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(57) ABSTRACT 
A method of determining the position of a user in 3D space 
is disclosed. In one example, the method comprises utilizing 
range measurements from one or more GPS satellite 
vehicles, angular information of a camera located at the user 
position, and a camera image associated with one or more 
known markers. The method further comprises determining 
the angular information of the camera by determining a 
direction cosine matrix between a camera frame of reference 
and an earth frame of reference, and designating unit vectors 
that individually extend from a position within the camera 
image associated with one of the known markers through the 
camera focal point to the respective known marker The 
method also includes integrating into an ordinary least 
squares matrix, the GPS range measurements, the angular 
information of the camera, and the unit vectors, and calcu 
lating the user position by Solving the ordinary least squares 
matrix. 
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TIGHT OPTICAL INTEGRATION (TOD OF 
IMAGES WITH GPS RANGE 

MEASUREMENTS 

RELATED APPLICATION 

This application is a continuation application of Interna 
tional Application No. PCT/US2010/022262, filed Jan. 27, 
2010, which claims priority to U.S. Provisional Application 
No. 61/147,664, filed Jan. 27, 2009. 

STATEMENT OF GOVERNMENT INTEREST 

This invention was made with Government assistance 
under NRL grant No. N00173-03-C-2037. The Government 
has certain rights in this invention. 

FIELD OF INVENTION 

The present invention relates generally to navigation and 
more particularly to a method for determining the position of 
a user in urban canyon and other Such environments having 
limited or no GPS signal availability, the method using an 
innovative algorithm that integrates available single epoch 
GPS and optical sensor measurements to calculate the user 
position. 

BRIEF DESCRIPTION OF THE DRAWINGS 

To the accomplishment of the foregoing and related ends, 
the following description and annexed drawings set forth 
certain illustrative aspects and implementations. These are 
indicative of but a few of the various ways in which one or 
more aspects may be employed. Other aspects, advantages, 
and novel features of the disclosure will become apparent 
from the following detailed description when considered in 
conjunction with the annexed drawings. 

FIG. 1 is an example of a TOI conceptual diagram as may 
be used in accordance with one or more embodiments. 

FIG. 2 is an example of a direction cosine in camera body 
frame as may be used in accordance with one or more 
embodiments. 

FIG. 3 is a diagram of TOI showing iteration stage as may 
be used in accordance with one or more embodiments. 

FIG. 4 is a skyplot of dataset as may be used in accor 
dance with one or more embodiments. 

FIG. 5 is an example of a convergence surface for TOI 
with X.y=50.50 as may be used in accordance with one or 
more embodiments. 

FIG. 6 is an example of position error PDF with k=0.2 as 
may be used in accordance with one or more embodiments. 

FIG. 7 shows sensor integration strategies as may be used 
in accordance with one or more embodiments. 

FIG. 8 is a simplified diagram of a conventional GPS 
geometry having four GPS satellite vehicles such as may be 
used in accordance with one or more embodiments. 

FIG. 9 is a diagram of geometry with three GPS satellite 
vehicles and one marker present as may be used in accor 
dance with one or more embodiments. 

FIG. 10 shows marker geometry in the presence of a 
position offset as may be used in accordance with one or 
more embodiments. 

FIG. 11 shows marker geometry with dummy vector V as 
may be used in accordance with one or more embodiments. 

FIG. 12 is a simplified diagram of an exemplary TOI 
geometry comprising two GPS satellite vehicles and two 
markers, such as may be used in accordance with one or 
more embodiments. 
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FIG. 13 is a simplified diagram of line-of-sight vectors to 

marker A and satellites B as may be used in accordance with 
one or more embodiments. 

FIG. 14 is a graph showing Monte-Carlo results for TOI 
with no marker uncertainty as may be used in accordance 
with one or more embodiments. 

FIG. 15 is a graph showing Monte-Carlo results for TOI 
with marker uncertainty as may be used in accordance with 
one or more embodiments. 

FIG. 16 is a graph of line-of-sight vectors GPS (B), 
marker 1 (A), and marker 2 (C) as may be used in accor 
dance with one or more embodiments. 

FIG. 17 is a graph showing GPS stand-alone, one-marker 
and two-marker performance as may be used in accordance 
with one or more embodiments. 

FIG. 18 is an example of GPS stand-alone, one-marker 
and two-marker performance with marker uncertainty as 
may be used in accordance with one or more embodiments. 

FIG. 19 is an example of GPS stand-alone, one-marker 
and two-marker performance with marker offset (10 m) as 
may be used in accordance with one or more embodiments. 

FIG. 20 is an example of Vertical GPS stand-alone, 
one-marker and two-marker performance with marker offset 
(10 m) as may be used in accordance with one or more 
embodiments. 

FIG. 21 is a simple diagram of probability density func 
tion: fault tree and faulted performance as may be used in 
accordance with one or more embodiments. 

FIG. 22 is an example of parity residuals for fault-free 
case (left upper distribution and right lower distribution) and 
faulted case (right upper distribution and left lower distri 
bution) with 3 SVs and 1 marker as may be used in 
accordance with one or more embodiments. 

FIG. 23 is an example of parity residuals for fault-free 
case (right upper and lower distributions) and faulted case 
(left upper and lower distributions) with 2 SVs and 2 
markers as may be used in accordance with one or more 
embodiments. 

FIG. 24 is an example of unit vector from the focal point 
to the marker as may be used in accordance with one or more 
embodiments. 

FIG. 25 is an example of GPS satellite geometry as may 
be used in accordance with one or more embodiments. 

FIG. 26 is an example of the TOI iteration concept as may 
be used in accordance with one or more embodiments. 

FIG. 27 is an example of decomposition of camera 
angular error as may be used in accordance with one or more 
embodiments. 

FIG. 28 is an example of a camera body to navigation 
frame of reference translation as may be used in accordance 
with one or more embodiments. 

FIG. 29 is a simplified diagram of skyplot of GPS 
constellation data as may be used in accordance with one or 
more embodiments. 

FIG. 30 is an example of GPS and TOI errors without 
angular and attitude errors as may be used in accordance 
with one or more embodiments. 

FIG. 31 is an example of TOI error for constant and 
random angular errors as may be used in accordance with 
one or more embodiments. 

FIG. 32 is an example of TOI error with attitude and 
angular errors combined as may be used in accordance with 
one or more embodiments. 

FIG. 33 is an example of TOI errors with angular and 
inertial errors for varying marker ranges as may be used in 
accordance with one or more embodiments. 
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FIG. 34 is a simplified diagram of an exemplary tight 
optical integration (TOI) geometry comprising three GPS 
satellite vehicles and one marker, such as may be used in 
accordance with one or more embodiments. 

FIG. 35 is diagram of an exemplary camera frame of 5 
reference for a direction cosine or unit vector in the camera 
body extending from a marker pixel, through the focal point 
and to a marker, Such as may be used in accordance with one 
or more embodiments. 

FIG. 36 is a vector diagram of the marker geometry of 10 
FIG. 2 in the presence of a position offset with a dummy 
Vector V. 

FIG. 37 is a flow diagram illustrating an exemplary 
methodology for determining the position of a user in 3D 
space utilizing the TOI algorithm in accordance with one or 15 
more embodiments. 

DETAILED DESCRIPTION OF THE 
INVENTION 

2O 

One or more aspects of the present invention are 
described with reference to the drawings, wherein like 
reference numerals are generally utilized to refer to like 
elements throughout, and wherein the various structures are 
not necessarily drawn to scale. It will be appreciated that 25 
where like acts, events, elements, layers, structures, etc. are 
reproduced; Subsequent (redundant) discussions of the same 
may be omitted for the sake of brevity. In the following 
description, for purposes of explanation, numerous specific 
details are set forth in order to provide a thorough under- 30 
standing of one or more aspects of the present invention. It 
may be evident, however, to one of ordinary skill in the art 
that one or more aspects of the present invention may be 
practiced with a lesser degree of these specific details. In 
other instances, known structures are shown in diagram- 35 
matic form in order to facilitate describing one or more 
aspects of the present invention. 
The present invention comprises an algorithm referred to 

herein as the “Tight Optical Integration” (TOI) algorithm, 
which is designed to integrate optical information and single 40 
epoch GPS range measurements into the same domain. 
Optical measurements remain in the pixel domain, while 
GPS measurements remain in the range domain. This 
approach allows for reduced Subsets of optical features and 
GPS measurements, which are separately not sufficient for a 45 
GPS-only or an Optical-only position solution. For instance, 
as few as one GPS satellite and/or 2 optical features or 
markers are capable of being utilized to form a position 
Solution using the TOI algorithm. 

In this paper the authors describe an algorithm called 50 
Tight Optical Integration (TOI). This algorithm integrates 
single epoch GPS range measurements and optical (camera) 
information to form position estimates. It is believed that 
this is the first algorithm in which GPS and optical mea 
Surements are integrated within an over-determined ordinary 55 
least squares geometry matrix. 

Particular to this experiment GPS range and angle-based 
optical measurements are combined within the geometry 
matrix. Unlike LIDAR systems, no range information is 
required from the optical sensor. Due to satellite signal 60 
blockage and degradation within an urban environment it is 
likely that while some GPS signals are available, an insuf 
ficient number of measurements are available to calculate a 
GPS only position solution. Because of this it is shown that 
the availability of optical pseudolites can enhance system 65 
availability and accuracy within an urban canyon environ 
ment. 

4 
For greater than a decade performance gains have been 

realized through the integration of GPS and inertial sensors. 
Such integration has acquired a series of names such as 
loose, tight, deep, and ultra-tight to describe the level 
of integration. While at times increasing complexity, the 
deeper levels of GPS and inertial integration have substan 
tially improved the tracking and performance range of GPS 
receivers. In addition to GPS, optical systems are currently 
being integrated with inertial sensors to create integrated 
navigation systems. 
The earliest means of navigation has primarily been 

optical guidance. A more structured method is celestial 
navigation, whereby the relatively fixed stars have been used 
to aid the position estimate. With the development of inertial 
measurement equipment optical methods were used to sta 
bilize and augment the inertial position estimate. Along with 
position, optical methods have been used Successfully for 
stabilizing attitude estimates. 

