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1. 

EXPONENTATION CALCULATION 
APPARATUS AND METHOD FOR 

CALCULATING SQUARE ROOT INFINITE 
EXTENSION FIELD 

CROSS-REFERENCE TO RELATED 
APPLICATIONS 

This application is based upon and claims the benefit of 
priority from the prior Japanese Patent Application No. 2008 
232668, filed on Sep. 10, 2008; the entire contents of which 
are incorporated herein by reference. 

BACKGROUND OF THE INVENTION 

1. Field of the Invention 
The present invention relates to a computing device, a 

method, and a computer program product for performing a 
square computation and a (q1+ql") multiplication in a finite 
field. 

2. Description of the Related Art 
Methods are known that use cryptography to protect infor 

mation sent over a communication path. Some methods using 
cryptography require a key to be shared with a communica 
tion partner in advance. In a method such as this, it is trouble 
Some to share and manage the key. On the other hand, a 
method using public key cryptography can realize secure 
communication without requiring a key to be shared in 
advance. Therefore, the method using public key cryptogra 
phy is widely used as a basic technology for network security. 
Information terminals are becoming more diverse. Various 
schemes and protocols using a public key are being used in 
Small devices through innovations in methods and packaging. 
For example, a method is proposed for compressing public 
key size and encrypted data size in public key cryptography 
(refer to K. Rubin and A Silverberg, “Torus-Based Cryptog 
raphy”, CRYPTO 2003, LNCS 2729,349-365, 2003). A basis 
of the method is that, when a Subset, referred to as an alge 
braic torus, in a set of numbers used in public key cryptogra 
phy is used, an element of the set can be represented by a 
small number of bits. 
A method is also proposed in which a square computation 

of an algebraic torus is performed at a high speed (refer to M. 
Stam and A. K. Lenstra, “Efficient Subgroup Exponentiation 
in Quadratic and Sixth Degree Extensions' CHES 2002, 
LNCS 2523, 318-332, 2002). In the method proposed in 
“Efficient Subgroup Exponentiation in Quadratic and Sixth 
Degree Extensions', in analgebraic torus that is a subgroup in 
a sixth degree extension field, a square in a pseudo-polyno 
mial base is taken by a base field being multiplied nine times. 
Ordinarily, multiplication is calculated by 18 operations, and 
the square is calculated by 12 operations. Therefore, compu 
tation speed is increased in the method described in “Efficient 
Subgroup Exponentiation in Quadratic and Sixth Degree 
Extensions”. When a root of a modulus f(x) is Z. {1, Z, z2, Z3, 
Z4, Z5 is referred to as a polynomial base, and Z, z2, Z3, 
Z4, Z5, Z6} is referred to as a pseudo-polynomial base. 
Here, the symbol represents power, and Z?a indicates Z to 
the a-th power. 

Effective cryptographic protocols, such as a signature 
scheme, are configured using pairing (refer to D. Boneh, B. 
Lynn, and H. Shacham, “Short signatures from the Weil pair 
ing Asiacrypt 2001, LNCS 2248, 514-532, 2001). Pairing 
computation involves two steps: (1) an ambiguous pairing 
computation (Such as Miller's algorithm), and (2) elimination 
of ambiguity (final exponentiation). For the final exponentia 
tion, a method is proposed in which calculation when r=3 
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2 
can be performed at a high speed (refer to M. Shirase, T. 
Takagi, and E. Okamoto, “Final Exponentiation for mT Pair 
ing. The Institute of Electronics, Information, and Commu 
nication Engineers Technical Report ISEC 2006-98). In the 
method proposed in “Final Exponentiation for mT Pairing, in 
an algebraic torus that is a subgroup in a sixth degree exten 
sion field, a (q+1) multiplication is realized by a base field 
multiplied nine times. A base is a combination of a polyno 
mial base of a quadratic extension and a polynomial base of a 
cubic extension. Thus, an example is known in which a speed 
of a square computation and a (q+1) multiplication is 
increased using a characteristic in which an element is the 
element of an algebraic torus T6(Fq). To use the method 
described in “Efficient Subgroup Exponentiation in Qua 
dratic and Sixth Degree Extensions' in torus compression 
public key cryptography, a base (polynomial base of the qua 
dratic extension and polynomial base of the cubic extension) 
ordinarily used for compression and expansion is required to 
be converted to a pseudo-polynomial base. As a result of a 
conversion Such as this, an overhead occurs. Therefore, in 
torus compression public key cryptography such as this, the 
square computation is preferably performed at a high speed 
on a finite field. Similarly, in pairing, the square computation 
and (q1+q 1") multiplication are preferably performed at a 
high speed on a finite field. 

SUMMARY OF THE INVENTION 

According to one aspect of the present invention, a com 
puting device that calculates a square of an element in a finite 
field includes an accept unit accept a plurality of elements in 
the finite field, the elements being the vector representation, 
the vector representation including a plurality of elements, a 
multiplying unit that performs a multiplication operation in a 
base field using the accepted elements and obtains a multipli 
cation value, the multiplication operation being determined 
by a condition under which the element in the finite field is 
placed in an algebraic torus, an adding and Subtracting unit 
that performs an addition and Subtraction operation using the 
obtained multiplication value and the accepted elements, and 
obtaining a calculation result of the square of the element, the 
addition and Subtraction operation being determined by the 
condition, and an output unit that outputs the obtained calcu 
lation result. 

According to another aspect of the present invention, a 
computing device calculates an exponent (q1+ql") (q denotes 
an order of a base field Fq) of an element in a 2r-th degree 
extension field, and the computing device includes an accept 
unit accept 2r elements in the 2r-th degree extension field, the 
elements being the vector representation, a multiplying unit 
that performs a multiplication operation in the base field Fq. 
using the accepted elements and obtains a multiplication 
value, the multiplication operation being performed in adher 
ence to a calculation rule determined by a condition using a 
characteristic in which the element in the 2r-th degree exten 
sion field is an element of an algebraic torus T2r, an adding 
and Subtracting unit that performs an addition and Subtraction 
operation using the obtained multiplication value and the 
accepted elements, and obtaining a calculation result of the 
exponent (q1+ql") of the element, the addition and subtrac 
tion operation being performed in adherence to the calcula 
tion rule, and an output unit that outputs the obtained calcu 
lation result. 

According to still another aspect of the present invention, a 
method of computing a square is executed by a computing 
device that includes an accept unit, a multiplying unit, an 
adding and Subtracting unit, and an output unit, and calculates 
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a square of an element in a finite field. The method includes 
accepting by the accept unit, a plurality of elements in the 
finite field, the elements being the vector representation, 
obtaining a multiplication value by the multiplying unit, by 
performing a multiplication operation on a base field using 
the accepted elements, the multiplication operation being 
determined by a condition under which the element in the 
finite field is placed in an algebraic torus, obtaining a calcu 
lation result of the square of the elements by the adding and 
Subtracting unit, by performing an addition and Subtraction 
operation using the obtained multiplication value and the 
accepted elements, the addition and Subtraction operation 
being determined by the condition, and outputting the 
obtained calculation result by the output unit. 

According to still another aspect of the present invention, a 
computer program product has a computer-readable medium 
including programmed instructions, and when executed by a 
computer provided in a computing device that includes an 
acceptunit, a multiplying unit, an adding and Subtracting unit, 
and an output unit, and calculates a square of an element in a 
finite field, the instructions cause the computer to perform 
accepting a plurality of elements in the finite field, the ele 
ments being the vector representation, obtaining a multipli 
cation value by performing a multiplication operation on a 
base field using the accepted elements, the multiplication 
operation being determined by a condition under which the 
element in the finite field is placed in an algebraic torus, 
obtaining a calculation result of a square of the element by 
performing an addition and Subtraction operation using the 
obtained multiplication value and the accepted elements, the 
addition and Subtraction operation being determined by the 
condition, and outputting the obtained calculation result. 

BRIEF DESCRIPTION OF THE DRAWINGS 

FIG. 1 is a diagram of a multiplication operation in a base 
field calculated when r=3, according to a first embodiment; 

FIG.2 is a diagram of a multiplication operation in the base 
field calculated on a square in an algebraic torus T2CFq3); 

FIG. 3 is a diagram of an example of a multiplication rule 
in a cubic extension field; 

FIG. 4 is a diagram of an example of a square expressed in 
a quadratic extension field; 

FIG. 5 is a diagram of an example of a square expressed in 
a sixth degree extension field; 

FIG. 6 is a diagram of an example of a first conditional 
expression expressed in the quadratic extension field; 

FIG. 7 is a diagram of an example of a first conditional 
expression expressed in the sixth degree extension field; 

FIG. 8 is a diagram of an example of Expression 6 
expressed in a cubic extension field; 

FIG. 9 is a diagram of an example of Expression 7 
expressed in the sixth degree extension field; 

FIG. 10 is a diagram of an application example of the first 
conditional expression; 

FIG. 11 is a diagram of an application example of the first 
conditional expression; 

FIG. 12 is a diagram of an application example of the first 
conditional expression; 

FIG. 13 is a diagram of an application example of a second 
conditional expression; 

FIG. 14 is a diagram of a multiplication operation in the 
base field calculated on a square in an algebraic torus T6(Fq); 

FIG. 15 is a diagram of an application example of the 
second conditional expression; 

FIG. 16 is a diagram of a multiplication operation in the 
base field calculated on a square in an algebraic torus T6(Fq); 
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4 
FIG. 17 is a diagram of an application example of the 

second conditional expression; 
FIG. 18 is a diagram of a multiplication operation in the 

base field calculated on a square in an algebraic torus T6(Fq); 
FIG. 19 is a diagram of an example of a functional con 

figuration of a computing device 100: 
FIG. 20 is a diagram of an overview of a process by which 

the computing device 100 creates a square computation rule: 
FIGS. 21A and 21B are a flowchart of a square computa 

tion process performed by the computing device 100: 
FIG. 22 is a schematic diagram of a square computation 

method according to the first embodiment being applied to 
compression and decompression; 

