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readable media for b-matching using sufticient selection beliet propagation
is disclosed. The belief propagation method, is adapted to use a simplified
compressed message update rule and is suitable for use with distributed pro-
cessing systems. Embodiments for online advertisement/search term match-
ing, product recommendation, dating service and social network matching,
auction buyer/seller matching and resource allocation, among others, are
disclosed.
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B-Matching Using Sufficient Selection Belief Propagation

£ ross Referenee to Related Apnlications

This application claims the benefit of U.S. Provisional Application No. 61/472,(138, filed

on April 5, 2011, which 18 wcorporated herein by reference in ts entirety.

Government Supvort

This invention was made with government support under Grant No. DHE NoaB{-09-C-
(080 awarded by DOD through subcontract from BAE, The government has certain righis in

the invention.

Field
Embodiments of the disclosed subject matter relate generally to matching, and, more
particularly, to methods, systems, computer program products and compuier readable media for

b-maiching using belief propagation.

Background
Computational sysiems and methods are used to facilitate many transactions and

machine functions. Examples inclade network optimization, patiern matching, consumer
recommender engines, homeland security, and others. Many systems employ computational
models called network models or graphs which define links or edges between nodes. The links
and nodes may be used to represent featres of the problem space. Some techniques employ
graphs solved for an optimized set of edges based on constrainis on a respective number of
edges that may connect each node and a respective value associated with the connection.
Matching problems, such as b-matching, have been sclved using technigues such as
linear programming. However, conventional techmigues provide solutions to A~matching
problems that are too slow and/or less than optimal. There exists 3 perennial need for new
applications, speed improvements, reliability, and other advantages for such systoms and

methods.

Summary

Embodiments of the disclosed subject matter relate generally to systems, methods,
programs, compuier readable media, and devices that benefit from the optimization of links
between things, for example, those that optimize computer transactions, provide certain types of
machine intelligence, such as, patiern recognition, make and optimize recommendations io

facilitate and others.
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The disclosed embodiments can employ d-matching using belief propagation techniques

that reduce memory cost and running time. The subject watter includes distributed or parallel
processing embodiments,

In some embodiments, a recommender makes certain iransactions availablde responsively
to optimized matches between goods or services and machine representations of people or other
entities. Often these kinds of matching problems present an opportunity to optimize some global
good, such as revenue for a seller, likelihood of s reconmuended product or service to be well-
received by a consumer, or oplimal selection and placement of advertising messages on search
result pages, web content pages or adjacent internet ruedia. Such av optirmzed matching can be
handled using various methods, one of which is solving a matching problem by estimating or
inferring a subgraph that represents an optimal or desirable level of the global good, whatever
that may be for a particular application.

Obijects and advantages of embodiments of the disclosed subject matter will become
apparent from the following description when considered in conjunction with the accompanying

drawings,

Brief Descrintion Of The Drawings

Brubodiments will hereinafier be described in detat] below with reference to the
accompanying drawings, wherein like reference numerals represent like elements. The
accompanying drawings have not necessarily been drawn to scale. Where applicable, some
features may not he iHustrated 1o assist in the description of onderlying features.

Fig. 1A is a chart of a method for matching using degree distribution information
aceording o some embodiments of the disclosed subject matier.

Fig. 1B is a chart of a method for bemaiching using sufficient selection belief propagation
according o some embodimenis of the disclosed subject matter.

Fig. 2 is a schematic diagram of a matching problem represented as a bipartite graph
showing unmatched cloments.

Fig. 3A is a schematic diagram of 2 matching problem represented as a bipartite graph
showing matched elements, unmaiched elements and a weight matrix, according to some
embodiments of the disclosed subject matter,

Fig 38 is a diagram of an arrangement for distributed processing for performing
matching using degree distribution Information according to some embodiments of the disclosed
subject matter.

Fig. 4 is a schematic diagram of & weight matrix according o some embodiments of the

disclosed subject matter,
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Fig. 5 is a schematic diagram of degree distribution information according to some
embodiments of the disclosed subject matter.

Fig. 6 is a chart of a method for generating an expanded wetght matrix according to some
ermbodiments of the disclosed subject matter,

Fig. 7A 1s a diagram showing expanded weight matuix coefficients generated according to
some embodiments of the disclosed subject matter,

Fig. 7B is a schematic diagram showing an expanded weighi matrix generated according
to some embodiments of the disclosed subject matter.

Fig. 8 is a schematic diagram showing an expanded weight matrix after b-matching and
conversion to hnary values generated according to some embodiments of the disclosed subject
matier,

Fig. 9 is a schematic diagram of 8 matching resuit obtained by truncating the binary
expanded weight matrix shown in Fig. 8, according fo some embodiments of the disclosed
subiect matter,

Fig. 10 ts a schematic diagram of node degrees of the matching result shown in Fig. 9,
according to some embodiments of the disclosed subject matter,

Fig. 11 is a diagram of a system for matching a first class of things to 8 second class of
things using degree distribution information according to some embodiments of the disclosed
subject matter.

Fig. 12 15 a block diagram of a system for matching using degree distribution including
paraliel processors according to some embodiments of the disclosed subject matier,

Fig. 13 is a block diagram of a system for matching advertisers with search termus using
degree distribotion information and behief propagation according to some embodiments of the
disclosed subject maiter.

Fig. 14 1s a block diagram of a system for maiching dating service members using degree
distribution and belief propagation according to some embodiments of the disclosed subject
matter.

Fig. 15 1s g diagram of a systom for matching sellers and buvers in an auction using
degree distribution and belief propagation according to some embodiments of the disclosed
subiect matier.

Fig. 16 is a diagram of a plurality of degree distribution matching / belief propagation
processors implemented in hardware according to some embodiments of the disclosed subject

matter.
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Petatled Deseription

Deriving an optunized graph structure given partial information about nodes and/or
edges may be used as a computational framework for machine intelligence engines such as used
for matching advertisements to consumers, allocating limited offers or recommendations in
search engine result pages, machine learning, matching of buyers and sellers in an auction
systern, yuatching users of social networks, and many other problems. Many of these systems
and methods involve the optimizing of a subgraph from an original graph data structure.

Technigques have been developed for finding subgraphs frony an original graph.
However, conventional technigues may employ assumptions or compromises that fail o find
giobal optima. More precise technigues suffer from execution times that are commuercially
unfeasible or undesirable for certain applications that may require relatively fast solution times.

Graph estimation can be used to match graph nodes of the same type with cach other
{e.z., unipartite graphs} or match nodes of a first type or class with nodes of a second type or
class {e.g., bipartite graphs) with each other, and in other types of graphs. One type of matching
is h-matching, where & represents the desired degree value for a result. Degree represents the
number of connections or neighbors between nodes. The & value for matching can be a constant
value and the same for all nodes. Alternatively, each node can have an independent 5 value that
can be the same or different from that of the other nodes. Also, instead of being a constant
value, the & value can be described as a distribution over a range of values. Problem tvpes that
include distributions of 5-values {or degrees of connectedness between nodes) are known as
degree distribution problems.

Examples of degree distribution problems inchude auctions where each buyer and seller
may select an independent number {or capacity) of corresponding buyers/sellers or may have a
range of capacities they can handle but which may incur different costs. Also a degree
distribution problem can arise for cases in which the capacity changes over time, such as when g
desired number of possible connections changes according to a quota which varies dynamically.
Conventional approaches to solving d-matching problems may not be effective for solving
degree distribution problems.

In general, many types of real-world problems can be represented as a graph for purposes
of finding a sclution to the problem using a computer programmed to solve a specific type of
graph matching problem representing the real-world problem. The graph can include nodes that
can be potentially connected via edges. Each edge in the graph can have a weight value
representing a quaniity such as cost, profit, compatibility, or the like. A solution to the problem
can be represented as a subgraph of the original graph, the solution subgraph can be considered
optimal if the subgraph maximizes the weight values.

4
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For example, the problem of providing waiches between online dating service users can
be represented in a machine storing a repreosentation of a bipartite graph (G composed of a first
group of nodes (v} representing males and a second group of nodes {(u) representing fomales.
Edges {¢) in the graph can represent a potential maich between two members {or nodes). A
weight matrix can wneclude weight values (W) for each edge representing a compatibility measure
between the pair of male and female user nodes connecied by the edge.

An optimal solution to the online dating graph problem may be represented as a
subgraph having edges connecting cach member {o those opposite ruembers that are determined
to be the most likely matches such that the subgraph produces 2 maximum or pear-naximum
compatibility value. The edge weight values for the online dating service problem can be
compatibility index values that represent compatibility values for the respective edges {(or
connections) between respective members on the graph. The compatibility index value can be
computed by any suitable process or system, for example, collaborative filtering, matching of
profiles based on similarity or more complex rules, ete.

fa addition to the online dating matching problem having an original graph representing
the dating service members and a weight matrix containing compatibility index values for
matches between users, there can alse be a degree distribution () for each member, The degree
distribution indicates the degree {or mumber of connections) preference of & node,

For example, in the dating service example, a degree distribution can represent the
number of matches that a user has paid to receive, the number of matches that a user expects to
be able to adequately cvaluate within a certain time period, or the like. Generally speaking, the
degree distribution for a node represents the degree preference for the node and can be used to
encourage a graph solution for that node to have a desired number of connections, while
numerically discouraging or penalizing undesired numbers of connections. Each node can have
its own degree distribution.

A graph representing a matching problem including degree distributions can be
transformed into an expanded graph {G)) and expanded weight matrix solvable using b-
matching with fixed degrees to arrive at a soluiion that takes into account the degree
distributions of the original problem. The expanded graph includes the original graph nodes as
well as additiona] dommy nodes () and the expanded weight matrix includes the original
weight values as well as additional weight values (o) determined based on the degree
distribution values and that correspond to the edges {(£,) between original nodes and durnmy
nodes, By oreating an expanded graph and weight matrix, the degree distribution values are
incorporated into the weight matrix so that a 5-matching solution of the expanded graph will
reflect the degree distribution values for cach node.

5
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Returning to the online dating problem, sach dating service yuember can have an
associated degree distribution that represents a desired number of matches. An expanded graph
i3 created using the original graph and domoay nodes. An expanded weight matrix is created
using the original weight matrix and weight values for the dummy nodes that are determined
using the degree distribution values.

Then, b-muatching i3 performed 1o solve for @ maximum weight subgraph of the expanded
graph and weight matnin. The s-matching can be performed using a maxinmm likelihood
estimation or a loopy belief propagation as described in greater detail below. A portion of the
selution graph {o the expanded graph is extracted and represents the solution to the original
graph with degree distributions being constdered in the solution,

Maxinmm weight A-maiching is a combinatorial optimization which bas natural
appheation in optimization of resource-allocation problems as well as network construction.
While A-matching outputs a graph constrained 1o predetermined node degrees, a degree-based
matching oulpuis g graph by optimizing real-valued degres-preference scores associated with
each node. The degree-based matching problem i< thos interpretable as maximum likelihood
inference of graph structure given potential factors dependent on edges as well as node-degress.

Finding a maximuom weight subgraph 18 a useful problem in classical applications such as
resource allocation, where costs may be associated with increasing node degrees that offset
rewards for inereased edge connectivity. In such allocation problems, nodes correspond 1o boih
resource producers and counsomers while edges may correspond to assigniments between the
producers and consumers. Physical or economic restrictions may Himit or penalize producers
who are assigned (oo wany or too fow consumers, and vice versy, leading to a natural
application of degree-hased subgraph estimation. Formudations for these problems, uch as the
finear assignment problem, allow hard-constraints on degrees, and the methods described herein
generalize these formulations to allow penalized degrees, or soft-constraints,

To solve the maximum weight b-matching, a beliefl propagation-based algorithon can be
used. Beliet propagation is an approximate inference technigue for Markoy randors feld (MRBF)
representations of probability distributions. A Markov random field describes a probability
distribution funchon as a product of faciors over groups of dependent random variables, where
gach non-overlapping pair of groups is considered Markov independent, or is independent given
the states of all other groups. This technigue can use a pairwise MRF, in which all groups are of
at most two random variables. Belief propagation assigns heliefs for cach group and passes
messages between the groups (o resolve inconsistencies. The two main variants of belief

propagation are the siwm-product algorithen and the max-product algorithm,
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The sum-product algorithm aims to compute the margingd probabifities of each variable
group, which are the total joint ikelihoods of each variable state. In contrast, the max-product
algorithim atms to compute the max-marginals of each group, which are the maxinium possible
joint ikelihoods given each state of the group's variables.

An alternate probabilistic framework to Markov rasdom fields s the factor graph model,
i which probability disiributions are expressed as a bipartite graph between varniable nodes and
factor nodes. The factor graph gives another derivation and interpretation of belief propagation
for maxirnwn weight S-matching, however the final implementation remains the same. The
factor graph formulation has been used to implement affinity propagation algorithms where
reasomng with high-order factor potentials allows for simplification of the message passing.

Belief propagation can be used on cyclic graphical models in practice, despite the fact
that neither convergence nor correciness of the resulting marginals s guaranteed in general.
Theoretical guarantees on the performance of belief propagation on certain classes of loopy
graphical models are thus important. In a graphical model with a single loop, max-product
belief propagation converges and vields the true solution. Max-product convergeson a
graphical model representing bipartite maximum weight matching 0 g bounded number of
terations. A similar analysis can be extended io bipartite b-matching. In any matching graph,
tightness of the lincar programming {LF) relaxation is a necessary and sufficient condition for
guaranteed convergence of max-product. While combinatorial algorithms such as balanced
network flow solve maximum weight S-maiching, the belief propagation approaches provide
hightweight algorithms with sirople update formulas and natural parallelization schemes,

Belief propagation has been shown in some cases to have theoretically optimal running
timne. Belief propagation has a constant iteration cowt for convergence on bipartite 1-matching
on graphs where the edge costs are drawn independently and wdentically distribuied (1.1.4.) from
a light-tailed distribution. Under a light-tailed distribution, large weights are unlikely, allowing
that for any error threshold 220, there exists a number of iterations his) and graph size N{e} such
that afier hie) iterations of belief propagation, the fraction of suboptirnal assignments is less than
e. For graphs of size greater than N{g}, the number of iterations to the convergence threshold
thus does not depend on N, Since each iteration costs OV}, the total expected cost of solving
hipartite L-maiching is O(N'} quadratic.

Faster standard max-product updates are possible by explotiing repeated potentials,
which can be sorted in advance of message updates. Fach message update, which invelves a
maximization over potential sums, can use the sorted orders such that the expected running time

of each update for variables with N settings is OfVN). This speedup is particularly useful when
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variables have many possible settings or factors are high-order, which s the case o the
generalized matching function.

In the bipartite case, the maximum weight maitching problem is also known as the
assignment problem. Classical approaches to finding the maxinum weight bipartite matching
include the augmenting path algorithim, the Hupganan algorithun, and mintmun-cost maximum
flow approaches.

Yarious advances op fast selvers for maximum weight matching have been proposed.
For graphs restricted to nonnegative integer weights, the bipartite maximum weight 1-matching
problem was shown to be solvable in V1V £llogd V) time. An OV randomized
algorithm for integer weights which succeeds with high probability has also been known.
Subsequently, a (1-¢) approximation algorithm for nonbipartite maximum weight matching with
real weights runs in O(|E|e”” log® |V]) time.

The maximom weight perfect b-matching problem s a generalization of maximum
weight matching in which the sobver is given 3 weighted graph and a set of target degrees, and
must output the maximun weight induced subgraph such that each node has its target nomber of
neighbors.

A bipartite dense maximum weight perfect b-matching problem is, given a dense,
bipartite graph, in which all pairs of points that cross bipartitions have candidate edges and a
target degree for each node, to find the maximum weight induced subgraph such that the nodes
in the subgraph have their target degrees.

Generally, the maximum weight perfect b-matching problem is solvable in O(|V ||E|)
timne with min-cost How methods. In problems with dense graphs, the ronning time for b-
matching solvers is OV, where N = [V |.

Ihsclosed embediments describe improved algorithms for weighted b-matching that
significantly reduce the memory cost and the ronning time for solving S-uaiching. Specifically,
in problems where the edge weights are determined by a funclion of node descriptors, the space
requirement is reduced to O(N) and the running time can be reduced to O(V} in some cases
{but no worse than previous algorithims in adversarial cases). Both improvements are on each
iteration of belief pm‘;ﬁmgati(}n? and the resuliing algorithm computes the original belief updates
exactly, so any previous analysis of the number of iterations necessary for CONVETZENCY TENAUNS
intact. The memory boitleneck 18 reduced by unrolling one level of recursion in the belief
updates such that the explicit belief need not be stored, and the running time improvement is
achieved by a variant of the algorithm, in which speedups are available by decomposing 2

maximization procedure into the maximization of two components,
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The foltowing paragraphs describe various specific embodiments of technigues matching

using degroe distribution with improved algorithms that reduce memory costs and the runuing
fime for selving A-matching. These techniques may be used as a basis for a variety of devices,
systems, and methods.

Fig, 1As a chart of 2 method for matching using degree distribution information
according to some embodiments of the disclosed subject matter. In particular, in method 100
processing begins at 102 and continues to 104,

At 104, an input graph data strocture and corresponding weight data are obtained. The
input graph data structure can be a unipariite, bipartite, or other type of graph data structure.

The graph data structure can be any type of graph data strocture suttable {or use with generalized
matching using belief propagation, such as a bipartite graph data structure. Other examples of
graph data structures are described below with respect to other embodimends.

