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57 ABSTRACT 
The correction of aberration in toroidal reflector an 
tennas by a novel type of subreflector is disclosed. The 
specific shape of the subreflector ultimately depends 

11, 3,922,682 
(45) Nov. 25, 1975 

on the geometry of the toroidal reflector. However, in 
any case, the effect of the subreflector is to achieve a 
point focus in a system which, without the subreflec 
tor, does not focus at a point. Considering the antenna 
system from a radiation point of view, this is equiva 
lent to turning a non-planar equiphase surface in the 
aperture into a plane thereby eliminating the phase 
error about the aperture plane perpendicular to the 
desired direction of propagation. This is achieved 
while preserving the wide field of view characteristic 
of the torus antenna by designing the subreflector so 
that all pathlengths from a reference plane are con 
stant and equal to a desired reference pathiength. In a 
practical case, the design of the subreflector is accom 
plished by developing a heuristic geometric optics 
model of the focusing properties of the toroidal reflec 
tor and using a programmable general purpose digital 
computer to generate the subreflector shape by nu 
merically computing points on the surface of the 
subreflector for separate, individual rays intercepted 
by the toroidal reflector, for a bundle of rays incident 
from the desired direction. These points may then be 
used to machine the subreflector surface using well 
known numerically controlled milling machines. Of 
special significance is an optimum antenna configura 
tion using what may be termed a "Cassegorian' subre 
flector designed according to the principles of the in 
vention having similarities to both Cassegrain and 
Gregorian subreflectors. 

9 Claims, 14 Drawing Figures 
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ABERRATION CORRECTING SUBREFLECTORS 
FOR TORODAL REFLECTOR ANTENNAS 

BACKGROUND OF THE INVENTION 

1. Field of the Invention 
The present invention generally relates to toroidal 

antenna structures and systems, and more particularly 
to a novel aberration correcting subreflector and de 
sign technique useful in both rectangular and non-rec 
tangular toroidal reflector antenna systems. 

2. Descriptions of the Prior Art 
Simple reflectors useful in a multiple beam environ 

ment will, in general, suffer from aberration. That is, a 
point source cannot be so located to produce a planar 
wavefront in the reflector aperture perpendicular to 
the desired beam directions, except for the single ex 
ception of the axial beam of the paraboloidal reflector. 
This aberration is a limitation of the antenna perfor 

C. 

The problem of aberration is also present in some 
compound reflectors, such as toroidal reflectors, but 
because of the complex geometry of toroidal reflectors, 
a solution of the problem has not before this invention 
been attempted. A toroidal reflector may be simply de 
fined as a section of a surface of revolution and, typi 
cally, the generating curve is a conic section. If the axis 
of revolution is perpendicular to the axis of the generat 
ing curve, then the reflector is a section of a rectangu 
lar torus, otherwise it is a section of a non-rectangular 
torus, otherwise it is a section of a non-rectangular to 
rus. An example of the latter is the subject of U.S. Pat. 
No. 3,852,763 by Kreutel and Hyde entitled "Torus 
Type Antenna Having a Conical Scan Capability'. 

In order to treat the aberration problem in toroidal 
antennas, and particularly those having parabolas as 
generating curves, it is useful to first understand how 
the toroidal reflector focuses. One approach to this is 
to consider separately the focusing properties of the 
generating section and the circular arc about which the 
generating section is swung, and then to consider the 
interaction of the two. 
A parabolic reflector, as mentioned previously, has 

perfect focusing properties for axial rays. However, for 
rays incident slightly non-parallel to the axis, the focus 
moves in a direction opposite to the deviation from par 
allel by the incidnet rays to describe a locus of points 
which define a "best' focus arc. This arc is itself a pa 
rabola of focal length one-half that of the parabolic 
section of the reflector. As the deviation angle to paral 
lel increases, the focus spreads in a coma-like manner. 
This is manifested in the far-field pattern by gain loss 
and by the characteristic coma-lobe on the off-side and 
a reduced sidelobe on the near side of the off-axis beam 
of incident rays. 
On the other hand, a circular arc provides uniform 