Currently, a significant amount of research is focusing on 
the fusion of optical and inertial measurements by using 
either multiple cameras (stereoVision) or multiple epochs of 
the same camera (epipolar geometry). These methods have 
been shown to be very successful under denied or degraded 
GPS conditions. While it is acknowledged that the optical 
inertial fusion is critical, our focus is on the optical-GPS 
fusion. It is not expected that the optical-GPS will replace 
optical-inertial fusion, but that it will be an additional tool in 
dealing with denied or degraded GPS environments. 
The basic concept of TOI is the integration of angular 

measurement from the camera to a known optical marker 
with the range measurements from a GPS receiver. This 
enables calculation of a position solution even when insuf 
ficient GPS satellites are available for a GPS standalone 
position estimate. The TOI algorithm uses data from digital 
cameras and GPS instruments. The classical GPS least 
squares solution requires the formation of a geometry matrix 
that consists of unit vectors from the users to the visible 
satellites. This paper concentrates on a method that com 
bines pixel and range measurements within this geometry 
matrix to form a position solution. Since the integration of 
the sensor outputs is at the measurement level the algorithm 
is considered a form of “tight' coupling between the optical 
system and GPS. It is important to understand that the TOI 
algorithm is a single-epoch single-camera approach that is 
different from a stereo (multi camera) or epipolar (multi 
epoch) approaches. 

FIG. 1 illustrates a sample scenario in which images could 
be used in addition to a partial GPS constellation. Points. A 
indicate the locations of possible markers. Lines B are the 
line of sight vectors to the visible GPS satellites or markers. 

Points A correspond to features extracted from the 2D 
image using methods such as Hough transform shape detec 
tors, corner and edge detectors, stereo vision, the Scale 
Invariant Feature Transform (SIFT) or Speeded Up Robust 
Features (SURF). The geometry of forming the unit vector 
from the camera focal center to the marker, or any feature of 
the known location, is shown in FIG. 2. The actual inverted 
image exists on the charged cathode device (CCD) Surface, 
while an artificially rectified image exists only in the data. A 
calibration of the camera maps the individual pixels into 
direction cosines, which are very similar to the geometry 
matrix used in GPS, with the exception of being in the body 
frame of reference. 
To mathematically illustrate the problem, lets assume 

that the available measurements contain only three pseudor 
anges (PR) to three GPS satellites and an angular pixel 
measurement from the camera. Clearly the generic GPS 
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equations can no longer be used to obtain a position Solution 
when less than four satellites are available. However, the 
same principle of iteratively solving for position using a set 
of linearized differential equations can be applied to incor 
porate the additional camera measurement(s). 

Pseudorange measurements to three satellites, their 
respective position vectors, and the user clock bias define the 
ranging equations required to solve for user position. 

where: 
x=the user position 
X, the position vector of nth satellite 
b=the user clock bias 
PR, the pseudorange to nth satellite 
Linearizing the ranging equation, the change in pseudor 

ange can be related to a change in position using the 
direction cosines to the satellites, as is shown in (2). 

where: 
AX, Ay, AZ. Increments in the X, y, and Z directions r 

respectively. 
ex-component of unit vector to nth satellite 
e y-component of unit vector to nth satellite 
e Z-component of unit vector to nth satellite 
However, for the number of satellites, n, equal to 3 at least 

one additional linear equation is required to solve for X and 
b. In the proposed TOI algorithm, this additional linear 
equation comes from the camera measurement. 
Now, let e be the unit vector pointing from the camera to 

the marker as derived from the camera measurements. 
Furthermore, let X be the position of the marker. Note that 
in this paper the position of the marker is considered known 
since only one marker is included and only one camera 
frame is considered at a time. Extension of the proposed 
algorithm to multiple markers and multiple camera frames 
will remove this constraint from future implementations. 
Point X, and direction cosine e define a line I(Xe) on 
which the camera or the user should be located. To solve for 
user position X, an intuitive approach is to form an equation 
with X, X and e. However, since the GPS equations are 
formed based on iterative estimates of a change in position, 
a camera equation based on AX must be developed. Denote 
the current estimate of X by X. If x is not on the line I, (Xe), 
the correcting term AX has to lead the net estimation back 
onto the line. 

Define v-v V vs as the shortest vector starting from 
the estimated camera location x and ending at the line I, 
(Xe). As can be seen in FIG. 3, point P is where v joins 
vector e. V has the minimum length when it is perpendicular 
to unit vector e, and can be expressed as follows: 

(3) 

Note that all terms in equation (3) are known in our 
current implementation given a particular position estimate. 
Choosing 

(4) 

a line constraint is introduced in the set of linear 
equations that must be solved causing the solution to be 
forced to the line-of-sight to the marker at each iteration 
epoch. Equation (4), together with equation (2) form the 
navigation equation set with three GPS satellites and one 
camera measurement. Put all the equations into matrix 
format, we define the following GPS-Visual T matrix: 
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esy - 1 (5) 
T = 

where: 

and 
I=3-by-3 identity matrix 
k camera weighting factor 
The GPS-Visual X vector is still the same as the GPS only 

X Vector 

x'=Ax Ay AZ bl (6) 

And the GPS-Visual measurement vectory becomes 
y'=APRAPR2 APR v v vs. (7) 

Thus, the measurement equation becomes: 
(8) 

The Ordinary Least Squares estimate for x' is then given 
by: 

In essence, the addition of the camera measurement 
constraints the user estimate to the line defined by I(Xe) 
and thus reduces the number of degrees of freedom to two. 
Hence, at least two GPS equations are required to solve the 
problem. One camera measurement plus one GPS equation 
does not suffice. 

Evidently, the camera measurements drive the estimated 
user position to the I(Xe) line, while the available GPS 
pseudorange measurements drive the estimate to the true 
user position along the line-of-sight to the camera. Clearly, 
both of these effects are driven by sensor errors and the 
algorithms sensitivity to the respective sensors. It should 
also be noted that, in the present implementation and experi 
ment, we have considered three GPS measurements and one 
camera measurement. Hence it is necessary to weigh the 
camera measurement against the GPS measurements appro 
priately. The parameter k was selected to de-weight the 
camera equations in the estimator. The k parameter typi 
cally ranges from 0 to 1. A large k attributes a higher weight 
to the camera equations and, consequently, helps to quickly 
drive the solution to the marker line-of-sight. However, it is 
not always beneficial to have a large k. If during the 
iterations of solving equation (9), the estimation x is already 
on the vector I(Xe), k should be 0 as the camera correc 
tions are no longer required. A large k would prevent the 
GPS corrections from being fully effective. Small k values 
help the algorithm to converge faster locally, but these 
values could cause computation stability issues, as the 
matrix T may become singular or near singular. 
The method used to demonstrate the algorithm in this 

paper uses a combination of real GPS constellation data 
along with simulated pseudorange data combined with Syn 
thesized camera measurements. The data processing steps 
and algorithm are implemented using Matlab(R). For the 
purpose of illustrating the algorithm in this paper, the camera 
data is synthesized by replacing a GPS satellite with a 
marker with an equivalent direction cosine as would be 
available from a camera. The pseudorange measurement to 
this satellite is discarded. For instance, if a GPS satellite 
were blocked by a building, it is assumed that an optical 
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marker (any known feature) is available at the same angular 
position. Note that this is a simplification necessary to test 
the performance and convergence properties of the proposed 
method. This is Sufficient because range measurement from 
the optical sensor is not required for this algorithm. In 
essence, a marker for the optical sensor is simulated in the 
same direction as that of the blocked GPS satellite. This 
method allows direct comparison between TOI and GPS 
performance under identical geometric conditions. 
The focus of this paper is to make a preliminary assess 

ment of this TOI algorithm. As a result, some assumptions 
were made to simplify the implementation as an initial step. 
While, it is recognized that body attitude information is 
required to rotate the camera from the body to navigation 
frame of reference, the simulations will assume perfect 
gyroscope sensor information. By this assumption, the Sur 
veyed location along with a priori knowledge of the marker 
location is used to rotate the optical vector into the earth 
frame. This allows separation of TOI process errors from the 
gyroscope instrument errors. The TOI position estimation 
occurs as part of an iterative process. 

Additionally, it is recognized that the feature extraction 
and association problem is difficult and must be solved in 
future implementations of the proposed algorithm. This 
paper has assumed that this problem has been solved and 
ignores the problems associated with video feature identi 
fication. 

Also, for the purpose of this scenario the same reference 
point for the GPS and camera measurements is used. This 
follows directly from simulating camera angular measure 
ments from GPS satellite direction cosines. 

Results of the simulation using sets of 4 GPS satellite 
vehicles (SV) from the sky plot depicted in FIG. 4 are shown 
in this section. The GPS performance results are all gener 
ated using all subsets of 4 SVs. The GPS solution uses all 
possible sets of 4 SVs to form a position estimate. The TOI 
solution, then, replaces one SV in each sub-set with a 
synthesized optical measurement. 

All pseudorange measurements were simulated using 
Zero-mean independent Gaussian range measurements with 
a standard deviation of 5 meters. The simulated range to the 
marker was 500 meters. 
An example of a convergence Surface for a single epoch 

of the TOI simulation is shown in FIG. 5. While the actual 
convergence process follows only one path along this Sur 
face, the Surface is shown to help the reader conceptualize 
the TOI convergence process. The Z-axis of the plot shows 
the magnitude of the computed correction for a specific X-y 
position error. Most important to note is the fact that there 
are no local minimum or maxima which would cause the 
TOI algorithm to select the wrong convergence point. 
The algorithm was evaluated with a weighting factor k, 

k=0.2 respectively. Probability Distribution Functions 
(PDF) of the 3D error magnitudes for GPS only and TOI are 
shown in FIG. 6. 
A summary of the above scenario is shown in Table 1. 

Where the magnitude error magnitude was taken with 
respect to a surveyed GPS antenna location. 

It can be clearly observed that the TOI enables position 
estimation in an urban environment with less than three 
visible satellites. Furthermore, the performance of the TOI 
implementation is slightly better for the scenarios shown. 
Note that more geometry scenarios must be evaluated in 
future research. 
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TABLE 1. 