FIG. 23 is a diagram of an example of a multiplication rule 
in a cubic extension field according to a second embodiment; 

FIG.24 is a diagram of an example of a square computation 
rule of a quadratic extension field; 

FIG.25 is a diagram of an example of a square computation 
rule of a sixth degree extension field; 

FIG. 26 is a diagram of an example of a first conditional 
expression expressed in the quadratic extension field; 

FIG. 27 is a diagram of an application example of the first 
conditional expression; 

FIG. 28 is a diagram of an application example of the first 
conditional expression; 

FIG. 29 is a diagram of an example of first to third terms of 
a second conditional expression expressed in the sixth degree 
extension field; 

FIG.30 is a diagram of an example of fourth to sixth terms 
of the second conditional expression expressed in the sixth 
degree extension field; 

FIG. 31 is a diagram of an application example of the 
second conditional expression; 

FIG. 32 is a diagram of an application example of the 
second conditional expression; 

FIG. 33 is a diagram of a multiplication operation in the 
base field calculated on a square in an algebraic torus T6(Fq); 

FIG. 34 is a diagram of a multiplication operation in the 
base field calculated on a square in an algebraic torus T6(Fq); 

FIGS. 35A and 35B are a flowchart of a square computa 
tion process performed by the computing device 100; and 

FIGS. 36A and 36B illustrate Expressions/terms 1 to 19. 

DETAILED DESCRIPTION OF THE INVENTION 

First, a conventional computation method will be 
described. An instance in which an n-th degree extension field 
is expressed as a quadratic extension of an r-th degree exten 
sion field is given. Here, a modulus of the quadratic extension 
is f(x)=x^2+x+1. A base is a polynomial base {1, x}. In 
addition, A=(a1, a2) represents A=a1+a2*x. A product of 
A=(a1, 2) and “B=(b1, b2) is A*B=(a1*b1-a2*b2, a1*b2+ 
a2b1-a2b2). At this time, four types of multiplications, 
a1b1, a2*b2, a1b2, and a2*b1, in a base field related to the 
quadratic extension appear to be required. However, a1b2 
and a2*b1 always appear as a1*b2+a2*b1. Therefore, three 
types of multiplications, a1b1, a2b2, and (a1-a2)*(b1-b2), 
in the base field are sufficient. This characteristic is not depen 
dent on the modulus. The same characteristic is realized even 
when the modulus is f(x)=x^2+1. In the r-th degree exten 
sion field considered to be the base field in the quadratic 
extension as well, a nested structure can be further configured 
when r can be factorized into a prime number. Each field is 
considered in a similar manner. In this way, in the Karatsuba 
algorithm, multiplication operations required in the base field 
can be reduced through use of symmetry. 
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FIG. 1 is a diagram of a multiplication operation in the base 
field that is calculated when r=3. Abase of a cubic extension 
is {C1, C2, C3}. A base of a sixth degree extension field is 
{C1, C2, C3, C.1*x, C2*x, C3*x}. When A=(a1, a2, a3, a4, 
a5, a6) and B=(b1, b2, b3, b4, b5, b6) are multiplied, aibi 
(i=1,..., 6) and aib (i=1,2,3 andji-3) are calculated. In 
addition, (ai-aj)*(bi-bi) is calculated when ji (i-1, 2, 3 
andj=1, 2, 3, or i=4, 5, 6 andj=4, 5, 6). When jzi' (i-1, 2, 3 
and j=4, 5, 6), when (i,j)=(1, 5), (a1-a2)*(b4-b5) is calcu 
lated. When (i, j)=(1, 6), (a1-a3)*(b4-b6) is calculated. 
When (i,i)=(2, 6), (a2-a3)*(b5-b6) is calculated. Whenzi, 
aib+ajbi is merely required to be obtained. Therefore, a 
Sum of ai and aj, and a sum of bi and bj can be taken. 
Subsequently, one of (aita) and (bibj) can be multiplied by 
a minus. The computation method can be changed depending 
on a combination of i andj. FIG. 1 indicates that multiplica 
tion is performed 18 times when n=6. When r is a prime 
number in n=2*r, the multiplication is performed 3ror--1)/ 
2 times. 

Next, a conventional computation method for a square 
computation will be described. The conventional computa 
tion method is merely that when B equals A in AB in the 
above-described multiplication. For example, A2=(a12 
a22, 2a1a2-a22) is calculated in the quadratic extension 
field. Here, A is an element of T2CFqr). A condition under 
which A is placed in the torus is expressed in Expression 1 
shown in FIG. 36A, using a first characteristic. 

First, A {qr}=a1+a2*x {q r is calculated. A modulus 
of the quadratic extension is f(x)=x^2+x+1. When r=3 and 
q=2 mod 9, x{q3}=-1-X. Using x^{q3}=-1-X, 
A {q r+1}=(a12-a1*a2+a22)+0*x can be calculated. 
Therefore, the condition in Expression 1 can be rewritten as 
a 12-a1a2+a22=1. Under this condition, each product 
a12, a1a2, and a22 is expressed by the two other products. 
For example, a12 is expressed by a1a2 and a22. FIG. 2 is 
a diagram of a multiplication operation in the base field in 
which calculation is performed on a square in an algebraic 
torus T2CFq3). In FIG.2, shaded portions indicate terms to be 
multiplied. In other words, FIG. 2 indicates that the multipli 
cation is performed 12 times when n=6. When r is a prime 
number in n=2*r, the multiplication is performed r(r-1) 
times. 

Next, a square computation according to a first embodi 
ment of the present invention will be described. In the above 
described conventional computation method for the square 
computation, only the first characteristic is used, in which A 
is the element of T2CFqr). According to the first embodiment, 
the number of times the multiplication is performed in the 
base field is further reduced through use of a second charac 
teristic in which A is an element of T2r(Fq). Based on the 
second characteristic, when r=3, A is an element of T6(Fq). 
Here, when r=3 is described. 

In other words, when the element of the algebraic torus 
T6(Fq) is exponentiated to an order thereof, namely raised to 
the power of (q2-q+1), the element becomes 1. When the 
element is exponentiated to an order thereof using a charac 
teristic in which the element of T6(Fq) is also the element of 
T2CFq3), namely raised to a power of (q3+1), the element 
becomes 1. Therefore, according to the first embodiment, 
the characteristic in which A is the element of the algebraic 
torus T6(Fq) is separated into the first characteristic (the 
element becomes 1 when raised to the power of (q3+1)) and 
the second characteristic (the element becomes 1 when 
raised to the power of (q2-q+1)). The number of times the 
multiplication in the base field is performed in the square 
computation can be reduced through combination of the two 
characteristics. 
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6 
When r=3, a base of the cubic extension is {1, y, y2-2}. 

An element to be added is Expression 2 shown in FIG. 36A, 
where is a primitive ninth root of 1. 
When q=2 mod9, in a multiplication in the cubic exten 

sion field, A*B=(a1*b1+2a2*b2+2a3*b3-a2*b3-a3*b3, 
a1*b2+a2*b1+a2*b3+a3*b2-a3*b3, a1*b3+a3*b1+a2*b2 
a3b3) is calculated. FIG. 3 is a diagram of an example of a 
multiplication rule in the cubic extension field. The multipli 
cation rule changes when the modulus and the base change. 
However, only each numeric value set in FIG. 3 changes. A 
similar calculation can be performed if the numeric value set 
is held. Hereafter, a calculation in a sixth degree extension 
field is only indicated in the drawings. 

First, the square is written as a specific calculation formula. 
When expressed in the quadratic extension field, the calcula 
tion formula is A2=(a12-a22, 2a1a2-a22). An 
example of a diagram of the calculation formula is shown in 
FIG. 4. When A2 is expressed in the sixth degree extension 
field through application of the multiplication rule of the 
cubic extension field, an example of the diagram of the cal 
culation formula is as shown in FIG. 5. 

Next, the first characteristic expressed by Expression 1 is 
written as a specific conditional expression (referred to as a 
first conditional expression) in the sixth extension field. Here, 
because r=3, the first conditional expression is expressed by 
Expression3 shown in FIG. 36A. 
When expressed in the quadratic extension field, the first 

conditional expression is a 12-a1a2+a22=1. An example 
of a diagram of the first conditional expression is shown in 
FIG. 6. When the first conditional expression is expressed in 
the sixth extension field through application of the multipli 
cation rule of the cubic extension field, an example of the 
diagram of the first conditional expression is as shown in FIG. 
7. 

Next, the second characteristic is written as a specific con 
ditional expression (referred to as a second conditional 
expression) in the sixth extension field. Here, because r=3, 
the second conditional expression is expressed by Expression 
4 shown in FIG. 36A. 

Here, in the base being considered, a Frobenius map (q-th 
power) is a replacement of an element of the sixth degree 
extension field. Therefore, Expression 5 shown in FIG.36A is 
obtained. 
A product of AB is expressed by Expression 6 shown in 

FIG. 36A when expressed in the cubic extension field. 
FIG. 8 is a diagram of Expression 6. In FIG. 8, Expression 

6 is expressed in the cubic extension field. Here, Expression 7 
shown in FIG. 36A is obtained. 

FIG. 9 is a diagram of a left-hand side of Expression 7. In 
FIG. 9, Expression 7 is expressed in the sixth degree exten 
sion field. Here, to simplify explanation, the left-hand side of 
Expression 7 shown in FIG. 9 is (I, II, III, IV, V, VI). A 
right-hand side is expressed by Expression 8 shown in FIG. 
36A. Roman numerals I, II, III, IV, V, VI are replacement 
symbols used for convenience and do not express the same 
values as the original numeric values. 

