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IMAGING DEVICE AND METHOD

FIELD OF INVENTION

The invention relates to an imaging device and an imaging method, and in
particular to the field of perfect imaging.

BACKGROUND

Around 1870 the German physicist Ernst Abbe of the University of Jena
established the theory of optical imaging and deduced the resolution limit
of lenses. Before Abbe, making a good lens was a matter of trial and error.
Abbe’s theory enabled him and his collaborators, the optician Carl Zeiss
and the entrepreneur Otto Schott, to create the modem optics industry.
Carl Zeiss Jena is still a household name more than a hundred years later.

All conventional lenses have limited resolution. Even with the strongest
microscope it is not possible to see atoms, molecules or nanostructures;
for this electron or atomic-force microscopy is needed. The wavelength of
light sets the resolution limit, half a micrometer for visible light.

In 2000, Sir John Pendry of Imperial College London published [Pendry J
B 2000 Phys. Rev. Lett. 85 3966] a remarkable theoretical result: a lens
made of a negatively refracting material (i.e. a lens that bends light in the
opposite direction from a positively refracting material) is perfect in theory -
that is a flat lens made of negatively-refracting material [Veselago V
G 1968 Sov. Phys.—Usp. 10 509] can, in principle, image light with
unlimited resolution, beyond Abbe’s limit. Since then, negative refraction
has been believed to be key to the achievement of perfect imaging.
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Negative refraction occurs in materials with both negative dielectric € and
M; it can also be realized in other cases, for example in photonic crystals
[P.V. Parimi et al., Nature 426, 404 (2003)], but perfect imaging with
negative refraction requires negative € and p. Negative refraction has been
subject to considerable debate (see J.R. Minkel, Phys. Rev. Focus 9, 23
(2002) for a review) but the consensus of the majority of physicists working
in this area is that negative refraction is real. In particular, experiments [J.
Yao et al. Science 321, 930 (2008); J. Valentine et al., Nature 455, 376

(2008)] demonstrated a negative Snell’s law of refraction for infrared light.

The quest for the perfect lens thus initiated and inspired the rise of
research on metamaterials, believed to be capable of negative
refraction [VeselagoV G 1968 Sov. Phys.—Usp. 10 509] (an optical

property not readily found in natural materials).

Metamaterials may be engineered to exhibit negative refraction (see
Smith D R, Pendry J B and Wiltshire M C K 2004 Science 305 788 and
Soukoulis C M, Linden S and Wegener M 2007 Science 315 47), but in
such cases they tend to be absorptive and narrowband, for fundamental
reasons . In particular, Stockman [Stockman M |2007 Phys. Rev.
Lett. 98 177404] showed that negative refraction is always restricted to a
small bandwidth and can only occur in dissipative materials. Thus, in
practice, the fact that negatively refracting materials absorb light quickly
thoroughly spoils their imaging potential. In addition, the super-resolution
is easily lost when the lens becomes comparable in thickness to the
wavelength; only “poor-man’s lenses” that are substantially thinner than
the wavelength have shown sub-wavelength imaging beyond the
diffraction limit [N. Fang et al, Science 308, 534 (2005)].
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The resolution limit of lenses limits the microchip technology needed for
making ever faster computers. Chipmakers photograph the structures of
billions of tiny transistors on silicon chips. To meet the insatiable appetite
for more and more transistors that need to be smaller and smaller, the
resolution limit of lenses forces chipmakers to use light with ever shorter
wavelength, which gets increasingly difficult. An alternative imaging
method which allows improved resolution is therefore required.

Suggested alternatives to negatively refracting materials include
hyperlenses [Z. Jacob, L.V. Alekseyev, and E. Narimanov, Opt. Express
14, 8247 (2006)] that rely on materials with indefinite metric. These lenses
are made from anisotropic materials where one of the eigenvalues of € is
negative; these materials thus implement a hyperbolic geometry (hence
the name hyperlens). Hyperlenses are able to funnel out light from
nearfields without losing sub-wavelength detail, but their resolution is
determined by their geometric dimensions, and is thus not unlimited.

SUMMARY OF INVENTION

A first aspect of the disclosure provides an imaging device comprising:

a. a lens having a refractive index that varies according to a
predetermined refractive index profile;

b. a source;

c. an outlet for decoupling waves from the device; and

d. a reflector provided around the lens, the source and the

outlet,
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wherein the reflector and the refractive index profile of the lens
are together arranged to direct waves transmitted in any of a
plurality of directions from the source to the outlet.

It appears to be impossible to implement a lens with a refractive index
profile which is alone suitable for directing waves transmitted in any of a
plurality of directions from the source to the outlet. However, the inventor
has realised that, by providing a reflector around the lens, source and the
outlet, it is possible to produce a lens with a refractive index profile which,
together with the reflector, can fulfil this function. As this is a key
requirement for achieving imaging with perfect resolution, the imaging
device according to the first aspect of the disclosure can achieve improved
image resolution compared to conventional lenses. The refractive index
profile may take any form which, together with the reflector, can fulfil this
function. In one embodiment, the refractive index conforms to a
generalised Luneburg focusing profile (see equation (llI) in Section 1
below). In this case, a gap is provided between an edge of the lens and
the reflector. In an alternative embodiment, the refractive index may
conform to a Maxwell fish-eye focusing profile (see equation (XI) in
Section 1 below). In this case, the reflector is adjacent the lens.

Preferably, the outlet is opposite the source. In one embodiment, the lens
is substantially circular when viewed in plan. In this case, the outlet is

preferably diametrically opposite the source.

By enabling waves to be imaged beyond the diffraction limit, structures
smaller than the wavelength of the waves can be imaged. This makes the
imaging of nanostructures significantly easier, where currently light of
extremely small wavelength (such that the structures are larger than the
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wavelength) needs to be used to image these small structures. This
disclosure is therefore particularly suited for use in nanolithography.

The imaging device according to the first aspect of the disclosure is
capable of focusing multiple waves transmitted from the source at the
outlet.

Typically, the waves are electromagnetic waves (for example but not
exclusively, the waves may be ultraviolet, visible light, microwaves or

infrared radiation) or sound waves.

The lens may have a three dimensional shape such as a hemisphere, but
preferably the lens is substantially planar (i.e. substantially two
dimensional). In this case, where the radiation is electromagnetic, the light
is preferably TE polarised. By TE polarization it is meant that the electric
field points in the orthogonal direction to the plane of the lens.

Perfect imaging beyond the diffraction limit is only possible if an outlet is
present that decouples the waves from the device. Otherwise the focused
waves are reflected at the image where they change sign; the sign change
averaged over the oscillations of the wave creates a fuzzy image that
conforms to the standard diffraction limit. Using an outlet eliminates this
and allows perfect imaging. In one embodiment, the outlet comprises an
image detector for absorbing waves. For example, but not exclusively, the
image detector may comprise a layer of photo-resistive or photographic
material, a photodiode, or a CCD or CMOS pixel array. Alternatively, the
outlet may comprise a wave collector, such as an optical fibre, or a
reflector (as long as it can fulfil its function of decoupling waves from the
device). The outlet may be located anywhere within an inner boundary of

the reflector (although its position is typically dependent on the position of
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the source). In one embodiment, the outlet is embedded in the lens but
preferably the outlet is positioned on an external surface of the lens. This
arrangement facilitates efficient image transfer from the imaging device
without needing an outlet to be embedded in the lens. The outlet may

alternatively be positioned in a gap between the lens and the reflector.

The source may also be positioned anywhere within the boundary of the
reflector but preferably, the lens comprises the source and the outlet.

In one embodiment, the lens, source and outlet all lie on the same plane.
In this case, the reflector typically surrounds the lens, source and outlet in
two dimensions on said plane. Additionally or alternatively, in this case,
the waves are typically transmitted from the source in any of a plurality of
directions on said plane.

Preferably, the waves are directed from the source to the outlet along a
closed trajectory such that, in the absence of the outlet, the waves would
be directed back to the source by the lens and the reflector.

The refractive index profile may be provided by a structured
material/metamaterial. This is a material that contains structures smaller
than the wavelength of illumination to be imaged, but larger than molecular
dimensions. An example is a photonic-crystal fibre, also called micro-
structured fibre, which contains airholes in the glass along the fibre.
However, more preferably, the refractive index profile is a graded
refractive index profile. A “graded index profile” can be defined as a
refractive-index profile that varies gradually (and continuously). Such
profiles can be made by doping or mixing materials (an example is a
graded-index optical fibre). For example, but not exclusively, the lens may

be formed from a mixture of silica (refractive index 1.45) and silicon nitride
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(refractive index 2) and the graded refractive index profile ranges from
1.45to 2. Alternatively, such a profile may be made by doping a dielectric
material. A graded index profile is to be distinguished from a structured
material/metamaterial (described above). By making the refractive index
profile a graded refractive index profile, the image resolution is not limited
by any substructures within the lens. Conversely, if the refractive index
profile is formed by a structured material/metamaterial, the substructures
may limit the image resolution (although the image resolution may still be
beyond the diffraction limit). Thus, a graded index profile can provide

even greater image resolution.

An alternative to a graded index profile is a tapered waveguide [see e.g.
S.K. Yao et al., Appl. Opt. 18, 4067 (1979)]. Here a gradually varying
index profile is established by varying the thickness of a layer with given
refractive index on a substrate. The layer, acting as a waveguide, confines
and supports the radiation. Its thickness gives rise to an effective refractive

index that varies according to the layer profile.

Preferably, the lens is formed from an isotropic dielectric. This enables
perfect imaging of a broad-band light source.

Preferably, the source comprises means for coupling waves into the
imaging device. In one embodiment, the source is the object to be imaged
(such as a nanostructure). In this case, the object may, for example, be
iluminated by an external light wave source, the object reflecting or
scattering the light waves into the lens. When the waves are directed to
the outlet from the object by the lens and the reflector, a perfect image of
the object is formed at the outlet.
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In the example illustrated in Section 3 of this disclosure, a gold dot serves
as the object and the dot is illuminated by a focused laser beam. In the
example illustrated in Section 4 of this disclosure, the source is a coaxial
cable. In this case, the cable is brought into contact with the outer surface

of the lens and microwaves are transmitted through the cable into the lens.

The lens and reflector may have any shape. This shape can be applied by
Optical Conformal Mapping [U. Leonhardt, Science 312, 1777 (2006)]. In
this case the refractive index profile and the shape of the reflector is
deformed by a conformal transformation.

Typically, the reflector is substantially annular when viewed in plan. In this
case, the lens is preferably located in an annulus of the reflector. More
preferably, the lens may be concentric with the annulus of the reflector.

In one embodiment the lens is substantially circular when viewed in plan.
When the lens is circular and the reflector annular, the annulus of the
reflector preferably has a larger radius than the lens. In this case, the
refractive index profile of the lens may conform to a generalised Luneburg
profile. In an alternative embodiment, the annulus of the reflector and the
lens have substantially identical radii. In this case, the refractive index

profile of the lens may conform to a Maxwell fish-eye profile.

In one embodiment, the lens is rotationally symmetric and varies along a
radius r with the refractive index profile n(r) given by the following implicit

equations:

r(p) = p exp _g/ arcsin(b/ry ) &b
p

7 b2 = 2

n = p/r(p)
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wherein: p is a parameter ranging from 0 to ry;
ro is the radius of the lens; and
ry is the radius of the reflector; and
b is an integration variable.