Position Error Magnitude Results 

Description Value (m) 

Weighting Factor (k) O.2O 
GPS Position Error Magnitude, Mean 1894 
GPS Position Error Magnitude, Std. Dev. 1140 
TOI Position Error Magnitude, Mean 11.86 
TOI Position Error Magnitude, Std. Dev. 8.87 

It is thus illustrated that it is feasible to tightly integrate 
GPS range measurements and optical angular measurements 
on an epoch-by-epoch basis. The results from a static 
simulation of the TOI algorithm using 5 m (1 sigma) 
pseudorange errors, a marker distance of 500 meters, and no 
inertial measurement error, show equivalent or better per 
formance of the TOI as compared to stand-alone GPS. For 
a camera weighting factor of k equal 0.2, the mean position 
error magnitude showed more than 40% of improvement. 
Additionally the standard deviation showed a slight 
improvement. 
As is expected, since there were no inertial errors simu 

lated, the greater camera weighting factor produced 
improved results. However, the optimal weighting with 
inertial errors may vary. 

It is expected that TOI sensitivities to inertial and camera 
errors will be relatively small at the close practical ranges 
considered in the current TOI operational scenarios. For 
instance, a one degree camera or inertial error with a range 
to marker of 50 meters is predicted to cause a sub-meter 
position estimate error with a single marker. 

This paper evaluates the performance of the tight inte 
gration of GPS and optical sensors such as digital vision 
cameras. The paper furthermore addresses certain integrity 
aspects of the proposed Tight Optical Integration (TOI) 
method. Target applications for the proposed system include 
the operation of UAVs in an urban environment for both 
civil and military applications. A regular unaided GPS 
position Solution requires at least four satellites. However, in 
an urban canyon it is likely to have fewer than four GPS 
satellites at certain locations due to satellite signal blockage 
and degradation. Augmentation of GPS with measurements 
from other sensors is thus required for a reliable navigation 
capability in an urban environment. TOI integrates range 
measurements from the available GPS satellites (usually less 
than four) with feature data from a regular camera to form 
position estimates. If a building blocks a GPS satellite, 
markers or features on that building can be located and used 
as an "optical pseudolite. Unlike pseudolite or laser range 
scanner measurements, no range information is required 
from the optical sensor. Instead, the TOI algorithm takes the 
estimated azimuth and elevation of the marker to form an 
equivalent direction cosine for this marker. Then, these 
direction cosines are combined with range measurements 
from GPS satellites in a weighted least square solution. The 
current implementation of the TOI method forms linearized 
camera equations together with the linearized GPS equations 
and solves for the solution iteratively similarly to a regular 
GPS only solution. Inertial sensors are used to transform 
direction cosines from the camera frame to the GPS frame. 
To enable operation of aerial vehicles at any time in any 

environment a Precision Navigation, Attitude, and Time 
(PNAT) capability is required that is robust and not solely 
dependent on the Global Positioning System (GPS). In 
urban environments, for example, the number of available 
GPS satellites may be limited due to shadowing, significant 
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signal attenuation and multipath caused by buildings, or due 
to intentional denial or deception. Although integration of 
GPS and Inertial Measurement Unit (IMU) data may prove 
to be a viable solution, an alternative method is the topic of 
discussion in this disclosure. 

Various sensor integration strategies have been and are 
still being considered to enable navigation in a GPS-chal 
lenged environment. FIG. 7 shows a depiction of some of 
these strategies. Integration of GPS with Inertial sensors has 
been studied extensively. For example, describes a deep 
integration method for assessment of GPS quality in urban 
environments. Currently, a significant amount of research 
focuses on the fusion of optical and inertial measurements 
by using either multiple cameras (stereo-vision) or multiple 
epochs of the same camera (epipolar geometry, tri-focal 
tensors). These methods derive user motion estimates from 
the observed change in structure in the camera Field-of 
View (FoV) using multiple points common between two or 
more views of the environment. Another approach is the use 
of 2D laser radar (LADAR) data to estimate the position and 
pose changes in urban and indoor environment. For 
increased robustness the LADAR data can be integrated 
with inertial data to enable 2D navigation or even 3D 
navigation in urban environments. Finally, 3D vision cam 
eras can be integrated with inertial measurements or mul 
tiple 2D LADAR systems can be integrated with inertial 
measurements to estimate the user position in 3D space. 
TOI integrates camera imagery and GPS range measure 

ments. The imagery data is used to find one or more a 
priori known features (so-called markers), which are then 
used to estimate the position of the user. The method allows 
the user to operate in environments where less than four 
satellites are available. It is important to note that a priori 
knowledge of the markers location is necessary for this 
method to work. Two sources for these marker locations are 
previous mapping missions over the urban environment (like 
LIDAR mapping efforts) or self-surveying of the markers 
while sufficient GPS satellites are available. 

Test results of the TOI architecture originally proposed in 
have been presented in. In that paper it is shown that known 
optical markers can be used in places where less then the 
required four satellites are available and accuracies of the 
same magnitude of standalone GPS have been demon 
strated. Although TOI does not tightly integrate IMU, mea 
Surements in its solution, IMU attitude measurements are 
required to perform the transformation from camera-to 
navigation frame. 

Before we derive the integration methodology for vision 
and GPS measurements, we once more state the standard 
GPS linearized measurement equations as found in various 
textbooks Such as. The standard satellite user geometry 
assumes a minimum of four satellites to estimate the user 
position and is shown in FIG.8. XSV,i and esvi represent the 
position of satellite i and the direction cosine (unit vector) 
to satellite i, respectively. 

Given the configuration in FIG. 8, the standalone GPS 
measurement equation is given by: 

10 el. 1 a (10) 
x Ay 

y = APR = M M ||= HAx 
e 1 2. 
sy,N Ab 
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10 
Equation (10) relates a change in position to a change in 

pseudorange and must therefore be iterated at each time 
epoch to obtain the Snapshot position estimate, or: 

A=(H-H) - HAPR 

33-1+A-1 (11) 

The advantage of TOI, as will be shown in the remainder 
of this section, is that the inclusion of one or more optical 
markers just results in a extension of the measurement 
matrix H in equation (11). 
Now, let us focus on the marker geometry of FIG. 9. In the 

presence of a position-offset AXu from the true position Xu, 
the marker geometry as depicted in FIG. 10 can be consid 
ered. Note that in FIG. 10, both the marker position Xm.1 
and the unit vector em.1 pointing to the marker (derived 
from the camera imagery) are known. 
A dummy vector v is added to the geometry of FIG. 10. 

This vector starts at the line connecting the true position to 
the marker location, ends at the position estimate, and is 
perpendicular to the line-of-sight. This vector is depicted in 
FIG 11. 

Now, an expression for V can be derived as follows: 

V = i - en (en: f) (12) 

= f-emier 
as = (1 - em.1e)f 

= (1 - en left)(xn, I-3.) 

Equation (12) depends solely on quantities that are 
known: the line-of-sight unit vector, the marker position and 
the position estimate. Equation (12) can be used to compute 
the derived measurement V that will be used as an input to 
our method. 

However, similar to the derivation in (12), an expression 
can be found that relates the derived measurement V to the 
offset between the estimate and true vector, or 

V = Ava - em.1 (en. Ava) (13) 
T = AX, - em.1e. Ava 

T = (1 - em.1e. Ava 
= HyAX. 

Hv is the geometry matrix for the marker and depend 
solely on the line-of-sight unit vector to that marker. 

1 - en (14) 
T H = - ene, Feyneym 1 - en 

2 1 - e. 

Now, the measurement equation in (13) can be combined 
with the measurement equation for standalone GPS: 
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APR (15) 
APR ?es. 1r Ax 
APR, e2 1 || Ay 

y = V es.3 1 || A3, 
Vy H. O t 

The estimate of the position change and GPS clock bias 
can be found using a standard least squares estimator similar 
to equation (11). 

In and, a simplified version of equation (15) was utilized 
that replaced Hv with a scaled identity matrix or, 

es. 1r Ax (16) 
e2 1 || Ay 

y = e3 1 A3, 
k1 0 || b 

Although this simplification does no longer accurately 
represent the marker geometry, the least squares Solution 
will still converge given a correctly chosen value for k, the 
convergence speed factor. The reason that the Solution still 
converges can be observed from FIG. 11. Instead of forcing 
the solution from the wrong estimate to an estimate closer to 
the true value, the simplified method of equation (16) forces 
the solution to the line-of-sight. Then, the GPS measure 
ments force the solution along the line-of-sight to the true 
value. 
More than one marker can be used to estimate the user 

position. Knowledge of two or more markers would no 
longer require the integration of GPS range measurements. 
However, GPS range measurements could still be included 
to estimate the GPS clock bias, to be able to detect system 
atic (bias) errors in GPS range measurements or marker 
positions, or to improve the robustness of the overall solu 
tion. The two-marker geometry is shown in FIG. 12. 

Inclusion of the second marker in the integration method 
is a straightforward extension of equation (15): 

APR (17) 
APR 
APR es. 1 

T. 1 AX 
lx 6sy.2 Ay 

y = V1-y es.3 1 A3, 

Viz H. () t 
V2 H2 O 
V2.y 

v2z 

The implementation of equations (15), (16) and (17) will 
be evaluated using simulation results in the next section. 

The first scenario that was implemented to evaluate the 
performance of the TOI methods compares a four-satellite 
position solution with the full-matrix TOI implementation of 
equation (15) and the k-matrix TOI implementation of 
equation (16). The GPS User equivalent Range Error 
(UERE) was set to 15 m, 1 O. This value is higher than the 
nominal value, but was deemed representative for the 
decreased performance in an urban environment. It is impor 
tant to note that the simulation did NOT include the mod 
eling of multipath error even though these have been shown 
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12 
to be substantial. The value for k was chosen to be k=0.2, 
similar to the value used in the urban test implementation of. 
In the first 500 case Monte-Carlo, the marker uncertainty 
was set equal to 0 m. FIG. 13 shows the geometry and FIG. 
14 shows the results of Monte-Carlo for all three cases. 
The difference between the performance of the full-matrix 

implementation of TOI and the k-matrix implementation can 
be observed in FIG. 14. Since the full-matrix implementa 
tion does accurately represent the marker geometry, the 
covariance ellipse (shown in red in the image) follows the 
line-of-sight (LOS) vector to the marker having only small 
uncertainty in the cross-LOS direction and a larger uncer 
tainty in the along-LOS direction. The uncertainty in the 
along-LOS direction can be fully attributed to the GPS 
errors. With the k-matrix implementation the errors in the 
cross-LOS direction are significantly larger than the full 
matrix implementation but similar to GPS. 

