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| Re. 24,972
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ce

1

24,972

PRISM-LENS OPTICAL SYSTEMS OF VARIABLE
FOCAL LENGTH AND INCLUDING TWO ANA-
MORPHOTIC PRISMATIC SYSTEMS

Benjamin E. Luboshez, Rochester, N.Y., assignor to East-

man Kodak Company, Rochester, N.Y.,’a corporation
of New Jersey -

iginal No. 2,828,670, dated Apr. 1, 1958, Ser. No.
3,092, Aug. 30, 1954. Application for reissue July
3, 1958, Ser. No. 746,567

12 Claims, (CL 88—57)

Matter enclosed in heavy brackets [ ] appears in the
original patent but forms no part of this reissue specifi-
cation; matter printed in italics indicates the additions
made by reissue.

This invention relates to magnification systems com-
prising refracting prisms and lenses and more particu-
larly to magnifying and zoom attachments for photo-
graphic and telescopic objective lenses.

Reference is made to the following related copend-
ing applications: Serial No. 498,167, Prism Zoom Sys-
tem Having Deviation Correcting Means, filed March
31, 1955; Serial No. 498,168, Prism Magnification Sys-
tem Having Correction Means for Unilateral Color, filed
March 31, 1955; Serial No. 531,884, Prism Magnification
Systems Comprising Three or More Prisms, filed Sep-
tember 1, 1955; and Serial No. 531,991, Composite
Prisms and Prismatic Magnification Systems Comprising
Same, filed September 1, 1955.- The first two of these
are now Patents No. 2,780,140 and No. 2,780,141, is-
sued February 5, 1957.

The anamorphosis of optical images by systems of
refracting prisms individually set at non-minimum devi-
ation in diametrically opposite orientation is well known.
It is not so widely known that about 1810 Brewster and
Amici independently suggested that two such anamor-
phosers crossed at 90° form a telescope system magni-
fying substantially uniformly in all directions. This
idea remained just a theoretical curiosity, however, and
without practical application until the present invention.
Actually the Brewster and Amici systems were not suf-
ficiently corrected to be useful even as low power tele-
scopes. We now know how to make corrections so
that a magnification of 2X could be obtained with such
systems and these cofrections will be discussed herein,

- but by themselves these features still fall short of any-
thing really practical and useful. The gist of the pres-
ent invention is that utility is not realized for the four
prism system until it is combined with one or more
lenses. * The present invention always includes at least
four prisms, two crossed with respect to the other two,
and at least one lens. Many embodiments involving
additional optical elements will also be described.

According to a preferred embodiment of the present
invention, a prism system comprising two prism an-
amorphosers crossed at 90% is attached in front of an
objective lens adapted to focus on a distant object and
means are provided for changing the prisms from a po-
sition producing a magnification M greater than unity to
a position producing a magnification substantially equal
to 1I/M.

In one form of this embodiment the prisms are
mounted in a fixed position within a tube and means are
provided for attaching either end of the tube to the front
of the objective. In another form of the invention the
prisms are mounted for individual rotation about axes
parallel to their refracting edges and means are pro-
vided to coordinate the rotation of the several prisms
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50 as to maintain the direction of the axis or the color
correction or some compromise between the two as will
be hereinafter described in more detail.

Preferably, for objects at a finite distance, an auxiliary
lens is mounted in front of the prism system for render-
ing rays from an object point parallel.

The invention will be described with reference to
camera or projection systems since it finds its greatest
application there. However, exactly the same principle
applies in the case of telescopes or afocal systems or any
system including at least one positive lens.

In the accompanying drawings:

Fig. 1 is a diagram explaining the origin of prismatic
magnification or plane surface magnification.

Fig. 2 is a diagram defining terms. . )

Figs. 3 and 4 are diagrams showing the effect of
changing the orientation of a prism.

Fig. 5 is a vertical axial section of a system having
fixed magnification, according to the invention.

Fig. 6 is a perspective view of a mounting ‘barrel for
a system of the type shown in Fig. 5.

'Figs. 7 and 8 are plan and elevation views of a sys-
tem according to the invention in which the prisms
make up a solid block.

Fig. 9 is a vertical section of a fixed magnification
system with provision for focusing on nearby objects.

Fig. 10 shows a preferred embodiment in which two
or more fixed magnification attachments are coupled to-
gether., : : o

Fig. 11 illustrates an eight prism system which pro-
vides fixed magnification with no shift of the optic axis.

Figs. 12 and 13 are diagrams to aid in the explana-
tion of the cause and correction of unilateral color,

Fig. 14 is a graph showing the deviation and magni-
fication of a prism at different angular positions,

Fig. 15 is a similar graph showing the chromatic dif-
ferences in magnification and in deviation of the same
prism,

Fig. 16 is a combination of Figs. 14 and 15 showing
how the graphs are used in design.

Fig. 17 corresponds to Fig. 16 but pertains to a prism
of different glass and apex angle. -

Fig. 18 is a graph showing two of the curves for a
partly achromatized compound prism.

Figs. 19 and 20 are plan view and elevation of the
optical parts of a zoom system according to a preferred
form of the invention.

Figs. 21 and 22 are plan view and elevation of the
same system set at a different magnification.

Figs. 23 and 24 are plan and elevation views of the . -

same zoom system showing one mechanical arrangement
for rotating the prisms. :

Fig. 25 is a plan view of the housing of a similar
zoom system having a somewhat different mechanical
arrangement.

Fig. 26 shows the device of Fig. 25 with the top
cover removed. )

Fig. 27 is a left-hand elevation view of the same de-
vice with the left-hand cover plate removed.

-Figs. 28 and 29 are front and rear views of the same
device partly broken away.

Before proceeding to a detailed description of different
forms of the invention, the theory of prism magnifica-
tion will be discussed in some detail.

THEORY OF PRISM SYSTEMS

In the following discussion of prism magnification the
phenomenon will first be considered as a general prop-
erty of plane surfaces bounding media of different refrac-
tive index and traversed by a plane wave-front not paral-
Iel to the -surface, before considering the prism as a
whole.” Regarded in this way an important fact immedi-
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ately emerges, namely, that an enlargement always re-
sults when passage is from a medium of higher index
to a medium of lower index, and minification always re-
sults in the reverse case. This, as will be shown in
due course, is the basis of my present invention and en-
ables me to produce well corrected systems of moderate
magnification.

Briefly, according to my invention, pairs of plane sur-
faces in opposite orientation, and separating media of ap-
propriate refractive index are utilized to give additive ef-
fects in regard to magnification (or minification) but sub-
tractive effects in regard to aberrations.

In the development of the theory, only rays parallel
to the plane of the paper and plane surfaces at right
angles thereto, will be considered; then the effects will be
considered in connection with plane surfaces in other
orientations, but always with the planes containing inci-
dent and refracted rays at right angles to the refracting
planes. . )

In Fig 1 a bundle of parallel rays 11 (or a plane wave
front) proceeding from the left in a medium of index N
traverses a plane surface 10 inclined. as shown and passes
into a medium of lower index N’ as bundle 12. The
rays are all bent away from the normal according to the
law of refraction. The constriction of the beam from
original width H to width h (in the plane of the diagram)

"is a measure of the magnification M. If we reverse the
direction of the light we obtain a minification

me=a
" If the inclination of the surface 10 in Fig. 1 be [revered]}
reversed in regard to the incident light the magnifications
in the two cases remain identical.

The following relationships hold for a single refracting
surface:

H cosl
M_F—cos iy

where:

J=angle of incidence
I’=angle of refraction

when the light is passing from left to right.
In the case when N<N’ or if the direction of the in-
cident light be reversed:

_h_cosT

" ceosl

n=F

In practice, since external boundary surfaces are a
necessity, prisms must be utilized. However, simple
useful formulae for the deviations of prisms of various
proportions in diverse orientation have not been obtained
and it is found easier to treat them surface by surface.
The total magnification, due to all the refractions, is then
obtained by multiplying together all the magnifications
found for each individual surface as indicated above.
The total deviation due to a series of surfaces or prisms
does not, by itself, given any indication of the value of
the magnification.

The general formula for the magnification of several
consecutive surfaces is easily derived from the formula
for a single surface:

_cos 1
: cos I’
and is
M resultant—_S08 T1Xcos IXcos I X . . .

cos I’s X eos . I’3X cos I3 . ..

the surfaces being numbered by subscripts in order from
left to right. _
Fig. 2 shows a single prism having a refractive index

24,972

N, a refracting angle A and surfaces 21 and 22. In this
case: '

cos Iz
cos 1'p

cos Iy

_COS I’l =m1>< 1\/12

M prism=

_ and the cosines are obtained from the sines by a known
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formula. When this prism is rotated about an axis par-
allel to the refracting edge the values of the deviation D
and the magnification M change. At the symmetrical
position D is a minimum and M is unity. Rotation in
one direction magnifies the image and in the other di-
rection minifies it.