The graph data structure can contain one or more nodes of the same or different type.
For example, the graph data structure can inchude supplier nodes and customer nodes, where
cach supplier node can be connected to one or more custormer nodes, and vice versa. The graph
node data structure elements can correspond to physical eptities such as suppliers, customers,
goads and/or services. In addition, the nodes can correspond to other entifies as described below
with respect to other embodiments,

The weight data represents a weight {or a profit, cost, or other measure) of an odge
between two nodes in the graph data. The jnput graph data structure can have a weight matnx 4
such that the weight of an edge (i, v} is 4 The weight matrix represents a profit value {profit
moatrix) or a cost valoe {cost matrix) for cach edge between two nodes of the graph data
structure. In the case of a profit matrix, the matching process typically inclades a function to
enhance and/or maximize profit. And in the case of a cost mairix, the matching mrocess
typically includes g function to reduce and/or miniroize cost. The valoes in the profit matyix can
be negative, zerg, positive or a combination of these values.

An exemplary profit matrix may be represented by a data structure having g record
corresponding to each node. The record for each node can include a list of adjacent nodes and a
profit value for each of the adjacent nodes. The items of data in the profit matrix can represent
physical entities or values such as actual supplier capacity, actual customer demand, monetary
amounts of bidding or asking prices, monetary amounts of profit, distances, monetary costs,
and/or the like. A portion of the profit matrix can be selected and provided to each node. The
selected portion can reprosent only the profit matrix record corresponding to cach respective
node. By providing only a portion of the profit matrix to each node, data storage and transfer

requirements can be reduced.
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At 106, degree distribution information is obtained. The degree distribution information

includes degree distribution information for each node in the input graph data structore, T he
degree distribution inforroation can include prior distribution over node degrees, degree
information inferved from statistical sampling properties, degree distributions leamed
empirically from dats, given degree probabilities, or the like. The degree distribution for each
node can be specified by a term wy,

At 108, a new graph data structure is generated that includes dummniy nodes in addition 1o
the nodes of the input graph data stracture. There are an additions! number of dummy nodes
equal to each set of nodes in the input graph. An expanded weight matrix is generated using the
input weight matrix as the weight values for the input nodes in the expanded weight matrix and
degree distribution information is used to determine a weight value for edges between input

nodes and dummy nodes, according to the following formula:

..... N R R
LAY T

ey
Processing continues to TO
At 110, s maximur weight A-matching operation is performed on the expanded graph
data structure and weight matrix. Depending on the structure of the input graph data, a
maximum likelihood estimation method or a belief propagation method can be used {o determine
the maximum weight -matching. During the maxiroum weight b-matching, b is set to the size
of a dimension of the original weight matrix {e.g., if the original weight mauix isanaxn

matrix, then b=n). The b-matching is generally characterized by a function M (u,} ot M(y ).

Function M returns the set of neighbor vertices {or nodes) of the input vertex {or node) in the b-

matching. In general, the b-matching objective function can be wrilten as:

WM =
max, 3 S 4.3 T 4, o
i=l e (uy 7=l s m (o
st | M (u)| =&,Yie{l,...n}
M (v,))| =5b,¥je {1,... 0}

if variables x, € X and v, &Y for cach vertex are defined such that x, = M{x} and y, = M{y)}

. the following potential functions can be defined:

$(x)=exp(y d,), #(r,)=exp(} 4,)

vjex; uiey
and cligue function:
w{x,y,)=-{v,e x, @ u &y} {33

10



WO 2012/138855 PCT/US2012/032318
Using the potentials and clique function, the weighted & -matching objective as a probability

distribution p{X, Y} o exp{¥ (M)} can be expressed as follows:
P Y) = —F] Tl v eov oI sxgn @
(=1 =1 [

The probability function (4} above can be maximized using a max-product algorithm. The max-
sroduct algorithim iteratively passes messages between dependent variables and stores beliets,
which are estimates of max-marginals. Conventionally, messages are represented by vectors

over setiings of the variables. The following are the update equations from x; to v,

i o
m ()= max| gy Gy D[] m, ()
i k#j
) (5)
b(x) = —¢(x)]] m, (x)
z p (6)

Direct helief propagation on larger graphs using the above equations converges, but may not be
suitable due to the number of possible settings for each variable.

In order to quickly solve a -matching problem using belief propagation, while still
maintaining algorithm guarantees, several improvements over conventional direct belief
propagation are needed. These improvements are described in detail below and woclude
generating a simplified update rule, simplifving the messages by worolling recursion, and
updating messages using sufficient selection.

The framework of solving &-matching problem is as follows: (1} expressing the b-
matching problem; {2) performing maxtmum likelithood estimation or belief propagation to
compute the max-product message update; (3) simplifving messages; and (4) updating messages
using sufficient selection.

{1} Expressing The b-Matching Problem

{2} Maximum weight maiching

The general framework of a classical problem of maxinnun weight maiching ist given a
weighted, undirected graph =V, £, w/, where E isasctofnode pairs (i, V€ E s, v €V, and
wieh=R is a function that maps edges to their weights, a matching-like problem is solved by
finding the spanning subgraph or factor of G that has maximum weight subject to constraints on
the degrees of nodes in &. A spanning subgraph § = {V, g w} is a graph that shares the same
node-set ¥ with G but whose edge-set £ € £ is a subset of the original edge-set E. Thus, each
probiem is an optimization of the form:

E = argmaxg,cg Ziwem WL VIS L CE), {N

11
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where C is a set of requirements dependent oun the degrees. In the standard maximum-weight
matching problem, the degree requirements are that each degree is ne more than one, or in the
maximum-weight perfect matching problem, the requirements are that each degree 1s exactly
one.

Generalized matching extends maxirmurn weight matching to allow degrees other than
one. In b-matching problems, the maximum and target degrees are defined by a set of non-
negative integers b, for each v € V, such that in the maximum-weight b-matching problem,
each node v must have degree no more than b, and in the maximum-weight perfect b~matching
problem, each node v must have exactly degree b,,.

A further generalization of b-matching is degree constrained subgraph (DCS), in which
gach node's degree is subject to a lower and upper bound. Thus, degree constrained subgraph
subsumes perfect and non-perfect b-matching, e.g., the perfect b-matching problem can be
represented by setting the lower and upper bounds to be equal. DCS also generalizes the b-cover
problem, which finds graphs where nodes have at least b adjacent edges. Table 1 lists the

constrainis for each of these generalized matching probleras.

Problem | Standard constraints Perfect constrainis

matching deg{v, E'y < 1, Vv EV deg{v, BNy =1, e eV
b- deg(v, E) < b, o VveEy deg(v, BN = by, Yy eV
matching ‘ _

B-cover deg(v, &) = by, Yo eV deg(v, £ = by, Yo eV
nes b, <deg(v,EY< b, VYvev

Tabie 1: Constraints for maximum-weight generalized matching problems. Each

problem is solved by maximizing the total weights of active edges subject to the constraints
listed above. The function deg(v, E') is the degree of node v in edge-set E, i.e., the number of
edges adjacent to v,

(b} Degree-based matching

A larger class of problems is the maximum-weight degree-based spanning subgraph
problem, or degree-based maiching, where the set of feasible spanning subgraphs is
gnconstrained, but instead penalized according to functions of node degrees. The problem class
is so named bhecause these functions are interpretable as degree-based potentials ina
prohabilistic interpretation of the maximum weight spanning subgraph problem. Degree-based

maiching problems are of the formu

N

E = argmaXp.cp E(_u,v)eﬂr w{w, V) + Zpey Y (deg(v, E')). {8}
The function deg{v, F} indicates the number of neighbors for node v in edge set £ This
class of problems contains all feasible DCS problems, since any DCS problem can be solved by

defining appropriate i degree functions that return zero for all feasible degrees and negative

12



WO 2012/138855 PCT/US2012/032318
infinity for all infeasible degrees. However, even though DCS is subsumed by degree-based

matching, for concave degree functions y, degree-based matching is no harder than DCS.

In instances where the degree preference functions ¥ are concave, a procedure reduces
degree-based matching to b-matching on an augmented graph. Since the ¥ functions need only
be defined at valid degree inputs, a concave ¥ function can be detined as a function satisfyving :

(Y~ {d—-1D 2 {d+ U ~,(d), vdeNI<d<n{yy—~1 (9
where n{ v} is the original degree degiw, £). Le., for increasing valid inputs, the change in value
of a concave function decreases.

The procedure for solving degree-based matching Hrst sugments the original graph with
auxiliary nodes, where edges between original nodes and awxiliary nodes are set such that their
total weights are equivalent to the ¥ degree functions, Then i solves a maximom weight b-
matching problem on the augmented graph.

The optimization algorithm for degree-based matching is as follows:
1. Input weighted graph & = {V, £, w}, degree preferences {,iv € V}, and maximum weight b-

matching solver

]

. Create auxiliary nodes V = {8, ..., 8, Waug & W Egye & Ev EV d from 1 ion(v)
3. Equg Eaug U (v, Py}
s Wy (¥, Pg) e Y {d — 1) — ()

. Gaug - {Vuv, Eaug: Waug}

e

Ay

6. By - brmatehing (G g

3

E e {uvliuv) €y, Auvev) E
The augmented graph (., contains a copy of the original graph & as well as a set Vof
additional auxiliary nodes. An auxiliary node is created for each possible nonzere degree in the
graph, which for node v is all integers in the range [1, n{v}]. The augmented graph thus contains
at most V] — 1 auxiliary nodes. Each original node v € V is connected to auxiliary nodes
(P11 £ d £ n{v}} in augmented graph &, ,. This construction creates graph fgy g =
Voug: Eaug Waug ), Where:

Vo (B By d Yoy =V UV By = EU{(n 8l S d S nfw),v € V1. (10)
The original edge weights in G, retain their original values, Le, foru € Vand v € V,
Woe e (1, V) = w{n, v}, and the weight between original node v and auxiliary node 9y € V for
1=d <nfv)is

Waug (v, g} = o, (d — 1} — 1,(d) {11}
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i.e., the weight of the d'th auxiliary edge is the change 1o preference from degree d — 1 1o

degree d. Consequently, while the ¥, functions have oulpuis for 1, {0}, there are no auxiliary
nodes labeled ¥y associated with that setting (the value 1,{0) i3 used to define the weight of
edge (v, ¥, ). The weights wy,, . (v, ¥ are monotonically non-decreasing with respect to the
index d due to the concavity of the ¢, functions. This is seen by substituting the suxiliary

weight formula from Equation {10} for the concavity definition from Equation (9,

Yo (d) = goid - 1) 2 g, {d + 1) — 4, {d) {12}
~Wayg (U, Ug) 2 —Wayg (¥ Piun) {13
Waug(vvs Pyl = Waug(?jf Faitk {14}

‘This non-decreasing quality is important to the correctness of the reduction to b-
matching. The optimization over edges in Gy, , emulates the optimization over edges in &
according to Equation (8). The degree constraints in the augmented problern reguire cach
{original} nede v o have exactly n{v) neighbors (including any connected auxiliary nodes) and
auxiliary nodes have no degree constratnts, The augmented problem i3

s

Boug = Qrgmaxe, e, Liuicty, Waug (Wb VIS L.deg(v, £y, = n{v), vv € V.(15)

The quantity n{v} in BEguation (10} is the count of neighbors in the original graph. Inthe
augmented objective, the solver is free to choose any graph structure in the original graph, but is
required to maximally select auxiliary edges using iis remaindng tfree edges for each node. As the
degree of a node with respect to its original neighbors changes, it awxiliary degree must change
accordingly. Setting the auxiliary edge weights as described above makes that change equivalent
o that of the original degree preference funclions.

For example, given graph & = {V. E,w}, where w(i, v} = R foreachedge (u, v} € £,
and concave degree preference functions ¥,{d) ~ R for cach node v € V|, for any subset of
edges £/ € &

E(u,v}e:‘f: w{i, ©) + Luev do{deg(v, £ N + 8 =

max PR 5 wi {1, 135, 8. deg(v, Egyy ) = Nl Vv &V, {16}

Faug NE=E 855 SEuug
where 8 is a fixed constant independent of &

“onsider the edges £4,," 1 E. The weights of possible edges in this intersection are the
original weights from function w, and the restriction that B, 0 F = ' means these edge sets
are identical and therefore the total weights of w and w; over these edges are equal. What
remains is to confirm that the total of the ¥ degree preference values agree with the weights of
the remaining edges in £, o W&, which are edges between original nodes and auxiliary nodes.

The augmented probloem's degres constraints require each original node in G, 4 to have degree

14
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equal to the original neighborhood size n{v). By construction, each node v has Zn(v} available

edges from which to choose: n{v) edges from the original graph and n{v) edges to auxiliary
nodes. Moreover, if v selects d original edges, it must maximally select n(v) — d auxiliary
edges. Since the auxiliary edges are constructed such that their weights are mln—decreasing, the
maximum n{v) — d auxiliary edges connect to the last n{v) — d auxiliary nodes, namely
auxtliary nodes ¥4, through ¥y, For this to hold, the change ina ), preference function
value should equal the change in the maximum weight auxiliary edge choice. Formally, the
change in weight when node v changes its degree from d to o’ is:

S e w(o,B) = S10 L w8 = P, (d) — (). (17
Terms in the summations cancel to show this equivalence. After substituting the definition of
w{v,;, ¥y from Equation {11}, the desired equality is revealed with some simple algebra,
providing:

S e o = D = 0,00 — iy Wl = D =%, () (18)

= SO () = B () = 2000 el + T ¥ 01

= 1, (d) — 1, ().

This means the original objective value for Equation (&) and the weight of the augmented
graph change by the same value for different spanning subgraphs of &. Hence, the original
ohjective and the total edge weight of the augmented subgraph differ only by a constant.

The total edge weight of the maximum weight subgraph E’wg of augmented graph oy,
subject to original nodes having degrees equal to their original neighborhood sizes, differs from
the original ohiective value, which is the total edge weight plus degree preference functions iy,
by a fixed additive constant. Abstracting a b-matching solver, the algorithm for maximizing

objective function (7} is summarized in Table 2.

-~ {Oniginal weight matrix] [Degree preferences]
[Augmented weight matrix] [Augmented b-matching]
[Solution] ' [Solution degrees]

Table 2: Example of mapping a degree dependem problem to a hard-counstratned H~matching.
From left to right, top to bottom: the original weight matrix 1, original degree preferences 1,
both of which are used to construct the augmented weight matrix 1, which is pruned to an
augmented b-matching 1. From the augmented b-matching output, the solution 1 is obtained by
truncating the auxiliary nodes. The resulting degrees of the nodes 1 correlate with the original
degree preferences.

(¢} K-nearest neighbors, directed and undirected b-matching and degree-constrained

subgraph, and £-neighborhood thresholding
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The class of probloms representable with concave degree preference functions includes
k-nearest neighbors, directed and undirected b-matching and degree-constrained subgraph, and
g-neighborhond thresholding, It is usetul to consider how to model directed degree constraints in
the problem setting, which is formulated for undivected graphs. Directed problems are
represented by duplicating the graph into two hipartitions, each contaiming copies of the original
nodes, One partition represents the out-edges and the other partition represents the in-edges.

The k-nearest neighbor subgraph problem finds, for ach node, U5 & nearest neighbors
according to some affinity values, which often are computed from a distance nmetric. The k-
nearest neighbor problem differs from S-matching in that L-nearest neighbor graphs are
directed. Each node greedily connects to its & closest nodes, regardless of how many
connections that neighbor already has. Using the duplicated-node construction, the k-nearest
neighbors degree constraints are representable by concave preforence functions which retum
zero for in-degree & on all nodes and negative-intinity for every other degree. All out-degree
preferences are uniform at zero, and the weights of the edges are setf to node similarity {or
negative distance}. Thus, the degree preference functions require in-degres of & but have no
influence over cut-degree.

Stmilar degree funciions easily encode b-matching in torms of concave preference
funciions, For example, perfect b-matching constraints are encoded with degree preference
functions that again ouipul zero at each node’s reguired degree b, and negative infinity for all
other degrees. More generally, degree-constrained subgraph i€ encoded by having o functions
ouiput zero for the range of allowed degrees and negative infinity otherwise.

Finally, e-neighborhood thresholding, i which nodes are connected to all neighbors
within distance g, is enceded by a linear penally on all nodes’ degrees. Setting cach ¥, function
for all nodes to ,(d) = —ad, the maxionmn subgraph inchudes any edge with weight greater
than £, This is because the change to the objective value when an edge is added is the weight of
the edge plus a single penalty £ for increasing the degree by one. Therefors, any edges whose
weight is greater than the penalty will add to the objective and will be active at the maximum.