Subsequently, the number of times multiplication is per 
formed in the base field in the square is reduced. First, as in the 
conventional computation method, the number of times mul 
tiplication is performed in the base field is reduced through 
use of the first conditional expression using the first charac 
teristic. 

For example, subtraction is performed in which the first 
conditional expression shown in FIG. 6 is subtracted from a 
first term in the square shown in FIG. 4. FIG. 10 is a diagram 
of an expression of a subtraction result in this instance. In 
another example, addition is performed in which the first 
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conditional expression shown in FIG. 6 is added twice to a 
second term in the square. FIG. 11 is a diagram of an expres 
sion of an addition result in this instance. In still another 
example, addition is performed in which the first conditional 
expression is added to the first term in the square, and the first 
conditional expression is also added to the second term in the 
square. FIG. 12 is a diagram of an expression of an addition 
result in this instance. Which of the three addition and sub 
traction operations is performed is determined arbitrarily or 
by a predetermined method. 

Next, the number of times multiplication is performed in 
the base field is further reduced through use of the second 
conditional expression using the second characteristic. For 
example, when the multiplication rule in the cubic extension 
field shown in FIG. 3 is assigned to the expression shown in 
FIG. 10, an expression expressed in the sixth degree exten 
sion field is obtained. Addition is performed in which 4*IV. 
2(V-VI), 2*V, 2*IV. (V, VI), and V are respectively added to 
first to sixth terms. FIG. 13 is a diagram of an expression of 
addition results in this instance. In this case, in the multipli 
cation performed in the base field calculated in the square in 
the algebraic torus T2CFq3), nine terms indicated by cross 
hatched portions in FIG. 14 are to be multiplied. 
When the multiplication rule in the cubic extension field 

shown in FIG. 3 is assigned to the expression shown in FIG. 
11, an expression expressed in the sixth degree extension field 
is obtained. Addition is performed in which 2*I, (II-III), II, 
4*I, 20II-III), and 2*II are respectively added to the first to 
sixth terms. FIG. 15 is a diagram of an expression of addition 
results in this instance. In this case, in the multiplication 
performed in the base field calculated in the square in the 
algebraic torus T2CFq3), nine terms indicated by cross 
hatched portions in FIG. 16 are to be multiplied. 
When the multiplication rule in the cubic extension field 

shown in FIG. 3 is assigned to the expression shown in FIG. 
12, an expression expressed in the sixth degree extension field 
is obtained. Addition is performed in which 4(I-IV), 2(II-V- 
III+VI), 20II-V), 20I-IV), (II-V-III+VI), and (II-V) are 
respectively added to the first to sixth terms. FIG. 17 is a 
diagram of an expression of addition results in this instance. 
In this case, in the multiplication performed in the base field 
calculated in the square in the algebraic torus T2(Fq3), nine 
terms indicated by cross-hatched portions in FIG. 18 are to be 
multiplied. 

In any of the instances shown in FIG. 14, FIG.16, and FIG. 
18, it is clear that the multiplication is performed nine times 
when n=6. 

Next, a configuration of a computing device according to 
the first embodiment will be described. The computing device 
performs a square computation using a square computation 
method such as that described above. The computing device 
includes a controlling device, a storage device, an external 
storage device, and a communication interface (I/F). The 
controlling device. Such as a central processing unit (CPU), 
controls an overall device. The storage device. Such as a 
read-only memory (ROM) or a random access memory 
(RAM), Stores various pieces of data and various programs. 
The external storage device, such as a hard disk drive (HDD) 
device or a compact disc (CD) drive device, stores various 
pieces of data and various programs. The communication I/F 
controls communication with an external device. The com 
puting device also includes abus that connects the controlling 
device, the storage device, the external storage device, and the 
communication I/F. An ordinary computer is used in a hard 
ware configuration of the computing device. 

Various functions realized in a hardware configuration, 
such as that described above, by the CPU in the computing 
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8 
device running the various programs stored in the storage 
device and the external storage device will be described in 
detail. FIG. 19 is a diagram of an example of a functional 
configuration of a computing device 100 according to the first 
embodiment. As shown in FIG. 19, the computing device 100 
includes an accept unit 101, a multiplying unit 102, an adding 
and Subtracting unit 103, an output unit 104, and a square 
computation rule creating unit (not shown). Each unit is gen 
erated in the storage device, such as the RAM, when the CPU 
runs a program. 
A vector representing the elements of the sixth degree 

extension field is accepted into the accept unit 101. In other 
words, a vector including six elements included in two vec 
tors that represent elements of the cubic extension field and 
include three elements is accepted. Specifically, elements of a 
finite body, such as A=(a1, a2, a3, a4, as, a6) that is a vector 
representation of six elements included in two vectors (a1, a2, 
a3) and (a4, as, a6), are accepted into the accept unit 101. The 
square computation rule creating unit creates a square com 
putation rule determined by the above-described modulus 
and base. In the square computation rule, the first conditional 
expression and the second conditional expression are applied 
to the Karatsuba algorithm. The multiplying unit 102 per 
forms multiplication of, for example, the above-described 
nine terms shown in FIG. 14, in adherence to the square 
computation rule. The multiplication of the nine terms is, for 
example, t1=a1*a4, t2=a2*a5, t3=a3*.a6, tA=(a1-a2)* 
(a4-a5), t5=(a1-a3)*(a4-a8), “té=(a2-a3)*(a5–aé), 
t7=a4*.a4, t8–a4*a5, and t9=a4*.a6 in the example in 
FIG. 14. The multiplying unit 102 can also perform multipli 
cation of the nine terms shown in either of FIG. 16 and FIG. 
18, instead of the nineterms shown in FIG. 14. In other words, 
in adherence to the square computation rule, the multiplying 
unit 102 performs at least one of a multiplication used in the 
Karatsuba algorithm on the elements of one of two cubic 
extension fields, and a multiplication used in the Karatsuba 
algorithm between the elements oftwo cubic extension fields. 
The multiplying unit 102 then calculates respective products 
of a1 that is a first element of the vector representing the 
elements of the cubic extension field and the first element a1, 
the first element a1 and a second element a2, and the first 
element a1 and a third element a3. Alternatively, the multi 
plying unit 102 calculates respective products of a4 that is a 
first element of the vector and the first element a4, the first 
elementa4 and a second element as, and the first elementa4 
and a third element a6. The multiplying unit 102 thereby 
obtains a multiplication value. In adherence to the square 
computation rule, the adding and Subtracting unit 103 per 
forms addition and Subtraction using multiplication results 
from the multiplying unit 102 and the vector element 
ai(1sis6), thereby calculating each element included in the 
vector representing the calculation result of the square. In 
other words, regarding the vector accepted into the acceptunit 
101, the adding and subtracting section 103 adds and sub 
tracts with respect to the vector accepted to the accept unit 
101, a second-order component of the vector, in which the 
multiplication value is multiplied by a coefficient that is an 
integer, or a constant in which a component of the vector is 
multiplied by a coefficient that is an integer or 1, or a first 
order component of the vector, as required. The output unit 
104 outputs a result of the calculation performed by the add 
ing and Subtracting unit 103 as a square computation result. 

Next, a process performed by the computing device 100 
according to the embodiment will be described. First, a pro 
cess for creating the square computation rule to which the 
multiplying unit 102 and the adding and subtracting unit 103 
adhere will be described. The square computation rule can be 
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created every time the computing device 100 performs the 
square computation, described hereafter. Alternatively, the 
square computation rule can be prepared by being created in 
advance before the square computation is performed. FIG. 20 
is a diagram of an overview of a process by which the com 
puting device 100 creates the square computation rule. First, 
an r-th degree modulus oran element to be added whenan r-th 
degree extension field is generated is accepted to the comput 
ing device 100. A base of the r-th degree extension field is also 
accepted to the computing device 100. In an example in which 
r–3, the modulus expressed by the above-described Expres 
sion 2 is accepted as the element to be added when the cubic 
extension field is generated. Further, {1, y, y2-2} is accepted 
as the base. Upon accepting these, the computing device 100 
generates the multiplication rule for a corresponding r-th 
degree extension field. Specifically, the computing device 
100 generates the multiplication rule as follows. Vectors A= 
(a1, a2, a3) and B-(b1, b2, b3) representing two different 
elements of the cubic extension field are expressed by poly 
nomial expressions, namely Aa1+a2y+a3*(y 2-2) and 
B=b1+b2*y+b3*(y2–2). The computing device 100 gen 
erates a multiplication rule R1 A*B=(a1*b1+2a2*b2+ 
2a3*b3-a2*b3-a3*b3, a1b2+a2b1a2b3+a3b2 
a3*b3, a1*b3+a3*b1+a2*b2-a3*b3). The multiplication 
rule R1 is a vector representation of a polynomial obtained 
through multiplication of the two elements with each other as 
polynomials and calculation of a remainder by the modulus. 
The computing device 100 then stores the multiplication rule 
R1. For example, the computing device 100 stores the multi 
plication rule R1 as an element of an rxrxr matrix. Specifi 
cally, the computing device 100 stores a coefficient of aib in 
a matrix Mult1 kijas a content of a k-th term of the vector 
representation. This is visualized in FIG. 3. 

In a similar manner, a quadratic modulus or an element to 
be added when a quadratic extension is generated is accepted 
to the computing device 100. A base of the quadratic exten 
sion is also accepted to the computing device 100. In the 
above-described example, f(x)=x^2+x+1 is accepted as the 
quadratic modulus. Further, {1, x} is added as the base of the 
quadratic extension. Upon accepting these, the computing 
device 100 generates a square computation rule for a corre 
sponding quadratic extension field. Specifically, the comput 
ing device 100 generates a square computation rule R2A2= 
(a12-a22, 2a1a2-a22) that is a vector representation of a 
polynomial obtained by a vector A=(a1, a2) representing the 
element of the quadratic extension field being expressed as a 
polynomial and multiplied as a polynomial, and a remainder 
being calculated by the modulus. The computing device 100 
then stores the square computation rule R2. For example, the 
computing device 100 stores the square computation rule R2 
as an element of a 2x2x2 matrix. Specifically, the computing 
device 100 stores a coefficient of aibi in a matrix Square2 
kij as a content of the k-th term of the vector expression. 
This is visualized in FIG. 4. 