Figs. 3 and 4 show two special cases in which one of
the prism faces is traversed normally (i.e. orthogonally)
by the light beam and the refraction takes place at the
other surface. Fig. 3 shows what I call position (I) in
which the entry face is traversed orthogonally, and Fig.
4 shows position (II) in which the exit face is traversed
orthogonally. In these special cases it is easy to de-
rive simple formulae for magnification which are useful
for comparing various systems during design. With the
prism in all other unsymmetrical orientations, it is nec-
essary to trace rays trigonometrically through the system
and apply the general formulae to each surface. The
special formulae are:

In position (I) Magnification=M

H cosli cosA

M= h cosI’'y ecosl'y

M= cos A
VY1—(Ny/N'p)? sin A
In position (II) Minification=m

h cosliy coslIp
H cosI’ti cosA

me==

VI=(No/N'p)? sin? &
m=
cos A
For either position in air, N=index of prism

N’'=Np=1
Ni=N'p;=N
i ’I'I=In
Ii=I'ny
cos A 1

Meeee— ———=—

x/ 1—N2gin? A ™

In the practical designs of my systems it is more con-
venient to use formulae for M2 or m?2 rather than for
M for two reasons. In the first place I use pairs of co-
operating prisms (or surfaces), and then the square gives
the total effect due to the two identical systems, and ip
the second place the square is a measure of the range R
of . magnification obtainable with a single prism moved
from position II to position L

Thus if: R=M2=M/m

cos? A 1—sin? A

2= =
M 1—N?sin?2 A  1—N?gin? A

cpoa L—M2.
Sin’ A-—-————————l_l\Tzl\/I2
N2=sin2 A4+Mz—1.

M: sin? A

These formulae enable one of the unknown quantities
to be determined when the others are known.

Since R and M are functions of N/N’ {or N in the
case of a prism) and since N varies with light of different
colors, R and M must be expected to vary with color
also. In conformity with the usual methods of analysing
total aberrations into convenient component parts and by
analogy with lens systems, I call this effect “chromatic
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difference in magnification.” This chromatic difference
in magnification is quite small at the magnifications and
minifications herein considered and becomes substantial-
Iy zero all over a small field angle when M=1 (i.e. in the
symmetrical position of the prism); it-is also equal to
zero at the exact center of the field at all magnifications.
This aberration will be discussed in greater detail later in
this and my co-pending specifications.

There is in addition an unsymmetrical lateral chromatic
aberration which I prefer to call unilateral color; this is
very large even in the M=1 position and must be cor-
rected if a useful afocal system is to be produced. The
manner of doing this for individual prisms in the mini-
mum deviation position is well-known to the art and in-
volves the usé of cemented achromatic prisms made from
glasses of suitably differing dispersive powers. My in-
vention does not preclude this method of correction, but
as will be shown simple prlsms are -acceptable in some
forms of the invention.

After the chromatic aberrations have been eliminated
or reduced to acceptable values, another serious aberra-

" tion remains, which (except in the case of astronomical
telescopes where the field of view is minute) must be
corrected. This concerns the large amount of distor-
tion introduced by a refracting prism and this exists even
in the minimum deviation position where the magnifica-
tion is unity. Since the magnifications in different parts
of the field depend upon the angles of incidence and these
are different for different parts of the field, it is clear
that the effect cannot be ignored.

According to the present invention both the unilateral

chromatic aberration and the distortion are simultane- -

ously corrected by the use of oppositely oriented surfaces
or prisms. The way in which the balancing of desired
effects against undesired ones is carried out in the forma-
tion of afocal systems, is discussed in more detail below
. and in the copending applications mentioned at the
beginning of this apphcatlon

Occaswnally it is necessary to know how to orient a
prism of given apex angle in regard to the incident rays
to produce a given deviation, or to compute the deviation
for a given orientation. The general formula is as
follows.
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Refemng to Fig. 2, which shows the general case of a -

prism traversed by a ray in the plane of the paper, the
refractive index of the material of the prism is N and the
apex angle is A. Angles of incidence and refraction at
surface 21 are I; and I'y, and for surface 22 I and I’,.
These angles are given the positive sign in numerical
calculations using the formula below when a rotation of
the ray into the normal to the surface would be .clock-
wise. Thus, in the case illustrated I; and I’y are positive
and I; and I’y negative. D is always negative according
to the present sign convention. The formulae then are
as follows: )

D=A+I'3—I’1

1—N2 gin? A—cos A cos (A—D)
cos (A—D)—cos A

FIXED MAGNIFICATION FORMS OF THE
INVENTION. .

Fig. 5 shows in vertical cross section a simple basic
form of my invention. Within a tube 51, two prisms 52
and 53 are mounted so that the first surface of the first
pnsm is traversed orthogonally by rays parallel to the
axis, the second surface providing all of the refraction.
The diverted rays next meet orthogonally the first sur-
face of the second prism, traverse the prism and are re-
fracted at the second surface thereof. The rays there-
fore enter and leave paralle]l to the axis (since the two

Cos (2I;—A+D)=

prisms are identical and in opposite orientation in regard.

to the light traversing them). = The dispersion of the first
prism is balanced by the dispersion of the second prism
except for second order effects so that unilateral chro-
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matic aberration of the first order is removed. On the
other hand the magnification due to the two prisms is
Mz2 if M is the magnification due to each in the orienta-
tion chosen. However, the chromatic difference in mag-
nification is not corrected, but if the final magnification is
small and a low-dispersion material is -chosen for the
prlsms, it can be neglected. This question [will] will
receive further attention later in this spec1ﬁca’uon

Of course, the magnification due to prisms 52 and 53
takes place in the direction of the plane of the paper only,
since the constriction of the beam occurs in this direction.
A second identical pair of prisms 54, 55 in a second tube
56 is therefore added but at right angle orientation about
the axial rays emerging from prisms 53 so as to give the
same magnification M2 in the direction perpendicular to
the plane of the paper. The resultant effect of the two
systems acting together is to give a substantially uniform -
magnification- M2 in all planes around the axes. The
whole prism assembly is mounted in a tube 50 in front
of an objective lens 57 and has the effect of increasing the
focal length and therefore the size of the final image in
focal plane 58 in the ratio of M2 to 1. :

Now let us imagine the prism assembly to be reversed
end for end, then the effect of the device is to produce
minification instead of magnification.. This minification
is equal to 1/M2, or to use its own symbol, m2. The
total range Ry in magnification between m? and M? in
changing from one orientation to the other is M2/m? or
M-,

Thus, denoting the focal length of the obyectlve alone
by F, then when the attachment is added in front of the
lens the equivalent focal length of the combination be-
comes FXM? in the orientation for magnification and
F/M2 in the orientation for minification. 'We have there-
fore, at our disposal besides the original objective, a tele-
photo attachment in one orientation and a wide angle
attachment when it is reversed.

A prismatic magnification attachment according to the
invention offers several important advantages over the
more conventional lens attachment. In the first place
the spherical aberration, coma, Petzval curvature and as-
tigmatism are automatically corrected; the spherical aber-
ration because the optical path length is the same for
all rays, the coma because the sine condition is fulfilled,
the curvature because all the surfaces are plane and con-
tribute no Petzval curvature, and the astigmatism because

. all rays in each parallel bundle strike each surface at the

same angle. The distortion is also found to be small.
In the second place, this correction is not lost when the
attachment is reversed, as is the case with lens attach-
ments which depend upon the shapes, indices and sepa-
rations of the elements for the correction of aberrations.

Fig. 6 is a partly exploded perspective view of a revers-
ible attachment such as the one shown in Fig. 5. It may
be noted that the corners of the prisms should be rounded
for convenient mounting in the cylindrical tube 50. The
tube 50 is fitted with studs 61 at one end and similar studs
62 at the other end for attaching either end to a cap 63
The cap 63 is provided with
a threaded ring 64 for attaching the whole apparatus to
the front of an objective lens §7. This ring 64 is eccen-
trically located to allow for the displacement of the axis
by the prisms, and the studs 61, 62 are irregularly spaced
around the circumference to assure the correct orientation
of the prisms.

Figs. 7 and 8 show in plan and elevation a special form
of the invention, useful in certain cases where rigidity is
essential, in Wthh the prisms are cemented together to
form a solid block. In this case, materials of differing
refractive index are used and for a maximum magnifica-
tion with reasonably small prism angles the ratio of the
higher index to the lower must be as high as other con- -
siderations will allow. In some cases it is possible to use
V values for correcting chromatic aberrations-also. As
a rule, the prisms are alternately of high and low index.
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As an example, a combination is shown using a very
high index glass and the plastic “lucite” as a filling-in
material to form the next adjacent prism. By cementing
the two together, we avoid the necessity of forming an
accurate optical plane surface on the plastic. The whole
block can then be ground down to a circular or rectan-
gular rod or other suitable external form. .

First, the slopes of the various plane surfaces are deter-
mined. This is quite simple using the formulae given
above for the refracting surface in each pair, and remem-
bering that the entering and emerging (axial) rays are
orthogonal to their respective surfaces. There are two
glass prisms 71, 73 and two Lucite prisms 72, 74 for hori-
zontal deviation, and an identical system 81, 82, 83, 84
for the vertical plane. The two systems are cemented to-
gether along the surface 75. The glass is made by the
Eastman Kodak Company and identified as No. EK 448.
The plastic is a methyl methacrylate known as Lucite.
These materials have the following optical properties.

| N¢ Np ’ Nr SN
EK 448__ 1.8742 | 1.8804 | 1.8056 .0214
Lucite. . 1.4016 | 1.4945 | 1.5008 . 0092

The apex angle of the glass prism 71 is obtained by the
formula already given for an M2=1.494;

—_ 2
Sint A= M

Sin A=.6016 and A=37.0° (approx.)
Since the angle A is also the angle of incidence at the
second surface of this prism the angle of refraction I’ is
-obtained from.:

Sin '=-X  Sin A=.757

N7

and
1'=49.2°

Then the angle that surface 76 between prisms 72 and 73
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makes with the vertical for orthogonal passage of the :

rays is:
49.2°—37.0°=12.2°

and the apex angle of the second prism 72 is 49.20°, The
three succeeding pairs of prisms are identical with this
in apex angles, but the third and fourth pairs are turned
90°. We shall check the chromatic difference in mag-
nification. To find the formula for this we take the
derivative of

1 1—NZsin? A
M? . cos® A
(obviously obtained from a previous formula by taking
reciprocals) and arrive at the following convenient for-
mula: )
SM2=M4%N2 tan? A
In the present example:

!)2 ( Tl)::

t={ ) —(22) =0.0163
SN /e N, 0.016
when dM2=40.0210.