{2} Performing b-Matching Using Maximuom Likelihood Estimation or Belief

Propagation

{a} Pegree-based matching as maximum likelihood estimation

The degres-based matching objective may be interpreted as a probability distribution
over graph structures by exponentiating the objective funetion, The resulting log-probabnlity
distribation s
l0gPr(E") = Tumes: WL 7) + sy Yo(deg(v, £ — logZ(w, 1), (19)

16



WO 2012/138855 PCT/US2012/032318

where the partition function Z is:

Z(w, ) = 3 GXD{E(W)&E: wiig, v} + Yoer Wp{deg(y, E’)E} (20}

Computation of this partition function is #P-complete, and thus marginal inference 1s
intractable. In the case that the degree preferences are given but the weights are determined by
some observed data X, then the probability may be interpreted as a maximum a posteriori
(MAFP) estimation. If the observed data associated with each edge is conditionally independent
given the presence or non-presence of the edge, the weight is equivalent to the gain in log-
fikelihood as the edge variable is changed from not present o present:

Pr{Xi{{u el
PriXi(uvidEny

wi, v) = log (21}
Thus, the total likelihood of data X is proportional to the exponentiated weight of all

included edges:

Pr{X{E"Y ot exp(Tumes W v} ). (22
In this seiting, the degree preferences act as a prior probability over edge structures:
Pr{E") « exp(Tpev Wy (deg{v, D). {23)

Combining the data likelihood and the edge prior, the resulting optimization is equivalent
to the standard MAP inference formulation:

E = argmaxg PrIX1ENPr{E). (24)

Using these interprefations may guide model selection in practice. For example, deciding
what function to use to determine the weight between nodes may benefit from the log-likelihood
ratio interpretation. Treating the optimization as a MAP inference allows the choice of degree
priors to filter the observed data from unlikely measurements.

The optimization problem referred to here as degree-based matching 1s a general form of
degree-based subgraph estimation. The efficient solver described above reduces the problem to a
maximum weight S~-matching on an augmented graph. Given the reduction, any polyoomial-time
b-matching solver will find the solution.

{b} Fast belief propagation for maximum weight b-matching

The structure of the maximum weight S-matching problem lends itself to a natural
representation as a Markov random field, in which random variables represent the matching
assignments and functions of these random variables represent both the constraints and the
weights. Representing the problem as a probabilistic system means probabilistic inforence
techinigues that recover the most likely setting of the random variables also solve maximum
weight b-matching,

s The max-product algorithim
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In a pairwise Markov random field over variables {xy, ..., x,,}, the log-probability of any

state is:

logPr{Xy = X @;(x;} + 3y Wiyl 2} — logd (B, ¥), (25
where Z {5, W) is the normalizing partition function. The standard max-product update rules
maintain a message vector 1y from each variable X; to variable x;

() = max{®; () + Wy O 0) + Ty i - () {26}

which combines incoming messages from all nodes except the message receiver with its own
local potentials to form outgoing messages. Given all incoming messages, the belief at iteration
¢ for variable state x; combines all incoming messages with the local potential:
BHx;y = @(x) + % miT (%), (27
¢+ Max-product for b-matching
It a node-based representation of b-matching, the b-matching is represented by vanables
fx,iv € V1, the values of which represent the neighbors of v in the b-matching E. Let function §

convert a node variable to its encoded neighbor-set, e.g., 5{(xy, ) = {¥77, Vg}. Since node v must

have degree by, x, has n(v)b possible settings, each representing a possible set of by, neighbors,

1
Since likelthoods of independent events are multiplicative, the additive weights of 2 maximum
weight b-matching problem are represented as log-potentials:
B, () = Zv&sS[xu) w7} (28}

These weight potentials are tied together by pairwise b-matching compatibility functions,
which ensure the agreement between all nodes' variable states.

¢ if both nodes connect{v € S{x, N A € S{x,))
W {0, %) = { B if neither node connects (v & SCo, ) A (w0 & 50} (29}
- otherwise {x, and x, disagree)

Using the defined potential functions © and the pairwise compatibility functions ¥, the
maximum weight b-matching objective is equivalent to finding the most likely state of variable
set {x, Ju € V1 for unnormalized log-likelihood:

Xuﬁv qu (xu.) + Eu,veif qjuv(xw “{r\‘ (30}

The standard max-product algorithm iteratively passes messages vectors between
variables and computes beliefs, which are estimates of max-marginals. The standard update
equations for beliefs B and messages m, (x,) from variable x,, to x,, are:

??lfw {x,) = Hi&‘i{@u(¥u) W (X Xy ) + EaEV\v ?ngzﬁz.l (xu}}ag%xu) =y {x, )+

Euev .mgal (xu)f (3 1 )
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T alleviate some notational clutter, define the message from a node to itself as a vector of all

7RIS,

fn general, a cyclic graphical model like the one described above suffers from two
possible problems: the messages may never Converge, and they may converge to a state that 18
not the global eptimum. A theorem that gnarantees neither of these will ooour in bipartite graphs
and that the algorithm will converge to the frue optimurs in a bounded number of itorations is
presenied below. The convergence guarantee is then extended to apply toward maximum weight
h-naichings on non-bipattite graphs whose LP relaxations are tight.

The bipartitc convergence guaraniee requires two preconditions: first, that the edge
weights are bounded, and, second, that the optimum is nmgue. Let weight function w be
overloaded such that, given an input edge set, it cutputs the sum of edge weights, wiF} =
S er wig). For input graph 6 = [V, E, w, b}, let M(G) be the sat of edge sels corresponding to
valid B-matching solutions. The analysis considers the belisf state of a particular node after
sormne iteration of belief propagation.

The max-product belief of a node in g loopy graphical model sffer iteration ¢ is known to
be equivalent to the max-marginal of the node’s unwrapped graph. The unwrapped graph is
equivalent to the computation tree of messages passed during belief propagation, and is
constructed by following the message propagation in reverse. Formally, the unwrapped graph
T, = {V7, ET} of pode v € V s rooted by a copy of v, denoted r. We denote this copying
relationship with mapping function 1, which maps nodes in V¥ 1o their corresponding nodes in
V. E.g., 1{r} = v. The children of the root are copies of v's neighbors i1 {r. Then, the children of
cach interior node u € V7 are the neighbors of T{u) in & except the node corresponding to w's
parent. The paths in an unwrapped graph of height & represent all possible non-backtracking
walks of length & in G starting from root node v,

The non-backtracking, snwrapped graph consiruction is equivalent to the similarly non-
hacktracking message update rule, such that messages propagated from the leaves of the
unwrapped graph to the root are the same messages passed doring loopy belief propagation.
Since, however, the unwrapped graph is a tree and contains no cycles, the belie 5 for the root
node afler propagating messages upwards are the true max-margioals on the tree.

For the b-matching graphical model, this corresponds 1o a negr-perfect maxinum wetght
f-matching en the tree, where all nodes bt the leaf nodes have their exact target degree. Using
the unwrapped graph construction, the following two quantities are equivalent: the namber of
iterations of loopy belief propagation on & such that node ¥'s belief for the optimal b-matching

is guaranteed to exceed the belief for any suboptimal b-malching, and the height of tree T, such
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that the maximum weight h-maiching on 7, connects root node v to the corresponding neighbors

of v in the maximum weight b-matching of G. Given bipartite input graph & = [V, £, w, 5}, such
that a unique, optimal A-matching £ has weight greater by constant ¢ than any other b-matching,
i.e.:

esw(f)~ max w{E), (32

EreM,Er=E
and all weights are bounded inclusively between Wy and Wiy, 1604

Wnin = W(e> = Winax, V€ € £, (33)
the maximum belief at iteration ¢ for any node v € V indicates the corresponding neighbors in
true optimum £ when t = 0{|V}). The convergence conditions are further relaxed to include
any maximum weight S-matching problem for which the linear programuuing relaxation is tight.

Assuming that the linear programming relaxation of the -matching problem on & has a
unigue, integer solution, and that the weights in & are bounded, the belief propagation converges
to the optimal solution in O(JV]} iterations. The running time 18 dependent on the ¢ value for
the input, and thus, the algorithm is not strongly polynomial. This dependence causes two
scenarios on which belief propagation fails in practice. The first is when ¢ is zero, which
happens when at least two b-matchings achieve the maximum weight, and the second s when
is very small, in which case the number of iterations necessary for convergence is very large. In
theory, adding random noise to the weights corrects the first scenario, but in practice, this tends
to create the second scenario, in which the artificially nonzero ¢ is quite small.

{3} Message Simplification

(a3 Simplifving the update rule

A simplified update rule is derived which compactly and exactly computes the standard
max-product message updates by exploiting the fixed structure of the matching compatibility
functions. In the standard max-product algorithm, each message between variables is a vector,
with an entry representing each possible setting of the receiver variable,

In the h-matching model, however, cach entry of these message-vectors is always one of
two possible values, which, since the message vectors are scale-invariant, can be summarized as
a ratio of the two values. Thus, with careful bookkeeping, all messages can be compressed to
single belief scalars for cach candidate edge. Updating an edge's belief-value is possible in time
proportional to the nomber of candidate neighbors for the source node, again by exploiting the
structure of the matching problem to circumvent the combinatorially large set of possible states
for the source node's variable. The edge-based beliefs can then be further summarized per node
by unrolling one level of message-passing recursion, resulting in only O(1V1) additional storage

during belief propagation.
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After various algebraic simplifications of the message update rules, the messages can be
represented by a scalar along each possible edge. The messages are updated using a selection
operation, which finds the k'th largest element of a set for some index k. For notational
convenience, denote the selection operation over any set § as:

m (5 = 5 € Swherel{t €S|t Z s} = k. {34}
Then the simplified message update i3

By = Wit = 0, (W 11) + gyl € V\DE). @35)

A final algebraic manipulation allows elimination of the messages altogether, resulling in
a direct belief update rule. Using the current simplified message from Equation (35}, the beljet
for any state is:

BY(x,) = Zavesn,)y WL V) + I {(36)
which is a purely additive combinatorial sum, and thus can be maximized by greedily choosing

the b, greatest values in {w{i, v} + f,,lv € V\ul. Each of these quantities acts as an edge-wise

heliell

By = w{u, v} + iy, (a7
Substituting the message update rule (35}, the following simplifications are available:

Bl = win, v} + {(w(v,u) — o, ({wla, v} + figpla € V) {38}

Since the problem parameterization handles an undirected graph, weights w{u, v} and
wiv, u} are equal, and a constant doubling can be dropped. Furthermore, replacing weight
wi, v} with w(v, a} inside the selection makes the seloction over edge-wise beliefs themselves,
ieaving the simplified belief update rule:

Eatw = W(’Lé; v} - by {{B?Ec;ila & V\_&}}, (39}

{b} Unrolling the recursion of the belief update rule

Additionally to the simplifications provided so far, the update rules stili contain enough
structure to allow even further scalability improvements, described in detail below.
By unrolling the recursion of the belief update rule, storing full beliefs becomes unnecessary.
Instead, all that must be stored are the selected beliefs, because the selection operation in
Hquation {39} only weakly depends on sender node u. That is, the selection operation is over all
nodes except u, which means the selected value will be either the byth or the (b, + 1}'th
greatest element:
7y, ({85 e & V) € [y, ({BiZ e € V1), 0y, ({Biz e € V) (40}

Thus, once each row of the belief mairix B is updated, these two selected values can be
computed and stored, and the rest of the row can be deleted from memory. Any further reference

to B is therefore abstract, as it is never instantiated in practice. Entries of the belief matrix can be
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computed in an online manner from the stored selected value. Let o, be the negation of the by,'th

selection and £, be that of the (b, + 1)'th selection. Then the update rules for these parameters
are:
al = 0y, ({Bla |2 € V1), BL = =0y, (BS Ha € V), (41)

and the resulting belief lookap mile is:

N SIS ot
. al iflv,uygE
B, = wiu vy +{ T 0 @)
£y otherwise
At the end of each ieration, the current estimate of £ is:
EC = {(uv)iBi" 2 ab}, (43)

which is computed when the o and £ values are updated in Equation (41). When this estimate is
g valid &-matching, i.e., when all nodes have their target degrees, the algorithun has converged to
the selution. The algorithm can be viewed as simply computing each row of the belief matrix
and performing the selections on that row and is sommarized as follows: Algorithm 1 Behef
propagation for b-maiching. Compuies the maximum weight b-matching:

I oaleOvrey

2 BleQvwpevy

3 E=g

41 be= i

5. while not converged do

& forallu €V do

7: ay, « ~op, (Bl la € V)

& Bl = =0y, ((Bigtla € VD

G forall B¢ = {{w,v3R5 = 2l do
0 BV = {(u, B = af}

11 end for

12: end for

13:  delete ot and 85 from memory

14 et 1

15 end while.
Using these siraplifications, the ruoning thoe per iteration is primarily dependent on the

time to perform the selection operation. In the worst case, the best known algorithm is O{N)

sime to perform select for any k.
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{4} Fast Message Updates Via Sufficient Selection

Anocther enhancement aims to reduce the running time of each iteration by exploiting the
nature of the quantities being selected. In particular, the key observation is that each beliefis a
sum of two quantities: a weight and an « or f value. These guantities can be sorted in advance,
cutside of the inner (row-wise) loop of the algorithm, and the selection operation can be
performed without searching over the entire row, significantly reducing the amount of work
necessary. This is done by testing a stopping criterion that guarantees ne further belief lookups
are necessary. Some minor difficulties could arise, however, when sorting each coruponent, so
the algorithm does not directly apply as-is. First, the weights cannot always be fully sorted. In
general, storing full order information for each weight between all pairs of nodes requires
guadratic space, which is impossible with larger data sets. Thus, the proposed algorithm instead
stores a cache of the heaviest weights for each node. In some special cases, such as when the
weights are a function of Buclidean distance, data structures such as &d-trees can be used to
implicitly store the sorted weights. This construction can provide one possible variant to
Algorithin 1.

Second, the o-f values require careful sorting, because the true belief updates mostly
include ut terms but a few f' terms. Specifically, the indices that index the greatest b; elements of
the row should use #. One way to handle this technicality is to first compute the sort-order of the
at terms and, on each row, correct the ordering using a binary search-like strategy for each index
in the selected indices. This method is technically a logarithmic time procedure, but requires
some extra indexing logic that creates undesirable constant time penaltics.

Another approach, which is much simpler to implement and does not require extra
indexing fogic, is to use the sort-order of the §7s and adjust the stopping criterion to account for
the possibility of unseen « values. Since the weights do not change during belief propagation, at
initialization, the algorithm computes index cache I &€ NOHIXC of cache size ¢, which is a
parameter set by the user, where entry {;, is the index of the &'th largest weight connected to
node x; and, for u = fj,

W, xy) = o {W {x0 2 301 (44}

At the end of each iteration, the #* values are similarly sorted and stored in index vector
e € N™ where, for v = ey, eutry 85 = o (8711 (45)

The selection operation is then computed by checking the beliefs corresponding to the
sorted weight and £ indices. At each step, a set § of the greatest b; + 1 beliefs seen so far are
maintained. These provide tight lower bounds on the trae a — 5 values. At each stage of this

procedure, the current estimates for a’f and t Are:
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I %{S),andﬁf e~ min{§). (46)
Incrementally scan the beliefs for both index lists {1} ;and e, computing for incrementing
index k, By, and By, . Bach of these computed beliefs is compared to the beliefs in set § and if
any member of 5 is less than the new belict, the new belief replaces the minimum value in 8.
This maintains § as the set of the greatest §; + 1 elements seen so far,

At cach stage, the greatest possible unseen belief is bound as the surn of the least weight
seen so far from the sorted weight cache and the least # value so far from the # cache. Once the
estimate ;’? f is less than or equal o this sum, the algorithm can exit because further comparisons
are unmecessary. Algorithm 2 summarizes the sufficient selection procedure.

Algorithm 2: Sufficient Selection. Given sort-order of 8 values and partial sort-order of weights,

selects the B/'th and b; + 1'th greatest beliels ofrow .

L ke

2: bound «— »

3 Se— g

4: &'jt o e (O

S s

& ﬁjt < bound do

7 it & < ¢ then

3: woe I

9 ifu = [y (uis unvisited and (8], > min($)) then
10 § e (S\min($) U B
11: end if

12: endif

£3: v gy

t4: i v is onvisited and (B’j?"‘ > min(S)\} then

St
(¥

§ e {(S\min(51 U Bﬁ;l
16: endif

17: bound = W{x;,x,) + pE?
180 & ey, (5)

19 'éj? e Gy 1(5)

20 e k+1

21: end while
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Thus, the algorithm will never stop too carly. However, the running time of the selection
operation depends on how early the stopping critevion is detected. In the worst case, the process
examnines every eniry of the row, with some overhead checking for repeat comparnisens. For
random orderings of each dimension {and no truncated cache size), the expected number of
belief comparisons necessary is (W) to find the maximum, where N = m + n = [V}, The
selection is computable with C{VBN ) expecied comparisons.

However, for problems where the orderings of cach dimension are negatively correlated,
the running time can be worse. Inn the case of b-matching, the orderings of the beliefs and
potentials are in fact negatively correlated, but in g weak roanner. We first establish the expected
performance of the sufficient selection algorithm under the asswmption of randomly ordered £
values. Considering the element-wise sum of two real-valued vectors W and E of length & with
independently random sort orders, the expected number of clements that must be comparsd to
compute the selection of the &'th greatest entry o, (w; + Bi]i1) is BA.

The sufficient selection algorithm can be equivalently viewed as checking element-wise
sums in the sort orders of the W and ;S’ vectors, and growing a set of k indices that bave been
examined. The algorithm can stop once it has seen & entries that arve in the first k& of both sort
orders. First consider the algorithm once it has examined & indices of each vector, and derive the
expected number of entries that will be in both sets of & greatest entries. Since the sort orders of
each set are random, the problem can be posed as a simple sampling scenario.