Next, the computing device 100 generates a square com 
putation rule R3 for a corresponding 2r-th degree extension 
field from the multiplication rule R1 of the r-th degree exten 
sion field and the square computation rule R2 of the quadratic 
extension. The computing device 100 then stores the square 
computation rule R3. For example, the computing device 100 
stores the square computation rule R3 as an element of a 
2*rx2*rx2*r matrix. Specifically, the computing device 100 
generates a matrix Square3ki corresponding to the 
square computation rule R3 as follows. 
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10 
Regarding k=1, 2, 3, i=1, 2, 3", j=1, 2, 3, Square3ki 
Square 1111*Mult1kij 
Regarding k=1, 2, 3, i=4, 5, 6, j=1, 2, 3, Square3ki 
Square 1121* Mult1ki-3 
Regarding k=1, 2, 3, i=1, 2, 3, j=4, 5, 6, Square3ki 
Square 1112*Mult1kij-3 
Regarding k=1, 2, 3, i=4, 5, 6, j=4, 5, 6, Square3ki 
Square 1122*Mult1ki-3-3 
Regarding k=4, 5, 6, i=1, 2, 3, j=1, 2, 3, Square3ki 
Square 1211*Mult1k-3i 
Regarding k=4, 5, 6, i=4, 5, 6, j=1, 2, 3, Square3ki 
Square 1221*Mult1k-3 i-3 
Regarding k=4, 5, 6, i=1, 2, 3, j=4, 5, 6, Square3ki 
Square 1212*Mult1k-3 ij-3 
Regarding k=4, 5, 6, i=4, 5, 6, j=4, 5, 6, Square3ki 
Square 1222*Mult1k-3 i-3-3 
When the computation method above is summarized, 

Square3kij=Squarel ceil(k/3) ceil(i/3) 
ceil(/3)*Mult1 k%3 i963%3. Here, ceil(k) denotes a 
ceiling function (which returns a least number among inte 
gers greater than k). Further, kyor denotes a remainder 
obtained when k is divided by r. This is visualized in FIG. 5. 
This square computation rule R3 corresponds to the Karat 
suba algorithm. Here, Expression 9 shown in FIG. 36A in 
which the right-hand side of the first conditional expression 
shown in Expression 3 is transposed is applied as the first 
conditional expression. 
A specific equation of the first conditional expression is 

generated from the quadratic modulus or the element to be 
added when the quadratic extension is generated, and the base 
of the quadratic extension. A second-order component of the 
first conditional expression is expressed by a term 10 shown 
in FIG. 36A. FIG. 6 is a diagram of a matrix expressing the 
term 10. A vector representation of a first-order component 
-1 of the first conditional expression is (-1, 0). 
The computing device 100 stores the term 10. Then, the 

computing device 100 applies the first conditional expression 
to the square computation rule R3. In other words, the com 
puting device 100 performs constant multiplication on the 
first term or the second term of the first conditional expression 
shown in FIG. 6 and adds the result to the first term or the 
second term of the square computation rule R3 shown in FIG. 
5. At this time, when the number of elements in the matrix that 
are not 0 decreases, a new, efficient Square computation rule 
has been obtained. Specifically, when at least one of a certain 
(i,j) is not '0' in relation to k=1,2, the computing device 100 
calculates tij including a single multiplication operation. 
When the number of multiplication operations such as this 
decreases, a new, efficient Square computation rule has been 
obtained. When retrieval is performed, for example, follow 
ing three square computation rules are generated. The square 
computation rules are not shown in FIG. 20. One square 
computation rule is a square computation rule R4 in which the 
first term of the first conditional expression shown in FIG. 6 is 
subtracted from the first term of the square computation rule 
R3 shown in FIG. 5. The second-order component of the first 
conditional expression in the square computation rule R4 is 
that shown in FIG. 10. The first-order component is (1, 0). 
Another square computation rule is a square computation rule 
R5 in which the first term of the first conditional expression is 
doubled and added to the second term of the square compu 
tation rule R3. The second-order component in the square 
computation rule R5 is that shown in FIG. 11. The first-order 
component is (0, -2). Still another square computation rule is 
a square computation rule R6 in which the first term of the 
first conditional expression is added to each of the first term 
and the second term of the square computation rule R3. The 
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second-order component in the square computation rule R6 is 
that shown in FIG. 12. The first-order component is (-1, -1). 
The square computation rules R4 to R6 reduce the number of 
times multiplication is performed, from 18 times to 12 times. 

According to the first embodiment, more efficient Square 
computation rules can be obtained through application of the 
second conditional expression to the square computation 
rules to which the first conditional expression is applied as 
described above. A specific equation of the second condi 
tional expression is generated from the quadratic modulus or 
the element to be added when the quadratic extension is 
generated, the r-th degree modulus or the element to be added 
when the r-th degree extension is generated, and the base of 
the r-th degree extension. Here, Expression 11 shown in FIG. 
36B in which the right-hand side of the second conditional 
expression shown in Expression 7 is transposed is applied as 
the second conditional expression. 
A second-order component of the second conditional 

expression is expressed by a term 12 shown in FIG. 36B. A 
matrix expressing the term 12 is shown in FIG. 9. As 
described above, the first to sixth terms of the second-order 
component of the second conditional expression are (i, II, III, 
IV, V, VI). 
A vector representation of a first-order component of the 

second conditional expression is expressed by Expression 13 
shown in FIG. 36B. 
When retrieval is performed, for example, following three 

square computation rules are generated. In FIG. 20, only a 
square computation rule R8 among the three generated square 
computation rules is shown. One square computation rule is a 
square computation rule R7 in which 4*IV. 2(V-VI), 2*V. 
2*IV. (V-VI), and V are respectively added to the first to sixth 
terms of the square computation rule R4 shown in FIG. 10. 
The second-order component in the square computation rule 
R7 is that shown in FIG. 13. A vector representation of the 
first-order component is expressed by Expression 14 shown 
in FIG. 36B. 

Another square computation rule is the square computation 
rule R8 in which 2*I, (II-III), II, 4*I, 2(II-III), and 2*II are 
respectively added to the first to sixth terms of the square 
computation rule R5 shown in FIG. 11. The second-order 
component in the square computation rule R8 is that shown in 
FIG. 15. A vector representation of the first-order component 
is expressed by Expression 15 shown in FIG. 36B in vector 
expression. 

Still another square computation rule is a square computa 
tion rule R9 in which 4(I-IV), 2(II-V-III+VI), 20II-V), 2(I- 
IV), (II-V-III+VI), and (II-V) are respectively added to the 
first to sixth terms of the square computation rule R6 shown in 
FIG. 12. The second-order component in the square compu 
tation rule R9 is that shown in FIG. 17. A vector representa 
tion of the first-order component is expressed by Expression 
16 shown in FIG. 36B. As shown in FIG. 14, FIG. 16, and 
FIG. 18, the square computation rules R7 to R9 reduce the 
number of times multiplication is performed, from 12 times to 
9 times. 

Next, a square computation process performed by the com 
puting device 100 according to the first embodiment will be 
described with reference to FIGS. 21A and 21B. First, the 
quadratic modulus or the element to be added when the qua 
dratic extension is generated, the base of the quadratic exten 
sion, the r-th degree modulus or the element to be added when 
the r-th degree extension is generated, and the base of the r-th 
degree extension are fixed. The computing device 100 reads 
the square computation rule corresponding to the fixed ele 
ments and the bases. The computing device 100 then per 
forms the multiplication operations and the adding and Sub 
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12 
tracting operations based on the square computing rule. In the 
example in which r=3, the element to be added when the 
cubic extension field is generated is that shown in Expression 
2. Further, {1, y, y2-2} is used as the base of the cubic 
extension. Further, f(x)=x^2+x+1 is used as the quadratic 
modulus, and {1, X} is fixed as the base of the quadratic 
extension. Here, the above-described square computation 
rule R8 is used. In the square computation rule R8, for 
example, the second-order component is held as a 2*rx2*rx 
2*r matrix Square3(kij (see FIG. 15). The first-order 
component is held as a vector (V) expressed by Expression 
15. A vector including 2r elements is accepted to the comput 
ing device 100. At Step S1, for example, A=(a1, a2, a3, a4, 
aS. a6) is accepted to the computing device 100. 

