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PHONONIC SYSTEM TO ACHIEVE QUANTUM-ANALOGUE PHASE-
BASED UNITARY OPERATIONS

GOVERNMENT SUPPORT
[0001] This invention was made with government support under grant No.
1640860 awarded by the National Science Foundation. The Government has certain

rights in the invention.

FIELD
[0002] The present disclosure generally relates to a phononic system, and in
particular to a phononic system to achieve quantum-analogue phase-based unitary

operations.

BACKGROUND
[0003] An understanding of sound and elastic waves is driven by the paradigm of
the plane wave and its periodic counterpart (the Bloch wave) in periodic media. This
paradigm relies on the four canonical characteristics of waves: frequency (w); wave
vector (k); amplitude (A); and phase (¢). Over the past decades, the fields of
phononic crystals and acoustic metamaterials have developed, with research
directed in part to the manipulation of spectral and refractive properties of phonons
and sound waves in their respective host material(s) via the exploitation of w and k.
[0004] Spectral properties of elastic waves include phenomena such as the
formation of stop bands in the transmission spectrum due to Bragg-like scattering or
resonant processes, and the capacity to achieve narrow band spectral filtering by
introducing defects in the structure of the host material. Negative refraction, zero-
angle refraction and other unusual refractive properties utilize the complete
characteristics of the dispersion relations of elastic waves, w(k), over both frequency
and wave number domains.
[0005] More recently, renewed attention has been paid to the amplitude and the
phase characteristics of elastic waves. For instance, when sound waves propagate
in media under symmetry breaking conditions, the sound waves may exhibit
amplitudes A(k) = A,e™™ that acquire a geometric phase n leading to non-
conventional topology, where the notion of geometric phase is related to that of

elastic Green’s functions. In particular, for Hermitian operators like those of elastic
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dynamical systems, the notion of the Berry connection is proportional to the
imaginary part of its Green’s function. This notion can be illustrated via a one-
dimensional harmonic crystal with a finite length harmonic side branch acting as a
scatterer, where the scattering phase (i.e., Friedel phase) and the phase of the
transmission amplitude for the resonating side-branch are related to the geometric
phase.

[0006] It is with these observations in mind, among others, that various aspects of

the present disclosure were conceived and developed.

BRIEF DESCRIPTION OF THE DRAWINGS
[0007] FIG. 1 is a schematic illustration of a diatomic molecule adsorbed on the
surface of a semi-infinite cubic crystal, according to aspects of the present
disclosure;
[0008] FIG. 2A is a graphical representation of a variation in density of states,
An(w), of a system composed of diatomic molecule adsorbed on the (001) surface of
a simple cubic crystal,
[0009] FIG. 2B is a graphical representation of phase, n(w) for the same system
of FIG. 2A, according to aspects of the present disclosure;
[0010] FIGS. 3A-3E are top views of five configurations of N, = 60 diatomic
molecules adsorbed on the (001) surface of a simple cubic crystal, according to
aspects of the present disclosure;
[0011] FIG. 4 is a graphical representation of a variation in density of states
An(w) of the two parallel chain-like arrangements of adsorbed diatomic molecules
shown in FIG. 3A, according to aspects of the present disclosure;
[0012] FIG. 5A is a graphical representation of differences in phase n(w)
corrected for 21T jumps relative to the two parallel chain system for one, two, three,
and four kinks of FIGS. 3B-E, according to aspects of the present disclosure;
[0013] FIG. 5B is a graphical representation of the phase difference illustrated in
FIG. 5A at the frequencies 0.5305 and 0.57, according to aspects of the present
disclosure;
[0014] FIG. 6 is a schematic illustration of the evolution of the phase difference
Bnk upon creation of ny kinks, according to aspects of the present disclosure;
[0015] FIG. 7A is a graphical representation of differences in phase n(w)

corrected for 21T jumps relative to the two parallel chain system for one, two, three,
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and four kinks of FIGS. 3B-E, magnified in a narrow frequency range around the
diatomic molecule resonant frequency;

[0016] FIG. 7B is a graphical representation of the phase difference of FIG. 7A at
the frequency 0.5577, as a function of the number of kinks, according to aspects of
the present disclosure;

[0017] FIG. 7C is a graphical representation of the phase difference of FIG. 7A at
the frequency 0.5568, as a function of the number of kinks, according to aspects of
the present disclosure;

[0018] FIGS. 8A-C are top views of three configurations of N, = 26 diatomic
molecules adsorbed on the (001) surface of the simple cubic crystal, according to
aspects of the present disclosure;

[0019] FIG. 9is a graphical representation of phase n(w) corrected for 21T jumps
for the three configurations illustrated in FIGS. 8A-8C, according to aspects of the
present disclosure;

[0020] FIG. 10 is a graphical representation of the differences between the
corrected phase of the configurations of FIGS. 8B and 8C, and the reference system
configuration of FIG. 8A, as functions of frequency, according to aspects of the
present disclosure;

[0021] FIGS. 11A-D are top views of four configurations of N, = 40 diatomic
molecules adsorbed on the (001) surface of a simple cubic crystal, according to
aspects of the present disclosure;

[0022] FIG. 12 is a graphical representation of phase n(w) corrected for 21T jumps
for the four configurations illustrated in FIGS. 11A-D, according to aspects of the
present disclosure;

[0023] FIG. 13A is a graphical representation of ratios ry and r; as functions of
frequency at frequencies below resonance;

[0024] FIG. 13B is a graphical representation of ratios ry and r; as functions of
frequency at frequencies above resonance, according to aspects of the present
disclosure;

[0025] FIG. 14 is a graphical representation of the phase difference of FIG. 12 as
a function of the number of kinks at frequencies 0.5052, 0.5599, and 0.57, according

to aspects of the present disclosure;
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[0026] FIG. 15 is a graphical representation of the phase difference of FIG. 12 as
a function of the number of kinks for the resonant frequency, according to aspects of
the present disclosure; and

[0027] FIG. 16 illustrates fits to the numerically calculated two-dimensional
Fourier transforms of the Green’s functions geo, go1, 902, 911, and gy2as functions of
frequency.