Without loss of generalily, consider the set of indices that correspond to the greatest &
entries in W. BExamining the greatest & elements of ﬁ is eguivalent to randomly sampling &
indices from | to N withouwt replacement. Thus, the probability of any of the & greatest entries of
,(f being sampled is k /N . Since there are & of these, the expected number of sampled entries that
are in the greatest k entries of both vectors is /N,

A determination of the number of entries the algorithm rmust examine to bave an
expected b entries in the top k is done next. Solving the equation b = £/ for k yields that
when k = VBN | the algorithm will in the expected case observe b entries in the top & of both
fists, exactly the sufficient seloction stopping oriterion.

Applving the estimnated running time to analysis of the full matching algorithm, the

following arguments describe the scaling behavior of the algorithm, Assuming the § messages
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and the weight potentials are randomly, independently ordered, and a constant 5, then the total

running time for each teration of beliel propagation for b-matching with sufficient selection is
(N5, and the total running time o solve b-matching is O{N>%).

When nodes represent actual objecis or entities and the weights are determined by a
function between nodes, the weight values have dependencies and are therefore not completely
randomly ordered. Furthermore, the £ values change during belief propagation according to
rules that depend on the weights, and in some cases can cause the selection fime o grow (o
O{ N, Nevertheless, in many sampling settings and real data generating processes, the weights
are random enough and the roessages behave well enough that sutficient selection vields
signiticant speed improvements.

The space requirement for this algorithen has also been reduced from the ({N?) beliefs
to O{ N} storage for the ¢ and § values of cach row, Naturally, this unprovement 18 most
beneficial in settings where the weights are computsble from an efficient function, whereas if
the weights are arbitrary, they must be explicitly stoved at the cost of {H{N?) mwemory. In most
machine learning applications, however, the weights are computed from functions of node
descriptor pairs, such as Buchidean distance between vectors or kernel values. In these
applications, the algorithm needs only to store the node descriptors, the o and § values and,
during the computation, G{N) beliefs {which can he immediately deleted before computing the
next row). The weight cache adds O(cN) space, where ¢ 18 3 user-selected constant.

The space reduction is also significant for the purposes of parallelization. The
computation of belef propagation i3 easy to parallelize, but the comnmnication costs between
processers can be prohibitive. With the described algorithin, esch computer in a cluster stores
only a copy of the node descriptors and the curvent @ and £ valusa, At each iteration, the cluster
snust share the 2N updated g and § valoes. This is in contrast to previous formulations where
G{N*} messages or beliefs needed to be transmitted between compuiers at each iteration for full
parallelization. Thus, when it is possible to provide each computer with a copy of the node
descriptor data, an easy parallelization scherue is to split the row updates between cluster
computers at each iteration. At each iteration, vach node independently updates s behiefs by
running the above described algorithms {Algorithms | and 2 given the previous iterations’ &
and £ vectors. This process is easily paraliclizable by delegating the seleciion operaiions for
nodes to different processors, Using this parailelization scheme, each compuler stores the
weights for the nodes it is responsible for (or the node descriptors), and a central computer
collects and disiributes the computed o and § vectors. At gach iteration, the central computer

sends the latest belief vectors to each worker, as well as the current b-matching assigrunent for
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the nodes each worker is responsible for. After each worker computes s new belief values, it
sends these new belief values and the new b-maiching assignments back to the central computer,
The communication cost is significantly reduced by the unrolled recursion, resuliing in the
central computer sending an ({N} vector {0 each node at each iteration and receiving O(1) data
back after compuiation.

To avoid centralizing the process, cach computer can store all of the node descriptors (or
only the weights associated with assigned nodes} as well as belief vectors, sending and recstving
updates from all other nodes at each iteration. In this case, each node sends ({1} data to oach
other node at each iteration, which results in an overall bandwidth usage of ({N?) per iteration,
the same as in the centralized version.

The operation proceeds based on whether the termination condition has been reached as
indicated at 112, The termination condition can be defined as reaching a steady state with
respect to message updating. The steady state can be defined as no further message updates
being sent or an amount of update message being sent that is below a certain threshold.

Alternatively, the termination condition can be defined in terms of a3 number of iterations
of message updating or 2 number of messages sent {either an aggregate number or a number per
node). In another aliernative, the termination condition can be defined as the clapsing of a
predetermined period of time. If the termination condition has been reached, processing
continues with the selection, for an input node, of a predetermined mumber of supplier nodes or a
predetermined nwmber of customer nodes. Otherwise processing returns o the operation
indicated at 110 and discussed above,

The nodes selected are matched based on updated belief values. For example, inab-
matching problem, the & nodes having the highest belief values with respect to an input node are
selected. Ties can be handled tn a munber of ways including by using a “coin toss” to select
between tying nodes, or, alternatively or in addition, a small random value can be added to the
weight or profit matrix value for cach edge so that no two nodes ave likely to tie, The selected
nodes can be provided as output to another process or system.

At 112, an output operation is performed. For example, a result graph or matrix, ora
portion of a result graph or matrix can be provided to another module within the same system,
provided to another system or provided o a user or operator for use in another process.
Processing continues to 114 where processing ends. It will be appreciated that 104 —~ 112 can be
repeated in whole or in part in order to accomplish a contemplated matching using degree
distribution.

Fig. 1B shows a chart of a method 101 for b-matching using sutficient selection belief
propagation. Processing begins at 120 and coutinues to 122,
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At 122, a system obtains an input graph and weight matrix. Processing continues to 124,

At 124, the system updates belief values using belief propagation. A simplified update
rule, as described above, can be used to speed up the belief propagation processing. Processing
continues to 126,

At 126, the system sorts the belief values. For example, cach belief is a surn of two
quaniities: a weight and an « or ff value. These quantities can be sorted in advance, outside of the
inner {row-wise) loop of the belief propagation algorithm, and the selection operation can be
performed without searching over the entire row, significantly reducing the amount of work
necessary. Processing coutinues to 128,

At 128, the system selects a portion of sorted belief values. As mentioned above, the
#,'th and the (b, + 1)'th values can be stored (see, e.g., Equation 40 above). Processing
continues to 130,

At 130, the selected belief values are stored. For example, once cach row of the belief
matrix is updated, the two selected values can be computed and stored, and the rest of the row
can be deleted from memory. Processing continues to 132,

At 132, the system determines whether a termination condition has been reached. The
termination condition can be a specific number of iterations performed or as a steady state in the
belief values. If a termination condition has been reached, processing continues to 134, I not,
processing returns to 124

At 134, a downstream operation or output is performed. Processing continues {o 136,
where processing ends.

Fig. 2 and Fig. 3A are schematic diagrams of a bipartite dense maximum weight perfect
b-matching problem represented as a bipartite graph. Fig. 2 shows nnmatched elements, while
Fig. 3A shows matched elements, unmatched clements and a weight matrix.

Fig. 2 shows a bipartite graph 200 having a first group of nodes 202 (x] — u4) matched to
a second group of nodes 204 (v} — v4) potentially connected by edges 206,

in Fig. 3A, a bipartite graph 300 shows a first group of nodes 302 (] — u4) matched to a
second group of nodes 304 (v/ — v4). The first group may represent a first group of entities or
things such as goods, people, or resources and the second group may represent a second group
of entities or things such as consumers, people, or resource users. The nature of the objects or
entities that can make up these first and second groups are numerous as should be clear from the
instant disclosure, but a commeon feature in most embodiments is that entities of the first group
are 0 be matched to entities of the second group as a part of some kind of a transaction and the
precise matching may correspond to some kind of aggregate value such as maximum total
revenue. The matching problem posed by the context of the particular first and second groups
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and the aggregate value sought may also involve constraints such as the number of first group of
things that are to be matched to 8 given second group of thing. Groups could be distinguished
by any classification and groupings are not limited by the examples given.

In Fig. 3A, dashed lines {e.g., 300) represent possible edges and solid lines {e.g., 308}
represent b-matched edges. By S-matched, it is meant that the problem illustrated results in a
desired b maiches between each of the first group of things to one or more second group of
things. In the case shown on the bipartite graph 300, 5=2 for gach node of groups 302 and 304,
so that each node 302 or 304 is connected to two other nodes 304 or 302 with matched edges
308.

Tvpically, the information representing the potential assignment as indicated by all of the
lines 306 and 308 can be supplemented with additional information, generally, weights, which
indicate something about the value or cost associated with making cach assignment. Herea
weight # value of an edge is represented at 316, This weight information way serve as a basis
for selecting an assignment that provides some optimum or provides a basis for discriminating
the goodness of one assignment scheme versus another. The additional information may be
represented in the form of any suitable data structure to store a weight for each edge, such as a
wetght matrix 318 with each row corresponding to a member of the first group and each colurnn
corresponding to a member of the second group with each cell 320 at an intersections indicating
the respective weight of an edge connecting each pair of members.

The weight matrix 318 represents different weights for each combination of buyer and seller.

The problem of maiching of members of one group to another can be described in torms
of a bipartite graph. Given a bipartite graph {(which can be represented by 300) and associated
weight data, a method can be used to perform a matching based on belief propagation. Here the
example of a situation where it is desired to match suppliers with customers will be used to
ilfustrate the method. One or more computers may be provided with information defining
supplier and customers, which are referved here o as “nodes” which information may be
considered to define a bipartite graph 300, Each supplier node (¢ 302 or v 304) is connecied to a
customer node {v 304 or u 302) by an edge 308 50 the one or more computers is supplied with
the potential edges 308 of all the nodes 302, 304 mapping from a supplier node to a customer
node. The one or more computers are also provided with access to weight data, for example a
matrix 318 with a weight value 319 for each edge of the bipartite graph data structure. The
process execuied by the one or more compaters is such that information is recorded and updated
respective of each node, such that a subprocess is performed for each node that communicates
with other nodes. In this example, the weight data may be total cost of goods and the optinum

matching would coincide with maximum exchange of revenue betwoen buyers and seilers,
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Referring now also to Fig. 3B, according to this and other embodiments, the matching

problem may be distributed in a system 321 among multiple processors 322-328 and 332-338
communicating over a network 330 such that each can send and receive messages via wired or
wireless links being depicted figuratively as connecting lines 340. For the present example,
each node shown in Fig. 3A may correspond to a respective node processor 322-328 and 332-
338 in Fig. 3B. An alternative would be that each processor would correspond to multiple
nodes, but for the sake of discussion, the case where there is a separate processor for each node
will be assumed. In such a case only a portion of the weight data in the weight matrix 318 may
be provided to each supplier node processor (322-328), the portion being sufficient to indicate
the weights of the edges that connect each supplier to all its poteniial custorners {e.g., all the
other customers). Similarly, only a portion of the weight matrix 318 may be provided to each
customer node processor (332-338) indicating the weights of the edges that connect the
custoraer {o all its potential suppliers. The node processors can access the respective weight
information on common {e.g. ceniral} or distributed data stores {g.g., respective of sach node or
community of node processors).

Fig. 3B is g dlagram of an arrangement of distributed processors for generalized
matching using belief propagation according to some embodiments of the disclosed subject
matter. In particular, in this example, a first group of node processors (322-328) correspond o
nodes uf-ud of the graph shown in Fig. 3A, respectively. A second group of node processors
{332-338) correspond to nodes vi-vd of the graph shown in Fig. 34, respectively, Each of the
ncde processors {322-328 and 332-338) are independently coupled to 3 network 330 {e.g., the
Internet, a local area network, wide area network, wireless network, virtual private network,
custom network, bus, backplane, or the tke). By being interconnected through the network 330,
each of the node processors {322-328 and 332-3383 can communicate with the others and
send/receive messages according to the belief propagation method described. Also, each of the
node processors {322-328 and 332-33R) can be gqueried independently for its S-matched Hst
generaled by the belief propagation wethod described below. Not only can each node be
independently queried, but cach node can arrive at its optimal b-matched solution withowt
requiring knowledge of the other nodes” solutions {L.e,, the belief propagation method is
“orivacy protecting” with respect to each node).

The solutions for each node can be aggregated in a central dais storage location or may
be retained individually at each node, or grouped according to a criterion {e.g., grouping all
supplier matches into a list and all customer matches into another list).

The network 330 can be 2 network such as the Internet, 2 local area network (LAY, a

wide area network {WAN), a virtual private network (VPN), a direct connection network {or
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point-to-point), or the like. In general, the network can include one or more now known or later
developed teckmologies for communicating information that would be suitable for performing
the functions described above. The selection of network components and technologies can
depend on a contemplated embodirment.

In Fig. 3B, one processor is shown for each node for clarity and simplicity of llustrating
and describing features of an embodiment. It will be appreciated that each processor may
perform the belief propagation method for more than one node.

Not shown in Fig. 3A or 3B are dummy nodes used in the generation and solution of an
expanded graph and weight matrix. The dumony nodes function essentially the same as the
original nodes, but would not represent actual suppliers or bidders and also, as discussed below,
are not degree constrained during the b-matching operation performed on the expanded graph
and weight matrix.

Thus, each supphier node, customer node and dummy node may only require secess 0 @
vector, defining the potentially connected customer and supplier node weights and a portion of
the degree distribution information. [n an architocture embodiment for solving the bipartite
graph problem, the expanded graph and matrix data may be apportioned among different
computers or processors such that each receives only the lists of its suppliers or cusiomers and
the associated weights. Other than that, the only other information required for a compiete
solution, as will become clear below, is a train of messages from other nodes, where each
message may be a simple sealar.

A matching can be obtained that progressively seeks an optimization of the above
problem by having each customer node keep a score of, for exarple, how much better buying
from each supplier node is than buying from other suppliers. Also, each buyer node may keep a
score of how much better selling to each customer node is than selling to other cusiomers,

Initially, the score may be just the dollar values represented by the weights, In the
process described below, figuratively speaking, as the scores are updated, the supplier nodes teil
the customer nodes how much potential money is lost if they are chosen according to their
current scores and the customers tell the suppliers similarly. All the scores are continuously
updated using this data which may be described as passing messages among the nodes, where
the messages contain the information to keep score. Eventually, it the scores are updated
according to subject matter described below, the scores progress toward an optimum sorted hist
of suppliers for each custorner and a sorted lst of customers for each supplier. Then each
supplier or customer node’s information can be used o selected that supphier or customer’s best

one or more matches.
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Inn the approach described, each node updates a value comresponding to each of the
supplier nodes and customer nodes, with a processor. The process may be described as belief
propagation, and entails passing messages between adjacent nodes according to the following
protocol:

The bipartite dense maximum weight perfect d-matching problem is of the form:

argma, STy YT AW (x,%) @)
s .t }:;ﬂ;ih A‘j = bii Vi, Ag}: = A’“,V(l,jﬁ (48)

The solver is given node deseriptors {Xy, ..., X;nay | drawn from space {2, a weight
function W: {0, 1) = R, and a sct of target degrees {by, ..., Byen . where cach §; € N, The goal
is to putput a symmetric, binary adjacency matrix A € RUWOXH1 whose entries 4; ;= lfor
all ruatched edges (x;, x;} and are otherwise zero. In the bipartite scenario, edges may only be
matched between nodes {x4, ..., X, } and nodes {Xp01, o) Ximan ) DUt not within each set. This
can be uplemented with abuse of notation by defining the weight function W to output -« for
any edges within bipartitions. This same problem can be expressed in many other forms, in-
cluding graph notations using node and edge sets, but when considering the dense bipartite form
of the problem, it 1s conventent to use mairx notation.

A simplified update rule for message updates which allows for the standard (N} space
and (}N°) per-iteration running time can be expressed as:

Biy = W, x;) ~ e (B M % 10, {49}
where o represents a selection operation, which is a key component of the simplified
belief propagation algorithen, and 3?},- is the belief value for the edge between x; and x; at iteration
¢, the belief propagation maintaining a belief value for each edge, which, in the dense case, is
conveniently represented as a matrix B. The selection operation is the operation that finds the
&'th largest element of a set for some index . For notational convenience, the selection
operation over any set S is denoted as:

0,{8) =5 € Swherel{t e St = s} = &, {50}

In the equations, indices range from 1 to (m-+r), unless otherwise noted, and are omutied for
cleanliness. The key for reducing memory usage is that the full beliefs need not be stored {not
even the compressed messages). Instead, by unrolling one level of recursion, all that need to be
stored are the sefected beliefs, because the selection operation in Equation (48} only weakly
depends on index i. That is, the selection operation is over all indices excluding i, which means
the selected value will be either the &/th or the &, + 1'th greatest element:

o0, (B e # 13) € {a, (B[ (kD) 05,02 (B D) (51)
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Thus, once gach row of the belief matrix B is updated, these two selected values can be

computed and stored, and the rest of the row can be deleted from memory. Any further reference

to B is therefore absiract, as it will not be fully stored. Any entry of the belief roairix can be

computed in an online manner from the stored selected value. Lot ¢; be the negation of the 5,/7th

selection and £, be that of the &+ 1’th selection. Then the update rules for these parameters are:
t Eelingy 20 e oy -l ;

a; = —op ({85 1R8] = —op o (1B Hel), {52}

and the resulting belief lookup rule 1a:

; e AL = )
BY= W00 it o 63)
N TR otherwise
After each iteration, the cwrrent estimate of & i
N 1 IFRTE gt
y L HET 2 54

YTHg otherwise
which is computed when the ¢ and £ values are updated in Equation (52}, When this estimate is
a valid b-matching, L.e., when the columns of 4 sum to their target degrees, the algorithen has
converged to the solution, The algorithm can be viewed as sitaply computiog each row of the
belief matrix and performing the selections on that row and is summarized in Algoritho 3.
Algorithm 3: Belief Propagation for 5-Matching, Computes the adjscency mainix of the
maximum weight A-matching,

L@l B 0,9
20 AV (0]

CHEE

4:  while not converged do

5 toralij € {l,..,m+nldo

& /ijfk - 0,vk

7 gf e wg,-,},({Bl,i;'lgk}) i Algorithon 2}
S B e a8

: for all (k|BL " 2 o} do

10: Aﬂ» e 1

i1 end for

12 end for

13 delete A% of "t and 85 from memory

14 tet+1
15 end whale.
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Another enhancement aims to reduce the running time of each iteration by exploiting the
nature of the quantities being selected. In particular, the key observation is that each beliefis a
sum of two quantities: a weight and an @ or § value. These guantities can be sorted in advance,
putside of the inner {row-wise) loop of the algorithin, and the selection operation can be
performed without searching over the entire row, significantly reducing the amount of work
necessary. This is done by testing a stopping criterion that guarantees no further belief tookups
are necessary. Some minor difficulties could arise, however, when sorting each component, so
the algorithm does not directly apply as-is.

