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(57) ABSTRACT 
A method for segmenting a digital image includes initializing 
object and background seed nodes in an image, where the 
image is represented as a graph G=(V, E) whose nodes ieV 
correspond to image points and whose edges eeE connect 
adjacent points, where set MCV contains locations of nodes 
marked as seeds, set UCV contains locations of unmarked 
nodes, set OCM contains locations of object seed nodes, and 
set BCM contains locations of background seed nodes, 
assigning to each seed node a membership value Such that 
WieO.x=1 and WieB.x=0, where each node ieV is associated 
with a membership X.e0.1, and finding a membership vector 
xest", whose i' entry is given by x, that minimizes 

eijeE 

where each edge eleE connecting nodes i and j in V is asso 
ciated with a weight wi and an exponent p, and Wee E. 
1sp-oo, such that x=1 ified and x, 0 ifieB. 

14 Claims, 5 Drawing Sheets 
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1. 3.276 O.97O 0.028 O.96 
125 3.241 O.97 0.028. O.193 
15 3.214 O.972 0.027 0,189 
1.75 3,206 O.972 O,O27 O,187 
2 3,206 O.972 0.026 O.185 

Table 1 

p BE, RIGCEVoIAvg. rank 
1. 

11, 184O908 0.408 
11487 O.907 0.406 
12.292 O.904 0.417 
12,727 O.900 0.432 

Table 2 
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SYSTEMAND METHOD FOR MAGE 
SEGMENTATION USING CONTINUOUS 

VALUED MRFS WITH NORMED PARWISE 
DISTRIBUTIONS 

CROSS REFERENCE TO RELATED UNITED 
STATES APPLICATIONS 

This application claims priority from “P-brush: A Gener 
alized Algorithm for Interactive Image Segmentation, U.S. 
Provisional Application No. 61/107,712 of Grady, et al., filed 
Oct. 23, 2008, the contents of which are herein incorporated 
by reference in their entirety. 

TECHNICAL FIELD 

This disclosure is directed to methods for object segmen 
tation in digitized images. 

DISCUSSION OF THE RELATED ART 

Object segmentation is an important part of scene under 
standing and interpretation, which involves finding the 
regions of the image that correspond to an object. Alterna 
tively, it can be posed as the task of finding the boundaries of 
the object in the image. Object segmentation is an intrinsi 
cally ill-posed task, because a scene could contain several 
objects. Hence, determining what constitutes an object of 
interest could be ambiguous. Such ambiguities can be 
resolved by allowing the user to interact with the algorithm 
and provide information about the object of interest. 
One subset of interactive segmentation algorithms takes as 

input a partial labeling of the pixels and produces a complete 
labeling of the pixels. This subset includes seeded algorithms 
that input a set of pixels as belonging to an object and a 
disjoint set of pixels as belonging to background. These seeds 
are referred to as scribbles. The goal of the algorithm is to 
output a labeling of every pixel into one of these two catego 
1S. 

Seeded segmentation algorithms include the Graph Cuts, 
Random Walker and shortest path algorithms. These methods 
typically construct a graph Such that each node in the graph 
corresponds to a pixel in the image. Neighboring nodes are 
connected by edges that are assigned non-negative weights. 
These weights are decreasing functions of the difference 
between the intensities, colors or other features of the nodes 
(pixels) connected by the edges. The labels are then estimated 
by minimizing an energy function defined on this graph, 
subject to the constraints enforced by the scribble. 
The Graph Cuts estimates the labeling by finding the mini 

mum cut between the foreground and background seeds via a 
maximum flow computation. Two concerns in the literature 
about the original Graph Cuts algorithm are metrication error 
(blockiness) and the shrinking bias (bias towards shorter 
boundaries). Subsequent work has addressed the metrication 
error and the shrinking, but at the expense of additional 
parameters, memory or computation. 
The Random Walker algorithm assigns each unlabeled 

pixel to the seed for which there is a minimum diffusion 
distance. The effect of using the diffusion distance for label 
ing is that weak or noisy boundaries do not cause bleeding of 
the segmentation or a shrinking bias. However, the segmen 
tation boundary is more strongly affected by the seed loca 
tion, an effect known as the proximity bias. 