focusing over a wide angular field, but this desirable re 
sult is achieved at the expense of what is known as 
spherical aberration. The resultant focal region may be 
characterized as having the possibility that more than 
one ray passes through a given point. More specifically, 
in the multiple ray regions, i.e. the region bounded by 
the marginal rays, the caustic surface and the paraxial 
focus, more than one ray may pass through a given 
point. The essential points here are the presence of 
spherical aberration and the incident angle indepen 
dence of the focal region distribution. Unlike the para 
bolic section, which has perfect focusing for rays paral 
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2 
lel to the section axis and imperfect focusing for a colli 
mated bundle of rays that are not parallel to the axis, 
the circular section always has abberration for all direc 
tions of the ray bundle. But whereas the aberrations for 
the parabolic section are a function of the deviation an 
gle, the aberrations arising from a circular section are 
not a function of direction. 
Now by combining the two sections, i.e. the generat 

ing parabolic section and the circular section of revolu 
tion, a conceptual picture of how the torus focuses may 
be realized. In such a reflector, the optimum location of 
the focal point of the parabolic section is located inside 
the location of the paraxial focus of the circular sec 
tion. In turn, the optimum feed position turns out to be 
located just inside the focal point of the parabolic sec 
tion, with the refocused configuration giving less path 
length variation in the aperture plane than that encoun 
tered by putting the feed at the focal point. While this 
location of optimum feed position minimizes the phase 
error about an aperture plane perpendicular to the de 
sired direction of propagation, the inherent aberrations 
of toroidal reflectors severely limits the efficiency of 
the design of reflectors with electrically larger aper 
tures, i.e. larger D/A where D is the aperture diameter 
and A is the wavelength, measured in the same units. 

SUMMARY OF THE INVENTION 

It is therefore an object of the present invention to 
provide an aberration correcting subreflector for toroi 
dal reflector antenna systems and thereby greatly in 
crease the efficiency and the resulting performance of 
the antenna system for electrically large apertures, 
while preserving the performance for the smalier aper 
tes, 

It is another object of the invention to provide a new 
feed method for antennas with torus reflectors which 
corrects incident ray pathlength so that true optical fo 
cusing is obtained thereby eliminating aberrations and 
making the efficiency of such antennas independent of 
frequency. 
The foregoing and other objects of the invention are 

attained by providing a correcting subreflector which, 
when illuminated by a feed-horn, reflects energy onto 
the main toroidal reflector so that a beam is formed to 
radiate in the desired direction. Alternatively, in recep 
tion, incoming rays incident upon the main reflector 
are reflected onto the subreflector and from it onto the 
feed-horn, focusing at a point so that the pathlength 
from a reference plane is equal for all rays. While the 
specific shape of the correcting subreflector depends 
on the specific geometry of the main toroidal refelctor, 
the actual design of the subreflector is achieved by nu 
merical computation of points on the surface of the 
subreflector for the constraints that (1) all rays focus at 
a single point, and (2) all pathlengths from a reference 
plane to the point of focus are constant and equal to a 
desired reference pathlength. 

BRIEF DESCRIPTION OF THE DRAWINGS 

The specific nature of the invention, as well as other 
objects, aspects, uses and advantages thereof, will 
clearly appear from the following description and the 
accompanying drawings, in which: 

FIG. 1 is a pictorial view illustrating the geometry of 
a torus antenna 
FIGS. 2A and 2B are graphs showing efficiency as a 

function of antenna diameter in wavelengths with ill 
lumination as a parameter for two choices of torus ge 