[0028] Corresponding reference characters indicate corresponding elements
among the view of the drawings. The headings used in the figures do not limit the

scope of the claims.

DETAILED DESCRIPTION
[0029] The present disclosure pertains to a model of a cleaved semi-infinite
simple elastic harmonic cubic crystal with a surface that can adsorb harmonic
diatomic molecules. In such a model, the masses in the cubic crystals are identical
and connected via harmonic springs along the edges of the simple cubic lattice. The
diatomic molecules are constituted of two masses connected via a single harmonic
spring. For the sake of mathematical tractability, the dynamic equations of the elastic
system are limited to displacements of masses in one single direction. Using
Interface Response Theory (IRT), the elastic Green’s function (and more specifically,
the diffusion matrix) of the surface with adsorbed molecules can be calculated in
terms of the Green’s function of the individual components (e.g. uncoupled
molecules and free surface). The variation in phase and density of states, relative to
a system composed of the surface and uncoupled molecules, is calculated from the

determinant of the diffusion matrix.

Models: 1-D Molecule Adsorbed on the Surface of a Simple Cubic Crystal

[0030] The calculation of the Green’s function of a system composed of a semi-

infinite simple cubic crystal (cleaved along the (001) face) and a finite 1-D
monatomic coupled to a surface atom via a spring with constant 8, begins with the

block matrix describing the Green’s function of the uncoupled system (e.g., where

B+=0):

o ¥y B .
r={f 0 0
3 O gul

P ey

where ¥51is the Green’s function of the semi-infinite simple cubic crystal and &z s
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the Green’s function of the diatomic molecule. For the sake of simplicity and clarity of
illustration, the masses and spring constants of the crystal and molecules are chosen
to be identical, m and 8. The spacing between masses along the molecule is a. The
Green’s function of a finite harmonic polymer of length L (for n, n’ € [1, L]), with

coordinates along the polymer expressed as integer multiples of that spacing: x = na,

is given by:
. SrOS R S S SN 2R3 oy ) ¥ i
R S T R i CaRt e g el g pEemenr g entdnted s
-E?SL ’\}2" i } - ‘Q; rl?,.w + Fad 1361 5-3:&\ ggi\ ’ vé“ f ’ w { + s } {"‘}
£ s RISl S g N e

where
5 TR CRE RS I
¢ = E (F - 132 e - {3
{«;"-«s:« 1= -158s1
with
P ) pipte] Y
§=i-— {2}

noting that the frequency w € [0, wy] with wp = 2N and that a diatomic molecule is a
polymer with L=2.

[0031] The Green’s function of the semi-infinite cubic crystal possesses
translational periodicity in the plane of the (001) surface and can be written as a two-
dimensional Fourier transform:

b3

Y

Fsilon g Xa X} = — [P diy [ Nrelha @™ ST E Lo Ry R o) {5}
R B 3

[0032] Here, (x4, Xo) is a site on the (001) surface of the semi-infinite cubic crystal,

where the surface is located at x; = 0. The lattice parameter of the semi-infinite cubic

“wr
£ 1

crystal is also taken as a. The Fourier transform of the Green’s function ~""is given
by:

a N RS TP o
o . x . sy £T RN e B Ry Sy .
;;51{{:3_; g\n;, kg Ry = ; I {6}
RE-Q o= ‘(ih
where in the context of Eq. 6 above: A

[0033] Itis noted that gsi(Ww, X4, X2, X3 = 0) is calculated as a two-dimensional
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Fourier transform of, e.g., the application of Eq. (5) to Eq. (6). It is further noted that
Eq. (6) necessitates the calculation of f via Eq. (3). For the Fourier transform, the

£y

dispersion relation for a simple cubic crystal (¥ =%~ cosk;a —coskya — coskya))

is used to define;

Ry
ER S

£ 3coxkia~coskag~ {TL

2§
[0034] If a position is defined on the surface of the crystal: p; = (x;?, x2?, 0), then
for every frequency the calculation of a Green’s function is: gs1(pip) = gs1(pi— p; =
(x1? = x1?, x.9 = x2”, 0)) for (1% — 47 x2? — x,”, 0) = {(0,0,0), (0,18, 0), (0,2a, 0),
(1a, 0,0), (2a, 0,0), (1a, 1a, 0), (1a, 2a, 0), (2a, 1a, 0)}.

[0035] All other gsi are neglected herein. Hence, a cut off of |p-p}| = VBa s

considered for the Green’s function gsi(p;p;). Note that it is denoted gs1(|pi-pj| = 0) =
goo; gsi(IPpjl = 1a) = got; gs1(IPp)l = 2a) = Goz; gs1(IPrpI = ¥2%) = g11; and gsi(lprpi
= ‘»’ER) = g12. The numerical functions gsi(p;p;, w) are replaced by fits to functions of
frequency w. (These fits are given in Appendix A of the present disclosure, with
reference to FIG. 16)

[0036] Following the IRT (Interface Response Theory), a coupling operator is
defined that enables a site 1 of a diatomic molecule to be coupled to a site X
(effectively X=(x1,x2,X3 = 0) ) on the surface of the cubic crystal:

b B
o LX) VDN [
Y= (V[,(LX) »%(1,:1,)) = (& -,3,) : ®)

S M m
[0037] Forthe sake of simplicity, it is taken that: 8, = 8.
[0038] IRT introduces the surface operator expressed in the space M of coupled

interface sites:

A(X,X) Vi (X, ) gs1 (X, X)

. fax [ v D)

Ag(MM) = (MMO) = (vfu,X)gjfu,X)) ’ @
A1, 1) Vl(l,l)gsz(l,l) y

[0039] The diffusion matrix then takes the form of a 2x2 matrix in the space M of

the coupled interface sites:

1+AMXX) AKX 1)
A(1,X) 1+A(1,1))

(1"' VI(.XrX)QSrl (X.X) (X, 1)952(1:1)

AMM) = ( Vi(1,X)gsi (1, X) 14+ V(1 Dgsz(1,1)

) 10y

[0040] The phase difference (normalized to 1) of elastic modes in the space M
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between the coupled system and the uncoupled system is then obtained from the

relation
n{(w) = —ilm [ln (de’-tK(MM))] (1)
[0041] Note that Eq. (11) effectively gives the phase accumulated by the wave

scattered by the adsorbed diatomic molecules. The variation in density of states due

to the coupling is then obtained from the relation

An{w) = ;?(T% (12)

Models: Multiple Diatomic Molecules Adsorbed on the Surface of a Cubic Crystal

[0042] Where the previous section considered the modeling of a 1-D molecule
adsorbed on the surface of a simple cubic crystal, the present disclosure turns now
to a consideration of the modeling of Nc identical diatomic molecules grafted on the
(001) surface of the simple cubic crystal. The space M for the system is now defined
as:

M= {p =000} 1Lp = (¥1,242,0). 1'.ps = (¢1,5"2,0),1", ..oy, =
(?CENC_J),'XZ(NC_D,U) , 1(NC—1)}~ (13)
[0043] The first finite chain has been located at the origin on the crystal surface.

In this case, the coupling operator is a 2N, x 2N, matrix of the form:

~1 1 0 0 0 0y
1 =1 0 0 0 0
P S 0 0 N
v==lo 0o 1 -1 00 (14)
0 0 0 a o -1 1
; 0 0 0 g o 1 =1
[0044] To calculate AMM) =T(MM) +V(MMYGS(MM) the Green’s function of the
uncoupled system, &™) is needed, which takes the form:
G
Gs1(pep1) 0 51 (PiP2) Y g5 {pips) 0 - Gsr(pivn.) 0
) G52 (11) ] 0 b 0 0 0
s1(papr) 0 95i{P2Ps) o Y51 (P2Ps) 0 o Bsi{PsPr) 0
0 ) 0 g2 (114 0 0 ) 0
=| gslpspe) 0 9s:(pspz) o 951 (Papa) 0 - Psikpsta) 0
0 0 o 0 ¢ G {tP1®y 0 0
Ysi (P-prl) 0 Is1 (P‘Ncpz) O Gsi (p.zvcpz) O Isi (pi;lc_pzvf) O
; 0 0 13 o i} 0 0 G (LHem LI Te—1y
(1%)
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[0045] In this matrix, the odd entries (rows or columns) correspond to locations on
the surface of the crystal and the even entries correspond to the position of the first
atom of the finite chains.

[0046] The diffusion matrix in the space M is:
AM) = T+ A, M) = T+ VG (im) (16)

[0047] The phase difference is again given by Eq. (11).

ANALYSIS

[0048] In light of the models discussed above, the disclosure turns now to an
analysis of several configurations of diatomic molecules adsorbed on the (001)
surface of the simple cubic crystal. The analysis focuses on density of states, and
more importantly, variation in scattered phase of elastic modes relative to uncoupled
reference systems. After the characterization of single adsorbed molecules, the
analysis turns to configurations of various adsorbed molecules that take the form of

parallel linear chains and parallel chains with kinks along their length.

Analysis: One Molecule Adsorbed on the (001) Surface of a Cubic Crystal

[0049] Forthe purposes of the discussion below, FIG. 1 depicts a system

comprising one diatomic molecule absorbed on the surface of the cubic crystal. As
stated above in the discussion of models, all masses are the same and take the
value 1. All spring constants are identical and also take the value 1.

[0050] FIG. 2A is a graph illustrating the variation in density of states, An(w), of
the system of FIG. 1. FIG. 2B is a graph illustrating the phase, n(w), of the system of
FIG. 1. Note that the frequency range w € [0,2] corresponds to the band of the 1-D
monatomic harmonic crystal with m=8=1.

[0051] With respect to FIG. 2A, the illustrated variation in density of states
exhibits two peaks corresponding to resonances between the crystal and the
molecule. The resonances occur at frequencies 0.5570 and 1.5630. With respect to
FIG. 2B, the phase shows an inconsequential 21T jump, two continuous 17 phase
changes and one discontinuous 17 phase change.

[0062] The continuous variations in phase, which are associated with the Friedel
phase, correspond to the resonances at 0.5570 and 1.5630. The derivative of the
Friedel phase is directly related to the variation in density of states. The Friedel

phase continuously accumulates 1T each time the frequency crosses a bound state in



WO 2019/075085 PCT/US2018/055241

the diatomic molecule.

[0063] The discontinuous phase change is the phase change associated with the
zeros of the transmitted amplitude of the scattered wave. As frequency increases,
each time the scattered amplitude passes through a zero, its real part becomes zero
and its imaginary part changes sign. The ratio of the imaginary part to the real part
diverges with a sign change across the zero of amplitude. The phase of the diffused
wave then exhibits a phase slip of 7. This behavior has been observed
experimentally and discussed theoretically in systems of lower dimensionality for
other excitations than phonons, namely electronic excitations.

