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storage requirement can be reduced further. 
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1 |=0; II init cumulative path index 
2 for(k=n=0; ngM; ++n) IIM is the number of input bits 
3 { Il Or a block size 
4 if (getbit(n)==1) Il get data bit at bit index in 
5 { Il Continue on 0, add on 1 
6 ++k; II increment Count of 1's found 
7 =l+C(n,k); II add binomial to the path index 
8 } 
9 } If k is the final Count of 1's 

FIG. 7 

1 while(-n>=0) 
2 { 
3 if (ICC(n,k)) l? compare to the binomial C(n,k) 
4 setbit(0,n); II output bit=0 at a bit index n 
5 else ll 2= C(n,k), a vertical step 
6 { 
7 setbit(1,n); II output bit=1 at a bit index n 
8 =l-C(n,k); Il reduce the path index 
9 -k; II reduce the count of 1's 
10 } 
11 } 

FIG. 8 



US 2007/0040710 A1 Patent Application Publication Feb. 22, 2007 Sheet 5 of 8 
  



0/ 

S_LIKE ? 

US 2007/0040710 A1 Patent Application Publication Feb. 22, 2007 Sheet 6 of 8 

  

  



Patent Application Publication Feb. 22, 2007 Sheet 7 of 8 US 2007/0040710 A1 

a a c a b c d d c b a c (k1 + k2) + (k3+ka) 
12 0 0 1 0 0 1 1 1 1 0 0 1 PLANE 1 (ab)=0 (Cd)=1 

a a . a b b a (k) + (k2) 
6 O O ... O 1 1 0 . PLANE 2.0 a-0 b=1 

. . C. . . C did C. . . C (k2) + (ka) 
6 . 0 . 0 1 1 0 . . O PLANE 2.1 C=O d=1 

24 24 FIG. 13 

(k+k2+k3) + (ka) 
PLANE 1 Cab C)=0 d=1 6 6 b b 

O O 

a a C a b c . . C b a C (k1 + k2) + (k3) 
10 0 0 1 0 0 1 . . 1 0 0 1 PLANE 2.0 (ab)=0 c=1 

. . . . . . . . . . . . PLANE 2.1 EMPTY 

a a . a b b a . (k1) + (k2) 
6 0 0 . 0 1 . . . . 1 0 . PLANE 3.0.0 a-0 b=1 

. . . . . . . . . . . . PLANE 3.0.1 EMPTY 

28 
FIG. 14 



Patent Application Publication Feb. 22, 2007 Sheet 8 of 8 US 2007/0040710 A1 

STEP 
1 a a C a b c d d C b a C 
1 0 0 1 0 0 1 1 1 1 0 0 1 PLANE 1 
1 0 0 0 0 1 0 1 1 0 1 0 0 PLANE 2 

2 0 0 1 0 0 1 1 1 1 0 0 1 PLANE 1 
2 0 0 0 0 1 0 1 1 0 1 0 0 PLANE 2.0 + PLANE 2.1 

FIG. 15 

STEP 
1 a a C a b C did C b a C 
1 0 0 O O 0 0 1 1 0 O O O PLANE 1 
1 0 0 1 0 0 1 . . 1 0 0 1 PLANE 2 
1 0 0 . 0 1 . . . 1 0 . PLANE 3 

2 0 0 O O 0 0 1 1 0 0 O O PLANE 1 
2 0 0 1 0 0 1 . . 1 0 0 1 PLANE 2.0 + PLANE 2.1 (EMPTY) 

3 0 0 1 0 0 1 . . 1 0 0 1 PLANE-2.0 
3 0 0 . 0 1 . . . 1 0 . PLANE-3.0 + PLANE-3.1 (EMPTY) 

FIG. 16 
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FAST, PRACTICALLY OPTIMAL ENTROPY 
ENCODING 

CROSS-REFERENCE TO RELATED 
APPLICATIONS 

0001. The present application is a continuation of com 
monly assigned copending U.S. patent application Ser. No. 
11/015,894, which was filed on Dec. 17, 2004, by Ratko V. 
Tomic for Fast, Practically Optimal Entropy Coding and 
claimed the benefit of U.S. Provisional Patent Application 
Ser. No. 60/603.464, which was filed on Aug. 20, 2004, by 
Ratko V. Tomic for a Fast, Practically Optimal Entropy 
Encoder, and of U.S. Provisional Patent Application Ser. No. 
60/606,681, which was filed on Sep. 2, 2004, by Ratko V. 
Tomic for a Fast, Practically Optimal Entropy Encoder, all 
of which are hereby incorporated by reference. 

BACKGROUND OF THE INVENTION 

0002) 1. Field of the Invention 
0003. The present invention concerns algorithmically 
indexing ordered sets. It is particularly, but not exclusively, 
applicable to entropy encoding. 

0004 2. Background Information 
0005 Data compression usually includes multiple 
phases, where the initial phases are more dependent on the 
specific data source. The initial phases typically identify the 
Source-specific higher-level regularities and convert them 
into more-generic forms. The final output of this higher 
level processing is a sequence of symbols in which higher 
level, domain- or source-specific regularities have been 
re-expressed as simple, generic (quantitative) regularities, 
Such as a highly skewed distribution of the produced sym 
bols (picturesquely described as a "concentration of energy’ 
when the statistical imbalances vary across the output 
sequence). The task of the entropy coder is to transform 
these simple regularities into fewer bits of data. 
0006 Optimal encoding is quantified as the message 
entropy, i.e. as the minimum number of bits per message 
averaged over all the messages from a given source. In the 
case of a source with a finite number of Mdistinct messages, 
all equally probable, the entropy H (per message) is log2(M) 
bits; i.e., no encoding can do better than sending a number 
between 0 and M-1 to specify the index of a given message 
in the full list of M messages. (In the remainder of the 
specification, log X will be expressed simply as "log X.) 
0007 More often, though, messages probabilities re not 
equal. A common entropy-coding scenario is the one in 
which messages are sequences of symbols selected from an 
alphabet A of R symbols a, a . . . a generated with 
probabilities p, p. . . . p that are not in general equal. The 
in character message entropy is then: 

R (1) 
H = nX pilog(1/p) 

i=l 

0008. This value is less than log M if the probabilities are 
not equal, so some savings can result when some messages 
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are encoded in fewer bits than others. Taking advantage of 
this fact is the goal of entropy coding. 

0009. The two types of general entropy-coding algo 
rithms that are most popular currently are Huffman coding 
and arithmetic coding. The Huffman algorithm assigns to 
each symbol as a unique bit string whose length is approxi 
mately log(1/p) bits, rounded up or down to the next whole 
number of bits. The up/down rounding choice of each 
log(1/p) depends on all the ps and is made by using the 
Huffman tree-construction algorithm. If all the symbol prob 
abilities happen to be of the form 1/2, where k is a positive 
integer, the resultant encoding minimizes the average mes 
Sage length. 

0010. The principal weakness of the Huffman code is its 
Sub-optimality in the case of more-general probabilities 
(those not of the form 1/2) Huffman coding is especially 
inefficient when one symbol has a probability very close to 
unity and would therefore need only a tiny fraction of one 
bit; since no symbol can be shorter than a single bit, the code 
length can exceed the entropy by a potentially very large 
ratio. While there are work-arounds for the worst cases (such 
as run-length codes and the construction of multi-character 
symbols in accordance with, e.g., Tunstall coding). Such 
workarounds either fall short of optimality or otherwise 
require too much computation or memory as they approach 
the theoretical entropy. 

0011) A second important weakness of the Huffman code 
is that its coding overhead increases, both in speed and 
memory usage, when the adaptive version of the algorithm 
is used to track varying symbol probabilities. For sufficiently 
variable sources, moreover, even adaptive Huffman algo 
rithm cannot build up statistics accurate enough to reach 
coding optimality over short input-symbol spans. 

0012. In contrast to Huffman coding, arithmetic coding 
does not have the single-bit-per-symbol lower bound. As a 
theoretical, albeit impractical, method, arithmetic coding 
goes back to Claude Shannon's seminal 1948 work. It is 
based on the idea that the cumulative message probability 
can be used to identify the message. Despite minor improve 
ments over the decades, its fatal drawback was the require 
ment that its arithmetic precision be of the size of output 
data, i.e., divisions and multiplications could have to handle 
numbers thousands of bits long. It remained a textbook 
footnote and an academic curiosity until 1976, when an IBM 
researcher (J. Rissanen, “Generalised Kraft Inequality and 
Arithmetic Coding.” IBM J. Res. Dev. 20, 198-203, 1976) 
discovered a way to make the algorithms arithmetic work 
within machine precision (e.g., 16, 32, or 64bits) practically 
independently of the data size, with only a minor compres 
Sion-ratio penalty for the truncated precision. (That tech 
nique retained only a log(n) dependency on the data size n 
if absolutely optimal compression was required.) Over the 
following decades, the algorithm evolved rapidly, chiefly 
through speed improvements (which are obtained in 
arrangements such as that of IBM's Q-coder with only a 
Small additional loss of compression efficiency) and faster 
and more-flexible adaptive variants. By the mid-1990s the 
arithmetic coder had replaced the Huffman algorithm as the 
entropy coder of choice, especially in more-demanding 
applications. But arithmetic coding is like Huffman coding 
in that its performance Suffers when source statistics change 
rapidly. 
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0013 Theoretically, the slow-adaptability problem that 
these two popular entropy-encoding techniques share can be 
overcome by a relatively obscure compression technique 
known as “enumerative coding.” The roots of enumerative 
coding extend farther into the past than modem information 
theory, going back to the enumerative combinatorics of the 
Nineteenth and early Twentieth Centuries. And using com 
binatorial objects for ranking, as conventional enumerative 
encoding does, had actually been part of common computer 
programming folklore for over a decade in 1966, when 
Lynch (T. J. Lynch, “Sequence Timecoding for Data Com 
pression.” Proc. IEEE vol. 54, 1490-1491, October 1966) 
and, independently, Davisson (L. D. Davisson, “Comments 
on Sequence Time Coding for Data Compression, Proc. 
IEEE vol. 54, 2010, December 1966) used the same number 
representation and formulas to encode "sequence times for 
digitized data samples, i.e., presented what is now referred 
to as enumerative encoding. 
0014 Conceptually, enumerative encoding lists all mes 
sages that meet a given criterion and optimally encodes one 
Such message as an integer representing the message's 
index/rank within that list. In words, an example would be, 
“Among the 1000-bit sequences that contain precisely forty 
one ones (and the rest Zeros), the sequence that this code 
represents is the one with whose pattern we associate index 
371. That is, the example encoding includes both an 
identification of the Source sequence's symbol population, 
(41 ones out of 1000 in the example), and an index (in that 
case, 371) representing the specific Source sequence among 
all those that have the same symbol population. 
0.015 Since the number of patterns for a given population 
can be quite large, it would not be practical to arrive at a 
significant-length sequence's pattern index by storing asso 
ciations between indexes and patterns in a look-up table. 
Instead, one would ordinarily arrive at any given Source 
pattern's index algorithmically, and the index-determining 
algorithm would typically be based on the value that the 
sequence represents. In accordance with one such indexing 
approach, for example, the prior example may alternatively 
be expressed in words as, “The sequence that this code 
represents is the 371-lowest-valued 1000-bit sequence that 
contains precisely 41 ones, and it would therefore be 
possible to determine the index algorithmically. 
0016 Consider the seven-bit sequence 1001010, for 
example, i.e., one of the sequences that has three ones out of 
seven bits. The task is to determine an index that uniquely 
specifies this sequence from among all that have the same 
population, i.e., from among all seven-bit sequences that 
have three ones and four Zeros. In accordance with an 
indexing scheme in which indexes increase with the 
sequence's value and the more-significant bits are those to 
the left, the index can be computed by considering each 
one-valued bit in turn as follows. Since the example 
sequence's first bit is a one, we know that its value exceeds 
that of all same-population sequences in which all three ones 
are in the remaining six bits, so the index is at least as large 
as the number of combinations of three items chosen from 
six, i.e., 6!/(3:3), and we start out with that value. Out of 
all same-population sequences that similarly start with a one 
bit, the fact that the example sequence has a one in the fourth 
bit position indicates that its index exceeds those in which 
both remaining ones are somewhere in the last three bit 
positions, so the index is at least as large as the result of 
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adding the number of Such sequences to the just-mentioned 
number in which all three are in the last six positions. By 
following that reasoning, the index I can be determined in 
accordance with: 

I.e., the index can be determined by Summing combinato 
rially determined add-on values. 

0017 Now, that index requires five bits, and it would take 
three bits to specify the population value, so the resultant 
eight bits exceeds the length of the (seven-bit) source 
sequence. But it is apparent that the comparison of the 
Source-sequence length with the index length would be more 
favorable for a more-skewed population in a longer 
sequence. And the number of bits required for the “side 
information' that specifies the population increases only as 
the logarithm of the sequence length. Over a group of Such 
sequences, moreover, that side information can itself be 
compressed. So the resultant code length approaches source 
entropy as the source-Sequence length becomes large. 

0018. The combinatorial values used as “add-on' terms 
in the index calculation can be expensive to compute, of 
course, but in practice they would usually be pre-computed 
once and then simply retrieved from a look-up table. And it 
is here that enumerative codings theoretical advantage over, 
say, arithmetic coding is apparent. Just as combinatorial 
values are Successively added to arrive at the conventional 
enumerative code. Successive “weight values are added 
together to produce an arithmetic code. And arithmetic 
codings weights can be pre-computed and retrieved from a 
look-up table, as enumerative coding's combinatorial values 
can. In arithmetic coding, though, the values of Such add-on 
terms are based on an assumption of the overall sequences 
statistics, and the arithmetic code's length will approach the 
Source sequences theoretical entropy value only if statistics 
of the source sequence to be encoded are close to those 
assumed in computing the add-on terms. To the extent that 
Source statistics vary, the look-up table's contents have to be 
recomputed if near-optimal compression is to be achieved, 
and this imposes a heavy computational burden if the source 
statistics vary rapidly. In contrast, enumerative codings 
table-value computation is not based on any assumption 
about the sequence's overall statistics, so it can approach 
theoretical entropy without the computation expense of 
adapting those values to expected Statistics. 

0019 Enumerative coding has nonetheless enjoyed little 
use as a practical tool The reason why can be appreciated by 
again considering the example calculation above. The 
sequence length in that example was only seven, but the 
lengths required to make encoding useful are usually great 
enough to occupy many machine words. For Such 
sequences, the partial Sums in the calculation can potentially 
be that long, too. The calculation’s addition steps therefore 
tend to involve expensive multiple-word-resolution addi 
tions. Also, the table sizes grow as N, where N is the 
maximum block size (in bits) to be encoded, yet large block 
sizes are preferable, because using Smaller block sizes 
increases the expense of sending the population value. 
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0020 Arithmetic coding once suffered from the same 
drawback, but the Rissanen approach mentioned above 
solved the problem. Basically, Rissanen employed add-on 
values that could be expressed as limited-precision floating 
point numbers. For example, the resolution might be so 
limited that all of each add-on value's bits are zeros except 
the most-significant ones and that the length of the “man 
tissa’ that contains all of the ones is short enough to fit in, 
say, half a machine word. Even if such an add-on value's 
fixed-point expression would be very long and that value is 
being added to a partial Sum that potentially is nearly as 
long, the resolution of the machine operation used to imple 
ment that addition can be small, since the change if any in 
the partial sum occurs only in a few most-significant bits. 
Rissanen recognized that add-on values meeting Such reso 
lution limitations could result in a decodable output if the 
total of the symbol probabilities assumed in computing them 
is less than unity by a great enough difference and the values 
thus computed are rounded up meet the resolution criterion. 
(The difference from unity required of the symbol-probabil 
ity total depends on the desired resolution limit.) 
0021 Still, the best-compression settings of modern 
implementations require multiplications on the encoder and 
divisions on the decoder for each processed symbol, so they 
are slower than a static Huffman coder, especially on the 
decoder side. (The particular degree of the speed penalty 
depends on the processor.) By Some evaluations, moreover, 
the arithmetic coder compresses even less effectively than 
the Huffman coder when its probability tables fail to keep up 
with the source probabilities or otherwise do not match 
them. 

SUMMARY OF THE INVENTION 

0022 I have recognized that an expedient somewhat 
reminiscent of Rissanen's can be used to reduce the com 
putation cost of enumerative encoding in a way that retains 
its general applicability and sacrifices little in compression 
ratio. I have recognized, that is, that Such a result can come 
from replacing the conventional combinatorial values with 
limited-resolution substitutes. 

0023 Now, there is no straightforward way of applying 
the Rissanen approach to enumerative coding. As was 
explained above, the tactic Rissanen used to produce decod 
able output was to reduce the assumed symbol probabilities 
on which the his add-on-value computations were based, 
whereas the computation of conventional enumerative cod 
ing's add-on values is not based on assumed probabilities. 
And straightforward rounding of the conventional combi 
natorial values to lower-resolution substitutes does not in 
general produce decodable results: more than one source 
sequence of the same symbol population can produce the 
same index. So, although substituting limited-resolution 
add-on values for conventional ones has been tried before in 
enumerative coding, previous approaches to using short 
mantissa Substitutes for conventional combinatorial values 
were restricted to source sequences that are constrained in 
ways that most source sequences are not. They have there 
fore been proposed for only a few niche applications. 

0024. But I have recognized that these limitations can be 
overcome by using what I refer to as "quantized indexing.” 
In quantized indexing, gaps are left in the sequence of 
possible indexes: for a given symbol population, that is, the 
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index values used to identify some sequences having that 
population will sometimes exceed certain values not so 
used. I leave gaps in Such a way that the add-on values used 
to compute the indexes can be expressed in low-resolution 
representations that can be added in low-resolution opera 
tions and can require relatively little storage space. As will 
be seen below, Such add-on values can readily be so chosen 
as to comply with the “pigeonhole principle i.e., to result in 
decodable indexes by employing a “bottom-up’ approach to 
add-on-value computation, i.e., by deriving add-on values 
for longer sequences symbol populations from those for 
Smaller sequences. 