First, the weights cannot always be fully sorted. In general, storing full order information
for each weight between all pairs of nodes requires guadratic space, which is impossible with
larger data sets. Thus, the proposed algorithm instead stores a cache of the heaviest weights for
each node.

It some special cases, such as when the weights are a function of Huclidean distance,
data structures such as kd-trees can be used to implicitly store the sorted weights. This
construction can provide one possible variant to our main algorithm.

Second, the ¢-f values require careful sorting, because the true belief updates mostly
include ot terms but a few & terms. Specifically, the indices that index the greatest by elements of
the row should use &' One way to handle this technicality is to first compute the sort-order of the
ot terms and, on each row, correct the ordering using a binary search-like strategy for each index
in the selected indices. This method is technically a logarithmic time procedure, but requires
some extra indexing logic that creates undesirable constant time penalities.

Another approach, which is much simpler to implement and does not require extra
indexing logic, is to use the sort-order of the 5”5 and adjust the stopping criterion to account for
the possibility of unseen ¢' values. Since the weights do not change during belief propagation, at
inttialization, the algorithm computes index cache I € NUT%C of cache size ¢, which is a
parameter set by the user, where entry [y, is the index of the &'th largest weight connected to
node x; and, for u = Iy,

Wx, ) = a{{W {3, )1 (55)
At the end of each iteration, the 8% values are similarly sorted and stored in index vector
g € N™*" where, for v = ¢, entry £ = crk(,{?f i {563

The selection operation from (51} is then computed by checking the beliefs
corresponding to the sorted weight and £ indices. At each step, maintain a set S of the greatest
B + 1 beliefs seen so far. These provide tight lower bounds on the true a ~ # values, At cach

P

stage of this procedure, the current estimates for czj’? and £ f are:
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@t e a'bj(S),andﬁf e min(S) (57
fncrementally the beliefs are scanned for both index lists (1} jand e, computing for
incrementing index &, By, and By, . Each of these computed beliefs is compared to the beliefs
in set § and if any member of 5 is less than the new belief, the new belief replaces the minimum
value in S. This maintains § as the set of the greatest b; + 1 elements seen so far.

At each stage, the greatest possible unseen belief is bound as the sum of the least weight
seen 50 far from the sorted weight cache and the least £ value so far from the § cache. Once the
cstimate ;’f f is less than or equal to this sum, the algorithm can exit because further comparisons
are unnecessary. Algorithm 4 summarizes the sufficient selection procedure,

Algorithm 4: Sufficient Selection. Given sort-order of f values and partial sort-order of weights,

selects the b;'th and b; + 1'th greatest beliefs of row /.

X

1: kel

2 bound « w

3 SO

4: &y e o

500 f e -

6 ﬁjt < bound do

7 ith < ¢ then

& u e Iy

9 W e Iy (uis unvisited and (Bf;' > min($)) then
10 § — (S\min{S}) U B/}
1t end 1f

12 endif

13 v gy

14:  if v is unvisited and (Bjﬁji > mz‘n{S}) then
15 § e {S\min(SH U B

i6: end if

17: bound « W{x,x,) + B

18 df « ap, ()

1o i?jt o Gb;@»i(S)
20 kek+1

21 end while
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Y. £ i
22 {I} {I}

23: Bl e

Thus, the algorithm will never stop too early. However, the running time of the selection
operation depends on how carly the stopping criterion is detected. In the worst case, the process
examines every entry of the row, with some overhead checking for repeat comparisons. For
random orderings of each dimension {and no truncated cache size), the expected number of
belief comparisons necessary is OV N) to find the maximum, where N = m + n = |V|. The
selection is computable with O (VBN ) expected comparisons.

However, for problems where the orderings of each dimension are negatively correlated,
the running time can be worse. In the case of b-matching, the orderings of the beliefs and
potentials are in fact negatively correlated, but in g weak manner. We {irst establish the expected
performance of the sufficient selection algorithen under the assumption of randomly ordered f
values. Considering the element-wise sum of two real-valued vectors W and ;§ of length N with
independently random sort orders, the expected number of elements that must be compared to
compute the selection of the b'th greatest entry oy, ({w; + 1) is VBN,

The sufficient selection algorithm can be equivalently viewed as checking element-wise
sums in the sort orders of the W and ,6‘ vectors, and growing a set of & indices that have been
examined. The algorithin can stop once it has seen & entiies that are tn the fst & of both sort
orders.

First consider the algorithm once it has examined & indices of each vector, and denive the
expected number of entries that will be in both sets of & greatest entries. Since the sort orders of
sach set are random, the problem can be posed as a simple sampling scenario. Without loss of
generality, consider the set of indices that correspond to the greatest & cutries in W. Examining
the greatest & clements of 5 is equivalent to randomly sampling & indices from 1 1o ¥ without
replacement. Thus, the probability of any of the & greatest entries of ;13’ being sampled is kN,
Since there are & of these, the expecied number of sampled entries that are in the greatest &
entries of both vectors is k% /N.

Determining the number of entries the algorithm must examine to have an expected b
entries in the top & is next. Solving the equation b = k* /N for & yields that when k = VBN, the
algorithm will in the expected case observe b entries in the top & of both lists, exactly the

sufficient selection stopping criterion.
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Applying the estimated running time {0 analysis of the full matching algorithm, the
following argoments describe the scaling behavior of the algorithm. Assuming the § messages
and the weight potentials are randoraly, independently ordered, and a constant b, then the totsl
running time for each iteration of belief propagation for b-matching with sufficient selection is
(N5}, and the total running time to solve b-matching is C{N*%).

When nodes represent actual objects or entities and the weights are determined by a
function between nodes, the weight values have dependencies and are therefore not completely
randomly ordered. Furthermore, the £ values change during belief propagation according to
rules that depend on the weights, and in some cases can cause the selection time (o grow to
O(N). Nevertheless, in many sampling settings and real data generating processes, the weights
are random encugh and the messages behave well enough that sufficient selection yields
significant speed improvements.

The space requirement for this algorithm has also been reduced from the (N ) beliefs
{or messages to O(N) storage for the ¢ and §# values of each row. This improvement 18 most
heneficial in settings where the weights are computable from an officient function, whereas if
the weights are arbitrary, they must be expliciily stoved at the cost of O(N 2y memory. In most
machine learning applications, however, the weights are computed from functions of node
descriptor pairs, such as Buclidean distance betwoen vectors or kernel values. In these
applications, the algorithm needs only to store the node descriptors, the @ and § values and,
during the computation, G {N) beliefs (which can be immediately deleted before computing the
next row). The weight cache adds O{¢N) space, where ¢ is a user-selected constant.

The space reduction is also significant for the purposes of paralielization. The
computation of belief propagation is easy to parallelize, but the comununication costs between
processors can be prohibitive. With the above described algorithms, each computer in a cluster
stores only a copy of the node descriptors and the current @ and £ values. At each iteration, the
ctuster must share the 2N updated « and 8 values. This is in contrast to previous formulations
where O{¥?) messages or beliefs needed to be transmitted between computers at each iteration
for full parallelization. Thus, when it is possible o provide each computer with a copy of the
vode descriptor data, an easy parallelization scheme is to split the row updaies between cluster
computers at each teration.

At each iteration, each node independently updates its beliefs by running the algorithms
described above given the previous iterations' & and £ veoctors. This process is easily

parallelizable by delegating the selection operations for nodes to different processors.
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Using this parallelization scheme, each computer stores the weights for the nodes i {s
responsible for {or the node descriptors), and a central computer collects and distributes the
computed o and £ vectors, Al each leration, the central computer sends the latest belief vectors
to each worker, as well as the current b-matching assignment for the nodes each worker is
responsible for, After each worker computes its new belief values, it sends these new belief
values and the new b-maiching assignments back to the central computer. The communication
cost is significantly reduced by the unrolled recursion, resulting in the central computer sending
an O{N} vector to each node at cach itergtion and recelving 0(1) data back after computation.

To avoid centralizing the process, each computer can store all of the node deseriptors (or
only the weights associated with aseigned nodes) as well as belief vectors, sending and recerving
updates from all other nodes at each iteration. In this case, each node sends 2(1) data to each
other node at each ieration, which results in an overall bandwidth usage of O{N?) per iteration,
the same as in the centralized version.

The b-matching may also be performed using max flow methods when the graph dala
structure is not 4 bipartite graph. The messages and beliefs are stored in the dala storage. Unes
the termination condition is met, the b-matching ouiputs the matching results,

There are many terrmination conditions that can be used with the behof propagation
method. Az mentioned above, the b value for the original graph nodes is constant set o the size
of one of the groups of the original graph structure {e.g., n} for all. The dummy nodes remain
unconstrained with regard to degree during the S-matching process.

Fig. 4 is a schematic diagram of & weight matrix according to some embodiments of the
disclosed subject matter. In particular, a weight matrix 400 is shown graphically with cells
having shading representing various weight values. The diagonal is shaded black to indicate no
weight value for a node connecting to itself. Other node cells shaded black {e.g., 402 and 404}
indicate a low weight value to reduce or eliminate the potential for the result to contain an edge
for those respective nodes {e.g., between nodes | and 53 Also, the weight matrix may be
adjusted to foree or encourage the result 1o contain an edge between two nodes by containing a
high weight value at weight matrix locations corresponding to an edge between two nodes {e.z,
406 and 408).

Fig. 5 is a schematic diagram of degree distribution information according 1o some
embodiments of the disclosed subject matter. The graphical representation of node degree
distributions in Fig. 5 visually iHlustrates the information provided by degree distribution data.

For example, Node 4 has a preference for a lower degree (say 1 or 2}, while Node S has a
preference for a higher degree (say 5 or 6). The matching systems and maethod of this disclosure
can perform matching while sccommodating ditfering degree distribution priors or preferences
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by incorporating degree distribution information into an expanded weight matrix use fo

determine a matching result.

Fig. 6 is a chart of a method for generating an expanded weight matrix according to some
embodiments of the disclosed subject matter, In particular Fig. 6 expands on 108 from Fig. 1A
Processing begins at 602 where a new graph structure is generated. The new graph structure is
two times the size of the original graph structure. If the original graph structure had 7 nodes of
each type, the new graph structure is of size n x n.

At 604, an expanded weight matrix corresponding to the expanded graph data structure is
determined. The expanded weight matrix includes the original weight matrix values in one
quadrant, two quadrants containing weight matrix values based on degree distribution data and a
zero quadrant, as will be described in greater detail below with respect to Fig. 7A.

At 606, degree constraints are set for the original nodes within the expanded graph data
structure. The degree constraint for the original nodes is set to the size of one side of the
original weight matrix. In other words, if the original weight matrix is of size n ¥ 1, then the
original nodes are constrained such the b=n when performing the 5-maiching on the expanded
graph and expanded weight matrix.

Fig. 7A is a diagram showing expanded weight matrix coefficients generated according
to some embodiments of the disclosed subject matter. In particular, to solve the degree
distribution problem, the weight matrix W that represents the value (or relative value) o feach
match, is expanded doubling its size to generate an expanded weight matrix W'. The original
weight matrix W (which reflects, for example, the negotiated price for a good to be sold by
seller i to buyer k) forms the upper left quadrant of the expanded weight matrix W', The upper
right quadrant of the expanded weight matrix W' includes w7y delta values such as, starting al
the first row: 1, (0}~ {1, ..., w,(n—-1)—y,{n}, and so on until the last row (ORS¢ NN
w (n—1—y, (7). The lower left quadrant of the expanded weight matrix W includes ¢{j) delta
values such as, starting at the first row: §(Q)~@ (1), ..., #,(0)—¢,(1}, and so on until the last
tow $(n-D (), ....g,(n-1)—¢ (n). Thelowerright quadrant values can all be set to zero.

The bipartite graph is expanded by adding to the seller and buyer nodes, dummy nodes to
double the nurnber of sellers and buyers. Thus, if there are n buyers and n sellers, an additional
n buyers and n sellers are appended. These dummy nodes correspond to the appended delia
values w(f), o), or 0, respectively in the expanded weight matrix W', In cases where the
pumber of selers differs from the number of buyers, the larger of the two is used as the
expanded weight matrix size and the smaller side of the original weight niatrix is expanded with

small values {e.g., zero or negative maximum value) and dummy nodes are added to the graph
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data. These compleie a square original and expanded weight matriz and original and expanded

bipartite graph. The expanded nodes are dummy nodes similar 1o those used for the expanded
weight makrix.

Onee the expanded weight matiix B7 13 created and the dummy nodes are provided,
methods described below can be applied to the expanded graph and weight data, In distributed
processing, the namber of node processors may simply be doubled, for example, to have each
processor operate and receive and send messages relating to a respective node. The value ot b
nsed for solving the problem may be set o », namely, the sumber of buyers and sellers {noting
that some of the buyers and sellers may be dummies and not real buyers or sellers). Once the
matching problem is solved on the expanded graph using the expanded weight roatrix W7, as a 5=
matching problem, (h=a), for example by using the disclosed belief propagation methods and
systemns, the A-matching solution for the original graph and weight matrix is obtained by
extracting the upper left quadrant of a mairix representing the waiches on the expanded graph
{or by truncating the matrix {o romove dammy nodes).

Fig. 7B is a graphical lustration of an expanded weight roatrix 700 generated according
to the coefficient matrix shown in Fig. TA, The expanded weight matrix 700 includes the
original weight matriz 400 shown in Fig. 4 as the upper left guadrant 702, The upper right 704
and lower left 706 quadrants, corresponding to edges between original nodes and dommy nodes,
have been determined using coefficients as described above with respect to Fig. 7A. The lower
right quadrant 708, corresponding to edges betwoen dummy nodes only, is a zero value
guadrant.

Fig. 8 is a schematic diagram showing a resulting expanded weight wairix 300 produced
by performing a S-matching operation on the expanded graph structure and outputting maich
values as binary values. In the binary expanded result matrix, white cells indicate a watch and
Black cells indicate no match, Within the expanded result matrix 800, the upper right quadrant
802 if of interest as g solution to the original matching problem with degree distribution and is
extracted {or the durmmy nodes can be fruncated) to generate a final output result ot the b-
matching. Fig. 8 is a schematic diagram of a matching resuslt obtained by truncating the binary
expanded weight matrix shown in Fig. 8, sccording to some embodiments of the disclosed
subject matter.

Fig. 10 is a schematic diagram of node degrees of the matching result shown in Fig. &,
For example, Modes |, 2 and 4 each has degree 3. Nodes 3 and 3§ have degree 3 and Node 6 has
degree 4. Comparing the match result degrees with the input degree distribution data shows that

the matching using degree distribution provided resulis consistent with preferred or prior node
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degrees, with Nodes 3, 3 and 6 having a degree distribution favoring higher degrees and Nodes
1, 2 and 4 having degree distributions favoring lower degrees.

Fig. 11 is a diagram of a sysiem for matching a first class of things to a second class of
things using degree distribution information according to some embodiments of the disclosed
subject matter. In particular, a belief propagation matching system 1100 includes a group of
suppliers 1102 and a group of customers 1104, Each of the suppliers 1102 and customers 1104
are vepresented as nodes in a graph data structure 1106, The system 1100 also includes degree
distribution data 1107 and a2 profit {or costy matrix 1108, The graph data structure 1106 and
profit matrix 1108 are provided as input to a graph structure estimation module 1109, Guiput
from the graph structure estimation module is provided as input to a S-matching module P2
Also provided as fnput to the b-matehing wodule 1112 is input data 1110, The b-matching
module 1112 is coupled to a data storage device 1114 and provides matching results 1116 as
output.

In operation, the suppliers 1102 and customers 1104 are stored as nodes or vertices of the
graph data structure 1106, The degreo distribution data 1107 represent distribution over degrees
for each node. The profit matrix 1108 stores the edge profits (or weights) for each edge
connecting a supplier and customer. The graph data stracture 1106, the degree distribution data
1107 and the profit matrix 1108 can each be stored in the data storage device {114 for retrieval
by the graph structure estimation module 110% and the b-matching module 1112,

The graph strocture estimation module 1109 obtains the graph data structure 1106, the
degree distribution data 1107 and the profit matrix 1108 from the data storage device 1114 and
generates an expanded graph data structure and weight matrix (or profit) matrix according to the
method described above with respect to Fig. 1A,

The S-matching module 1112 receives the input 1110, which can be, for example, a node
of interest for s-matching. In one example, the S-matching module 1112 uses an expanded
graph data structure profit matrix to perform the b-matching using belief propagation according
to the following framework: (1) expressing the b-waiching problem, {2) performing b-maitching
using maximum likelihood estimation or belief propagation, (3} simplifying messages by
generating a simplified belief update rule and by unrolling recursion, and (4} updating messages
using sufficient selection, as deseribed in detail above.

