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METHOD OF APPLYING AN ANSOTROPIC 
HARDENING RULE OF PLASTICITY TO 
SHEET METAL FORMING PROCESSES 

FIELD OF INVENTION 

The present invention relates generally to a method of 
Simulating sheet metal forming processes, and more 
particularly, to a method which utilizes principles of the 
anisotropic hardening rule of plasticity to Simulate Strain and 
StreSS during the Sheet metal forming process. 

BACKGROUND ART 

In the Stamping industry, shape distortion due to Spring 
back from flanging operations is a Serious problem. In many 
cases, manual correction for shape distortion remains the 
common practice. It is estimated that S100 million dollars is 
spent each year by North American Stamping plants alone to 
correct shape distortion defects. This concern is even more 
critical for lightweight materials. Such as high-strength Steel 
and aluminum. The generation of Springback is based on the 
hardening rule in the mathematical theory of plasticity used 
in sheet metal forming Simulations. 

For Simplicity, most sheet metal forming Simulation codes 
use the isotropic hardening rule developed by the math 
ematical theory of plasticity. However, this hardening rule 
does not produce realistic numerical results when used to 
analyze cyclic loading and unloading processes, Such as 
those associated with Stretching, bending and unbending 
over a Small radius, or Straightening an initial wrinkling as 
happens in a draw forming operation. FIG. 1 shows that the 
amplitudes of the uniaxial StreSS under the Specified Strain 
history predicted by the isotropic hardening rule are unrea 
Sonably high. Therefore, an anisotropic hardening theory to 
establish the incremental StreSS/Strain relationship should be 
used for a more exact Simulation of Sheet metal forming 
proceSSeS. 

The Simplest anisotropic hardening rule is the kinematic 
rule by Prager and Ziegler. This hardening rule has been 
used to Simulate the Bauschinger effect. However, for com 
plex loading histories, actual material behavior Substantially 
deviates from that predicted by this kinematic hardening 
rule. In addition, there is no definite method for determining 
the tangent modulus for a non-linear hardening material. The 
hardening rule proposed by Mroz, “On the description of 
anisotropic work hardening; J. MECH. PHYS. SOLIDS, 
Vol. 15, pp. 163-175, 1967, based on an observation of 
material fatigue behavior, is more appropriate for Studying 
the influence of complex loading histories on material 
behavior which cannot be explained by either the isotropic 
or the kinematic hardening rule. 

FIG. 2 shows the amplitudes of the uniaxial stress pre 
dicted by Mroz's rule under the same strain history as that 
in FIG.1. Notably, the stress up to A' is identical to that by 
the kinematic hardening rule for the uniaxial StreSS case; 
however, there is no difficulty in determining the tangent 
modulus for a nonlinear hardening material. 

C. Chu in “A three dimensional model of anisotropic 
hardening in metals and its application to the analysis of 
sheet metal formability,” J. MECH. PHYS. SOLIDS, Vol. 
32, pp. 197-212, 1984 extended Mroz's rule to establish a 
general constitutive equation in terms of the Cartesian tensor 
for the elastic plastic material in a three dimensional con 
tinuum. Unlike the isotropic and kinematic hardening rules, 
in which a single yield Surface is assumed either to expand 
or translate, respectively, as a result of plastic deformation, 
Mroz's model introduced the concept of the field of work 
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2 
hardening moduli which are defined by the configuration of 
a finite number of initially concentric yield Surfaces in 
deviatoric StreSS space. The general rules governing the 
configuration change are that yield Surfaces must move as 
rigid bodies with the loading point when it is in contact with 
them, and that the Surfaces cannot pass through one another. 
Therefore, the Surfaces will become mutually tangent at the 
loading point. AS it passes from the elastic into the plastic 
region, the loading point will first encounter the Smallest 
yield surface, which has a radius V2/3oo wherein Oo is the 
initial yield stress. This surface will be pushed forward until 
the next larger Surface is reached and then these two Surfaces 
will then move forward together and so on. Each of these 
yield Surfaces has a constant work hardening modulus. Since 
a Surface is permitted only rigid body motion, its Size may 
be used as a parameter to determine the modulus. When the 
material is deep into the plastic range and there are multiple 
yield Surfaces tangent to one another at the loading point, the 
instantaneous modulus for continuous loading is the one 
asSociated with the largest yield Surface in contact. This is 
the active yield Surface. The Smaller yield Surfaces can 
become active again whenever unloading and reloading 
takes place. 
The following derives the equations for change-of-yield 

surface size and central movement. The Von Mises yield 
criterion in Cartesian coordinate System is used. According 
to Mroz's rule, the yield's function is written as: 

where s are the deviatoric components of the Cauchy stress 
tensor Xa is the position tensor of the center of the active 
yield surface, and V2/3 k is the radius of this surface. Note 
that the boldface character denotes a tensor, the index 
denotes its component and the repeated index means Sum 
mation. The differential form of the yield's function is 

(2) 

assuming the yield Surface moves along a unit tensor b, the 
magnitude of da is the increment of the radius of the yield 
Surface. Therefore, 

(3/2) (s-a) (dis-da)-kdk=0 

dai = V2/3d kb, (3) 

Substituting this equation into Equation 2 yields 

where 

k = k + V372 (si-air)b, 

and Equation 3 becomes 

dai = V3/2 (sn- and sm /kb, (5) 

If the associated flow rule is assumed, the elastic, plastic 
constitutive equation can be derived in a procedure Similar 
to that by means of the isotropic hardening rule. 
An example depicting the change of active yield Surfaces 

in a process for initial loading, unloading, reloading, unload 
ing again and then reloading in a multiple-dimensional 
deviatoric StreSS component Space is illustrated as follows: 

1. Initial and Continuous Loading. The center of the initial 
yield Surface is at the origin and its radius is V2/3oo as shown 
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in FIG. 3. One continuously loads to point A, where the 
radius of the yield surface is V2/3k as shown in FIG. 3. The 
unit tensor b in Equation (3) is along OA. The center of the 
smallest yield surface with radius V2/3oo go moves to 0, . 