[0064] If one considers a random distribution of N diatomic molecules on the

surface with intermolecular spacing lpi=p] in excess of V54 , one expects no
“interactions” between the molecules through the substrate. The variation in density
of states for that system, and subsequently its phase, will be essentially the same (to
a scaling factor dependent on the number of molecules) as that of FIGS. 2A,B, and
the Green’s function of the uncoupled system (and subsequently the diffusion matrix)

will take a simpler form:

G (MM
7951 (Pip1) o o 0 0 0 0 :
0 gsa [11) 0 i 0 0 0 0
0 0 gsilpape) O y 0 0 b
0 0 0 952 (11 0 0 0 0
= 0 o 0 o s1{psps) o . 0 0
o 0 0 [1} 0 g (1@ 0 0
0 ) 0 ¢ 0 0 o Gsr(Pu ) 0 .
S 0 0 0 0 0 0 Gip (1M 0 ey
{851 0 1 0 1 9
_ (951(31391,) 952(11)) ® (0 1) Q.. (D 1)

[0065] The Hilbert space of the system of N, diatomic molecules randomly
distributed on sites on the surface is the tensor product of the Hilbert space on each
site. Relative to such a tensor product space, the elastic state of the system can be
also written as the tensor product of the state of each adsorbed molecule. This is the
general definition of a local system. However, if the diatomic molecules are in close
proximity (with their nearest neighbor, second nearest neighbor, etc. separation
distances on the surface lattice) and are forming ordered patterns with “interactions”
defined by the terms of the form: gs,(pip;), / # j, then the diffusion matrix may not be
factorizable into a tensor product of individual adsorbed diatomic molecules. The

elastic states’ ordered patterns will therefore be non-separable relative to the states
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of individual adsorbed diatomic molecules. This reflects the collective nature of
vibrational modes of configurations of adsorbed diatomic molecules that interact
through the substrate. Systems composed of chain-like configurations of adsorbed

molecules are discussed below.

Analysis: Chains of Diatomic Molecules Adsorbed on the Surface of a Cubic Crystal
Along the (100) Direction
[0056] In FIGS. 3A-3E, five configurations of N; = 60 diatomic molecules

adsorbed on the (001) surface of the cubic crystal are considered. For example, the

first configuration, as depicted in FIG. 3A, consists of two parallel arrays of
molecules, where the molecules are arranged along the edge of the unit cell of the
two-dimensional lattice of the surface and each array contains 30 molecules. The
separation distance between the two chains is equal to 3a along the vertical
direction, thereby ensuring that any two diatomic molecules located on different
chains are not coupled through a gs,(pip;) term in the matrix of Eq. (15). In other
words, the two chains of FIG. 3A are not “interacting” through the substrate.

[0057] Inthe remaining FIGS. 3A, 3B, 3C, 3D and 3E, a successive number of
kinks are shown as occurring periodically along the chains while the positions of the
ends of the chains are remaining fixed. The kinks are realized by displacing two
diatomic molecules in each chain up and down by a from the positions in the two
parallel chain configuration (FIG. 3A). The constraints imposed on these
configurations are that the number of adsorbed molecules is constant and equal to
N;=60, and that the ends of the chains are always kept at the same coordinates on
the surface.

[0058] FIG. 4 is a graph illustrating the variation in density of states, An(w), of the
two parallel chain-like arrangement of FIG. 3A. The frequency range, e.g. w € [0.4,
0.7] corresponds to the first resonance of FIG. 2A. The resonance frequency of one
diatomic molecule is 0.55770 and corresponds to the first sharp peak in FIG. 4.
[0069] The variation in density of states exhibits a wide region of large negative
values above this first resonance of an individual adsorbed molecule (frequency
0.5570). This is characteristic of the formation of a resonant “gap” above that
frequency. This is not a true gap as the number of molecules in each chain is finite.
But the finite system reflects the behavior of its infinite counterpart in the form of a

finite depression in the density of states. This “gap” results from the hybridization of

10
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the lower frequency mode of diatomic molecules and the substrate modes.

[0060] Above and below this gap, the elastic modes are dispersive and the
frequency now depends on a parameter that can be defined as a “wave number”
along the direction of the chains. The dispersive modes cannot be expressed as a
tensor product of states of individual adsorbed molecules. Indeed, the modes of N,
=60 randomly well-separated diatomic molecules would have the same frequency. It
is the substrate terms in the Green’s function matrix (Eq. (15)) contributing through
the coupling operator to form the diffusion matrix that lead to this dispersive
behavior. The non-separability of the elastic modes of an adsorbed chain is only
relative to the elastic states of a configuration composed of well-separated individual
adsorbed diatomic molecules.

[0061] As noted previously, the dynamical equations (Hamiltonian) of the
adsorbed chain system are linear and modes can be expressible as plane waves.
The state of the adsorbed loop system is therefore separable as a tensor product of
plane wave states. It is known that given a multipartite physical system, whether
quantum or classical, the way to subdivide it into subsystems is not unique. The
“‘gap” is robust as it also appears for configurations derived from the parallel chains
but altered in a manner such as that seen in the introduction of kinks in FIGS. 3B-E.
[0062] The system of FIG. 3A constitutes the reference system. The phase n(w)
of each configuration seen in FIGS. 3A-E is calculated and corrected for 217
discontinuities arising from the numerical calculation, and is shown in FIG. 5A.
[0063] In particular, in FIG. 5A, the four differences in corrected phases: n® —
N®, n@-n® n®-n® and n® - n®@, for one, two, three, and four kinks,
respectively, are depicted. The vertical solid and dotted lines indicate the frequencies
0.5305 and 0.57, respectively. It is noted that the phase difference decreases
monotonically as a function of the number of kinks for frequencies below resonance.
It is further noted that a wide range of frequencies below resonance satisfy the rule

of phase addition upon successive addition of kinks:

@i G

r = - ry = _ n(e)_n,(a)
7Bl-pla) 2 7368~ ()

~3and = Tty
[0064] The first ratio ry illustrates the phase change upon creating two kinks
relative to the phase change upon creation of one kink. The second and third ratios,
r, and rs, respectively, refer to the phase change that occurs when three and four

kinks, respectively, are created relative to one kink creation.