Next, at Step S2, the computing device 100 performs mul 
tiplication operations with reference to the square computing 
rule R8. In the multiplication operations, regarding an ele 
ment that is not '0' in the Square8kij, for example, 
ti-aia is calculated when i=1,2,3 andj=1,2,3. When 
i=4, 5, 6 and j=4, 5, 6, tij-aia' is calculated. When (i. 
j)=(1, 4), t14–a1*a4 is calculated. When (i,j)-(2,5), 
t25-a2*a5 is calculated. When (i,i)=(3, 6), “t36–a3*aé is 
calculated. Here, (i,i)=(1, 5).(2, 4) appears as a pair. There 
fore, t15=(a1-a2)*(as-a-4) is calculated. Further, (i,j)=(1, 
6),(3,4) appears as a pair. Therefore, t16=(a1-a3)*(a6–a4) 
is calculated. Further, (i,j)-(2, 6).(3, 5) appears as a pair. 
Therefore, t26=(a2-a3)*(a6-a5) is calculated. Here, multi 
plication of the above-described nine terms in FIG. 16 is 
performed. The multiplication of each term is shown below. 
Here, Ai is 
ai(i=1, 2, 3, 4, 5, 6). 
t11:=A12: 
t12:=A1*A2; 
t13:=A1*A3: 
t44:=A42: 
t45:=A4*A5; 
t46:=A4* A6: 
t55:=A52; 
t56:=A5*A6; 
t66:=A62: 
At Step S3, the computing device 100 performs the addi 

tion and Subtraction operations with reference to the square 
computation rule R8. For example, the computing device 100 
calculates bk=XSquare8kij*tij+VIk. Here, X calcu 
lates a Sum of i andj. However, in each pair of (i,j)-(1, 5).(2. 
4), (i,j)=(1,6),(3,4), and (i,j)-(2, 6),(3, 5) that does not 
appear in the square computation rule R8, but appears in the 
square computation rules R7 and R9, t15+t14+t25, t16+ 
t14+t36, and t26+t25+t36 are assigned to the pairs. Here, 
the computing device 100 performs the following addition 
and subtraction operations, and determines vector (b1, b2. b3, 
b4, b5, b6) expressing the computation result of the square. 
b1:=3*t11-3*t44-2*A1+2*A4: 
b2:=3*t 12-3*t45-2*A2]+A5: 
b3:=3*t13-3*t46+A3-A6: 
b4:=6*t11-3*t44+6*t55-6*t56+6*tó6-4*A1+4*A4-2: 
b5:=6*t12+6*t56-3*t66+2*A2-2*A5: 
b6:=6*t 13+3*t55-3*t66+2*A3-2*A6: 

Subsequently, at Step S4, the computing device 100 out 
puts the (b1, b2. b3, b4, b5, b6)=B obtained at Step S3. 
When the square computation rule R7, rather than the 

square computation rule R8, is applied at Step S2, the com 
puting device 100 performs multiplication of the above-de 
scribed nine terms shown in FIG. 14. 
t44:=A42: 
t45:=A4*A5; 
t46:=A4* A6: 
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t14:=A1* A4: 
t15:=(A1-A2)*(A5I-A4I); 
t16:=(A1-A3)*(A6-A4I); 
t25:=A2*A5: 
t26:=(A2-A3)*(A6-A5)); 
t36:=A3*A6; 
When the square computation rule R9, rather than the 

square computation rule R8, is applied at Step S3, the com 
puting device 100 performs, for example, the addition and 
subtraction operations below. 
b1:=9*t14-6*t25-6*t36+3*(t26+t25+t36)-6*t44+4*AL4+ 

1: 

b2:=3*(t15+t14+t25)-3*(t26+t25+t36)+3*t36-6*t45-2*A 
5: 

b3:=-3*t25+3*(t16+t14+t36)+3*t36-6*t46-2*A6: 
b4:=6*t14-3*t44+2*A4: 
b5:=3*(t15+t14+t25)-3*t45-A5): 
b6:=3*(t16+t14+t36)-3*t46-A6: 
When the square computation rule R9, rather than the 

square computation rule R8, is applied at Step S2, the com 
puting device 100 performs multiplication of the above-de 
scribed nine terms shown in FIG. 18. 
t11:=A12: 
t12:=A1*A2; 
t13:=A1*A3: 
t14:=A1* A4: 
t15:=(A1-A2)*(A5I-A4I); 
t16:=(A1-A3)*(A6-A4I); 
t25:=A2*A5: 
t26:=(A2-A3)*(A6-A5)); 
t36:=A3*A6: 
When the square computation rule R9, rather than the 

square computation rule R8, is applied at Step S3, the com 
puting device 100 performs, for example, the addition and 
subtraction operations below. 
b1:=6*t11-9*t14+6*t25+6*t36-3*(t26+t25+t36)-4*A 1 

1: 
b2:=6*t12-3*(t15+t14+t25)+3*(t26+t25+t36)-3*t36+2*A 

2: 
b3:=6*t13+3*t25-3*(t16+t14+t36)-3*t36+2*A3: 
b4:=3*t11-3*t14+6*t25-3*(t26+t25+t36)+6*t36-2*A 1 

1: 
b5:=3*t12+3*(t26+t25+t36)-3*t36+A2: 
b6:=3*t 13+3*t25-3*t36+A3: 

In a configuration Such as that above, the speed of calcu 
lation of the exponent (q1+ql") can be increased in an alge 
braic torus that is a Subgroup of an n-th degree extension field, 
in other words, a quadratic extension of an r-th degree exten 
sion field. Therefore, in torus compression public key cryp 
tography, when the square computation is performed on an 
algebraic torus over a sixth degree extension field, the base 
(quadratic extension polynomial base and cubic extension 
polynomial base) ordinarily used for compression and 
decompression is not required to be converted to a pseudo 
polynomial base, and the square computation can be per 
formed at a high speed (see, for example, FIG.22). Therefore, 
calculation time required for torus compression public key 
cryptography and pairing computation can be shortened. The 
calculation time is similarly shortened for square computa 
tion on an algebraic torus in pairing. 

Next, a computing device, a method, and a computer pro 
gram product according to a second embodiment will be 
described. Sections that are the same as those according to the 
above-described first embodiment are described using the 
same reference numbers. Explanations thereof may be omit 
ted. 
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According to the above-described first embodiment, in the 

example in which r=3, the element to be added when the 
cubic extension field is generated is that shown in the above 
described Expression 2. Further, {1, y, y2-2} is used as the 
base of the cubic extension. Still further, f(x)=x^2+x+1 is 
used as the quadratic modulus, and {1, X} is fixed as the base 
of the quadratic extension. According to the second embodi 
ment, f3(v)=y 3-w’ is used as the cubic modulus, and {1, y, 
y2} is used as the base of the cubic extension. Further, 
f2(x)=x^2-6 is used as the quadratic modulus, and {1, x} is 
fixed as the base of the quadratic extension. In adherence to 
the square computation rule, the multiplying unit 102 per 
forms a multiplication used in the Karatsuba algorithm on the 
elements of one of two cubic extension fields, and a multipli 
cation between coefficients of the same term in the elements 
of two cubic extension fields. The multiplying unit 102 
thereby obtains a multiplication value. The adding and sub 
tracting unit 103 adds and subtracts with respect to the vector 
accepted to the accept unit 101, a second-order component of 
the vector, in which the multiplication value obtained by the 
multiplying unit 102 is multiplied by a coefficient calculated 
from an integer, W, or ö, or, a constant in which a component 
of the vector is multiplied by a coefficient calculated from an 
integer, w, or ö, or a first-order component of the vector, as 
required. 

First, a process by which the computing device 100 accord 
ing to the second embodiment creates a square computation 
rule will be described. When the cubic modulus and the base 
are accepted, the computing device 100 generates a multipli 
cation rule of a corresponding r-th degree extension field. 
Specifically, the computing device 100 generates A*B= 
(a1*b1+w8(a2*b3+a3*b2), a1*b2+a2*b1+wa3*b3, 
a1*b3+a3*b1+a2*b2) when vectors expressing two different 
elements of the cubic extension field are vector A=(a1, a2, 
a3) and vector B=(b1, b2, b3). The computing device 100 
then stores A*B=(a1*b1+w (a2*b3+a3*b2), a1*b2+ 
a2*b1+w'a3*b3, a1*b3+a3*b1+a2*b2) that is a multiplica 
tion rule R10. For example, the computing device 100 stores 
the square computation rule R10 to an element of an rxrxr 
matrix. This is visualized in FIG. 23. 

In a similar manner, when the quadratic modulus and the 
base are accepted, the computing device 100 generates a 
square computation rule for a corresponding quadratic exten 
sion field. Specifically, the computing device 100 generates 
A2=(a12+ö*a22, 2a1a2) when the vector representing 
an element of the quadratic extension field is vector A=(a1, 
a2). The computing device 100 then stores A2=(a12+ 
Ö*a22, 2a1a2) that is a square computation rule R11. For 
example, the computing device 100 stores the square compu 
tation rule R11 to an element of a 2x2x2 matrix. This is 
visualized in FIG. 24. 

Next, the computing device 100 generates a square com 
putation rule R12 for a corresponding 2r-th degree extension 
field from the multiplication rule R10 of the r-th degree exten 
sion field and the square computation rule R11 of the qua 
dratic extension. The computing device 100 then stores the 
square computation rule R12. For example, the computing 
device 100 stores the square computation rule R12 to an 
element of a 2*rx2rx2r matrix. This is visualized in FIG. 
25. 

In a manner similar to that according to the first embodi 
ment, the square computation rule R12 is applied as the first 
conditional expression shown in Expression 9. A specific 
equation of the first conditional expression is generated from 
the quadratic modulus or the element to be added when the 
quadratic extension is generated, and the base of the quadratic 
extension. The second-order component of the first condi 
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tional expression is expressed by a term 10, below. A matrix 
expressing the term 10 is shown in FIG. 26. A vector repre 
sentation of a first-order component -1 of the first condi 
tional expression is (-1,0). The computing device 100 stores 
the first conditional expression. The computing device 100 
then applies the first conditional expression to the square 
computation rule R11. When retrieval is performed, for 
example, following two rules are generated. A first rule is a 
square computation rule R13 in which the first term of the first 
conditional expression shown in FIG. 26 is subtracted from 
the first term of the square computation rule R11 shown in 
FIG. 24. The second-order component of the first conditional 
expression in the square computation rule R13 is that shown 
in FIG. 27. The first-order component is (1,0). Another rule is 
a square computation rule R14 in which the first term of the 
first conditional expression is added to the first term of the 
square computation rule R11. The second-order component 
of the first conditional expression in the square computation 
rule R11 is that shown in FIG. 28. The first-order component 
is (-1,0). The square computation rules R13 and R14 reduce 
the number of times multiplication is performed, from 18 
times to 12 times, as shown in FIG. 27 and FIG. 28. 