2. Unloading and Reloading. One unloads inside the 
smallest yield surface with center at 0, and reloads to A 
with the deviatoric StreSS increment ds. Using this increment 
and the unit tensorb, one can compute the center 0, of the 
bigger yield Surface and its radius V2/3k1 from Equations (4) 
and (5). The updated unit tensor b is along 0, A and the 
center of the updated Smallest yield Surface is along this line 
and thus can be located at 0, as shown in FIG.3. 

3. Unloading Again and Then Reloading. If one unloads 
again inside the newest Smallest yield Surface and reloads 
into the plastic range again, the center of the active yield 
surface is along the line 0,0,. This center cannot go 
beyond 0, as shown in FIG. 3. If it does, the new center 
will lie on the line OA. If continuous loading occurs, the 
center of the active yield Surface cannot go beyond O, 
otherwise, the yield Surface with the radius V2/3 k will be 
active and move to tangent a yield Surface with bigger radius 
than V2/3 k and its center still at 0. 

The hardening rule proposed by Mroz better explores the 
influence of complex loading histories on material behavior 
which cannot be explained by either the isotropic or the 
kinematic hardening rule. However, Mroz's model cannot 
accurately predict Springback for nonlinear hardening mate 
rials. The linear elastic material model underestimates the 
amount of Springback, while the isotropic hardening rule 
makes wrong predictions. 

Accordingly, there is a need for a revised approach to the 
traditional isotropic hardening rule, one which allows a 
more accurate Simulation of forming processes and particu 
larly the prediction of Springback for nonlinear materials. 

SUMMARY OF THE INVENTION 

It is an object of the present invention to provide an 
improved method for the analysis of forming processes of 
sheet metal. 

It is a further object of the present invention to provide a 
method for the analysis of sheet metal forming processes, 
Such as the prediction of Springback, for automotive sheet 
metal parts. 

In carrying out the above objects and other objects and 
features of the present invention, a method is provided for 
predicting distortion of a sheet metal during a sheet forming 
process to form the sheet metal into a part, for use with a 
computer including memory and sheet forming tools. The 
method comprises calculating the Strain increment for a load 
Step associated with loading the sheet metal in the sheet 
forming tools. The Strain increment is Sub-divided for each 
load Step associated with loading into a plurality of Sub 
intervals. For each of the plurality of Sub-intervals of strain 
increment associated with loading, the StreSS increment is 
calculated under Mroz's hardening rule equations. For each 
load Step associated with unloading the part after formation, 
the Strain increment is calculated. The resultant Strain incre 
ment is then Sub-divided for each load Step into a plurality 
of Sub-intervals. During unloading, for each of the plurality 
of Sub-intervals of Strain increment, the StreSS increment is 
calculated based on the equations for the anisotropic rule of 
hardening. For each load Step associated with reloading the 
sheet in the forming tools, the Strain increment is then 
calculated. The Strain increment for each load Step associ 
ated with reloading is sub-divided into a plurality of Sub 
intervals and the StreSS increment is calculated based on each 
of the plurality of sub-intervals of strain increment under 
Mroz's hardening rule equations. 
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4 
BRIEF DESCRIPTION OF THE DRAWINGS 

FIG. 1 is a StreSS-Strain graph illustrating the relationship 
between StreSS and Strain experienced from isotropic hard 
ening. 

FIG. 2 illustrates a stress-strain graph, similar to FIG. 1, 
but illustrating the StreSS-Strain as depicted under the Mroz. 
rule. 

FIG. 3 is a graph which illustrates the application of the 
anisotropic hardening rule before and after Springback. 

FIG. 4 is a Sectional view of a Stretch draw die apparatus 
for an automotive body panel in the binder wrap stage of the 
metal forming process, the punch being in an inactive State. 

FIG. 5 is a sectional view of a stretch draw die apparatus 
for an automotive body panel in the die closure Stage of the 
metal forming process, the lower punch being Still in an 
inactive position, the upper die with a lower binder ring 
having descended and pressed the sheet onto the lower 
punch to form the part. 

FIG. 6 is a general flow chart detailing the steps for 
prediction of deformation and stress distribution of the 
present invention. 

FIG. 7 is a graph illustrating yield Surfaces in principal 
StreSS Space during loading. 

FIG. 8a is a graph illustrating the principal StreSS for 
cyclically increasing Strain from the anisotropic hardening 
rule. 

FIG. 8b is a graph illustrating the principal stress for 
cyclically increasing Strain from the isotropic hardening 
rule. 

FIG. 9a is a graph illustrating the principal StreSS for 
cyclically decreasing Strain and increasing at the last Step 
from the anisotropic hardening rule. 

FIG. 9b is a graph illustrating the principal stress for 
cyclically decreasing Strain and increasing at the last Step 
from the isotropic hardening rule. 

FIG. 10a is a graph illustrating the principal StreSS in a 
finite element for a production body panel from the aniso 
tropic hardening rule. 