In this case, the lens has a maximum refractive index, ng, which conforms

with the following equation:

) . | b ra/r1 ‘
g = exp (;r_/. arcsin(b/ry) mb“) = exp (%/ arcsin§ *(“15)
0 ° |

wherein . ro is the radius of the lens;
r1 is the radius of the reflector; and
¢ is an integration variable.

The permittivity of the lens is typically equal to the square of its refractive

index.

A second aspect of the disclosure comprises an imaging method using an

imaging device comprising:

a. a lens having a refractive index that varies according to a
predetermined refractive index profile;

b. a source;

c. an outlet for decoupling waves from the device; and

d. a reflector provided around the lens, the source and the
outlet,

the method comprising: transmitting waves from the source in a plurality of
directions; using the lens and the reflector to direct the transmitted waves
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to the outlet; and decoupling at least a portion of the directed waves from
the device using the outlet.

In one embodiment, waves are ftransmitted from the source

omnidirectionally.

Typically, a plurality of waves are focussed at the outlet.

In one embodiment, the lens, source and outlet all lie on the same plane.
Additionally or alternatively, the lens may be substantially planar. In this
case, when the waves are electromagnetic waves, it is preferable that the
electric field component of the electromagnetic waves is substantially
perpendicular to the plane of the lens. Also in this case, the waves are
transmitted from the source in the plane of the lens.

As indicated above, new methods are proposed and new products can be

made.

Products may include a lens with a refractive index that varies according
to a given formula or principle encircled by a mirror. Preferably, said
variation of refractive index may be achieved with a graded refractive
index profile.

The “given formula or principle” may for example be derived from
Luneburg’s focusing profile, namely a refractive-index profile that focuses
rays from any point on a circle to the opposite point on the circle. Not all
rays need to be focused, but a continuous set of rays.

Luneburg developed mathematical methods for calculating such profiles

that are published in his posthumous book R. K. Luneburg, Mathematical
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Theory of Optics, (University of California Press, Berkeley and Los
Angeles, 1964).

In this disclosure, a mirror can be put at the focusing circle. The inventor
has realised that this turns Luneburg’s focusing profile into a perfect

imaging device.

Imaging with conventional lenses is limited by the diffraction limit: details
comparable in size with (or smaller than) half the wavelength of the
imaging radiation cannot be resolved. The imaging device according to
this disclosure is capable of imaging beyond this limit (commonly known
as the ‘diffraction limit’).

Conformal transformations of this device [U. Leonhardt, Science 312, 177
(2006)] (including the mirror) have the same functionality but may assume
different forms, which may be advantageous in practice.

General concepts and specific embodiments can be derived from the
following descriptions. Various improvements and modifications can be

made without departing from the scope of the invention.

BRIEF DESCRIPTION OF FIGURES

An embodiment of the invention will now be described, by way of example
only, with reference to the drawings, in which:

Figure 1 illustrates Luneburg’s generalised focussing profile. The
refractive index profile or radius rp (gray) is designed such that any light
ray travels from a point at radius ry to the opposite point at radius ro,

regardless of the impact parameter b, as long as the ray hits the profile.
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The total scattering angle is the sum of the angles a; and ap, apart from an

overall minus sign;

Figure 2 is a schematc ray diagram of a Luneburg lens;

Figure 3A is a schematic plan view of a first modified fish-eye mirror which
conforms to the generalised Luneburg profile. Light is emitted from a point
outside the focusing index profile and not all rays are focused at the image

point in this instance;

Figure 3B is a schematic plan view of a second modified fish-eye mirror
which conforms to the generalised Luneburg profile. In this case, perfect

imaging is achieved if the light is emitted inside the refractive index profile;

Figure 4 is a plot of the index range np required for a lens (focusing

medium) with radius rp in units of ry;

Figure 5 is a plot of refractive index profiles n(r) for focusing media with

radii rp in units of ry;

Figures 6A - 6C illustrate the stereographic projection of a sphere to a
plane. In Figure 6A, a line is drawn from the North Pole N through each
point {X,Y,Z} on the surface of the sphere. Where this line intersects the
plane through the Equator lies the projected point {x,y} (Y and y not shown
here). The Northern Hemisphere is mapped to the exterior of the Equator
with N at «, while the Southern Hemisphere is mapped to the interior; the
South Pole S appears at the origin. In Figure 6B, circles on the sphere are
projected into circles on the plane. Light rays follow the geodesics, the
great circles on the sphere. All the rays emitted from one point meet again
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at the antipodal point, forming a perfect image there. Figure 6C illustrates
how the light circles meet in the stereographic projection.

Figure 7 visualizes the refractive index profile needed to implement the
stereographic projection. It shows that an isotropic medium is sufficient. To
implement the stereographic projection, the refractive index of the optical
medium must be given by the ratio between a line element on the sphere
and the corresponding projected line element on the plane. As the
stereographic projection maps circles into circles, this ratio cannot depend
on the direction of the line element: the medium is isotropic (the
stereographic projection is a conformal map). Figure 7 shows how circles
on the Northern Hemisphere are magnified, requiring refractive indices
below the index on the sphere, ny. Circles on the Southern Hemisphere
(not shown) are reduced by maximally a factor of two; the index ranges
from n41 to 2n4 in the interior of the Equator. Maxwell's fish eye with the
index profile of equation (1) turns out to perform the stereographic

projection, see equation (5).

Figures 8A and B illustrate a fish-eye mirror comprising a lens with a
refractive index conforming to Maxwell’s fish eye profile (ri=r>=rg) and a
reflector provided around the lens. In Figure 8A, a mirror at the Equator of
the sphere creates the illusion that light rays perform complete great
circles, whereas in reality they are reflected. Figure 8B, shows waves
emitted from one point on the plane in the stereographic projection
performed by Maxwell's fish eye. The reflected rays from an arbitrary point

(the source) all meet at the corresponding image point (the outlet).

Figure 9A illustrates the Green’s function. The wave emitted by a source
at the South Pole is visualized on the sphere and projected to the plane.

The pictures show the real part of the electric field (12) with v = 20.25; for
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the visualization on the sphere the radius is modulated as 1 + 0.5 ReE,. At
the North Pole the field focuses to a point.

Figure 9B is similar to Figure 9A but the field shown in (A) is rotated on the
sphere and then projected in order to establish the wave emitted at an
arbitrary source point. On the plane, the rotation corresponds to the
rotational Mobius transformation (20) with angles y and x. The rotation
angle of the sphere is 2y (with y=-0.21 here). Figures 9A and 9B

illustrate the needle-sharp imaging in Maxwell's fish eye.

Figure 10 illustrates imaging in the fish-eye mirror. The infinitely sharp field
emitted at the source point (left tip) propagates as an electromagnetic
wave until it focuses at the image point (right tip) with infinite resolution.
The focusing is done by Maxwell's fish eye constrained by the reflector as
shown in Figure 8. For better visibility, the figure shows —ReEy, given by
equation (32) with the parameters of Figure 9. The image carries the
phase shift vit and has the opposite sign of the image in the fish eye
without the reflector.

Figures 11A-D show time-domain simulations of Maxwell's fish eye with, in
Figure 11A a continuous gradient index medium, and in Figure 11B a
discretized medium composed of silicon nanostructures. The point source
(on the lower half) is clearly imaged on the upper half of the continuous
devices in Figure 11C and the discretized devices in Figure 11D;

Figures 12A-C show scanning electron microscope images of the fish eye
of the first experimental analysis described in Section 3. Figure 12A is a
view of the complete device, surrounded by a distributed Bragg reflector.
Figure 12B is a zoomed-in view of the region surrounding the scattering
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source used to couple light into the device; and Figure 12C is a zoomed-in
view of the region at the edge of the device;

Figure 13 is a schematic view of the experimental setup used to scan the
fish eye in the first experimental analysis of Section 3. The near-field
scanning microscopy (NSOM) tip has a 100nm aperture. The source of the
device was illuminated from the backside of the wafer using a 1.55 pym

laser focused to an approximately 10 um beam,;

Figure 14A is a schematic view of the measured device of the
experimental analysis of Section 3; the locations of the cross-section plots
are indicated by dotted lines.

Figure 14B shows an NSOM scan of the device. The bright area on the
lower half is the direct illumination from the source laser. The brighter spot
on the upper half indicates the formation of an image in accordance to the

simulations;

Figure 14C is a comparison of the cross-section plots indicated in Figure
14A showing the difference in intensity of the image point relative to its

surrounding.

Figure 15A shows that Maxwell's fish eye creates the illusion that light
propagates on the surface of a virtual sphere. The wave from a point
source (bottom left) propagates round the sphere and focuses at the
antipodal point (top right). In Figure 15B, a circular mirror is placed around
the equator of the virtual sphere such that the wave is focused inside the

southern hemisphere.
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Figure 16 shows the imaging device produced in the experimental analysis
of Section 4. Copper structures on concentric layers of circuit board and
dielectric fillers surrounded by a circular metal mirror create the geometry
of the half sphere of Figure 15B for microwave radiation with electric field
pointing in vertical direction. Figure 16 also shows the designed profile of
the electric permittivity €= n? at each layer of the device compared with

Maxwell's theoretical formula.

Figures 17A-17C show some experimental results from the analysis of
Section 4. Figure 17A schematically illustrates a scheme of two
experiments where microwaves may run from the source to one or two
outlets that play the role of detectors. Figure 17B shows the modulus
squared of the scanned electric-field amplitude for the case when the
outlet is placed at the correct image point; Ay indicates the free-space
wavelength. Figure 17C shows the modulus squared of the scanned
electric-field amplitude where a second outlet is added at subwavelength
distance from the first one. The two intensity profiles of Figures 17B and
17C show sharp peaks at the correct image point that are nearly
indistinguishable, proving that the radiation goes into the right
outlet/detector with subwavelength resolution.

Figures 18A and 18B are plots comparing experimental results of the
analysis of Section 4 with theoretical predictions. The field amplitude
scanned along the line between source and outlet is compared with the
analytical formula of a theory where the perfect index profile and an
infinitely localized line source and outlet were assumed. Figure 18A shows
the real part and Figure 18B shows the imaginary part of the complex
Fourier amplitude. These figures show a running wave in good agreement
with theory; the deviations from theory are primarily due to imperfections in

source and outlet.
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Figures 19A and B illustrate imaging without an outlet. In Figure 19A, the
scheme of the experiment is shown, where microwaves are emitted and
reabsorbed by the source as no outlet is present. Figure 19B shows the
modulus squared of the scanned electric-field amplitude; no sharp image

is formed.

Figures 20A and 20B are plots comparing experimental results of Section
4 with theory. The field amplitude scanned along the line between source
and outlet is compared with the analytical formula (A6). Figure 20A shows
the real part and Figure 20B shows the imaginary part of the complex
Fourier amplitude. These Figures show a standing wave in very good
agreement with theory; the subwavelength features near the image
originate from the structures of the material used to implement the fish eye

mirror, the deviation near the source is due to its imperfection.

DESCRIPTION OF SPECIFIC EMBODIMENTS

For clarity, the references cited in each of the following sections (1 to 4)
are listed separately in an appendix at the end of this description of
specific embodiments. Reference numbering is restarted at the beginning
of each section.