3,922,682 
3 

ometry; 
FIGS 3A and 3B are graphs showing parabolic torus 

gain as a function of antenna diameter in wavelengths 
with illumination as a parameter for the two choices of 
torus geometry adopted in FIGS. 2A and 2B, respec 
tively; FIGS. 2A, 2B, 3A, and 3B clearly demonstrating 
the deleterious effects of aberration for electrically 
larger antennas (larger D/A), 
FIG. 4 illustrates the basic geometric model used to 

design the surface of the correcting subreflector ac 
cording to the invention; 
FIG. 5 illustrates another geometric model represent 

ing the vector equations which define points on the sur 
face of the subreflector according to the invention; 
FIGS. 6A, 6B and 6C are, respectively, a plan view 

and side views of two mutually perpendicular axes of a 
specific subreflector shape made in accordance with 
the teaching of the invention; 
FIGS. 7A and 7B are, respectively, a plan view and a 

side view of another specific subreflector, herein re 
ferred to as a Cassegorian subreflector, made by care 
ful choice of geometric parameters in accordance with 
the teaching of the invention; and 
FIGS. 8A and 8B show typical approximate cross 

sections of the Cassegorian subreflector shown in 
FIGS. 7A and 7B. 

DESCRIPTION OF THE PREFERRED 
EMBODIMENTS 

Referring now to the drawings, and more particularly 
to FIG. 1, there is illustrated the geometry of a typical 
frontfed toroidal reflector. The specific reflector illus 
trated is non-rectangular in that a = 95.5, where a is 
the angle the axisofrevolutionz" makes with the desired 
direction of propagation z. This geometry produces a 
conical scan surface which closely approximates the 
actual conical surface subtended by an earth station 
site within the continental and contiguous United 
States and the geostationary arc as explained in the 
aforementioned U.S. Pat. No. 3,852,763. Other dimen 
sions useful in defining the specific toroidal reflector 
illustrated are the offset ratio, dOs 0.1, typically, 
where d is the vertical distance below the toroidal re 
flector of a feedhorn and D is the vertical dimension of 
the toroidal reflector; 3 S R D S 2, where R is the 
radius of revolution; and 0.48 s firs 0.49, wheref 
is the focal length of the parabolic generating section. 
In addition, 8 is defined as the field-of-view angle at 
the antenna. The section M through the vertex V, while 
typically a parabola, may be any other conic section 
such as a circle, ellipse or hyperbola. 
The reflector is formed by rotating the section M 

about the z' axis. In the specific case illustrated, it 
should be noted that the axis of the section M is the z 
axis, which is the desired direction of the beam formed 
in the region A. The optimum projected location of 
the focal point F of the parabolic section M is located 
inside the location of the paraxial focus, P. As men 
tioned previously, the optimum feed position turns out 
to be located just inside the focal point F, the refocused 
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4. 
configuration giving less rms path length variation in the 
aperture plane than that encountered by putting the 
feed at the focal point. 
Because of the circular symmetry, the reflector pres 

ents the same shape to, and hence has the same beam 
forming capability for identical feeds located at all 
points on the arc described by the rotation of the feed 
point of the generating curve about the axis of rotation. 
A single moveable feed or a plurality of selectively en 
ergizable feeds located along the feed arc, when illumi 
nating the reflector surface, will form identical beams, 
the torus of whose axes of beam direction describe the 
surface of a right circular cone. 
The result of this feed positioning is to achieve the 

best point focus in a system which really does not focus 
at a point. In the specific example illustrated in FIG. 1, 
the desired direction of propagation makes an angle as 
95.5 with the axis of rotation z' so that upon rotation 
it rules out a very flat right circular cone giving a sym 
metry to the reflector that yields identical beams in the 
field of view. The specific purpose of the invention is to 
turn the equiphase surface mentioned above into a 
plane while preserving the field of view of the antenna 
system. 
The crux of the problem solved by the invention is 

that the nonplanar equiphase surface characteristic of 
the point-fed uncorrected torus is invariant in terms of 
the physical measurements of the system, while wave 
length changes inversely with frequency. Thus, a fixed 
pathlength departure from the planar condition turns 
into a phase error that increases with frequency. The 
consequences of this are shown in FIGS. 2A and 2B 
and FIGS. 3A and 3B in terms of efficiency and gain, 
respectively, as functions of wavelength-normalized an 
tenna diameter D/M, for two choices of RfID. For DIA C 
150, there is little seen of the effects of aberration, 
while for D/A > 300, it is clear that aberration domi 
nates. 
The problem of subreflector correction of pathlength 