FIG. 10b is a graph illustrating the principal StreSS in a 
finite element for a production body panel from the isotropic 
hardening rule. 

FIG. 11a is a graph depicting the finite element model of 
the plane-Strain draw. 

FIG.11b is a graph illustrating the final deformed position 
in the plane-Strain draw. 

FIG. 11c is a graph illustrating the thickness Strain dis 
tribution in the plane-Strain draw. 

FIG.12a is a graph illustrating the StreSS and Strain history 
of the top surface of element 15 from the anisotropic 
hardening rule. 
FIG.12b is a graph illustrating the StreSS and Strain history 

of the top surface of element 15 from the isotropic hardening 
rule. 

FIG. 13a is a drawing illustrating a Section acroSS an 
S-rail after and before Springback. 

FIG. 13b is a drawing illustrating a Section acroSS an 
S-rail using the isotropic hardening rule and the linear elastic 
material model for Springback analysis. 

FIG. 14 is a drawing illustrating an aluminum hood 
Springback modeling test. 

DETAILED DESCRIPTION OF THE BEST 
MODE 

This invention concerns the replacement of the isotropic 
hardening rule currently utilized to produce the Springback 
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effect on sheet forming panels with an anisotropic hardening 
rule which allows for more accurate Simulation of forming 
processes and the prediction of Springback. 

In sheet metal forming operations, the part being formed 
conforms closely to the die Shape while inside the forming 
tools. However, when the part is taken out of the tools, its 
shape changes; this change is referred to as Springback. 
Springback thus generally refers to the tendency for a 
member being formed to return to Some shape intermediate 
its original shape and that of the tool. Springback is espe 
cially Severe for aluminum and high Strength Steel. Com 
pensating for this distortion in shape, the first Step is to 
predict the amount of Springback in a part for a given design 
of forming tools. 
To predict Springback, which is controlled by Stresses at 

the end of draw die closure, the focus of the prediction 
accuracy must be shifted to the StreSS distribution acroSS the 
entire Stamping process. This task presents many more 
demands than those required for predicting fracture and 
Wrinkling/buckling. Quasi-static analysis with implicit time 
integration is the most appropriate method for accurately 
predicting the overall Strain and StreSS distribution acroSS an 
entire Stamped part. In addition, Since Springback involves 
unloading caused by the release of the part from Stamping 
tools, it requires a material model with a cyclic StreSS-Strain 
relationship. 
AS in the forming analysis, it is necessary to Solve a 

surface contact problem with friction to find the final shape 
of a part after release from the forming tools. When using the 
implicit method, the formulation for a Surface contact prob 
lem involves the material derivatives of the contact forces in 
terms of the curvatures of the tool Surface. Though an 
iterative process not requiring curvatures can be used, the 
computation is Still very complex. 
An approximate method not requiring the Solution of a 

Surface contact problem can be handled using Springback 
analysis. From the forming analysis after die closure, the 
tool pressure and the frictional force acting on the sheet 
metal part can be computed. Springback can further be 
computed from the deformed Shape of the part by releasing 
the tool pressure and the frictional force. Applying these 
forces with equal magnitudes but opposite signs to the 
deformed part with the appropriate Support to eliminate any 
rigid body motion, we can compute the additional deforma 
tion of the Structure due to Springback. A Stamped part must 
be Supported to eliminate all three rigid body translations 
and rotations for a Statically determinant Structure. The 
geometric nonlinearity due to a large deformation and the 
material nonlinearity due to reversed plastic flow in the 
Springback analysis are Still considered. 

Under this invention, C. Chu's constitutive equation is 
modified for the large Strain in a curvilinear coordinate 
System; therefore, the modified equation can be applied to 
nonlinear shell analysis. Under this thin shell theory, which 
has been used in analyzing sheet forming operations, the 
plane StreSS condition in a layer parallel to the middle 
Surface is assumed. The transversely anisotropic material 
property in terms of the parameter R is also included in the 
yield or loading Surface by the proposed rule. Accordingly, 
under this invention and the equations proposed herein, R 
represents a material parameter expressing the transversely 
anisotropic property of a sheet. 

In order to gain a better understanding of the phenomenon 
behind sheet metal forming processes, it is necessary to 
analyze the mechanisms at work during the forming process. 
This effort involves understanding stress distribution as it 
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6 
relates to different forming mechanisms. Based on the 
Simulation, the contour of sheet metal can be determined to 
prevent shape distortion defects by modification of the die 
Surface shape. 
The complex shapes of the contoured members that are 

utilized for forming automobiles parts are inherently difficult 
to form. Due to the shapes required by Styling and aerody 
namicS and because of the emphasis on load carrying 
capability combined with weight efficiency, optimized 
designs are created, with the use of high Strength, aluminum 
alloys. The criticality of design requires that precise forming 
tolerances be maintained, without Sacrificing the fatigue life 
or Strength of the member as a result of the forming process 
chosen. 