BRIEF DESCRIPTION OF THE DRAWINGS 

0.025 The invention description below refers to the 
accompanying drawings, of which: 
0026 FIG. 1 is block diagram of a typical encoding and 
decoding environment in which entropy encoding may be 
used; 
0027 FIG. 2 is a block diagram of a typical computer 
system that can be used to perform encoding: 
0028 FIG. 3 is a diagram of a lattice employed to depict 
a relationship between sequences and their symbol popula 
tions; 

0029) 
0030) 
0031) 
0032 FIG. 7 is a code listing that illustrates one form of 
enumerative encoding: 

FIG. 4 depicts two single-bit paths in that lattice; 
FIG. 5 depicts four two-bit paths in that lattice; 
FIG. 6 depicts the lattice with path counts; 

0033 FIG. 8 is a listing that illustrates the corresponding 
enumerative decoding: 
0034 FIG. 9 is a diagram that depicts the relationships 
between Successor and predecessor symbol populations; 
0035 FIG. 10 is a block diagram that depicts one way of 
implementing an encoder's index-computation circuitry; 

0036 FIG. 11 is a diagram that illustrates selection of 
operands in one index-computation step; 
0037 FIG. 12 is a diagram similar to FIG. 11 but depict 
ing a different selection; 
0038 FIG. 13 is a diagram of one approach to converting 
a large-alphabet sequence into binary-alphabet sequences 
for coding: 
0039 FIG. 14 is a similar diagram of another approach: 
0040 FIG. 15 is a diagram that labels the steps used in the 
approach of FIG. 13; and 
0041 FIG. 16 is a diagram that labels the steps used in the 
approach of FIG. 14. 

DETAILED DESCRIPTION OF AN 
ILLUSTRATIVE EMBODIMENT 

0042. Before we consider ways in which the present 
invention can be implemented, we will briefly consider a 
typical environment in which an entropy encoder may be 
used. The entropy encoder may be a constituent of a 
composite encoder 10, usually one designed to operate on a 
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specific type of Source sequence. For instance, the encoder 
may be intended to encode sequences of symbols that 
represent values of image pixels. Framing information may 
be available, too, and the data may accordingly be subjected 
to, say, a two-dimensional discrete cosine transform 12. 
Some difference operation 14 may then be performed to 
express each value as a difference from one that came 
before. 

0043. Despite the differential operations, there is usually 
Some skew in the resultant outputs symbol distribution, and 
it is at this point that the entropy coding 16 may be employed 
to compress the data toward their entropy value. In some 
cases, some measure of redundancy will then be re-intro 
duced by, say, error-correction coding 18 in order to protect 
against corruption in a noisy transmission channel 20. If so, 
the result will be subjected to error-correction decoding 22 
at the other end of the channel 20, and entropy decoding 24 
will re-expand the compressed data to the form that emerged 
from the difference operation 14. An accumulator operation 
26 will reverse the difference operation 14, and another 
discrete cosine transform 28 will complete the task of 
reconstituting the image. In addition to the actual pixel 
value data discussed here, the channel in a practical system 
would typically also carry framing, quantization, and other 
metadata. 

0044) For the sake of explanation, it is convenient to 
represent the operations as FIG. 1 does, with successive 
operations represented by successive blocks. And, in some 
environments, those blocks could represent respective dif 
ferent circuits. In many cases, though, some or all would be 
embodied in the same circuitry; all of the encoding circuitry 
could, for example, be implemented in the same computer 
system, Such as the one that FIG. 2 represents. 

0045. In that drawing, a computer system 30 includes a 
microprocessor 32. Data that the microprocessor 32 uses, as 
well as instructions that it follows in operating on those data, 
may reside in on-board cache memory or be received from 
further cache memory 34, possibly through the mediation of 
a cache controller 36. That controller can in turn receive 
Such data and instructions from System read/write memory 
(“RAM) 38 through a RAM controller 40 or from various 
peripheral devices through a system bus 42. Alternatively, 
the instructions may be obtained from read-only memory 
(“ROM) 44, as may some permanent data, such as the 
index-volume values that will be discussed below in more 
detail. The processor may be dedicated to encoding, or it 
may additionally execute processes directed to other func 
tions, and the memory space made available to the encoding 
process may be “virtual in the sense that it may actually be 
considerably larger than the RAM 38 provides. So the 
RAM's contents may be swapped to and from a system disk 
46, which in any case may additionally be used instead of a 
read-only memory to store instructions and permanent data. 
The actual physical operations performed to access some of 
the most-recently visited parts of the process's address space 
often will actually be performed in the cache 34 or in a cache 
on board microprocessor 32 rather than in the RAM 38. 
Those caches would Swap data and instructions with the 
RAM 38 just as the RAM 38 and system disk 46 do with 
each other. 

0046. In any event, the ROM 44 and/or disk 46 would 
usually provide persistent storage for the instructions that 
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configure Such a system as one or more of the constituent 
encoding or encoding circuits of FIG. 1, the system may 
instead or additionally receive them through a communica 
tions interface 48, which receives them from a remote server 
system. The electrical signals that typically carry Such 
instructions are examples of the kinds of electromagnetic 
signals that can be used for that purpose. Others are radio 
waves, microwaves, and both visible and invisible light. 
0047 Of course, few computer systems that implement 
the present invention's teachings will be arranged in pre 
cisely the manner that FIG. 2 depicts, and encoders are not 
necessarily implemented in general-purpose microproces 
sors or signal processors. This is true of encoders in general 
as well as those that implement the present inventions 
teachings, to which we now turn by way of illustrative 
embodiments. 

0048. To introduce those teachings, we will start by 
returning to conventional enumerative encoding and 
describing it in accordance with a conceptual framework 
that helps present certain of the present inventions aspects. 
Of special interest are binary sources, i.e., Sources whose 
outputs are sequences of the symbols 0 and 1, since most 
other types of data sources can be reduced to this canonical 
Source. We will map such sequences to paths on a square 
lattice depicted in FIG. 3. The square lattice is a set of points 
(x,y), where X and y are integers. Unless otherwise indi 
cated, the lattice paths discussed start at the origin (0,0) in 
the upper left corner. The drawing convention for coordi 
nates will follow text directions, i.e., X increases from left to 
right and y from top to bottom. The mapping rule interprets 
a binary string as instructions for a connected sequence of 
lattice steps, 0 as a rightward step and 1 as a downward step. 
FIG. 3 illustrates the mapping between a binary string Ss=0 
0 1 0 1 0 0 1 and a lattice path A, B). 
0049. We digress here to point out that references in this 
discussion below to 0 bits and 1 bits in the sequence to be 
encoded is arbitrary; 0 refers to one of the two possible bit 
values and 1 to the other, independently of what arithmetic 
meaning they are accorded outside of the encoding opera 
tion. Also, although it is advantageous if the sequence-bit 
value to which we refer as 1 occurs less frequently in the 
sequence than the value to which we refer as 0, there is no 
Such requirement. 
0050. Before we compute the index of a particular path, 
we will examine how many different paths (constructed by 
our mapping rule) there are from point A to point B. FIG. 4 
shows both possible single-step paths from the origin, while 
FIG. 5 shows all possible two-step paths. The one- and 
two-step fronts represented in those drawings by dashed 
diagonal lines run though all lattice points reachable in one 
and two steps, respectively. More generally, since the lattice 
coordinates X and y are simply the counts of 0s and 1’s in 
a bit string ending in the point (x, y)—i.e., since each lattice 
point represents a respective unique symbol population 
shared by all paths that terminate there and the number of 
steps n is the total number of bits in the string (i.e. n=X+y), 
every n-step front is a diagonal line parallel to the one- and 
two-step fronts shown. 
0051 FIGS. 3, 4, and 5 reveal a general pattern: every 
path to any point (x, y), passes either through the point above 
it, i.e., (x, y-1), or through the point to its left, i.e., (X-1, y). 
So the path count N(x, y) for the symbol population (x, y) 
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is the sum of the path counts of its predecessor symbol 
populations, i.e. of its two neighbors at (X-1, y) and (x, y-1). 
Symbolically, that is: 

0.052 For all edge points (x,0) or (0.y) the path counts for 
the neighbors at (x,-1) or (-1,y) are 0 since these neighbors 
cannot be reached by our lattice-walk rules. (The only valid 
steps are right or down.) And we define the origin (0,0)'s 
path count as 1 (corresponding to the path of 0 steps) in order 
to avoid separate equations for the edge-point path counts 
(which are always 1). 
0053 Eq. (2) enables us to compute the path counts for 
all (x, y) points along an n-step front (the points along the 
line X+=n) from path counts of the points on the (n-1)-step 
front. Since we already have the path counts for the two-step 
front, we will propagate them, as FIG. 6 shows, to the 
eight-step front. The path count next to each point was 
calculated by adding the path counts of its two neighbors and 
advancing from one front to the next. Note that each fronts 
values are the combinatorial values in a respective row of 
Pascal's triangle, so they could instead be computed as 
C(x+y, X)=(x+y)!/(x y). As will be seen, though, focusing 
instead on the “bottom-up’ approach of deriving Successive 
fronts values from previous fronts leads more readily to the 
way in which we will obtain the quantized values to be 
introduced below. 

0054 Having found the path count N(B)=N(5.3)=56, we 
know that numbers in the range 0 . . . 55 are sufficient to 
guarantee a unique numeric index to every distinct path to 
point B. To arrive at a specific numeric classification of the 
paths to B, we will adopt a divide-and-conquer strategy, 
splitting the problem into smaller sub-problems until the 
Sub-problems become non-problems. 

0055 Following the hint of the Eq. (2), we notice that the 
fifty-six paths reaching point B (after 8 steps) consist of 
thirty-five paths arriving from B's left neighbor B and 
twenty-one paths arriving from its neighbor above, B.A. And, 
for each of the thirty-five eight-step paths Ss arriving at B 
via B, there is a matching seven-step Sub-path Starriving 
at B. Similarly, for each of the twenty-one paths S. 
arriving at B via BA there is a matching seven-step Sub-path 
SA arriving at B.A. 
0056. If we had an indexing scheme U,(path) for the 
seven-step paths to B and to BA, we would then have an 
index for S (some number I,(S) in the range 0 . . .34) and 
an index of SA (a number I,(SA) in the range 0 . . . 20). With 
these two numbers, we could then define the index for any 
of the thirty-five eight-step paths from {Sss as Is(Sss)= 
I,(SL). For the remaining twenty-one eight-step paths {S} 
we cannot reuse the index I,(SA) directly by defining 
Is(S)=I,(SA), as we did with I,(S), since these numbers 
are in the range 0 . . . 20 and would collide with the 
thirty-five already-assigned eight-step indexes O. . .34). In 
order to get to the twenty-one unused eight-step indexes a 
simple solution is to add 35 to each of the twenty-one 
numbers I,(SA). So we will define Is(S)=I,(SA)+35, push 
ing thus these twenty-one indexes into the unused index 
range of the Is index space. 
0057. In summary, we can construct indexing for the 
eight-step paths to B from the seven-step indexing by 
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directly reusing the seven-step index for the paths coming 
from the left neighbor B and by offsetting the seven-step 
index by 35 (i.e., by the path count of the point B) for the 
paths coming from the neighbor above, B.A. 
0058 We can follow this approach for any given path, 
moving back along the path, while accumulating the full 
index offset by adding the left neighbor's path count when 
ever the next back-step is going up, and reducing in each 
step the unknown residual index to the next-lower order. 
Eventually, we will reach an edge point (x=0 or y–0), where 
the path counts are 1. Since this single path is indexed by a 
single value 0, that completes our residual index reduction. 
The resulting index of the full path is thus the accumulated 
sum of the index offsets alone. 

0059) The numbers circled in FIG. 6 show these add-on 
values from the left neighbors along the backtrack for S=0 
0 1 0 1 0 0 1. Adding them results for this paths index: 
Is(00101001)=3+6+2=43. The path index thus computed is 
the “main component of the compressed data. The other 
component is an identifier of point B. To decode the received 
index I, we start at the end point B and compare the index 
I with the path count N of its left neighbor. If I-N, we 
output 0 as the decoded bit and take a horizontal step to the 
left. Otherwise we output 1 as the decoded bit, then set I=I 
N and take a vertical step up. We continue with this 
sequence until we arrive at the origin (0,0), at which point 
the full string has been decoded. 
0060 Since the index reduction described above is the 
foundation of enumerative coding and the springboard for 
the new approach described below, we will rewrite it sym 
bolically for a general point B=(x, y) reached after n 
steps. The left neighbor B=(x-1, y). The number of steps 
to B, is n=X,+y, and the number of steps to B or BA is n-1. 
If the bit strings for paths ending in B are denoted S=bb 
... b. (where bits b, are 0 or 1), the coordinates X, and y, 
(where y is the count of 1 s in S, and X, is the count of 0s) 
can be expressed in terms of the input string S as: 

(3) 
yn =Xb, and x = n -ya. 

i=1 

The reduction of the n-bit index to the (n-1)-bit index then 
becomes: 

0061 This is merely a concise symbolic restatement of 
the earlier conclusion about the reuse of the previous order 
index I, with or without the offset term. The seemingly 
superficial factor b in (4) plays the role of the earlier if-else 
descriptions: it selects whether to add (when b-1) or not to 
add (when b-0) the left neighbor's path count N(x-1, y) 
to the cumulative index. By recursively expanding the I 
term in (4), using Eq. (4) itself, along with the recursion 
termination conditions I (0)=I (1)=0, we obtain: 
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0062 Although (5) could be used to backtrack visually 
along the path (as in FIG. 6 for the Ss example) and compute 
the path index, we will streamline it further to a form more 
Suitable for an implementation in a computer program (i.e., 
a form closer to the properties of the input bit string). As was 
stated above, FIG. 6's numbers form Pascal's triangle 
(rotated by 45° with point A on top), so the path counts 
N(x,y) are binomial coefficients: 

X+y it. it. n (6) N(x,y)=(-)-(E)-(E)- E - Cin, ) 

0063 With this identification, the path counts being 
summed in (5) become: 

0064. The only non-zero contributions to the sum (5) 
come from those i for which b-1. Since numbers y, above 
are the counts of 1's within the first i steps, we can rewrite 
(5) in terms of the purely bit-string properties as: 

k (7) 
ni I (b1b2 . . . b) = | 

where k is the number of 1's in S, and the n's are the values 
of i for which b, is a one rather than a zero. Eq. (7) is a form 
in which the index computation can be implemented effi 
ciently, since it uses the input bit-string's properties directly 
and incrementally: at any point in the input string, the 
computation depends only on the values traversed to that 
point, and it is independent of the later ones and of the limits 
in and k. 

0065. The encoding proceeds by scanning the input data 
until the jth instance of a bit set to 1 is found at some 
Zero-based bit index n. A binomial coefficient C(ni, j) is 
retrieved (usually from a table) and added to the cumulative 
path index (which represents the compressed data). At the 
end of the input data (or a block), the last that was used is 
the count of 1's, which is sent to the decoder as k. The code 
of FIG. 7 shows the encoding procedure. 

0.066 FIG. 7's second line imposes the termination con 
dition n-M. This results in fixed-to-variable (“FV) pacing: 
the input-block size is fixed, while size of the resultant code 
is variable. Actually, though, this encoding is self-sufficient 
at all points: if the loop is terminated at any point where 
n-M, the accumulated code I up to that point is a valid path 
index for the bit string S Scanned up to that point and can 
be decoded by using the values of n and k present at the 
termination point. Therefore, alternative termination condi 
tions could be used, such as limiting the count of ones 
(variable-to-variable, “VV) or limiting the size (in bits) of 
the path index (variable-to-fixed, “VF). (This self-suffi 
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ciency is a property of the indexing formula (7), which 
implements the colexico-graphic ordering scheme. With the 
lexicographic ordering that more-common treatments of 
enumerative coding employ, the codes produced depend on 
the block size M.) 
0067. Some boundary cases of interest are strings con 
sisting of all Zeroes (k=0) or all ones (k=n). Since the path 
counts in these cases are C(n,0)=1 and C(n,n)=1, the number 
of bits for the path index is log(C)=log(1)=0; i.e., no 
compressed bits are transmitted. If the block size n is 
pre-defined, the only data sent are the count of 1s, which is 
0 or n. 

0068 The decoder starts with the received index I, the 
count of 1s (the value k) and the known (e.g., pre-arranged) 
total number of expanded bits n. If the special boundary 
cases k=0 and k=n have been handled separately, the decod 
ing proceeds as the FIG. 8 code fragment indicates. 
Sliding Window Enumerative Coding 
0069. Having now examined conventional enumerative 
encoding in detail (and described a self-sufficient way of 
implementing it), we are now ready to consider one way to 
practice the invention. To motivate the main constructs of 
that approach, we will revisit the conventional enumerative 
coding results from the FIG. 6 example. The index I for path 
A.B. was computed to be 43, and that represented the 
“main compressed data for the example input string Ss=0 
0 1 0 1 001. To transmit this index, enough bits need to be 
sent to fit any of the fifty-six values that an index could have 
taken for sequences of the same symbol population. The 
compressed block size will therefore be log(56)=5.81 bits. 
0070. In addition to the index I, the decoder needs to 
know in advance where the end-point B was, i.e., what the 
Source sequence's symbol population was, so more data (the 
side information) needs to be sent. Since there is a constraint 
X+y=n and in this example the two sides have agreed to a 
common value of n, the decoder can infer the symbol 
population simply from the count of 1s (they coordinate). 
For our block size of 8 bits, the count of 1's could be any 
number from 0 to 8, spanning a range of 9 values, so it takes 
log(9)=3.17 bits on average to send the side information. 
This is more than half of the “main compressed data size, 
and it makes the total compressed size 8.98 bits. That is, the 
“compressed data's size exceeds even that of the uncom 
pressed data. 
0071. By using Eq. (1), we can compute the entropy of a 
binary source that produces 3/8-37.5% 1s and 5/8=62.5% 
0's for a block of 8 bits and obtain: H(3/8,8)=5 log(8/5)+3 
log(8/3)=7.64 bits. Although our “main compressed data, 
the bit-string index, had used only 5.81 bits, which is less 
than the entropy of 7.64 bits, the side informations over 
head (the 3.17 bits) turned the encoding into a net data 
expansion. 

0072) If we were to use blocks larger than eight bits, the 
compression would improve, because the side information 
grows slowly, only as log(n), i.e., much more slowly than the 
(linearly increasing) entropy. For example, for a block size 
of 256 bits instead of 8 bits and the same fraction of 3/8 for 
1s, the side-information overhead is at most 8.01 bits, and 
the index would use 240.1 bits, yielding the net compressed 
output of 248.1 bits (or about 245 bits if the side information 
itself is being compressed, as could be done in a case in 
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which there is a larger number of blocks and the number of 
1’s follows a Gaussian distribution), while the entropy in 
this case is 244.3 bits. If the block size is 256 bits or above 
and the side information is itself compressed, enumerative 
coding compresses at practically the entropy rate (i.e., 245 
bits vs. 244.3 bits). 
0073. To quantify the output properties of enumerative 
coding beyond the illustrative examples, we need to exam 
ine the general case of the path index (6)-(7). The size (in 
bits) of the path index I for an n-bit sequence that contains 
exactly k ones is log(N(n-k,k))=log(C(n,k)), where the 
binomial coefficient C(nk) is the path count for n-bit strings 
with k ones (cf. (6)-(7)). Applying the Stirling approxima 
tion for factorials, 

n's van It'? + i + of (8) () 

to the three factorials in C(nk) yields: 

1 27tk(n - k) (9) log(C(n, k)) is kilog(nfk) + (n - k)logn f(n - k) – lost it. 