According to the second embodiment, more efficient 
square computation rules can be obtained through application 
of the second conditional expression to the square computa 
tion rules to which the first conditional expression is applied 
as described above. A specific equation of the second condi 
tional expression is generated from the quadratic modulus or 
the element to be added when the quadratic extension is 
generated, the r-th degree modulus or the element to be added 
when the r-th degree extension is generated, and the base of 
the r-th degree extension. Here, in a manner similar to that 
according to the first embodiment, Expression 11 in which the 
right-hand side of the second conditional expression shown in 
Expression 7 is transposed is applied as the second condi 
tional expression. A vector representation of a first-order 
component of the second conditional expression is expressed 
by Expression 17 shown in FIG. 36B. 

Here, when Expression 18 shown in FIG. 36B is obtained, 
first to third terms of the second conditional expression are 
expressed as shown in FIG. 29. Fourth to sixth terms of the 
second conditional expression are expressed as shown in FIG. 
30. When retrieval is performed, for example, following two 
rules are generated. One rule is a square computation rule R15 
in which the fourth term of the second conditional expression 
is doubled and added to the fourth term of the square compu 
tation rule R13, the fifth term of the second conditional 
expression is doubled and added to the fifth term of the square 
computation rule R13, and the sixth term of the second con 
ditional expression is doubled and subtracted from the sixth 
term of the square computation rule R13. The square compu 
tation rule R15 is expressed in FIG. 31. Another rule is a 
square computation rule R16 in which, in a manner similar to 
that of the square computation rule R13, the fourth term of the 
second conditional expression is doubled and added to the 
fourth term of the square computation rule R14, the fifth term 
of the second conditional expression is doubled and added to 
the fifth term of the square computation rule R14, and the 
sixth term of the second conditional expression is doubled 
and Subtracted from the sixth term of the square computation 
rule R14. The square computation rule R16 is expressed in 
FIG. 32. When multiplication is performed using the square 
computation rule R15 in FIG. 31, nine terms indicated by 
cross-hatched portions in FIG.33 are to be multiplied. When 
multiplication is performed using the square computation 
rule R16 in FIG. 32, nine terms indicated by cross-hatched 
portions in FIG. 34 are to be multiplied. In other words, the 
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square computation rules R15 and R16 reduce the number of 
times multiplication is performed, from 12 times to 9 times. 

Next, a square computation process performed by the com 
puting device 100 according to the second embodiment will 
be described with reference to FIGS. 35A and 35B. In an 
example in which r=3, f(y) y 3-w' is used as the r-th 
modulus, and {1, y, y2} is used as the base. Further, 
f2(x)=x^2-6 is used as the quadratic modulus, and {1, x} is 
fixed as the base. The above-described square computation 
rule R15 is used as a square computation rule corresponding 
to thereto. In the square computation rule R15, for example, 
the second-order component is held as a 2*rx2*rx2*r matrix 
Square 15kij (see FIG. 31). The first-order component is 
held as a vector (V) expressed by Expression 19 shown in 
FIG. 36B. The computing device 100 reads the square com 
putation rule R13. Then, at Step S1, for example, A=(a1, a2, 
a3, a4, as, a6) is accepted to the computing device 100. 

Next, at Step S12, the computing device 100 performs 
multiplication operations with reference to the square com 
puting rule R15. The computing device 100 performs follow 
ing multiplications, for example, regarding an element that is 
not '0' in the Square 15ki. 

t36:=A3*A6; 
At Step S13, the computing device 100 performs addition 

and Subtraction operations with reference to the square com 
putation rule R15. For example, the computing device 100 
calculates bk XSquare 15kitij+VIk. Here, X calcu 
lates a sum of i and j. Here, the computing device 100 per 
forms following addition and Subtraction operations and 
obtains the vector (b1, b2, b3, b4, b5, b6) representing a result 
of the square computation. Here, d:-delta((pm-1)/2);. 
Regarding Square 15kiti, the vector may not be 
obtained by only the addition and Subtraction operations, 
depending on the elements of the matrix. For example, a 
multiplication operation witi is performed when an element 
of the matrix is w, and w is not a natural number. 

b2:=4*deltata5+2*delta wit66; 

b6:=6*t25-2*A6*d; 
Subsequently, at Step S4, the computing device 100 out 

puts (b1, b2, b3, b4, b5, b6)=B obtained at Step S13. 
When the square computation rule R16, rather than the 

square computation rule R15, is applied at Step S12, the 
computing device 100 performs, for example, following mul 
tiplications. 

t36:=A3*A6; 
When the square computation rule R16, rather than the 

square computation rule R15, is applied at Step S13, the 
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computing device 100 performs, for example, following addi 
tion and Subtraction operations. 
b1:=2*t11+4*w*t23-1; 
b2:=4*t12+2*w*t33; 
b3:=2*t22+4*t13; 
b4:=6*t14-2*A4*d; 
b5:=6*wikt36-2*A5*d; 
b6:=6*t25-2*A6*d; 

Even when the cubic modulus and the base, and the qua 
dratic modulus and the base are used, in torus compression 
public key cryptography, when the square computation is 
performed on analgebraic torus over a sixth degree extension 
field, the base (quadratic extension polynomial base and 
cubic extension polynomial base) ordinarily used for com 
pression and decompression is not required to be converted to 
apseudo-polynomial base, and the square computation can be 
performed at a high speed. Therefore, calculation time 
required for torus compression public key cryptography and 
pairing computation can be shortened. The calculation time is 
similarly shortened for square computation on an algebraic 
torus in pairing. 

The present invention is not limited to the above-described 
embodiments. Constituent elements can be modified and 
specified in practice without departing from the scope of the 
present invention. Various inventions can be achieved through 
appropriate combinations of a plurality of constituent ele 
ments disclosed according to the embodiments. For example, 
some constituent elements can be eliminated from the overall 
constituent elements indicated according to the embodi 
ments. Moreover, combinations of constituent elements 
according to different embodiments can be used accordingly. 
Various modifications such as the following examples can be 
made. 

According to each of the above-described embodiments, 
various programs run in the computing device 100 can be 
stored on a computer connected to the computing device 100 
over a network, Such as the Internet. The stored programs can 
be provided by being downloaded over the network. Alterna 
tively, the various programs can be provided stored on a 
computer-readable recording medium, Such as a compact disc 
read-only memory (CD-ROM), a flexible disk (FD), a com 
pact disc-recordable (CD-R), and a digital versatile disk 
(DVD), in an installable format file or an executable format 
file. In this case, the computing device 100 reads a program 
from the recording medium and runs the program, thereby 
loading the program onto a main storage device (such as the 
RAM) Various sections of the above-described functional 
configuration are generated in the main storage device. 

According to each of the above-described embodiments, 
the computing device 100 includes a square computation rule 
creating unit. The computing device 100 generates the square 
computation rules. However, instead of the computing device 
100 including the square computation rule creating unit, 
another information processing device can generate the 
square computation rules. The computing device 100 can 
acquire the square computation rules from the other informa 
tion processing device and use the acquired square computa 
tion rules when performing the square computation. 

According to the first embodiment, the process at Step S2 
and the process at Step S3 can be performed in parallel. The 
addition and Subtraction operations at Step S2 can be per 
formed as required, in an order by which the multiplication 
value that is used at Step S3 and is the result of the multipli 
cation operation at Step S2 is determined. The same applies to 
the process at Step S12 and the process at Step S13 according 
to the second embodiment. 
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According to each of the above-described embodiments, 

when the computing device 100 performs a square computa 
tion on a sixth degree extension field serving as a finite field is 
described. However, the finite field is not limited to the sixth 
degree extension field. Configurations according to each of 
the above-described embodiments can be applied. An 
instance is described below where the computing device 100 
performs the square computation, namely an exponentiation 
of a square. However, configurations according to each of the 
above-described embodiments can also be applied when the 
computing device 100 performs an exponentiation of the 
exponent (q1+ql") over a 2r-th degree extension field (q is a 
characteristic of an extension field). 

Regarding the square in the Karatsuba algorithm, accord 
ing to each of the above-described embodiments, for 
example, A2=(a12-a22, 2a1a2-a22) is calculated in 
the quadratic extension field. At this time, the multiplication 
operations performed can be as follows. 

t22:=a22: 
However, calculation can also be performed as follows, 

using only the square. 

t22:=a22: 
Calculations such as this can be applied to the square in the 

Karatsuba algorithm related to the elements of one of two 
cubic extension fields in the square computation rules 
R16, R15, and R8. 

For example, when the calculation is applied to when the 
square computation rule R16 is applied, the computing device 
100 performs, for example, the following multiplications. 

t36:=A3*A6; 
The computing device 100 performs, for example, the fol 

lowing addition and Subtraction operations. 

b6:=6*t25-2*A6*d; 
When the calculation is applied to when the square com 

putation rule R15 is applied, the computing device 100 per 
forms, for example, the following multiplications. 

t36:=A3*A6; 
The computing device 100 performs the following addition 

and Subtraction operations, and determines the vector (b1, b2, 
b3, b4, b5, b0). 
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b6:=6*t25-2*A6*d; 
When the calculation is applied to when the square com 

putation rule R8 is applied, the computing device 100 per 
forms, for example, the following multiplications. 

t66:=A62: 
The computing device 100 performs the following addition 

and Subtraction operations, and determines the vector (b1, b2, 
b3, b4, b5, b0). 

b6:=6*t 13+3*t55-3*t66+2*A3-2*A6: 
When the square computation rule R8 is applied and a 

portion is calculated using a square to prevent division, the 
computing device 100 performs, for example, the following 
multiplications. 

t66:=A62: 
The computing device 100 performs the following addition 

and Subtraction operations, and determines the vector (b1, b2, 
b3, b4, b5, b0). 

b6:=6*t 13+3*t55-3*t66+2*A3-2*A6: 
In the above-described configuration as well, the speed of 

calculation of the exponent (q1+ql") can be increased in an 
algebraic torus that is a subgroup of an n-th degree extension 
field, namely a quadratic extension of an r-th degree extension 
field. 