FIG. 15 shows the results of introducing uncertainty I the 
marker position. The scenario shown there introduces a 5 m, 
1 O uncertainty (Monte-Carlo) in the marker position. Note 
that a constant offset of the marker has been omitted for the 
one-marker case, but will be addressed in the two-marker 
CaSC. 

In the presence of growing marker uncertainty the per 
formance of the full-matrix and k-matrix implementation 
converge. 

Next, Monte-Carlo simulations were run using two mark 
ers. The ranges to the markers were 500 m and 2000 m, 
respectively, with an 18-degree angular separation between 
the marker LOS unit vectors. Ranges to the marker are long 
distances considering the operational environment of the 
UAV. Sensitivity of the method to these ranges has been 
addressed in. 

FIGS. 17, 18, 19 and 20 show the results of the Monte 
Carlo simulations. Each of the figures shows the results for 
the GPS standalone solution (top), TOI results using one 
marker and two GPS satellites (middle), and TOI results 
using two markers and one satellite (bottom). FIG. 17 shows 
the results for the Monte-Carlo with no uncertainty in either 
of the two markers. Clearly, the two-marker case shows that 
the position uncertainty is about Zero. In the two-marker 
case the presence of GPS does not matter at all. However, 
those cases may be used for other applications such as clock 
estimation or integrity monitoring of the GPS ranges. 

Next, random uncertainty was introduced in one of the 
markers (marker 1) with a magnitude of 5 m, 1 O. One can 
clearly see in FIG. 18 that this uncertainty results in a 
position uncertainty of similar magnitude. 

FIG. 19 shows the performance results when introducing 
a constant position offset of 10 m in all three dimensions. 
Furthermore, the uncertainty on the marker was Sustained, 
though at a smaller level of about 2 m, 1 O. The mean values 
in FIG. 19 are given by (1.2633 m, 0.8849 m), (3.2164 m. 
–7.8870 m) and (1.7562 m, -4.5297 m), respectively. FIG. 
20 shows the vertical position accuracy for this last scenario 
with mean errors of 1.8656 m, 7.6226 m and 3.6143 m. 
Observe that the mean error in the two-marker case has been 
reduced. 

In GPS the position accuracies can be related to the UERE 
by means of Dilution-of-Precision (DOP) factors. For 
example, for GPS 

(18) o, PDOP overe 

where 

G=(HH). 

PDOP=VG+G+G. (19) 
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In TOI, it is not possible to come up with a simple 
expression similar to equation (19) for the DOP values 
including the markers in the geometry. As a result it will be 
hard to come up with a quantitative measure for the geom 
etry effect in TOI. However, the geometry can still be 
investigated in an indirect manner from the covariance 
analysis. 

Assuming noise-like uncertainty on the GPS ranges and 
the TOI derived measurements, the measurement equation 
can be written as follows: 

APR AR & (20) 
APR, AR, c. ?es. 1r Ax 
APR AR3 83 e2 1 Ay 

y = -- x 
pV1 &y. e 1 || Az 
Pv2 V2 8.2 H, 0 t 
Pv3 V3 Sy3 

Now, the covariance of the position change estimate can 
be found by: 

21 cost = (HH). H Cov(oy)H(HH). (21) 

Assuming independent pseudorange measurement, the 
covariance matrix for the GPS part of the measurement 
equation is given by: 

cov(ÖR)-OEREI (22) 
The derived measurement covariance matrix associated 

with one of the markers is derived as follows: 

Substituting equations (22) and (23) in equation (21) 
yields: 

X CUERE I O -l (24) cost |)=(HH) HT H(HH) t O HE{0x0x, H: 

Even though no easy geometry factor can be obtained 
from the covariance expression in (24), equation (24) can 
still be used to evaluate the performance for various geom 
etry scenarios. 

This section will discuss how GPS range biases can be 
detected using TOI. The derivation here is similar to the 
parity space approach discussed in a variety of references. 

First, let us first perform the QR decomposition of the 
system matrix as derived in equations (15) and (17). 

R (25) 
H = QR = Q, o, 
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Since, for an over-determined system, the R matrix con 

sists of an upper-triangular matrix for the upper four rows 
and a Zero matrix for the remaining rows, the QR decom 
position effectively breaks the system equation into two new 
equations: 

Q'y=0 
Whereas, the tenth equation can be used to find the 

estimate of the position change AX, the eleventh equation 
represents the null-space of the system matrix. This space is 
often referred to as the parity space. The significance of the 
parity space can be observed if we consider the following 
failure scenario of a single bias on one of the satellites: 

(26) 

APR AR & O (27) 

APR, AR. I c. bes. 1r Ax 
APR3 AR3 83 O es.2 1 Ay 

-- -- x 

pV1 &y. O es.3 1 || A3, 
Pv2 V2 8.2 O H, O cik 

& O Pv3 3 dy 3 E. 

Substituting equation (27) into the parity equation yields: 

= gy + olay to b O 

The expected value for the parity space value is given by: 

Ob 

which is a projection of the bias error on the axes of the 
parity space. 
The parity residual value can thus be used to perform 

failure detection of GPS bias errors by comparing it to a 
predetermined threshold derived from the probability of 
false alert (see FIG. 21). The implementation of the whole 
fault detection and possible isolation algorithms is outside 
the scope of this paper. 
To evaluate the capability of TOI to detect GPS bias 

failures various 5000-point Monte-Carlos were performed. 
For the faulted case a range bias of 100 m was introduced on 
one of the satellites. Then, TOI was implemented for two 
scenarios: three GPS satellites--one marker and two GPS 
satellites--two markers. FIGS. 22 and 23 show the histogram 
of the parity residuals for the fault-free case (blue) and the 
faulted case (red). 

It can be observed from FIGS. 22 and 23 that the optical 
markers can be exploited to detect bias errors in GPS ranges. 
Furthermore, the inclusion of more markers in the detection 
scheme improves the observability of the bias errors in 
parity space. Note that in both cases the parity space is 
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one-dimensional and the corresponding histograms show 
Gaussian-like distributions due to the Gaussian error inputs. 
In case of a multi-dimensional parity space the Sum of the 
squared parity residuals could be used a test statistic. 

16 
Among the more mature sensor fusion topics is GPS-INS 

integration. Presently, significant work is being done in the 
area of integrating optical sensors with Global Navigation 
Satellite Systems (GNSS) or Inertial Measurement Units 

Detection of faults in the marker position has not been 5 (IMU). One aspect of this area has been driven by the 
investigated in this paper and will be part of future work. 
TOI has potential as an integrated navigation system but 

does require a priori knowledge of feature locations (mark 
ers) in the environment or a capability to "derive' the 
markers in-flight. Unlike GPS, geometry is not as easily 
expressed with a Dilution of Precision metric; however, an 
equation was derived for the covariance of the position as a 
function of the UERE and the uncertainty in the marker 
location. Utilization of multiple markers allow for solution 
of position with and without GPS and markers can be 
exploited to detect bias errors in the GPS pseudoranges. 
The objective of this disclosure is to demonstrate the 

sensitivity of the GPS-Camera Tight Optical Integration 
(TOI) algorithm to errors stemming from two sources: (a) 
Inertial measurement errors and, (b) Camera measurement 
errors. The TOI algorithm has been described by the authors 
in an recent paper, “An Algorithm for GPS Tight Optical 
Integration (TOI). 

In the TOI algorithm, the inertial measurements are 
primarily used to derive attitude information to transform 
the camera measurements from the body frame to the 
navigation frame of reference. Clearly, errors on these 
inertial measurements contribute directly to the angular 
information from the camera used for a final position 
Solution. Also, an initial position estimate is required to 
transform the measurements from the navigation frame of 
reference to an earth reference frame. As a result, an error in 
the initial position estimate will introduce some error in the 
position Solution, which is included as an equivalent inertial 
error in the overall error analysis. 
The function of the camera is to make angular measure 

ments from a pre-defined “marker'. The errors in these 
measurements are sensitive to the range of the marker from 
the camera, i.e. marker range. Although the marker range is 
not a measurement used in the algorithm, it is necessary to 
investigate the sensitivity of the algorithm to variations in 
the marker range. It is shown that the sensitivity of the error 
in the final position estimate increases as this marker range 
increases. Moreover, the camera needs to identify the marker 
and hence, an error in the pixel selection in the image or a 
marker position error will affect the accuracy of the final 
position estimates. The sensitivity of the algorithm to these 
errors contributed by the camera is also analyzed. 

Finally, the authors explore the possibility of using mul 
tiple markers to obtain the necessary attitude information. 
The potential for using this attitude information to correct 
for or limit the drift in the inertial error is evaluated. 
The TOI algorithm performance is shown to be similar to 

GPS performance levels, in the presence of the error sources 
discussed above. This makes it a viable solution for navi 
gation capabilities in environments where sufficient satel 
lites for a GPS only solution are not available, e.g. an urban 
canyon. 