0074. We can express the bit counts above in terms of the 
corresponding probabilities through p(1)=p=k/n and 
p(0)=q=(n-k)/n, which transforms (9) into: 

1 10 
log(C(n, k)) is nplog(1/p) + glog(1/q)- slog(2npg). (10) 

0075 Comparing (10) with the entropy (1) for a two 
symbol alphabet (R=2 in (1)) reveals that np log(1/p)+q 
log(1/q) is this n-bit strings entropy. The second term 
(which is logarithmic in n) is a small negative correction, 
which reduces the size of the path count N(n-k.k) to a value 
slightly below the source entropy. This is the effect exhibited 
by the earlier numeric examples. The reduction is: % log(21. 
npq)=% log(2TUck) bits. Since the bit cost of sending k, the 
count of 1s (or 0's if 0 is the less frequent symbol) is log(k) 
bits (if sent uncompressed), the reduction in (10) is around 
half the bit cost of sending k, so the total output (path index 
plus side information) exceeds the entropy by /3 log(27t 
npq). 

0.076 Another redundancy, not explicit in (10), is one that 
becomes more significant for smaller blocks. It is the frac 
tional-bit-rounding loss, which results from the fact that the 
compressed data can be sent only in whole numbers of bits. 
From the example of the (8.3) block, the index is a number 
in the range 0 . . . 55), so it contains log(56)=5.81 bits of 
information. A six-bit number is required to transmit that 
index, but a number of that size can represent a larger range, 
i.e., O... 63), so sending the index wastes the unused eight 
values of the range 56.63). In terms of bits, this is a waste 
of 6-5.81=0.19 bits, or about 3.3% of every 5.81-bit index 
Sent. 

0077. In summary, enumerative coding is optimal to 
within the /3 log(27t npc)/n of the source entropy (per input 
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symbol), so the block size n is the key controllable factor 
that determines the degree of the optimality. Another ingre 
dient in (10) that affects the optimality (but to a lesser 
degree) is the product pd, but that is the property of the 
Source and not of the encoder. For lower-entropy sources 
(pc->0), the degree of optimality is higher than for higher 
entropy sources (p, q >/2). 

0078. Although Eq. (10) demonstrates the appeal of 
larger blocks, it also shows why they cannot be achieved in 
a straightforward way (such as the way that FIG. 7 illus 
trates). Specifically, the terms being added at any point in the 
FIG. 7 loop are of the size given by (10), i.e. they are 
proportional to the processed size n scaled down by the 
factor H(p)=p log(1/p)+q log(1/q) (the entropy function), 
which is the compressed data size at that point. Not only 
does the addition operation’s precision need to be high (of 
the order n), but the memory used to store tables of pre 
computed binomials C(nk) is of the order n (since it needs 
to contain n/4 entries of n bits each). This rapidly becomes 
impractical. 

0079. To introduce our solution for both problems, we 
need to examine more closely the arithmetic of the enu 
merative encoder. We will reuse the example from FIG. 2, 
the encoding of a string Ss=00101001. The streamlined 
formula (7) yields for the path index: 

2 4 7 (11) 100101001)=( )+( )+( = 2+6+35–43. 1 2 3 

or, in binary: 

O O 

-- 10 + 2 

10 - 2 
-- 110 - 6 

1000 = 8 

+ 100011 - 35 
101011 = 43 

0080. The indicated additions illustrate the growth of 
entropy as the coding progresses. The self-sufficiency prop 
erty of colex indexing (7) implies that any add to the existent 
sum increases the size (in bits) of the sum by the entropy of 
the symbol that triggered the add. Roughly speaking, since 
the adds occur on encountering bit=1 (the less frequent of 
the two symbols), the running entropy has to increase by 
more than one bit for each add, so the add-on terms almost 
always have to be at least of the size of the existent sum. We 
can see this pattern, as (11) above demonstrates. 

0081. A further heuristic observation is that the bulk of 
the entropy production occurs at the leading (the most 
significant) bits of the Sum Although carry propagation in 
the lower bits can lengthen the Sum, that happens only rarely. 
(The probability of such an occurrence drops exponentially 
with the distance d of the bit from the sums leading edge). 
So the activity in the lower bits, far away from the leading 
edge, seems to be of little importance except that it expands 
the required arithmetic precision to the output-data size. 

0082 Now, that unfortunate result would be eliminated if 
the ones in the add-on terms’ resolutions were limited. (We 
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will say that the resolution in radix r of a value N is h if h 
is the number of radix-r digits in the smallest quotient that 
results from dividing N evenly by a non-negative-integer 
power of r.) It could be eliminated, that is, if the conven 
tional add-on terms N(x,y) (which are by (7) binomial 
coefficients) were replaced with values V(x,y) that could be 
expressed as floating-point numbers whose mantissas are 
short. It turns out, though, that simply rounding the conven 
tional path-count values to such low-resolution values does 
not work; the resultant indexes are not always unique. But 
I have recognized that the add-on values can be selected in 
a way that both satisfies the short-mantissa requirement and 
produces a decodable result and still achieve nearly the same 
degree of compression that the conventional binomial values 
do. 

0083) A way in which this can be achieved can readily be 
understood by returning to FIG. 6's path counts. By pre 
Senting their computation as the recurrence relationship of 
Equation (2) rather than as the binomial term (x+y)!/(x y). 
we have shown the way to arrive at add-on terms that have 
the desired properties. Specifically, such add-on terms can 
be obtained by employing the approach of Equation (2) with 
one change. When the result of that equation for a given 
value of N(x,y) cannot be expressed exactly as a floating 
point value whose mantissa is short enough, it is rounded up 
to a value V(x,y) that can be and then used the result in 
computing V(x+1,y) and V(x,y--1). That is, the rounding is 
applied to values that have been computed from values that 
themselves have potentially resulted from rounding. By thus 
applying the rounding in a “bottom-up' manner we ensure 
that the resultant index is unique among those computed for 
sequences whose symbol population is the same. 

0084) Note that in principle the “rounding up' can be any 
operation that results in an appropriate-resolution value 
greater than or equal to the value for which it is being 
Substituted; it need not be the lowest such value. Indeed, the 
rounding-up operation can be performed even for values 
whose resolution is already low enough. In practice, though, 
it will ordinarily be preferable to employ the lowest such 
value. In the discussion that follows we will therefore 
assume an embodiment that observes that restriction. In that 
discussion it will be convenient to take an object-oriented 
programming perspective and treat the add-on values during 
their computation in this embodiment of the invention as 
instances of a "sliding-window-integer” (“SW integer) 
class of data objects. This class's data member takes the 
form of a floating-point number (although not typically one 
represented in accordance with, say, the IEEE 754 standard). 
Additionally, this class will include method members. The 
method members perform what we will refer to as "sliding 
window arithmetic,” which implements the above-men 
tioned rounding uniquely and is used to compute further 
add-on values (but not the resultant indexes). 
0085. Before we describe SW arithmetic in detail, we 
need to examine the requirements that arise from the add 
on-values computation. We also need to assess how feasible 
using them for enumeration is in the first place, especially 
for arbitrary-length input blocks. 

0086) Initially, we assume only the properties of the SW 
integers without which they would not be useful at all. Their 
defining structural feature is the formal separation of the 
significant digits (the window or the mantissa) from the tail 
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of Zeros (specified as the shift or the binary exponent for the 
window). We can express this feature as follows: 

or, more visually: 

-bit w is bits (12a) 

W(w, S, n) = 1.xx... x000... O 

The SW integer W in (12) shows the significant bits as 
integer w, the shift as s and the width of the mantissa (in bits) 
as m. The three forms shown with different degrees of detail 
are synonyms. For computational convenience, the mantissa 
is normalized, i.e. mantissa w satisfies 2"sw-2" for s>0. 
For s=0 (i.e., when the mantissa's value is that of the 
non-shifted integer), Osw-2". In practice, such values may 
be stored in a packed format, in which the mantissa’s 
most-significant bit is implicit for s>0. That is, ws most 
significant bit, which must be 1 for s>0, is not stored, but 
instead gets inserted automatically by the lookup function. 
For the packed SW format it is convenient to use a biased 
shift, i.e., W(w.r.m)=w 2'' for re-0 and W(w.r.m)=w for r=0 
where r=s+1 for W22" and r=0 for W-2". That enables 
value r=1 to be used as an signal of the implicit bits 
presence of for s=0 and we2". 
0087 We will now examine how large an SW integer's 
shift S and mantissa size m need to be to represent the 
binomials in (7). In the high-entropy range of p, i.e., where 
p=q=%, Equation (10) shows that log(C(n.n/2))sin, so the 
binomial uses at most n bits. From (12a) it then follows that 
shifts requires no more than log(n-m) bits. The mantissa 
size m is a parameter that affects the path index's size (and 
therefore the compression ratio). For SW integers to repre 
sent n/4 distinct binomials up to C(nn/2) they needs2 
log(n) bits, and, since the shifts provides log(n) bits, the 
mantissa size m has to be at least log(n) bits as well. In the 
discussion below of add-on-value tables, though we will find 
that m need not be greater than log(n)+1 bits for the 
compression to be practically optimal, i.e. to have less than 
a single bit of redundancy per n bits of input data. 
0088 Using the packed format for the add-on-value 
tables results in the entry size for the binomial tables of 
2-log(n) bits, which is % n/log(n) times as small as the 
tables that conventional enumerative coding would require. 
For example, the tables would be 50 times as small for 
n=1024, or 293 times as small for n=4096. And the speed 
advantage of using low-resolution add-on values is at least 
twice that great. 
0089. This speed estimate is based on the assumption that 
the new terms being added in accordance with Equation (7) 
are roughly of the same size or slightly larger than the partial 
sums to which they are being added, i.e. that they exhibit the 
pattern shown in (11). A case that would cause a problem 
would be a situation in which the cumulative sum is large 
(e.g. roughly of the size of compressed data), while the term 
being added is comparatively small. In such an instance, the 
add-on term's leading digits could be far behind the sums, 
and carry propagation could require the adds to proceed 
across the entire gap between the addends' leading digits. 
Our earlier preliminary argument against this type of occur 
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rence was based on the growth of the instantaneous entropy. 
I.e., since the adds occur only when a less-frequent symbol 
is encountered, they have to increase the entropy of the 
output by more than a single bit, so the add-on term has to 
be at least as large as the partial Sum to which it is added. 
However, the ratio of 1s and 0's can change over the span 
of a block: what was the less-frequent symbol initially may 
later become the more-frequent one overall. To clarify the 
potential carry-propagation problem, we will examine the 
individual adds in (7) more closely. 

0090 FIG. 9. depicts a general arrival at some (symbol 
population-representing) point B=(x,y) through a path rep 
resenting a sequence S, that ends in b-1. The path therefore 
ends in a vertical step from a point above it, BA=(x,y-1). 
(Equation (7) calls for adding add-on terms only on vertical 
steps). Also shown is B’s left neighbor, B=(X-1,y) since its 
path count will need to be added to the running sum. Next 
to the coordinates (x,y) formats are the corresponding Ink 
formats obtained in accordance with (3): n=X+y, k=y, n-y 
k=X. 

0091 The sum of interest is the one at point BA, O(BA)= 
c(n-1.k-1), which was obtained from (7) by adding along 
the Sub-path to BA: S =bb . . . b. Since O(BA) is also 
the path index of the sub-path S. (by the self-sufficiency 
property of (7)), it is always Smaller than the path count to 
BA, N(BA), which from FIG. 9 is N(BA)=C(n-1.k-1). 
Therefore: 

I)- (14) 
k-1 factors 

(n - 1)(n -2)... (n - k + 1) 
1. 2... (k - 1) = C(n - 1, k - 1) 

The term we are adding on arrival to B is the left neighbor's 
path count, i.e., N(B) which is C(n-1.k). The ratio r 
between the O(BA) and the add-on term C(n-1.k) is: 

in - 1 (15) 

O(BA) (...) k 

0092 (Note that (15) assumes kn. Otherwise, k=n->x= 
n-k=0, so B would be on the left edge and there would be 
no left neighbor B and therefore no addition in (7) or carry 
propagation to consider.) The last inequality in (15) shows 
that the accumulated Sum in (7) is never more than n times 
as great as the next term being added. This means that, if the 
add-on term is less than the accumulated Sum, the difference 
between the position of the add-on terms most-significant 
one bit and that of the accumulated sum to which it is being 
added is never greater than log(n) bits, so it is less than the 
mantissa width m. That is, the carry propagates within the 
arithmetic precision of the sliding window, which will 
typically be kept well within machine-word precision. So 
any carry propagation due to the Small add-on terms can 
occur within the machine word. (As will be explained below, 
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though, Some embodiments may nonetheless employ 
double-word—or even greater—arithmetic precision.) 

0093. In most implementations, the index calculations 
will be so arranged that the additions occur on the less 
frequently occurring symbol, which in these discussions is 
assumed to be 1. Since k is the number of 1s and (n-k) is 
the number of 0s up to any point B, Equation (15)'s tighter 
inequality, i.e., r<k/(n-k), means that r-1 for all points at 
which the cumulative count of 0's dominates the count of 
1’s. In Such path regions the add-on terms are greater than 
the current Sum, as entropy considerations and example (11) 
already indicated. 

0094. If the index computation is performed in order of 
increasing Volume values, then a key implication of Equa 
tion (15) concerns the compressed data's buffering and 
output. Since it is only the SW integer's m-bit mantissa w 
that is being added to the (machine) integer, and since the 
(SW-integer) add-on terms in (15) will never needed to be 
added to any bit positions more than log(n) bits from the end 
of the output buffer, no bits farther back than the distance 
d=m+log(n)=(2 log(n)+1) bits from the current Sum's 
leading bit will change any more. So those bits can be output 
immediately while the encoding progresses. Also, the output 
buffer can be very small; a d-bit buffer would suffice. These 
are features that conventional enumerative coding lacks. 
0095. In view of this carry-propagation analysis, it is 
likely that most index-computation circuits that employ the 
present invention’s teachings will perform the limited-pre 
cision additions corresponding to those of Eq. (7) S (unlim 
ited-precision) additions in the order of increasing in that 
equation, i.e., will sequence add-on-term addition from the 
smaller ones to the larger ones. For the proposed SW-integer 
add-on terms, this implies that the additions in (7) will go 
from smaller shift values of s to larger ones (which is a 
binary digit position for the mantissa as shown in (12a)). 
This ordering plays the same role as the analogous rule in 
elementary arithmetic that the additions of multi-digit num 
bers advance from the least-significant digits toward the 
more-significant; if they proceeded the other way, carries 
would propagate in the direction opposite from that in which 
the additions do, and this would necessitate backtracking to 
fix up the carry in the digits already left behind. So most 
embodiments will probably observe the n-sequencing rule 
and thereby avail themselves of the resultant efficiency 
advantage. 

0096. However, it may be important in some circum 
stances not only for the compressed bits to be sent incre 
mentally with minimum coding delay but also for the 
decoder to be able to decode the incoming bits as they arrive, 
without waiting for the block completion. Embodiments that 
operate in Such circumstances may violate the n-sequencing 
rule. The coding would proceed from n down to n, (where 
n>n . . . >ne0), and it would use a convention that the 
bit index n is the bit position from the end of the block, so 
the maximum n would point to the input string's first 1 bit. 
This would be analogous to adding long numbers by starting 
with the most significant digits and moving down to the least 
significant digits. To eliminate the need to delay transmitting 
the initial (most-significant) index bits because of the pos 
sibility of a carry, an extra 0 bit could be inserted into the 
buffer whenever more than 2 log(n) back-to-back 1s are 
sent. That stops any carry that would otherwise propagate 
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beyond it, and, if the encoder encounters that many 1 bits in 
a row, it can infer that the next bit—which would be a 1 if 
it stopped a carry is such an inserted bit. That inserted bits 
value affects only the decoder’s determination of its later 
output bits, so the encoder can compute the first bits without 
waiting for it. Of course, inserting the additional bit 
increases coding redundancy slightly, and it would increase 
processing time. 
Quantized Indexing Enumeration 
0097 Having established the properties of SW integers 
that show their storage and computation advantages, we now 
turn in detail to the more-basic question: does the above 
mentioned approach to selecting SW-integer replacements 
for the binomials in (7) result in output that is decodable and 
that can be nearly optimal? Perusal of the steps that lead to 
the binomials in (7) reveals that recurrence (2) is the step 
that fixed the choice to binomials, and it correctly specifies 
path counts. But the real objective there was to construct a 
path-indexing approach; the path counts were merely a tool 
used at that stage to limit the size of the indexing space. The 
connection between the path counts and the indexing space's 
size needs to be loosened if SW integers are used for the 
enumeration. 

0.098 To make the distinctions between those concepts 
more precise, we define a separate quantity, the indexing 
Volume V(x,y) at a point (x,y), as the size of indexing space 
reserved for the paths reaching (x,y). In these terms, con 
ventional enumerative coding's largely unstated assumption, 
which we will call tight indexing, is: 

V(x, y)=N(x, y) (16) 

0099 We will drop this constraint. Instead: 

0100 That is, we will require that volumes be proper SW 
integers with mantissa size m. The arguments sand win 
W(W.S. m) are themselves functions of X and y, i.e. w-w(x,y) 
and S=S (x,y), while m is chosen to produce the application 
specific best compromise between the compression optimal 
ity and table size. In most embodiments it will be a constant 
for a given block size n. For reasons that will become 
apparent, it will usually satisfy the condition 
m=m(n)>log(n)+1 and m(n)->log(n)+1 for n >OO. 

