as recited in claim 1, wherein the fairness utility is a proportional

fairness utility.

7. The method as recited in claim 1, wherein the optimized path is a single

optimized path.

8. The method as recited in claim 1, wherein the optimized path is at least two

optimized paths.

9. The method as recited in claim 1, wherein the step of jointly determining a
bandwidth for each flow in a set of flows that realize the traffic demand and an optimized

path for the traffic demand by maximizing a fairness utility comprises the steps of:
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(a) determining an optimal flow for each path;

(b) setting the capacity of each link;

(©) setting each total flow allocated to each traffic demand to a total flow
allocated to each traffic demand plus a sum of the flows allocated to each path realizing each
traffic demand for all paths;

(d) setting each flow allocated to the path realizing the traffic demand to the flow
allocated to the path realizing the traffic demand plus the optimal flow allocated to the path
realizing the traffic demand; and

(e) removing all saturated links and traffic demands that use saturated links.

10.  The method as recited in claim 9, further comprising the step of initializing a
total flow allocated to each traffic demand and a flow allocated to each path realizing each

traffic demand.

11.  The method as recited in claim 9, wherein the demand comprises at least two

traffic demands and steps (a) through (e) are performed for each traffic demand.

12.  The method as recited in claim 9, wherein the step of determining an optimal -
flow for each path comprises solving a linear programming problem to maximize C = ¢ using
constraints ¥j xg; = ¢+ t and XX aedjxdj < ye and t > 0 wherein d is the traffic demand (1,
2,...,D),jisthe path (1, 2,. . ., m(d)) that can potentially realize demand d, e is the link (1,
2,..., E), aggj=1 if e belongs to the path j realizing demand d, 0 otherwise, y is the
capacity of link e, ¢4 is the weight of demand d, xgj is the flow allocated to path  realizing

demand d (non-negative continuous) and ¢ is an auxiliary variable (continuous).

13.  The method as recited in claim 12, further comprising solving a linear
programming problem to maximize C = Xj cdZj xg; using constraints Xj xg; > tyqx and
I4%j aedjxdj <ye wWherein d is the traffic demand (1, 2, ..., D),j is the path (1, 2,. . . , m(d))
that can potentially realize demand 4, e is the link (1, 2, . . . , E), dedj = 1 if e belongs to the
path j realizing demand d, 0 otherwise, y, is the capacity of link e, ¢ is the weight of demand
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d, tmax is the lower bound for demand realization and xj is the flow allocated to path j

realizing demand d.

14.  The method as recited in claim 12, wherein a constraint Z; xgj = g + cgt is
used instead of the constraint X; xjj = ¢4 * f during a first determination of the optimal flow
wherein A is the lower bound for the allocation to demand d and the constraint Z; xgj = ¢4 " ¢

is used during subsequent determinations of the optimal flow.

15.  The method as recited in claim 1, wherein the step of jointly determining a
bandwidth for each flow in a set of flows that realize the traffic demand and an optimiied
path for the traffic demand by maximizing a fairness utility comprises the steps of:

@ determining an optimal flow for each path;

(b) identifying a set of all traffic demands in which the path realizing the traffic
demand is a saturated link;

©) setting a capacity of each link to the capacity of the link minus the sum of the
flows allocated to each path realizing each traffic demand for all paths and traffic demands
that the link belongs to if the link is saturated;

(d for all traffic demands in the set of traffic demands in which the path realizing
the traffic demand contains a saturated link, setting each total flow allocated to each traffic
demand to a total flow allocated to each traffic demand plus a sum of the flows allocated to
each path realizing each traffic demand for all paths;

(e) setting each flow allocated to the path realizing the traffic demand to the flow
allocated to the path realizing the traffic demand plus the optimal flow allocated to the path
realizing the traffic demand; and

® removing all saturated links and traffic demands in the set of traffic demands.

16.  The method as recited in claim 15, further comprising the step of initializing a
total flow allocated to each traffic demand and a flow allocated to each path realizing each

traffic demand.
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17. The method as recited in claim 15, wherein the demand comprises at least two

traffic demands and steps (a) through (f) are performed for each traffic demand.