This is too- great for photographic. purposes, but .for a
visual telescopic system (e.g. a gunsight) of say 1° half
angle of field (at the eye) this only amounts to a little
over one minute of arc and so is quite negligible.

FOCUSING DEVICE

Because the prism systems are theoretically free of
certain aberrations discussed above only when working
in parallel (or collimated) light, it is preferred that some
kind of focusing arrangement be located in front of the
prismatic system to.collimate the light. The camera.lens.
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is, therefore, constructed without any focusing device and
is fixed in the position required for objects at infinity.
This considerably simplifies the design of the lens mount-
ing so that the total.cost is not necessarily increased by the
provision of a special focusing device in front of the
prisms. Fig. 9 shows such a focusing attachment of
simple form mounted in front of a prism-lens system such
as shown in Fig. 5. It consists of a plano-convex lens 92
located in a fixed position close to the prism assembly
with the convex surface outwards; and a negative plano-
concave lens 91 of equal or slightly lesser focal length
located at a variable distance in front of the positive lens
and having its concave surface towards the positive lens.
Thus, when the curved surfaces of the two lenses are
almost touching each other, the combination has an in-
finite focal length and the whole system is in focus for
distant objects. Upon screwing the negative lens out-
wards (by means of the holding sleeve 95 and threads 96)
the combination of the two lenses acquires a positive focal
length so that diverging rays are rendered parallel. If
the closest object distance is to be 6 feet the lenses are
designed so as to give that focal length at the maximum
lens separation that other considerations may dictate.
Focusing is thus carried out by screwing the sleeve 95
back and forth between the limiting positions according
to the distance of the object focused upon. :

The orientation of the focusing device in regard to the
incoming light and the prismatic system, is not critical
from the point of view of paraxial theory; it is of im-
portance, however, in connection with the perfection of
the final image. That is why it is preferred that the nega-

" tive lens be placed on the outside and the positive lens

next to the prisms. With this orientation the curved sur-
faces are traversed by principal rays more nearly radially
than in the reverse orientation. If in addition, the mean
position of the centers of curvature of the proximate sur-
faces of the lenses, be located near the center of the
entrance pupil of the optical system at the right of these
surfaces, principal rays will traverse the surfaces almost
radially, so that all parts of the object field will be depict-
ed with approximately equal precision. Thus, in the at-
tachments for miniature cameras described in connection
with Figs. 19 to 22 below, the radius of curvature of the
curved surfaces of lenses 91 and 92 are conveniently
about 100 mm.; this gives reasonably thin lenses which do
not require too great a separation for the closest object
distances. Except for very critical work and with ob-
jects at unduly close distances, the focusing device needs
no special optical corrections since it operates at a rela-
tive aperture of about £/100 under the worst condition,

Fig. 10 shows another useful form of the invention
which comprises two fixed magnification prismatic mag-
nifying attachments 101, 102 removably, reversibly and
interchangeably mounted in series in front of an objective
103, one having a magnification of M {e.g. 1.2) and the
other M3 The various combinations of one of the
attachments alone or the two together as made up by
individually reversing their positions give a choice of
focal lengths of F/M¢4, F/M3, F/M2, F/M, F, MF, M2F,
M3F and M*F, thus providing a series of nine different
focal lengths in geometrical progression, F being the focal
length of the lens 103 alone. A focusing device 160, sim-
ilar to that shown in Fig. 9 attaches to the front of the
system.  The hooks and pins 104, 105 are illustrative
only, and' any known method of reversibly connecting the
units while preventing their rotation around the axis -
may be used instead.

It is to be understood that optionally a focusing device
is provided with any prism system according to the inven-
tion, even though it is not shown in all the figures. It is
preferred when near objects are to be focussed upon.

Fig. 11 is an optical diagram of a prism-lens system in
which there is no displacement of the axis. It has been
mentioned: in reference to the preceding figures that the
axis. or. line. of :sight. is. displaced laterally by ecach two-
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prism system. It may be noted, however, that for at least
one ray through the prism system there is no angular
deviation. (It will be readily understood that when a 10°
fan of rays is magnified into say a 15° fan of rays the up-
per and lower extreme rays are usually deviated upward
and downward, respectively, and that there is then a ray
at or near the middle which is not deviated.) In the

system shown in Fig. 11, there are four prisms 111, 112,

113, 114, magnifying in the plane of the diagram and
a similar set of four prisms 115, 116, 117 and 118 mag-
nifying in the perpendicular plane. The first two prisms
111, 112 form a system with little or no angular deviation
of the axis but with some displacement thereof. The third
and fourth prisms form a similar system which displaces
the axis equally in the opposite direction and also bal-
ances out the deviation if any. Thus there is neither dis-
placement nor deviation, and the axial ray proceeds in
the line of its original path. The second system of four
prisms, 115, 116, 117 and 118 operates in the same man-
ner in the plane perpendicular to this, so that the final
axis coincides with the initial axis, and the whole prism
system is mounted in front of the lens 57 so that both
these portions of the axis coincides with that of the lens.

Other advantages of this system are that at a given
magnification the distortion s greatly reduced or that
systems of higher magnification can be achieved. Since
my systems are practically devoid of other monochro-
matic aberrations the latter advantage is of greater im-
portance, especially in systems covering a small angular
- field. It will be noted that useful systems according to
the invention can be made up in which the displacement is
only partially corrected by the second pair of prisms in
each set of four. For example the second pair can be
made smaller to make the system more compact and
still gain the increase in magnification or reduction in
distortion. .

The following formulae are useful for systems having
any number of pairs of prisms. Thus, if we want a
certain total range of magnification Ry for a given num-
ber of identical prisms n

R,r —M?2n

since M? is the range in magnification for a single prism
when moved from position (I) to position (II). (Figs.
3 and 4.).

With a total of eight prisms, four for each plane, n—4
and if we want a total range of 2.5:

Rp=2.5
M3=275

M=%25=1.121
This is a very moderate contribution by each prism to the
total when each prism is in position (I). In position (IT)
the contribution is 1/1.121. If the instrument is to be
used alone as a telescope the minification is of no interest
and an M of 1.121 would only give a total magnification
of M* ie. 1.581 times. For the small field of view of a
telescope we can easily increase M to 1.78 in which case
M3=3.163 and M*=10, and this is the total magnifica-
tion available. Of course, with this magnification the
chromatic difference in magnification would need correc-
tion, but for the smaller magnifications suitable for cam-
era and projector attachments it is sufficient to choose
the right kind of optical material. This means, in prac-
tice, that a material with the lowest possible dispersion
(i.e. highest possible “V” value) should be employed,
provided the index of refraction for “brightest light” is
high enough for the required magnification (or range)
without having to employ too many prisms of large apex

and

angle. Experience and trial decide which choice to make

bearing in mind the purpose for which the device is being
designed,

By way of example, we shall design a reversible pris-
matic system of the type shown in Fig. 5 for a 40 mm.
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lens for a 16 mm. movie camera and with a magnification
range of 2.50 so as to give resulting focal lengths of 25
mm. and 63 mm. in the different orientations and, of
course, 40 mm. without the attachment. For the ma-
terial of the prisms we choose the mineral fluorite since
this has the lowest dispersion of any material available
and can now be obtained in sufficiently large pieces (syn-
thetic fluorite) and at a cost which is not prohibitive.
The following ‘are the optical properties of this material.

N¢ Np Ny v SN=Np-—N¢

1.43249 1, 43384 1.43706 95.1 . 00456

The <chosen range of 2.50 gives M2=1.5811 and
m?=1/1.5811 (for each pair).

To find the prism angle necessary to obtain these
values with an N, of 1.43384 we use the formula al-
ready given:

1— M2
1—N2M2
Sin A=.50815 and A=30.36°

Actually we could use an angle of 30° exactly (since
this is more easy to manufacture) and tilt the prisms a
little beyond the two positions shown in Figs, 3 and 4
from which the formula was derived.

"In order to determine the magnitude of the uncorrected
chromatic difference in magnification we shall use the
same formula as before:

dM2=M45N2 tanZz A
=2.5%0.0131x0.3497
=0.0115 (approx.)

At a distanice of 5.5 mm. from the center of the picture
the lateral color is: .

5.5%0.0115=0.063 mm. (approx.)

This is within permissible limits for some purposes, but
for very sharp definition it should be improved further by
methods described below or by methods given in Serial
Nos. 498,167 and -8.

It may be pointed out that my invention is not limited
to the case where one surface of a prism is traversed
orthogonally; that position of the prism has been treated
at length since it permits easy and useful formulae to be
derived. Also, these positions generally approximate a
convenient practical limit for magnifications and mini-
fications. In fact, orthogonal traversal of one surface
gives the maximum magnification or minification con-
sidered as a function of the refracting angle A while the
angle of incidence at the other surface is maintained con-
stant. Other orientations, except the symmetrical one,
also give magnification and minification and can be use-
fully employed according to my invention.