Section 1: Introduction to Perfect Imaging

As indicated in the Background, most physicists have until now believed
that negative refraction was needed for perfect imaging, requiring artificial
materials that are difficult to make in practice. In addition, perfect optical
instruments without the physical problems of negative refraction have
been suggested (see Maxwell J C 1854 Camb. Dublin Math. J. 8 188;
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Lenz W 1928 contribution in Probleme der
ModernenPhysik ed P Debye (Leipzig: Hirzel);Stettler R 1955 Optik 12 52;
Luneburg R K 1964 Mathematical = Theory  of  Optics (Berkeley,
CA: University of California Press);and Born M and Wolf E 1999 Principles
of Optics (Cambridge: Cambridge University Press)),but they have only
been proven to be perfect for light rays, not for waves. For example,
Maxwell’s fish eye, which uses positive refraction, has been known, as a
theoretical idea, since a paper by Maxwell [J.C. Maxwell, Cambridge and
Dublin Math. J. 8, 188 (1854)]. Maxwell’s fish eye focuses all light rays
emitted from any point at an exact image point; this makes it a perfect lens
for light rays. However, it has been generally assumed that the resolution
of such optical instruments would be limited by the wave nature of light,
thus making such lenses imperfect. It is also considered to be extremely
difficult (if not impossible) to make a conventional Maxwell fish-eye lens in

practice.

The term perfect imaging is used to mean: the transfer of waves from one
place to another, forming a real image at the new location with all the
details of the original preserved. The spot-size of the image at the new
location can, in principle, be made infinitesimally small — that is, its
minimum size is not limited by the diffraction limit associated with

conventional lenses.

Research on invisibility has shown that imaging in ordinary (positively
refracting) materials may be equally perfect (compared with negatively

refracting materials) and much easier to implement in practice.

Designing perfect lenses with radial symmetry is an inverse scattering
problem. A theoretical solution was proposed by Rudolf K. Luneburg in

his 1944 lectures on optics at Brown University and was later published in
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his posthumous book [1]. Here we use the notation of Ref. [2] where a
visual interpretation of scattering tomography was developed. We add a
mirror (or reflector — these terms will be used interchangeably but are used
to mean any reflective element or reflecting means) to Luneburg’s case.
As described below, the presence of the mirror has a surprisingly
beneficial effect.

To explain how a perfect imaging device can be created, we start by
considering a radially symmetric index profile n(r) which extends to the
radius ro (see Figure 1). The index profile may be implemented by, for
example, a lens. To create a perfect imaging device, we require that all
rays emitted from a point at radius rs (with rs > rpin this case) are focused
at an opposite point at radius r» (with r» > rp as well in this case) as long as
they hit the index profile n(r). Consider a ray with impact parameter b.
The scattering angle between the two points is

X =—a; —Q, sine=-—,

i (1)

as long as b < ry; otherwise the scattering angle is zero, because the ray
misses the focussing index profile n(r). One exemplary profile that does

this is given in implicit form by the generalised Luneburg profile [2]:

1 f™ ydb
n(p) = exp ...._TF/ ___...K........._......
p

2_
b (I1)

Formula (I1) is implicit, because n is not directly expressed as a function of
the radius, but in terms of the turning parameter p that, in turn, is related to
the radius by
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p=mnr (1)

In order to see how this theory works, have a look at two well-known

5 examples.

Examples

Luneburg Lens

10 The first example provided is the Luneburg lens (shown in Figure 2), which

focuses light coming from « in a point at the surface of the index profile.

That is:

ry = o0, Tga =Tg (IV)
15

In this case, as = 0 and a, = arcsin(b/rg). We use the integral

ry ‘
arcsin(b/rg) s ‘
[ b= D (14 VTGP
? o= (V)

20 and we obtain from the reconstruction formula (ll):

n(p) = \/1 + /1= (p/ro)?

(V1)

We substitute this result in relation (lll) of the turning parameter and solve

the resulting equation for p, which gives
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p = '3"\//2 ~(r/rg)?

(VI1)

and, according to relation (ll1),

n= V= (/o)

(VI

This is the index profile of the Luneburg lens, a device used in radar
technology. From a theoretical perspective, the Luneburg lens
implements a harmonic-oscillator potential in optics [3].

Maxwell’'s Fish-eye

The second example is Maxwell’s Fish-eye lens, which is a special case of
Luneburg’s general focusing profile. In this case,

ry="7Tg, TTo2=T"g. (1)

In addition, as = a2 = arcsin (b/ro).

We obtain from the reconstruction formula (lI) and the integral (V) the

index profile in terms of the turning parameter,

n(p) = 1+ /1= (p/ro)? (X)

which gives, according to relation (ll1),
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_ 2
14+ (r/rg)?

7
(X1)

This is the refractive index profile of Maxwell’s fish-eye. Luneburg [1]
noticed that this profile implements the geometry of the sphere by

stereographic projection.

As explained in subsequent sections, it is considered extremely difficult (if
not impossible) to make Maxwell’s fish-eye in practice. For this reason,
Maxwell’s fish-eye has never been practically realised. However, as will
be explained in more detail in Section 2, the inventors have found a way of
putting Maxwell’'s fish-eye (and in fact the generalised Luneburg profile)
into practice. In short, as indicated above, to implement Maxwell’s fish-
eye, a reflector is provided around the lens at ry = ro = rp (or at ry«(=r2)>rp to
implement the generalised Luneburg profile). The reasons for introducing
the reflector are explained more fully in Section 2 but the implementation
of a general Luneburg profile in combination with such a reflector is

described as follows.

Modified fish-eye mirrors

The term ‘modified fish-eye mirror’ is used here to mean an imaging
device comprising: a lens with a predetermined refractive index profile
which varies in accordance with a generalised Luneburg profile; and a
reflector provided around the lens. It will be understood that this is only an
embodiment of the disclosure, and it is not necessary for the lens to have
a generalised Luneburg profile; any other suitable refractive index profile

may be used.

Two modified circular (when viewed in plan — see Figures 3A and 3B) fish-
eye mirrors 10, 20 are shown in Figures 3A and 3B respectively. Each
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fish-eye mirror 10, 20 comprises a lens 12, 22 having a refractive index
that varies according to a predetermined refractive index profile which in
this case conforms to the generalised Luneburg profile (see below). A
source 16, 26 is provided in each case for transmitting waves (typically
electromagnetic waves or sound waves) in the device and an outlet 18, 28
for decoupling waves from the device is also provided. In addition (as
described above), each fish-eye mirror 10, 20 comprises a reflector 14, 24
provided around the lens 12, 22, the source 16, 26 and the outlet 18, 28
(in this case, the lens, outlet and source reside on the same plane and the
reflector surrounds the lens, source and reflector in two dimensions on

said plane).

The source 16, 26 may be a means for coupling radiation into the device,
such as a reflecting or scattering means (such as an object to be imaged).
Alternatively, the source may be a radiation source such as a laser diode.
It is preferable that the outlet is positioned on an external surface of the
lens, as this will facilitate more efficient image transfer. The ‘outlet’ is
typically an absorptive element such as a layer of photo-resistive or
photographic material, a photodiode, or a CCD or CMOS pixel array but
could also be a light collector such as an optical fibre or a reflective
element such as a mirror as long as it fulfils its function of decoupling
radiation from the device. Typically more than one outlet is provided.

In both cases 10, 20, the two radii r and r» are the same,

r{=1ro (X”)

and the lenses 12, 22 are surrounded in two dimensions by a reflector at
the focusing radius ry. It is also noted that ri(=r2)>ro in this embodiment.
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Although in this case the lens conforms to a generalised Luneburg profile
(where rs=r2, and ry>ryp), the lens may alternatively conform to the refractive
index profile of Maxwell's fish eye (where ry=ro=rp). In another alternative
embodiment, the lens may conform to any other refractive index profile as
long as the reflector and the refractive index profile of the lens are
arranged to direct waves emitted in any of a plurality (not necessarily all)
of directions from the source 26 to the outlet 28 (although this is not the

case with the first mirror 10 as explained below).

In the second modified fish-eye mirror 20, the source 26 and the outlet 28
are positioned inside the lens 22 (i.e. inside the radius rp). However, in the
first modified fish-eye mirror 10, the source 26 and the outlet 28 are
positioned outside the lens 12 (i.e. outside the radius rp) but still within the
boundary of the reflector 14 at r;.

In the second modified fish-eye mirror 20, the lens 22 and reflector 24 are
together arranged to direct waves emitted in any of a plurality of (possibly,
but not necessarily, all) directions from the source 26 to the outlet 28.
That is, waves coming from any point P on the reflector is focused on the
other side and reflected, whereupon it goes through the focusing medium
once more and returns to P. Consequently, light rays form closed loops,
as they strike the focusing index profile of the lens. Waves (such as light
rays) emitted from a point r in this profile always propagate along closed
trajectories (that is, in the absence of the outlet, the waves would be
directed back to the source). The radial symmetry of the device implies
that all these rays must also go through -r. In other words, a source atr is
perfectly imaged at —r (-r’ representing the diametrically opposite point 28
on the lens from the source 26 at r in the case of the second fish-eye
mirror 20).
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In the case shown in Figure 3B, regardless of the direction in which waves
are emitted from the source 26, they will be focussed on the outlet 28.
That waves emitted in any of a plurality of (possibly, but not necessarily,
all) directions from the source 26 are directed to the outlet 28 allows
perfect imaging to be achieved. That is, the spot-size of the focussed
waves on the outlet can be infinitesimally small — its minimum size is not

restricted to the diffraction limit.

In the first modified fish-eye mirror 10, the point at which waves
transmitted from the source are focussed is dependent on the direction in
which the waves are transmitted. Thus, not all ray trajectories are closed
and the image probably is not perfect. This is illustrated in Figure 3A by
the fact that rays emitted from the source 16 are not perfectly focused on
the point 18 diametrically opposite the source. Rather, the image is
imperfect. However, perfect imaging could be achieved either by
amending the refractive index profile or the reflector (or alternatively the
source 16, 26 and outlet 18, 28 may be located inside the lens 12 as per
Figure 3B).

Note that it is not considered essential for perfect imaging that the waves
follow a closed trajectory. However, in the case of a Maxwell fish-eye
mirror, all ray trajectories are closed, because r; = rp. In the case of the
generalised Luneburg profile shown in Figure 3B, all ray trajectories are
closed because the source and outlet are inside the lens.

In the embodiments shown in Figures 3A and 3B, the reflector is
substantially annular and the lens is positioned in the annulus of the
reflector. Preferably, the lens and reflector are concentric.
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It is noted that the lens 22 and reflector 24 of the device 20 are arranged
with a gap 29 between them (as rs>rp). Referring back to Figure 1, a lens
with a generalised Luneburg profile requires light leaving the reflector at
radius ry to be focussed at an opposite point —r; on the reflector. For a
Maxwell fish-eye lens, where ri=ro=rp, the lens is required to bend light
significantly from one side of the lens to the other (the reflector being
immediately adjacent the lens as the reflector and lens have substantially
identical radii — see Figure 8B). However, when the generalised Luneburg
profile is employed and ry(=r2)>ro, some rays do not strike the lens due to
the gap 29 between lens 22 and reflector 24. Thus, waves reflected by
the reflector 24 enter the lens 22 at less steep angles compared to
Maxwell’s fish-eye. As a result, the refractive power of the lens does not
need to be as high. This allows the ratio of the maximum to minimum

refractive index of the lens to be decreased.