Additional advantages and modifications will readily 
occur to those skilled in the art. Therefore, the invention in its 
broader aspects is not limited to the specific details and rep 
resentative embodiments shown and described herein. 
Accordingly, various modifications may be made without 
departing from the spirit or scope of the general inventive 
concept as defined by the appended claims and their equiva 
lents. 

What is claimed is: 
1. A computing device that calculates a square of an ele 

ment in a finite field, the finite field being a 2r-th degree 
extension field Fq2r, where denotes an exponent, and r 
denotes a prime number, the computing device comprising: 

5 

10 

15 

25 

30 

35 

40 

45 

50 

55 

60 

65 

20 
an accept unit configured to accept a plurality of elements 

in the finite field, the elements having a vector represen 
tation; 

a creating unit configured to create first and second condi 
tions under which the element in the finitefield is placed 
in an algebraic torus, the first condition using a charac 
teristic in which the element of the 2r-th degree exten 
sion field is an element of the algebraic torus T2r(Fq), 
and the second condition using a characteristic in which 
the element of the 2r-th degree extension field is an 
element of the algebraic torus T2CFqr); 

a multiplying unit configured to perform multiplication 
operations on a base field Fq using accepted elements 
and to obtain a multiplication value, one of the multipli 
cation operations being determined by the first condi 
tion, and another one of the multiplication operations 
being determined by the second condition; 

an adding and Subtracting unit configured to perform an 
addition and Subtraction operation using the multiplica 
tion value and the accepted elements, and to obtain a 
calculation result of the square of the element, the addi 
tion and Subtraction operation being determined by the 
first and second conditions; and 

an output unit configured to output the calculation result, 
wherein 

the creating unit is configured to create the first condition 
such that the element of the 2r-th degree extension field 
is 1 when raised to a power of d2r(q), where dn(x) is 
a n-th cyclotomic polynomial, and to create the second 
condition Such that an element of the 2r-th degree exten 
sion field is 1 when raised to a power of d2(qr), where 
q denotes a characteristic of an extension field. 

2. The device according to claim 1, wherein: 
a modulus and a base of an r-th degree extension of the 2r-th 

degree extension field Fq2r, and a modulus and a 
base of a quadratic extension are fixed in advance, 

the multiplying unit is configured to perform multiplica 
tion operations on the base field Fq using the accepted 
elements and to obtain multiplication values, one of the 
multiplication operations being determined by the fixed 
modulus and base, and the first condition, and another 
one of the multiplication operations being determined 
by the second condition, and 

the adding and Subtracting unit is configured to perform 
addition and Subtraction operations using the obtained 
multiplication values and the accepted elements, and to 
obtain the calculation result of the square, an addition 
and subtraction operation being determined by the fixed 
modulus and base, and the first condition, and an addi 
tion and Subtraction operation being determined by the 
second condition. 

3. The device according to claim 1, wherein: 
a vector representation of an element of the 2r-th degree 

extension field is accepted by the accept unit, the vector 
representation including 2r elements, 

the multiplying unit is configured to perform a multiplica 
tion operation on the base field Fq using the accepted 
elements and to obtain a multiplication value, the mul 
tiplication operation being performed in adherence to a 
square computation rule determined by the first condi 
tion and the second condition being applied to the Kar 
at Suba algorithm, and 

the adding and Subtracting unit is configured to performan 
addition and Subtraction operation using the obtained 
multiplication value and the accepted elements, and to 
obtain the calculation result of the square, the addition 
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and Subtraction operation being performed in adherence 
to the square computation rule. 

4. The device according to claim 1, wherein: 
the multiplying unit is configured to obtain the multiplica 

tion value by, in adherence to a square computation rule 
expressed by at least one of a second-order component 
and a first-order component related to the accepted ele 
ments, calculating a product of at least a set of two 
relevant elements among the elements, or calculating a 
square of one element, based on whether the second 
order component is 0, and 

the adding and Subtracting unit is configured to obtain the 
calculation result of the square by calculating each ele 
ment included in a 2r-th vector using a coefficient of the 
second-order component, the obtained multiplication 
value, and the first-order component. 

5. The device according to claim 1, wherein: 
the 2r-th degree extension field is a field extended by a 

binomial modulus, and a base is a pseudo-polynomial 
base or a polynomial base, and 

the multiplying unit is configured to perform a multiplica 
tion operation on a base field using the accepted ele 
ments and to obtain a multiplication value, the multipli 
cation operation performed in adherence to a square 
computation rule determined by the modulus and the 
base, and by application of the first condition and the 
second condition to the Karatsuba algorithm. 

6. The device according to claim 5, wherein: 
a modulus of an r-th degree extension of the 2r-th degree 

extension field is fixed in advance to frCy)-yr-w, a 
base thereof is fixed in advance to {1, y, ... , y {r-1}}, 
a modulus of the quadratic extension is fixed in advance 
to f2(x)=x^2-6, and a base thereof is fixed in advance 
to {1, x}, and 

the multiplying unit is configured to perform a multiplica 
tion operation on the base field Fq using the accepted 
elements and to obtain a multiplication value, the mul 
tiplication operation being performed in adherence to a 
square computation rule determined by the fixed moduli 
and bases, and by application of the first condition and 
the second condition to the Karatsuba algorithm. 

7. The device according to claim 5, wherein: 
a vector representing elements of the 2r-th extension field 

and including 2r elements included in two first vectors 
that include relements is accepted by the accepting unit, 
a first vector representing elements of an r-th degree 
extension field, 

the multiplying unit is configured to perform multiplica 
tion operations in adherence to the square computation 
rule and to obtain the multiplication values, one of the 
multiplication operations being used in the Karatsuba 
algorithm on the elements of one of two r-th degree 
extension fields, and another one of the multiplications 
operations multiplexing coefficients of a same term of 
elements in two r-th degree extension fields, and 

the adding and Subtracting unit is configured to add and 
Subtract a second-order component, in which the multi 
plication value is multiplied by a coefficient calculated 
from an integer, w, or, Ö, to and from 1, a constant in 
which a component of the first vector is multiplied by a 
coefficient calculated from an integer, W, or ö, or a first 
order component, as required, and to obtain the calcula 
tion result of the square. 

8. The device according to claim 5, wherein: 
r=3, 
a first square computation rule in which the first condition 

is applied to the Karatsuba algorithm includes six terms, 
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a second conditional expression expressing the second 

condition includes six terms, 
the square computation rule is that in which a fourth term of 

the second conditional example is doubled and added to 
a fourth term of the first square computation rule, a fifth 
term of the second conditional expression is doubled and 
added to a fifth term of the first square computation rule, 
and a sixth term of the second conditional expression is 
doubled and subtracted from a sixth term of the first 
square computation rule, and 

the multiplying unit is configured to perform a multiplica 
tion operation on a subject term in adherence to the 
square computation rule and to obtain the multiplication 
value. 

9. The device according to claim 8, wherein: 
Ai (i-1, 2, 3, 4, 5, 6) is each element included in the 

vector, and 
the multiplying unit is configured to perform one of a 

multiplication operation and a square computation for 
determining A12, A1* A2, A1* A3, A22, 
A2 A3, A32, A1*A4, A2*A5, and A3* A 
6 in adherence to the square computation rule, and to 
obtain the multiplication value. 

10. The device according to claim 8, wherein: 
Ai (i-1, 2, 3, 4, 5, 6) is each element included in the 

vector, and 
the multiplying unit is configured to perform one of a 

multiplication operation and a square computation for 
determining A42, A4* A5, A4* A6, A52. 
A5* A6, A62, A1*A4, A2*A5, and A3* A 
6 in adherence to the square computation rule, and to 
obtain the multiplication value. 

11. The device according to claim 1, wherein: 
the 2r-th degree extension field is one of a cyclotomic field 

and a subfield of a cyclotomic field, and a base is a 
pseudo-polynomial base or a polynomial base, and 

the multiplying unit is configured to perform a multiplica 
tion operation on a base field using the accepted ele 
ments and obtains a multiplication value, the multipli 
cation operation performed in adherence to a square 
computation rule determined by the modulus and the 
base, and by application of the first condition and the 
second condition to the Karatsuba algorithm. 

12. The device according to claim 11, wherein: 
r=3, 
a modulus of a cubic extension field of a sixth degree 

extension field is fixed in advance to y=+ (-1) ( 
denotes a primitive ninth root of 1), a base thereof is 
fixed in advance to {1, y, y2-2}, a modulus of the 
quadratic extension is fixed in advance to f(x) X^2+x+ 
1, and a base thereof is fixed in advance to {1, x}, and 

the multiplying unit is configured to perform a multiplica 
tion operation on a base field using the accepted ele 
ments and to obtain a multiplication value, the multipli 
cation operation being determined by the fixed moduli 
and bases, and by application of the first condition and 
the second condition to the Karatsuba algorithm. 

13. The device according to claim 11, wherein: 
a vector representing elements of a sixth degree extension 

field and including six elements included in two first 
vectors that include three elements is accepted by the 
accept unit, a first vector representing elements of a 
cubic extension field, 

the multiplying unit is configured to perform, in adherence 
to the square computation rule, at least one of a multi 
plication operation used in the Karatsuba algorithm on 
the elements of one of two cubic extension fields, and a 
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multiplication operation used in the Karatsuba algo 
rithm between the elements of two cubic extension 
fields, to calculate respective products of a first element 
of the first vector and the first element, the first element 
and a second element, and the first element and a third 
element for the elements of one of the two cubic exten 
sion fields, and to obtain a multiplication value, and 

the adding and Subtracting unit is configured to add and 
Subtract a second-order component, in which the multi 
plication value is multiplied by a coefficient that is an 
integer, to and from 1, a constant in which a component 
of the first vector is multiplied by a coefficient that is an 
integer, or a first-order component, as required, and to 
obtain the calculation result of the square. 