may be simply stated. Given an incoming bundle of rays 
A, as shown in FIG. 4, and a reflector M, off which the 
bundle is reflected, calculate a subreflector S which in 
tercepts the reflected bundle B and reflects it to focus 
at H. While easy to state, it is by no means clear what 
the precise limitations under which a physical solution 
is realizable in all cases. If the condition is imposed that 
S lie in a region such that no two rays reflected from M 
intersect at a point in that region, it is clear that the re 
sulting surface S will be physically realizable. 
Consider an incoming plane wave characterized by a 

unit Poynting's vector fit, incident on a reflector M, 
where 

M is M ( , y, z) 
where we have chosen our coordinate system such that 
for a plane waye from a distant source in the desired di 
rection i = -k, There is no loss of generality since a 
simple coordinate rotation of M is all that is required 
for any other direction. Then the unit normal to M(x, y, 
z) is given by: 

: re -- i. SM R -- SM (1 y 

) X. ( f ) (; ) 
ity,z. is,y,z 
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taking the sign appropriate to the normal on the side of 
the incident ray. And the reflected vector is given by: 

h = , -2 (, ; ) (2a) 
The question now is what is the reflecting surface re 
quired to meet the following two conditions: 

i. all rays focus at a single point H (x, y, z), and 
ii. all pathlengths from a reference plane to H are 
constant and equal to the desired reference path 
length. This problem can be solved by vector analy 
sis: 

From FIG.4, we may note that 
M.S. = Cl, where C = constant; (3) 
iii.S.S. (4) 

= C, + C., where C = constant, (4a) 
and finally 

C + C + MA =l, (5) 
where l is the desired reference pathlength, i.e. 

(Sa) C + C = , , MA, and E, A, A. (6) 
From the foregoing, we can make the following ob 

servations. Equation (l) tells us we can find the unit 
normal him to the surface M. Equation (2) says that if 
we know this unit normal, and the direction of the inci 
dent ray, which is given, we can find the direction of 
the ray reflected from the surface M, but we do not 
know its length C. Equation (4) tells us that since we 
know H, the desired focal point, and M, the incident 
point, we know the plane of the two ray segments the 
first of which is reflected off M at M, and incident on S 
at St, i.e., M.S., and the second segment of which is the 
reflection off S at S towards H, i.e., S.H. An implicit 
condition is that only one ray is incident on S at each 
point St. A. 
For the incident rays defined by the vector i = -k, 

and the reference plane defined by z = 0, then the it 
ray pierces the reference plane at A=A(x,y,0) and 
is incident on the reflector M at M = M (x, y, z), 
where z is the solution of M for x = x, y = y, and can 
therefore be found. The point H is arbitrary and must 
be given. For our purposes 

H is H(x, y, zh), 
whence A 

right =f(x-r) + iy -y) + k (zar- z), 
which can readily be determined. 

Substituting Equation 9. into Equation (4a), 
MH = (C+ C) ... - 2C, (A. 5, 

Forming the scalar product MH Arm, and using 
Equation (5), one obtains successively 

re) 

A... MH = C, + c, -2C, (.. ), and 

(Sb) 
1 OOO 

C - 2A, . A la -z - in . M. H., whence 2( . ) 

A.(1,- - MH) MH=(1-zul). - 
Thus, 

, ( - z) Al-MH 
AA, Eli, (7) 

= ful." - v + w.' 
Then, since f, is a unit vector, 

(l, -z - AM,H) 
- IMA - 2 A. Mft. - . ( 

Finally, 

(1,-z) - MH 
(.-. ) - IMF 2A, MH) (, in (7a) 