Referring now to FIGS. 4 and 5, there are shown sectional 
Views of a stretch draw die apparatus for an automotive body 
panel in the binder wrap stage and the die closure Stage, 
respectively, of a sheet metal forming process. In the binder 
wrap or binder set stage, best shown in FIG. 4, the binder 
ring is closed and holds the perimeter of the sheet metal 
blank 20. The upper die 22 which is one piece with the upper 
binder ring, lowered onto the lower binder ring 24 which is 
floating in this stage, Setting the binder shape. In the die 
closure stage best shown in FIG. 5, the lower binder ring 24 
together with the upper ring and die 22, descends to press the 
sheet onto the Stationary lower punch 26, forming the 
contoured automotive body panel. Although the drawing 
figures illustrate a stretch draw die apparatus, the present 
invention is equally applicable to other apparatus, Such as a 
die apparatus of a conventional toggle draw. It should be 
noted that Some buckling and/or wrinkling occurring during 
the forming can be stretched out before completion of the 
tool travel. For outer panels, buckling and/or wrinkling on 
the part after forming is absolutely unacceptable. However, 
for Some inner parts, a little buckling and/or wrinkling is 
acceptable after forming. 
The modelling of the deformation of a sheet of metal, 

under the present invention, is preferably carried out on a 
computer, such as an IBM RS6000/595 workstation. The 
computer preferably includes a CPU, a RAM or core 
memory, disk memory, a display or Similar output, and an 
input means, Such as a keyboard. The computer Simulates 
the formation of automobile body panels from sheet metal. 
Given the modelling equations of the present invention, the 
sheet metal deformation after binder wrap is determined. 
This Step is necessary prior to performing die closure 
analysis, including prediction of Sheet metal deformation 
and StreSS distribution during die closure. This Surface 
modeling is achieved utilizing a Software preprocessor, 
which could be written in the FORTRAN programming 
language, which transforms line data input from a designer. 
Typically, the designer creates binder line data and punch/ 
die line data initially utilizing an appropriate CAD program. 
The line data represents the tool Surfaces, Such as the tool 
ridges and the like. In the preferred embodiment, the Soft 
ware preprocessor creates a triangular mesh establishing the 
connectivity of the tool Surface, utilizing a nearest neighbor 
algorithm which fills in the surface between the points on the 
lines. 
The tool Surface triangular mesh is a plurality of inter 

connected triangles, the Vertices of which are referred to as 
nodal points or nodes. Utilizing the nearest neighbor algo 
rithm will Sometimes cause an inconsistency between the 
connectivity of the original line data and the resulting tool 
Surface mesh, resulting in errors of shape, which are pref 
erably corrected. The tool Surface triangular mesh is then 
provided as an input to the die closure analysis, described in 
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greater detail below, to test for contact between the tool 
Surface and the sheet metal. 

As shown in FIG. 6, at step 34, the binder wrap shaped 
finite element model determined at step 30 is modified by the 
Software preprocessor at Step 34. The binder wrap shape is 
also represented by a triangular mesh. During this modifi 
cation Step, the binder wrap finite element model mesh is 
refined. In other words, the analyst is allowed to alter the 
nodal positions of the mesh by varying the positions of the 
nodes. However, the modified nodal positions will still lie on 
the binder wrap surface determined at step 30, i.e. the 
surface of the binder wrap will stay the same. It should be 
appreciated by one of ordinary skill in the art that this 
modification provides the advantage of allowing the analyst 
to increase the density of nodes in particular areas, Such as 
an area of high curvature, to more accurately predict Strain 
concentration associated with the die closure Stage of the 
metal forming process. 

The step of modifying the binder wrap finite element 
model also preferably includes defining the constraining 
forces due to binder pressure and the draw-bead. Preferably, 
a function is defined wherein the input is nodal displacement 
and the corresponding output is the resulting opposing force 
on the node as the sheet metal is formed. Under this 
invention, the constraining forces are modeled as an elastic 
plastic Spring. Still further, binder wrap finite element model 
modification of Step 34 entails defining the sheet metal 
material properties, in addition to Young's modulus of 
elasticity and Poisson's ratio, material parameters of the 
plastic range, and defining the friction coefficient of the 
metal and the tool Surfaces. 

With continuing reference to FIG. 6, at step 36, die 
closure analysis is performed. In general, the method of the 
present invention involves Solving a Sequence of force 
balancing problems, referred to as load Steps, upon the 
modified binder wrap triangular mesh. At each load Step, the 
tool advances to a new position, causing boundary condition 
updates for the contacting nodes. There are two kinds of 
contacting nodes. Nodes contacting the punch/die Surface 
are called contact nodes, whereas nodes inside the binder 
contacting the upper binder ring and the lower binder 
Surface on the die are called binder nodes. 

At each load Step, the computer Searches for new nodal 
positions which Satisfy the new boundary conditions and 
produce balanced internal forces and external forces, the 
Spring and friction forces, at all nodes to model the draw 
bead, i.e. until equilibrium is reached. These load StepS are 
continued until the tool is advanced to its final position, and 
the automotive body panel has been formed. The search for 
new nodal positions is performed iteratively, with each 
iteration preferably producing a better result with a Smaller 
unbalanced force. When the unbalanced force is Small 
enough, the next load Step begins and generates new bound 
ary positions again. Periodically during the analysis, the 
predicted StreSS and deformation can be viewed to check 
defects Such as potential permanent buckling and/or wrin 
kling. 