11
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[0065] A particular frequency of 0.5305, for which additive properties of the phase

are satisfied, is first chosen. In this case: 1= 1" —n®=-02.

[0066] In FIG. 5B, the four calculated phase differences in phase are plotted as
functions of the number of kinks. Closed circles indicate phase difference from the
frequency 0.5305 and closed triangles indicate phase difference from the frequency
0.57. The thin diagonal solid line is a linear fit to the closed circles and the thin
diagonal dotted line is a fit to the closed triangles. The open circle marks the location
of a chain along which one would create 9 kinks. All the phases are in units of 17. The
data point corresponding to one kink at the frequency of 0.57 was corrected by a
phase shift of 2 to align it with the other data points.

[0067] The calculated points fall on the line with equation O ~02% \where

™ is the number of kinks. The choice of frequency is also motivated at least in part
9, = 2,
by the fact that the phase for one kink is the rational quantity * where n=10.

Because of computational limitations, the present disclosure does not consider
longer chains and larger numbers of kinks than 4; however, if one could continue the
linear trend of the phase, the addition of kinks would lead to phase differences that
sample the unit circle in 10 locations as shown in FIG. 6.

[0068] FIG. 6 is a schematic illustration of the evolution of the phase difference
Bnk upon creation of n, kinks. It is noted that 6 = +0.2mod(2). The creation of nine
kinks is therefore a configuration equivalent to that of a single kink but with a phase
change of the same magnitude and opposite sign. The elastic wave function of two
configurations related by the creation of one kink can be expressed as

iAH.L i (17)

i

T+t =€ :

[0069] Note thatin Eq. (17), it is assumed that the elastic waves have been
normalized to their real amplitude.

[0070] Returning now to the discussion of FIG. 5B, it is noted that the phase
difference as a function of number of kinks for a frequency of 0.57 is plotted as a
series of closed triangles. It is interesting to note that the triangular points fall along a

straight line which does not intersect the origin. The phase difference follows the

equation, % =808+ &= _gassan, + 02769 The constant phase 0.2769 is not
important as it can be lumped as a constant term into the elastic wave functions in
Eq. (17).
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[0071] InFIGS. 7A-C, two other frequencies slightly above and below the first
resonant frequency 0.5570 of the diatomic molecule are considered, namely 0.5577
and 0.5568.

[0072] FIG. 7A is the same as FIG. 5A, but magnified in a narrow frequency
range around the diatomic molecule resonant frequency of 0.5570, with vertical lines
added to mark the two new frequencies of 0.5568 and 0.5577.

[0073] FIG. 7B shows the phase difference from FIG. 7A as open circles at the
frequency 0.5577 as a function of the number of kinks. The closed circles are
corrections by £2 (21) of the phase differences. The thin solid line is a linear fit to the
corrected data.

[0074] FIG. 7C shows the phase difference from FIG. 7A (the open circles) at the
frequency 0.5568 as a function of the number of kinks. The large closed circles are
corrections by £2 (21) and -1 (11) of the phase differences. The thin solid line
extending over the interval [0,4] is a linear fit to the corrected data. The small closed
circles have been corrected only by 2 (2m).

[0075] The differences in phases are shown for one to four kinks in a narrow
region of frequency centered on the resonant frequency of the diatomic molecule. At
0.5577, the calculated phase differences for ™ = 1 and 4 have been corrected by +2

(21) to form a continuous function. These corrected points are fitted well by a

quadrat|C equat|on Gzz,; = 42 3% 1071 ?lf: — 2323 % 'Hr"'ﬂk -+ R 10'52‘

[0076] In contrast to the case of the frequency 0.5305, this relation is non-linear.

One may still write:

Uy, =€

with a phase shift dependent on the number of kinks, #¢{},

[0077] At the frequency of 0.5568, below resonance, the behavior of the phase
difference is more complex. The calculated phase differences can be corrected by
12 (2m7) without consequence. The corrected phase differences do not form a
continuous function. The data points for ™ = 3 and 4 are 1T shifted above such a
continuous line. This additional phase difference is not associated with a
transmission phase slip of 17 (as seen in FIG. 2B) as the calculated phases in FIG.
7A are continuous. This additional shift is a characteristic of the creation of additional

kinks beyond two kinks and the formation of a finite periodic array of kinks leading to

13
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crossings of the phase plots in FIG. 7A. Again, the evolution of the elastic wave
function as a function of the number of kinks can be represented by Eq. (18).
[0078] The relationships given by Eq. (18) are represented mathematically in the
form of the product between the vector of the elastic waves for different numbers of

kinks, ¥ and a unitary matrix, U:

. @hfig ‘ .gg 0 A/ ug_l\
W= (0 i Ui ) = | 0 e 0 : U p=Uw 19y
) . 0 0 pitdny Ujgg

[0079] It is worth noting that at the frequencies 0.5305 and 0.57, where the
accumulation of phase upon creation of additional kinks is a constant (linear
dependency of the phase difference on the number of kink), the diagonal terms in

Eq. (19) are all identical. Eq. (19) can then be simplified in the form:

. : e Ui_l \
W= ('!’ui"ui+1'u‘i+2")~= : | ptde "y _ IE.LAELP (20)
. : Uiy i

Analysis: Near Resonance, Phase Difference Depends on Order of Kink Creation

an il sl
B O O
O O

[0080] To further analyze the behavior of the phase in the vicinity of resonance,
the present disclosure turns now to the three configurations illustrated in FIGS. 8A-
C. Each of the three figures is a top view of a configuration of N,= 26 diatomic
molecules adsorbed on the (001) surface of the simple cubic crystal, with the surface
illustrated as a square lattice.