This is illustrated in Figure 5 which shows the index profile n(r) for focusing
media with radii rp in units of ry. This shows that n peaks at 2 where ris O
(i.e. the centre of the lens) and decreases to 1 where r=1 (i.e. on the edge
of the lens) when rp = 1 (i.e. in the case of Maxwell's fish eye). However, if
r>ro (the generalised Luneburg profile), which is represented in Figure 5
by ro<1, the ratio of the required refractive index at the centre of the lens
(r=0) compared with the required refractive index at the edge of the lens

(where r=1) is lower.

Using modified fish-eye profiles (i.e. the generalised Luneburg profile) thus
has the following advantage over Maxwell’s fish-eye: the index contrast
required for perfect focusing is less than in Maxwell’'s fish eye. Therefore
they are easier to manufacture, for example with graded index profiles and
tapered waveguides. In one embodiment of the imaging device 20, where

the lens 22 conforms to the generalised Luneburg profile, the ratio of
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maximum to minimum refractive index of the lens is approximately 1.38.
In this case, the lens is formed from a mixture of silica (refractive index
1.45) and silicon nitride (refractive index 2) and the graded refractive index
profile ranges from 1.45 to 2. With current technology, a graded refractive
index profile (being a continuous rather than a discretised profile) is
difficult to achieve when the refractive index profile is required to range
from 1 to 2. Therefore, a structured (i.e. discretised) refractive index
profile would be necessary in this instance. Such a structured profile
would limit the achievable image resolution (albeit it may still be possible
to extend the resolution beyond the diffraction limit using this approach).

In devices 10, 20, the lenses 12, 22 are substantially planar and they lie
on the same plane as the source, the outlet and the reflector. In an
alternative embodiment, the lenses and reflectors may be three

dimensional.

What does it take to make a modified fish-eye mirror? We obtain from the

reconstruction formula (Il) and relation (lII)

™ arcsin{b/r)
V2 — p?

db

2
r(p) =pexp | —— /
p

(X1

The radius is a monotonically increasing function of the turning parameter
o (seen by differentiation) and r < p. Consequently, p is a single-valued
function of r, and the index profile is physically allowed. The function p(r)
must be monotonically increasing as well. Furthermore, the function n(p)
is monotonically decreasing in p (seen by differentiation again) and,
consequently, n is monotonically decreasing in r: the highest index value is

the value at the origin with [4]



10

15

20

25

WO 2011/036469 PCT/GB2010/051465

28

9 rg db o/ ;
Ng = exp (;z:/ arcsin(b/r) 7;) = exp (—?2;/ arcsin £ %)
0 0

With the help of this formula one can quickly calculate the required index

(XIV)

range for the modified fish-eye mirror. Given the radii rp and r4, the index
profile itself is most easily calculated by storing a table of (r, p) values
where p ranges from O to rp and r is numerically calculated according to
formula (XIll). Then an interpolating function p(r) is constructed from the

calculated data and the index profile is computed as:

r
nmﬁ(wz for 0<r<ry and n=1 for r>ry

r (XV)

A plot of focusing medium radius rp (in units of ry) versus the highest index
value np is shown in Figure 4. As ng increases, rp increases (although as

shown in Figure 4 there is a slight non-linearity in the relationship).

So far, our theory only shows that light rays from perfect images, but, as
shown below, waves may surprisingly be perfectly focused, too.

Section 2: Proof that image-resolution of Maxwell’s fish eye is not
limited by wave nature of light

Here we establish a mathematical proof that the archetype of the perfect
optical instrument, Maxwell's fish eye [6], is perfect by all standards: it has
unlimited resolution in principle. Computer simulations show that unlimited
resolution is also achievable using the generalised Luneburg profile. Also,
although this proof refers to ‘light’, it is applicable to all other types of

waves such as electromagnetic waves of all kinds and sound waves.
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We also show how to modify the fish eye for turning it into a perfect
imaging device that can be made in practice, with the fabrication
techniques that were applied for the implementation [11]-[13] of optical
conformal mapping [14]-[17]. Such devices may find applications in
broadband far-field imaging with a resolution that is only limited by the
substructure of the material, but no longer by the wave nature of light.

Given the phenomenal interest in imaging with negative refraction, it
seems astonishing how little attention was paid to investigating the
previously known theoretical proposals for perfect optical instruments
which do not require negative refraction (albeit they were not considered
possible in practice), in particular as they are described in Principles of
Optics by Born and Wolf [10]. The most famous perfect optical instrument,
Maxwell's fish eye [6], was treated with Maxwell's equations [18, 19] but
without focusing on its imaging properties, and the same applies to the fish
eye for scalar waves [20] and numerical simulations of wave propagation
in truncated fish eyes [21]. Here we analyse wave-optical imaging in a
two-dimensional (2D) Maxwell fish eye, primarily because such a device
can be made in integrated optics on a silicon chip for infrared light [11, 12]
or possibly with gallium nitride or diamond integrated optics for visible
light. We begin our analysis with a visual exposition of the main ideas and
arguments before we apply analytical mathematics to prove our results.

Maxwell [6] invented a refractive-index profile where all light rays are
circles and, according to his paper, ‘all the rays proceeding from any point
in the medium will meet accurately in another point’. As Maxwell wrote,
‘the possibility of the existence of a medium of this kind possessing
remarkable optical properties, was suggested by the contemplation of the
crystalline lens in fish’—hence fish eye—‘and the method of searching for
these properties was deduced by analogy from Newton's Principia, Lib. I.
Prop. VII'. Luneburg [9] represented Maxwell's fish-eye profile in a
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beautiful geometrical form: the fish eye performs the stereographic
projection of the surface of a sphere to the plane (or the 3D surface of a
4D hypersphere to 3D space). As the surface of a sphere is a curved
space—with constant curvature—the fish eye performs, for light, a
transformation from a virtual curved space into physical space [22]; it is the
simplest element of non-Euclidean transformations optics [23], suggested
for achieving broadband invisibility [23, 24].

The stereographic projection, invented by Ptolemy, lies at the heart of the
Mercator projection [25] used in cartography. Figure 6 shows how the
points on the surface of the sphere 30 are projected to the plane 32 cut
through the Equator. Through each point, a line 34 is drawn from the North
Pole that intersects this plane 32 at one point, the projected point 36. In
this way, the surface of the sphere 30 is mapped to the plane 32 and vice
versa; both are equivalent representations. In the following we freely and
frequently switch between the two pictures, the sphere 30 and the plane
32, to simplify arguments.

Imagine light rays on the surface of the sphere 30. They propagate along
the geodesics, the great circles. Consider a bundle of light rays emitted at
one point. All the great circles departing at this point must meet again at
the antipodal point on the sphere 30, see figure 6(B). The stereographic
projection maps circles on the sphere to circles on the plane 32 [25].
Consequently, in an optical implementation of the stereographic
projection [9]—in Maxwell's fish eye [6]—all light rays are circles and all
rays from one point meet at the projection of the antipodal point, creating a
perfect image.

If one wishes to implement the stereographic projection, creating the
illusion that light propagates on the surface of a sphere, one needs to
make a refractive-index profile n in physical space that matches the
geometry of the spherical surface with uniform index n4. The refractive
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index n is the ratio between a line element in virtual space and the
corresponding line element in physical space [23]. In general, this ratio
depends on the direction of the line element and so the geometry-
implementing material is optically anisotropic. However, as the
stereographic projection transforms circles into circles, even infinitesimal
ones, the ratio of the line elements cannot depend on direction: the
medium is optically isotropic, see figure 7. From this figure, we can read
off the essential behaviour of the required index profile n. At the Equator, n
is equal to the index nq of the sphere 30. At the projection of the South
Pole, the origin of the plane, n must be 2ny. We also see that n tends to
zero near the projection of the North Pole, infinity. Maxwell's exact
expression for the fish-eye profile [6] that performs the stereographic

projection [9] interpolates through these values:

2]’11
n=-—-
1+r )

Here r denotes the distance from the origin of the plane 32 measured in
terms of the size of the device. In these dimensions, the Equator lies at the
unit circle. Beyond the Equator, in the projected region of the Northern
Hemisphere with r > 1, the index falls below n{ and eventually below 1; the
speed of light in the material must exceed the speed of light in vacuum.

In order to avoid the apparent need for superluminal propagation, we
adopt an idea from non-Euclidean cloaking [23]: we place a reflector 40
(mirror) around the Equator, see figure 8(A). For light propagating on the
Southern Hemisphere 42, the mirror creates the illusion that the rays are
doing their turns on the Northern Hemisphere, whereas in reality they are
reflected. Light emitted at the Equator is focused on the opposite of the
Equator. Figure 8(B) (which is similar to Figure 3B but ri=ro=rp) shows that

the reflected image of the antipodal point 44 is the mirror image of the
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source 46 in the plane (an inversion at the centre). Each point within the
reflector-enclosed circle creates a perfect image. In contrast, an elliptical
mirror has only two focal points, instead of focal regions, and is therefore

less suitable for imaging.

The required refractive-index profile (1) for r<1 can be manufactured on
planar chips, for example by diluting silicon with air holes [11] or by
enhancing the index of silica with pillars of silicon [12]. The index contrast
n(0)/n(1) of 2 is achievable for infrared light around 1500 nm. Gallium-
nitride or diamond integrated optics could be used to create suitable
structures for visible light with about 500nm wavelength. Such devices
may be employed for transferring images from a nano-stamp or in other
applications, provided the image resolution is significantly better than the
wavelength. In the following, we show that this is indeed the case

It is sufficient to establish the electromagnetic field of a point source with
unit strength, the Green's function, because any other source can be
considered as a continuous collection of point sources with varying
densities; the generated field is a superposition of the Green's functions at
the various points. First, we deduce the Green's function for the most
convenient source point, the origin, the stereographic projection of the
South Pole. We expect from the symmetry of the sphere that the
electromagnetic wave focuses at the North Pole as if it were the source at
the South Pole in reverse, and this is what we prove in the next section.
The field at the South Pole thus is a perfect image of the source field at
the North Pole. Figure 9(A) illustrates this Green's function. Then we take
advantage of the rotational symmetry of the sphere and rotate the point
source with its associated electromagnetic field on the sphere, see
figure 9(B). The stereographic projection to the plane gives the desired
Green's function for an arbitrary source point. As the field is simply rotated
on the sphere, we expect perfect imaging regardless of the source, which

we prove in the next section as well.
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Finally, we include the reflection at the mirror, essentially by applying an
adaptation of the method of images in electrostatics [26]. Figure 10 shows
the result: Maxwell's fish eye, constrained by a mirror, makes a perfect
lens — that is, the imaged spot size can be made infinitesimally small in
theory.