A. 
i = i 
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6 
and all the vectors in the system can now be found. 

Substituting from Equation (8) into Equation (5b), 
C, can be determined. Then, noting that MA = zn|, 
C is calculated using Equation (5a), and the point on 
the subreflector is now completely established, 
Returning for a moment to Equation (7), if we exam 

ine this equation geometrically as shown in FIG. 5, the 
simplicity of the scheme is self-evident. If i is the refer 
ence pathlength, then le - |zni is the remainder after 
the ray incident in the aperture plane at A strikes the 
main reflector at M. Then ME is a vector of length lo 
- z in the direction of the reflection, Arm, of the inci 
dent vector, h,. Also, HE=ME - M.H. Hence, HE = A (i.-z- (i. 
But this is the numerator of Equation (7a), and the 

denominator is only a constant. Hence, HE and h, are 
parallel (or antiparallel). This is immediately verified 
by the geometry of FIG. 5. AM, h, and ME, lie in the 
same plane, by the laws of geometric optics. Similarly, 
MS, A, and SH lie in the same plane. Further, since 

s Zat +MS, -- SH 
E. ji -. M.E. s |al - M.S. -- S.E. 

then 
SH = SE, 

Hence, the AHSE is isoceles and the equal angles e are 
equal to the angles of incidence and reflection at St. 
Whence it is seen that the line HE is parallel to h. 

Further 

HE, ME, 
cos se HE IME|M.E. 

which is calculable, and 
SH = 4. HE (1 + cos 2e). 

What the above analysis shows is that the choice of 
A, the incident wave, M, the main reflector, H, the 
feed-horn location and l, the reference pathlength has 
given us a deterministic situation for which a point St 
can always be found. It remains only to be certain that 
one and only one reflected ray can pass through each 
S. This can be accomplished by tracing rays from A 
into the region of S, either by hand or by computer, and 
seeing if rays cross before they reach S. Equally effec 
tive is to generate S and see if it is a single-layered sur 
face. In practice, it is this latter path which has been 
followed. More specifically, by suitably programming a 
general purpose digital computer to perform the nu 
merical computations outlined above, a sufficient num 
ber of points S on the surface of the subreflector can 
be determined to accurately define the surface. These 
points are then used as the inputs to a numerically con 
trolled milling machine to machine the subreflector. 
Since the main reflector, M, is the same as that de 

scribed in the aforementioned U.S. Pat. No. 3,852,753, 
a single moveable feed assembly consisting of a horn, 
H, and subreflector S, or a plurality of such feed assem 
blies located along an arc about the axis of rotation, z', 
of the main reflector will form identical beams. More 
over, each such feed assembly will provide aberration 
free beams in scanning. 
FIGS. 6A, 6B and 6C show a specific subreflector de 

signed according to the invention for a non-rectangular 
toroidal antenna system having a 10-foot aperture and 
dimensional ratios off Rs 0.487 and RID as 2. This 
subreflector is hyperbolic along the x-axis (the axis of 
symmetry) and departs from this off the x-axis. In a test 
at 29.95 GHz, this subreflector improved the gain of 
the antenna system achieved by conventional means by 
2dB, from 54 dB to 56dB, and the efficiency from about 
28% to about 45% aperture efficiency. 
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While the improvements realized with the subreflec 
tor shown in FIGS. 6A, 6B and 6C are significant, by 
changing the dimensional parameters of the main toroi 
dal reflector, a more optimum antenna configuration 
can be realized which achieves an aperture efficiency 
in excess of 70%. Specifically, for a main toroidal re 
flector having the dimensional ratio of flR s 0.54, a 
'Cassegorian' subreflector results for the design pro 
cedure according to the invention. Such a subreflector 
is shown in FIGS. 7A and 7B. The name "Cassegorian' 
was coined because the subreflector has cross-sectional 
shapes which resemble a subreflector having a hyper 
bolic section shown in FIG. 8A and used in Cassegrain 
systems, and a subreflector having an elliptic section as 
shown in FIG. 8B and used in Gregorian systems. Its 
shape arises due to a careful choice of the parameters 
f/R, f/R > 0.5 (actually fiR = 0.56 for the example 
shown), and the subreflector vertex pathlength such 
that the vertex lies between F and P. When these pa 
rameters and the feed point H are chosen carefully, the 
resulting subreflector (for a circular aperture of diame 
ter D) is reasonably close to a circle when viewed from 
H, which is a requirement for efficient feeding. 
Because the new feed method according to the inven 