Shortest path algorithms assign each pixel to the fore 
ground if there is a shorter path on the weighted graph from 
that pixel to a foreground seed than to any background seed. 
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2 
Shortest paths algorithm are fast and can prevent shrinking 
bias. However, a single good path is sufficient for connectiv 
ity, thus these algorithms exhibit much stronger proximity 
bias than the Random Walker and Graph Cuts, and are more 
likely to leak through weak boundaries. Shortest path algo 
rithms also exhibit metrication artifacts on a 4-connected 
lattice. 
The aforementioned segmentation strategies have been 

shown to be special cases of a single more general algorithm. 
This general algorithm attempts to find a potential function 
with a minimum spatial gradient, Subject to Dirichlet bound 
ary conditions given at the seeds. The algorithm proceeds by 
minimizing the p-norm of the gradient and it was shown that 
p=1 gives the Graph Cuts algorithm, p=2 gives the Random 
Walker algorithm and p=OO gives the shortest path algorithm. 
Specialized algorithms can minimize the p-norm for each of 
these three values of p, but this specialization precludes the 
ability to merge algorithms or employ the generalized algo 
rithm with ap value not equal to 1, 2 or OO, since no algorithm 
is given for minimizing an arbitrary p-norm. However, when 
p21, the objective energy is convex and therefore one would 
expect to find a global optimum. 

SUMMARY OF THE INVENTION 

Exemplary embodiments of the invention as described 
herein generally include methods and systems for image seg 
mentation using continuous-valued Markov Random Fields 
(MRFs) with probability distributions following the p-norm 
of the difference between configurations of neighboring sites. 
A cost function according to an embodiment of the invention 
for p21 allows the use of different norms for the spatial 
gradients at different nodes in the constructed graph. Hence a 
framework according to an embodiment of the invention 
admits hybrid combinations of algorithms such as Graph Cuts 
and the Random Walker for 1<p-2. For p=1 these MRFs may 
be interpreted as the standard binary MRF used by Graph 
Cuts, while for p=2 these MRFs may be viewed as Gaussian 
MRFs employed by the Random Walker algorithm. Allowing 
the probability distribution for neighboring sites to take any 
arbitrary p-norm (p21), paves the path for hybrid extensions 
of these algorithms. According to an embodiment of the 
invention, Iterative Reweighted Least Squares (IRLS) tech 
niques are used to find the global minimizer of the cost func 
tion by Solving a series of 12 optimizations. These techniques 
can be used to solve the Graph Cuts and the Random Walker 
algorithms. Furthermore, a method according to an embodi 
ment of the invention is applicable to images defined on 2D, 
3D and higher dimensional grids, and also can be applied to 
any collection of pixels, not even arranged on a grid. Such as 
ultrasound acquisitions. 

Experiments are presented on synthetic images and an 
extensive database of 50 real images. These experiments 
show that the use of a fractional p (1<p-2) can address the 
aforementioned challenges of Graph Cuts and the Random 
Walker algorithms. More specifically, experiments show that 
an intermediate value between 1.25sps 1.5 provides a seg 
mentation algorithm that avoids the known challenges of 
Graph Cuts and Random Walker. The solver is provably con 
Vergent only for 1~p<3, but convergence issues for p23 can 
be resolved by taking adaptive step sizes as opposed to a fixed 
step size. 

According to an aspect of the invention, there is provided a 
method for segmenting a digital image, the method including 
initializing object and background seed nodes in an image, 
where the image is represented as a graph G=(V, E) whose 
nodes ieV correspond to image points and whose edges eeE 
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connect adjacent points, where set MCV contains locations 
of nodes marked as seeds, set UCV contains locations of 
unmarked nodes, set OCM contains locations of object seed 
nodes, and set BCM contains locations of background seed 
nodes, assigning to each seed node a membership value Such 
that WieC).x=1 and WieB.x=0, where each node ieV is asso 
ciated with a membership X,e0,1, and finding a membership 
vector xest", whose i' entry is given by X. that minimizes s 

E(x) = X wilx; - x P, 
eijeE 

where each edge eleE connecting nodes i and j in V is asso 
ciated with a weight w, and an exponent p, and Wee E. 
1sp-oo, such that x,-1 ified and x,-0 ifieB. 
According to a further aspect of the invention, the mem 

bership X, of an unmarked node ie Utakes the value 

Xi agit). Wii-vi -r) xi jewi 

where N, is a set of all nodes jthat share an edge e, with node 
1. 

According to a further aspect of the invention, the image 
comprises a plurality of intensities associated with an N-di 
mensional grid of points. 

According to a further aspect of the invention, the image 
comprises a plurality of vectors associated with an N-dimen 
sional grid of points. 

According to a further aspect of the invention, the image 
comprises a plurality of intensities associated with collection 
of points. 

According to a further aspect of the invention, 

eijeE 

is minimized using an iteratively reweighted least squares 
algorithm. 

According to a further aspect of the invention, nodes i with 
potential XC-0.5 are assigned to the object, and the remaining 
to background. 