Fig. 12 is a diagram showing the cause of the unilateral
color aberration which has been mentioned before and
which causes the red image to be displaced as a whole
relative to the blueimage. A ray of white light 50 strikes
the first prism 52 and is refracted and fanned out into a
spectrum from the red ray 121 to the blue ray 122, The
dispersion is greatly exaggerated in the diagram. These
rays strike the second prism 53 and are bent back to
the positions 121°, 122’, substantially parallel to the
axis. The two prisms may be assumed to have equal
apex angles and refractive indices, and the second prism
to be oriented so that the median ray 50’ emerges parallel
to its original path 50. The blue ray 122, however, strikes
the second prism at an angle which is closer to the angle
of minimum deviation and so is swung back less than the
median ray and still less than the red ray 121 which
strikes still farther from the -angle of minimum deviation.
The net result is that the colors continue to fan out after
leaving the second prism, although to a much smaller de-
gree than after the first prism. This causes a one-sided

Sin? A=
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lateral color aberration at the axis and to some extent
over the entire field, hence the name “unilateral.” The
second set of prisms, not shown in Fig. 12, cause a similar
aberration in the plane perpendicular to this, so that the
final resultant is a unilateral color aberration at 45° to the
plane of the diagram. A means for correcting this aber-
ration is disclosed in my copending application, Serial
No. 498,168 already mentioned. For many uses, how-
ever, the effect is too small to be objectionable.

Fig. 13 is a similar diagram showing a pair of prisms
in which the unilateral color is corrected although gen-
erally the axis is deviated slightly in order to attain this
result. A prism 132 is traversed from left to right by a
white ray 130 which is then spread out into a spectral
fan 134. An identical prism 133 in the inverted posi-
tion can then be so positioned that a white ray 131
traversing it from right to left is spread out into a spec-
tral fan 135 of exactly the same angular spread as the fan
134. The two extreme colors then proceed through both
prisms in either direction and emerge as an exactly parallel
pair of rays. The intermediate colors deviate extremely
little if at all from this parallel pair. The mathematical
analysis of the deviation of the intermediate colors to
show whether or not their deviation is exactly zero has not
been carried out. In many cases the unilateral color can
be corrected even though the two prisms are not identical
as to glass or as to refracting angle.

The difference between Figs. 12 and 13 may appear
to be slight but it is very important in designing properly
corrected systems. In Fig. 12 the prism 52 is positioned
so that a white ray 50 traverses its first surface orthog-
onally, and the second (inverted) prism 53 is similarly
positioned so that its first surface is traversed orthog-
onally by a median colored ray. This symmetrical dis-
position of the two prisms in regard to a median ray
(which is, of course, included in the white ray 50) causes
the ray to emerge at 50’ in a direction parallel to its di-
rection of entry. It has been shown above that this re-
sults in a fanning out of the colored rays into a spectrum
as they finally emerge from the prisms thereby producing
unilateral color. Although Fig. 12 shows only a particu-
lar case, this is the general result whenever two identical
prisms in inverted relationship are so positioned that a
median (or any other specific) colored ray traverses them
both identically.

The remedy lies in increasing the dispersion of the
prism 53 relatively to that of 52, either by rotating 53
further from its position of minimum deviation, or by
increasing its apex angle, or by changing the material to
one of higher dispersion. Fig. 13 shows how the two
prisms 132 and 133 must be positioned in regard to each
other in order to remove the unilateral color. The correct
positions are most easily determined in practice by plot-
ting curves for the dispersion at different prism orien-
tations.

THEORY OF ZOOM SYSTEMS

Zoom systems are made up by mounting the prisms 52,
53, 54, 55 of Fig. 5, so that they individually pivot about
axes parallel to their refracting edges and providing means
for rotating them in unison around their axes so that the
magnifications produced by the individual prisms increase
and decrease together. Certain problems arise in design-
ing these systems due to the variation of the aberrations
with magnification, and these problems will now be con-
sidered, along with the related problem of the deviation
or wandering of the axis.

Fig. 14 shows a typical curve 141 showing the way in
which the deviation D (see Fig. 2) varies with-the angle
1; of the first surface of a given prism to the incident
light. With the angle conventions adopted the devia-
tion for a single prism, in base-down orientation, always
has a negative sign. This remains true whether the light
traverses the prism from left-to-right or from right to left,

but. the sign changes when the prism is inverted. With.
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the light passing from left to right and parallel with the
optic axis, ¢;, is identical with I; for the first prism,
where ¢, is the angle the first surface makes with a plane
perpendicular to the optic axis. In this specification the
symbol ¢ (with suitable suffix) is used to indicate the
angle between a plane surface and an imaginary plane
perpendicular- to the optic axis, with the sign conven-
tion that ¢ is numerically positive when a rotation of the
plane surface in an anticlockwise direction would bring
it- into coincidence with said imaginary vertical plane.
If the rotation must be clockwise ¢ is numerically nega-
tive. Thus in Fig. 2, ¢, is positive and ¢, negative. Since
the apex angle A; of the prism is constant the angle ¢,
that corresponds with ¢; can always be found from:
Aj=¢;—¢s. As might be expected the deviation curve
is asymmetrical about an ordinate (PP’) representing
the position of minimum deviation. This lack of sym-
metry in the curve arises from the manner in which the
quantities are plotted, but it is at first sight misleading
since the prism is absolutely symmetrical about a plane
bisecting the apex angle. From a series of curves, such
as curve 141 shown in Fig. 14, but for prisms having dif-
ferent apex angles and made from different materials, it
can be shown that the effect of increasing the apex angle
A; is to move the whole curve upwards and to the right
as well as to make it steeper; decreasing A, has the op-
posite effect. Alterations in the power of the prism by
altering the mean index of refraction has a similar effect
to altering the apex angle. Increasing the index moves
the -curve upwards and to the right and vice-versa.

THE MAGNIFICATION

Fig. 14 also shows a typical curve 142 showing how the
magnification of the same prism varies with the angle I,
The manner of plotting the magnification curve is rather
unusual but it is very convenient for practical design pur-
poses. The base line XX’ is drawn at Mp=1 so that
magnifications appear above the line as indicated and
minifications (as 1/Mp) below the line. In other words
when the magnification becomes less than one its recipro-
cal is plotted downwards from XX’; thus, the words
“magnification” and “minification” are not here used to
mean “enlarged” or “diminished” but Mp and 1/Mgp re-
spectively so that when we reverse the direction of passage
of the light (from left-to-right to right-to-left) the de-
scriptive words may [means] mean the opposites of
what they appear to mean (since the curves become in-
verted on the diagram), while the terms Mp and 1/Mp
remain the same by definition. - This must be kept in mind
when considering ¢ombinations of prisms in different
orientations.

THE UNILATERAL CHROMATIC ABERRATION

"Fig. 15 shows a curve 151 giving the unilateral chro-
matic aberration as a function of the angle I;. This ab-
erration, designated by A is the difference between the
deviation of the F rays of the spectrum and that of the
C rays; with the sign convention adopted it always comes
out negative for a prism in the base-down position and
positive for a prism in the base-up position irrespective of
The minimum value of A
occurs at a value of I; designated by Q. Increasing the
apex angle A; moves the curve upwards and towards the
right at the same time making it steeper; increasing the
mean refractive index has a similar effect, but changes
in the dispersion for a given mean refractive index (i.e.
changes in the V value) are of the greatest practical im-
portance. Thus, a decrease in the value of V moves the
position of Q to the right and thus away from P while an

-increase in the V-valie brings Q closer to P and also gives

a more symmetrical A curve. This, as will be seen later,
has an important bearing on the possibilities of simul-
taneously correcting for deviation and dispersion in a twin
prism system.
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THE CHMOMATIC DIFFERENCE IN
. MAGNIFICATION

Fig. 15 also gives a curve 152 of the chromatic differ-
ence in magnification as a function of the angle I; with the
light traversing the prism from left to right. The curve
becomes inverted when the direction of light passage is
reversed, but not when the prism is inverted. This like
the magnification curve of Fig. 14 is plotted upon a base
line XX’ representing Mp/Mc=1, where My and M are
* the magnifications for the F and C rays respectively, so
that values of Mr/M¢g (or AM) are plotted above the
line and (when these would becomes less than one) the
values of Mc/Mp (or 1/AM) are plotted below the line.
This kind of curve is convenient for design purposes and
enables the point of intersection of the curve with the XX’
line to be cefinitely located; this gives the value of I,
for which both Mp/M¢ and Mc/Mg are equal to one.
It is found in practice that this value for I, is close to
(if not the same as) the location of Q in Fig. 15 for any
given prism. That is to say that the prism orientation
for minimum dispersion is close to that for which there is
no chromatic difference in magnification. Whether or not
there is any theoretical basis for this has not yet been
investigated. An important point to note is that with all
existing optical materials the prism orientations for mini-
mum deviation and for minimum dispersion are not iden-
tical for any one simple prism. Thus P and Q are not
coincident and Q is always greater than P. This differ-
ence depends primarily upon the V value of the prism ma-
terial—the greater the V value the less the difference.

. The magnitude of the difference (Q—P) also increases
with increase in prism apex angles as well as with increase
in the mean index of refraction.