The computer is then provided with data from steps 32-34 
of FIG. 6 and additional control parameters, Such as toler 
ances. AS previously described, this data includes the tool 
Surface triangular mesh from Step 32 and the modified 
binder wrap triangular mesh from step 34. Variables are 
initialized to predetermined and/or default values. 
AS an example, the tool is advanced an incremental 

amount, Such as 1 mm for an outer body panel. AS the tool 
advances, the tool Surface contacts the sheet metal. The 
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8 
computer then determines the contact nodes between the 
tool Surface mesh and the sheet metal mesh by measuring the 
penetration of Sheet metal nodes into the tool Surface. This 
penetration gives rise to a boundary condition which 
enforces a displacement increment on the contact nodes, 
forcing them to the tool Surface. 
The material matrices, i.e. the StreSS-Strain relationships, 

are established/updated So as to ensure accuracy. To form a 
complex body panel, there may be StreSS unloading in the 
panel even before the tool reaches the final position. Before 
the StreSS Stage can be determined, at a Sampling point in the 
sheet detected under an unloading condition, the elastic 
plastic material matrix is utilized to establish the tangent 
stiffness matrix, the determination of which is fully 
described in a paper entitled “Sheet Metal Forming Model 
ing Of Automobile Body Panels” by S. C. Tang, J. Gress and 
P. Ling, published in 1988 by ASM International at the 
Controlling Sheet Metal Forming Processes 15th Biannual 
CongreSS, which is hereby expressly incorporated by refer 
ence in its entirety. Once the displacement increment is 
Solved utilizing a tangent StiffneSS matrix mentioned in the 
paper and explained in greater detail below, the Strain 
increment at that Sampling point can be obtained, based on 
a known Strain and displacement increment relationship. 
The StreSS increment is then computed using either Mroz's 
hardening rule or the anisotropic hardening rule of plasticity 
as Set forth in this invention. If the computed equivalent 
StreSS increment is negative, the StreSS date at that point is 
under unloading, and the StreSS increment is preferably 
computed by the plastic-elastic StreSS-Strain relationship 
according to the anisotropic hardening theory of plasticity. 

Accordingly, under this invention, the StreSS change is 
calculated based on the anisotropic hardening theory of 
plasticity to compute the StreSS increment after detecting 
unloading. After this load Step, a regular unloading proceSS 
might be applied if unloading continues. The StreSS-Strain 
relationship in the incremental Solution for the next load Step 
will be consistent with that used as a computation of the 
StreSS increment. 

Since we want to include the anisotropic property of a 
sheet, there is no advantage to use the StreSS deviatoric 
components in the yield criterion. AS mentioned previously, 
this formulation will be used in our three dimensional 
analysis of sheet metal forming processes; therefore the 
finite strain should be included. A thin shell element referred 
to as a convected coordinate System is used in this analysis. 
For simplicity, the yield criterion should not include the 
metric tensor on the deformed shell Surface explicitly; 
therefore it is in terms of the mixed components of the 
Kirchhoff stress tensor which is used in the shell element. 
Following Chu's generalization and taking care of the 
transversely anisotropic property, Hill's yield Surface, f, for 
the plane StreSS State is modified for the anisotropic hard 
ening rule as follows: 

(6) 1 + 2R R f = (ir rari-k: = 0 1 + R of 'o' f 

where 

(7) 

t" are the mixed components of the Kirchhoff stress tensor 
T, a is the tensor to express the center of the active yield 
Surface and k is the size of the yield Surface which is used 
to determine the tangent modulus of the nonlinear hardening 
material. The change of the center of the active yield Surface, 
da" is written in the following form: 
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da’=A dk be, (8) 

where b is a unit tensor along which the center of an active 
Surface moves, to be determined by the loading history and 
the coefficient A which is no longer the constant value, v2/3, 
as in Eq. (3) is computed from the active yield Surface 
expressed by Eq. (6) by taking the stress components along 
the Specified direction of the unit tensor b. An example for 
computing this coefficient will be given later. The change of 
the active yield Surface size, dk, is computed by differenti- to 
ating Eq. (6) and using da' in Eq. (8). Thus, it is: 

1 + 2R R 
dk = i (id ri- radii)/ (9) 1 + R 1 + 2R 

15 

where 

1 + 2R R 
k = k + At (rib- re: - R 1 + R 

2O 

Using dt, one computes dk first and then da from Eq. (8). 
Therefore, the formulation of the hardening rule is com 
pleted. 

The rest of the derivation for the elastic-plastic constitu- 25 
tive equation is similar to that of the isotropic hardening 
rule. Its final form which is ready for use in the finite element 
analysis is as follows: 

to P-PPree, (10) 30 
where the dot denotes the convected rate and the material 
matrix D factors in the translated stress tensor r. Note that the 
contravariant components of the Kirchhoff stress rate may 
be converted to the mixed components used in the aniso 
tropic hardening rule, by multiplying the metric tensor g on 
the deformed shell Surface. 
A Special case for the plane StreSS State in the principal 

StreSS space, shown in FIG. 7, is used as an example to 
compute the coefficient A in Eq. (8). Let 
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(11) o=T(no sum on C) 

where O are the principal components of the Cauchy StreSS 
tensor. Let the origin of the principal StreSS space be the 
center of the active yield Surface with the size k. During 
loading process, this center moves along a unit tensor 
b(b,b) and the yield Surfaces touch the larger yield Surface 
with the size k+dk at a point A, as shown in FIG. 7. At the 
tangent point A, the principal stress components: 

45 

50 

Substituting Eq.S. (11) and (12) into Eq. (6) and noting that 
t"=0 for Cla?, one can compute the movement of the yield 
surface center from 0 to 0 as follows: 55 

2R Y-12 
da = 00 = 1 - bib dik da ( R' ..) 

Hence, 60 

2R -1.2 (13) 
A = ( b,b, 1 + R 

65 

To determine Ain Eq. (8) for the general plane stress case: 
r" is parallel to be"; re'=) be." 