Calculations

In this section, we substantiate our visual arguments by analytical
mathematics. It is convenient to use complex numbers z=x+iy for
representing the Cartesian coordinates x and y of the plane 32. In the
stereographic projection [25], the points {X,Y,Z} on the surface of the unit
sphere are mapped into

X +1Y
1= ——

or, in spherical coordinates 6 and ¥on the sphere,

. 6
z =¢ cot (5)
(3)

We obtain for Maxwell's index profile (1) with r = |z| the formula

> {6
n=72n;sin" (5)
(4)

We express the line elements dx and dy in terms of the spherical
coordinates and find

n?:(dxi’ + dyz) =n; (le)2 +sin” 6 d¢2) (5)



10

15

20

WO 2011/036469 PCT/GB2010/051465

34

The line element on the sphere thus differs from the Cartesian line
element in the plane by the ratio n/ny, a conformal factor that modifies the
measure of length, but not the measure of angle: the stereographic
projection is a conformal map [25]. The optical medium (1) that
implements this map is isotropic. Equation (5) proves [9] that Maxwell's
fish eye (1) indeed performs the stereographic projection (2).

Consider TE-polarized light [27] where the electric-field vector E points
orthogonal to the plane (in practice, when considering a 2D lens according
to the Maxwell fish eye profile, E is orthogonal to the plane of the lens). In
this case, only one vector component E matters, the orthogonal
component. By Fourier analysis, we expand E in terms of monochromatic
fields Ex. They obey the Helmholtz equation [10, 27]

2 212\
(V +n°k )Ek =0
(6)
except at the source and image points. Close to the source point, Ex
should approach the logarithmic field of a line source [26]. We also require
that the field E be retarded, i.e. in the time domain

E(z. 1) :/ »- E e *dk=0, forr<0,

o (7)

where t denotes time in appropriate units (of propagation length measured
in terms of the dimensions of the device). For simplicity, we rescale the
wavenumber k such that
iy =1

! (8)
If we manage to show that the field Ex is also logarithmic near the image

point, as if the image were a line source run in reverse, an infinitely-well

localized drain (that is, an outlet which decoupled light from the device),
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we have proven perfect imaging with unlimited resolution. We need to
supplement the optical medium with a drain (or ‘outlet’ — drain and outlet
will be used interchangeably) as well as a source, for the following reason.
In writing down the Helmholtz equation (6), we consider monochromatic
waves in a stationary state. However, the source is continuously
generating a stream of electromagnetic waves that must disappear
somewhere. In free space, the waves would disappear in the infinitely far
distance, at infinity. In the case of imaging, the waves must find a finite
drain, for otherwise a stationary state cannot exist. We must assume that
the waves are absorbed at the image (by the outlet). However, source and
drain ought to be causally connected as well; in our model we cannot
simply place an arbitrary inverse source at the expected image point. The
field at the drain must exhibit a phase shift due to the time delay between
source and image, and the Green's function must be retarded according to
equation (7). Causality and infinite resolution are both required for proving
perfect imaging.

Consider the case of the most convenient source point, illustrated in
figure 9(A). Here the source is placed at the origin, the stereographic
projection of the South Pole. As it is natural to assume radial symmetry,
the Helmholtz equation (6) is reduced to

10 aEi( 242
——F +n°k’Ey =0
ror or ©)

in polar coordinates with r=|z|. The general solution of this ordinary
differential equation is a superposition of Legendre functions [28] P(z()
with the index

v=1(v4k?+1—1) or. equivalently, k*=v(v+1) (10)
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and the variable

4 A
Y |
_C = COsH = —
r= -4 l (11)

The relation between k and v is the same as between the wavenumber
and index of a spherical harmonic, but v is not necessarily an integer. Let

us write down the specific solution:

— P.(0) —e""P,(—=C)
4sin(v)

12
(12)

that can also be expressed in terms of the Legendre function Q, of the
second kind [28],

v

27 (13)
Note that the definition of Q, is sometimes ambiguous—it depends on the
branch chosen on the complex plane—and so we generally prefer the
expression (12) here. Note also that this expression has a meaningful limit
for integer v when both the denominator and the numerator tend to
zero [28]. We obtain from equations 3.9.(9) and 3.9.(15) of [28] the
asymptotics

_ Inr .

23T (14)
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which proves that formula (12) describes the electromagnetic wave
emitted from a line source, because for r within a small circle around the

origin we obtain

o V2 v
// (V24 %K) S dA ~ /[ nr m_% U s =1,
oo (15)

where we used Gauss' theorem in 2D with ds pointing orthogonal to the

integration contour. In order to prove that the Green's function (12) is
retarded, we utilize the integral representation 3.7.(12) of [28] for Q, in

expression (13),

ear‘f +00 (15
27 Jo  (cos@+icosh&sind)

pt
(16)

The Green's function thus is an integral over powers in v. As
arg(cos 8 + i cosh ¢ sin 8)<m for 0<B<m and v—k for k—, the integrand
multiplied by exp(ivir) falls off exponentially on the upper half of the
complex k plane. Therefore we can close the integration contour of the
Fourier transform (7) there. As the integrand of the representation (16)
multiplied by exp(ivtr) is analytic in k, the Fourier integral (7) vanishes for
t <0, which proves that E, describes the retarded Green's function. We
also obtain from equations 3.9.(9) and 3.9.(15) of [28] the asymptotics

~ 1 lﬂ F S 1e .
E,~¢ ., forr — oc,
2

(17)

which proves that the image at infinity is perfectly formed, with a phase
delay of vrr. Furthermore, we obtain from equation 3.9.(2) of [28] the

convenient asymptotic formula
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T+l =" F+D™
4r(v+3/2) N

E. o~ {v—1/Dm
)_)

(18)

for large v and r located somewhere between 0 and «~, an excellent
approximation for the Green's function (12), except near source and

image.

So far we have established the Green's function of a source at the origin.
In order to deduce the Green's function of an arbitrary source point, we
utilize the symmetry of the sphere in the stereographic projection
illustrated in figure 9. We rotate the source with its associated field from
the South Pole (figure 9(A)) to another, arbitrary point on the sphere 30
and project it to the plane 32 (figure 9(B)). Rotations on the sphere
correspond to a subset of MObius transformations on the complex
plane [25]. A Mé&bius transformation is given by a bilinear complex function

with constant complex coefficients,

!

-
o

az+b _ | |
—— withad —bec=1

o +d (19)

A rotation on the sphere corresponds to [25]

. zcosy —esiny

\’ '{" - .i X .';‘ 1 / ", a ."1
ze7siny +¢cosy o0

We obtain for the Laplacian in the Helmholtz equation (6)

& —} ! 2
- ('}b d: ) — 2
- —‘}ﬂaw"“ — - | V'~ = ez +d| v
4702 Z (21)
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From the relations

lal* +1b)* = le|*+|d]" =1, ab*+cd* =0 22)

for rotations (20) we get the transformation of the refractive-index profile
(1) in the Helmholtz equation (6)

2aylez+di° 2nilez+d)” 21

lez+diPn =

L4z Jaz+bP+lez+d? L+

(23)

Consequently, for Maxwell's fish eye, the Helmholtz equation (6) is
invariant under rotational M6bius transformations, which simply reflects the
rotational symmetry of the sphere in the stereographic projection. We see

from the inverse Mobius transformation

az’ —b
7 =
—c7 +d ”
that the source point at z' = 0 has moved to
b "
Jp=——=¢"tany
d
(25)
and that the image at z' = « appears at
a iy 1
zm:«—ZNS‘COtVZ“ -
¢ <0
' (26)

The electric field is given by the expression (12) with
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(27)

Near the source zg, where z' —0, we linearize the Mobius transformation
(20) in z—zp and near the image z., where z' —«, we linearize 1/z' in z—
Z.. In the logarithmic expressions (14) and (17), the linearization
prefactors just produce additional constants that do not alter the

asymptotics. Consequently,

, In |z — 2| o
EU ™~ 3 s ELF ~ —& ~
27T =TT (28)

Maxwell's fish eye creates perfect images, regardless of the source point.
The minus sign in the image field indicates that the electromagnetic wave
emitted at zp with unit strength focuses at z.. as if the image were a source
of precisely the opposite strength. In addition, the image carries the phase
delay vt caused by the propagation in the index profile (1) or,
equivalently, on the virtual sphere. Due to the intrinsic curvature of the
sphere, the delay constant (10) is not linear in the wavenumber k, but
slightly anharmonic. As the phase delay is uniform, however, a general
source distribution is not only faithfully but also coherently imaged.

Finally, we turn to the wave optics of Maxwell's fish eye confined by a
circular mirror (reflector), the case illustrated in figures 8 and 10. At the
mirror, the electric field must vanish. Suppose we account for the effect of
the mirror by the field of a virtual source, similar to the method of images in
electrostatics [26]. The virtual source should have the opposite sign of the
real source and, on the sphere, we expect it at the mirror image of the
source above the plane through the Equator, at 7-6. The stereographic
projection (3) of the mirrored source is the inversion in the unit circle [25]
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< (29)

Consider the transformation (29), not only for the source but also for the

entire electric field. We obtain for the Laplacian in the Helmholtz equation

(6)

;12

| 3 |d |

2 L 2 —4 2

Vied — — V2 = 7|74 V7
azoz* dz*

(30)
and for the transformed refractive-index profile (1)
. 2n,
IZ n= 112
1+ 7|
(31)

So the mirror image E,(1/2) of the field E\(z) is also a valid solution. Let us
add to the field E,(z) of the original source the field — \,(1/2*) of the virtual

source conjured up by the mirror,

Ey=E.(z) — E,(1/27)

(32)

At the unit circle 1/z is equal to z, and so the field Ex vanishes here.
Consequently, formula (32) satisfies the boundary condition and thus
describes the correct Green's function of the fish-eye mirror. The image
inside the mirror is the image of the virtual source. From the transformation

(29) follows that the image point z' . is located at
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/
Loo =™ TKO
(33)
We obtain from the formula (32) and the asymptotics (28) that
/

. In z—2z |

T ’ ~ O
Ek ~

The sign flip compared to equation (28) results from the 1 phase shift at
the mirror, but the overall phase delay remains uniform, (v + 1)m. The
resolution is unlimited, and so the fish-eye mirror forms perfect images by
all standards. The device may even tolerate some degree of absorption in
the material. For example, assume that absorption appears as an
imaginary part of the refractive index that is proportional to the dielectric
profile. This case is equivalent to having an imaginary part of the
wavenumber k for the real refractive-index profile (1). Here we have
established the Green's function for all k, including complex ones. As the
asymptotics (34) is independent of k, apart from the prefactor that
accounts for the loss in amplitude, such absorption does not affect the

image quality.
Discussion

Maxwell's fish eye [6] makes a perfect lens; but it is a peculiar lens that
contains both the source and the image (i.e. the outlet) inside the optical
medium (i.e. the lens). Negatively-refracting perfect lenses [1] are "short-
sighted' optical instruments, too, where the imaging range is just twice the
thickness of the lens [29], but there source and image are outside the
device. Hyperlenses [30, 31] funnel light from microscopic objects out into
the far field, for far-field imaging beyond the diffraction limit, but the
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resolution of a hyperlens is limited by its geometrical dimensions; it is not

infinite, even in principle.

Fish-eye mirrors could be applied to transfer embedded images with
details significantly finer than the wavelength of light over distances much
larger than the wavelength, a useful feature for nanolithography. To name
another example of potential applications, fish-eye mirrors could establish
extremely well-defined quantum links between distant atoms or molecules
embedded in the dielectric, for example colour centres in diamond [32].
Fish-eye mirrors could also find applications outside of optics, wherever
waves obey the 2D Helmholtz equation (6) with a controllable wave
velocity. For example, they could make ideal whispering galleries for
sound waves or focus surface waves on liquids, or possibly create strongly

entangled quantum waves in quantum corrals [33].