[0081] The first configuration, seen in FIG. 8A, includes two parallel chains
composed of 13 molecules, that is 12a long.

[0082] The configuration of FIG. 8B results when the two linear chains are
subjected to the creation of two kinks, done in sequence from left to right. The
creation to the first kink (on the left) is characterized by an operator ¢,. The second
kink (on the right) is created by an operator ¢». In other words, from left to right the
order of creation is (G162).

[0083] The configuration of FIG. 8C results when the two linear chains are
subjected to the creation of two kinks by first, the application of the operator oy,
followed by the creation of the second kink by applying the operator ¢;. In other
words, from left to right the order of creation is (c209).

[0084] InFIG. 9, the calculated phases for the three configurations of FIGS. 8A-C

14
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are shown, corrected for numerical jumps of 217. It is noted that the phase near
resonance in the case of the configuration of FIG. 8C differs significantly from that of
configuration of FIG. 8B.

[0085] The phase difference between the kinked configurations and the parallel
chains illustrates even more clearly the fact that the two configurations (i.e. that of
FIG. 8B and that of FIG. 8C) do not exhibit the same phase around the resonance
(e.g., see FIG. 10 showing differences between the corrected phases of the three
configurations of FIGS. 8 A-C as functions of frequency, with the inset showing the
difference in phase between the two kinked configurations of FIGS. 8B,C). The
phase differences do show the same phase behavior at frequencies above and
below resonance frequency. This clearly shows that when considering different kink
creation operators, e.9. 01 and G, near resonance, the order of application of these

Ty Fy P G0

operators matters. Therefore, it can be written that . In other words, near
resonance, the order of creation of different kinks matters and the kink creation

operators do not generally commute.

Analysis: Chains of Diatomic Molecules Adsorbed on the Surface of a Cubic Crystal

along the (110) Direction

[0086] Above, chains aligned in the (100) direction in the surface square lattice
were considered. However, there are other ways of constructing chains on such a
lattice, for example in the (110) direction, as considered herein.

[0087] FIGS. 11A-D depict four new configurations of N; = 40 diatomic molecules
adsorbed on the (001) surface of the simple cubic crystal.

[0088] FIG. 11A depicts two linear parallel arrays of diatomic molecules arranged

along the (110) direction. Each array contains 20 molecules. The chains are

separated by a distance exceeding the Green’s function cutoff distance ”\*‘%{?z
[0089] FIG. 11B depicts two linear chains subjected to one kink creation
operation. Note that in the process of creating a kink, the overall location of the ends
of the chains is translated but their relative position is not.

[0090] FIG. 11C depicts two linear chains subjected to two successive kink
creation operations.

[0091] FIG. 11D depicts two linear chains supporting three kinks.

[0092] FIG. 12 is a graph illustrating the phases for the four configurations of

FIGS. 11A-D as functions of frequency. The phases have been corrected for
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numerically induced 21T discontinuous jumps.
[0093] The corrected phases differ most significantly in the near vicinity of the
resonance. Above resonance, the phases of the configurations of FIGS. 11C,D are
21 shifted relative to that of the configurations of FIGS. 11A,B. After correcting for
) ;

E G CY

this shift, two ratios rs and r, can be calculated as follows "~ *

G
and ry =

PR

[0094] FIG. 13A depicts the two ratios ryand r;as functions of frequency for
frequencies below resonance. FIG. 13B depicts the two ratios ryand r, as functions
of frequency for frequencies above resonance. The phase differences above
resonance were corrected by 217 prior to the calculation of the ratios.

[0095] Here, as was the case for chains along the (100) direction, the phase of
parallel chains along the (110) direction increases by a multiple for every kink
created. It is noted that for frequencies well below and well above resonance, the
ratios ryand r, take on the values 2 and 3, respectively. That is, the phase of the
system with two kinks is twice that of the system with one kink and the phase of the
system with three kinks is thrice times that of the system with one kink. This behavior
leads to linear variation of the phase differences with respect to the number of kinks.
The phase difference behaves according to Eq. (20).

[0096] In FIGS. 13A,B, there are several frequencies for which peculiar behavior
is observed. There exist a number of frequencies outside resonance where n® — n®©
= (, thus leading also to diverging ratios ryand r,. Two examples are located at
frequencies 0.531 and 0.589. In FIG. 12, at these two particular frequencies the
crossing of the phase of the configurations of FIGS. 11A and 11B are clearly seen.
[0097] FIG. 14 is a graph plotting phase difference as a function of the number of
kinks for three frequencies: 0.5052 (circles), 0.5599 (squares), and 0.57 (triangles).
For each of the three frequencies, linear fits are provided. All phases are in units of

1.

. . . - - TH6S ¥ 107, + 1 x 1079
[0098] In particular, the three linear fits are: f (0.5052) = 7865 % L™+ 1 21070,

B, (05599) = 8736 X 10 e + 1313 = 1077 (057000 = —5.231 % 107 0, — 597 % 1072 g

“and %
intercept for the lowest frequency is within the error of the present calculations and
the phase difference intersects with the vertical axis at the origin. The other two
cases have finite intercepts but are still showing nearly linear behavior compatible
with Eq. (20).
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[0099] At the resonant frequency, 0.5570, the phase difference as a function of
the number of kinks shows strong non-linear dependency (see e.g., FIG. 15
depicting phase difference as a function of number of kinks for the resonant
frequency), which thereby indicates that the elastic wave function follows Eq. (19).
Note that the concave plot in FIG. 15 was constructed by applying a -2 correction
to the last data point (three kinks). However, even in the absence of this correction,

the plot would be convex and non-linear.