CORRECTION OF ABERRATIONS

- For further discussion, all the curves of Figs. 14 and 15
are superimposed upon the same diagram in Fig. 16, the
scale for I, being identical for all while the scales for
the ordinates of the curves and the positions of their
zero (or base) lines are chosen for convenience; this
should be kept in mind if a totally false conception of
the quantitive relationships is to be avoided. Thus, for
example, the scale for the A curves may be sixty times

that for the D curves and in practice it is convenient to

plot minutes of arc for one and degrees for the other.
Similar conditions prevail for the-M and AM curves.
These curves simplify the problem of determining the

orientations of each prism (in a.pair of identical prisms_

in inverted relationship) which will give the required
freedom from one, or several, of the aberrations to which
the system is subject. At the same time the curves en-
able us to determine the magnitude of the remaining
errors at each orientation and the magnification range for
which the aberrations remain within specified tolerances.
In other words the curves enable us to design a “zoom”
system having the required characteristics. If, as is usu-
ally the case, the desired conditions cannot be realized
with the prism material and apex angle first chosen, further
families of curves like Fig. 16 must be calculated on the
basis of theory and experience until a satisfactory design
is arrived at or until it becomes clear that the require-
ments cannot be satisfied at all with simple prisms. For
high values of the magnification range (e.g. above about
3.5 times) it may become necessary to increase the num-
ber of prisms so that the range for each prism pair is more
restricted. :

It is evident from the parabola-like shapes of the D
and A curves in Fig. 16 that it is possible to combine pairs
of prisms in inverted relation to each other so as to annul
either the deviation or the dispersion of light rays trav-
ersing the combination. Thus, if we wish to annul the
deviation of a prism in the orientation corresponding to
any value of I, (say at RR’) to the left of PP’, we can
always find a value of I, for a second but inverted prism,
to the right of PP’ that will give equal (but opposite)
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14 .
deviation. Let RR’ correspond to the desired value o
I; and let this line cut the D curve at (r), draw a hori-
zontal line through (r) to cut the D curve to the right of
PP’ at say (s). The vertical SS’ through (s) then gives
on the abscissa scale the value of I’y in an inverted prism
for which D is equal and opposite. This means, of
course, that a position has been found for the inverted
prism such that an emergent ray, in a direction from
right-to-left, would be parallel with a ray emerging from
the first prism in a direction from left-to-right. Thus,
the ray from the left if continued in the same direction
so as to traverse the inverted prism from left-to-right
would finally emerge- without deviation from its original
direction of entry. Any number of such prism combina-
tions can be found in like manner within the desired
range of orientations and this means that two such iden-
tical prisms can be moved continuously in proper angular
relationship with each other and the optic axis, so as to
give a variable magnification system without at any stage
imparting a final deviation to the axial rays traversing the
system. - :

The prism magnification yielded by these various com-
binations in orientation can be read off the My and 1/Mq
curves; thus the magnification of the first prism. in the
orientation at RR’ is given by the ordinate of the Mg
curve above the XX’ line, and that of the inverted prism
in the SS’ orientation by the ordinate of the 1/My4 curve
below the XX’ line, and in both cases it is magnification
M that is being measured since for the second prism the
magnification curves should be inverted owning to the
hypothetical reversal of light direction. Thus, the com-
bined magnification for the prism pair is:

M (at RR’) XM (at SS)

and the total magnification range between the magnifica-
tion in this orientation and that when the inverted prism
is rotated to RR’ and the upright one to SS’, which gives
a minification of .

(ﬁ) at RR’X(ﬁ) at S
[M (at RR’) XM (at S§’)]12

It might be pointed out that besides the SS’ position of
an ‘inverted prism to annul the deviation of an upright
prism at RR’, we could use an inverted prism in an orien-
tation where I’ is also at RR’ so that the combination
would give zero deviation; however, in that case ‘there
would be no resultant magnification at all since

M (at RR’) X1/M (at RR’)=1

It is evident that in this particular combination the two
prisms amount optically to a plano-parallel plate. This
ordinarily corresponds to the midpoint of a zooming
range. .

The chromatic difféerence in magnification can also be
read off the curves for each of the prism orientations.
Thus for the prism at RR’ the ordinate of the AM curve
above the XX’ line gives the chromatic difference in mag-
nification contributed by the upright prism and the ordi-
nate of the 1/AM curve below the XX’ line gives the con-
tribution of the inverted prism. It will be remembered
that this curve is also inverted for reverse passage of the
rays in the same way as the M curve.
matic difference in magnification for the combination,
both acting in the same direction is: :

AM (for RR’) X AM (for SS") )
This quantity, minus one, gives a measure of the serious-
ness of the aberration; it is always zero on the optic axis
and increases proportionately as the distance of a point

from the optic axis increases. Thus at distance d from
the center of the picture area, the value of )

[AM (at RR’) XAM (at SS')—1]xd
is a direct measure of the length of the tiny line spectrum

The total chro- -
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into which a white point source of light is drawn out
from the C to the F rays of the spectrum. If the maxi-
mum: value of this at the extreme orientations of the
prisms exceeds the allowable tolerance, then the system
is not acceptable and another kind of glass must be
chosen and/or a different prism apex angle. Further-
more, the importance of this aberration in practice de-
pends also upon the magnitude of the unilateral chro-
matic aberration (see next paragraph) since the effects
are additive in some parts of the field. It is found that
for small magnification ranges ample correction is pos-
sible, but for higher magnification ranges combined with
critical definition all over the picture area simple prisms
are not acceptable.

In practice it is generally of far greater importance to
consider the unilateral chromatic aberration that results
when a zero deviation system is designed with simple
prisms. Thus, in Fig. 16, let the line RR’ cut the A curve
at p and let the SS’ line cut the A curve at §; then the
difference of the ordinates (p—3&) gives a rough measure
of the residual angular color. (The exact amount of this
aberration can be determined by ray tracing through the
whole system.) In general for most practical purposes
this error is far from falling within the acceptable toler-
ances. Furthermore, in some parts of the image field the
unilateral color error adds to the chromatic difference
in magnification error and the fact that in other parts. of
the field the errors are subtractive is not much consola-
tion. To get the best results in the unilateral color error,
the opposing effects of increasing or decreasing the apex
angle and decreasing or increasing I; must be considered
together and the best compromise adopted. Of course,
the most effective way of dealing with this aberration is
to change the prism material for one of higher V value
if possible and that is why. in my first example I suggested
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like manner any number of pairs of prisms giving zero
unilateral chromatic aberration can be obtained from the
curves. But when this is done, the lack of symmetry of
the curves and their relative displacements leave residual
amounts of deviation. This is obvious from the curves
in Fig. 16; the ordinates of the deviation curve D at the
positions R and T show a difference of about 4°, while
the unilateral chromatic aberrations for the same posi-
tions were chosen as identical to eliminate unilateral color
in the system. In determining the relative positions of
the prisms it must- be remembered that I’y is not (as a
general rule) the same as the position angle ¢4. How-
ever, ¢, is easily calculated from the angles obtained in
the ray tracing so that it is a simple matter to find all
the orientations of the two prisms required to eliminate .
the unilateral chromatic aberration over a desired magni-
fication range. The chromatic difference in magnifica-
tion for the various orientations are obtained from the
[sMJ AM curves in a manner strictly similar to that ex-
plained above in relation to the M curves.

PRACTICAL EXAMPLES OF ZOOM SYSTEMS

By way of example, Table I gives the data for a
zoom lens attachment having a- magnification range of
just over 2 times. Like the system of Fig. 5, this con-
sists of a pair of simple identical prisms in reversed ori-

- entation in regard to each other and acting in one plane

30

35

containing the optic axis, together with a second identi-
cal pair in identical mutual orientation acting in a second
plane at right angles to the first about the optic axis.
In Table I only the data pertaining to one prism pair
is given since that is sufficient to define the whole sys-
tem. The characteristic curves which form the basis
for this design are the particular ones that we have been
discussing in the preceding paragraphs and in Fig. 16.

Table 1

[Material of prism; N¢=1.69313; Np=1.69680; Np=1.70554; V=56.2. Apex angle of each
. E prism: 26°.]

mb
20°10'46"

o

50/
—2°10°46"

o

12°47'45"

]

25° 35° 40 45°
16°34/56" 9°00700"" | 5°12/15"7 | 1°2504"

using fluorite instead of glass as this material has about
the lowest relative dispersion (highest V value) of any
available. At the same the choice of a material of
high V value reduces the chromatic difference in mag-
nification so that from all points of view (as in most opti-
cal design) a material of low relative dispersion is highly
desirable.

In the preceding paragraphs we have shown what hap-
pens when we attempt to annul the deviation of a beam
of light traversing a prism pair so that at all magnifica-
tions during zooming the axial rays emerge parallel with
their direction of entry. We shall next consider the effect
of eliminating the unilateral chromatic aberration in a
simple prism pair over a finite range of magnifications.
It is clear from Fig. 16 that all the arguments in con-
nection with the deviation curve D apply (with obvious

- changes) to the dispersion curve A. For each position of
the first prism (say RR’) there is always a point of
equal height on the other branch of the curve for the in-
verted prism such that Rp=Tr, where the dispersions,
being of the correct sign, can annul each other. In other
words, referring again to Fig. 13, a position for the in-
verted prism 133 can be found such that a white ray 131
traverses it from right to left and emerges as a fan 135
of colored rays wherein each of these colored rays is
parallel ‘with the corresponding colored ray of the fan
134 that emerges from the first prism 132 traversed from
left-to-right by an incident white ray 138. Consequently,
a white ray 130 entering the first prism 132 from left-to-
right, would upon continuation in the same direction
through the second (inverted) prism 133, emerge as a
parallel bundle of closely adjacent rays if not as a re-
united white ray at a final® angle of refraction I’y. In
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It will be observed; from the values of ¢; and ¢ shown
in the table, that the prisms are rotated in opposite direc-
tions but by angular amounts which are unequal and
nonlinear.  This is not an insurmountable disadvantage
in practice, since cam action can easily be made accurate
tice by making the angnlar movements of the two prisms
in a pair (as well as of those in the plane at right angles).
However, only very small errors are introduced in prac-
tice by making the angular movements of the two prisms
in-a pair in strict linear relationship over the 2:1 magni-
fication range here envisaged, and in that case simple
gear wheels can be used to link the prism rotations.