10 
Rewrite Eq. (6): 

f=g(r)-k’=0 (14) 

where 

1 + 2R R 
f g(f)= (ir Arr; 

From Eq. (14): 
2-kg(be), 2-k/g(be)', 
|r-olb), since be" is a unit tensor. Irelk?g(b) de-Gift:5' 
da'=dre" along be." 
da'=A dk be ... A=[g(b)' 

Based on the anisotropic hardening rule, a Sub-program 
was developed to compute the elastic-plastic constitutive 
equation for the finite Strain deformation. The Sub-program 
involves two principal StreSS components and provides a 
two-dimensional sheet metal forming analysis program. 
Another Sub-program for a general plane StreSS State was 
also developed for the shell element used in a three 
dimensional Sheet metal forming analysis program. 
Once the displacement has been updated, based on the 

StreSS and Strain calculations, the computer determines 
whether the tool is at its final position. If the tool has not 
reached a final position, StreSS and Strain increments are 
determined for the remaining load Steps. If the tool is in its 
final position, the final results, the predicted total StreSS State 
and associated Springback are provided. 
Once the die closure analysis is completed, the binder 

Surface, draw wall and draw-beads can be redesigned and 
reconstructed based on predicted sheet Springback So as to 
prevent failures from sheet metal distortion due to Spring 
back. 

Having prepared a proposed anisotropic hardening rule, a 
process to be used in conjunction with a computer was 
devised. After convergence of each load increment (tool 
movement) the stresses are updated. From the increment 
deformation for each load Step, Mroz's hardening rule is 
used to compute the StreSS increment and then the total 
Stresses up to that load Step. 

For the initial loading and continuous loading, the center 
of the yield Surface and Subsequent yield Surface is at the 
origin of the StreSS space. From the Strain increment, the 
StreSS increment can be computed from the tangent modulus 
of the uniaxial StreSS-Strain curve of the material and the 
updated StreSS and equivalent StreSS k. The Size of the 
updated loading Surface becomes k. For numeral accuracy, 
the Strain increment is Subdivided for each load Step into 
between 150 and 250 sub-intervals, and more preferably 200 
Sub-intervals, to compute the StreSS increment. 
Due to drastic changes of Stresses associated with unload 

ing under the isotropic hardening theory, Mroz's rule was 
modified to accommodate the present anisotropic hardening 
theory. By means of the incremental deformation theory of 
plasticity, the size of the loading Surface is reduced using the 
Strain increment (decrement). In this case, AOo-0, the center 
of the reduced loading Surface moves in the opposite direc 
tion to that of the loading case along the unit tensor b. In 
application of the increment deformation theory to the 
increment of Strains for each Step, it is preferred that the 
Strain increment is Sub-divided into a plurality of Sub 
intervals most preferably a minimum number of five sub 
intervals. After the size of the loading or yield Surface is 

along be." 
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reduced, the size of the active yield Surface becomes ko. The 
elastic material matrix is Set at that point for the next loading 
Step. In the meantime, the history of the center and the size 
of the loading or yield Surface is Stored in the computer. 

Under reverse reloading, in addition to the size change of 
the loading Surface, its center also moves according to 
Mroz’s theory. To compute the stress increment under 
reverse reloading, 150-250 sub-intervals, or more prefer 
ably 200 sub-intervals are used to compute the stress incre 
ment and new center of the loading Surface for each loading 
Step. Another Step in the proceSS involves checking the size 
of the loading Surface to ensure that it is larger than that from 
the last one in the history file. If it is larger, the direction b 
is used from the history file. Accordingly, for the next 
Sub-increment, the center of the loading Surface will be 
along this b unit tensor. 

EXAMPLE 1. 

The strain versus the load step was specified in FIG. 8 to 
compute the corresponding StreSS. The amplitude of the 
Strain for each loading cycle is increasing, So that the active 
yield Surface size is also increasing and there is no need to 
memorize the information of the inactive yield Surfaces for 
this set of strain history. FIG. 8a shows the history of the 
stress from the present hardening rule; while FIG. 8b shows 
that from the conventional isotropic hardening rule. They are 
identical until the unloading occurs at load Step 1. The StreSS 
amplitudes at load StepS 5 and 6 from the isotropic rule are 
unreasonably high. 

EXAMPLE 2 

The strain versus the load step was specified in FIG.9. We 
wanted to compute the corresponding StreSS. Since the 
amplitude of this specified Strain for each loading cycle was 
decreased until the last loading Step, we needed to memorize 
the information of the inactive yield surfaces. In this 
example, there were as many as five inactive yield Surfaces 
to be memorized in addition to that of the active one. FIG. 
9a shows the StreSS history from the present hardening rule; 
while FIG.9b shows that from the isotropic hardening rule. 
The amplitudes of the stress in FIG.9b are too high. 

EXAMPLE 3 

The strain history shown in FIG. 10 was taken from a 
finite element of a production automobile body panel ana 
lyzed by our three-dimensional sheet metal forming program 
at 50% of the total punch travel. Because a finite element 
node close to that element Slipped out from the tool contact, 
there was unloading for the element at load step 33. In order 
to use the present program to compute the StreSS, we 
assumed that the principal direction of the element StreSS did 
not change from the load step 31 to 41. FIG. 10a shows the 
amplitudes of the StreSS from the present hardening rule are 
reasonable in comparison to those shown in FIG. 10b from 
the isotropic hardening rule. 