Quantum Gates

[00100] Here, analogies are considered between the phase-based operations that
could be accomplished with unitary operations resulting from the creation of kinks in
parallel chains of diatomic molecules adsorbed on a simple cubic crystal surface.
Quantum gates (or quantum logic gates) are the elementary building blocks of
quantum circuits. Quantum gates are represented by unitary matrices which act on
the phase of quantum states. The fact that one can transform the phase of elastic
waves by modifying the configuration of adsorbed diatomic molecules, and that
these transformations can be formulated as unitary matrices acting on the space of
the scattered waves, enables analogies to be drawn between elastic phase-based
unitary transformations and quantum gates.

[00101] Consider the configurations introduced above. At the frequency 0.5577,
the phase accumulation as a function of the number of kinks can be reformulated

according to Eq. (19) to yield:

e § 0 0 Uy
0 elf1 g 0 y
(g, up,ug,14,.) = 0 0] gidf: 0 u; | =
0 0 0 gihés Uz
. B P A
1 0 0 0 Uy
0 g% 0 o Uy,
0 0 efer 0 [e%%| (21)
0 #1Ps,

with @; = A8, — Agj.

At the frequency of 0.5568, there is:
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e,jAQ(vJ 0 0 0 g
0 L 0 0 A m
Cug ug,uguy, ) =| 0 0 gllddim 0 NIER e
o 0 0 giBRz#m)  f ) g
etdo g 0 6 N/ 0 0 0 N\ fug
o % 9 o 3ot o o }{wm
0 o e g  [|0 0 =1 O .f|u]|=
0 0 9 eidfs 00 0 -1 ./\ug
1 0 0 0 ‘L0 00 g
0 & P 0 _ 01 0 o Uy |
0 0 el®2 0 el p =1 0 Uy 22)
0 pn 00 '

0 -1 . sy

[00102] The unitary transformation matrices are therefore rewritable in the form of
products of quantum gates. For instance, focusing on only two kink creation
operations, Eq. (21) may be reduced to:
1 0 PR U
0 e 1 g
Cug,dly, )= . . . ., |eB| 23)

_(1o0y
[00103] This unitary matrix of Eq. (21) can act as a phase shift gate: R = (0 e“"’)
The unitary matrix of Eq. (22) may be rewritten as:

e g 0 0 10 0 0 itg
01 0 0 . 01 0 o0 uy

Cup s ustg. y= 0 0 o= o _|eB%|0 0 -1 0 uy | 24
0 0 0 g3 0 0 3

with ¢, = A8, — A8,

1 0 o [1 0 N[ m
(_,u;z,ua’.):(. 0 e . fgiae]. 0 —1 . . 1, 25)
S A
[00104] Eq. (25) involves the product of a phase shift gate and Pauli Z gate:
10
Z:(o —1)‘_

[00105] While realizing the Ry andZ gates is useful, the possibility of realizing

or

gt @ o 0
0 &% 0 0
U=] ¢ 0 %% 0
0 0 0 e
general unitary operations given by a matrix : : : ../ creates novel

opportunities for using classical elastic waves for phase-based information
processing.
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[00106] These gates are therefore realizable physically by considering a number of
couples of parallel chains of diatomic molecules adsorbed on the surface of a cubic
crystal (e.g., parallel to the (100) direction) on which one can operate by moving

molecules to form the desired number of kinks.

Conclusions

[00107] Disclosed herein is an elastic model of diatomic molecules adsorbed on
the (100) surface of a simple cubic crystal. It is demonstrated that the phase of
elastic waves scattered by some number of adsorbed diatomic molecules depends
on the particular features of the configuration of the molecules. For instance, the
present disclosure considers parallel arrays of chain-like configurations of the
diatomic molecules.

[00108] As disclosed herein, these parallel arrays can be further modified by
creating kinks along their length. At frequencies deviating from a resonant frequency
of the diatomic molecules, the phase of scattered elastic waves scales linearly with
the number of kinks created. However, in the near vicinity of a resonant frequency,
the phase does not scale linearly anymore but exhibits nonlinear dependency on the
number of kinks.

[00109] Itis also shown that near a resonant frequency, the order of creation of
kinks with different symmetry affects the final value of the phase of scattered waves.
This effect of the order of creation of kinks along the parallel chains can be
formulated mathematically as one or more unitary matrix transformations acting on
vectors in the space of elastic scattered waves.

[00110] Analogies are drawn between these phase-based elastic unitary matrices
and quantum gates. An advantage of elastic unitary gates is that they are realizable
physically by considering a number of couples of parallel chains of diatomic
molecules adsorbed on the surface of the cubic crystal (e.g., parallel to the (100)
direction) on which one can operate by moving molecules to form the desired
number of kinks.

[00111] In some embodiments, displacing molecules on the surface of a crystal
can be achieved using a scanning tunneling microscope.

[00112] Indeed, one may consider configurations as simple as patterns of stubs
attached to the planar surface of a solid substrate. The stubs play the role of

diatomic molecules as the stubs also possess a number of discrete resonant modes.
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A number of stubs may be arranged in configurations similar to those investigated
herein, namely parallel chains of stubs or chains with kinks. The coupling between
stubs is now achieved through the continuous substrate. Macroscale systems will
enable the characterization of the vibrational modes and their phase using well-
established techniques such as laser Doppler vibrometry.

[00113] It should be understood from the foregoing that, while particular
embodiments have been illustrated and described, various modifications can be
made thereto without departing from the spirit and scope of the invention as will be
apparent to those skilled in the art. Such changes and modifications are within the

scope and teachings of this invention as defined in the claims appended hereto.