Since in this design the emergent rays have been al-
lowed to deviate from the direction of entry in order
to be free to correct the unilateral chromatic aberration,
there is a progressive. movement or wandering of the
whole picture across the picture frame in a 45° direction
during a zoom, this being the resultant of the two equal
deviations caused by the two prism pairs located in planes
at right angles to each other about the optic axis. This
deviation varies between zero and plus or minus 5 or 6
degrees in the 45° plane. On the other hand, the uni-
lateral color is almost perfectly corrected at all magnifi-
cations (within the 2:1 range) and mever amounts to
more than about 6 seconds of arc. The maximum chro-
mati¢ difference in magnification amounts to about .001
inch in the corner of a 16 mm. film frame. There is no
appreciable distortion and there are no other optical
errors. An auxiliary device for compensating for this
wandering of the image is described in my copending
application Serial No: 498,167, previously mentioned.
There are advantages also in mounting the two prism pairs
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at 45° to the horizontal and counteracting the devia-

- tion error by swiveling the camera on a support.

As another example and to illustrate the effect of apex
angle and index and the kind of results that might be ex-
pected when an attempt is made to strike a compromise
between the unilateral chromatic aberration and the de-
viation, a system with prisms of considerably smaller
apex angle and made of a material having a lower mean
index and a higher V value, has been selected. With two
pairs of prisms the magnification range is about 23
times, and the deviation errors vary between plus and
minus 2°; the maximum unilateral color aberration
reaches nearly 45 seconds of arc, and the chromatic
difference in magnification comes to about .0013 inch.

Fig. 17 shows the characteristic curves for one of the
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prisms of this system, and Table II gives the orientations - .

of a single pair of prisms (the other pair being identical)
over the required magnification range. Comparison of

“this series of curves with those in Fig. 16 shows how the
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quantities involved depend upon prism angle and material.
Table II
[Material of prism: Nc=1.52036; Np=1.52300; Np=1.52020; V=58.6. Apex
angle of each prism: 18°] )
[ T, -10° 0° 10° | 20° 30° 40° 50°
Plarenmncnn 80° | 20°40/ | 11°2%0 2| —7°20" | —16°40" | —26° -

In Table II the angular movements of the two prisms of
a prism pair have been made linear in regard to each
other. Thus for every 10° that the first prism is rotated
the second is rotated through 9°20’ in the opposite di-
rection, ' .

It becomes clear from a study of many families o

.curves, such as those shown in Figs. 16 and 17, plotted

for prisms of differing apex angles and made from any
of the presently available glasses having different optical
properties, that it is generally impossible, over a usefully

large range of magnification, to find a simple pair of

identical prisms which will yield systems simultaneously
free from both deviation and unilateral color. The
curves further indicate that the problem involved in
designing a prism pair to eliminate both these aberrations
might be solved if we could suitably modify the shapes
of the characteristic curves. For example, if the A curve

could be moved bodily towards the left of the diagram

so as to make its minimum value occur at about the
same angle I; as that at which the minimum value of
the D curve occurs, there would be much less difficulty

in obtaining simultaneous correction.. A practical ex-

" ample is discussed below which can be regarded as an

" way possible. Since no optical material presently avail-
. able enables the required conditions to be met over a

N -

_wide magnification range, further improvements in'the

system have been sought by combining different optical
materials in each prism. :
According to this form of the invention, each prism is

. compound, preferably a cemented doublet comprising

materials differing in dispersion. Although the - triplets
and more complex form are not precluded from this in-
vention, attention will be devoted in this description only-
to the cemented doublet type since it has proved possible
with this simplest form to satisfy all of the optical and
mechanical requirements that arise in normal practical’
applications. Of course, cemented prisms as such are

not new, and are well-known in achromatic prisms and

their opposites—prisms’ for direct vision. spectroscopes.
" However, in the present case the Tequirements are quite
“different: in the spectroscopic application the ‘object is

to provide a composite prism of great dispersion: and

are designed to give no dispersion at niinimum deviation.

» Now the minimum deviation position is precisely the posi-

_p;
i

vex:y little importance  in ‘connection with
sl e T

fon in which a prism- gives- no ‘magnification and is of
‘my prismatic

-
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_attempt to accomplished this very object in the simplest
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systems. According to my invention the object is to
provide as little chromatic difference in magnification as
possible at high ‘magnifications (or minifications) con-
sistent with the equally important consideration of ad-
justing the dispersion and deviation curves so as to permit
the elimination of both deviation and dispersion from a -
prism pair over a suitable range of orientations as indi-
cated in the preceding paragraphs.

Although there are many possibilities of combining
materials so as to provide a satisfactory prism pair, it
greatly simplifies the calculations during design to choose
materials having the same (or nearly the same) mean
refractive index since, for any chosen apex angle (be-
tween outer surfaces), the interface may be shifted for
changing the A curves and the chromatic difference in
magnification without materially changing the D curve.
However, the main advantage arises in connection with
the manufacture of the prisms for, with such a combina-
tion of glasses, the angular position of the cemented inter-
face need not be located with any very great degree of
precision, although of course, the angle between the
outer surfaces must still be made to the usual close
tolerances. Calculation has shown that quite large errors
(amounting to six, or even more, minutes of arc) may
be permitted in the angular location of the interface
without introducing any appreciable color errors or caus-
ing double images. Of course, this choice of materials
having substantially the same mean refractive index for
the two parts of a cemented doublet limits somewhat
the number of materials available, but nevertheless there
is still ample scope to obtain the desired degree of optical
perfection.

Fig. 18 shows the curves for the deviation D and the
unilateral color A of a cemented doublet prism consisting
of a 27° prism of Dense Barium Crown glass,
[Np=1.6170,] Np=1.6173, V=55.0 and a —12° prism
of Dense Flint glass, Np=1.6170, V=36.6, making a
total angle of 15°, It may be seen that these curves are
flatter than those in Figs. 16 and 17 and, of more im-
portance, the two minima almost coincide. The magni-
fication M (not shown) is about the same as in Fig. 17,
and the chromatic difference in magnification AM (n
shown) is very small,

Figs. 19 to 22 show the optical parts of a zoom system
made up of four such cemented doublet prisms. Figs.
19 and 20 show plan and elevation of the system with
the prisms in the position of extreme minification and
Figs. 21 and 22 show plan and elevation with the prisms
in the position of extreme magnification. The [object}
objective 57 is shown schematically in outline, and the
position of the entrance pupil thereof is indicated by the
two short line segments 200. The apertures and loca-
tions of the prisms have been carefully computed to give
as compact a design as possible while still covering the
desired relative aperture and field. To this end, the full
relative aperture is maintained only in the central areas
of the picture and the light is allowed to fall off to 50%
‘of this value at the extreme picture edges.. In other
words, the vignetting at the edges amounts to a-loss of
one “stop-number” which is not excessive in most pho-
tography, but it means that a lens should be selected or
designed so that there is no further vignetting in the
camera itself. Also, since the angle of view in the verti-
cal plane is smaller than in the horizontal plane, the
system as shown .is more compact than if ‘turned 90°.

The 'system has been designed to in¢lude a 40 mm.
£/1.6 cine camera lens and to vary continuously between
23 min. and 69 mm. focal length. The extreme right

" and left hand rays 195, 196 in Fig. 19 appear to spread
‘wider than the prism before emerging from it, but actu-

70

:, littte or mo deviation, while- ordinary achromatic prisms

75

ally they lie in the plane of ray 205 (Fig. 20) and emerge"
from the prism gt points: 197and 198. . . .

The: arrangement of the prisms jis: similar to that of
the. system of Fig. 5. Two. prisms 191, 192 magnify
and  minify- inthe vertical plane and two others, 193,

*
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194, ‘are at 90° to these and operate in the horizontal
plane. The prisms are pivoted on axes 201, 202, 203
and 204 parallel to their respective refracting edges. The
glasses in each prism pair have the following sequence:
-crown-flint-flint-crown. The angles ¢, and ¢, for the
-prisms in each pair are given in Table III. Of course,
the relative positions of the two prisms in the second pair
-are identical with those in the first pair and synchronism
between all the prisms is to be maintained at all magnifi-
cations. Greater precision than about one twentieth of
‘a degree is mot necessary, and the angles are given to
-that degree of accuracy in the table.