18.  The method as recited in claim 15, wherein the step of determining an optimal
flow for each path comprises solving a linear programming problem to maximize C = ¢ using
constraints Xj xgj = ¢4 - t and Zj%; dedjxgj <ye and 1> 0 and Xje€ gj = 1 and xgj < Me gj
wherein d is the traffic demand (1, 2, . . ., D), j is the path (1, 2. . . , m(d)) that can
potentially realize demand 4, e is the link (1, 2, . . ., E), M is a large number, dedj = life
belongs to the path j realizing demand d, 0 otherwise, y, is the capacity of link e, ¢ is the
weight of demand d, xg; is the flow allocated to path j realizing demand d (non-negative
continuous), # is an auxiliary variable (continuous) and € gjis a binary variable indicating

which path is chosen to carry demand 4.

19.  The method as recited in claim 18, wherein a constraint X xg; = hg + cqt is
used instead of the constraint X; xjj = ¢4 -  wherein hg is the lower bound for the allocation

to demand d.

20.  The method as recited in claim 1, wherein the step of jointly determining a
bandwidth for each flow in a set of flows that realize the traffic demand and an optimized
path for the traffic demand by maximizing a fairness utility comprises solving a linear
programming problem to maximize C = Zg ¢ fj using constraints hgj < %; xgj < Hq and
L4Zj aedjxdj < Ve and fg < by Zj xgj + gk wherein d is the traffic demand (1,2, ..., D), j is
the path (1, 2,. . . , m(d)) that can potentially realize demand d, e is the link (1, 2, . . ., E), c¢qg
is the weight of demand d, aegj =1 if e belongs to the path j realizing demand d, 0 otherwise,
Ye is the capacity of link e, cg is the weight of demand d, xgj is the flow allocated to path ;
realizing demand d (non-negative continuous), f; is a non-negative continuous auxiliary
variable associated with demand d, A is the lower bound for the allocation to demand d and

Hy is the upper bound for the allocation to demand d.

21.  The method as recited in claim 1, wherein the step of jointly determining a

bandwidth for each flow in a set of flows that realize the traffic demand and an optimized
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path for the traffic demand by maximizing a fairness utility comprises solving a linear
programming problem to maximize C' = X4 cgfy using constraints ¥je gj = 1 and xgj <
Me gj and hg < Zj xgj < Hg and 2% aedjxdj < ye and fg < by Zj xgj + gk wherein d is the
traffic demand (1, 2, . .., D),/ is the path (1, 2,. . . , m(d)) that can potentially realize demand
d, eisthelink (1,2, ..., E), ¢g is the weight of demand d, M is a large number, aegj =1 if e
belongs to the path j realizing demand d, 0 otherwise, y, is the capacity of link e, ¢ is the
weight of demand d, xj is the flow allocated to path realizing demand d (non-negative
continuous), f is a non-negative continuous auxiliary variable associated with demand d, A4
is the lower bound for the allocation to demand d and Hy is the upper bound for the
allocation to demand d and € gjis a binary variable indicating which path is chosen to carry

demand d.

22. A computer program embodied on a computer readable medium for
optimizing elastic flows in a multi-path network for a traffic demand, the computer program
comprising:

a code segment adapted to jointly determine a bandwidth for each flow in a set of
flows that realize the traffic demand and an optimized path for the traffic demand by

maximizing a fairness utility.

23.  The computer program as recited in claim 22, further comprising:
a code segment adapted to allocate the bandwidth for the traffic demand; and

a code segment adapted to assign the optimal path for the traffic demand.

24.  The computer program as recited in claim 22, wherein the traffic demand is a

specified bandwidth between one or more origin-destination pairs.

25.  The computer program as recited in claim 22, wherein the traffic demand is a
minimum bandwidth and a maximum bandwidth between one or more origin-destination

pairs.

26.  The computer program as recited in claim 22, wherein the fairness utility is a

maximum-minimum fairness utility.
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27.  The computer program as recited in claim 22, wherein the fairness utility is a

proportional fairness utility.

28.  The computer program as recited in claim 22, wherein the optimized path is a

single optimized path.

29.  The computer program as recited in claim 22, wherein the optimized path is at

least two optimized paths.