EXAMPLE 4 

Applying the present hardening rule, we have analyzed 
the plane strain draw. FIG. 11 shows the finite element 
model, final deformed shape at the punch travel of 20 mm 
and the thickness strain distribution. Element 15 was drawn 
over the die corner and then to the side wall; therefore there 
was bending and unbending process involved. The Strain 
component e at the top Surface of the sheet from the present 
hardening rule is plotted in FIG.11a. Note that e=0 because 
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12 
of the plane Strain assumption. Unloading which was caused 
by unbending occurred after the punch traveled 14 mm. The 
StreSS components from the present rule are shown in the 
Same figure. FIG. 12b shows the Same StreSS and Strain 
components from the isotropic hardening rule. There is not 
much difference between these two sets of strains in FIGS. 
12a and 12b; however, Stresses from the present hardening 
rule are much lower than those from the isotropic hardening 
rule after unloading and reloading. 
An aluminum S-rail with a binder pressure of 10 KN, a 

benchmark of NUMISHEET 96, was used as a test of the 
Simple method and the anisotropic hardening rule for Spring 
back analysis. FIG. 13 shows a section across the S-rail 
before and after Springback. Test results are also plotted. 
FIG. 13 shows the results from using the isotropic hardening 
rule and the linear elastic material model for Springback 
analysis. The test results are quite close to those from the 
presented anisotropic rule. The elastic material model under 
estimates the amount of Springback, while the isotropic 
hardening rule makes wrong predictions. 
An aluminum hood with a thickness of 1 mm was formed 

using an inverted Stretch-draw proceSS. Taking advantage of 
symmetry, only one-half of the hood was modeled. FIG. 14 
shows the hood after Springback. Also shown is a Section 
along the center line of the hood before and after Springback. 
Because this is a stretch-dominated proceSS, very little 
Springback is observed. In this example, we did not model 
the draw-beads in detail but instead replaced them by 
elastic-plastic Springs; therefore, the actual hood could be 
much stiffer and the amount of spring might be even less. We 
did measure the deformed hood after it was released from 
the die. Because it was over-constrained in the test, a 
comparison between the computed and the measured results 
was not possible. 

This invention thus proposes a more realistic and Still 
mathematically simple hardening rule to compute the 
elastic-plastic StreSS-Strain relationship. This rule was then 
implemented into a sheet metal forming analysis program. 
The penalty to apply the rule is that computing time would 
increase by 50% in comparison to that of the conventional 
hardening rule, also a Small amount of extra computer 
memory is required to Store the historical data of the inactive 
yield Surfaces. Numerical examples have shown that the 
unrealistically high StreSS from the isotropic hardening rule 
even for a single cycle of loading and unloading process may 
be eliminated if this invention's hardening rule is applied 
instead. This unrealistically high StreSS might cause numeri 
cal instability in the computation. 

It is understood that while the form of the invention herein 
shown and described constitutes the preferred embodiment 
of the invention, it is not intended to illustrate all possible 
forms thereof. It will also be understood that the words used 
are words of description rather than limitation, and that 
various changes may be made without departing from the 
Spirit and Scope of the invention as disclosed. 
What is claimed is: 
1. A method for predicting deformation of a sheet of metal 

during a draw forming process designed to form the sheet 
metal into a part, for use with a computer having a memory 
and sheet forming tools, the method comprising: 

calculating the Strain increment for a load Step associated 
with loading the sheet metal in the sheet forming tools, 

Sub-dividing the Strain increment for each load Step 
asSociated with loading into a plurality of Sub-intervals, 

calculating the StreSS increment for each of the plurality of 
Sub-intervals of Strain increment associated with load 
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ing under the following Mroz's hardening rule equa 
tions: 

f = (3/2)(sii - air)(sii - aii) - k = 0 (i, j = 1,3) 
(3/2)(sii - aii)(dsii - dai) - kid k = 0 

dai = V2/3d kb, 
d k = (3/2)(sii - aii)ds; if k 

k = k + W3/2 (si-a)b, 
dai = V3/2 (sn- and sm / kb, 

where 
f=yield surface 
S=deviatoric components of Caunchy stress tensor O. 
a=a tensor to express the center of the active yield 

Surface 
V2/3 k=radius of active yield surface 
k=size of the yield Surface 
b=unit tensor 

calculating the Strain increment for a load Step associated 
with unloading the part after formation; 

Sub-dividing the Strain increment for each load Step 
asSociated with unloading into a plurality of Sub 
intervals, 

calculating the StreSS increment for each of the plurality of 
Sub-intervals of Strain increment associated with 
unloading under the equations for the anisotropic rule 
of hardening: 

1 + 2R R 
r:ri- rari - k = 0 f (eir 1 R'o'f 

r: = , -a; (a, f3 = 1, 2) 
da: = Adkb; 
dai = V3/2 (sn-an)d snf klbi, 

1 + 2R R 

dk = (id re- ridi?k 1 + R 1 + 2R 

1 + 2R R 
k = k + At (rib- re: 1 + R 1 + R 

where 
b=unit tensor 
A=A Scalar 
a=a tensor to express the center of the active yield 

Surface 
k=size of the yield Surface 
C.f3=1, 2 
f=yield surface 
R=a material parameter expressing the transversely 

anisotropic property of the sheet 
calculating the Strain increment for a load Step associated 

with reloading the sheet in the sheet forming tools, 
Sub-dividing the Strain increment for each load Step 

asSociated with reloading into a plurality of Sub 
intervals, and 

calculating the StreSS increment associated for each of the 
plurality of Sub-intervals of Strain increment associated 
with reloading under Mroz's hardening rule equations. 