Appendix A
[00114] This Appendix presents the fits to the two-dimensional Fourier transforms

of the Green’s functions on the (001) surface of a simple cubic crystal (see e.g., Eq.
(5) and Eq. (6)).
[00115] From Egs. (5) and (6):

gs1(lppjl = 0,w) = goo

gs1(lppjl = 1a,w) = got

gs1(lppjl = 2a,w) = goz

gsi(lppl = V24 W) = g1

9st(lppjl = 5¢,w) = g1z
[00116] FIG. 16 depicts the fits to the numerically calculated two-dimensional
Fourier transforms of the five Green’s functions goo, 9o+, 9oz, 911, @and g2 as functions
of frequency, where the Green’s functions are in units of m/B8. The two-dimensional
Fourier transforms are calculated for 512 values of k;and k.
[00117] The real part and imaginary parts of the functions gop and go1 are given as

2AF e ¥

N . E ~ 2. w o ) e s
Ldy ';1:-‘* + .i’}"s‘“_((k}a\ B t.;‘-;;‘s's}" B3 {z}&_e‘{& 4 {‘3_5&'}5}@ THLS Wlth the CoeﬁICIGntS
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~“<§‘\?':i‘\3 w241l =g “,_‘ ff;\" e {‘;“3“:‘\‘3 Wi “\_‘. {,;\‘ oS FEE w18 1_.\ ’{}R\ S .ieig’%‘ Ol 40 N ﬁg =
PR ae 1ol oUR Ty TRE L S S 5 21 S 4 AN e 38
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CLAIMS
What is claimed is:
1. A method comprising:
adsorbing a plurality of diatomic molecules on a cubic crystal surface;
creating a first pair of parallel chains, each chain of the first pair of
parallel chains comprising three or more diatomic molecules; and
displacing one or more diatomic molecules of the first pair of parallel
chains to thereby create one or more kinks in the first pair of parallel chains,
wherein the one or more kinks apply a first desired phase transformation to

elastic waves scattered by the plurality of diatomic molecules.

2. The method of claim 1, further comprising adjusting one or more properties of
the one or more kinks in the first pair of parallel chains in order to thereby
apply at least a second desired phase transformation to the elastic waves

scattered by the plurality of diatomic molecules.

3. The method of claim 2, wherein the one or more properties of the one or more
kinks in the first pair of parallel chains include:
a total number of kinks; and

an order in which the kinks are created or adjusted.

4, The method of claim 3, wherein adjusting the total number of kinks in the first
pair of parallel chains causes the second desired phase transformation to vary
the phase of the scattered elastic waves non-linearly with the total number of
kinks when the scattered elastic waves are of a frequency near a resonant

frequency of the first pair of parallel chains.

5. The method of claim 3, wherein adjusting the total number of kinks in the first
pair of parallel chains causes the second desired phase transformation to vary
the phase of the scattered elastic waves linearly with the total number of kinks
when the scattered elastic waves are not of a frequency near a resonant

frequency of the first pair of parallel chains.

6. The method of claim 3, wherein the order in which the kinks are created or

adjusted defines one or more unitary matrix transformations of the second
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10.

11.

12.

13.

desired phase transformation, wherein the one or more unitary matrix

transformations act on vectors in the space of the scattered elastic waves.

The method of claim 1, further comprising:

creating a second pair of parallel chains, each chain of the second pair
of parallel chains comprising three or more diatomic molecules that are not
included in the first pair of parallel chains; and

displacing one or more diatomic molecules of the second pair of
parallel chains to thereby create one or more kinks in the second pair of
parallel chains, wherein the one or more kinks in the first and second pairs of
parallel chains apply a third desired phase transformation to elastic waves

scattered by the plurality of diatomic molecules.

The method of claim 7, further comprising constructing an elastic unitary gate,
wherein the elastic unitary gate comprises a plurality of pairs of parallel
chains, the plurality of pairs of pairs of parallel chains including at least the

first pair and second pair of parallel chains.

The method of claim 8, further comprising performing phase-based
processing with the elastic unitary gate by adjusting one or more kinks within

the plurality of pairs of parallel chains.

The method of claim 8, wherein the elastic unitary gate is a phase shift gate

applied to the scattered elastic waves.

The method of claim 8, wherein the elastic unitary gate is a Pauli Z gate

applied to the scattered elastic waves.

The method of claim 1, wherein the first pair of parallel chains are arranged in

the (100) direction or the (110) direction along the cubic crystal surface.

The method of claim 1, wherein the two constituent chains of the pair of
parallel chains are separated by a distance such that no diatomic molecules
of the first constituent chain interact with any diatomic molecules of the

second constituent chain through the cubic crystal surface.
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14.

15.

16.

17.

18.

The method of claim 1, wherein displacing the one or more diatomic

molecules is performed by using a scanning tunneling microscope.

The method of claim 1, further comprising performing a non-contact direct
phase measurement of the scattered elastic waves with a laser Doppler
vibrometer.

The method of claim 1, wherein each constituent chain of the first pair of
parallel chains comprises:

a first distal diatomic molecule affixed to the cubic crystal surface;

a second distal diatomic molecule affixed to the cubic crystal surface;
and

one or more intermediate distal diatomic molecules consecutively

coupled between the first and second distal diatomic molecules.

The method of claim 16, wherein the first and second distal diatomic
molecules are non-movably affixed to the cubic crystal surface such that they
are not displaced to create the one or more kinks in the first pair of parallel
chains.

The method of claim 2, wherein the second desired phase transformation
comprises one or more of a variation in phase and a variation in density of
states of the scattered elastic waves, and wherein the second desired phase
transformation is calculated from the determinant of the elastic Green’s
function of the plurality of diatomic molecules adsorbed on the cubic crystal
surface.
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