Table III
&1° &
—22 35.3
-19 31.3
-16 27.8
-13 ©24.05
10 20.6
-7 17.25
—4 14
-1 11
2 8
5 5
8 2
11 -1
14 —4
17 -7
20 -10
23 -~13
28 --16
20 —19
32 -21.8
a5 —24.5
a8 -~27.1
41 —29.6
44 —32.06
47 —34.45
50 -36.8

When the figures from Table III are examined, we
~gee that the relationship between ¢, and- ¢4 is so nearly
“linear that we can make it exactly linear, moving each

prism by equal amounts in opposite directions. The
best compromise leads to the following resuits:

When ¢;==50.5°, ¢4 is set at —37.2°
When ¢,=—22.2°, ¢4=35.5°

Final checking of the errors that might have been intro-
duced by the slight alterations involved proves. that no
" serious errors have arisen; on the other hand, a consider-
“able advantage is gained in the s1mp11c1ty of the mecham
Ccal arrangements and the two prisms of a pair are con-
“nected together by two commercially available gear - wheels
"each havmg the same number of teeth.
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-chanical parts.
‘shafts e.g. 230, 230’ fitted with collars as shown, for
-gripping the prisms or optionally attaching to a yoke

20
With plane wave ‘fronts (i.e. -in collimated - light) for
which these systems are des1gned there are no other opti-
cal aberrations to consider; that is one of the funda.mental
advantages of this invention over all previous “zoom”
or “Pancratic” systems.
The pivot axes 201, 202, 203, and 204 have been chosen

‘0 -as to give as short a system as possible in the extreme

positions. A careful study shows that the prisms can be
rotated farther in the direction of minification without
mechanical interference than in the direction of magnifi-
cation, so that the range is somewhat unsymmetrical in

-some embodiments of the invention, running from M to a

little beyond 1/M.
Figs. 23 and 24 show the same system including me-
Each prism is supported by two co-linear

which holds the prism. The shafts rotate in bearings
(not shown) and carry helical gears 231, 232, 233, 234
at one end so that the two gears of a prism pair intermesh.
The two sets of prism pairs are moved in unison by means
of a helical, or multiple thread, worm gear formed upon
a rotatable and slidable shaft 240. The worm may be
continuous or in two parts 241, 242 as shown in these
figures. Both sections of the worm gear s]ope in the
same direction and in this case the thread is shown. as
right handed so as to mesh correctly with the helical gears
231 and 233. The worm shaft 240 can slide and rotate

‘in the bearings-243 and another bearing not shown.

Within the bearing 243 is a ball and spring detent engag-

“ing ornie of two or more half round grooves 244 turned in
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the shaft 240. In order to rapidly change the focal lepgth
from 23 to 69 mm. all that is 'needed is to pull upon the
knob 245 until the detent clicks into the second groove.
For gradual changes in focal length the knob 245 is ro-
tated in the appropriate direction while the ball is in one
of the grooves on the shaft. Suitable stops, not shown,

“are provided so that the prisms cannot be rotated beyond
“their limiting ‘positions.

An indicator needle such as
shown in Fig. 25 (251) is provided on one of the prism
shafts to indicate the focal length at any setting. The
focusing lenses 91, 92, operate as described with reference

“to Fig. 9.

Figs. 25 to 29 show a modification of the mechanical
operating means in which a shaft of rectangular cross

“section is used instead of the worm gear 241, 242, a rack

50

In the case where the relative movements of the prisms .

“are unequal though still linear (e. 2. as in Table II), the
only modification necessary lies in a proper choice of
“the number of teeth in each of the gear wheels. This is
not difficult since less than a complete circumference of
‘each gear wheel needs teeth and thus pitches: such that
the number of teeth in the whole circumference would
_not be an integer are permissible. . Of course, any non-
linear relative movements between the two prisms. of a
pair can be achieved by cams or other well-known me-
_chanical devices. ‘
- Calculations show that the unilateral chromatic aberra-
" tion is never greater than 20 seconds of art throughout
" the range of magnifications in the two unit system. Fur-
“ther, durmg a zoom the direction of the emergent axial
. rays remains parallel with that of the entering rays within
a few minutes of ‘arc. -The chromatic difference in mag--
“nification lies within the accepted tolerances for all appli-.

- catlons of 16 mm. cinematography when the magnifica-
The dis-

~tion range does not exceed about’three times. "
“‘tortion of the system has not been ‘mvestlgated in"detail,.
“but ‘there is every réason: to ‘believe that this will cause
-iffo troublé since other similar systems that have been con-

structed have proven smgularly free from thls defect

being prov1ded on the two operative sides of the rod.
The prisms are rotated by sliding the rod longitudinally,

‘but the fine adjustment by rotating the knob 245 (Figs.

23, 24) is not available in ‘this form.

Fig. 25 is a plan view of this form of the invention.
The optics are or may be the same as in Figs. 19-24.
The focusing ring 95 is provided with a distance scale in

" a conventional manner. A pointer 251 is attached to

65

the end of one of the prism axes to indicate the focal
length of the system at all times.. The whole prism sys-
tem is enclosed in a box of substantially square cross

_section, and a crank 252 is provided for the zooming

60

operation.

Fig. 26 is the same view but with the top cover re-
moved and Fig. 27 a:side view with the side cover re-
moved. The prisms 191, 192, 193, 194 are mounted be-

. tween palrs of end plates 261, 262, 263, 264 which clamp

85

the  prisms after the tightening of the screws e.g. 265.
The shafts e.g. 230, 230°, upon -which the individual -

. prisms rotate are fastened to these end plates and turn

in bearings. in the walls of the box. . Upon the left-hand
and bottom ends of the prism axes are gear wheels 266,

- 267, 268,.269 the two pairs of ‘which mesh.  One wheel

75

of each pair meshes with a section of rack cut in or at-

- tached to the. slide rod 270, wheel 266 meshing with rack

“271 on ‘the. top of the slide - and 268 meshing ‘with;rack
272 on the inder side of ‘the. slide. -At .any convenient
= position along the box an additional. shaft 273.is provided
to which:is pmned a small plmon 274 meshmg thh a.n'
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additiona) length of rack 275 on the slide 270. The hand
‘crank 252 is attached to one end of this shaft for moti-
‘vating the movement of the slide 270 and hence the zoom-

ing. For clarity, the crank is shown in different posi-
tions in the two figures, but the other moving parts are
unchanged. As shown, both ends of the shaft 273 are
non-circular and extend outside the box so that the crank
can be attached to either end at the option of the user.
Thin black light baffles 277, 278, and 279 (Fig. 27) are
provided to prevent stray light from reaching the ob-

_jective and others may be strategically located as is usual

in optical instruments.

Figs. 28 and 29 are front and rear views of the zoom
system cut away to show the end of the slide 270 which
is.shaped to fit between guide ways 280.

Figs. 28 and 29 also show a viewfinder system espe-

vcially suited for use with a zoom system. A frame 281

supports a transparent window 282 upon which are

"marked (e.g. by etching and filling with pigment) a
series of rectangular frame marks 283 defining the field of

view for different focal lengths in the zooming range.
This series of frames are marked to correspond to the
scale for the zooming pointer 251 (Fig. 25). Referring
to Fig. 29, the observer places his eye behind the peep
hole 293 in an opaque slide 292 which is slidable up and
down in a channel in the support post 291. A distance
scale is provided on the post 291, and by setting the slide
so that the peep hole is opposite the appropriate point
on the scale parallax between finder and camera is elimi-
nated. The two parts of the finder 281, 291 are shown
in a folded down position in Fig. 27.

MISCBLLANEOUS APPLICATIONS OF THE PRISM-
: LENS SYSTEMS

In order to avoid repetition the basic form of my in-
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27 provide reading glasses (or microscopes) of continu-
‘ously variable power. . : :

As a low power reading glass my prism-lens systems
have several advantages over conventional systems. In
the first place for a given magnification the working dis-
tance can be much greater than with the lenses above,
and in the second place the ease with which a variable
magnification can be obtained without re-focusing is a
great convenience. For binocular reading glasses there
is the further advantage that the whole system can be
made large enough at the eye-end to encompass both
eyes while still retaining useful magnification. This is
something that cannot be done with conventional lens
systems where the magnification depends upon the actual
dimensions of the lenses (i.e. focal lengths) and there-
fore a separate short focal length system is required for
each eye; the magnification of the prism part of my in-
“vention on the other hand is independent of the physical
- size and can be made as large as other considerations will
allow. :

As a high power reading glass, or microscope, my in-
vention also has advantages not present with convention-
al systems. Here, the main advantage.(apart from the
possibilities of variable magnification and greater work-
ing distant) lies in the fact that the prismatic systems
are singuarly free from most of the troublesome ab-
errations with which conventional systems are afflicted.

" Thus the combined prism-lens system can be designed to

so divide the contributions of each system to the total
magnification, that for any given magnification a better
performance can be obtained or, conversely for a given

- quality of image a greater magnification is obtainable.

35

vention shown in Fig. 5 as well as the other forms de- -

scribed in this specification with reference to the sub-
sequent diagrams, have been considered almost exclusive-
ly in connection with the formation of real (as opposed to

_virtual) images. This, however, is only one (although

perhaps the most important) of the practical applications
of my prism-lens systems. : :

With reverse passage of the light rays through these
systems a virtual image is obtained which may appear
to an observer as larger or smaller than the original ob-
ject according to the orientation of the prisms or the focal
length of the lens. Thus referring to Fig. 5, upon look-
ing through the system from the lefthand side towards an

‘illuminated object at 58 a virtual image of 58 is seen.
_In this case with the prisms in the orientation shown, the

angular magnifcation is less than that obtainable by the

" positive lens 57 used alome.. Thus accepting the usual
" value of 10 inches as the nearest point of distinct vision

and designating the focal length of the lens 57 as b Aiis
inches, the magnification of the lens 57 alone is 10/F.
Let the magnification-of the prismatic system in the ori-
entation shown be “m” (actually a minification) then
the combination has a magnification of mXx10/F. With
the prismatic system reversed end-for-end the magnifica-
tion is M X 10/F. where M=1/m. We thus have a read-

_ing glass of three optional powers mx 10/F., 10/F. and

Mx10/F. Tt should be noted that since the object 58 is
at the focus of the lens §7, collimated light traverses the
prisms and this, as has been explained previously, is a
necessary condition for the elimination of most of the op-
tical aberrations, It follows also that no focusing lenses
(such as 91, 92 in Fig. 9). are required at the eye-end al-

though some observers may find it convenient to retain

- ‘them. " The device shown in Fig. 6 is therefore not only a
..camera objective, or projector objective of varjous focal

.. lengths, but also a magnifying glass of variq'us magnifica-

‘j,.