14. The device according to claim 11, wherein: 
a first square computation rule in which the first condition 

is applied to the Karatsuba algorithm includes six terms, 
a second conditional expression expressing the second 

condition includes six terms, 
the square computation rule is that in which a fourth term of 

the second conditional expression is quadrupled and 
added to a first term of the first square computation rule, 
a value obtained by subtracting the fourth term of the 
second conditional expression from a third term of the 
second conditional expression is doubled and added to a 
second term of the first square computation rule, a fifth 
term of the second conditional expression is doubled and 
added to a third term of the first square computation rule, 
a sixth term of the second conditional expression is 
doubled and added to a fourth term of the first square 
computational expression, a value obtained when the 
sixth term of the second conditional expression is sub 
tracted from the fifth term of the second conditional 
expression is added to a fifth term of the first square 
computation rule, and the sixth term of the second con 
ditional expression is added to a sixth term of the first 
square computation rule, and 

the multiplying unit is configured to perform a multiplica 
tion operation on a Subject term in adherence to the 
square computation rule and to obtain the multiplication 
value. 

15. The device according to claim 14, wherein: 
Ali (i=1, 2, 3, 4, 5, 6) is each element included in the 

vector, and 
the multiplying unit is configured to perform a multiplica 

tion operation or a square computation for determining 
A 12, A1*A2, A1*A3, A42, A4*A5, 
A4*A6, A52, A5* A6, and A62 in adherence 
to the square computation rule, and to obtain the multi 
plication value. 

16. The device according to claim 11, wherein: 
a first square computation rule in which the first condition 

is applied to the Karatsuba algorithm includes six terms, 
a second conditional expression expressing the second 

condition includes six terms, 
the square computation rule is that in which a first term of 

the second conditional expression is doubled and added 
to a first term of the first square computation rule, a value 
obtained by subtracting the third term of the second 
conditional expression from a second term of the second 
conditional expression is added to a second term of the 
first square computation rule, the second term of the 
second conditional expression is added to a third term of 
the first square computation rule, a first term of the 
second conditional expression is quadrupled and added 
to a fourth term of the first square computational expres 
sion, a value obtained when the third term of the second 
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conditional expression is Subtracted from the second 
term of the second conditional expression is added to a 
fifth term of the first square computation rule, and the 
second term of the second conditional expression is 
doubled and added to a sixth term of the first square 
computation rule, and 

the multiplying unit is configured to perform a multiplica 
tion operation on a subject term in adherence to the 
square computation rule and to obtain the multiplication 
value. 

17. The device according to claim 16, wherein: 
Ai (i-1, 2, 3, 4, 5, 6) is each element included in the 

vector, and 
the multiplying unit is configured to perform a multiplica 

tion operation or a square computation for determining 
A42, A4*A5, A4*A6), A1*A4), (A 1 
A2)*(A5I-A4), (A1-A3)*(A6-A4), 
A2*A5), (A2-A3)*(A6-A5), and A3*A6 
in adherence to the square computation rule, and to 
obtain the multiplication value. 

18. The device according to claim 11, wherein: 
a first square computation rule in which the first condition 

is applied to the Karatsuba algorithm includes six terms, 
a second conditional expression expressing the second 

condition includes six terms, 
the square computation rule is that in which a value 

obtained by a fourth term of the second conditional 
expression being subtracted from a first term of the 
second conditional expression is quadrupled and added 
to a first term of the first square computation rule, a value 
obtained by a sixth term of the conditional expression 
being added to a value obtained by the fourth term and a 
third term of the second conditional expression being 
subtracted from a second term of the second conditional 
expression is doubled and added to a second term of the 
first square computation rule, a value obtained by a fifth 
term of the second conditional expression being Sub 
tracted from the second term of the second conditional 
expression is doubled and added to a third term of the 
first square computation rule, a value obtained by the 
fourth term of the second conditional expression being 
subtracted from the first term of the conditional expres 
sion is doubled and added to a fourth term of the first 
square computation rule, a value obtained by the sixth 
term of the second conditional expression being added 
to a value obtained by the fifth term and the third term of 
the second conditional expression being Subtracted from 
the second term of the second conditional expressed is 
added to a fifth term of the first square computational 
rule, and a value obtained by the fifth term of the second 
conditional expression being Subtracted form the second 
term of the second conditional expression is added to a 
sixth term of the first square computational rule, and 

the multiplying unit is configured to perform a multiplica 
tion operation on a subject term in adherence to the 
square computation rule, and to obtain the multiplica 
tion value. 

19. The device according to claim 18, wherein: 
Ai (i-1, 2, 3, 4, 5, 6) is each element included in the 

vector, and 
the multiplying unit is configured to perform a multiplica 

tion operation or a square computation for determining 
A12, A1*A2), A1*A3), A1*A4), (A 1 
A2)*(A5I-A4), (A1-A3)*(A6-A4), 
A2*A5), (A2-A3)*(A6-A5), and A3*A6 
in adherence to the square computation rule, and to 
obtain the multiplication value. 
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20. A computing device that calculates an exponent (q1+ 
ql") (where denotes an exponent, and q denotes an order of 
a base field Fq) of an element in a 2r-th degree extension field, 
the computing device comprising: 

an accept unit configured to accept 2r elements in the 2r-th 
degree extension field, the elements having a vector 
representation; 

a creating unit configured to create first and second condi 
tions under which the element in the finitefield is placed 
in an algebraic torus, the first condition using a charac 
teristic in which the element of the 2r-th degree exten 
sion field is an element of the algebraic torus T2r(Fq), 
and the second condition using a characteristic in which 
the element of the 2r-th degree extension field is an 
element of the algebraic torus T2CFqr); 

a multiplying unit configured to perform multiplication 
operations on the base field Fq using the accepted ele 
ments and to obtain a multiplication value, one of the 
multiplication operations being performed in adherence 
to a calculation rule determined by the first condition, 
and another one of the multiplication operations being 
determined by the second condition; 

an adding and subtracting unit configured to perform an 
addition and subtraction operation using the multiplica 
tion value and the accepted elements, and to obtain a 
calculation result of the exponent (q1+q1') of the ele 
ment, the addition and subtraction operation being per 
formed in adherence to the calculation rule; and 

an output unit that configured to output the calculation 
result wherein 

the creating unit is configured to create the first condition 
such that the element of the 2r-th degree extension field 
is 1 when raised to a power of d2r(q), where dn(x) is 
a n-th cyclotomic polynomial, and to create the second 
condition such that an element of the 2r-th degree exten 
sion field is 1 when raised to a power of 2(qr). 

21. A method of computing a square executed by a com 
puting device that includes an accept unit, a creating unit, a 
multiplying unit, an adding and subtracting unit, and an out 
put unit, and that calculates a square of an element in a finite 
field, the finite field being a 2r-th degree extension field 
Fq2r), where denotes an exponent, and r denotes a prime 
number, the method comprising: 

accepting, by the accept unit, a plurality of elements in the 
finite field, the elements having a vector representation; 

creating, by the creating unit, first and second conditions 
under which the element in the finite field is placed in an 
algebraic torus, the first condition using a characteristic 
in which the element of the 2r-th degree extension field 
is an element of the algebraic torus T2r(Fq), and the 
second condition using a characteristic in which the 
element of the 2r-th degree extension field is an element 
of the algebraic torus T2CFqr); 

obtaining a multiplication value, by the multiplying unit, 
by performing multiplication operations on a base field 
using the accepted elements, one of the multiplication 
operations being determined by the first condition, and 
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another one of the multiplication operations being deter 
mined by the second condition; 

obtaining a calculation result of the square of the elements 
by the adding and subtracting unit, by performing an 
addition and subtraction operation using the obtained 
multiplication value and the accepted elements, the 
addition and subtraction operation being determined by 
the first and second conditions; and 

outputting the calculation result by the output unit, wherein 
the creating includes creating the first condition such that 

the element of the 2r-th degree extension field is 1 
when raised to a power of d2r(q), where dn(x) is a n-th 
cyclotomic polynomial, and 

the creating includes creating the second condition such 
that an element of the 2r-th degree extension field is 1 
when raised to a power of d2(qr), where q denotes a 
characteristic of an extension field. 

22. A computer program product having a non-transitory 
computer-readable medium including programmed instruc 
tions, wherein when executed by a computer provided in a 
computing device that includes an accept unit, a creating unit, 
a multiplying unit, an adding and subtracting unit, and an 
output unit, and that calculates a square of an element in a 
finite field, the finite field being a 2r-th degree extension field 
Fq{2r), where denotes an exponent, and r denotes a prime 
number, the instructions cause the computer to perform: 

accepting a plurality of elements in the finite field, the 
elements having a vector representation; 

creating first and second conditions under which the ele 
ment in the finite field is placed in analgebraic torus, the 
first condition using a characteristic in which the ele 
ment of the 2r-th degree extension field is an element of 
the algebraic torus T2r(Fq), and the second condition 
using a characteristic in which the element of the 2r-th 
degree extension field is an element of the algebraic 
torus T2CFqr); 

obtaining a multiplication value by performing multiplica 
tion operations on a base field using the accepted ele 
ments, one of the multiplication operations being deter 
mined by the first condition, and another one of the 
multiplication operations being determined by the sec 
ond condition; 

obtaining a calculation result of a square of the element by 
performing an addition and subtraction operation using 
the multiplication value and the accepted elements, the 
addition and subtraction operation being determined by 
the first and second conditions; and 

outputting the calculation result, wherein 
the creating includes creating the first condition such that 

the element of the 2r-th degree extension field is 1 
when raised to a power of d2r(q), where dn(x) is a n-th 
cyclotomic polynomial, and 

the creating includes creating the second condition such 
that an element of the 2r-th degree extension field is 1 
when raised to a power of d2Cqr), where q denotes a 
characteristic of an extension field. 