2. The method of claim 1, further comprising Storing the 
center of the yield Surface and yield Surface size in the 
computer's memory when the change of StreSS is less than 
Zero and after unloading is detected. 
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3. The method of claim 2, further comprising: Setting the 

load Step at the Stored yield Surface size. 
4. The method of claim 2, further comprising determining 

whether the yield Surface size is larger than the Stored yield 
Surface size and using the Stored center of the yield Surface 
when the yield Surface is larger than the Stored yield Surface 
Size and reloading is detected. 

5. The method of claim 1, further comprising sub-dividing 
the Strain increment for each load Step associated with 
loading into 150-250 sub-intervals. 

6. The method of claim 1, further comprising sub-dividing 
the Strain increment for each load Step associated with 
loading into 200 sub-intervals. 

7. The method of claim 1, further comprising sub-dividing 
the Strain increment for each load Step associated with 
unloading into at least five Sub-intervals. 

8. The method of claim 1, further comprising sub-dividing 
the Strain increment for each load Step associated with 
reloading into 150-250 sub-intervals. 

9. The method of claim 1, further comprising-Sub 
dividing the Strain increment for each load Step associated 
with reloading into 200 sub-intervals. 

10. A method for predicting deformation of a sheet of 
metal during a draw forming process to form the sheet metal 
into a part and sheet metal forming tools, the method 
comprising: 

calculating the Strain increment for a load Step associated 
with loading the sheet metal in the sheet metal forming 
tools, 

Sub-dividing the Strain increment for each load Step 
associated with loading into a plurality of Sub-intervals; 

calculating the StreSS increment for each of the plurality of 
Sub-intervals of Strain increment associated with load 
ing under the following Mroz's hardening rule equa 
tions: 

f = (3/2)(sii - aii (sii - aii) - k = 0 (i, j = 1,3) 
(3/2)(sii - aii)(dsii - dai) - kid k = 0 

dai = V2/3d kb, 
dk = (3/2)(sii - aii)ds; if k. 

k = k + V3/2 (s; - alibi; 
dai = V3/2 (sn-an)d snf klbi, 

where 
f=yield surface 
S=deviatoric components of Caunchy stress tensor O 
a=position tensor of the center of the active yield 

Surface 
V2/3 k=radius of active yield surface 
k=size of yield Surface 
b=unit tensor 

calculating the Strain increment for a load Step associated 
with unloading the part after formation; 

Sub-dividing the Strain increment for each load Step 
asSociated with unloading into a plurality of Sub 
intervals, 

calculating the StreSS increment based on the Strain incre 
ment for each load Step associated with unloading 
under the equations for the anisotropic rule of harden 
ing: 
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(eir R - 1. Rf 1 R f = 

r: = , -a; (a, f3 = 1, 2) 

gr)-k = 0 

da: = Adkb; 
dai = V3/2 (sn- and sm / kb, 

1 + 2R R 

dk = (id re- ridi?k 1 + R 1 + 2R 

1 + 2R R 
k = k + At (rib- re: 1 + R 1 + R 

where 
b=unit tensor 
A=A Scalar 
a=a tensor to express the center of the active yield 

Surface 
k=size of the yield Surface 
C.f3=1, 2 
f=yield surface 
R=a material parameter expressing the transversely 

anisotropic property of the sheet 
Storing the center of the yield Surface and the yield Surface 

Size in the computer's memory when the change of 
StreSS is less than Zero and after unloading is detected; 

Setting the load Step at the Stored yield Surface size; 
calculating the Strain increment for a load Step associated 

with reloading the Sheet in the Sheet metal forming 
tools, 

Sub-dividing the StreSS increment for each load Step 
associated with reloading into a plurality of Sub 
intervals, 

determining whether the yield Surface Size is larger than 
the Stored yield Surface size; 

using the Stored center of the yield Surface when the yield 
Surface is larger than the Stored yield Surface size and 
reloading is detected; and 

calculating the StreSS increment associated for each of the 
plurality of Sub-intervals of Strain increment associated 
with reloading under Mroz's hardening rule equations. 

11. A method for aiding sheet metal forming tool design, 
for use with a computer including memory and forming 
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tools including a draw die, punch and binder with a draw 
bead, the forming tools having Surfaces designed to form the 
sheet metal into a part, the sheet metal being represented as 
a mesh including a plurality of nodes, the sheet metal mesh 
also including at least one Spring node located at a boundary 
of the sheet metal, the method comprising the Steps of 

numerically determining by the computer the sheet metal 
mesh nodes contacting the punch and die tool Surfaces 
due to the punch advancing to form the part and 
applying a position displacement increment to the 
nodes; 

determining by the computer a Strain and StreSS distribu 
tion in the Sheet metal due to unloading the part from 
the forming tools under the following equations for the 
anisotropic hardening rule: 

da: = Adkb; 
dai = V3/2 (sn-an)d snf klbi, 

1 + 2R R 

dk = (rid ri- red t)/ 1 + R 1 + 2R 

1 + 2R R 
k = k + At (it:- re: 1 + R 1 + R 

where 
b=unit tensor 
A=A Scalar 
a=a tensor to express the center of the active yield 

Surface 
k=size of the yield Surface 
Cl, B=1, 2 
f=yield surface 
R=a material parameter expressing the transversely 

anisotropic property of the sheet; and 
reconstructing at least one of the tool Surfaces based on 

the Strain and StreSS distribution, So as to prevent part 
failures from distribution due to Springback. 

k k k k k 