0101 Of course, the path counts are still relevant; the 
pigeonhole principle requires that the Volumes have to be at 
least as large as the number of paths to be indexed. But 
instead of complying with (16), which imposes the pigeon 
hole principle constraints maximally tight and all at once, we 
will phase in these constraints on the Volumes gradually, 
leaving enough room to continue Satisfying the requirement 
that the Volumes remain SW integers (for a given mantissa 
size m). 
0102) To express the rest of the formula for generating 
volumes for any point (x,y), we will need to extend the SW 
arithmetic to the case SW+SW->SW. Since adding the 
integer forms of two SW numbers can result in more 
significant bits than the maximum allowed m (e.g. if their 
shifts s differ significantly), we will need some rules for 
turning the excess nonzero bits to Zero. Keeping in mind the 
generator for the path counts (2) and that the pigeonhole 
principle limits us from below, i.e., that in addition to 
keeping the result as a proper SW integer, we need to 
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maintain VeN throughout, the Smallest resulting Volume 
that can satisfy both requirements will be an SW integer 
whose mantissa w results from rounding up the result of the 
addition to the nearest larger SW integer. 
0.103 We therefore introduce the following rounding 
rule. To add W+W=W(w, s, m), we in principle expand W. 
and W. into the large-integer format of (12a) and obtain the 
regular integer Sum of the resultant two large integers in a 
form of a c-bit wide large integer L, thus L is bounded as: 
2's L-2. (The actual code for implementing the opera 
tion would ordinarily follow an equivalent but much more 
streamlined procedure. Rather than literally allocating space 
to expand the W’s into the form (12a), paddings bits with 
Zeroes, and adding two such long blocks, it would be 
cheaper merely to compare the two shifts S and perform at 
most a single add of the resultant native machine integers— 
or, if the shifts s differ by m or more, perform no addition at 
all.) If cism the result L is already an SW integer with s=0. 
and the addition is complete. If c>m, the leading m bits are 
extracted from L into an integer w (the mantissa of W), and 
the shift s of W is set to S=c-mid-0. Then, if there is any 
nonzero bit in L’s remaining S bits, w is incremented by 1. 
If this increment causes w to grow beyond m bits, the SW 
integer is renormalized by setting W-w/2 and S=S +1. That 
completes the rounding procedure of L into Wand the 
computation of the Sum. 
0.104 We now apply this SW-addition rule to one way of 
computing Volumes of the type that can be used to practice 
the invention. In most embodiments, the volumes V(x,y) for 
the boundary points (x, 0) and (0.y) will be set to 1). The 
volume values for the remaining points will then be deter 
mined in accordance with: 

0105 Recall that by (17) the volumes are SW integers. 
Therefore, although (18) appears the same as its counterpart 
(2), the addition in (18) is SW addition, the resultant V(x,y) 
actually can sometimes be greater than the conventional, 
non-SW sum of V(x-1,y) and V(x,y-1). In contrast, the 
result N(x, y) in (2) was always exactly equal to the 
conventional Sum N(x-1,y)+N(x,y-1). 
0106 By using (17) and (18), the index volume V(x, y) 
can be computed for all lattice points of interest. By (18), the 
index space size V(x,y) for any point (x,y), satisfies the 
pigeonhole principle, so each point has enough index space 
(and, because of the rounding in (18), generally more than 
enough) to enumerate all the paths arriving there from the 
two predecessor points (i.e., the neighbors to the left and 
above). Therefore, the index-reduction recursion (4) (and its 
expanded form (5)) will apply as is (i.e., without further 
rounding), becoming: 

I, (b1b2... b) = -1(b1b2...b-1) + b V(x, - 1, y) (19) 

0.107 Eq. (6), which identifies N(x,y) as binomials C(n, 
k), will not apply, since the Volumes V are not exact 
binomials, so the counterpart of the final Eq. (7) will retain 
the volumes from (20). To switch from the coordinate 
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parameters (x,y) to the direct bit-string parameters (n, k), as 
we did in (7), we will define coefficients B(n, k) V(x,y), 
where n=X+y and k=y. This leads from (20) to a counterpart 
of Eq. (7): 

(21) k 

I, (b1b2 ... b) = X B(ni, i) 
i=l 

Os in 1 < n2 < ... < n < n 

0108) Encoding and decoding procedures employing 
quantized indexing can therefore be performed largely as in 
FIGS. 7 and 8, with the exceptions that the lookup for the 
coefficients C (n, k) is replaced with a lookup for the B(n, k) 
and that the coefficient addition to and subtraction from the 
cumulative index I are performed by using SW arithmetic 
for large integers, which has O(1) complexity instead of the 
O(n) complexity that tight indexing requires. 
0109 Of course, quantized indexing does impose a cost. 
Of all the sequences that have a given symbol population, 
there is one that results in the highest index: each symbol 
population is associated with a maximum index. In a quan 
tized-indexing scheme, a symbol population's maximum 
index is often greater than the number of sequences that have 
that symbol population. If I is a given symbol population’s 
maximum index under a given quantized-indexing scheme 
and I is its maximum index under a tight-indexing scheme, 
a quantized-indexing scheme results in excess redundancy if 
it takes more bits to express I, than to express I, i.e. if log(I) 
exceeds log(I). Now, quantized indexing's advantages more 
than justify this compression compromise in almost all 
applications. Still, it is preferable if the add-on-value set is 
so chosen that the excess redundancy is not too great, so the 
mantissa length will usually be so chosen as to restrict 
redundancy to within a desired limit. 
0110. To obtain a general redundancy estimate for a given 
mantissa size m (or to find the value of m that keeps the 
redundancy below some specified value), we will first note 
that, for a given block size n and count k of 1's, the index 
size in bits has to be log(C(nk)) for tight coding or log(B(n, 
k)) for quantized coding, independently of the Sum (7) or 
(21) obtained. This is true because the index-calculation 
recurrences guarantee that the index for any path is Smaller 
than the reserved indexing space C(nk) or B(nk). (For 
brevity we here assume a fixed-to-variable output-pacing 
scheme. Variable-to fixed or variable-to variable schemes 
would actually produce marginally better results.) There 
fore, to assess the quantized-indexing scheme's redundancy 
in comparison with tight indexing for any particular (nk) 
pair, it is necessary only to find how much larger than the 
tight-indexing space C(nk) the quantized-indexing space 
B(nk) can become We will therefore examine the error 
generation and propagation in the Volume-table-computa 
tion formula given by (17) and (18), which includes the 
SW+SW=SW rounding rule. 
0111 Since w is at least 2" for any volume V=V(w.s.m) 
in which s exceeds Zero, the factor f by which rounding 
caused incrementing of w can expand the resulting volume 
V in (18) with respect to the exact sum cannot exceed 
(1+%") for a single rounding. The maximum number of 
Such expansions for any n-step point is (n-m), since for the 
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first m steps the exact C(m,k) cannot exceed 21. Therefore, 
the total volume-expansion factor f for any n-step point is 
at most f"", implying: f-(1+%"')". Since an expansion 
factor 2 increases the width of the volume V by c bits, a 
constraint sufficient to keep the redundancy below c bits per 
block (where c can be a fraction) is (1+%"')"<2. This 
yields the following lower bound for m: 

m(c)2log(n/c)+log(log(e))+1, (22) 

where e is the base of the natural logarithm. 

0112 To halve the maximum number of added bits c, for 
example, we need to increase mantissa width by one bit. 
Similarly, if we wish to double the block sizen, we also need 
to increase mantissa width by one bit. Eq. (22) also gives the 
maximum number of extra bits for a given block size n and 
mantissa width m as c=n/2"'. 

0113. It is likely that in most embodiments the volume 
values for will be so selected as to limit the redundancy to 
a single bit or less. Actually computing B(n, k) for all block 
sizes n up to 16384 with the mantissa length m set to 
log(n)+1 (i.e., with the mantissa length specified by (22) 
for a maximum error c no more than a single bit) yields a 
maximum redundancy of 0.5 bit per block and an average 
redundancy (over all k) of 0.3 bit/block. Both figures 
remained roughly constant over the tested range of n. So 
embodiments can be designed to limit redundancy to a 
single bit and still violate the sufficient but not necessary 
constraint set forth in Equation (22). 
0114 Now, the add-on values will not in all embodiments 
be so chosen as to restrict the redundancy to a single bit. 
Some, for example, may permit up to two bits of redun 
dancy, and some may permit more. But few if any embodi 
ments will be so designed as to permit c to exceed n/8. Most 
designs will likely restrict c to less than n/12 or n/16— 
indeed, to less than n/24 or n/32. 

0.115. Although the description so far has concentrated on 
embodiments that apply the present invention’s teachings to 
a binary alphabet, their applicability is not so limited; as will 
be explained below, they can be applied to larger alphabets. 
Before we turn to such alphabets, though, we will consider 
FIG. 10. The code that results from, say, FIG. 1's entropy 
encoding 16 will be determined in part from the encoded 
sequence’s symbol population and in part from an index that 
uniquely identifies the sequence among the permitted 
sequences that share that symbol population. FIG. 10 con 
ceptually depicts an example of one type of index-calcula 
tion circuit that can employ the present invention’s teachings 
to arrive at that index. 

0116 Now, it is conceivable that some encoders that use 
the present invention’s teachings will bring them into play 
only in certain circumstances. For example, they may use 
them only in cases where the number of symbol sequences 
that share the received sequence’s symbol count is high. In 
view of machine-architecture considerations, for example, a 
“high” symbol count may be, say, 2', 2', 2', or 2'. It is 
likely that in most cases, though, the encoder will employ 
Such an index-generation circuit for all codes, or at least all 
codes representing sequences that share a symbol population 
with other sequences. 

0117. In any event, , FIG. 10 omits for the sake of 
simplicity the encoder's symbol-population-determining 
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elements, which, as FIG. 7 Suggests, would typically (but 
not necessarily) be determined concurrently with the index. 
To lay the groundwork for appreciating the parallel between 
the binary case discussed so far and the larger-alphabet cases 
to be considered later, FIG. 10 represents symbol population 
as a vector M that extends from the origin to the FIG. 6 
lattice position corresponding to that population. In that 
representation, the population vector can be thought of as a 
linear combination of two orthogonal unit basis vectors <0> 
and <1>, whose directions are respectively rightward and 
downward in FIG. 6. (That is, M is a vector in 2-space for 
a binary alphabet, and, in general, M is a vector in n space 
for n-symbol populations.) The population vector's projec 
tions onto the <0> and <1> axes are respectively the 
numbers of Zeros and ones that define the population. With 
that representation, the add-on term for a given sequence is, 
as FIG. 10 indicates, the indexing volume V for the symbol 
population whose vector results from subtracting <0> from 
the given sequence's population vector M. 
0118. As was explained above, a sequence's index in 
most embodiments is the same as its prefix’s index if that 
sequence differs from that prefix by only the addition of a 
terminal Zero: an add-on term is added only if the current bit 
is a one. FIG. 10 represents this conceptually with a multi 
plier 50 that produces the product of the add-on term and the 
given sequence's last bit; the product is Zero->i.e., there is 
nothing to add->if the sequence's last bit is a Zero. An 
addition-operation block 52 represents generating the index 
I, for an input sequence S's i-symbol prefix S, by adding the 
multiplier 50’s output to the index I for the i-1-symbol 
prefix S. 

0119) Now, it was mentioned above that in some embodi 
ments the entropy encoder's output may not simply be the 
result of that addition; in embodiments that compute the 
index from the large-add-on-value end first, for example, the 
encoder may add extra, carry-accumulator bits into the 
output so that the decoder can begin decoding before it 
receives all of the code's bits. So FIG. 10 includes a 
mapping block 54 to represent the fact that some embodi 
ments may use a transformation of that or some other type. 
In many embodiments if not most, though, that block 
corresponds to no actual operation, because in those 
embodiments the index component represented by the 
encoder output will actually be the same as the output of the 
index calculator. Although the index computation is FIG. 
10’s focus, it additionally includes a block 55 to represent 
combining the index with an indication of the symbol 
population to produce the resultant code. 
0120 Particularly since in enumerative coding the add 
on values do not need to depend on expected symbol 
statistics and therefore do not have to be recomputed as 
statistics change, the add-on values will usually have been 
pre-computed and stored before actual index computation. 
So FIG. 10 employs two blocks 56 and 58 to represent the 
task of obtaining the add-on values. Block 56 represents 
determining the symbol population from the input sequence 
and retrieving a pre-stored value thereby specified. In prin 
ciple, the add-on values do not have to be precisely those 
described above, i.e., the values obtained in accordance with 
Eq. (18), but they will be inmost embodiments. Even when 
they are, though, what has been pre-computed and stored 
may be values from which respective intended add-on 
values are derived, rather than those add-on values them 
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selves. To indicate this possibility, the drawing includes 
block 58, which represents mapping the retrieved values to 
the intended add-on values. 

0.121. As was explained above, the additions that block 
52 represents would in practice be performed only for every 
1 bit, even though FIG. 10 depicts the index-calculation 
operation conceptually as performing an addition for every 
bit. It will therefore be helpful if 1 bits occur less frequently 
than 0 bits. To this end, the encoder may employ some kind 
of a bit predictor 60. An XOR gate 62 represents comparing 
the predicted bit (which needs to be the same as the output 
of a similar predictor in the corresponding decoder) with the 
actual bit and Supplying the comparison result as the input 
to the index-computation operation. To the extent that the 
predictions tend to be good, O’s will, as desired, predominate 
in that input. 
0.122 The predictor may, for example, base its prediction 
on higher-level information, such as what the corresponding 
bits value was in a previous image frame's data. Or it may 
use lower-level information, such as what the immediately 
previous bit was. In many embodiments that use this expe 
dient, the basis of the prediction may simply be knowledge 
of which bit predominates in the input block. (Although that 
requires accumulating a whole block before starting to 
encode, the resultant delay will be essentially “free’ in many 
applications because other latencies will mask it.) That is, if 
1's pre-dominate, the predictor output will simply be a 1, so 
the index-computation operation will see the complemen 
tary sequence, in which 0's predominate. 
0123. With the exception of the add-on values that it 
employs, the index-computation circuit 64 of FIG. 10 oper 
ates in a manner that could be employed for tight-indexing 
enumeration. That is, it could be implemented in a routine 
essentially the same as that of FIG. 7, with the binomial 
terms there replaced with quantized-indexing volumes. With 
quantized indexing, though, the add-on values are so chosen 
that the addition represented by block 52 can be performed 
with reduced resolution. A complementary decoder can bear 
a similar relationship to the FIG. 8 routine. 
0.124 FIG. 1 gives an example of one way in which the 
limited-resolution operation can be performed. One of the 
addends, namely, the accumulated index I, , is a "big 
integer, i.e., a number that takes potentially many machine 
words 66 to store. The other addend, namely, the add-on 
value V, represents a number that is at least nearly as big and 
usually bigger than the accumulated index but, as was 
explained above, has been so chosen that it can be expressed 
exactly in less than that many words. Typically, in fact, it 
will be stored as a mantissa w and an exponent S whose 
lengths together do not exceed the machine-word length . 
For that reason, the drawing shows it as occupying a single 
machine word 68. 

0.125 Rather than access all of the big integer's words 66, 
the processor can restrict itself to accessing a pair of words 
70 selected, as the drawing indicates, in accordance with the 
exponent value S. (In principle, the access can be restricted 
to a single word-sized segment of I- rather than a pair of 
words, but the example of FIG. I is based on the assumption 
that targets of word-size accesses must be word-aligned, i.e. 
that the address of a b-byte word targeted by a word access 
must end in log b Zeros.) The mantissa is then shifted in 
accordance with the exponent value S, as the drawing 
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indicates, to result in a two-word value 72. In a double 
precision addition operation, that value is added to the two 
selected index words 70, which are then replaced with the 
resultant Sum. (With appropriate shifting, of course, that 
addition could instead be performed in a single-precision 
operation.) The next (multi-word) index value I, thereby 
results without accessing more than two of its words. 
0126 FIG. 12 shows the same operation in a system that 
permits word-length accesses at half-word boundaries. It 
employs identical reference numerals to refer to structures 
that correspond to same-numbered structures in FIG. 11, but 
in FIG. 12 the structure 66 that stores the index is treated as 
an array of half words rather than of whole words. In the 
case of a thirty-two-bit system, for example, the array 
element length 1 would be sixteen bits in FIG. 12 rather than 
the thirty-two bits that it would be in FIG. 11. The two index 
half words 70 to be accessed as a single word are selected, 
as the drawing indicates, in accordance with the exponent 
value S. And the mantissa is shifted in accordance with the 
exponent value S, as the drawing indicates, to result in a 
single-word value 72. In a single-precision addition opera 
tion, that value is added to that of the selected index word 
70, which is then replaced with the resultant sum The next 
index value I, thereby results without accessing more than a 
single index word. 
Methods for Reducing the Table Size 
0127. If the mantissa size m is set to log(n)+1 and the 
packed format is used for the entries B(nk) in the add-on 
value table, the size of each entry (which contains the 
mantissa w and the shifts) will be 2 log(n) bits. The full 
table up to a given n needs to hold T(n)=n/4 entries, 
resulting in table size of T(n)=n log(n)/2 bits or Ts(n)=n 
log(n)/16 bytes. For block sizes up to n=256, for example, 
the B(nk) table will have T(256)=16,384 entries (16 bits/ 
entry), so the table size in bytes is: Ts(256)=32,678 bytes. 
0128. In the situations where the memory is very limited 
or large block sizes are needed, the Pascal-triangle like 
recurrences (18) offer a flexible choice for trading speed off 
for reduction in lookup-table-memory size. One can cut 
memory size in half, for example, by omitting from Storage 
the table entries for every second value of n and computing 
the unstored values on the fly in accordance with 

which results from rewriting (18) in terms of the bit-string 
parameters (nk) and the actual table entries B(nk). The 
average number of extra adds that result from thus having 
skipped alternate rows storage is one-half add per coefli 
cient request. Expanding each B(n-1) term in (18a) and 
substituting the results back into (18a) itself yields: 

This allows us to skip two rows out of every three and 
thereby reduce the table size to a third of the original size, 
in return for two adds (and a shift, which is merely an 
increment of BSS parameter) in the worst case. In this case 
we still use (18a) to compute B(n-1.k) values on the fly from 
the B(n-2.*) row by using a single add of 18a). On the 
average, this will result in (0--1+2)/3=1 extra adds per 
coefficient access. 