Currently, significant research efforts are being focused in 
the area of sensor integration for navigation. This is primar 
ily because available navigation aids fail to meet perfor 
mance requirements, e.g., accuracy, integrity, availability, 
continuity, etc. for various applications if used in a stand 
alone fashion. Sensor fusion allows for the development of 
navigation units that can meet the performance criteria for 
the specified application. 
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interest in range finding optical sensor technology, i.e. Light 
Detection And Ranging (LiDAR) and their integrations with 
GNSS, IMUs, terrain databases, etc. The other area of 
interest is driven by the more human vision inspired optical 
sensor, i.e. the camera. 
The Tight Optical Integration (TOI) is a method for the 

fusion of GPS and camera measurements. This method is 
extendable to the integration of the camera with any GNSS 
system. Since the preliminary analyses, simulation, and tests 
have been performed using GPS data, we will refer to this 
as a GPS camera integration topic for the scope of this 
paper. This paper will discuss some of the measurement 
error sources in the TOI algorithm and their impact on the 
user position error. It will be shown that the algorithm 
converges to a solution in the presence of angular and 
inertial errors induced into the “perfect” camera measure 
mentS. 
The TOI algorithm is an algorithm for integrating angular 

measurements from a camera image and range measure 
ments from GPS to generate a navigation solution. The term 
“tight' stems from the fact that that TOI does the blending 
at the raw measurement level and not in the position domain. 
The potential for use of this algorithm is in situations where 
some GPS satellites are visible but not sufficient enough to 
form a GPS only position solution. The premise of the 
research in this topic is that these visible satellites (less than 
4) can still be used to obtain a position solution, if aided by 
the angular measurement to an identifiable marker. The 
algorithm performs the blending of these measurements in a 
least squares geometry matrix very similar to the classical 
geometry matrix used for GPS position solution. This 
implies that the integration of these two sensors, GPS 
receiver, and the camera can be done in existing GPS 
receivers with minimal changes to the presentarchitecture of 
the equipment. It is important to note that this algorithm is 
applicable and useful given that image processing, feature 
recognition and tracking algorithms are already in place to 
generate the unit vector from the camera image. 
TOI is an integration algorithm that finds direct applica 

tions in urban canyon type environments. One of the clas 
sical cases in an urban canyon environment is the blockage 
of satellite signals due to skyscrapers and other landmarks. 
TOI benefits in using these signal blocking landmarks to 
provide the features that aid the navigation solution and 
increases availability. 
The camera is the optical sensor used to aid the GPS 

receiver. The measurement of the camera is the unit vector 
pointing to a feature of interest or marker. As the camera 
“sees” the marker it can be identified in the camera image in 
terms of pixels. An inverted image of the feature is formed 
on the charged cathode device (CCD). The rectified image is 
formed on the image plane which is present in the raw data. 
Feature extraction algorithms such as Scale Invariant Fea 
ture Transformation (SIFT), Speeded Up Robust Features 
(SURF), Hough Transforms, etc. can be implemented to 
extract pixels corresponding to the feature of interest. Cam 
era calibration techniques can be used to generate a unit 
vector pointing from the focal point to the pixel on the 
rectified image plane. This unit vector must lie on the line 
joining the focal point to the marker. Since the range to the 
marker cannot be identified from the image alone, the unit 
vector becomes the primary measurement of the image. 
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FIG. 24 shows illustrates the formation of this unit vector 
pointing from the optical center (focal point) to the feature 
of interest. This unit vector has been decomposed into three 
orthogonal components as shown. 

é, -e,+e+e, (30) 
where, 
e=The unit vector from the focal point of the camera to 

the marker 
ex-component of the unit vector 
e, y-component of the unit vector 
e Z-component of the unit vector 
The theory and practice of feature extraction techniques is 

beyond the scope of the experiment described in this paper. 
From this point forward, the feature of interest will be 
referred to as the marker and the unit vector pointing to the 
marker as e. 
The fundamental measurement in GPS is time. The 

receiver measures the time of arrival of the signal from a 
satellite, decodes the time of transmission of the signal at the 
satellite, the satellite position, and estimates the distance (or 
range) between the satellite and the user. This measurement 
is popularly called the pseudorange because of the presence 
of various errors in the measurement. FIG. 25 shows 
example GPS satellite geometry with n satellites in view of 
the GPS receiver (the user). 

The unit vectors to the satellites, e are formed based on 
the knowledge of the satellite positions and an estimate of 
the user position. 

The user position in three dimensions X=x, y, Z, and 
the user clock bias estimate can be determined by making 
measurements to at least four satellites. The solution for user 
position requires linearization of the pseudorange equation 
as given below. 

(31) 

where, 
p, Pseudorange measurement to the nth satellite 
S, Satellite position vector, x, y, z, 
c=Speed of light in vacuum (or free space) 
tReceiver (user) clock offset from system time 
The offset of the user position vector from the initial 

estimate and clock offset, after linearization are related to the 
pseudorange measurements by following equation. 

HAx]=Ap (32) 

where, 
Ax-Offset in the estimate of user position with clock 

offset 
Ap=Vector offset in pseudorange values corresponding to 

the user's true position and the linearization point 

avi asyl VI 1 (33) y & 

SV2 SV2 SV2 1 ey ey e. 
ASW3 ASW3 ASW3 

H = X ey & 1 

SVn SVn SVn 1 X y & 

H is the direction cosine matrix, or Jacobian matrix, 
formed from the unit vectors to the satellites. In the 
equation, e," refers to the x-component of the unit 
vector to the nth satellite. The y- and Z-components are 
denoted by corresponding Subscripts. 
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The solution to the above equation requires iteratively 

Solving for 

There are various error sources that influence this pseu 
dorange measurement, e.g. clock errors, ephemeris errors, 
multipath, atmospheric effects, antenna errors, etc. Error 
characterization and analysis for GPS is well researched 
topic and will not be discussed in this paper. 
As already stated, the TOI algorithm provides a method to 

integrate pseudorange measurements from GPS satellites 
and angular measurements from an optical imaging sensor, 
i.e. the camera. FIG. 26 illustrates a simple geometry with 3 
satellites and an optical marker in view. The iteration of the 
algorithm involves two convergence forces; one by the unit 
vector measurement to drive the estimated user position to 
the line joining the marker and the true user position, and 
second, by the pseudorange measurements from the GPS 
receiver to the to a point on the line. Note, that by this 
geometry, a minimum of 2 GPS satellites and an angular 
measurement are sufficient for obtaining a position solution. 

For a mathematical perspective into the algorithm, con 
sider the convergence vector V-V, V, V, and a line from 
the true user position to the marker, hereby defined as 
(Xe). Then, V is the vector pointing from the estimated 

user position, x to (x,e). This vector can be derived from 
the unit vector measurement as, 

where, 
I=3x3 identity matrix 
x=Position vector of the marker 
A simple and approximate equation to relate v with user 

position is, 

This introduces the constraint on the convergence to the 
line imposed by the unit vector measurement. Towards the 
position solution steps, we define a geometry matrix, T 
similar to the one used in the GPS least squares solution. 

H 1 
T = 

Here, the H matrix is the same as that used in the GPS 
geometry matrix. The difference is that it may have an 
insufficient number of satellites for a stand alone GPS 
solution. I is the 3x3 identity matrix as described before. k 
is a camera weighting factor introduced to de-weight the 
camera measurement in the matrix and avoid matrix singu 
larities. The variation in this factor has not produced any 
observable change in performance but does affect the speed 
of convergence of the algorithm to the right Solution. It’s 
variation depends primarily upon the quality of the camera 
and GPS measurements, since it allows to de-weight the 
Camera measurement. 

Following a linearization technique as done in the GPS 
Solution algorithm, the measurement equation can be written 
aS, 

(35) 

where, 
y=APR APR, APR v v, v', for the case of 3 visible 
GPS satellites. 

The ordinary least squares estimate of the user position 
can then be written as, 



US 9,726,765 B2 
19 

Camera Error 
The camera provides the angular measurement necessary 

for the TOI algorithm. The extraction of this measurement 
involves, among others, the following steps: 
Camera calibration is required to map the pixel associated 

with the marker into a direction cosine to form the unit 
VectOr measurement. 

Camera alignment is necessary to correctly interpret atti 
tude information and transform angular information from 
b-frame to e-frame. This involves the appropriate alignment 
of the camera on the user vehicle and/or equipment. 

Alignment of camera lens, image plane with respect to 
focal point is necessary to correctly form the unit vector in 
the geometry involved inside the camera. 

Feature extraction is required to interpret the correct 
pixel(s) associated with the marker for which the measure 
ment is used. 

Since the range to the marker is not available directly 
from the camera measurement, an accurate knowledge of the 
marker position is currently required. The confidence in the 
knowledge of this position will influence the error in the 
measurement. 

Errors in any of the above steps translate directly to an 
angular error, i.e. choosing the wrong unit vector. The unit 
vector error can be decomposed into two components: (i) 
Error in the X-plane, and (ii) Error in the y-plane. FIG. 27 
shows this decomposition of the angular error. 
As can be seen in the illustration, an error in the wrong 

pixel selection of forming the wrong unit vector can be 
simulated as having two components along the orthogonal 
aXCS. 

Inertial Errors 
The necessity to consider inertial errors stems from the 

need to know the orientation of the camera. The camera 
measurements are formed in the body frame (b-frame) of the 
equipment (of the user). However, GPS measurements are 
available in an Earth-Centered-Earth-Fixed (ECEF) frame. 
As a result, for integrating these two measurements, the 
attitude information of the camera is necessary to transform 
the camera measurements from the body frame to the chosen 
navigation frame of reference. FIG. 28 illustrates this idea. 

In this experiment, the chosen frame of reference is the 
ECEF frame (e-frame). In a practical setup and especially 
for a dynamic user, it would be required to consider a 
rotating navigation frame of reference involving transport 
rate computations. This is driven by practical considerations 
of mounting the gyroscopes and alignment with an acceler 
ometer. In a simulation it is acceptable to transform directly 
from the b-frame to the e-frame. This keeps the focus on 
evaluating the performance of the algorithm in the presence 
of angular and attitude measurement errors. This is the 
approach we have taken in this paper. 

Since accelerometers outputs are not used for the posi 
tion solution, only the gyroscope outputs are required to 
obtain information about body orientation. Hence, the atti 
tude updating algorithm for the earth frame mechanization is 
of interest. The attitude updating equation for the e-frame is 
given by 

C=CS2. (37) 

co'-(o-Co (38) 

where, 
C=Direction cosine matrix for transformation from 

b-frame to e-frame 
co,”-Angular rate of the b-frame with respect to the 

e-frame, expressed in the b-frame 
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S2'-Skew-symmetric form of co, 
co,” Angular rate vector expressing orientation of the 

b-frame with respect to the inertial frame, expressed in 
the body frame 

co-Rotation rate of the of the e-frame with respect to the 
inertial frame, expressed in the e-frame 

C-(Ce)7 (39) 

In the above equations, the only unknowns are the initial 
attitude, the b-frame angular rate with respect to the e-frame, 
and the earth's angular rate. The initial attitude is obtained 
from initialization information and the gyroscope outputs 
provide the information b-frame angular rate with respect to 
the e-frame. The earth rate is a constant of 15.041067 
degrees per hour, which is derived from the fact that the 
earth rotates one geometric rotation each sidereal day (23 hrs 
56 minutes 4.1 sec). 

Clearly, the dominant source of error is the measurement 
error from the gyroscopes and that of initial attitude. These 
errors can be interpreted as translating the unit vector 
incorrectly from the b-frame to the e-frame. 