30.  The computer program as recited in claim 22, wherein the code segment
adapted to jointly determine a bandwidth for each flow in a set of flows that realize the traffic
demand and an optimized path for the traffic demand by maximizing a fairness utility
comprises:

(a) a code segment adapted to determine an optimal flow for each path;

(b)  acode segment adapted to set the capacity of each link;

(c) a code segment adapted to set each total flow allocated to each traffic demand
to a total flow allocated to each traffic demand plus a sum of the flows allocated to each path
realizing each traffic demand for all paths;

(d) a code segment adapted to set each flow allocated to the path realizing the
traffic demand to the flow allocated to the path realizing the traffic demand plus the optimal
flow allocated to the path realizing the traffic demand; and

(e) a code segment adapted to remove all saturated links and traffic demands that

use saturated links.

31. The computer program as recited in claim 30, further comprising a code
segment adapted to initialize a total flow allocated to each traffic demand and a flow

allocated to each path realizing each traffic demand.

32.  The computer program as recited in claim 30, wherein the demand comprises
at least two traffic demands and code segments (a) through (e) are performed for each traffic

demand.
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33.  The computer program as recited in claim 30, wherein the a code segment
adapted to determine an optimal flow for each path comprises a code segment adapted to
solve a linear programming problem to maximize C =  using constraints ; xgj = ¢4 - t and
L4Zj aedjxdj <ye and t > 0 wherein d is the traffic demand (1, 2, . . ., D), j is the path (1, 2,. .
. » m(d)) that can potentially realize demand d, e is the link (1,2, ..., E), aegj =1 if e
belongs to the path j realizing demand d, 0 otherwise, y, is the capacity of link e, ¢y is the
weight of demand d, xg; is the flow allocated to path j realizing demand d (non-negative

continuous) and ¢ is an auxiliary variable (continuous).

34.  The computer program as recited in claim 33, further comprising a code
segment adapted to solve a linear programming problem to maximize C = g cdZ; xjj using
constraints X; Xgj > tmay and g aedixdi < Ve wherein d is the traffic demand (1, 2, . . ., D),
j is the path (1, 2,. . . , m(d)) that can potentially realize demand 4, e is the link (1, 2, . . ., E),
aedj =1 if e belongs to the path j realizing demand d, O otherwise, y, is the capacity of link e,
cd is the weight of demand d, gy is the lower bound for demand realization and xg; is the

flow allocated to path j realizing demand d.

35.  The computer program as recited in claim 33, wherein a constraint Z; xg; = hg
+ ¢t is used instead of the constraint ; xgj = ¢4 - t during a first determination of the
optimal flow wherein A is the lower bound for the allocation to demand d and the constraint

Ljxgj = cq - tis used during subsequent determinations of the optimal flow.

36.  The computer program as recited in claim 22, wherein the code segment
adapted to jointly determine a bandwidth for each flow in a set of flows that realize the traffic
demand and an optimized path for the traffic demand by maximizing a fairness utility
comprises:

(a) a code segment adapted to determine an optimal flow for each path;

(b) a code segment adapted to identify a set of all traffic demands in which the

path realizing the traffic demand is a saturated link;

30



10

15

WO 03/019878 PCT/IB02/04116

(c) a code segment adapted to set a capacity of each link to the capacity of the
link minus the sum of the flows allocated to each path realizing each traffic demand for all
paths and traffic demands that the link belongs to if the link is saturated,

(d) a code segment adapted to, for all traffic demands in the set of traffic demands
in which the path realizing the traffic demand contains a saturated link, set each total flow
allocated to each traffic demand to a total flow allocated to each traffic demand plus a sum of
the flows allocated to each path realizing each traffic demand for all paths;

(e) a code segment adapted to set each flow allocated to the path realizing the
traffic demand to the flow allocated to the path realizing the traffic demand plus the optimal

flow allocated to the path realizing the traffic demand; and

® a code segment adapted to remove all saturated links and traffic demands in
the set of traffic demands.
37.  The computer program as recited in claim 36, further comprising a code

segment adapted to initialize a total flow allocated to each traffic demand and a flow

allocated to each path realizing each traffic demand.

38.  The computer program as recited in claim 36, wherein the demand comprises
at least two traffic demands and code segments (a) through (f) are performed for each traffic

demand.