tion corrects path length so that true optical focusing is 
obtained, there is not aberration in the antenna system, 
and the efficiency is independent of frequency. This 
permits the development of antennas which have high 
efficiency independent of frequency. For example, a 
toroidal reflector antenna system can be designed for 
use at 4, 6, 12, 14, 20 and 30 GHz by use of appropriate 
feedhorns, without changing the optics of the system. 

It will be apparent that the embodiments shown are 
only exemplary and that various modifications can be 
made in construction and arrangement within the 
scope of the invention as defined in the appended 
claims. 
What is claimed is: 
1. In a toroidal reflector antenna system including a 

main reflector having the shape of a surface section of 
a torus of revolution and a feed-horn assembly posi 
tioned to illuminate said main reflector and thereby 
form beams in the desired directions of propagation, 
the improvement comprising an aberration correcting 
subreflector interposed between said main reflector 
and said feed-horn and forming a feed assembly with 
said feed-horn, the surface of said subreflector being 
nonconcentric with said main reflector and so designed 
that for the aberration correcting surface of said subre 
flector only one ray is incident on the surface at each 
point thereon, substantially all rays focus at a single 
point at said feed-horn and substantially all ray path 
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8 
lengths from a reference aperture plane to said single 
point of focus are constant and equal to a predeter 
mined reference pathlength, whereby said system is 
free of aberration and the efficiency of said system is 
independent of frequency, said feed assembly further 
being movable along an arc about the axis of revolution 
of said main reflector to provide substantially aberra 
tion free beams in scanning. 

2. The improved antenna system as recited in claim 1 
wherein said torus of revolution has a generating curve 
which is a conic section. 

3. The improved antenna system as recited in claim 2 
wherein said generating curve is a parabola. 

4. The improved antenna system as recited in claim 3 
wherein said main reflector is a surface section of a 
nonrectangular torus, said antenna system having a 
conical scan capability to scan along the geostationary 
3C 

5. The improved antenna system as recited in claim 4 
wherein the angle between the axis of revolution of said 
torus and direction of said beam is 95.5. 

6. The improved antenna system as recited in claim 5 
wherein said main reflector has the dimensional ratios 
fir as 0.5 and RID as 2 where fis the focal length of the 
parabola generating section, R is the radius of revolu 
tion, and D is the aperture of said main reflector mea 
sured parallel to the axis of revolution and said subre 
flector is hyperbolic along the axis of symmetry and de 
parts from hyperbolic of the axis of symmetry in such a 
manner as to preserve the two essential properties of 
focusing all rays at the desired focal point with the de 
sired pathlength. 

7. The improved antenna system as recited in claim 6 
wherein the dimensional ratio f/R < 0.5. 

8. The improved antenna system as recited in claim 6 
wherein the dimensional ratio f/R > 0.5 and the vertex 
of the subreflector is chosen to lie between the projec 
tion of the paraxial focus P and the focal point F and 
the feed point is chosen so that the subreflector formed 
by a circular pencil of rays incident on the aperture D 
approximates a circle when viewed from the feed point. 

9. The improved antenna system as recited in claim 8 
wherein said main reflector has the dimensional ratios 
of fir as 0.56 and R/D as 2 where f is the focal length 
of the parabola generating section, R is the radius of 
revolution, and D is the length of said main reflector 
measured parallel to the axis of revolution, and said 
subreflector has a cross section which resembles an el 
liptic section along an axis chosen perpendicular to the 
axis of symmetry. 