Like the negatively-refracting perfect lens [1] with electric permittivity and
magnetic permeability set to —1, the fish-eye mirror does not magnify
images. Note, however, that by placing the mirror at the stereographic
projections of other great circles than the Equator, one could make
magnifying perfect imaging devices. One can also implement, by optical
conformal mapping [14], conformal transformations of fish eyes [9] that
form multiple images. Thus, the lens and the reflector can be any shape.
As the fish-eye mirror consists of an isotropic dielectric with a finite index
contrast, it can be made with low-loss materials and operate in a broad
band of the spectrum. The image resolution is unlimited in principle. In
practice, for a refractive index profile achieved by a discretised structural
formation, the dimensions of the sub-wavelength structures of the material
may limit the resolution. If the required index profile (1) is created by
doping a host dielectric (that is, by creating a graded index profile),

however, it is believed that molecular resolution could be reached.
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In this section, we focused on the propagation of TE-polarized light [27] in
a 2D fish eye and proved perfect resolution for this case. Here the
electromagnetic wave equation, the Helmholtz equation (6), is the scalar
wave equation in a 2D geometry with n’(dx* + dy?) as the square of the

line element, because the Helmholtz equation can be written as

1 2 2 1 ) .
n \/{E -

where the indices refer to the coordinates x and y in a geometry [22] with

=n°1

metric tensor 8§45 , its determinant g = n* and the inverse metric

AB__n-2]l .
tensor & T ; and where we sum over repeated indices.

Consequently, the geometry of light established by Maxwell's fish-eye is
not restricted to rays, but extends to waves, which explains why waves are
as perfectly imaged as rays. In contrast, perfect imaging does not occur
for the TM polarization [27] where the magnetic-field vector H points
orthogonal to the plane. In this case, the corresponding wave
equation [27] for the magnetic field,

1 )
V.—VH+kH=0,

n= (36)

cannot be understood as the wave equation in a 2D geometry. For a
source placed at the origin we find for the fish-eye profile (1) the
asymptotic solutions H~r* and H~const at infinity, neither of them forming
the required logarithmic divergence of a perfect image in two dimensions.
This proves that perfect imaging in the 2D fish eye is impossible for the TM
polarization where the geometry is imperfect for waves. On the other
hand, the 3D impedance-matched Maxwell fish eye perfectly implements
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the surface of a 4D hypersphere [22], a 3D curved space. We expect
perfect imaging in this case.

Perfect imaging is often discussed as the amplification of evanescent
waves [1], but this picture does not quite fit the imaging in Maxwell's fish
eye that seems solely caused by the geometry of the sphere. Note that
there is an alternative, purely geometrical picture for understanding
negatively refractive perfect lenses as well [29]: they implement coordinate
transformations with multiple images. What seems to matter most in

perfect imaging is the geometry of light [22, 34].

It is noted that a similar proof can be applied to the generalised Luneburg
profile.

Section 3: Experimental Analysis Part 1 - Perfect Imaging in the
optical domain using dielectric materials

The promise of perfect imaging in the optical domain, where light can be
imaged without aberrations and with ultra-high resolution (unlimited in
principle), could revolutionize technology and nanofabrication [1, 2, 3, 4, 5,
6]. Above, it has been shown theoretically that perfect imaging can be
achieved in a dielectric medium with spatially varying refractive index [7,
8]. The lens geometry is defined using transformation optics [9, 10, 11, 12,
13, 14, 15] for projecting a spherical space onto a real plane space,
forming Maxwell's fish eye [16, 17, 18, 19]. Most transformation optics
demonstrations have been achieved for Euclidean spaces and in the
microwave regime, due to ease of fabrication. Here we demonstrate a
transformation to a non-Euclidean space [20] in the optical regime using

silicon nanophotonic structures.

Maxwell's fish eye lens for perfect imaging in the optical regime requires
strong variations in dielectric constant over large length scales and so has
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never been fully implemented in optics before [21, 22]. A designed
structure 50 enabling perfect imaging in the optical regime at 1.5 ym is
shown in Figure 11a. The structure comprises a radial distribution of index
with a ratio of 2:1 over several micrometres. The structure is bounded by
a reflector shown here as a distributed Bragg reflector (DBR) 52
composed of silicon and air. The minimal refractive index is 1.6 at the
edges 54 of the lens (close to the reflector), and the maximal is 3.2 at its
centre 56. This device transfers a perfect image from a source located at
any point inside the DBR to a symmetrical point relative to the centre 56 of
the device. One can see the device operation in Figure 11¢c where we
show the simulated image formation 60 in the upper part of the device
from the source 62 in the lower part of it. Note that in order to achieve sub-
wavelength resolution in such a structure an outlet is necessary at the
imaging point [23, 24], which could be achieved using for example a non-
linear photoresist at the imaging region. Only light that is detected there is
perfectly imaged, as recent experiments in the microwave regime illustrate

(see Experimental Analysis part 2 in Section 4 below).

Silicon photonics has been shown as an excellent platform for tailoring
index of refraction and therefore enabling transformation optics in the
optical domain in dielectric structures [25, 26]. In such a platform the index
is discretized by distributing sub-wavelength pillars 64 and holes 66 on a
silicon wafer 67 inducing a spatial modulation of the effective index of
refraction. The discretized version of the designed structure in Figure 11a
is shown in Figure 11b. The pillars’ and holes’ diameter and height are
120nm and 500nm respectively, a size that is accessible using e-beam
lithography and at the same time enables high quality uniform etching for
different feature densities. We chose to work with relatively small size fish
eye structure, of radius 15 pm, due to the expected scattering losses. Note
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that future fabrication techniques should enable one to decrease the size
of the features and thus decrease the propagation losses.

Simulations show the image formation not only in the continuous fish eye
structure but also in the discretized one composed of nanometre-size
silicon structures. We simulated the Maxwells fish eye in time domain
using Meep [27] and the results are shown in Figures 11¢ and 11d for
continuous and discretised refractive index profiles respectively. One can
see that, while the backscattering of the silicon structures degrades the
performance of the lens, an image is clearly formed even in the discretized
case shown in Figure 11d.

To create the discretized refractive index distribution we fabricated the
structure on silicon-on-insulator platform and used e-beam lithography
with an optimized etching technique [25, 28], as shown in Figures 12a-c.
On the lower refractive index regions (closer to the Bragg reflector 52), the
density of silicon pillars 64 on the air background defines the local
effective index. In the higher refractive index region (at the centre), we
used air holes 66 in the silicon wafer layer to control the local effective
index. The pillars and holes can be seen in Figures 12b and 12c. To
pattern both types of feature in one e-beam step, a high degree of control
is required on the electron dose modulation, which was achieved through
an optimization of proximity effect corrections. The resist used was a
170nm layer of XR-1541®. The 500nm layer of silicon was etched using a
highly anisotropic chlorine process. We used first and second gold dots
70, 72 with approximately 240nm in diameter, as a source and as an outlet
respectively, as shown in Figure 12b. These dots were deposited over a
lift-off mask also patterned via e-beam in a 700nm layer of 495k PMMA.
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We show the image formation in the fish eye using a near-field scanning
microscopy (NSOM) setup. The source 70 of the device was illuminated
using a 1.55 pym laser 74 from the backside of the wafer 67 focused to an
approximately 10 ym beam, as Figure 13 shows, and the source 70
couples at least a portion of the incident laser radiation into the lens. The
scanning tip 76 had a 100nm aperture. During the scan, the tip 76 was
kept at a fixed height of about 3 um, since in contact the tip would damage
the device due to the difference in size between the silicon pillars 64 and
the tip itself, which greatly decreases its sensitivity to the surface. As a
consequence, some far-field diffraction patterns are visible in the

measurements.

The results of the experiment are shown in Figure 14. The source 70 is
positioned on the lower half of the device, and the image 72 is formed on
the upper half. Although it is not possible to see the source point due to
the direct illumination from the laser 74 source, the image is clearly shown
as a brighter spot in the expected location. The higher intensity of the
image point 72 relative to its surrounding diffraction patterns can be also
observed in the cross-section plots of Figure 14c, which confirm our
expectations from the simulation in Figure 11d.

In conclusion we demonstrate an implementation of Maxwell's fish eye
lens in the optical regime and image formation in the device. Advances in
lithography and etching resolution as well as novel fabrication techniques
for producing a continuous index profile, such as grayscale lithography,
should enable the fabrication of devices with low scattering losses. The
reduction on the losses would enable the measurement of such devices

with sub-wavelength resolution.
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The demonstration of this special lens with sub-diffraction limit resolution
in even shorter wavelengths has the promise of revolutionizing

nanolithography technology.

Section 4: Experimental Analysis Part 2 - Perfect imaging without

negative refraction for microwaves

Here we demonstrate perfect imaging in Maxwell's fish eye for
microwaves. Our data show that the field of a line source is imaged with
subwavelength resolution over superwavelength distances, provided the
field is allowed to leave through passive outlets (which act to decouple
light from the fish-eye mirror) that play the role of a detector array (such as
a CCD or CMOS pixel array) in imaging (or indeed the role of a photo-
resist, photographic material or the like).

As explained above, ordinary lenses cannot resolve structures much finer
than the wavelength of light [1]. Perfect lenses made of negatively-
refracting metamaterials were predicted [2] to image with unlimited
resolution. In practice, however, such materials are absorptive for
fundamental reasons [3]; perfect imaging over distances larger than the
wavelength seemed impossible. As explained above, the inventors have
realised that perfect imaging is in fact possible using positively refracting
materials. In this section we demonstrate imaging with subwavelength

resolution over superwavelength distances for microwaves in particular.

Like light, microwaves are electromagnetic waves, but with cm
wavelengths and GHz frequencies, which allows us to investigate the
electromagnetic fields of the imaging waves with a degree of detail
currently inconceivable in optics. Instead of using negative refraction, we

have implemented a positive refractive-index profile [4] that appears to
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curve space for electromagnetic waves [5, 6] such that they are focused
with infinite precision in principle [7]. Our microwave experiment
demonstrates the concepts of perfect imaging without negative refraction,
in particular the role of detection in achieving perfect resolution, giving

important guidance to applications where imaging matters most: for light.

Optical materials may change the spatial geometry perceived by light [6],
creating optical illusions such as invisibility [8, 9]. Perfect imaging [2, 7, 10,
11] is an optical illusion as well where an object appears to be at two or
more positions; as touched on above, by perfect imaging we mean the
transfer of the electromagnetic field from one place to another, forming a
real image at the new location with all the details of the original preserved.
For example, negative refraction [2] turns out [12] to fold space [13],
producing optical “carbon copies" on the folded spatial regions.

Hyperlenses [14] establish hyperbolic geometries that make magnified
virtual images [15]. The device we demonstrate here, known as Maxwell's
fish eye [4], creates the illusion that electromagnetic waves propagate on
the surface of a virtual sphere, whereas in reality (in the 2D embodiment
described above) they are confined to a planar waveguide-any point of the
physical plane corresponds to a point on the virtual sphere, a curved
space with non-Euclidean geometry [16].