The b-maiching may also be performed using max flow methods when the graph data
structure is not a bipartite graph. The messages and beliefs are stored in the data storage device
1114, Once the termination condition is met, the A-matching module 1112 ontputs the matching
results 1116, The termination condition can include any of the termination conditions described
above.
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The b-matching module 1112 can operate sccording to software instructions retrieved
from a one or more computers readable medium. The software instructions, when executed by
the b-matching module 1112, cause the b-matching module 1112 to perform the belief
propagation matching algorithms as described above.

The b-matching module 1112 can be a general-purpose computer adapted for generalized
matching using belief propagation, a special-purpose one or more computers {or generalized
matching using belef propagation, a programmed microprocessor or microcontrolier and
peripheral integrated circuit eloment, an ASIC or other integrated cirowit, g digital signal
processor, 4 hardwired electronic or ogie cironit such as a discrete element circutt, a
programmed logic device such as a PLD, PLA, FPGA, PAL, or the like.

The data storage device 1114 can be & datsbase such as a refational database or any other
suitable arrangement of data. The data can be stored in a nontransitory phvsical corputer
readable media such as a volatile or nonvolatile electronic memory, a magnetic storage device,
and/or an optical storage device, or any known or later developed computer readable media,

The termination condition may be expiration of a watchdog timer, a number of messages
received by each processor. Another aliernative, and one that provides an optimum solution, is
for each node processor to terminate when the messages stop changing.  That is, the more recent
message is compared to the previous message and if they are the sarue, the processor stops
processing for sending node or when all messages are the same as corresponding prior messages
processing for all nodes can be halted,

As mentioned, the termination condition can be defined as reaching a steady state with
respect to message updating, that is, the changes in messages stops. Altervaiively, the steady
state can be defined as no further message updates heing sent if the sending processor makes the
determination that the updates are not changing, or when a number of update message being sent
of received is below a certain threshold, Alternatively, the termination condition can be defined
in terms of a mumber of iterations of message updating or a number of messages sont {either an
aggregate nurmber or 2 number per node). In another alternative, the tormination condition can
be defined as the clapsing of & predetermined pertod of time. I the termination condition has
been reached, processing continues with the selection, for an inpt node, of a predetermined
number of supplier nodes or a predetermined number of customer nodes.

Neste that the graph data structure can be any type of data structure suitable for use with
ceneralized matching using belief propagation, such as a bipartite graph data structure. The
graph data structure can contain one or mwore nodes of the same group (unipariite case} of
different groups (bipartite case). For example, the graph data structure can inchade supplier
nodes and customer nodes, where each supplier node can be connectad to one or more cusiomer
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nodes, and vice versa. In respective embodiments, the graph node data structure clements
correspound to physical entities such as suppliers, customers, goods and/or services. In addition,
in embodiments, the nodes correspond to other entities as described below with respect to other
embodiments.

The weight data such as represented by the weight matrix discussed above may represent
a profit value for each edge between two nodes of the graph data structire. The weight matnx
could also be a cost matrix representing a cost associated with a respective matching with
suitable values for the terms to suit the computations methods, In the case of g profit matrix, the
matching process typically includes a function to enhance and/or maximize profit. And inthe
case of a cost matrix, the maiching process typically inchudes a function to reduce and/or
minimize cost. The values in the profit matrix can be negative, zero, positive or a combinaiion
of these values.

An exemplary weight matrix may be ropresented by a data structure having a record
corresponding to each node. The record for each node can include a list of adjacent nodes and a
profit value for sach of the adjacent nodes. The term “adjacent” refers o the nodes to which a
given node may be connected in the same (unipartife case) or g disjoint set {bipartite case). The
ttemns of data in the profit matrix can represent physical entities or values such as actual supplier
capacity, actual customer demand, monetary amounts of bidding or asking prices, monetary
amounts of profit, distances, monetary costs, and/or the ke, A portion of the profit matrix can
be selected and provided to a respective node processor. The selected portion can represent only
the profit matrix record corresponding to each respective node processor. By providing only a
portion of the profit matrix to each node processor, data storage and transfer requirements can be
reduced.

In operation, elecironic mesaages are passed between adiacent nodes, which may be
networked or communicate by a bus or any other data communication system. The node
processor can be a computer, a single processor on g device with multiple processors, or any
suitable machine capable of making the described computations and sending and receiving the
described data. As described above, value {or data content) of cach message is determined
according to a simplified compressed message update rule. The key insight for reducing
memory usage is that the full beliefs need not to be stored (not even the compressed messages).
Instead, by unrolling one level of recursion, all that need to be stored are the sefecied beliets.
That is, the selection operation is over all indices excluding {, which means the selected value
will be either the b;'th or the b; + U'th greatest element,

Thus, once each row of the belief matrix B is updated, thess two selected values can be
computed and stored, and the rest of the row can be deleted from memory. Any further reference
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i B is therefore abstract, as it will not be fully siored. Any entry of the belief matrix can be
computed in an online manner from the stored selected value.

When this estimate is a valid b-matching, i.¢., when the columns of 4;; sum to thew
target degrees, the algorith has converged to the selution. The algorithm can be viewed 83
simply computing each row of the belief matrix and performing the selections on that row.
Received messages may be stored by the processor in an electronic memory, such as, for
example, RAM, non-volatile storage, a database or any suitable data siore. The operation can be
performed using the respective node processors, Downsiream processing may include a process
that corresponds to the particular application. For exaruple, if the bipartite graph may describe
an application in which search queries or other key words terms appearing on web pages are
assigned to bidders. In that case, a first set of nodes would be the bidders and a second set of
nodes would be the sellers and the downsiream operation would include placing the
advertisements correspending to the bidders to corresponding Iocations on one or more web
pages, for example, alongside search results or on other web pages.

Fig. 12 is a block diagram of a system for matching using degree distribution including
paraliel processors according to some embodiments of the disclosed subject matter. In
particular, a belief propagation matching system 1200 includes a group of suppliers 1202 and a
group of customers 1204, Fach of the suppliers 1202 and customers 1204 are represented as
nodes arranged and stored in a graph data structure 1206, The system 1200 also includes &
profit {or cost) matrix 1208 and degree distribution data 1209, The graph data structure 1206,
profit matriz 1208 and degree distribution data 1209 are provided as input to a graph expansion
module 1211, An expanded graph and profit matrix produce by the graph expansion module is
provided as input to a b-matching module 1212, Also provided as ioput to the beliet
propagation matching system 1212 is input data 1210, The belief propagation matching system
12172 is coupled to a data storage 1214 and provides matching results 1216 as output.

In operation, the suppliers 1202 and customers 1204 are stored as nodes or vertices ot the
graph data structure 1206, The profit mairix 1208 stores the edge profits (or weights) for each
edge connecting a supplier and customer. The degree distribution data 1209 represents preferred
or prior node degree distributions. The graph data structure 1208, the profit matrix 1208 and the
degree distribution data 1209 can cach be stored in the data storage 1214

The graph expansion module 1211 generates an expanded graph data structars including
the original graph data siructure and additional dummy nodes. The graph expansion module
1211 also generates an expanded profit matrix including the original profit malrix as one
guadrant, two quadrants based on the degree distribntion data 1209 and a zero quadrant,
according to the method described above.
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The belief propagation matching system 1212 receives the expanded graph and protit

matrix produced by the graph expansion module 1211 and also recelves the input data 1214,
which can be, for example, a node of interest for b-matching. The beliet propagation matching
processor 1212 uses the expanded graph data structure and the expanded profit mairix to
perform a distributed form of belief propagation for H-maiching as described above. The
messages and beliefs are updaled using distribotive {or parailel) processing and stored in the
data siorage 1214, Once the termination condition is met, the belief propagation matching
syatem 1212 makes the matching results 1216 avatlable as output. The termination condition
can include any of the termination conditions deseribed above.

The belief propagation matching system 1212 can be a distributed or paraitel processing
system. For example, the belief propagation matching system 1212 can be implomented a3 a
cloud computing system. Cloud computing is a computing system in which computing
resources are provided as a service over a network such as the Internet to users who do not need
direct control over the technology infrastructure {"in the cloud™) that supports their computation
requirements, Cloud compuring also provides providing scalable virtual private servers.
Examples of commercially svailable cloud computing offerings include Google App Engine
provided by Google.com and Amazon.com’s Elastic Compute Cloud (EC2). The data storage
1214 can be an Internet-based scalable storage infrastructure such as Amazon.com’s Siraple
Storage Service (83} or any other data storage system suitable for use with the beliet
propagation matching system 1212, A cloud data store may he used to store data used in any of
the emhodiments described herein, A cloud data store may spread stored data among a vaniety
of different remote and local physical devices including different media snd wemory devices
and cloud stored data may be accessed via networks or internetworks or other conurnicalion
channels.

The belief propagation matching system 1212 can also be implernen ted according o any
other suitable distributed or parallel processing architecture, including hardware and software
systems containing more than one processing element or storage element, concurrent processes,
multiple programs, and/or the like.

The systems and methods described above and below, herein, can be applied to matching
nodes in a system represented by a unipartite graph data structure such as a social network., The
systems and methods can be used to provide matching resuits such as social network referrals,
connecting websites to other websiles, routing measages on a network such as the Internet, and
chip layout. In unipartite matching problems all nodes are of the same type or class {g.g., social
network members) rather than disjoint sets and they can be matched with other nodes based ona

value matrix having & weight or value for sach edge of the unipartite graph data structure. For
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exaruple, in the case of Fig. 3A, a unipartite version would have “u” nodes (302} that are the

same as the “v" nodes (304},

Generalized matching or auction problems find the best assigninent of goods to
consumers or advertisers to consurers when given a matrix of weights or value for each
possible assignment. Generalized bipartite matching is 100% solvable by linear programming,
but that approach is too slow for practical applications.

The disclosed subject matter approach may employ belief propagation which gives
highly improved solutions, which can be 100% optimal, but does so efficiently and can scale up
to problems involving millions of users and advertisers. Other applications include network
reconstraction, image matching, resource allocation, online dating, sensor networks, and others,

Online content providers can use the disclosed technology to better match advertising
after a user enters a search term. Typically, online content providers show the top advertisers
that bid the highest amount for a particular search term, Typically, this is done by solving a
generalized matching problem. For example, assume there are 300 users and 100 advertisers.
Assume each advertiser wants to show 15 ads and each user can see 3 ads. Since each advertiser
bids different dollar amounts for showing their ads, the enline content provider has to find the
matching of ads to users that eams them the most money. When dealing with millions of users
and advertisers, however, the exact solution to this problem using other techniques may be 0o
slow and unable be distribuied onto multiple machines for efficient computation, Many online
content providers therefore resort to an approximate solution that was developed which gives
suboptimal answers (not the most profitable} but can be solved efficiently and online. The
disclosed technology permits the solution of large scale generalized matching using a distributed
algorithm (belief propagation} which gives an exact answer. This may increase profit,
potentially by up to 50%. It remains efficient enough to handle the scale of asers/advertisers
many online content providers deal with,

Fig. 13 is a block diagram of a system for maiching advertisers with search terms using
depree distribution information and belief propagation according to some embodiments of the
disclosed subject matter. In particular, the system 1300 includes a search engine/content
provider 1302 that is coupled to a degree distribution matching system 1303 and a belief
propagation system for advertisement/keyword {search term) matching 1304, The search
gnigine/content provider 1302 is also coupled o an electronic data stovage having stored therein
data representing a plurality of adverticers (1306-1308) each having a respective set of search
torms {(or keywords}, advertisement associated with each keyword, and a bid for placing each
advertisement (1310-1312). The search epgine/content provider 1302 receives search terms,
keywords and/or uniform resource locators (URLs} 1314 from one or more users. In response to
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the recetved input 1314, the search engine/content provider 1302 performs search
termy/advertiser matching using the degree distribution matching system 1303 and the belief
propagation system for advertisement/keyword {or search term) matching 1304 to match a
number of advertisements (three in this example) to the search term input. The A-matching
advertisemnents {e.g., 3) are then displayed on a search engine results page {or content page of a
partner website) 1316 as displayed advertisements 1318,

In this example, the nodes of the graph data structure include the
advertisers/advertisements and the keywords (or search terms). The profit matrix includes the
bid prices for each ad by cach advertiser, The bid prices may be used a5 vaw valoes or may be
manipulated in order to arrive at a profit for the bid. The b value represents the maximum
number of advertisements to be displaved on a results or content page {(e.g., 3}. However, each
advertiser/advertisement node may also be subject to other constraints on its belief value such as
a quoia of advertisements 0 be displayed during s given period of time or a quota on an amount
of money to be spent during a given period of time. These constraints may aftect whether or not
an advertiser/advertisement is selected as matching for a keyword, even if the bid for that
advertiser/advertisement is high encugh that it would normally be selected.

Advertisers may seek to manipulate or “game” the advertising bid system. The belief
propagation methods and systems described above can be modified o provide enhanced
protection against bid or ad system mantpulation. For example, one bid manipulation scheme
includes attempting to deplete a competitor's ad budget by placing a bid just less than the
winning bid, this causes the price actually paid by the winning bidder to be artificially high and
thus depletes the competitor's budget faster than would normally ocour. After the competitor’s
budget is depleted, their bid is no longer the highest and the ad can be placed at a lower cost by
the manipulator. One technigue for combating this type of manipulation is to augment the -
matching algorithm with a module that can select a winner other than the first place or b-highest
matches. By selecting an ad to be placed other than the normal matching ads, the manipulator’s
ad can be chosen, thus depleting the manipulator’s budget as well. This discourages advertisers
from placing artificially high bids in an attempt 1o deplete a competitor’s budget. It will be
appreciated that other now known or later developed ad auction mardpulation prevention
measures can be used with the disclosed subject matter.

The system for matching advertisements with search ferms or keywords 1300 can
comprise a second system {not shown) in addition to the belief propagation matching system for
advertisement keyword maiching {(1304). The second system can be a bid web server, which
aleo would typically comprise one or more computer storage meditmts, ONE OF MOTe Processing
systerns and one or more databases. Conventional web browsers, running on client cornputers
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can be used to access information available through the bid web server and permit advertisers to
place bids for desired keywords that will be queried through the search engine or content
provider. The bid web server can be accessed through a firewall, not shown, which protects
account information and other information from external tampering. Additional secunity
measures such as Secure HTTP or the Secure Sockets Layer may be provided to enhance the
security of standard communications protocols.

In some of the above embodiments relating to the gssignment of web advertisemenis
according to bids, various factors can be wsed to modity the weight value of the weight matrix
used to represent the matching problem. These can includer conversion rate; goal success rate;
chick through rate; how many times a user selects a given ad in a given session; a duration of
time, from an ad result selection, until the user issues another search query, which may include
time spent on other pages {reached via a search result click or ad click) subsequent to a given ad
click; a ratio ot the time, from g given ad resuli selection until 3 user issues another search guery,
as compared o all other times from ad result sclections until the user issued another search
query; time spent, given an ad result selection, on viewing other results for the search query, but
not on the given ad result; how many searches (L.e., a unigue issued search query) that ocourin g
given session prior to a given search result or ad selection; how many searches that ccour ina
given session afier a given search resalt or ad selection; rather than searches, how many result
page views that ocour for a given search query before a given selection, this can be computed
within the query (i.e., just for a unigue query}, or for the entive session; and rather than searches,
how many search result page views that occur for a given search query after this selection, this
can be computed within the query {i.e., just for the unique query}, or for the entire session.

Fig. 14 is a block diagram of a system for matching dating service members using degree
distribution and belief propagation according to some embodiments of the disclosed subject
matter. In particular, the system 1400 includes a dating service provider 1402 that is coupled to
a degree distribution matching system 1403 and a belief propagation systermn for dating service
merber matching 1404, The dating service provider 1402 is also coupled to an electronic data
storage having stored therein data representing a phurality of dating service members (1406-
1408} each having a respective set of intergsts (1410-1412). The dating service provider 1402
receives the interests {1410-1412) from one or more respective users (1406-1408}. The interests
{1410-1412) can be used to generate a “profit” matrix for the users, for example, by generating a
value representing the interests in common for a given pair of users, which can then be ﬁxp‘anded
using degree distribution data as described above. In response to the received interests (1410-
1412}, the dating service provider 1402 performs member matching using the belief propagation
system for dating service member matching 1404 to match each ymember with b other members
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{e.g., for a fee a dating service may provide & introductions or matches (o cach user). The b
matching members may then be commumicated to the member that they are matched with as an
introduction (e.g., each user may receive an email Hsting the members he or she has been
maiched withy., For example, a results set 1414 {e.g., in an emai] or displayed on the user’s page
at the dating service) can be provided for Member [ Within the results are listed the d-matching
members 1415 selected to match Moember |, And, sirtlarly, a vesolts set 1416 (e.g., in an ematl
or displaved on the user’s page al the dating serviee} can be provided for Member n. Within the
results set 1416 are listed the b-matching members 1418 that have been selected Lo maich
Member n.