Range to the Marker 
Although the range to the marker is not used in the 

algorithm it influences the performance of TOI. It is intuitive 
that the magnitude of position error will be directly propor 
tional to the line of sight distance between the marker and 
the user. The range to the marker also plays an important role 
because the specifications of the camera being used deter 
mine the range to which a feature can be observed to be 
tracked with some confidence. 

All of the above errors are simulated and introduced in the 
measurements of the TOI to evaluate the sensitivity of the 
algorithm to these errors. It is expected that the position 
error is a function of the product of the tangent of angular 
error and marker range. 
GPS Data 
A combination of real GPS constellation data along with 

simulated pseudorange data is used for the GPS measure 
ments. GPS constellation data was collected by a stationary 
user at the Ohio University Airport, Albany Ohio. The 
pseudorange measurements were synthesized from a Zero 
mean Gaussian distribution with a standard deviation of 5 
meters. The reason to simulate the pseudorange data was to 
isolate and analyze the effects of the non-GPS measurement 
errors only. 
Marker Simulation 
The camera data is simulated by using the unit vector to 

a GPS satellite and then ignoring the pseudorange measure 
ment to that satellite. The unit vector to the satellite is treated 
as being the angular measurement available from the cam 
era. This is consistent with the idea that an optical marker is 
available in the same angular position as the blocked satel 
lite. 
From the constellation of available satellites, sets of four 

satellites were chosen at a time. Within this set of 4 
pseudorange measurements, 3 of them were used as GPS 
measurements and the unit vector to one of them was used 
as the simulated marker. This was repeated until each 
satellite within the set of 4 was simulated as the marker once. 
This was then again repeated till all possible combinations 
of 4 satellites in view were exhausted. This is methodology 
was used to initially test the convergence of the algorithm. 
The knowledge of the unit vector also allows for simu 

lating this marker at known marker ranges, although the 
marker range information was not used in the algorithm 
implementation. 
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Error Simulation 

The angular errors for the camera were simulated based 
on reasonable specifications of a cheaply (-S50) available 
camera. It is can be expected that an error of 5 pixels is very 
significant for such a camera with a resolution of 320x240 
pixels and a focal length of about 400 pixels. This translates 
to an error of approximately 1 degree. This 1 degree error 
was simulated along both the X- and y-components of the 
camera image plane. Then the errors were simulated from a 
Zero-mean unit-variance Gaussian distribution and the 

results were obtained in terms of position error. 
The errors in inertial measurements were simulated as 

arising from two sources; a gyro misalignment of 0.25 
degrees, and a constant gyro drift of 36 degrees per hour. The 
position error was plotted for this case. 

Then the errors from both these sources were combined 
and the position error was plotted. 

Finally, the position errors were analyzed with all of the 
above errors at different marker ranges. 
The above methodology of synthesizing camera and GPS 

data allows for a direct comparison of the GPS and TOI 
errors with identical geometry. Also simulation assumes a 
priori knowledge of the location of the marker. 
The following section shows the plots of the position error 

obtained by implementing the TOI algorithm for the various 
error cases listed in the previous section. The metric for 
performance measurement is the mean and standard devia 
tion on the position error. This position error is computed as 
the error in the user solution from the true known location 

of the user. The true position of the user was obtained from 
a survey by the Online Positioning User Service (OPUS). 

FIG. 29 shows the elevation and azimuth of the GPS 
satellites available in the data when collected at the Ohio 
University airport. 

FIG. 30 shows the plots for GPS stand alone errors and 
TOI errors. No angular and attitude errors were simulated 
and the marker was placed at 250 meters. The plot shows 
that the TOI performance is better in terms of position error 
than GPS stand alone solution. 

FIG. 31 shows the errors in TOI position solution for the 
cases where the angular measurement error is 1 degree in 
each of the orthogonal axes, and when the error is from a 
random distribution. Clearly there is performance degrada 
tion but not significant enough to get worse than GPS stand 
alone position Solution. 

FIG. 32 illustrates the position errors for three cases: (i) 
there is a gyro drift of 36 degrees per hour, (ii) there is gyro 
misalignment of 0.25 degrees but no gyro drift, and (iii) gyro 
drift and gyro misalignment errors together. Note that the 
angular errors were also present along with the gyro errors. 

It is seen here that the gyro drift has the most significant 
impact on the errors as compared to the angular error or a 
misalignment error. The mean of the position error over 440 
seconds of data was about 18 meters with a growing trend 
with increasing time. This is expected since the drift error 
accumulates over time. 
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TABLE 2 

Magnitude of Position Error Results 

Finally, FIG. 33 illustrates the 
sensitivity of the position error to change in 

marker range. The marker range was 
simulated at 100, 250, and 500 meters. At 
100 meters, the increase in the errors over 
time is not observable as against when the 
marker if 500 meters away. The position 
error for these cases changes from about 
15 meters to 37.71 meters. To summarize 
the results, Table 2 shows the magnitudes TOI POSITIONERROR 

of the mean position errors for the different STD, DEV 
cases simulated above. MEAN (M) (M) 

No Angular and Attitude Errors Simulated 13.107 10.2885 
Constant 1 degree Angular Error on both 15.5905 113977 
X- and Y-planes 
Zero-mean Uni-variance Angular Error on 18.2971 14.5312 
both X- and Y- planes 
Gyro Drift of 36 degrees per hour 18.2SO9 134489 
Gyro Misalignment of 0.25 degrees and 19.1066 13.9676 
Gyro drift of 36 degrees per hour 
Random 100 m, Marker range 15.0609 9.6477 
Angular Error 250 m, Marker range 189142 13:44.38 
Gyro Drift of 36 500 m, Marker range 37.7098 29.3339 
degrees per 
hour and Gyro 
Misalignment of 
0.25 degrees 

In summary, the evaluation of the TOI algorithm to 
angular and attitude errors shows that it provides a naviga 
tion solution even in the presence of realistic measurement 
errors. The interesting finding is that both the angular and 
attitude errors are proportional to the product of the tangent 
of angular error and marker range. This implies a simplified 
error analysis for the measurement errors in consideration. 
The results show a performance level similar to GPS stand 
alone for most cases except when the marker range is 500 m. 
This marker range is dependent on field of view of the 
camera. As a result, in the case where the camera will allow 
tracking of features that are farther away, the camera cali 
bration, alignment and attitude errors need to be more 
accurately determined and calibrated out. Also, gyro drift 
has the most significant impact on the error propagation. 
Although the mean of the error is fairly tolerable, it does 
show a diverging trend. This implies that for navigation for 
longer times with a deteriorated gyro drift would require 
other methods of correction for the attitude error as it 
exceeds the performance requirements. On the other hand, 
even with larger than GPS stand alone errors, the TOI does 
provide a solution with reasonable performance when GPS 
is not available. This is consistent with the original motiva 
tion for the topic of research, which is to improve the 
availability of a navigation Solution in an environment with 
a reduced GPS constellation. 
The results indicate a potential for the TOI algorithm to 

provide not only availability, but also accuracy benefits. A 
performance analysis in terms of integrity and accuracy is 
necessary to analyze this potential. For an insightful discus 
sion on this the reader is directed to. 

Also, since position error results have shown a fair 
tolerance in realistic error simulations, the next logical step 
is to conduct a field test with real world data. Such an 
experiment would require attitude information, a GPS 
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receiver, and a camera at the very least. A preliminary field 
test with interesting results has been conducted which also 
involved an algorithm for auto-location of the marker. This 
provides the benefit of removing the constraint of a priori 
knowledge of the marker. 

In this disclosure, inertial instruments have been assumed 
to be the primary sources for attitude information. An 
investigation into alternative sources for deriving these 
measurements is necessary, e.g. using user Velocity vector 
for obtaining attitude, tracking a marker over multiple 
epochs to obtain and correct for attitude errors, etc. 
The present approach is a single camera single epoch 

approach. The results indicate that with multiple markers the 
requirement for the number of visible GPS satellites can be 
minimized. Such an effort could involve epipolar geometry 
or a stereo motion approach. Multiple markers can also be 
used to derive attitude information. This may be used for the 
TOI solution or be blended with inertial measurements to 
correct for and limit the drift error from the gyroscopes. 

Referring again to FIG. 8, a conventional GPS geometry 
800 is illustrated; having four GPS satellite vehicles such as 
may be used in accordance with one or more embodiments 
of the present invention. In navigation and/or determining 
the position of a user in 3D space, the conventional GPS 
geometry 800 normally assumes a minimum of four GPS 
satellite vehicles (e.g., 801, 802, 803 and 804), for example, 
located at respective satellite positions (e.g. X1, X2, 
Xs, and X), to determine a user position X, 805. 
Direction cosines or unit vectors (e.g., e1, e2, ess, and 
e...) extending from the user position X, 805 toward the 
respective GPS satellite vehicles (e.g., 801, 802, 803 and 
804) are also illustrated. 

FIG. 34 illustrates a simplified diagram of an exemplary 
tight optical integration (TOI) geometry 3400 comprising 
three GPS satellite vehicles and one marker, such as may be 
used in accordance with one or more embodiments. The TOI 
geometry 3400, comprises, for example, three GPS satellite 
vehicles (e.g., 3401, 3402 and 3402), located at respective 
satellite positions (e.g. X1, X2, and Xs) and a marker 
X, 3411, which may also be used in a TOI algorithm or 
method (e.g., in a T-matrix or ordinary least squares matrix) 
to solve for a user position X, 3405. The marker X, 3411 
or known marker comprises a predetermined or known 
position that may include one or more of a terrestrial marker, 
an astronomical marker (e.g., visible low orbit satellite, star, 
planet), a vehicular marker, and an airborne marker (e.g., 
aircraft, airplane, helicopter, marker flare, whether balloon), 
or any other such object which can be optically viewed from 
user position X, 3405. 
A goal of the present invention is to provide a method/ 

algorithm (e.g., the TOI algorithm) for determining the 
position of a user in urban canyon and other such environ 
ments having limited GPS signal availability. To accomplish 
this goal the TOI geometry 3400 along with the TOI 
algorithm integrates available GPS and optical sensor mea 
Surements to accurately calculate the user position. For 
example, a relatively inexpensive digital camera may be 
used to provide optical information and inertial information 
of the camera relative to or associated with the position of 
the known marker X, 3411. The inertial information, for 
example, may be obtained from a conventional inertial 
measurement system that provides the pitch, roll and head 
ing of the camera body itself (camera frame of reference or 
camera unit vector) relative to the earth frame of reference. 
The optical and inertial information can then be readily 
translated into angular information of a unit vector e, 
extending from the user position X, 3405 toward the known 
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24 
marker X, 3411. Beneficially, such angular information of 
the unit vectore, may then be used to replace one or more 
GPS satellite vehicle measurements. 