According to another aspect of the invention, there is pro 
vided a method for segmenting a digital image, the method 
including initializing object and background seed nodes in an 
image, where the image is represented as a graph G=(V, E) 
whose nodes ieV correspond to image points and whose 
edges e, eE connect adjacent nodes i,jeV, where set MCV 
contains locations of nodes marked as seeds, set UCV con 
tains locations of unmarked nodes, set OCM contains loca 
tions of object seed nodes, and set BCM contains locations of 
background seed nodes, assigning to each seed node a poten 
tial value such that WieC).x=1 and WieB,x=0, where each 
node ieV is associated with a potential value X, and a mem 
bership vector xeSi" is defined whose i' entry is given by x, 
initializingapotential value of each unmarked nodex, ie U, to 
0, iterating a potential value for the set of unmarked nodes 
X-X, according to X, "'=-L (W")x until con 
Vergence, where a Superscript (n) indicates a current iteration, 
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4 
(n+1) indicates a next iteration, X-X, is a set of poten 
tial values for the marked nodes, W") is a weight matrix 
defined as 

(n) () Pi-2 (n) (n) Piwi-vi if ei e E. x" + x;', 
(n) ii Wy" Pij-2 if eii e E. xi = xi, 

O otherwise, 

where weeE, 1 sp.<oo, w, exp(-|3|I-I, |), where B>0 and I, 
is an image value, c. is a predefined constant, L'(W") is an 
inverse of a matrix L(W) where L(W) and B(W) are 
defined by decomposing a Laplacian matrix L(W) defined by 

- Wii, if i + i. ei e E. 
O, if i + i. ei i E. 

|W 

X wi, if i = j. 

Lt. (W) B(W) 
as x L(W)x = x XM . | '' "BT (W) L (W) 

and assigning nodes i with potential x,"' greater than a 
predetermined value to the object, and the remaining nodes to 
the background. 

According to a further aspect of the invention, nodes i with 
potential x,">0.5 are assigned to the object, and the 
remaining to background. 

According to a further aspect of the invention, iterating a 
potential value for the set of unmarked nodes X-X, 
converges when Ix, "'-x"|sö, where 8 is a predeter 
mined constant where 60 and Ö<1. 
According to a further aspect of the invention, C.DO and 

O31. 
According to a further aspect of the invention, the image 

comprises a plurality of intensities associated with an N-di 
mensional collection of points. 

According to a further aspect of the invention, the image 
comprises a plurality of vectors associated with an N-dimen 
sional collection of points. 
According to a further aspect of the invention, p. p for all 

edges eleE. 
According to an aspect of the invention, there is provided a 

program storage device readable by a computer, tangibly 
embodying a program of instructions executable by the com 
puter to perform the method steps for segmenting a digital 
1mage. 

BRIEF DESCRIPTION OF THE DRAWINGS 

FIGS. 1(a)-(b) depict the effect increasing p on metrication 
error, according to an embodiment of the invention. 

FIGS. 2(a)-(e) depict the effect of breaking the degeneracy 
by modifying the image to include a single speck in the 
ambiguous region, according to an embodiment of the inven 
tion. 

FIGS. 3(a)-(e) depict the effect of increasing p on the 
proximity bias, according to an embodiment of the invention. 

FIGS. 4(a)-(f) depict the effect of varying p between 1 and 
2 to determine when the shrinking bias disappears, according 
to an embodiment of the invention. 

FIGS. 5(a)-(e) further probe the shrinking bias, according 
to an embodiment of the invention. 
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FIGS. 6(a)-(f) depict examples of testing using the native 
GrabCut seeds, according to an embodiment of the invention. 

FIGS. 7(a)-(f) depict examples of testing using the rect 
angle? skeleton as scribbles, according to an embodiment of 
the invention. 

FIG. 8 are tables presenting mean errors for different sets of 
scribbles, according to an embodiment of the invention. 

FIG. 9 is a flow chart of a method for image segmentation 
using continuous-valued Markov Random Fields (MRFs) 
with probability distributions following the p-norm of the 
difference between configurations of neighboring sites, 
according to an embodiment of the invention. 

FIG. 10 is a block diagram of an exemplary computer 
system for implementing a method for image segmentation 
using continuous-valued Markov Random Fields (MRFs) 
with probability distributions following the p-norm of the 
difference between configurations of neighboring sites, 
according to an embodiment of the invention. 