0129. More generally, for a required size-reduction factor 
r, we can skip r-1 rows out of every r rows by using (18a) 

Feb. 22, 2007 

applied (r-1) times to its own terms. For the worst case this 
yields the following coefficient computation: 

-l (18c) 
r - 1 Bink)=X pin-(r-1), k-j 

0.130. In most practical embodiments that use such skip 
ping, the reduction factors r in (18c) will be relatively small 
in comparison with n so that the multiplications of the Small 
add-on terms can be performed by adds and shifts or a 
multiplication table that has r/8 entries. (Such a multipli 
cation table would be triangular and have entries only for 
odd factors). 
Multi-Block Coding 
0.131. As is apparent from the decoding routine set forth 
in FIG. 8, the encoder needs to receive the “side informa 
tion, i.e., some indication of the sequence's symbol popu 
lation, in order to perform decoding. FIG. 10's block 55 
represents including the side information in the code to be 
sent. But the particular way in which that information is 
presented is not critical. One way of presenting it in the case 
of FV pacing is simply to specify the number of ones in the 
sequence; the sequence length is implicit if the alphabet is 
binary, and the number of Zeros can be inferred if necessary. 
But embodiments that use other pacing methods may specify 
symbol population in ways that take advantage of other 
implicit information. 

0.132. Most simply, the side information for each block 
can be sent in a separate, dedicated field for each block. 
Another approach is to reduce redundancy by employing a 
field that contains a code for combinations of population 
values and initial index bytes. Since the value of an index is, 
on the average, one half the maximum index for the same 
population, a field dedicated the index will usually have 
Some redundancy, but that redundancy will almost always be 
limited to the most-significant byte or two. And there will 
usually be some redundancy in a field that gives the side 
information separately. So the overall redundancy can be 
reduced by employing a code for the combination of the 
population-indicator value and the values of the index's 
most-significant byte or bytes. 

0.133 Another approach is particularly applicable to 
arrangements that use an entropy limit rather on the input 
sequence rather than a length limit and therefore provide an 
output whenever the input sequence reaches a symbol popu 
lation on what would be a somewhat-hyperbolic front of 
symbol populations in FIG. 6. In this approach, an order is 
assigned that front's symbol populations, and the sequences 
index is added to the total of the top index values of the 
symbol populations that precede the input sequence’s sym 
bol population in the assigned order. Both the index and the 
symbol-population identity can therefore be inferred from 
the resultant Sum. 

0.134. Alternatively, or in addition, the sequence of side 
information values for a sequence of blocks can be taken 
together and encoded. For example, Successive counts of 1's 
in Fixed-to-Variable coding can be encoded by using the 
multi-alphabet encoder presently to be described. Since for 
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a stationary source these counts satisfy the binomial distri 
bution (which becomes approximately Gaussian for npcq>9 
or Poisson for n>100 and p-0.05), variable-length codes for 
these counts can be constructed directly. In any event, since 
the present invention makes it practical to employ enumera 
tive coding on long blocks and the side information per 
symbol diminishes as O(log(n)/n), the problem of efficiently 
encoding the side information tends not to be important. 
Multi-Alphabet Sources 
0135 There were two approaches proposed for general 
izing the enumerative coding to non-binary alphabet A, 
containing q>2 distinct symbols {0, 1, 2, . . . . q-1}. (Here 
we use the compact numeric representation of the q symbols 
as integers 0 . . . q-1). The earliest and the most-natural 
approach was given in J. P. M. Schalkwijk, “An Algorithm 
for Source Coding.” IEEE Trans. Inform. Theory, vol IT-18, 
395-399, May 1972. Cover subsequently incorporated that 
approach into more-general enumerative coding. Translated 
into the lattice treatment given above, that method amounts 
to replacing the path-count binomials in (6-7) with multi 
nomials. Unfortunately, the exponential growth of the mul 
tinomial tables with alphabet size q makes this approach 
highly impractical. 
0136) A recently introduced approach (L. Oktehm, Hier 
archical Enumerative Coding and Its Applications in Image 
Compressing, Ph.D. thesis 1999, TUT Finland http://ww 
w.cs.itut.fi/~karen/project site/publications/thesis. pS.Z.) 
manages to reduce table dimensionality from q down to 2. 
It achieves this reduction by enumerating uniformly within 
sets of sequences in which the Sum of the symbol codes is 
the same. Since the symbol codes are a merely a matter of 
convention, the symbol-code sum is a completely Superficial 
quantity, unrelated to the usual source parameterizations, 
such as symbol probabilities. For an enumerative code to be 
optimal, though, the instances that produce the same code/ 
index size should have the same probability. This is indeed 
the case for the binary-source enumeration discussed so far, 
where the probability of any bit-string of length n and 
containing k 1s (and therefore (n-k) 0s) is P(nk)=p (1- 
p)" for all instances or permutations of such (nk) strings. 
It is also the case for Schalkwijk's multi-nomial generali 
Zation. But it fails for Sum-based enumeration, since the set 
of sequences having the same symbol-code Sum has no 
relation to the symbol probabilities, so the instance prob 
abilities can vary arbitrarily from instance to instance within 
the set, yet all of them are encoded to the same code size. 
0137 The same type of problem eliminates a simpler 
scheme, one consisting of merely representing the q symbols 
from A in binary (e.g., using 1 log(q) bits per symbol) and 
then using the binary encoder to compress the resulting L=nl 
bits. In this case, the binary enumerator will count all the 
arrangements of the resulting L-bit string, fixing the number 
of 1s, otherwise freely swapping the bits across the entire 
L-bit string to obtain/count new instances of the set. This 
Swapping includes the Swaps of 1s and 0's freely across 
symbol block boundaries, so it changes one original symbol 
(from A) to another one. Since the symbol probabilities of 
A vary from symbol to symbol, the enumerator is again 
uniformly enumerating the strings that have entirely differ 
ent probabilities, so it is encoding Sub-optimally. 

0138 Having identified the most-common pitfalls of 
multi-alphabet encoding, we take as our starting point the 
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correct multinomial generalization of the binary source. We 
will consider a sequence of n symbols S, taking values from 
an alphabet A >{a, a2, ..., a ={0, 1,... q-1}. As in the 
binary case, where we had the count of 1s k and the count 
of 0s (n-k), here we will have the list of q counts k.k. k. 
- - - ka (each count k, counting the corresponding symbola) 
adding up to n, i.e.: 

k+k+k=n (30) 
The number of different n-digit arrangements of these n 
symbols with the given symbol counts in the lattice lan 
guage, the path count on a q-dimensional lattice to a point 
whose coordinates are (k. k. k. . . . k.) is the multino 
mial coefficient: 

k1,k2, ... ka k1 k2 ... k 

which directly generalizes the expression (6) for the binary 
Source path count. Since these coefficients would require a 
q-dimensional array of a size proportional to n for block 
size n, we will look for a convenient way to express (31) 
through binomials so that we can use our existent SW 
binomial tables. 

0139 Since we will need flexibility in the way we expand 
a multinomial into binomials selection of the expansion 
form we show below (by using the example of q=4 and 
denoting k12=k+k2, ksa=ks+k) how to generate these 
forms algebraically: 

(k1 + k2 - k3 + k) (k1 + k2 - k3 + k) (k1 + k2) (k3 + k 4) (32) 
k k2 k3 k4 (k1 + k2) (k3 + k) ki k2 k3 k. 

(s + k34 k12 k34 
k12 k1 k3 

0140. It is clear from (32) that instead of inserting the 
redundant factors (k+k) and (k+k) in numerators and 
denominators, we could have inserted, for example, (k+ 
k+k) and (k+k), obtaining the usually presented form 
of the multinomial factorization: 

0.141. The combinatorial interpretation of the factoriza 
tions such as (32)-(33) (including the 4!=24 variants 
obtained by permuting the symbol labels 1,2,3,4) is that the 
multinomial enumeration is equivalent to the various chains 
of binomial enumerations. To apply this equivalence to the 
multi-alphabet-enumeration problem, we will interpret these 
binomial chains in terms of the multi-alphabet reduction as 
splitting the alphabet into two Subsets, then splitting each of 
the two Subsets containing more than two symbols into a 
further pair of subsets, until every final subset contains no 
more than two different symbols. This transforms a non 
binary sequence into multiple binary sequences. 
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0142 We will now show an example of how to represent 
the described splits in the form of strings of binary digits and 
how to encode these strings using the binary encoder with 
out increasing the entropy of the output above the entropy of 
the original multi-alphabet string. For the q=4 decomposi 
tions of (32-33) we will use alphabet A={a, b, c, d and 
examine the encodings of a data string S=(a a cab c did 
c b a c). Here n=12, k=4, k=2, k=4, and k=2. The 
factorization (32) contains three binomial factors in the right 
most equality, which we interpret as shown in FIG. 13. 
0143. The first binomial factor in (32), C((k+k)+(k+ 
ka), k+k), indicates a split into Subsets {ab} and {cd}. We 
interpret this split as a formula for creating a binary string of 
in bits, called Plane 1 in FIG. 13. Plane 1 has 0’s where the 
S has a orb, and it has 1's where the S. has cord. The next 
factor in (32), C(k+k, k), further splits subset {ab} into 
subsets {a} and {b}. We interpret this as a formula for 
creating a bit string (called Plane 2.0 in FIG. 13) that has bits 
only where Plane 1 has bit=0. Plane 2.0 therefore has a total 
of k+k bits, of which k, have value 0 (where S, has symbol 
a) and k have value 1 (where S, has symbol b). The third 
factor in (32), C(k+ka, ks), splits the subset {cd} (the 
places where Plane 1 has 1s) into subsets {c} and {d}. We 
therefore create Plane 2.1, containing k+kbits (shown at 
places where Plane 1 has 1s), of which k have value 0 
(where S, has c) while ka have value 1 (where S has d). 
014.4 FIG. 14 shows the analogous reduction constructed 
from Eq. (33). Note that the first split, arising from (k+k+ 
k)+(k) in (33), leaves a single symbol d in the second 
subset, so no further splits (or bit planes) are created from 
that branch. (I.e., Plane x. 1 is empty for x>1.) The same 
phenomenon occurs for the next split (k+k)+(k) shown in 
Plane 2.0, where symbol c is the only member of the second 
set and therefore generates no bits in its descendent plane. 
(I.e. Plane X.0.1 is empty for x>2.) 
0145 The reductions shown in FIGS. 12 and 13 produce 
the conversions of the input string S., which uses the 
four-symbol alphabet A, to several strings (labeled Plane 
X.) that use the binary alphabet. Our construction has used 
binomials of the general form C(x+y, X)=C(x+y, y) (which 
were the result of factoring the multinomial for the data 
string into a product of binomials) to create a bit strings of 
length x-y with x 0s and y 1’s whose specific layouts are 
defined by the original multi-alphabet string. This binomial 
is the number of binary strings whose symbol count is the 
same as that of the specific constructed bit string. We can 
therefore encode that String in log(C(x+y, X)) bits, as equa 
tion (7) indicates. Since each constructed bit string has a 
matching binomial on the right-hand side of (32/33) and 
every binomial in (32/33) has a matching bit string, the total 
compressed size of the constructed bit strings is exactly the 
sum of the terms log(C(x+y, x)) for the binomials in (32/33). 
Since the log of the left side of (32/33) is the entropy of the 
original non-binary string, it follows that our construction 
produces S set of bit-strings whose total compressed size 
exactly equals the entropy of the original, non-binary String. 
(Note here that the size is “total in the sense of the sum of 
the individual bit-strings compressed sizes. This is not the 
same as the size produced by compressing the string that 
would result from concatenating all the bit strings into a 
single larger bit string. That result would be larger because 
of the binomial inequality 
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0146) More generally, any reduction of an alphabet A, 
(e.g., by a complete binary tree with q leaf nodes) into a 
binary prefix codes T = {t1, t2, ... t. induces a factorization 
of the corresponding multinomial of Eq. (31) into the 
product of binomials. (A prefix code is the result of an 
encoding scheme in which no code is a prefix of another 
code.) As FIGS. 14 and 15 will illustrate, the multinomial 
factorization-based procedure for converting a multi-alpha 
bet string S into a set of binary strings can be described 
conceptually as comprising the following steps. 

0147 Step 1: Replace all symbols a, in S, with their 
prefix codes ti so that the n bit-strings of the codes t, stand 
vertically with the top-aligned leading bits forming the top 
bit plane, Plane 1. The subsequent prefix-code bits, extend 
ing vertically down from Plane 1, form the subsequent bit 
planes Plane 2, Plane 3, . . . . Plane Z, all parallel to Plane 
1 (where Z is the maximum prefix-code length in bits). 
Formally, Plane k is a sequence of kth bits (k=1,..., z) of 
all prefix codes t, in their coding of S. 
0.148 Step 2: Split Plane 2 into two fragments, Plane 2.0 
and Plane 2.1, so that each bit of Plane 2.0 has a zero bit 
above itself in Plane 1 and each bit of the Plane 2.1 has a one 
bit above itself in Plane 1. I.e., Plane 2.1 is the sequence of 
the second bits of codes t-1.*, and Plane 2.0 is the sequence 
of second bits of codes t-0.*) 
0.149 Step 3: Split Plane 3 into fragments by using the 
Plane 2 fragments as a template. I.e., form Plane 3.0 and 
Plane 3.1 so that each bit of Plane 3 is assigned to Plane 3.0 
if the bit above is in Plane 2.0 and to Plane 3.1 if the bit 
above is in Plane 2.1. (There may be fewer bits in Plane 3 
than in Plane 2). Split each of these Plane 3.ffragments (for 
f=0,1) into 2 fragments: Plane 3.f.0 and Plane 3.f1 according 
to the value of the bit above in Plane 2.f Thus Plane 3.f.f. 
is a sequence of the third bits of codes t-f.f.* that code S. 
0150 Step 4: Following down from Plane 3, split Plane 
(k+1) using the already fragmented Plane k.f.f. . . . f. 
(where f. f. . . . f. are 0 or 1) containing in fragments as 
follows: Separate Plane (k+1) into then fragments using the 
Plane-k fragments as a template (see step 3). Split further 
each of the newly created fragments Plane (k+1).f.f. . . . 
f into two fragments Plane (k+1).?.f, ... f. 10 and Plane 
(k+1).f.f. . . . f. 1 according to the value of the bit above 
(from Plane k.f.f. . . . f. ). Formally, Plane (k+1).f.f. . . 
. f. f. is a sequence of (k+1)" bits of all codes t=ff, . . 
. f.f. that code S. 
0151 Step 5: The process terminates when an empty bit 
plane is reached (after Plane Z has been partitioned). At the 
termination, the total number of fragments from all planes 
will be n=q-1 (where Plane 1 is counted as a single 
fragment). Formally, Planek.f. f. ... f will be a sequence 
of k" bits of codes t=ff. . . . f.* that codes S. 
0152. In summary, a binary sequence to be encoded is 
formed for each j-bit sequence of prefix-code bits such that 
the high-radix-alphabet sequence includes more than one 
symbol whose prefix code is longer than bits and begins 
with that j-bit sequence. The sequence to be encoded con 
sists of, for each digit in the high-radix sequence that equals 
such a symbol, the (+1)st bit of the prefix code for that 
digits symbol. (Here we consider every prefix code to begin 
with the degenerate, j=0 bit sequence: the prefix-code-bit 
sequence formed for j=0 contains a bit for every digit in the 
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high-radix-alphabet sequence.) And a separate index is com 
puted for every binary sequence thereby formed. 

0153 FIG. 15 illustrates this procedure for the example 
of FIG. 13, where the prefix codes are: a=00, b=01, c=10, 
d=11. It shows the result after steps 1-2, after which the 
construction has been completed. 
0154 FIG. 16 illustrates this procedure for the example 
of FIG. 14, where the prefix codes are: a=000, b=001, c=01, 
d=1. It shows the results after steps 1-3 (the entire construc 
tion). 
0155 Before we describe the fragment compression and 
decompression in the general case, we will discuss the 
selection of the prefix codes. In FIGS. 12 and 13, the 
leftmost column shows the number of bits in the correspond 
ing plane fragment to the right. The totals of bits produced 
by the decompositions are twenty-four for FIG. 13 and 
twenty-eight for FIG. 14. Although, as shown by (32-33), 
both decompositions will compress optimally (to the 
entropy), the larger decompositions require more processing 
and more memory. Additionally, larger uncompressed 
sequences require either more blocks or larger blocks. If 
there are more blocks, there is more fractional bit loss at the 
block boundaries (although this loss is generally negligible 
when code blocks are thousands of bits long). If there are 
larger blocks, on the other hand, the previously described, 
table-driven encoder requires a larger table. 

0156 Since our construction from the prefix codes shows 
in step 1 that the total number of (uncompressed) bits 
produced is same as the total length of the S encoded in that 
prefix code, the minimum number of bits will be produced 
by using Huffman codes as the prefix codes for the binary 
reduction. While it may seem redundant to compute the 
optimal Huffman codes and then use the enumerative coder 
recompress them, recall that redundancy is created when 
ever the Huffman construction merges unequal probabilities 
into a single node. The enumerative coder can completely 
eliminate that redundancy. 

0157. When Huffman codes are to be constructed to 
produce the prefixes, the initial symbol order in the conven 
tional Huffman-construction pair-merge steps is preferably 
so ordered as to result in favoring the production of 0s over 
1's in the bit-plane fragments: the Huffman construction 
should systematically place larger-probability symbols to 
the left (or to the right, depending on convention). 

0158 Some embodiments may use codes other than 
Huffman codes. Some may use the quicker Shannon-Fano 
codes. Others may use slice codes. The slice codes may, for 
example, be based on fixed-code-length tables or use log(1/ 
p) Shannon code lengths based on a quick, low-precision 
integer log-function implementation. Any other prefix code 
can be used, too, but it is best that it be compact, i.e., that the 
Kraft inequality become an equality. As a general rule, 
lower-entropy sources would save more working space for 
uncompressed bit arrays by using better codes. For high 
entropy sources and alphabets where q=2", the use of the 
binary m-bit codes of the symbols can be used as well with 
practically no noticeable working-space penalty. For high 
entropy sources with qz2", a very fast one-step Huffman 
like code can be used, too. As with the Huffman code, it is 
preferable for these alternative code-generation methods to 
impose a systematic bias in favor of selecting 0’s over 1’s. 
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Encoding 

0159. When binary-partition steps 1-5 have been com 
pleted, there are q-1 bit-plane fragments to compress. If 
coding optimality is to be achieved, each fragment will need 
to compressed separately. Typically, Plane 1 (which is 
always a single fragment) is sent first, followed by the 
compressed fragments of Plane 2, and so on, until the q-1 
fragments have been sent. 