In this example, the nodes of the praph data structurs include the members of the dating
service, The “profit” matrix {or compatibility matrix} can include the predicted compatibidity
hetween a pair of members. The & value represents the number of matching or most likely
compatible members to be provided to each respective member {¢.2., in accordance with the
service agreement with the member). However, each member node may also be subject to other
constrainis on its belief value such as type of other member being sought, geographic preference,
other preferences, a quota of maiches to be provided during g given period of time, or the like.
These constrainis may affect whether or not a2 member s selected as matching for another
member, even i the “profit” or compatibility for that member is high enough that 1t would
normally be selected.

Fig. 15 is a diagram of a aystem for matching sellers and buyers in an auction using
degree distribution and beliet propagation according to some embodiments of the disclosed
subject matter. In particular, the system 1300 includes an auction service provider 1502 that s
coupled fo a belief propagation system for auction buyef/ seller member matching 1504, The
auction service provider 1307 {s alse coupled (o an elecironic data storage having stored therein
data representing a plorality of sellers {1506-1508) cach having a respective set of
goods/services being offered (1510-1512), and a plurality of buyers {1514-1516) each having a
respective set of goods/services being sought (13181528}, The auction service provider 1502
receives the goods/services being offered (1510-1512) and the goods/services betug sought
{1518-1520), which can be used to generaie a profit mairix for matching the buyers and sellers,
for example, by generating a profit value for each seller selling his goods/services to 2
corresponding buyer seeking those goods/services.

fn response to the received goods/services being offered (1510-1512) and the
goods/services being sought {1518-1520), the auction service provider 1502 performs graph and
profit matrix expansion using degree distribution matching systom 1303, Then, using the
expanded graph data siructure and expanded profit matrix, the auction service provider performs

49



WO 2012/138855 PCT/US2012/032318
buyer/seller matching using the belief propagation system for auction buyer/seller malching
15014 to match each buyer with b sellers {e.g., such that the buver’s requirements are met}), The b
matching sellers may then be communicated 1o the buyer that they are maiched with in order to
complete a transaction. For example, a results set 1522 that bas the b-matching between buyers
and sellers can be provided as outpul. Allernatively, the matches for a particular buyer or seller
can be communicated directly to that buyer or sciler.

In this example, the nodes of the graph data structure represent goods/services being
offered {1510-1512) and the goods/services being sought {1518-1320). The profit matrix can
have values based on a particular buyer buying from a particular seller. For example, in the case
of a buyer, the b value can represent the number of maiching sellers needed to meet the buyer’s
reguirernents. In the case of a seller, the b value can represent the number of buyers needed o
purchase the sellers goods/services being offered. However, each node may also be subject to
other consiraints on iis helief value. These constrainis may aftect whether or not g buyer/seller
is selected as matching for ancther buyer/seller, even if the protit for that matching is high
enough that it would normally be selected.

Fig. 16 is a diagram of a plurality of degree distribution matching / belief propagation
processors implemented in hardware accordivg to some embodiments of the disclosed subject
matter. In particular, a system 1600 includes a plurality of belief propagation provessors (1602 -
160% and 1612-1618}. Hach of the processors is coupled to 3 bus 1610, The belief propagation
processors are constructed for operating as nodes in a belief propagation system for matching
using degree distribution as described above. The system 1600 can include processors that are
stand-alone or can represent a single semiconductor device having muliiple behief propagation
processors constructed thereon. In operation, each hardware belief propagation processor
performs the belief propagation method described above,

In addition o the applications described above, the method and system for matching
using degree distribution data can alse be adapted to provide solutions to other types of
problems.

Embodiments of the method, system, computer program product and computer readable
media for b-maiching using sufficient selection belief propagation, may be implemented on one
OF MOTe general-puUrpose computers, one or more special-purpese computers, a programmed
micreprocessor or microcontroller and peripheral integrated circuit element, an ARIC or other
integrated circuit, a digital signal processer, a hardwired glectronic or logic circnit such as a
discrete element circuit, a progranmmed logic device such as a PLD, PLA, FPGA, PAL, orthe
Hke. In general, any device or process capable of implementing the functions or provesses
described herein can be used o implement embodiments of the method, system, computer
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program product or computer readable media for b-matching using sufficient selection belief

propagation.

Furthermore, embodiments of the disclosed method, software, and computer program
product {or computer readable media) for b-malching using sufficient selection beliet
propagation roay be readily irnplemented, fully or partially, in software using, for example,
object or ohject-oriented software development environments that provide portable source code
that can be used on a variety of one or more compuaters platforms.

Alternatively, embodiments of the disclosed method for b-matching using sufficient
selection belief propagation can be implemenied pariially or fully in hardware using, for
exampie, standard logic circuits or 2 VLA design. Other hardware or software can be used to
implement embodiments depending on the speed and/or officiency requirements of the systems,
the particular function, and/or a particular software or hardware systent, micToproCessor, or
microcomputer system being uilized. Embodiments of the method, system, computer program
product and computer readable media for b-natching vsing sufficient selection belief
propagation can be impleruented in hardware and/or software using any known or later
developed systems or structures, devices andd/or software by those of ordinary skill in the
applicable art from the functional description provided herein and with a general basic
knowledge of the computer arts,

Muoreover, embodiments of the disclosed method for generalized b-matching using
sufficient sclection belief propagation can be implemented in software stored on computer
readabile media {or provided as a computer program product) and adapied to be executed on g
programmed general-purpose compuder, a special purposs computer, g microprocessor, or the
tike. Also, the b-matching using sufficient selection belief propagation wethod of this disclosed
subject matter can be buplemented as a program embedded on a personal one or more compuiders
such as a JAVA® or CG1 seript, as a resource residing on a server or graphics workstation, as a
routine embedded in a dedicated processing system, or the Hke. The method and system can also
he implemented by physically incorporating the method for b-matching using sufficient
seiection belief propagation inie a software and/or hardware system, such as the hardware and
software systems of a search engine, ecornmerce platform, online suction, online dating,
resource allocation, or image processing system.

It is, therefore, apparent that there is provided in accordance with the presently disclosed
subject matter, a method, system, a computer prograr product and a computer readable media
with software for b-matching vsing sufficient selection belief propagation. While this disclosed
subject matter has been described in conjunction with a mumber of embodiments, it is evident

that many alternatives, modifications and variativns would be or are apparent to those of
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ordinary skill in the applicable aris, Accordingly, applicanis intend to embrace all such
alternatives, modifications, equivalents and variations that are within the spinit and scope of
disclosed subject matter.

Experiments evaluating the performance of embodiments of the disclosed subiect matter

are presented in Appendix L
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APPENDIX I
EXPERIMENTS

This section describes empirical results from synthetic tests, which provide useful insight

into the behavior of the algorithm presented in the disclosure, and a simple test on the MNIST
handwritten digits data set, which demonstrates that the performance improvements apply to real
data.

Synthetic Gaussian Data

In these experiments, the running time of the proposed algorithm is measured and
compared against two baseline methods: the standard belief propagation algorithm, which is
equivalent to setting the proposed algornithm's cache size to zero, and the Blossom V code, which
is considered to be a state-of-the~-art maximum weight non-bipartite matching solver.

For both experiments, node descriptors are sampled from zero-mean, spherical Gaussian
distributions with variance 1.0, the weight function returns negative Euclidean distance, and we
sample bipartitions of equal size (m = n = N/2}. In the first experiment, points are sampled
from R2C. Using different cache sizes, the rumning time of the algorithun is measured for varying
point set sizes frora 10 to 500, We set b; = 1, vi. We measure the running time using actual
CPU time as well as a count of belief Tookups. The square roots of per-iteration running times
are drawn in Figure 1. 1t is clear that for a cache size of zero, where the algorithm is default
belief propagation, the runming tire per tteration scales quadratically and that for non-zero cache
sizes, the running time scales sub-quadratically. This implies that, at least for random, @4,
(Gaussian data and Huclidean weights, the weights and £ values are uncorrelated enough to
achieve the random permutation case speedup.

For the second experiment, node descriptors are drawn from R, and we compare 1-
matching performance between sufficient selection belief propagation, full belief propagation
and Kolmogorov's Blossom V code. For sufficient selection, we set the cache sizeto ¢ =
Z+/m + n. In this case, there Is no equivalent notion of per-iteration time for Blossom V, 50 we
compare the full solution time. Full belief propagation and Blossom V seem to scale similarly,
but sutficient selection improves the running time significanily. For this comparison, it is
important to note some differences between the problem classes that the compared code solve:
the algorithm behind Blossom V solves non-bipartite 1-matchings, whereas the proposed
algorithm is specialized for bipartite b-matchings. Nevertheless, in this comparison, all
algorithms are given bipartite 1-matchings. These tests were run on a personal computer with an

3-core 3 GHz Intel Xeon processor (though cach run was single-threaded).
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Synthetic Adversarial Example
i this section, we present an experiment that is an adversarial example for the sufficient
selection algorithm, We construct an 74 sampling scheme that generates data where the cached
nearest neighbors of certain points will not be the b-matched neighbors until we cache QN
neighbors, The datg is generated by randomly sampling poings uniformly from the sorfaces of
twe hyperspheres in high dimensional space B®%°, one with radins 1.0 and the other with radius
0.1, The resnlt i3 that, due to conceniration, the points on the outer hypersphere are closer io all
points on the inner sphere than any other points on the outer sphere, with high probability. Yet,
the minirourn distance A-matching will connect points according to which sphere they were
sampled from. The distance betwesn outer poinis o inner points will be in the rangs [.9,1.1],
and the distance between outer points to other outer points will concentrate around v2 when
dimensionality 1s much larger than N (hecause each vector is orthegonal with high probability).
Al outer peints will rank the inner points as thewr nearest neighbors before any outer points, bui
due to b-matching constraints, not enough edges are available from the inner poinis,
This is an example where, for belief propagation to find the best b-matching, the o and 8
values must be negatively correlated with the weights.
Using cache sizes from 0 to m + n, where ¢ = m + n allows the full sufficient selection,
running times are compared for different sized input. From the arguments above, the sufficient
selection should fail to improve upon the asymptotic time of full selection for all nodes on the
cuter hypersphere. Nevertheless, a constant time speedup is still achieved by exploiting order
information. This may simnply be because, sutficient seloction speeds up pertormance for the
poinds on the inner hypersphere but not for the adversarially arranged points on the outer
hypersphers.
Handwritten DHgits

We perform fiming tests on the MNIST digits data set, which contains 60k training and 10k
testing handwritten digit irmages. The tmages are ceniered, and represented as 28 X 28 puxel
grayscale unages. We use principle components analysis (PCA) to reduce the 784 pixel
dimensions of each image 0 the top 100 principle eigenvector projeciions. We use negative
FEuclidean distance between PCA-projected digits as edge weoights, and time sufficient selection
belief propagation on a subsampled dalg set with varying cache sizes. In particular, for this test,
we samplie 10% of both the training and testing sets, resulting in 6000 training and 1000 lesting
digiis. We generate feasible b-matching constrainis by setting the target degree by € {1, ....5}
for the training points and the target degree 5y, for testing points to b, = 68y, {(since there are

31% thnes as many training poinis).
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Since there are 600 million candidate edges between training and testing examples, any
algorithun that stores and updates beliefs or states for each edge, such as a conventional original
belief propagation algorithm or the Blossom V algorithm cannot be run on most computers
without the use of expensive virtual memory swapping. Thus, we only compare the running
fimes of linear memory b-matching belief propagation as described in Section 2.2 using
different cache sizes.

These timing tests were run on a Mac Pro with an 8-core 3 GHz Intel Xeon processor, each b-
matching job running on only a single core. The results show that for a cache size of 200, the
solution time is reduced from around an hour to fewer than ten minutes. Interestingly, the
running time for larger b values is less, which ts because belief propagation seems to converge
in fewer iterations. For larger cache sizes, we achieve mimmal further improvement in running
time; it seems that once the cache size s large enough, the algorithm finishes selection before
running out of cached weights.

Finally, using a cache size of 3500, finding the mininwum distance matching for the full MNIST
data set, which contains six hundred million candidate edges between training and {esting
examples, took approximately five hours for by, = 1 and b, = 4. The statistics from each run
are summarized in Table 1. As in the synthetic examples, we count the number of belief lookups
during the entire run and can compare against the total number that would have been necessary
had a standard selection algorithm been used (which is (m + n)? per iteration). The running
time is approximately 100 times faster than the estimated time for belief propagation with naive

selection.

Discussion
This disclosure presented an enhanced belief propagation algonithm that solves maxtimuom

weight b-matching. The enhancements yield significant improvements in space requirement and
running time. The space requirement is reduced from quadratic to linear, and the running time is
reduced from (N %} to B{N?P) under certain assumptions. Empirical performance is consistent
with the theoretical analysis, yet the theoretical analysis needs restrictive assumptions.

Further speed and space improvements may be possible by conceding exactness in
favor of an approximation scheme. For example, node descriptors can be stored using hashing
schemes that preserve the reconstruction of node distances. Additionally, the initial iteration
requires essentially a k-nearest neighbor computation, for which there are various approximate

methods with speed tradeofis.
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CLAIMS

What is claimed is:

I A compuierized method for generalized matching using sufficient selection beliet
propagation, the method comprising:

{a} providing a bipartite graph data siracture having g plorality of first nodes and a
plurality of second nodes, where each first node is connected to a second node by an edge;

(b} providing a weight matrix data structure having a weight value for each edge of the
bipartite graph data structure, where a portion of the weight matrix is provided to each fivst node
and each second node, the weight matrix portion including weight values for nodes adjacent to
each respective first node and second node;

{¢} updativg a belief value corresponding to each of the first nodes and second nodes,
with a processor adapted to perform belief propagation, by passing electronic messages between
adjacent nodes until 4 lermination condition is met, each message being based on the weight
matrix portion vahues and received messages, where a value of each message is determined
according to a compressed message update rule;

{d} sorting belief values and selecting a plarality of belief values o store;

{e} storing, in an electronic memory, only the selected belief values for each first node
and each second node in storage locations of the slectronic memory associated with the
corresponding node;

{f) performing (¢} through () tteratively until a termination condition 18 met;

{gy selecting, with the processor, a predetermined nurnber of fivst nodes and 8
predetermined number of respective second nodes matching each selected first node, the
selecting of the second nodes being based on updated beltef values; and

{h} outputting the selected first nodes and respective matching second nodes.

2. The method of claim 1, wherein the termination condition is a predetermined nuntber of
iterations of {¢} through {e}.

3. The method of clairn 1, wherein the tenmination condition is defined as a steady state of
updated belief values.

4, The method of claim 1, wherein the termination condition i3 a nomber of messages sent
from each node.

3. The method of claim 1, wherein the termination condition is an clapsing of 2

predetermined pertod of time.
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&. The method of claim 1, wherein the termination condition is reached when columns of a
solution matox sum fo a target degree.

The method of claim 1, wherein the first nodes are advertisements and the second nodes

are search terms,

. The method of claim 1, wherein the first nodes are sellers and the second nodes are
buyers.
9. A computerized method for matching advertisements with search terms using sufficient

selection belief propagation, the method comprising:

{2} providing a bipartite graph data structure having a plurality of advertiser nodes and a
plurality of search term nodes, where each advertiser node 1S connected to a corresponding
search term node by an edge;

{b} providing a profit matrix having a profit for each edge of the bipartite graph data
structure;

{c) uvpdating, with a processor adaptied to perform belisf propagation generalized
matching, a belief value corresponding to each advertiser node connected o a selected search
term node by passing messages between adjacent nodes until a termination condition is met,
each message being based on profit matrix values and received messages, where each message is
determined according to a compressed message update rule;

{dy sorting helief values and selecting a plurality of belief values to store;

(e} storing, in an electronic memory, only the selected belief values for each advertiser
node and each search term node in storage locations of the elecironic memory associated with
the corresponding node;

{fy performing (¢} through (¢} iteratively until a tormination condition is met;

{g} selecting a predetermined number of advertiser nodes matching each search term
node of a group of search term nodes of interest, the matching being determined based on
updated belief values of advertiser nodes adjacent to cach search term node of inferest; and

(h) outputiing the selected advertiser nodes matching each search term node of interest.
10, The method of claim 9, further comprising displaying advertisements associated with
gach of the selected advertiser nodes on a search resulls page corresponding to the search term
node associated with the selected advertiser nodes.

11, The method of claim 9, further comprising storing at each advertiser node and at each
search term node a portion of the profit matrix, where each portion is selected hased on adjacent
nodes of cach respective advertiser node and cach respective search term node.

12, A processing system for matching nodes using sufficiont selection belief propagation, the
SYSeIm comprising
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a processor adapted o load and execute software instructions stored on a
compiter readable medium, the software instructions, when executed, cause the
processor to perform operations including:

{a) updating belief values corresponding to its respective neighbor nodes in a graph data
structure, having a group of first nodes and a group of second nodes where each first nodeis a
neighbor o at least one second node, by passing messages between neighboring nodes until a
termination condition is met, each message being based on profit/cost matrix values and
recetved ruessages, where a dala content of each message is determined according to a message
update rule;

(b} sorting belief values and selecting a plurality of heliel values {o store;

(¢} storing, in an electronic memory, only the selected belief values for each first node
and each second node in storage locations of the electronic memory associated with the
corresponding node;

(d) performing {a} through {c¢} iteratively until a tormination condition is met; and

(e} selecting a predetermined number of matching neighbor nodes, the matching being
determined based on updated belief values of neighbor nodes; and

{fy outputting the selected matching neighbor nodes.