To see why the virtual sphere acts as a perfect imaging device, consider
waves continuously emitted from a source in the physical plane and
imagine them on the equivalent, virtual sphere. Any source can be
regarded as a collection of point sources, so it suffices to investigate the
wave produced by a single point source of arbitrary position on the sphere.
The wave propagates from the point of emission round the sphere and

focuses at the antipodal point (see Figure 15a) that corresponds to the
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image point in the physical plane. However, the focusing is perfect —
infinitely sharp - only if the wave is extracted by an outlet at the image [7]
(see also the Appendix to Experimental Analysis Part 2 below). By outlet
we mean a point-like absorber playing the role of a detector in applications
of imaging. As explained above, the detector may be, for example but not
exclusively, a CCD or CMOS array, a layer of photo-resistive or
photographic material or a photodiode. Without the outlet the wave runs
back to the source and forms a stationary pattern lacking subwavelength
focus [17, 18].

If only part of the wave manages to escape through the outlet, only that
part is perfectly focused. Moreover, we observed in our experiments that
when more than one outlet are offered to the wave - as in a detector array
- the wave chooses the outlet closest to the correct image point, provided
any outlet is within a range from the image point of about half the
wavelength. The distance between the detectors may be significantly
shorter than the wavelength, so the resolution is subwavelength and, in
principle, can become infinitely sharp. Only the detected part of the wave
is imaged with point-like precision, but as detection is the very point of
imaging, this is perfectly sufficient.

Maxwell's fish eye requires a material with refractive index that varies
along the distance r from the centre of the device as [4]

27&1
1+ (r/a)?

T, —

(37)

Here ‘@’ is a characteristic length that corresponds to the radius of the

virtual sphere (it is also noted that ‘a’ corresponds to rp in the previous
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sections); the constant ny is the refractive index at r = a and also the index
on the virtual sphere. In practice, it is advantageous to surround Maxwell's
fish eye by a mirror [7] at radius r = a, which corresponds to a mirror
around the equator of the virtual sphere (see Figure 15b). In this case, the
index profile ranges from n; at the mirror to 2ns in the centre, while still
creating perfect images [7] (Fig. 1b). Note that Maxwell's fish eye is an

unusual "lens" where both source and image are inside the device.

Maxwell's fish-eye has never been made [19, 20]. We have implemented
the fish eye mirror [7] for microwave radiation confined between two
parallel metal plates establishing a planar waveguide [21]. The device is
inserted between the plates; its index profile (37) lets microwaves in the
planar waveguide behave as if they were waves on a virtual half sphere as
shown in Figure 15b. The plate separation, 5mm, is chosen such that only
microwaves with electric field perpendicular to the plates can travel inside,
which is crucial for perfect imaging, because only for electromagnetic
waves of this polarization does a material with electric permittivity € = n?
appear to curve space perfectly [7]. Our device 80, shown in Figure 16,
resembles a microwave cloaking device [22] or a transmuted Eaton lens
[23] made of concentric layers 82 of copper circuit board (Rodgers
RT6006) with etched-out structures that shape its electromagnetic
properties, except that the fish-eye structures respond to the electric and
not the magnetic field [22, 23]. The circuit board layers are surrounded by
a metal mirror 84 (which forms the reflector necessary for perfect imaging).
Our structures are designed [24] for non-resonant operation such that the
device can perform perfect imaging over a broad band of the spectrum.
For practical reasons, we supplement some layers with dielectric powder
(ECCOSTOCK Hik Powders, see Fig. 16); the metal structures and the
filling material combined create the desired index profile (37) with a = 5¢cm,
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nys = 1. The device has a thickness of 5mm and fits exactly between the
metal plates of the waveguide.

As source in this case we use a coaxial cable inserted through the bottom
plate. The cable has an outer diameter of 2.1 mm, 1.68mm Teon isolator
and 0.5mm inner conductor; the latter is exposed by 4.5mm in the device
for creating an approximate line source. Through the source cable we
inject microwave radiation of free-space wavelength Ag = 3cm generated
by a vector network analyser (HP 8722D) that doubles as synthesiser and
analyser. The outlets are inserted through the bottom plate as well, but are
completely passive and lead to absorbers impedance-matched to the
cables. The outlets are coaxial cables with identical design as the source
such that they act as sources in reverse, for maximal power extraction and
best focus [25]. The field inside the waveguide is scanned by a coaxial
cable inserted through the top plate that is moved in both lateral directions
with 1mm step size [21]. The cable is unexposed such that the field is
minimally distorted by the detection. The scanning cable is fed into the
vector network analyser where the signal is measured and decomposed
into in-phase and out-of-phase components with respect to the
synthesised field. Mathematically, these components correspond to the
real and imaginary parts of the complex temporal Fourier amplitude taken
at each scanned spatial point in the waveguide.

Figure 17a illustrates the schemes of two experiments for probing the
imaging performance of Maxwell's fish eye mirror [7]. In the first
experiment, we employ one outlet 90 placed at the correct imaging point
with respect to the source. In the second experiment, we added another
outlet 92 placed at 0.2\ distance from the first outlet 90 where A = Ao/n is
the local wavelength at the image. Figure 17b displays the scanned field

intensity (the modulus squared of the complex Fourier amplitude) clearly
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showing subwavelength focusing at the image spot 94. When the second
outlet 92 is added, the intensity profile is nearly identical (Fig. 17c), which
proves that the wave is focused at the correct outlet, even when the
outlets are closer than the standard diffraction limit [1] of 0.5A.

Figure 18 compares the field 96 in the first experiment, scanned along the
line between source and image, with the theoretical prediction 98 [7]
based on assuming the perfectly smooth index profile (37) and ideal line
sources. The figure shows both the real and the imaginary part of the field
amplitude, thus proving that most of the injected microwave radiation
establishes a running wave [18] that leaves the device at the outlet. The
agreement with theory [7] is remarkably good, considering that the device
is made of a structured material (rather than a graded refractive index
material or a tapered waveguide) and that source and outlet are not ideal.
The source launches electromagnetic waves that, in the near field, have
also electric components parallel to the plates, and source and outlet have
electromagnetic cross sections much larger than their geometrical size
[26, 27]. It seems that at present the imaging resolution is limited by the
source and the detector, which, in principle can be made perfect.

Appendix to Experimental Analysis Part 2

In this appendix we compile the analytic expressions we used for
comparing our microwave data with theory and we show experimental
results for imaging without outlet and hence without subwavelength
resolution. For simplicity, we describe the Cartesian coordinates x and y
in the plane of the waveguide in units of the device radius a and we put ny
= 1. It is convenient to combine the two coordinates in one complex
number z = x + iz. In this notation and with our units, the refractive-index

profile of Maxwell's fish eye [4] reads



WO 2011/036469 PCT/GB2010/051465
55

(A1)

Consider stationary electromagnetic waves with wavenumber k (in our

5 units) and electric field polarized in vertical direction. In this case the
electric-field strength is characterized by only one scalar complex Fourier
amplitude E that depends on k and z; we denote it by Ei(z). We assume

that the wave propagates inside a material with electric permittivity € = n?

and index profile (A1) surrounded by a perfect mirror at r = 1. Theory [7]

10 shows that the field of a perfect line source is given by the exact

expressions

Fplo) = Foioy— B2 k, =
15 where the P, are Legendre functions [28] with the index
p=— (VIR 1 - 1)

(A3)
The plus sign refers to positive wavenumbers k and the minus sign to
negative k (we shall need negative k for describing the field in the case

20 without outlet). For the variable ¢ of the Legendre functions we have

‘U S (A4)
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where z, denotes the coordinates xp and y, of the line source in complex
representation zp = xp + iyo. The wave function (A2) develops two
logarithmic singularities [7] within the region | z| < 1 of the device, one at

the source z0 and one at the image point.

(AS)
This means that the wave forms an exact image with, in principle,
unlimited resolution. The singularity at the image turns out [7] to carry the
phase factor exp(itrv), so the phase delay is tv. Figure 18 shows that
expression (A2) agrees well with our data, apart from imperfections due to
the finite electromagnetic size of source and image. Note that formula (A2)
describes the field of a running wave that disappears through the outlet at
the focal point and forms a perfect image. This outlet is a completely

passive absorber that plays the role of a detector in imaging.

In the case when no outlet is present, the wave runs back to the source
where it is reabsorbed, establishing a stationary wave. Imagine the
stationary wave as a continuous stream of elementary ashes of radiation.
Near the image (A5) each elementary wave focuses like the radiation
emitted by the source run in reverse, like an advanced solution [27] of
Maxwell's equations, but when the wave runs back it appears like a
retarded wave [27]. Therefore, the total electromagnetic wave in the
stationary regime without outlet is the superposition of an advanced and
retarded wave [18].

PR et BN beeped oY T
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One verifies that expression (A6) describes a real field with logarithmic
singularity at the source, as required [18]. The real field (A6) forms a
standing wave like the plane wave cos(kx) in free space, in contrast to the
wave (A2) that is complex and corresponds to a running wave like
exp(ikx). One also verifies that the standing wave (A6) does not develop a
singularity at the image point (A5): the standing wave (A6) does not form a
perfect image.

Figure 19 shows our experimental results for imaging without outlet, when
no detector monitors the field. Instead of the sharp peak in perfect imaging
with outlet (shown in Figure 17b) the wave forms a diffraction-limited
focus. Figure 20 compares the measured field with formula (A6). One sees
that without outlet the wave is real and so a standing wave is formed. Here
theory and experiment agree even better than in the perfectly-imaging
regime, because the experimental situation is simpler; the wave is not
required to escape through the outlet. The subwavelength features near
the image originate from the structure of the material used to implement
Maxwell's fish eye, the rings 82 of circuit board (Figure 16). As each
elementary wave of the continuous radiation attempts to focus there with
perfect precision before being reflected back to the source, the
subwavelength structure of the device near the image becomes apparent.
Our experimental results show that only the detected field is perfectly
imaged in Maxwell's fish eye [4].

Summary

As explained, it is commonly believed that negatively refracting materials
are the key to perfect imaging devices. However, In 2009 U. Leonhardt
proved by analytically solving Maxwell’s equations for Maxwell’s fish eye
[U. Leonhardt, New J. Phys. 11, 093040 (2009), published 29 September
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2009] that this device has unlimited resolution (even for waves) and is not
sensitive to losses. The inventors subsequently realized that Luneburg’s
profiles have the same property, which opens up prospects for perfect
imaging in practice. Negative refraction may not be needed for perfect

imaging after all, as the inventors have discovered.

It is known that, in Maxwell’s ‘fish eye’, light rays from one point faithfully
meet at another point. If light would consist of particles it would form a
perfect image. But light is also a wave; and it has been believed up until
now that the ‘waviness’ of light limits the resolution of these lenses to the
diffraction limit.

Apparently, nobody did the wave calculation before. Surprisingly, the
inventors have proved that Maxwell's fish eye has unlimited resolution in
principle (its resolution is not limited by the wave nature of light) if an outlet
is provided at the image point to decouple waves from the device. As it
does not need negative refraction, such a device may also work in

practice.

As well as proving the above in theory, the inventors have shown in
section 3 that Maxwell’s fish eye (with a reflector provided around the lens,
source and outlet) can be implemented for light in the near-infrared using
a structured material made in silicon. In addition, section 3 shows that
perfect imaging works with Maxwell’'s fish eye (again with a reflector

provided around the lens, source and outlet) for microwaves.