39. The computer program as recited in claim 36, wherein the code segment
adapted to determine an optimal flow for each path comprises a code segment adapted to
solve a linear programming problem to maximize C = ¢ using constraints X; xgj = cg " ¢ and
LdZj aedjxdj <Ye and > 0 and Zje gj = 1 and xgj < Me gj wherein d is the traffic demand (1,
2,...,D),jisthe path (1, 2,. . ., m(d)) that can potentially realize demand 4, e is the link (1,
2, ..., E), Mis alarge number, aegj = 1 if e belongs to the path j realizing demand d, 0
otherwise, ye is the capacity of link e, cg is the weight of demand d, xgj is the flow allocated
to pathj realizing demand d (non-negative continuous),  is an auxiliary variable (continuous) |

and € gjis a binary variable indicating which path is chosen to carry demand d.
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40.  The computer program as recited in claim 39, wherein a constraint %; xgj = hg
+ cqt is used instead of the constraint Xj xgj = cg - t Wherein hg is the lower bound for the

allocation to demand d.

41.  The computer program as recited in claim 22, wherein the code segment
adapted to jointly determine a bandwidth for each flow in a set of flows that realize the traffic
demand and an optimized path for the traffic demand by maximizing a fairness utility
comprises a code segment adapted to solve a linear programming problem to maximize C =
24 cdfd using constraints hg < Xj xgj < Hg and X% aedixdj <ye and fg < b Zj xdj + gk
wherein d is the traffic demand (1, 2, . . ., D), is the path (1, 2.. . . , m(d)) that can
potentially realize demand d, e is the link (1,2, . . ., E), ¢g is the weight of demand d, aegj =
1 if e belongs to the path j realizing demand d, 0 otherwise, yp is the capacity of link e, ¢4 is
the weight of demand d, xj is the flow allocated to path j realizing demand d (non-negative
continuous), f is a non-negative continuous auxiliary variable associated with demand d, hg
is the lower bound for the allocation to demand d and Hy is the upper bound for the

allocation to demand d.

42.  The computer program as recited in claim 22, wherein the code segment
adapted to jointly determine a bandwidth for each flow in a set of flows that realize the traffic
demand and an optimized path for the traffic demand by maximizing a fairness utility
comprises a code segment adapted to solve a linear programming problem to maximize C =
24 cdfd using constraints ;e gj = 1 and xgj < Me gj and hg < ¥j xgj < Hq and Zg¥; aegixdj <
Ve and fg < b Xj xdj + gk wherein d is the traffic demand (1,2, .. ., D), j is the path (1, 2,. . .
, m(d)) that can potentially realize demand d, e is the link (1, 2, . . . , E), cg is the weight of
demand d, M is a large number, aej = 1 if e belongs to the path  realizing demand d, 0
otherwise, yp is the capacity of link e, ¢4 is the weight of demand d, xgj is the flow allocated
to path j realizing demand d (non-negative continuous), f4 is a non-negative continuous
auxiliary variable associated with demand d, A is the lower bound for the allocation to
demand d and Hy is the upper bound for the allocation to demand d and € gjis a binary

variable indicating which path is chosen to carry demand d.
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43. An apparatus for optimizing elastic flows in a multi-path network for a traffic
demand, the apparatus comprising:

a processor;

an interface communicably coupling the processor to the multi-path network; and

wherein the processor jointly determines a bandwidth for each flow in a set of flows
that realize the traffic demand and an optimized path for the traffic demand by maximizing a

fairness utility.

44.  The apparatus as recited in claim 43, wherein the processor further allocates

the bandwidth for the traffic demand and assigns the optimal path for the traffic demand.

45.  The apparatus as recited in claim 43, wherein the traffic demand is a specified

bandwidth between one or more origin-destination pairs.

46.  The apparatus as recited in claim 43, wherein the traffic demand is a minimum

bandwidth and a maximum bandwidth between one or more origin-destination pairs.

47. The apparatus as recited in claim 43, wherein the fairness utility is a

maximum-minimum fairness utility.

48. The apparatus as recited in claim 43, wherein the fairness utility is a

proportional fairness utility.

49.  The apparatus as recited in claim 43, wherein the optimized path is a single

optimized path.

50.  The apparatus as recited in claim 43, wherein the optimized path is at least

two optimized paths.
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