0.160 We digress at this point to note that the hierarchi 
cal-set-partitioning methods used in wavelet image coding 
separate the wavelet coefficients into bit planes for entropy 
coding. This is similar to Step 1 above. But those methods 
encode each bit plane as a whole across the bit-plane 
fragments(and use an arithmetic coder to do it). This gen 
erates redundancy due to the binomial inequality C(x+y,a+ 
b)2C(x,a)C(y,b). Independently of whether they use enu 
merative encoding, therefore, image coding applications can 
benefit from the bit-plane-fragment-aligned encoding 
described above, preferably with Huffman or other compact 
codes used to guide the fragmentation. 

0.161 The encoder and the decoder have to agree, of 
course, on the codes used for the partitioning. Since sending 
the symbol counts ki, k ... kallows both sides to compute 
the same Huffman (or Shannon-Fano) codes for the binary 
decomposition, no additional side information is required. 
(We will see in the decoder description that counts of 1s is 
systematically deducible for all plane fragments from the 
single overall symbol counts and the prefix-code tree T). 
Decoding 

0162 The decoder receives the compressed data as well 
as side information from which it can infer the counts k, k, 
... k. and the sequence length n in accordance with Eq. (30). 
It constructs the prefix code from the counts or uses some 
other pre-arranged method to construct the prefix code. It 
can then decode Plane 1. (Plane 1 always has exactly n bits, 
and the number of ones is readily obtained by, for example, 
Summing the results of multiplying the ks by the corre 
sponding prefix codes' first bits.) 

0.163 From the expanded Plane 1 and the prefix-code 
tables, the decoder can establish the size of Plane 2. If no 
prefix codes are of length 1, then Plane 2 also has n bits. If 
there is a code of length 1, Plane 2's size is n minus the count 
k, of that code (as FIG. 14 illustrates for symbol d), and 
Plane 2 will have a single fragment. For that fragment, the 
length is known, as was just explained, and the number of 
1's can be computed by, for example, Summing the results 
of multiplying the ki’s for that fragment’s codes by the 
corresponding prefix codes kth bits. (In the notation of 
Steps 1-5 above, that is, the number of 1s in fragment Plane 
k.f.f. . . . f is the Sum of the k's for prefix codes t-f.f. 

... f. 1.*.) With the sequence length and number of 1's 
known, the decoder can decode that fragment. 

0164. If Plane 2 has two fragments, on the other hand, the 
sizes of the fragments are computed from already-known 
counts of 1s and 0's in Plane 1. From the prefix-code tables, 
we also know which codes belong to which fragment of 
Plane 2. (Those whose prefix codes begin with a 1 fall into 
Plane 2.1, and those that begin with a 0 fall into Plane 2.0.) 
So the code counts k, in each fragment of Plane 2 are known, 
and their counts of 1's can therefore be determined. Using 
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the known expanded sizes of the two fragments and the 
counts of 1's in each, the binary decoder can expand the two 
fragments. 

0165. Once they have been expanded, the Plane-2 frag 
ment(s) thereby obtained are interleaved as the layout of 1's 
and 0's in Plane 1 dictates: for each source-Sequence digit, 
the second bit of the prefix code that will specify that digits 
symbol is concatenated with that first prefix code's first bit. 
0166 Having fully expanded Plane 1 and Plane 2, the 
decoder can infer the layouts of all Plane-3 fragments. I.e., 
it can determine the number of fragments and the source 
sequence digits to which their bits correspond. It can also 
compute the symbol counts and therefore the number of 1's 
for each Plane-3 fragment from the code tables and the 
known symbol counts for the Plane-2 fragments just as it 
determined those for the Plane-2 fragments from the Plane-1 
fragments. From the known sizes and counts of 1's, the 
decoder can decode the Plane-3 fragments and therefore add 
the third bits to the source sequence's prefix codes. This 
procedure continues until all digits prefix codes are com 
pleted and their symbols thereby determined. 
General Symbol-Population-Based Sliding-Window Quan 
tized Indexing 
0167 Sliding-window integers and quantized-indexing 
enumeration can be applied to other encoding and indexing 
problems. To appreciate their applicability, it helps to distill 
the essential properties of SW integers into the following 
elements: 

0168 1. SW integer W=W(w.sm) is a variable size/ 
extendible integer (large integer) n bits wide, with the 
number of significant bits limited to m. (The mantissa 
width m will be less than the block size n, and it will 
typically be on the order of log n.) The significant bits 
of Ware contained in an m-bit mantissa w. The bits of 
W that follow the mantissa are a sequence of s Zero bits 
(n=m+s). The symbolic form of W is shown in (12), and 
its expanded form is shown in (12a). 

0.169 2. Arithmetic and relational operators (such as 
+,-,>. =, <) applied to SW integers depend on the des 
tination operand. The general pattern of this depen 
dency is as follows (with x denoting any of the opera 
tors and + denoting SW addition): 

0170 a) SW/LargeIntxSW->LargeInt: The SW 
operand or operands behave here as large integers in 
the form (12a), with the key distinction that the 
operations now have complexity O(log(n)) instead of 
O(n) (which is characteristic of the corresponding 
operations on regular large integers). Since the large 
integers have extendable precision, there is no pre 
cision loss in these operations, as there can be in 
floating-point operations. 

0171 b) SW/LargeInti-SW/Largent->SW: Any SW 
operands on the left side are expanded to LargeInt 
form (12a), and the operation is carried out by the 
regular large-integer rules (with, if m is so chosen 
that w always fits into a machine word, O(1) com 
plexity). The resulting large integer L is rounded up 
to the nearest SW integer whose mantissa length 
does not exceed the assumed mantissa-length limit 
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m. If we denote SW rounding of X as: {x}sw, the 
sum rule is symbolically: SW+SW->SWe{SW+ 
SW)}sw->SW. 

0172 c) SW/LI+SW/LI+ . . . +SW/LI->SW: The 
rounding addition defined in (b) is not associative: 
the result of adding several addends in Successive 
two-addend additions of that type is not in general 
independent of the order in which those additions 
occur. So, for three or more addends, we define 
addition as being performed with delayed SW round 
ing: the SW operands are expanded to large-integer 
format, the Sum is computed exactly, and only the 
final result is rounded up: 

0173 To present a general form of Quantized Indexing, 
we will start with multi-alphabet enumeration and extend it 
by dropping the requirement that all symbols in a string 
S=b, b, ... b, must be in the same range 0sb,<R. That is, 
we will consider strings S, where each “character' or “digit’ 
b (for i=1.2 . . . n) has its own range R. Osb,<R. (S may 
be interpreted as an n-digit mixed-radix number. Mixed 
radix integers are in common use for, e.g., time and date 
values.) Denoting R=Max{R, i=1,2,...}, we can reversibly 
remap all strings S. into n-step lattice paths in an R-dimen 
sional lattice. 

0.174 The lattice points (vectors, R-tuples) are labeled as 
M=(X, X. . . . , X), and the kth coordinate of a point M 
is labled x(M)=x=Mk). A step in the kth dimension 
(where k=0,1, ... R-1) is defined as: <k> (0,0,... 0.1.0, . 
... O), where the single 1 has k zeroes to the left. Thus <ki> 
is also a basis vector for the kth dimension. An inverse 
function, which converts a step/basis vector <ki> into the 
dimension is denoted k=D(<k>). To make a step <k> from 
a point M, we add the two vectors, i.e., M+-k>=(X, X. . . 
.., Xi+1, ... X). Multiplication of a vector M by a number 
c is defined as: c M=(c Xo, c X. . . . . c X). A special case 
to note is the points on an axis in the kth dimension reached 
after c steps: A.(c)=c <k>=(0,0,. . . . 0.c.0, . . . 0). 

0.175. A string S=bb . . . b is (reversibly) converted 
into a unique n-step lattice path by making n back-to-back 
steps <br>, <b>, ... <br>, starting from the origin Mo-(0.0, 
... 0). The resulting n-step lattice path is T={Mo. M1, M2, 
. . . M, where M=M, +zb>. (That is, the point M, is a 
destination of the ith step <br>.) To express the conversions 
between the coordinates and the parameters of the input 
string S more compactly, we will use Iverson’s selectorX 
(where the X is a Boolean expression or a statement), which 
is defined as X=1 if X is true and X=0 if X is false. For 
example k=3 is 1 if k equals 3; otherwise, it is 0. We also 
note that a selector with multiple conditions X & X & X 
& . . . connected by the logical-AND (&) operator factors 
out into a product XXX of single-condition selec 
tors. With these definitions, the conversions are: 

i (40) 
S. to path T => Mik E xk (i) = X. bi = k) 

i=l 
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-continued 
i (40a) 

M = M_i + < b >=X < b > 
i=l 

T, to string S => b = D(M - Mi-1) (41) 

(42) 

0176). In words, Eq. (40) says that the point M, reached 
after translating i symbols from S. into steps (i.e. after 
translating b, b. . . . b, to <br>.<b>. . . . <b,>) will have 
coordinate X equal to the count of 0s, coordinate X equal 
to the count of 1's. . . . and, generally, coordinate X equal 
to the count of k’s in the Sub-sequence b, b. . . . b. Eq. 
(40a) gives two alternative expressions for conversions of 
the string S to path points. 

0177 Eq. (41) says that the symbol b, is the dimension 
index D(<*>) of the step going from the path point M, to 
the path point M. 

0178 Eq. (42) gives the total number of steps in to reach 
Some point M=(Xo. X1, . . . , XR-1) in terms of the points 
coordinates. Alternatively it gives the coordinates of all 
points {M} reached in exactly in steps (denoted as the n-step 
front F={M}). The fronts F for different n’s form parallel 
(R-1)-dimensional hyper-planes (analogous to the parallel 
lines forming the n-step fronts in FIG. 2) propagating away 
from the origin as n increases. 

0179 The mixed-radix conditions Osb<R are inter 
preted in terms of lattice steps as constraints on the allowed 
directions that any paths ith step can take. (There may also 
be some additional, domain-specific, constraints on the 
paths.) To express Such constraints on the steps in terms of 
lattice parameters, we will define a Boolean constraint 
evaluator Mik as true if step <ki> is allowed from point M 
and false if <k> is not allowed from M. Applying the 
Iverson's selector to Mik, for a point Mi on the i-step front 
F, since the next step (the (i+1)st step) from M. corresponds 
to the digit be in the input strings S, the mixed-radix 
conditions on the input strings translate into lattice-step 
constraints as: 

O for k > R, (43) 
= k < R1 (i = 0, 1, ... ) 

1 for k < R1 

0180. The unconstrained R-dimensional lattice paths cor 
respond to the fixed radix integer representation (the radix is 
then R and all the ranges are same: R=R for i=1,2,. . . . ). 

0181. The general enumeration of the R-dimensional 
lattice paths is based on the same reasoning that led to Eq. 
(2): the path count for some n-step point M, is the sum of the 
path counts of all (n-1)-step neighbors of M. denoted as 
M(k)=M-<k> (where k=0, 1, ... R-1), which can reach 
M. in one step. Thus the path-count recurrence and the 
boundary conditions generalizing Eq. (2) are: 

18 
Feb. 22, 2007 

R (44) 

k O 

N(Mo) = 1, Mo = (0, 0,..., 0) (45) 

0182 The Iverson's selector M, (k):kin (44), which is 
only 0 or 1, merely turns to Zero the terms of the sum for 
those neighbors M (k) whose path constraints do not 
allow the nth step <k> needed to reach M. The boundary 
condition (45) defines the path count for the Zero-step path 
(from origin to origin) as 1. (Note that points M with any 
coordinate equal to (-1) have path counts that equal 0; since 
such points are not reachable by steps <ki>=(0,0,... 0, +1.0, 
. . . 0). We also do not list as a separate assumption in (45) 
that the path counts for the axis points c-ki> are 1 (or 0 if 
prohibited by the path constraints), since these are deducible 
from (44) and (45). A program computing the path counts 
would initialize the axis points to 0 or 1.) 

0183 Eqs. (44-45) yield the multinomial coefficients of 
Eq. (32) for the path counts if the lattice paths are uncon 
strained. Otherwise, although (44) will not generally result 
in a closed-form expression for the N(M), it can still be used 
as a formula for computing n-step path counts from the 
known (n-1)-step path counts and problem-specific con 
straints M:k). The computation would start with the one 
step points, where all one-step path counts are either 1, for 
the allowed first-step directions k, or 0 for the disallowed 
ones, as illustrated by Eq. (43)). It would then use (44) to 
compute from these values the path counts for all two-step 
points, then use the two-step path counts to compute the 
three-step path counts, etc. 

0.184 The reasoning that led to the (tight) index-reduc 
tion recurrence (4) applies in this more-general setting as 
well. Namely, if we have an indexing for the (n-1)-step 
paths, then we can construct an index for the n-step paths to 
some point M, from the index values of its (n-1)-step 
neighbors M (k) (for k=0,1, . . . R-1), i.e., of the points 
from which M can be reached in a single step <k>. 

0185. This construction follows the same method of 
avoiding the n-step index collisions that Eq. (4) uses: as it 
visits the alternatives (the one-step neighbors of M), it keeps 
track of the index space reserved for the alternatives tra 
versed so far and uses this reserved space as the offset to 
separate the current neighbor's path index from those of the 
already-visited alternatives. Thus, for the paths arriving via 
the first neighbor M (k=b=0), it reuses its (n-1)-step path 
index directly as the n-step path index. For the paths arriving 
via the second neighbor M(k=b=1), it creates the n-step 
path index by offsetting this neighbors (n-1)-step path 
index with the path count of the first neighbor M. (0), since 
it had already reserved that part of the index space for the 
paths arriving via M. (0). Similarly, for the paths arriving 
via a neighbor M (k=b), the n-step index is computed by 
offsetting its (n-1)-step path index with the index space 
reserved so far, which is the sum of the path counts of the 
neighbors M (), for j=0,1, . . . k-1). This conclusion 
generalizes Eq. (4) for the path-index reduction (n->(n-1)) 
tO: 
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(46) 

0186 By using (46) itself, the residual index I in (46) 
can be reduced further to I, (), and so on until I(b) is 
reached, which is always 0 (the index for a single path of one 
step). This yields the following general enumeration for 
mula: 

E. (47) 
M (k):k. N(M (k)) 

O 

0187 To extend the quantized-indexing method to the 
more-general enumeration given in (47), we will define the 
volume of a lattice point M(denoting it as V(M)) as the size 
of the indexing “space, i.e., the interval of consecutive 
integers reserved for enumeration of paths ending in M. The 
tight-indexing assumption used in deducing Eqs. (46-47) is 
then expressed as: 

V(M)=N(M) for all M (48) 
0188 This assumption represents the selection of the 
absolutely minimum Volumes consistent with the pigeon 
hole principle for all points M. 
0189 General quantized indexing reduces the tight con 
straints on Volumes imposed by (48) and constructs Volumes 
that simultaneously satisfy the pigeonhole principle (but less 
tightly than (48)) and the requirements of computational 
efficiency. Because of the latter consideration, most embodi 
ments will adopt a requirement that all volumes V(M) be 
represented by the sliding-window integers with the same 
boundary conditions as the path counts (44-45): 

V(M)= W(w(M).S(M).m), V(Mo)=N(Mo)=1 (49) 

0190. We digress briefly to note that volume-value stor 
age could theoretically be reduced by employing variable 
mantissa widths, using Smaller mantissas for shorter prefix 
lengths. But the mantissa length needed to keep redundancy 
to, say, less than a single bit varies only logarithmically with 
the number of steps to reach M. In most practical imple 
mentations of SW-based encoders, any table-space savings 
that result from varying mantissa length m would be out 
weighed in most cases by the efficiencies that result from 
using fixed table-entry sizes that align with addressing 
granularities. For blocks with ns 256, therefore, some 
implementations may use eight bits to store w (possibly 
without storing the implicit leading 1), while sixteen bits 
will be typical for 256-ns2'. And, in general, typical 
machine-word sizes and the possibility of omitting an 
implicit leading 1 suggest that the mantissa sizes likely to be 
the most popular are 8, 9, 16, 17, 32, and 33. 
0191 Since the SW integers W operate as regular inte 
gers for W-2", most embodiments will streamline the 
Volume construction by extending the Volume?path-count 
identity V(Mo)=N(Mo) in (49) to all points M for which the 
path counts are within this exact-arithmetic domain of 
W(w.s.m): 
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0.192 To make clear the distinction between exact and 
rounded SW arithmetic (the latter being used only to com 
pute volumes), we have been using the symbol '+' instead 
of "+" to denote the rounded additions defined for 
SW+SW->SW. Some of the properties of the + operations in 
SW integers are: 

where "z" in Eq. (51c) should be interpreted as "does not 
necessarily equal.” Eq. (51a) shows that “+’ tends to pro 
duce larger Sums than exact addition but shares the com 
mutativity property with it. Eq. (51c) indicates that, unlike 
exact addition, '+' is not associative. 

0193 For example, if we use a four-bit mantissa and set 
(in binary): a=10010, b=101, c=11, the left side of (51c) 
evaluates as: 100100+101=10111, which rounds up to 
11000, then 11000+011=1011, which rounds up to 11100. 
For the right hand side of (51c) we have: 101 +11=1000 and 
100100+1000=11010211100. The two rounding-up steps on 
the left hand side added 1 twice, while no rounding up 
occurred on the right hand side, so the right side's result 
which was smaller by 2 than the left side's result. 
0194 The lack of associativity precludes immediate 
extension of the general path-count recurrence (44) to the 
analogous equation in terms of Volumes, since the multi 
term Summation in (44) would become ambiguous if the 
exact path counts were replaced with volumes. So we need 
to adopt a convention for repeatably performing multiple 
addend additions. 

0.195 To sort out the choices, we step back to the context 
of the problem The objective was to compute volumes that 
can guarantee a decodable index; i.e., volumes large enough 
to comply with the pigeonhole principle. The path IDs are 
assigned by Eq. (47), which performs exact arithmetic. We 
notice that its inner Sum (over index k for the (n-1)-step 
neighbors M (k)) is exactly a partial sum of (44), which 
computes the volume of M, from the volumes of its M(k) 
neighbors. Since the partial Sums over k in (47) are exact, 
they do not cause Volume expansion, so we can compute the 
Sum in (44) exactly and only thereafter round up the exact 
total to convert it into an SW integer, which is assigned to 
V(M). To compute volumes, therefore, we can use delayed 
SW rounding: 

-l (52) 

V(M) = { M-1 (k):k. vs. ) 
k O Sk 

Together with the boundary conditions (50), Eq. (52) pro 
vides a recipe for computing Volumes to any required n. (For 
some types of encoding-termination rule (VF, FV. V.V. 
MaxIndex), the volume tables need not be filled up uni 
formly to some fixed n. To implement the Maxindex termi 
nation rule, for example, V(M) would need to be computed 
only up to the hyper-surface boundary V(M)2MaxIndex. 