L

“

tions, - The modification shown in Figs. 10 and 11 is suit-
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- tems.
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At the beginning of this specification a brief reference
was made to the application of my invention to telscopes
and other afocal systems having at least one positive
lens. In most of the diagrams, namely Figs. 5 to 11
and 19 to 27, a positive lens 57 has been shown diagram-
matically (in conjunction with the prisms) as a final im-
‘age forming means. The diagrams are thus directly il-
lustrative of camera objective systems or, with reverse
passage of the light rays, they represent projection sys-
Thus the diagranimatically shown.lens §7 repre-
sent any photographic or projection objective.

In applying my invention to telescopes and other afocal
systems the lens 57 is-a telscope-type objective and then
the other lenses (and/or reflecting prisms) usual in the
various types of such instruments would be added. Thus
in the case of a Galilean telescope a negative eyepiece
would be used and for astronomical telescopes a Rams-
den, Huygenian or similar ocular would be employed. It
is to be emphasized that the prisms are not necessarily
positioned in front of the objective but may be located in
any airspace in the system in which the light is colli-
mated.  For example in some types of terrestial tele-
scopes employing erecting lenses in the ocular, there is
space between the erecting lenses where the light is col-
limated. This is a convenient location for inserting the
prismatic systems to produce a pancratic telescope of con-
venient size. Thus referring to Figs. 23 and 24 by way of
.example, we may replace the lenses 91 and 92 by one of
the aforesaid erecting lenses: of the eyepiece and let the
lens 57 represent the other, so-that by manipulating the
knob 245 a telescope of variable power is obtained. It
should be noted that with this, as well as with all the
other variable “power”™ applications of the prism-lens sys-
tems, variable magnification is obtained without the neces-
‘sity of refocusing at each setting. -

I claim: - R . e
[-/1." An optical system ‘of changeable focal length com-

70 prising an image-forming lens system focused on a distant

able where greater ranges of magnification are required

object field in front thereof and two anamorphotic pris-
matic systems-in front thereof and optically. axially aligned.
“with each other and with the lens system, in which each
-prismatic - system comprises- two refracting prism -com-

" and,the zoom or pancratic,systems shown in Figs. 19 to 75 poments arranged with their refracting edges perpendio-
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ular to and on opposite sides of the optical axis .and
parallel to -each other and with their faces tilted to a

posmon at which the angle 6f incidénce of the optical.

axis on the front face of each prism component ranges
from zero to negative, where positive and negative angles
-of incidence are defined as those which are in the same
sense and in the opposite sense respectively as that of a
ray traversing the prism component at minimum devia-
tion, in which each prismatic system is adapted to mag-
nify the distant object field in its active plane defined as
the axial plane perpendicular to the refracting edges of
the prism components, in which the active plane of one
prismatic system is perpendicular to that of the other pris-
matic system and the respective magnifications of the two
-prismatic systems in their respective active planes are
mutually equal, whereby the two prismatic systems coop-
erate to magnify the distant object field equally in all di-
rections, and in combination therewith means for sup-
porting the two prismatic systems and the lens in opera-
tive alignment and means for changing the prism.com-
. ponents into a position in which the two components of
each prismatic system are again arranged with their re-
fracting edges perpendicular to and on opposite sides of
the optical axis and parallel to each other, in which
the prism components are tilted to a position at which
the angle of incidence of the axis on the front face of
-each prism component is greater than twice the angle of
‘incidence of a minimum-deviation ray and in which the re-
spective magnifications of the two prismatic systems in
their mutually perpendicular active planes are again mu-
tually equal and are each substantially equal to the re-
ciprocal of the magnification in said first named position,
a refracting edge of a prism component being defined as
" the geometrical line of intersection of the planes defined
by the two faces thereof which are traversed by the light
rays.

2. An optical system according to claim 1 in which the

~prism components are individually pivoted on axes paral-
lel to their respective refracting edges and operatively
connected together for rotation in unison at a predeter-
mined ratio of angular speeds for changing the mag-
nification of said prismatic systems continuously from a
value M greater than unity to a value substantially equal
to 1/M and thereby changing the focal length of the

- optical system from MF to F/M where F is the focal
length of the lens system, the geometrical axes of rota-
" tion passing through the bodies of the respective prisms
closer to the bases thereof than to the apices.

3. An opncal system according to claim 2 in ‘which
each prismatic system consists of two prism components
each of which consists of two prism elements cemented

" together, the refracting edges of the two elements being
‘parallel to the refracting edge of the component-and on
opposite sides of the optical axis, and in‘which the two
elemernts of each prism component are made of optical
materials of mutually different dispersive indices - so
chosen that each component is- shghtly undercorrected
for color.

4. An optical system .according to claim 3 in which at -

least a sector of a gear wheel is mounted on the axis of
each prism component, in which the gears associated with
‘the two prism components of each prismatic system inter-
‘mesh and have a predetermined‘-gear ‘ratio for fotating
said prism components in umson, in which rack means
“is ‘provided which. extends in -a direction ‘substantially
parallel to the optical ‘axis and which is provided with
teeth adapted to mesh with the gear associated ‘with one
of the. prism components of one prismatic system along

one side of said rack means and to mesh with the gear

_assoclated with the correspondmg prismatic. component
..of the other prismatic system along a side of said rack
-4neans- substantially 90° from said ﬁrst—named side; and

~#n which ‘means are prowded foi moving said rack means; '

for rotatmg all sald pnsmatlc componénts m umson
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’5. An optical system according to claim 1 in whichthe
prism ‘components are individually pivoted on axes paral-

']el to their respective refracting edges, the geometrical

axis passing’ through the body of the prism closer to the

‘base than to the apex, and in which at least a seétor of a
‘gear wheel is mounted on the axis ‘of each prism com-

ponent, in which the gears associated with the two prism

‘components of each prismatic system intermesh and have

a predetermined gear ratio for rotating said prism com-
ponénts in unison for changing the magnification of said
prismatic systems continuously from a value M to a value
substantially equal to 1/M, and in which rack means is
provided which extends in a direction substantially paral-
lel to the optical axis and which is provided with teeth
adapted to mesh with the gear associated with one of the
prism components of one prismatic system along one side
of said rack means and to mesh with the gear associated
with the corresponding prismatic component of the other

_prismatic system along a side of said rack means sub-

stantially 90° from said first-named side, and in which

means are provided for moving said .rack means for

rotating all said prismatic components in unison.

6. An optical system according to claim 1 in which the
prism components are fixedly mounted in a tube having
two .ends and in which said last-named means comprises
means for selectively attaching said ends to the front of
said lens system.

7. In combination ‘an objective lens, two prismatic
magnification systems each - fixedly mounted in a tube
having two ends, means for selectively attaching said ends
to the front of said objective and for holding the selected
system in optical -alignment therewith, and means ‘for
selectively attaching -the ends of one system to the ends
of the other system and for holding the systems in optical
alignment with each other, characterized by the mag-
nification provided by one system being M when one of

its ends is attached to said objective and 1/M when its

other end is so attached and by the magnification pro-
vided by the other system being M3 when one of its ends
is-attached to said objective and 1/M?3 when its other end
is so attached, whereby the several combinations pro-
vide eight different focal lengths which with the original
objective used alone make up a series of nine different

“focal lengths in geometrical progression.

8. An anamorphotic optical system, comprising two
members, each consisting of two refracting prism com-
ponents having their generators parallel to one another
wherein ‘in an operative plane .at right angles to suclq

.generators one component will deviate an incident ray in
- one sense and the other component will deviate such ray

in.the-opposite sense, the prism generators in one mem-
ber being arranged at right angles to those of the other

‘member; the first member having. its axial direction (that
“is ‘the :direction-of an axial incident ray. which enmierges’
~from the member substantially parallel to its direction

- of incidence) substannally parallel to the axial direction
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of the second member, and a collimating lens having
spherical surfaces located in front of the.two members.
9. An anamorphotic optical system as claimed in claim

. 8-in which the collimating lens comprises a plurality of.

(i1,

components, and .means for ‘relatively adjusting "such
components to vary the equzvalent focal length of the
collimating lens.

10. The combination wuth the anamorphonc optical
system claimed in claim. 9, of a main objective located

behind such system.

11. The combination with” the anamarphotzc optical

" system claimed in claim 8, of a main obiectlve located
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. vanable image enlargement or reduction, ’compnsmg two -
. ,axzally stationary :pairs of prisms, aligned’ along an’ opti-

76

behind such system.
-12.° An" optical system for producing an undistorted

cal axis -and spaced from each other, the prisms: of each
pair bemg symméfrzcaﬂy arranged wnh respzct toa pbme :
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of symmetry at right angles to the optical axis and being
permanently held relatively to each other in a position
in which the plane of angular distortion in the two
prisms is the same, and the two pairs being permanently
held in a position relatively to each other in which the
plane of angular distortion of the two pairs is at right
angles to each other, means to adjust the inclination of
the optically active surfaces of the two prisms of each
_pair toward the optical axis and towards each other, and
means to produce the same relative adjustment of the
optically active surfaces relatively to the optical axis in
both pairs of prisms, by imparting an angular movement
of the same extent 1o all the subunits of the system.
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