It will be appreciated that the angular information of the 
unit vectore, discussed above, comprises both the “pitch, 
roll and heading of the camera body itself (camera frame of 
reference or camera unit vector), as well as a direction 
cosine or image vector within the camera which extends 
from a particular pixel or group of pixels associated with the 
marker, through the focal point and to the known marker 
X, 3411. The sum of these vectors or resultant vector, will 
be referred to herein, as the unit vector e. 

Thus, the unit vectors (e.g., e1, e2, and es) extending 
from the user position X, 3405 toward the respective GPS 
satellite vehicles (e.g., 3401, 3402 and 3402) together with 
angular information from the unit vector e, extending 
toward the known marker X, 3411 can be utilized by the 
TOI algorithm to solve for the user position X, 3405 in 
accordance with one embodiment, without the use of optical 
range (distance) information. 

FIG. 35, for example, illustrates a diagram of an exem 
plary camera frame of reference 3500 for a direction cosine 
or unit vectore, 3524 in the camera body extending from a 
marker pixel 3522, through the focal point 3405a and to the 
known marker X, 3411, such as may be used in accor 
dance with one or more embodiments of the present inven 
tion. The camera or digital camera discussed above may 
include an array of pixels such as in a charge coupled device 
(CCD) that forman inverted image 3523 on the CCD. When 
the camera is directed toward the known marker X, 3411, 
an inverted image 3523 is formed on the CCD array, while 
a rectified image 3527 is similarly formed in front of the 
camera. Using conventional image recognition software 
techniques, such as Hough transform shape detectors, corner 
and edge detectors, Stereo vision, the Scale Invariant Feature 
Transform (SIFT), or Speeded Up Robust Features (SURF), 
for example, the position of the known marker X, 3411 
within the camera image 3523 can be mapped to a pixel (or 
group of pixels) 3522 within the pixel array. This mapping 
can then provide the angular information of the image vector 
or unit vectore, 3524 in the camera body that extends from 
the marker pixel 3522, through the focal point 3405a to the 
known marker X, 3411. 

FIG. 36 further illustrates a vector diagram 3600 of the 
TOI marker geometry 3400 of FIG. 34 in the presence of a 
position offset X 3605 with a dummy vector V. Vector 
diagram 3600 comprises the unit vectore, extending from 
the true user position X, 3405 toward the known marker 
position X, 3411, differential offset vector AX, between 
the true user position X, 3405 and the user offset position or 
estimated position X 3605, a vector r between the user 
offset position X,3605 and the known marker position X, 
3411, and the dummy vector V between the user offset 
position X, 3605 and a camera focal point P 3606 perpen 
dicular to the unit vector e. 

Referring again to FIG. 12 illustrates a simplified diagram 
of another exemplary TOI geometry 1200 comprising two 
GPS satellite vehicles and two markers, such as may be used 
in accordance with one or more embodiments. The TOI 
geometry 1200, comprises, for example, two GPS satellite 
vehicles (e.g., 1201 and 1202), located at respective satellite 
positions (e.g., X and X2) and two (known) markers 
X, 1211 and X, 1212 which may be used in the TOI 
algorithm (e.g., in a T-matrix or ordinary least squares 
matrix) to solve for a user position X, 1205. The (known) 
markers X, 1211 and X, 1212, again, comprise a pre 
determined or known position that may include one or more 
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of a terrestrial marker, an astronomical marker, a vehicular 
marker, and an airborn marker which can be optically 
viewed from user position X, 1205. 

In the TOI geometry 1200 of FIG. 12, the optical and 
inertial information of the camera is readily translated into 
angular information of unit vectors e, and e, extending 
from the user position X, 1205 toward the respective known 
markers X, 1211 and X, 1212. Beneficially, such angular 
information of the unit vectors e, and e, may then be 
used to replace two or more GPS satellite vehicle measure 
mentS. 

Again, it will be appreciated that the angular information 
of the unit vectors e, and e, discussed above, comprise 
both the “pitch, roll and heading of the camera body itself 
(camera frame of reference or camera unit vector), as well 
as a direction cosine or image vector within the camera 
which extends from a respective pixel or group of pixels 
associated with a respective marker, through the focal point 
and to the known markers X, 1211 and X, 1212. 

Thus, the GPS satellite unit vectors (e.g., e, and ea) 
extending from the user position X, 1205 toward the respec 
tive GPS satellite vehicles (e.g., 1201 and 1202), together 
with angular information of the unit vectors e. n2 
extending toward the known markers X, 1211 and X, 
1212 can be utilized by the TOI algorithm to solve for the 
user position X, 1205 in accordance with another embodi 
ment, without the use of optical range information. 

In FIG. 37, for example, an exemplary methodology 3700 
is illustrated for determining the position of a user in 3D 
space, such as user position X, 1205 in the TOI geometry 
1200 of FIG. 12, utilizing the TOI algorithm in accordance 
with one or more embodiments, for example, using two GPS 
satellites and/or two known markers during navigation or 
user positioning in an urban canyon situation. As with all 
methodologies discussed herein, although the methodology 
3700 is illustrated and described hereinafter as a series of 
acts or events, it will be appreciated that the present inven 
tion is not limited by the illustrated ordering of such acts or 
events. For example, some acts may occur in different orders 
and/or concurrently with other acts or events apart from 
those illustrated and/or described herein. In addition, not all 
illustrated steps may be required to implement a methodol 
ogy in accordance with one or more aspects of the present 
invention. Further, one or more of the acts may be carried 
out in one or more separate acts or phases. It will be 
appreciated that a methodology carried out according to one 
or more aspects of the present invention may be imple 
mented in association with the formation and/or processing 
of structures illustrated and described herein as well as in 
association with other structures not illustrated or described 
herein. 

The methodology 3700, for example, begins at 3702, and 
thereafter at 3710 the range measurements (e.g., unit vectors 
e, and e) of a user position (e.g., X, 1205) from one or 
more GPS satellite vehicles (e.g., 1201 and 1202) located at 
respective satellite vehicle positions (e.g., X and X), 
are obtained, for example, conventionally. 

At 3720, method 3700 comprises determining a direction 
cosine matrix (DCM) between a camera frame of reference 
and an earth frame of reference, for example, comprising the 
angular information of the camera. (See equation (8) in the 
“Performance Analysis and Integrity Aspects of TOI with 
GPS' section above). 

At 3730, method 3700 comprises designating one or more 
unit vectors (e.g., e, and e) that individually extend 
from a position within the camera image associated with a 
respective one of the known markers, through the camera 
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focal point (e.g., 3405a of FIG. 35) to a respective one of the 
one or more known markers (e.g., X, 3411 of FIGS.34 and 
35 or X, 1211, and X, 1212 of FIG. 12), based on the 
camera measurements. For example, Such camera measure 
ments not only individually map a marker pixel (e.g., 3522) 
to one of a respective known marker (e.g., X, 1211 or X, 
1212), but also include the “pitch, roll and heading of the 
camera body itself, for example, using an inertial measure 
ment system configured to provide the angular information 
of the camera frame of reference (e.g., 3500 of FIG. 35). 
At 3740, method 3700 comprises integrating into an 

ordinary least squares matrix (e.g., equation (8) above), the 
range measurements (e.g., unit vectors e, and e) of the 
user position (e.g., X, 1205) from the one or more GPS 
satellite vehicles (e.g., 1201 and 1202), the angular infor 
mation of the camera (inertial measurements of the “pitch, 
roll and heading'), and the one or more unit vectors (e.g., 
en, and en2). 

Finally, at 3750, method 3700 comprises calculating the 
position of the user (e.g., X, 1205) in 3D space, by solving 
the ordinary least squares matrix (e.g., equation (8) above). 

Thereafter, the method ends at 3780. 
It will be appreciated that additional calculation iterations 

of the ordinary least squares matrix can also be Subsequently 
performed to further converge upon a final Solution. 

Accordingly, the method of the present embodiment uti 
lizes an innovative TOI algorithm that integrates available 
single epoch GPS range and optical sensor measurements to 
calculate a user position using one or more GPS satellites 
and one or more known markers, for example, during 
navigation or user positioning in an urban canyon situation 
or any other such situation where GPS signals are blocked 
by buildings or landmarks. TOI benefits in using these signal 
blocking landmarks to provide the known marker features 
that aid the navigation Solution and therefore increases 
availability. 

It will be appreciated that while reference is made 
throughout this document to exemplary navigation geom 
etries and architectures in discussing aspects of one or more 
TOI algorithms and methodologies described herein (e.g., 
those navigation geometries presented in FIGS. 8, 34 and 12 
while discussing the algorithm/methodology set forth in 
FIG. 37, that such methodologies are not to be limited by the 
corresponding geometries presented. Rather, the methodolo 
gies (and geometries) are to be considered independent of 
one another and able to standalone and be practiced without 
regard to any of the particular aspects depicted in the figures. 

Although tight optical integration has been discussed and 
illustrated throughout this document with reference to vis 
ible light and visible markers, it will be appreciated that any 
other such wavelength(s) of the electromagnetic spectrum 
and markers detectable by the respective wavelength, may 
also be chosen which may be outside the spectrum visible to 
humans, and as such are also contemplated within the scope 
of the present invention. For example, all wavelengths of 
infrared or UV light, as well as LIDAR, LADAR (Laser 
Detection and Ranging) and RADAR may also be utilized in 
accordance with the present invention to provide the imag 
ing and angular information. Accordingly, the camera 
located at the user position, therefore, may comprise an 
imaging device configured to provide imaging and angular 
information using one or more or a combination of visible, 
infrared or UV light, as well as LIDAR, LADAR, or 
RADAR based systems on known markers, for example. 
Again, the markers for Such imaging systems may utilize 
one or more of a terrestrial marker, an astronomical marker, 
a vehicular marker, and an airborne marker, Suitable for 
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imaging and angular information detection by one or more 
of the corresponding wavelengths. 