0196. Since quantized indexing uses exact arithmetic for 
the index computation (encoding), the reasoning that led to 
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the index computation (47) holds as is for the volumes, with 
the exception that in order to separate the lower-order 
indices from different neighbors, we will offset their indices 
with their volumes rather than their path counts. The result 
ing general enumeration formula for quantized indexing is 
therefore obtained by a simple replacement of path counts 
N(M) in (47) with volumes V(M): 

0197) Unlike the volume recurrence (52), which performs 
delayed SW rounding on the result of the sum the index 
computation in (53) performs exact arithmetic. 
0198 As noted in the multi-alphabet discussion, general 
sums of type (52) will require table sizes exponential in 
alphabet size. That consideration led us to introduce a binary 
reduction procedure so that we could use more-compact SW 
binomial tables to perform encoding. But significant reduc 
tions in table sizes may occur in the presence of the strong 
domain-specific path constraints Mik, which could elimi 
nate most of the terms in (52). 
0199 To provide useful examples of applying quantized 
indexing in accordance with (52-53), we will look to the 
high-entropy limit, i.e. to cases in which symbols are either 
uniformly distributed or have rapidly varying frequencies 
averaging over longer runs to the same uniform distribution. 
In the binary case, the result of enumerative encoding is, as 
was explained above, at best no better than no encoding at 
all and at worst /, log(k) above the entropy. But we will 
examine ways in which quantized indexing can afford 
advantages for some non-binary sources and can do so 
without excessively large volume tables. 
Encoding Fixed-Radix Sequences Where Rz2s 
0200. In the first example we will consider an uncon 
strained high-entropy source with some fixed radix (alphabet 
size) R. The n-symbol entropy is H. (R)=n log(R). 
0201 We will start with tight enumeration, i.e., with the 
path counts given in (44) and indexes given in (47). Absent 
constraints, we can remove the Iverson's selector from (44). 
We will then simplify the sum in (44), which runs over 
different path counts N(M(k)) for different neighbors 
M(k), by replacing each term with the largest path count 
N(M(k)) among the R neighbors as a representative of the 
(n-1)-step path counts. We need to use the largest path count 
among the neighbors to comply with the pigeon-hole prin 
ciple, i.e., to avoid index collisions. Of course, this 
“majorization' increases the resulting N(M). Since the vast 
majority of the paths in the high-entropy limit will be near 
the Pascal hyper-triangle's central axis of symmetry, though, 
the variations in path counts among the neighbors will be 
relatively small. 

0202 We refer to this largest path count as N = Max 
{N(M(k)): k=0, 1, ... R-1}. With this notation, the sum 
in (44) simplifies to a closed-form expression for N: 

N=RN =>N=R" (54) 

0203 With the path counts approximated by (54), we can 
turn to index computation via (47). Since we are assuming 
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no path constraints, we replace Iverson's selectors in (47) 
with 1. Using the approximate path counts N from (54) 
yields the following expression for the resulting encoding: 

Eq. (55) is recognizable as an integer I expressed in base R 
with digits b, b. . . . b. The number ofbits for n-symbol 
blocks is log (R")=n log(R), which is exactly the entropy of 
this block in the high-entropy limit. So (55) is an optimum 
encoding for a high entropy source. This conclusion justifies 
our initial path count majorization. 
0204 For the binary-alphabet case, R=2, that encoding is 
simply the uncompressed sequence of the input bits (as 
expected from the introductory conclusions implied by 
(10)). The same is true for any alphabet with R=2' (power 
of-2 alphabet): the output is the sequence of r-bit symbol 
codes. The encoding in this case is also fast, since it merely 
returns the input bits as the “encoded output. But, for 
radix-2 alphabets, this also means that there is no reason to 
perform coding of this type. 

0205 But the same is not true of non-radix-2 alphabets. 
Suppose that R=3: the alphabet has three symbols {a,b,c). 
Suppose further that each symbol is expressed in the source 
code by two bits, e.g., a=00, b=01, and c=10. If the input 
string has 1000 symbols, then it takes 2000 bits, whereas the 
optimum code of Eq. (55) will produce output 1000 log(3)= 
1585 bits. 

0206. The problem with (55) for non-power-of-2 alpha 
bets is that, if we want to use (55) use encode the input 
sequence b, b. . . . b, optimally, we need to perform 
arithmetic operations with a precision of nr bits, where r the 
value such that 2''<R<2. These operations would include 
in multiplications in that precision. If we want to encode S. 
quickly, we could use r bits to represent the input symbols 
Osa.<2" for s=0,1, ... R-1 and produce an output of nr bits 
instead of the optimum size n log(R) that (55) in high 
precision arithmetic would produce. The fast method would 
leave unused U=2'-R>0 numbers allowed by the r-bit 
blocks, wasting thus r-log(R) bits per symbol. 

0207 Slower than this but still much faster than the 
optimal one of Eq. (55)) is a method based on slice codes. 
This method is equivalent to a Huffman code obtained for 
uniform symbol distribution, except that the Huffman tree 
need not be computed explicitly. The method involves 
encoding the U=2'-R symbols in (r-1)-bit codes {0, 1,... 
U-1} and encoding the remaining R-U=2R-2' symbols 
in r-bit codes U.U+1, . . . R-1}. While this approach 
simplifies Huffman-code construction, its encoding and 
decoding still require variable-size-block insertions and 
extractions at arbitrary block boundaries. 
0208 To illustrate the numbers above, let the alphabet 
have the three symbols a, b, and c so that R=3. This means 
that r=2, i.e., 2<R<2 =4. Let the input string have 1000 
symbols. The optimum code, i.e., the one given by Eq. 55. 
will produce output 1000 log(3)=1000- 1.58496 . . . =1585 
bits. The fast method will use two bits per symbol, produc 
ing an output of 2000 bits, which is 26% above the optimum 
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size. For the Huffman/slice code we have U=4-3=1 and 
R-U=2, so we will create a single one-bit code and two 
two-bit codes: a=0, b=10, c=11. The resulting size will 
average at 1000(1+2+2)/3=1667 bits, which is 5.2% above 
the optimum. 
0209 Now we will instead use the quantized-indexing 
method of Eqs. 52-3. For the unconstrained case, we can 
remove the Iverson’s selectors from those equations. For the 
Volume computations of Eq. 52, we will make the same 
simplification we made for the tight-indexing method. That 
is, we will replace all volumes of the R neighbors M (k) 
(for k=0,1, ... R-1) with the largest among these R volumes, 
labeling it V =Max{V(M(k)), k=0,1, ... R-1}. As in 
the tight-indexing method, we need to use the largest among 
the R volumes; there would otherwise be index collisions, 
since some neighbors would then receive smaller substitute 
volumes than what they had before). With these simplifica 
tions, Volume computation recurrence (52) becomes: 

R- (56) 

v, - v.} = RV-1}, 

Although (56) does not, as its counterpart (54) does, sim 
plify to a closed form, it is a perfectly practical formula for 
computing the approximate high-entropy-limit Volumes by 
using only in low-precision multiplications (or an equivalent 
of n log(R) shifts and adds). 
0210. In this construction, volumes V can be interpreted 
as the SW approximations of the powers R". Because of the 
SW rounding rule, it also satisfies VeR. Since the 
sequence of powers {R: t=0, 1, ... n} grows by factor R 
from one element to the next, the corresponding sequence of 
SW volumes V (w.s.m): t=0, 1, ... n} will have the shift 
S advancing approximately by log(R) from one volume to 
the next. 

0211 We will now estimate the SW parameters of V(w, 
S.m). Since the largest numbers represented are of the size 
R"=2", the shifts requires log(n-log(R)-m) bits. To 
select the mantissa size m, we will require that the error in 
V=V (w.s.m) not exceed a single bit; i.e., that the cumu 
lative error of w not exceed 2". We will also require that the 
numbers x<R be represented without error. This implies that 
m has to be at least log(R) bits. Since the recurrence (56) 
for computing volumes has at most n mantissa-rounding 
operations to compute V, w could be incremented (by 1) at 
most n times. Applying the reasoning from (22) to keep the 
error below 1 bit (c=1) imposes the requirement malog(n)+ 
1. Adding this to the requirement that all numbers numbers 
x<R be represented without error results in 

0212) Calculations with this choice of m for n to 2° and 
R to 2' resulted in errors that were always below 0.8 bit, 
clustered at 0.5 bits, and decreased slowly as n or R grew. 
For the earlier example of R=3, n=1000, and mantissa width 
m=11 resulted in a total redundancy of 0.3972 bit for a 
1000-symbol string, i.e., only 0.03% above the optimum 
0213 The high-entropy-limit index computation applies 
(53) with the constraint selector removed and precomputed 
volumes V, that are independent of the neighbors indexes k. 
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Unlike the SW-rounding arithmetic of (52), the arithmetic 
used for Eq. 53's additions are exact, so the simplifications 
that arise from the tight-indexing solution will apply here. 
The result is the quantized-indexing counterpart of Eq. 55: 

(57) 
I, (b1b2... b) = Xb, V-1 = b + b V1 + ba V2 + ... + b V, 1 

t= 

Although similar in form to (55), Eq. (57) multiplies SW 
integers V(w(t), S(t).m), which have maslog(n) significant 
bits, by input digits b, which have log(R) bits. So (57) can 
be computed by using n-1 low-precision (i.e., of log(n) 
complexity) multiplies and adds. In some problem contexts 
it will be advantageous to replace the multiplies with table 
look-ups or log(R) shift-and-add equivalents. 
0214. As in binary entropy coding, we can trade table 
space off for extra adds. In this case we can compute 
Volumes on the fly by using in log(R) low-precision adds and 
shifts, requiring no volume tables and avoiding all multiplies 
in (57) since the partial sums of b, terms from the volume V 
computation can be used (before rounding) as the complete 
b.V. terms in (57). 
Encoding Permutations 
0215 Permutations of n numbers 0, 1,2,..., n-1 can be 
encoded in a factorial radix. Given permutation P=(a.a. . . 
.a), its factorial radix digits D=d, d, . . . d are obtained 
by counting numbers larger than a to the left of as and 
assigning this count to digit di. 
0216) In this scheme d is always 0, (for symbolic brevity, 
we use the customary redundant digit d=0), d can be only 
0 or 1, d. can be 0.1.2 and, in general, d, can be 0,1, ... i-1. 
While the simple counting method for obtaining digits di 
runs in O(n) time, there is an algorithm that can produce D, 
(or reconstruct the permutation P from a given D.) in O(n) 
time. 

0217. To compute the entropy of D, we will consider the 
high entropy limit, i.e., the case of uniformly distributed 
digits d, within their ranges 0sdai, for i=1,2,. . . . n. The 
entropy of the sequence D, is then simply the size (in bits) 
of the index for the list of n! distinct permutations: H(D)= 
log(n). (For large n, H(D)=n log(n)-n log(e).) The encod 
ing that achieves this optimum is the factorial radix integer 
f, obtained from the factorial digits D, as: 

f. (did . . . d) = (58) 

0218. The problem with (58) is that the encoding requires 
O(n) high-precision multiplications and additions. The 
required precision is H(D) bits, which is the size of the 
encoded output. Slice codes would encoded in 1 bit, d and 
da in 2 bits per digit, ds ... ds in 3 bits/digit, ... etc., resulting 
in a code whose size is n log(n)-n+1 bits, which exceeds the 
(large n) entropy by n (log(e)-1)s0.443 in bits. 
0219. To apply quantized indexing to this problem, we 

first examine the tight enumerative coding of D=did ... d 
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in the high-entropy limit. For the input string S=bb ... b 
we will define: b. =d. In accordance with Eq. 43, the 
mixed-radix condition 0sd-i=R (for i=1,2,... n.) gives the 
i-th front constraint evaluator as: Mik=k<i+1). As in the 
fixed-radix example, the high-entropy limit replaces the 
neighbors path counts N(M(k)) with the common (maxi 
mum) value N. Inserting this common value and the 
mixed-radix constraints Mik=k<n into (44) results in 
a closed-form expression for N: 

-l (59) 
N = k < n N = n N1 => N = n : 

k O 

With these path counts and the radix constraints M:k= 
k<t, the Eq. 47 expression for the index simplifies to: 

b-1 (60) 

So the tight enumerator given by Eq. 47 has “discovered 
the optimum high-entropy permutation encoding set forth in 
Eq. 58—and it shares with it the same performance barrier 
for large n. 

0220 But, if the substitutions that we applied to tight 
indexing to yield Eq. 59 are instead applied to the quantized 
indexing recurrence Eq. 52, the result is: 

(61) 

0221) The quantized-indexing recurrence thus has not 
lead to a closed-form solution like Eq. 59, in which the 
tight-indexing recurrence resulted. Instead, it had yielded a 
low-complexity formula that requires only O(log(n))-bit 
multiplications instead of the O(n log(n))-bit multiplications 
that Eq. 59 requires. The volumes V can be interpreted as 
the SW approximation of factorials: Visn!. Because of SW 
rounding-up operations, Vsn. 
0222. The SW parameters for V (w.s.m) differ slightly 
here because the Volumes are approximately n!. So they 
grow faster than R". Shifts uses log(n log(n))-m bits. The 
mantissa width m simplifies since it has no separate depen 
dency on radix R. Since Eq. 61 accumulates the errors in w 
at the same rate as the fixed-radix recurrence of Eq. 56, m 
32log(n)+1 mantissa bits are enough to keep the error 
under a single bit. 
0223 The index computation works exactly as in the 
fixed-radix case, i.e., in accordance with Eq. 57, and the 
same arithmetic-complexity considerations apply, with the 
exception that the input-digit size is log(n) rather than 
log(R). The same computational shortcuts apply as well. 
0224) To illustrate performance, let n=16. The entropy 
H(D)=log(16)=44.25 bits. Uncompressed permutation 
uses (16 symbols) (4 bits/symbol)=64 bits, which is 45% 
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above the entropy. The uncompressed digits of De use 15(4 
bits/digit)=60 bits, which is 36% above the entropy. The 
slice codes use 1+2.2+3.2°44'2=49 bits, which is 11% 
above the entropy. Quantized indexing with a five-bit man 
tissa encodes D to 44.46 bits, with redundancy of 0.22 bits, 
which is only 0.5% above entropy. 

0225. The results are even better for larger n. With 
n=1000, for example, the entropy is log(1000!)=8529.4 bits. 
The uncompressed data occupy 1000 (10 bits/symbol)=10. 
000 bits, or 17% above entropy. Slice codes use 8973 bits, 
or 5.2% above the entropy. Quantized indexing with an 
eleven-bit mantissa encodes Dooo to 8529.9 bits, or only 
0.006% above entropy. 
Encoding General Mixed-Radix Sequences 
0226. The general case of a mixed-radix sequence 
D =did . . . d is characterized by a set of separate ranges 
for each digit position: Osd-R, where R>1. The optimum 
encoding in the high entropy limit, i.e., when each digit is 
uniformly distributed within its range, is achieved when the 
mixed-radix integer for D, is computed as: 

f. (did d.) = (62) 

di + d R1 + d RR2 + ... + d R. R. . . . R1 = y dR; 

0227. The entropy of the D source characterized by 
{R"}={R. R. . . . R} is: 

0228. As in the previous examples, the full-precision 
enumerator given by Eqs. 44 and 47 reproduces the optimum 
representation set forth in Eq. 62 and the corresponding 
entropy given by Eq. 63, but its computation requirements 
tend to be onerous. So we use the quantized-indexing 
encoder set forth in Eqs. 52-53 in the high-entropy limit to 
compute volumes and index. Applying Eq. 43’s mixed-radix 
constraints, i.e., M. :k=k<R., yields the Volume recur 
CC 

V={R; Visw with: i=1,2,... n and Vo-1 (64) 

and the enumeration index given in Eq. (57). A mantissa size 
m=log(n)+1 will restrict the redundancy to less than a 
single bit. In some applications one may impose an addi 
tional requirement on the mantissa, e.g., that w must express 
any R, exactly, in which case the requirement would be 
m=Max (log(R), log(n)+1}. The shift s needs to be 
log(H-m) bits. 
0229. In some applications the volumes may be pre 
computed into tables of size O(n log(n)) bits and used in the 
index computation Eq. 57, where n low-precision (O(log(n)- 
and O(log(R)-bit-operand) multiplies (or an equivalent 
using O(log(R)) shifts and adds) are performed. Alterna 
tively, as noted in the fixed-radix discussion, a potentially 
slightly slower method, performing O(n log(R)) low preci 
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sion adds, can be used to compute the Volumes (64) and the 
index (57), without requiring any tables or multiplies. 
General Quantized Indexing 
0230. The foregoing examples are specific applications 
of a quantized-indexing approach that can be to employed 
for enumeration generally. Generic enumerative tasks of 
interest here are to compute a unique numeric index for a 
given "arrangement' A and to reconstruct the arrangement A 
from a given numeric index. As used here, an arrangement 
is an ordered set of elements, i.e., the set elements can be 
labeled as the first, second, ... nth elements, which we will 
call items. 