The inventors’ findings were inspired by ideas for broadband invisibility
where light is bent around objects to make them disappear from view.
Here the ideas behind invisibility are applied for imaging.
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As explained, perfect lenses according to the above disclosure could be
made on silicon chips and, for example, enable chipmakers to create ever
finer structures, packing more and more transistors together. Theoretical
physics may spin off new technology.

To summarise, perfect imaging has been believed to rely on negative
refraction, but here we show that an ordinary positively refracting optical
medium may form perfect images as well. In particular, the inventors have
established a mathematical proof that Maxwell's fish eye in two-
dimensional (2D) integrated optics makes a perfect instrument with a
resolution not limited by the wavelength of light. We have also shown how
to modify the fish eye such that perfect imaging devices can be made in
practice. As well as having particular applications in nanolithography and
other fields of optics, this method of perfect focusing may also find
applications outside of optics, in acoustics, fluid mechanics or quantum
physics, wherever waves obey the 2D Helmholtz equation.

While this detailed description has set forth some embodiments of the
present invention, the appended claims cover other embodiments of the
present invention which may differ from the described embodiments
according to various modifications and improvements.
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CLAIMS

An imaging device comprising:

a. a lens having a refractive index that varies according to a
predetermined refractive index profile;

b. a source;

c. an outlet for decoupling waves from the device; and

d. a reflector provided around the lens, the source and the
outlet,

wherein the reflector and the refractive index profile of the lens
are together arranged to direct waves transmitted in any of a
plurality of directions from the source to the outlet.

The imaging device of claim 1 wherein the waves are sound waves

or electromagnetic waves.

The imaging device of claim 1 or 2 wherein the lens, source and
outlet all lie on the same plane.

The imaging device of claim 3 wherein the reflector surrounds the

lens, source and outlet in two dimensions on said plane.

The imaging device of claim 3 or 4 wherein the waves are
transmitted from the source in any of a plurality of directions on said

plane.

The imaging device of any preceding claim wherein the waves are

directed from the source to the outlet along a closed trajectory such
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that, in the absence of the outlet, the waves would be directed back
to the source by the lens and the reflector.

The imaging device of any preceding claim wherein the refractive

index profile is a graded refractive index profile.

The imaging device of claim 7 wherein the refractive index profile
comprises a doped dielectric.

The imaging device of any of claims 1 to 6 wherein the refractive
index profile comprises a tapered waveguide.

The imaging device of any preceding claim wherein the source

comprises means for coupling waves into the device.

The imaging device of any preceding claim wherein the outlet is
opposite the source.

The imaging device of any preceding claim wherein the outlet
comprises an image detector for absorbing the transmitted waves.

The imaging device of claim 12 wherein the image detector
comprises a layer of photo-resistive material, a photodiode, a CCD
or CMOS pixel array or a layer of photographic material.

The imaging device of any preceding claim wherein the lens
comprises an isotropic dielectric.

The imaging device of any preceding claim wherein the lens
comprises the source and the outlet.
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The imaging device of claim 15 wherein the outlet is positioned at
an external surface of the lens.

The imaging device of any preceding claim further comprising a gap
between an edge of the lens and the reflector.

The imaging device of any of claims 1 to 16 wherein the reflector is

adjacent the lens.

The imaging device of any preceding claim wherein the reflector is

substantially annular when viewed in plan.

The imaging device of claim 19 wherein the lens is located in an

annulus of the reflector.

The imaging device of claim 19 or 20 wherein the lens is concentric
with the annulus of the reflector.

The imaging device of any preceding claim wherein the lens is

substantially circular when viewed in plan.

The imaging device of claim 22 as dependent on any of claims 19
to 21 wherein the annulus of the reflector has a larger radius than
the lens.

The imaging device of claim 22 as dependent on any of claims 19
to 21 wherein the annulus of the reflector and the lens have
substantially identical radii.
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25. The imaging device of any of claims 22 to 24 wherein the outlet is
diametrically opposite the source.

26. The imaging device of any preceding claim wherein the lens
5 comprises silica and/or silicon nitride.

27. The imaging device of any preceding claim wherein the lens is
rotationally symmetric and varies along a radius r with the refractive
index profile n(r) given by the following implicit equations:

2 ™ arcsin{b/r;)

r(p) = p exp - db

n = p/r(p)
wherein: p is a parameter ranging from 0 to ry;

ro is the radius of the lens; and
r1 is the radius of the reflector; and
15 b is an integration variable.

28. The imaging device of claim 27 wherein the lens has a maximum

refractive index, nog, which conforms with the following equation:

2 fm™ re/r1
Ng = eXp (; / arcsin(b/ry) %-b») = exp (:f_— / arcsiné %6-)
0 0

20 wherein . ro is the radius of the lens;
r1 is the radius of the reflector; and

¢ is an integration variable.

29. The imaging device of any preceding claim wherein the lens is
25 substantially planar.
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The imaging device of claim 29 wherein the waves are
electromagnetic waves, the electric field component of which is
substantially perpendicular to the plane of the lens.

The imaging device of any preceding claim wherein the permittivity
of the lens is equal to the square of its refractive index.

An imaging method using an imaging device comprising:

a. a lens having a refractive index that varies according to a
predetermined refractive index profile;

b. a source;

c. an outlet for decoupling waves from the device; and

d. a reflector provided around the lens, the source and the
outlet,

the method comprising: transmitting waves from the source in a
plurality of directions; using the lens and the reflector to direct
the transmitted waves to the outlet; and decoupling at least a
portion of the directed waves from the device using the outlet.

The imaging method of claim 32 wherein the step of transmitting
waves from the source comprises transmitting waves from the

source omnidirectionally.

The imaging method of claim 32 or 33, further comprising focusing

a plurality of waves at the outlet.

The imaging method of any of claims 32 to 34 wherein the wherein

the lens, source and outlet all lie on the same plane.
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The imaging method of any of claims 32 to 35 wherein the lens is
substantially planar.

The imaging method of claim 36 wherein the waves are
electromagnetic waves, the electric field component of which is
substantially perpendicular to the plane of the lens.

The imaging method of claim 36 or 37 wherein the waves are
transmitted from the source in the plane of the lens.
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AMENDED CLAIMS
received by the International Bureau on 21 January 2011 (21.01.2011)

1. An imaging device comprising:

a. a lens having a refractive index that varies according to a
predetermined refractive index profile;

b. a source;

c. an outlet for decoupling waves from the device; and

d. a reflector provided around the lens, the source and the

outlet,

wherein the reflector and the refractive index profile of the lens
are together arranged to direct waves transmitted in any of a
plurality of directions from the source to the outlet along a
closed trajectory such that, in the absence of the outlet, the
waves would be direbted back to the source by the lens and the

reflector.

2. The imaging device of claim 1 wherein the waves are sound waves

or electromagnetic waves.

3. The imaging device of claim 1 or 2 wherein the lens, source and

outlet all lie on the same plane.

4, The imaging device of claim 3 wherein the reflector surrounds the

lens, source and outlet in two dimensions on said plane.
5. The imaging device of claim 3 or 4 wherein the waves are

transmitted from the source in any of a plurality of directions on said

plane.

AMENDED SHEET (ARTICLE 19)
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The imaging device of any preceding claim wherein the refractive

index profile is a graded refractive index profile.

The imaging device of claim 6 wherein the refractive index profile

comprises a doped dielectric.

The imaging device of any of claims 1 to 5§ wherein the refractive

index profile comprises a tapered waveguide.

The imaging device of any preceding claim wherein the source

comprises means for coupling waves into the device.

The imaging device of any preceding claim wherein the outlet is

opposite the source.

The imaging device of any preceding claim wherein the outlet

comprises an image detector for absorbing the transmitted waves.
The imaging device of claim 11 wherein the image detector
comprises a layer of photo-resistive material, a photodiode, a CCD

or CMOS pixel array or a layer of photographic material.

The imaging device of any preceding claim wherein the lens

comprises an isotropic dielectric.

The imaging device of any preceding claim wherein the lens

comprises the source and the outlet.

AMENDED SHEET (ARTICLE 19)
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The imaging device of claim 14 wherein the outlet is positioned at

an external surface of the lens.

The imaging device of any preceding claim further comprising a gap
between an edge of the lens and the reflector.

The imaging device of any of claims 1 to 15 wherein the reflector is

adjacent the lens.

The imaging device of any preceding claim wherein the reflector is

substantially annular when viewed in plan.

The imaging device of claim 18 wherein the lens is located in an

annulus of the reflector.

The imaging device of claim 18 or 19 wherein the lens is concentric

with the annulus of the reflector.

The imaging device of any preceding claim wherein the lens is

substantially circular when viewed in plan.

The imaging device of claim 21 as dependent on any of claims 18
to 20 wherein the annulus of the reflector has a larger radius than

the lens.
The imaging device of claim 21 as dependent on any of claims 18

to 20 wherein the annulus of the reflector and the lens have

substantially identical radii.
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25.

26.

27.

28.

The imaging device of any of claims 21 to 23 wherein the outlet is

diametrically opposite the source.

The imaging device of any preceding claim wherein the lens

comprises silica and/or silicon nitride.

The imaging device of any preceding claim wherein the lens is
rotationally symmetric and varies along a radius r with the refractive
index profile n(r) given by the following implicit equations:

T0 .
r(p) = p exp __72; arcsin(b/r;) b

n = p/r(p)

wherein: p is a parameter ranging from 0 to ry;
ro is the radius of the lens; and
ry is the radius of the reflector; and

bis an integration variable.

The imaging device of claim 26 wherein the lens has a maximum

refractive index, ny, which conforms with the following equation:

3 2 [ db 2 [r/m 0 dg
ng = exp (-7;/0 arcsin{b/ry) F) = exp (;/{; arcsin £ ?)

wherein . ro is the radius of the lens;
rs is the radius of the reflector; and

¢ is an integration variable.

The imaging device of any preceding claim wherein the lens is

substantially planar.
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The imaging device of claim 28 wherein the waves are
electromagnetic waves, the electric field component of which is
substantially perpendicular to the plane of the lens.

The imaging device of any preceding claim wherein the permittivity
of the lens is equal to the square of its refractive index.

An imaging method using an imaging device comprising:

a. a lens having a refractive index that varies according to a
predetermined refractive index profile;

b. a source;

c. an outlet for decoupling waves from the device; and

d. a reflector provided around the lens, the source and the

outlet,

the method comprising: transmitting waves from the source in a
plurality of directions; using the lens and the reflector to direct
the transmitted waves to the outlet along a closed trajectory
such that, in the absence of the outlet, the waves would be
directed back to the source by the lens and the reflector; and
decoupling at least a portion of the directed waves from the

device using the outlet.
The imaging method of claim 31 wherein the step of transmitting
waves from the source comprises transmitting waves from the

source omnidirectionally.

The imaging method of claim 31 or 32, further comprising focusing |

a plurality of waves at the outlet.
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34.

35.

36.

37.

81

The imaging method of any of claims 31 to 33 wherein the wherein

the lens, source and outlet all lie on the same plane.

The imaging method of any of claims 31 to 34 wherein the lens is

substantially planar.
The imaging method of claim 35 wherein the waves are
electromagnetic waves, the electric field component of which is

substantially perpendicular to the plane of the lens.

The imaging method of claim 35 or 36 wherein the waves are

transmitted from the source in the plane of the lens.
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