Although one or more aspects of the invention has been 
shown and described with respect to one or more imple 
mentations, equivalent alterations and modifications will 
occur to others skilled in the art based upon a reading and 
understanding of this specification and the annexed draw 
ings. The invention includes all such modifications and 
alterations and is limited only by the scope of the following 
claims. In addition, while a particular feature or aspect of the 
invention may have been disclosed with respect to only one 
of several implementations, such feature or aspect may be 
combined with one or more other features or aspects of the 
other implementations as may be desired and/or advanta 
geous for any given or particular application. Further, the 
term "exemplary” as used herein merely meant to mean an 
example, rather than the best. Furthermore, to the extent that 
the terms “includes”, “having”, “has”, “with', or variants 
thereof are used in either the detailed description or the 
claims, such terms are intended to be inclusive in a manner 
similar to the term “comprising.” 

What is claimed is: 
1. A method of determining a position of a user in 3D 

space utilizing an integrated navigation system including a 
GPS receiver and a camera located at the user position when 
a limited number of GPS signals are available, the method 
comprising: 

capturing, by the camera, a camera image of a known 
marker through a focal point of the camera with optical 
measurements that extend from a position of the known 
marker within the camera image to the user position of 
the camera; 

determining two or more pseudoranges between a true 
user position and two or more GPS satellites with the 
integrated navigation system, wherein the two or more 
GPS satellites are insufficient to generate GPS mea 
Surements necessary to calculate a GPS standalone 
position; 

determining a marker unit vector from the optical mea 
Surements captured by at least one optic sensor asso 
ciated with the camera that extends from the position 
within the camera image associated with the known 
marker through the focal point of the camera with the 
integrated navigation system, wherein unavailable GPS 
measurements necessary to calculate the GPS stand 
alone position are replaced by the marker unit vector; 

converting, by the GPS receiver, the marker unit vector 
from a camera frame of reference to an earth frame of 
reference of GPS measurements by incorporating atti 
tude information of the camera obtained from inertial 
measurements of the camera at the user position to 
transform a direction cosine of the marker unit vector 
in the camera frame of reference to the earth frame of 
reference; 

integrating, by the GPS receiver, the two or more pseu 
doranges and the marker unit vector into an ordinary 
least squares matrix with the integrated navigation 
system; 

generating a shortest vector starting from an estimated 
user position to a point on the marker unit vector, 
wherein the shortest vector is perpendicular to the 
marker unit vector at the point on the marker unit 
vector; 

converging, by the GPS receiver, a line joining the 
estimated user position and the marker and the two or 
more pseudoranges derived from the estimated user 
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position to the point on the marker unit vector gener 
ated from the shortest vector being perpendicular to the 
marker unit vector; 

determining the position of the user in 3D space from the 
convergence of the line joining the estimated user 
position and the two or more pseudoranges derived 
from the estimated user position to the point on the 
marker unit vector generated from the shortest vector 
being perpendicular to the marker unit vector by solv 
ing the ordinary least squares matrix with the integrated 
navigation system so that the two or more pseudor 
anges are Supplemented with the marker unit vector to 
overcome the unavailable GPS measurements to cal 
culate the GPS standalone position. 

2. The method of claim 1, wherein the known marker 
comprises one or more of a terrestrial marker, an astronomi 
cal marker, a vehicular marker, and an airborne marker. 

3. The method of claim 1, wherein the marker is one of 
one or more known markers each having known geographi 
cal coordinates. 

4. The method of claim 1, wherein the pseudoranges of 
the true user position from the two or more GPS satellites are 
determined based on a time of arrival of a signal from each 
of the two or more GPS satellites. 

5. The method of claim 1, wherein the camera located at 
the user position is configured to provide imaging and 
angular information utilizing one or more of visible light, 
infrared light, UV light, or using LIDAR, LADAR, or 
RADAR based systems. 

6. The method of claim 1 further comprising: 
determining a direction cosine matrix (DCM) between a 

camera frame of reference and an earth frame of 
reference; and 

transforming the marker unit vector from the camera 
frame of reference to the earth frame of reference using 
the DCM. 

7. The method of claim 6, further comprising: 
directing the camera from the true user position toward 

the known marker before determining the DCM. 
8. The method of claim 1 wherein integrating the two or 

more pseudoranges and the marker unit vector into the 
ordinary least squares matrix comprises: 

determining a convergence vector based on the marker 
unit vector, a position of the known marker, and an 
estimated user position; 

defining a GPS-Visual measurement vector comprising 
the two or more pseudoranges and the convergence 
vector, and 

integrating the GPS-visual measurement vector into the 
ordinary least squares matrix. 

9. The method of claim 1 further comprising: 
determining a set of satellite unit vectors comprising two 

or more satellite unit vectors between an estimated user 
position and the two or more GPS satellites: 

defining a direction cosine matrix comprising the set of 
satellite unit vectors and the marker unit vector; 

defining a geometry matrix comprising the direction 
cosine matrix and a camera weighting factor, and 

integrating the geometry matrix into the ordinary least 
squares matrix. 

10. The method of claim 1 wherein the user position is a 
second estimated user position, and determining the position 
of the user in 3D space by solving the ordinary least squares 
matrix comprises: 

determining an offset between a first estimated user 
position and the second estimated user position by 
Solving the ordinary least squares matrix; and 

adding the offset to the first estimated user position. 
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11. The method of claim 1 wherein determining the 
marker unit vector comprises: 

mapping individual pixels in the camera into respective 
unit vectors individually extending from a respective 
camera pixel to the camera focal point, thereby gener 
ating a pixel map; and 

designating a pixel in the pixel map and a respective unit 
vector that extends from the designated pixel through 
the camera focal point toward the known marker as the 
marker unit vector. 

12. The method of claim 1 wherein a position of the 
known marker is determined by self-surveying the known 
marker while sufficient GPS satellites are available for the 
integrated navigation system to determine the position of the 
known marker. 

13. The method of claim 1, wherein the converging 
comprises: 

v=1--ee,"(x-x), where 
v=the shortest vector, 
I=a 3x3 identity matrix, 
e, a unit vector pointing from the camera to the known 

marker, 
eunit vector pointing from the camera to the known 

marker relative to a GPS-Visual T matrix, 
X position of the known marker, and 
x-current estimate of the user position. 
14. A navigation system comprising: 
a camera that includes at least one optic sensor; and 
a GPS receiver operatively coupled to the camera, the 

navigation system when a limited number of GPS 
signals are available is configured to: 
determine two or more pseudoranges between a true 

user position and two or more GPS satellites, 
wherein the two or more GPS satellites are insuffi 
cient to generate GPS measurements necessary to 
calculate a GPS standalone position; 

determine a marker unit vector from optical measure 
ments captured by the at least one optic sensor 
included in the camera that extends from a position 
within a camera image associated with a known 
marker through a focal point of the camera, wherein 
unavailable GPS measurements necessary to calcu 
late the GPS standalone position are replaced by the 
marker unit vector; 

convert the marker unit vector from a camera frame of 
reference to an earth frame of reference of GPS 
measurements by incorporating attitude information 
of the camera obtained from inertial measurements 
of the camera at the user position to transform a 
direction cosine of the marker unit vector in the 
camera frame of reference to the earth frame of 
reference; 

integrate the two or more pseudoranges and the marker 
unit vector into an ordinary least squares matrix: 

generate a shortest vector starting from an estimated 
user position to a point on the marker unit vector, 
wherein the shortest vector is perpendicular to the 
marker unit vector at the point on the marker unit 
vector; and 

converge a line joining the estimated user position and 
the marker and the two or more pseudoranges 
derived from the estimated user position to the point 
on the market unit vector generated from the shortest 
vector being perpendicular to the marker unit vector; 
and 
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determine the position of the user in 3D space from the 

convergence of the line joining the estimated user 
position and the marker and the two or more pseu 
doranges derived from the estimated user position to 
the point on the marker unit vector generated from 
the shortest vector being perpendicular to the marker 
unit vector by solving the ordinary least squares 
matrix so that the two or more pseudoranges are 
supplemented with the marker unit vector to over 
come the unavailable GPS measurements to calcu 
late the GPS standalone position. 

15. The system of claim 14 wherein the camera is 
configured to provide imaging and angular information 
utilizing one or more of visible light, infrared light, UV light, 
or using LIDAR, LADAR, or RADAR based systems. 

16. The system of claim 14 wherein the system is further 
configured to: 

determine a direction cosine matrix (DCM) between a 
camera frame of reference and an earth frame of 
reference; and 

transform the marker unit vector from the camera frame 
of reference to the earth frame of reference using the 
DCM. 

17. The system of claim 14 wherein the system is further 
configured to: 

direct the camera from the true user position toward the 
known marker before determining the DCM. 

18. The system of claim 14 wherein the system is further 
configured to: 

determine a set of satellite unit vectors comprising two or 
more satellite unit vectors between an estimated user 
position and the two or more GPS satellites: 

define a direction cosine matrix comprising the set of 
satellite unit vectors and the marker unit vector; 

define a geometry matrix comprising the direction cosine 
matrix and a camera weighting factor, and 

integrate the geometry matrix into the ordinary least 
squares matrix. 

19. The system of claim 14 wherein the user position is a 
second estimated user position, and the system determines 
the position of the user in 3D space by: 

determining an offset between a first estimated user 
position and the second estimated user position by 
Solving the ordinary least squares matrix; and 

adding the offset to the first estimated user position. 
20. The system of claim 14 wherein the system deter 

mines the marker unit vector by: 
mapping individual pixels in the camera into respective 

unit vectors individually extending from a respective 
camera pixel to the camera focal point, thereby gener 
ating a pixel map; and 

designating a pixel in the pixel map and respective unit 
vector that extends from the respective marker pixel 
through the camera focal point and toward the known 
marker as the marker unit vector. 

21. The system of claim 14 wherein the system is further 
configured to: 

determine a position of the known marker by self-survey 
ing the known marker while sufficient GPS satellites 
are available to determine the position of the known 
marker. 

22. The system of claim 14, wherein the GPS receiver is 
further configured to converge based on: 

v=1--ee, (x,-x), where 
v=the shortest vector, 
I=a 3x3 identity matrix, 
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ea unit vector pointing from the camera to the known 
marker, 

eunit vector pointing from the camera to the known 
marker relative to a GPS-Visual T matrix, 

X position of the known marker, and 5 
x-current estimate of the user position. 
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