0231. Although the existence of an order relation allows 
us to represent arrangements symbolically as abstract 
sequences of item symbols, the order relations may be 
implicit in many concrete enumerative tasks, such as encod 
ing trees, graphs, networks, printed-circuit-board layouts, 
etc. The order relation may be implicit through, e.g., some 
formula or state machine, and the instances of the arrange 
ments may be represented as Some mix of indicators of 
computational rules along with their control values and data. 
So the enumerator does not necessarily receive the repre 
sentation of an arrangement instance as a sequence of 
symbols representing the items. As enumerator inputs, 
arrangements are more general than sequences of item 
symbols. In particular, the enumerator may never need to 
compute symbolic values for the items in order to execute 
enumerative procedures, since these item values occur in 
these formulas only as the abstract control parameters (e.g. 
for neighbor scan), and these controls may in practice be 
implemented more directly and more efficiently by some 
application-specific arrangement space-traversal and -gen 
eration procedures that use whatever form the instance data 
may have. 
0232 We will denote an arrangement of n items as 
A=a as . . . a, and we will call the number of items in the 
arrangement the arrangement’s length, which we denote 
n=L(A). An arrangement of 0 items, an "empty arrange 
ment,” is denoted as Ao. The items a are encoded as 
numbers. For notational convenience we will assume they 
are already mapped into a compact numeric range 0.1, . . . 
R-1 of some maximum size R, and we will denote these 
“normalized' items as <a;>. (AS was suggested above, this 
mapping may vary with i both in the size of the range 
actually used and in which symbols or sequences of symbols 
map to which numbers. We will use Iverson's selectors to 
encapsulate the effects of any such variations.) When the 
input is expressed in a sequence of symbols S=bb ... b. 
the codes as may be literal symbol values b, or any mapping 
of symbols b, or of their Subsequences (through, e.g., a 
dictionary, an application-specific parser, a state machine, 
etc.). 
0233. An enumerative space for a given enumerator is a 
set of arrangements that a given enumerator can process. 
The corresponding indexing space is a range of numbers that 
the computed index may have. For tight (exact) enumerators 
the index range is compact: the possible indexes for a given 
enumerative space are 0.1.2, . . . N-1., where N is the 
number of possible arrangements in that (possibly constitu 
ent) enumerative space. Now, the set that encompasses all 
arrangements that a given enumerator can process may be 
partitioned into separate constituent enumerative spaces, as 
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the sequence spaces in the examples above were partitioned 
in accordance with symbol population; that is, there may be 
separate, independent indexing spaces for each constituent 
enumerative space. For tight enumerators this implies that 
each of these index spaces restarts its indexing range at 0. 
0234) To characterize an enumerative space's structure, 
we will label the set of all arrangements. An containing in 
items as F. To help visualize the temporal progression of 
processing we will call this set the n-step front We will 
denote the addition (appending) of an item <a> to the 
arrangement A as: A=A + Cad and the removal of the 
last item <ad from the arrangement A, as A=A-<ad. We 
will also say that A is a predecessor of A whenever the 
two are related as A = A-Cad. To distinguish between the 
allowed and the disallowed item additions (or removals) we 
will define a Boolean constraint evaluator A:a (typically 
implemented in an application-specific State machine), 
which evaluates to true if A+zad is an allowed item addition 
and otherwise to false. 

0235 Enumerators usually partition into constituent enu 
merative spaces the composite enumerative space that 
encompasses all arrangements a given enumerator can pro 
cess, and the encoded output will contain the partition 
indicator and the index within that partition. (Either of these 
two output components may be implicit; e.g., if the count of 
1 s is 0 or n in a binary coder, no index has to be sent.) 
Partitioning is advantageous whenever the source produces 
arrangements with non-uniform probabilities, since the 
probabilities within resultant constituent spaces are usually 
more uniform. In fixed-to-variable coding, for example, this 
leads to non-uniform, and therefore compressible, partition 
indicators. Partitioning may be done for reasons other than 
just to reduce the size of the encoded output. For example, 
it may speed up or to simplify encoding and/or decoding, 
reduce coder-table sizes, expose some data features not 
apparent before encoding, or facilitate some type of pro 
cessing of the encoded data. 
0236 E.g., for sources with slowly varying or stationary 
non-uniform symbol probabilities, each optimal partition 
would be associated with a symbol count, which all arrange 
ments in that class would have. In other applications, each 
partition may be associated with a respective symbol-value 
Sum. More generally, each partition may be associated with 
a respective value of Some application-defined arrangement 
classifier V(A). 
0237. In terms of n-step fronts, partitioning separates the 
arrangements belonging to the n-step front F into disjoint 
n-item classes, and each class’s arrangements are indexed in 
a separate indexing space. As a visual aid, we will call these 
n-item classes of arrangements with separate indexing n-step 
points, or points on F, since for symbol-population-based 
partitioning these classes correspond to lattice points, and 
we will label them M, or, simply, M. We extend the 
“length' notation to the points, ie., write n=L(M). Although 
enumerators will generally have finer Sub-structures and 
relations among the partitions (such as a hierarchy of 
partitions, complex boundary definitions, etc) such details 
are not relevant for the description of how the quantized 
indexing method operates and how to implement it 
(although Such variations in detail may affect the quantity 
and complexity of the implementation work). 
0238 We will denote the number of arrangements 
belonging to a point M as G=N(M), thus in the explicit set 
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notation we can express all the arrangements belonging to a 
point M as M={A(g): g=1,2,... G}={A(g)}. Our notation 
for an item addition or removal to or from an arrangement 
extends naturally to an addition or removal item to or from 
a point. Adding item <a> to a point M, for example, is 
performed for each arrangement Al (g) in M, i.e. A(g)= 
A (g)+<a> for g=1 . . . G. For a general enumerator to 
which quantized indexing may be applied, the resulting set 
of arrangements {A,(g): g=1,2,. . . G} need not entirely 
belong to the same n-front point M. To avoid burdening the 
notation for these exceptional cases but retain enough pre 
cision to specify the general quantized-indexing implemen 
tation recipe, we will consider A- (g)} as being (concep 
tually) further partitioned into Subsets so that {A, (g)=A- 
1 (g)+<ad does belong fully to the single point M. We can 
therefore denote item addition as M=M+Cad and the 
item removal as M=M-<ad. We will also denote 
M, (a)=M-<ad and say that M. (a) is a predecessor of 
M. The constraint evaluator Mia is defined as true if any 
A(g):a is true and false if all A(g):a are false (for g=1 ... G). 
In the computations and the enumerative formulas, Ma is 
usually enclosed in the numeric Iverson's selector Ma). 
which is 1 for M:a=true and 0 for M:a=false. We will call 
point MoE {A} the origin of enumerative space. 
0239). With this background, we present the general con 
cept of quantized indexing in terms of the way in which it 
can be used to improve existing (or for that matter, not-yet 
designed) enumerators. Conceptually, the first step is a 
“bottom-up' description of the existing enumerator. Specifi 
cally, the relationship between the index I and the arrange 
ment A is expressed as: 

at-l (65) 
l, (a1a2... (a) = -1 (a1d2... a-1) + X. M, (a): a N(M 1(a)) 

g=0 

or, equivalently, 

et - (66) 

where M (a)=M-<ad, Mis, among a disjoint set oft-item 
arrangement classes that together cover all allowed t-item 
arrangements, the t-item-arrangement class to which the 
arrangement aa. . . . a belongs, where N has a value given 
by: 

N(Mo)-1--Co, N(B)=1-f(B), WB eA (67) 
and 

R (68) 
N(M) = M; (a):a. N(M_1(a)), i = 1, 2, ... W. M. E. A. 

6. O 

where Co and f(B) are non-negative integers, where A is a set 
of points B for which initialization values N(B) have been 
provided, and where not all M, eA. In most cases. A will 
consist of points M, that have at most one respective pre 
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decessor M. Note that N(M)'s value here is not neces 
sarily the number of allowed arrangements in class M 
although it will be for “tight’ enumerators. Eq. (68) is the 
basis for our referring to this representation as “bottom up': 
the add-on values for points representing arrangements of a 
given length can be computed from add-on values for points 
representing arrangements representing Smaller lengths. 
0240 The improved enumerator is based on replacing the 
N(M)'s with quantized values. To explain the nature of this 
replacement, we start by defining what we mean by quan 
tization. Consider two non-empty—and possibly infinite— 
sets of numbers X={x} and Y={y}. It is easiest conceptually 
to think of the numbers as integers, but they can equivalently 
be any countable set of numbers, such as the set of all 
rational numbers, which is countably infinite. Consider also 
a single-valued mapping y=Q(X) (defined for all Xe X) that 
partitions set X into contiguous non-overlapping ranges of X 
values; i.e., no range of X values that map to any given y 
value overlaps the range of X values that map to any other 
y value. If at least Some ranges contain more than one X 
value, we will say that Y is a quantization of X, denoting it 
as Y=Q(X). It is a uniform quantization if Q(x)s Q(x) 
whenever X-X. If, for every x <X for which Q(X)<O(X), 
Q(X) has the property that Q(X)<X and X CO(X), then, if 
the quantization is a uniform quantization, it will be called 
a quantized approximation, we will say that y approximates 
X, and we will call the function Q(X) a quantized-approxi 
mation function. If the numbers X e X are a contiguous 
Sequence of integers, this approximation property simply 
means that each y is picked from among the X of the range 
for which y=Q(X). When X is not a contiguous sequence, so 
that there are gaps between some ranges that map to different 
y values, y can also be a number from an adjacent gap. 
0241. A quantized approximation for which Q(x)ex for 
all X will be called an expanding quantization. And, for a 
given application, we will say that the quantization Y is 
streamlined quantization, or that Y is a streamlined format 
(SF) of X and denote the mapping y=Q(x) as y=SF(x), if in 
that application additive-arithmetic operations (additions, 
Subtractions, comparisons) and/or storage requirements of 
one or more numbers X from X become on average more 
efficient when one or more of these numbers x are replaced 
by their quantized approximations y=Q(X). For this purpose, 
the average is taken over all instances in which the additive 
arithmetic and/or storage of numbers from X occurs in that 
application, and it is weighted by the instance-usage fre 
quency and any application-specific importance weights. 
Efficiency, too, is an application-specific criterion for this 
purpose. For storage, a more-compact representation is 
commonly considered more efficient, and arithmetic opera 
tions are commonly considered more efficient if they 
execute faster and/or use less working memory, registers, or 
power. 

0242 Quantization is often employed in the context of 
evaluating some complex expression. When a quantized 
value V is to be derived from a complex sequence of 
computations E, one may use minimum quantization: per 
form the entire sequence E and quantize only the final result 
before assigning it to V; i.e. V=Q(E). An alternative is to 
quantize one of more of computation Es intermediate 
results and continue the computation on the quantized 
results, performing the last quantization on the final result. 
At the opposite extreme from minimum quantization 
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V=Q(E) is maximum quantization: quantizing every inter 
mediate result in the computation of E. We will call any 
non-maximum quantization of E a delayed quantization of E 
or, when quantization is performed through rounding opera 
tions, delayed rounding. 

0243 Computational complexity and working-storage 
requirements will tend to differ among different quantization 
alternatives, as will numeric results. When fewer interme 
diate quantizations are employed, the result tends to be more 
accurate (in expanding quantization, greater accuracy 
implies more-compact encoding) at the expense of greater 
arithmetic complexity and working-storage requirements, 
especially when the quantization is of the streamlined 
format type. So choosing among the alternatives involves 
balancing those factors. We will use notation {E}o or {E}st 
to indicate symbolically any degree of intermediate quanti 
Zation o the enclosed complex expression E, from minimum 
to maximum 

0244. Most commonly used quantization approaches are 
limited-precision quantizations: the number of significant 
digits in the numbers y used to approximate numbers X is 
capped, typically to some value less than the maximum 
number of significant digits in X. The sliding-window 
integer arithmetic described above, for example, employs 
one type of limited-precision quantization. In limited-preci 
sion quantization the significant-digit limit is usually but not 
always imposed on y as expressed in binary, i.e., on the 
number of binary digits. 

0245 Three common variants of limited-precision quan 
tization are rounding up, in which the y value used to 
approximate X is the Smallest y value greater than or equal 
to X: y=x, rounding down, in which the y value used to 
approximate X is the largest y value less than or equal to X: 
y=x, and rounding to the nearest, in which they value used 
to approximate X is they value nearest to X: y = x. Rounding 
up is a special case of expanding quantization. 

0246. Another kind of limited-precision quantization is 
least-digit quantization, in which the least significant digit of 
numbers y in some number base r is restricted to a fixed 
value. The base r may vary with X and may depend on the 
maximum or minimum X in X. A common convention in this 
type of quantization is to set the least significant digit to 0. 

0247 Having now defined what is meant by quantization, 
we are ready to describe how to arrive at the improved 
enumerator from the base enumerator described by Eqs. 
65-68. First, we select a streamlined expanding quantization 
function SFOX) for the number in set X, where X contains at 
least all add-on values required in the quantization opera 
tions set forth below and all the sum values in Eqs. 71 and 
72 below. Then substitute for the base enumerator's N(M) 
values V(M) values as follows: 

at-l (69) 
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or, equivalently, 

where ex0 can differ for different values of tanda, and V(M) 
is given by: 

and 

R- (72) 

V(M) = 3. M; (a):a. V(M_1(a)) re: i = 1, 2, ... W. M. E. A. 
SF 

where ex-0 represents an optional, application specific 
reserved code space that can differ for different values of M, 
and B. 

0248. As was exemplified by the radix and permutation 
coders described above, the dependence on the volume 
V(M) on the point M, simplifies in the high-entropy limit to 
a dependence only on the number i of items: V(M))= 
V(i)=V. In that case, Eqs. 69-72 respectively simplify to: 

Vo E {1 + Co. + e} (73) 

R- (74) 

v- (Moral ve i = 1, 2, ... g=0 SF 

at-l (75) 

I, (a1a2...a.) = 1-1 (a1a2... a-1)+ X (IM-(a)ial V-1 +8) 
g=0 

in at-l (76) 

I,(a1a2...a,)=XX (IM-1(a):al V-1 +8) 
f=l g=0 

CONCLUSION 

0249. By using the present invention’s teachings, encod 
ers can, for all practical purposes, compress to the entropy 
of the source. By using them, I have been able to produce a 
prototype coder whose performance was Superior to what I 
believe is a state-of-the-art arithmetic coder. The compres 
sion improvement in comparison with the arithmetic coder 
varied from only a couple of percent when the input data 
were almost incompressible to nearly 50% for the most 
compressible input data, i.e., for precisely the kind of data on 
which arithmetic coders have demonstrated the strongest 
performance advantage over Huffman coders. In execution 
speed, the prototype showed an even greater advantage over 
the arithmetic coder against which it was tested, running 
from 20% to 1800% faster, with the lowest gains again being 
for nearly incompressible data (which a production version 
would probably pass without encoding, tagging it as 
“uncompressed’). 

0250 Additionally, since encoders that employ the 
present invention's teachings employ an approach that is 
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predominantly combinatorial rather than probabilistic, they 
can compress at a near-entropy level without accumulating 
or maintaining symbol statistics. So they do not suffer, as 
Huffman and arithmetic coders do, from poor adaptability to 
quickly changing Sources, or, more generally, from the large 
compression-ratio drop that results when the coder-assumed 
probability distribution fails to match the source distribu 
tion. Such situations often occur, for instance, when data are 
compressed in very Small chunks such as those encountered 
in the incremental state updates used by video and audio 
codecs. The present invention therefore constitutes a sig 
nificant advance in the art. 

What is claimed is: 
1. In an enumerative encoder, an index-computation cir 

cuit that: 

A) for a plurality of symbol populations (i, k), where k is 
the number of occurrences of a given binary symbols in 
a binary sequence of length i, contains respective 
pre-stored volume values B(i, k) such that B is an 
integer greater than or equal to the sum of every 
indexing Volume associated with a sequence-length-(i- 
1) symbol population that is a predecessor the symbol 
population (i, k) and B(i, k)=2-w, where S is a non 
negative integer, w is a positive integer less than 2'', 
and, for some sequence whose length is less than some 
length n, his the number of binary digits in the Smallest 
quotient that results from evenly dividing the sequence 
count of that symbol population by a positive-integer 
power of 2: 

B) computes an index I(a,a2 . . . a) for an n-symbol 
Symbol sequence (aa . . . a) by computing indexes 
I(a.a. . . . a.) for successive values of t in accordance 
I(a.a. . . . a.)=I(a1a2 ... a-)+b, B(t–1, k), where k, is 
the number of occurrences of the given symbol in aa 
... a, b, equals Zero if a has one of the symbol values, 
b, equals one if a has the other of the symbol values, 
B(t-1, k) is obtained for some values oft by fetching 
the pre-stored value of B(t-1, k), and B(t-1, k) is 
computed in accordance with B(t-1, k)=B(t-2, k)+ 
B(t-2, k-1) for other values oft; and 

C) generates an output from the index thus computed. 
2. A storage medium containing machine instructions 

readable by a computer system to configure it as an entropy 
encoder that: 

A) for a plurality of symbol populations (i, k), where k is 
the number of occurrences of a given binary symbols in 
a binary sequence of length i, contains respective 
pre-stored volume values B(i, k) such that B is an 
integer greater than or equal to the sum of every 
indexing Volume associated with a sequence-length-(i- 
1) symbol population that is a predecessor the symbol 
population (i, k) and B(i, k)=2-w, where S is a non 
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negative integer, w is a positive integer less than 2''. 
and, for some sequence whose length is less than some 
length n, his the number of binary digits in the Smallest 
1I quotient that results from evenly dividing the 
sequence count of that symbol population by a positive 
integer power of 2: 

B) computes an index I(a.a. . . . a) for an n-symbol 
Symbol sequence (aa . . . a) by computing indexes 
I(a.a. . . . a.) for successive values of t in accordance 
I(a,a2 ... a.)=I(a1a2 ... a-)+b, B(t–1, k), where k, is 
the number of occurrences of the given symbol in a a 
... a, b, equals Zero if at has one of the symbol values, 
b, equals one if a has the other of the symbol values, 
B(t-1, k) is obtained for some values oft by fetching 
the pre-stored value of B(t-1, k), and B(t-1, k) is 
computed in accordance with B(t-1, k)=B(t-2, k)+ 
B(t-2, k-1) for other values of t, and 

C) generates from the index thus computed an output that 
represents an entropy code for the n-symbol sequence. 

3. A method of entropy encoding comprising: 
A) for a plurality of symbol populations (i, k), where k is 

the number of occurrences of a given binary symbols in 
a binary sequence of length i, storing in a computer 
system respective pre-stored Volume values B(i, k) 
Such that B is an integer greater than or equal to the Sum 
of every indexing Volume associated with a sequence 
length-(i-1) symbol population that is a predecessor the 
symbol population (i, k) and B(i, k)=2-w, where s is a 
non-negative integer, w is a positive integer less than 
2", and, for some sequence whose length is less than 
Some length n, h is the number of binary digits in the 
Smallest quotient that results from evenly dividing the 
sequence count of that symbol population by a positive 
integer power of 2; and 

B) employ the computer system to: 
i) compute an index I (ala . . . a) for an n-symbol 

Symbol sequence (a1a2 . . . a) by computing indexes 
I(a.a...a) for successive values of t in accordance 
I(a1a2 . . . a)=I(a1a2 . . . a-1)+b, B(t-1, k), where k, 
is the number of occurrences of the given symbol in 
aa... a, b, equals Zero if a has one of the symbol 
values, b, equals one if a has the other of the symbol 
values, B(t-1, k) is obtained for some values oft by 
fetching the pre-stored value of B(t-1, k), and 
B(t-1, k) is computed in accordance with B(t-1, 
k)=B(t-2, k)+B(t-2, k-1) for other values oft; and 

ii) generate from the index thus computed an output 
that represents an entropy code for the n-symbol 
Sequence. 