13, The system of claim 12, wherein the system includes:
a plurality of processors each corresponding 1o a nede of the graph; and a network coupling the

plurality of processors and adapted to trapsfer messages between the processors.

14, The system of claim 13, wherein a cloud computing system comprises the plurality of
PrOCeasors.
15, The system of claim 12, wherein the first nodes are advertisers and the second nodes are

sgarch terms.
16. A method for generalized matching using sufficient selection belief propagation, the
method comprising:

providing a bipartite graph data structure having a plurality of first nodes and a plurality
of second nodes, where each first node is connected to g second node by an edge, and a weight
mairix data structure having a weight value for each edge of the bipartite graph data structure;
and

updating a belief value corresponding to each of the first nodes and second nodes, with a
processor adapted to perform sufficient selection belief propagation, by passing electronic
messages between adiacent nodes until a termination condition is met, sorting belief values and

selecting a plurality of belief values to store, and storing, in an electronic menory, only the
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selected belief values for each first node and each second node in storage locations of the

electronic memory associated with the corresponding node.

i7.  The method of claim 16, fiwther comprising selecting, with the processor, &
predetermined number of first nodes and a predetormined nomber of respective second nodes
matching each selected first node, the selecting of the second nodes being based on updated
helief values.

18, The method of claim 16, wherein a portion of the weight matrix is provided to each

first node and each second node, the weight matrix portion including weight values for nodes
adjacent 1o each respective first node and second node.

18, The method of claim 18, wherein cach message is based on the weight matrix

portion values and received mwessages, and a value of each message s deterntined according 0 a
compressed message update rule.

20, The method of claim 16, further comprising outputting the selected first nodes and
respective matching second nodes.

21.  The method of claim 16, further comprising performing the updating, sorting and storing
iteratively uniil 8 termination condition is met.

22.  The method of claim 21, wherein the termination condition is a predetermined number of
iterations of the updating, sorting and storing.

23, The method of claim 21, wherein the termination condition is defined as a steady state of
updated belief values,

24,  The method of claim 21, wherein the termination condition 15 a number of messages sent
from each node.

25, The method of claim 21, wherein the termination condition is an elapsing of a
predetermined period of time.

26, The method of claim 16, wherein the termination condition is reached when

columns of a solution matrix sum {0 a target degree.

27. The method of claim 16, wherein the first nodes are advertisements and the second nodes

are search ferms.

28. The method of claim 16, wherein the first nodes are sellers and the second nodes are
huyers.
29, A computerized method for maiching auction items with buyers using sufficient

selection beliet propagation, the method comprising:
{8} providing 2 bipartite graph data structure having a plurahity of buyer nodes
representing buyers and a plurality of item nodes representing purchasable items for sale inan
auction, where each buyer node is connected to a corresponding item node by an edge;
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{b} providing a profit matrix having a profit for cach edge of the bipartite graph data

structurs;

(¢} updating, with a processor adapted 1o perform belief propagation generalized
matching, a belef value corresponding to each buyer node connected to a selected item node by
passing messages between adjacent nodes until a termination condition is met, each message
being based on profit matrix values and roceived messages, where each message is determined
according to & compressed message update rule;

{d} sorfing belief values and selecting a plorality of belief values to store;

{e} storing, in an electronic memory, only the selected belief valoes for each buyer node
and each tem node in storage locations of the electronic memory associated with the
corresponding node;

(£} performing (¢} through (&) iteratively untd a termination condition is met;

{2} selecting a predetermined number of buyer nodes matching each ttem node
of a group of item nodes of interest, the matching being deternined based on updated belief
values of buyer nodes adjacent to each item node of inferest; and

{h) outputting the selected buyer nodes matching each item node of interest.

36, The method of claim 28, further comprising displaying advertisements associated with
cach of the selected buver nodes on a search results page corresponding to the tem node
associated with the selected buyer nodes,

31, The method of claim 29, further comprising storing at each buyer node and at each ttem
node a portion of the profit matrix, where each portion i3 selected based on adjacent nodes of
each respective buyer node and cach respective item node.

32, The method of any of clatms 29 through 31, whersin the data structure is stored in a
computer readable data storage device including one or more of a rmemory, a non-volatile data
stove equivalent 1o a solid state disk drive, a rotating media drive, or a cloud storage site.

33. A computer readable medium having recorded thereon computer executable instructions

for performing a method according to any of the foregoing method claims,

61



WO 2012/138855 PCT/US2012/032318

/19
102
o % Y s
100 { st Y
L )
¥ 104

Obtain input graph data and A
weight matrix data

¥ . 0B
Obtain degree distribution 4
information
K
108

Generate expanded graph
having expanded weight matrix {/¥
based on degree distribution

information
& 110
- Detenmine max weight b- f;;’
- maiching using expanded graph ¥
: and weight matrix
$ 112
-"fe""‘s
:‘g/

. &
Downstream operation or cuiput {

FIG. TA



WO 2012/138855

PCT/US2012/032318

Cbtain input graph data and
weight mairix dala

X

Update belief values using

‘»,"4‘
rem

simplified update rule
W 128
4
Sort belief values &
\‘ 128
A d
Selact balief values to store ¥
\i 130
,,,,,,,,,,,, . c
Store selected belief values ¥
é
X 132
ol o
= “ \\\ N o
‘.\«*“"w ) \\:\\. “‘,g}}\.f
NO Termination ™
“Condition Reached? "
\‘\\\\ »-«"‘"“#
RN
YiES
& 134
&
.-’("

NTRE TN 3y
R X NI
ETR . LY




PCT/US2012/032318

WO 2012/138855

318

O

FI1G. 2



WO 2012/138855 PCT/US2012/032318

4/19

v1 v2 v3 v4 304

U WIW W W
it i ARV R RVYIRTY
318 : N

L3 WIW I WW

LA WA W W




WO 2012/138855 PCT/US2012/032318

519
321
327 3724 328 378
)

VA V4 VA
Proceassor ul Frocaessor ud Procassor ul Processor ud
) 4 4 T

R
.
ef“_,,&"\\’f.;\- - » \
i \ 330 340
Pt N .
340 { Y
“” Metwork :" '
N j
l“"‘
g,sﬁ"xw_wf“ﬂ
L .
v ¥
Frocessor vi Procassor ve Frocessor v3 Processor vd
322 334 336 338

o
7
et 4
(e
]
et



PCT/US2012/032318

WO 2012/138855

6/19

400

o
L
<t



WO 2012/138855

PCT/US2012/032318

79

Prohability
0.4 -

1 2 3 4 5 53
MNode 1D
Legend:

Degree per Node

N

]

1G5

e



WO 2012/138855

&19

Generate new graph dala
structure

|

Determine expanded weight
matrix including weights for
dummy nodes

PCT/US2012/032318

802
i

- 604
3

!

Set degree constraints for
original nodes




WO 2012/138855 PCT/US2012/032318

9/16
W
Dregree distribution values for
members of first disjoint sst
Weight matrix (e.g., dollars) (&.9., seiler)
A . A

Mggcs
I
——

" ] ¥ ?“ TR R I i W
W Wy ! Gl il g
i I P of
Wy Wy o iy w e i
¢ E’ﬁ§ -8 {i } 13 bR i i
L CE AR e g (n ; 9 E

o . y‘
,,,,, y \g
Degree distribution values for
members of second disjoint Lero matrix

set {e.g., buyers)

FIG.T7A



PCT/US2012/032318

WO 2012/138855

o
I~

704

702

-

LAl
7

rdrish

",

s

2
7o,
: /
s
]
o

LI
e,



000000000000

22222222222222222

X

\\\x
-

-

.

-
B
mm

i

\:\ . R
N
) D

\
E

i
&
H

E

X

s

FIG. 8




PCT/US2012/032318

WO 2012/138855

iy

7 W
Z 7 1
s 7 ;
i 7, N 7 &
m / 7 \ e T \\. \\ ; &
\wu.wn\\\.\.. 7 . \
7 G 7 7
———ci,__ ]
i ] 7 7 ]
. . |
Y \\. 77
. W

.\\ \\ n _

FIG. 9



WO 2012/138855 PCT/US2012/032318

13/19
Degres
S . X
.
T el
oL § L \\& B
12 3 4 5 6

> R

\\.E\\ 3 3
L i

X ¥ e &R



WO 2012/138855

PCT/US2012/032318
14/19
1102 1104 1100
i
Suppliers Customers
1188 1167
,,,,,,,,,,,, 4 1106 Vg A
&
Graph Data A Profit (or Cost) Degree Distribution
Structure Matrix Data
¥ 1108
- Graph Structurs 4
- Estimation Module
1110
x“ff!
& & B
Input s b-Matching Module b Data
Storage
1112

Ao

Matching Results

NN
EENE NI
& ENLY, XX



WO 2012/138855

1200

o
2
[l
fo2

PCT/US2012/032318

1204
V.s“ﬁ"f ;“E{f d
Suppliers Customers
1208 1209
& .“f'gf! “.fi‘?.ff
1206 < -
\\E Graph Data Profit {or Cost) 'De'greg
] . Dstribution
Structure Matrix
Data
1211 7 VTN
Sp /T Graph 1214
' Expansion e ol
\M,» Module *’ 7 ~~ ,«""“"‘“\\
B "\\“_..v-‘““\\\, o ;“' {‘...- ot "\\
1210 1212 g mw——a@»{\ Data Storage |
s_‘-’g;-‘;‘ \Q\.\ ) '___«-‘"M"\»\‘@-"‘*%\\» \“\_\ !e i
‘,.w.-e \\-\\ &"\.‘\\_,. 0"’\ e
—_—_ mmg b-Matching Y
b K Maodule i

o~
%

Nt n"\‘\—.(‘\.\"'-.-

|
|

Matching Results

AR
R b
N N £



WO 2012/138855

PCT/US2012/032318
16/19
1300 1306 1308
N W
A Toor 7 | e ey
Advertiser 1 * Advertisern 1312
310 1 ﬁﬁﬁfx
Term | Ad Bid ﬁﬁﬁ/x Term | Ad Bid
Term 3 * e Term
Term Ad Bid Term Ad Bid
)
o ‘ 1302
214 ¢
} A
4 Yo 1303
Search Terms /| ; Search Engine/ | - Degree Distribution ng,«"
CURL + Content Provider Matching System
1304

kol

Search Engine Resulis Page

{ Content Page with Ads

U Displayed Ad 3 | |
1318 e §

Displayed Ad 1
Q-5 ngpfayed Ad 2

Yrgnrd
et
S
[
Yoy, A
@
[,
A

Belief Propagation |

System for ¥
Advertisement!

Keyword Matching

1316

s‘,{o’



WO 2012/138855 PCT/US2012/032318

1400 17/19

1406

1408
i

&
2
i

{ating Service e Dating Service
Member 1 Member n

’3410 1412
Interests L interesis =
& @ &
1403
1402 ¢
! i A
Dating Service I Degree Distribution
Provider ‘ Matching System
i
Belief Propagation 1"%‘,04
System for Dating /%
Service Member
Matching
!
¥ - ix
Dating Service Results for | Dating Service Resulls for
Member 1 Member n
1414 1418
Compatible User 1 | A Compatible User 1 { |/
/g - Compatible User 2 { / - Compatible User2 |
1415 : 1418 - —
Compatible User m Compatible Userm ¢ |



WO 2012/138855

PCT/US2012/032318
18/19
1500
1506 1508 1514 1516
“(g\*ﬁ ¢ J“‘g‘f* “;‘g,a"f ;ﬁ!f(
Seller 1 PP Seller n Buyert lses Buyer n
1510 : 1512 1518 | 1520
N & AN v
N . . Goods/ Goods/
g QQda;;Se?ﬁceZ se e g godsliSe? scez = Services j**s} Services |
eing Auctione eing Auctione Being Sought Being Sought
1503
1502 g} ’
s .""‘s"ﬁ
v *
Degree Distribution
Auction Service ) Matching System
Provider for Auction Buyers/
,,,,,,,,,, Sellers
S
D
1504

Belief Propagation

\\\ System for Auction

Buyer/Seller
Matching

¥ 1522

Results Matching /¥
Sellers with Buyers

o %

FlG.

rrrrnr.
I

17y




WO 2012/138855

1602

V4

Processor ut

19/19

1604

/4

1606

VA

4

o

Procassor u2

&

»
&\E&\\mmm\\\mmm\\\\&\m

~

Frocessor ud

PCT/US2012/032318

1608

4

Frocessor ud

Processor vl

N\

1612

Processor ve

&

¥

&

¥

FProcessor v3

16

Frocassor v4

\{\}\
1618




INTERNATIONAL SEARCH REPORT

International application No.
PCT/US 12/32318

A. CLASSIFICATION OF SUBJECT MATTER
IPC(8) - GO6F 17/00 (2012.01)
USPC - 706/48

According to International Patent Classification (IPC) or to both national classification and IPC

B.  FIELDS SEARCHED

USPC: 706/48

Minimum documentation searched (classification system followed by classification symbols)

USPC: 706/21; 705/1.1 (keyword limited - see terms below)

Documentation searched other than minimum documentation to the extent that such documents are included in the fields searched

matrix, compress, terminate, stop, buyer, iterator, steady-state

Electronic data base consulted during the international search (name of data base and, where practicable, search terms used)
PubWEST (PGPB, USPT, USOC, EPAB, JPAB), GOOGLE; GoogteScholar
Search Terms: bipartite, weight, computer, processor, belief propagation, sum-product message, seller, profit, cloud, advertise, node,

C. DOCUMENTS CONSIDERED TO BE RELEVANT

Category*

Citation of document, with indication, where appropriate, of the relevant passages

Relevant to claim No.

X

{0131], [0136], Fig 1A, 1B, 8, 11

US 2011/0040619 A1 (Jebara et al.) 17 February 2011 (17.02.2011), entire document,
especially para. [0025], (0030], [0037]-[0039], [0040], [0043]-[0046], [0043]-(0046], {0048],
[0057], [0061), [0065]), [0082]-[0085], [0097)-[0101], {0103], [0104], [0105], [0105), [0123]}-[0124],

1-33

D Further documents are listed in the continuation of Box C.

[

* Special categories of cited documents:

“A” document defining the general state of the art which is not considered
to be of particular relevance

earlier application or patent but published on or after the international
filing date

“g”

“L” document which may throw doubts on priority claim(s) or which is
cited to establish the publication date of another citation or other
special reason (as specified)

“0” document referring to an oral disclosure, use, exhibition or other
means

“P”  document published prior to the international filing date but later than

the priority date claimed

“T” later document published after the international filing date or priority
date and not in conflict with the application but cited to understand
the principle or theory underlying the invention

“X” document of particular relevance; the claimed invention cannot be
considered novel or cannot be considered to involve an inventive
step when the document is taken alone

“Y” document of particular relevance; the claimed invention cannot be
considered to involve an inventive step when the document is
combined with one or more other such documents, such combination
being obvious to a person skilled in the art

“&” document member of the same patent family

Date of the actual completion of the international search

29 June 2012 (29.06.2012)

Date of mailing of the international search report

17 JUL 2012

Name and mailing address of the ISA/US

Mail Stop PCT, Attn: ISAJ/US, Commissioner for Patents
P.O. Box 1450, Alexandria, Virginia 22313-1450

Facsimile No. 571.273-3201

Authorized officer:
Lee W. Young

PCT Helpdesk: 571-272-4300
PCT OSP: 571-272-7774

Form PCT/ISA/210 (second sheet) (July 2009)




	Page 1 - front-page
	Page 2 - description
	Page 3 - description
	Page 4 - description
	Page 5 - description
	Page 6 - description
	Page 7 - description
	Page 8 - description
	Page 9 - description
	Page 10 - description
	Page 11 - description
	Page 12 - description
	Page 13 - description
	Page 14 - description
	Page 15 - description
	Page 16 - description
	Page 17 - description
	Page 18 - description
	Page 19 - description
	Page 20 - description
	Page 21 - description
	Page 22 - description
	Page 23 - description
	Page 24 - description
	Page 25 - description
	Page 26 - description
	Page 27 - description
	Page 28 - description
	Page 29 - description
	Page 30 - description
	Page 31 - description
	Page 32 - description
	Page 33 - description
	Page 34 - description
	Page 35 - description
	Page 36 - description
	Page 37 - description
	Page 38 - description
	Page 39 - description
	Page 40 - description
	Page 41 - description
	Page 42 - description
	Page 43 - description
	Page 44 - description
	Page 45 - description
	Page 46 - description
	Page 47 - description
	Page 48 - description
	Page 49 - description
	Page 50 - description
	Page 51 - description
	Page 52 - description
	Page 53 - description
	Page 54 - description
	Page 55 - description
	Page 56 - description
	Page 57 - description
	Page 58 - claims
	Page 59 - claims
	Page 60 - claims
	Page 61 - claims
	Page 62 - claims
	Page 63 - drawings
	Page 64 - drawings
	Page 65 - drawings
	Page 66 - drawings
	Page 67 - drawings
	Page 68 - drawings
	Page 69 - drawings
	Page 70 - drawings
	Page 71 - drawings
	Page 72 - drawings
	Page 73 - drawings
	Page 74 - drawings
	Page 75 - drawings
	Page 76 - drawings
	Page 77 - drawings
	Page 78 - drawings
	Page 79 - drawings
	Page 80 - drawings
	Page 81 - drawings
	Page 82 - wo-search-report