DETAILED DESCRIPTION OF EXEMPLARY 
EMBODIMENTS 

Exemplary embodiments of the invention as described 
herein generally include systems and methods for image seg 
mentation using continuous-valued Markov Random Fields 
(MRFs) with probability distributions following the p-norm 
of the difference between configurations of neighboring sites. 
Accordingly, while the invention is susceptible to various 
modifications and alternative forms, specific embodiments 
thereofare shown by way of example in the drawings and will 
herein be described in detail. It should be understood, how 
ever, that there is no intent to limit the invention to the par 
ticular forms disclosed, but on the contrary, the invention is to 
cover all modifications, equivalents, and alternatives falling 
within the spirit and scope of the invention. 
As used herein, the term “image” refers to multi-dimen 

sional data composed of discrete image elements (e.g., pixels 
for 2-D images and Voxels for 3-D images). The image may 
be, for example, a medical image of a Subject collected by 
computer tomography, magnetic resonance imaging, ultra 
Sound, or any other medical imaging system known to one of 
skill in the art. The image may also be provided from non 
medical contexts, such as, for example, remote sensing sys 
tems, electron microscopy, etc. Although an image can be 
thought of as a function from R to R or R', the methods of the 
inventions are not limited to Such images, and can be applied 
to images of any dimension, e.g., a 2-D picture or a 3-D 
Volume. For a 2- or 3-dimensional image, the domain of the 
image is typically a 2- or 3-dimensional rectangular array, 
wherein each pixel or voxel can be addressed with reference 
to a set of 2 or 3 mutually orthogonal axes. The terms “digital 
and “digitized as used herein will refer to images or volumes, 
as appropriate, in a digital or digitized format acquired via a 
digital acquisition system or via conversion from an analog 
image. 
Continuous Valued MRFs for Image Segmentation 
An image can be represented by a graph. A weighted undi 

rected combinatorial graph G is defined as a pair G=(V, E) 
with nodes ieV and edges eleE. An edge that spans two 
vertices i and j is denoted by e. Each edge e is assigned a 
non-negative value w, that is referred to as its weight and it is 
assumed that Wee E.W. W. The neighborhood of a node iis 
given by all the nodes that it shares an edge with and is 
denoted by N. The nodes on the graph typically correspond to 
pixels in the image and a 4-connected grid is typically used 
for 2D images, a 6-connected grid is typically used for 3D 
images, etc. Since the focus is on intensity based segmenta 
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6 
tion, edge weights are defined as w, exp(-|3|I-II), where 
fB>0 and I, is the grayscale intensity or RGB color of the node 
i. One can also use other Suitable node-specific image features 
in order to define the edge weights. 
An algorithm according to an embodiment of the invention 

requires that the foreground/background seed nodes be given 
interactively or automatically. The set MCV contains the 
locations of the nodes marked as seeds and the set UCV 
contains the locations of the unmarked nodes. The set M is 
further split into the sets O C M and BCM that contain the 
locations of the seeds for the object and the background, 
respectively. By construction, (a) M?hU=0), (b) MUU=V. (c) 
OnB=0, and (d) OUB=M. 

Each node ieV is associated with a membership xe0,1). 
The nodes labeled by the user are assigned membership as 
WieC).x=1 and Wie B.x=0. For the sake of convenience, a 
membership vectorxesi", is defined whose i' entry is given 
by X, Vectors x, (x,), and X-X,} are defined that 
contain the memberships of the unmarked nodes and the 
marked nodes, respectively. Now, for the purpose of image 
segmentation, an energy E(X) is defined on the graph G as 

E(x) = X wilx; - x P. (1) 
eijeE 

where WeeE, 1 sp.<oo and P={p}. Note that this energy 
function contains terms for pairwise interaction between 
nodes. However, unary terms can also be accounted for by 
introducing auxiliary nodes in the graph for the seed nodes 
and modeling the unary terms as pairwise interactions with 
these auxiliary nodes. Now, given E(X), according to an 
embodiment of the invention, the memberships of the pixels 
can be estimated as 

x = argminF(x) such that xi = 1, if i e O (2) 

and xi = 0, if i e B. 

A framework according to an embodiment of the invention 
allows different norms for different edges rather than a com 
mon norm for all the edges. Since arbitrary values for p21 are 
being considered, an algorithm according to an embodiment 
of the invention that solves EQ. (2) will be referred to as a 
p-brush algorithm. 

It is useful to interpret the potential field produced by a 
p-brush algorithm according to an embodiment of the inven 
tion as the maximum a-posteriori (MAP) estimate of a 
Markov Random Field (MRF) with continuous valued vari 
ables, which are given by the memberships X, of the nodes in 
the graph. The variables at the marked pixels are treated as 
observed variables such that WieC).x=1 and Wie B.x=0. One 
can define the probability for any configurationX to be given 
aS 

p(x) = Ye- X wily, -r) (3) eije E 

where Z is the partition constant. Since Z does not depend on 
X, the MAP estimate of this MRF is given by EQ. (2). It is 
interesting that Graph Cuts may now also be viewed as opti 
mizing a continuous valued MRF, as opposed to the tradi 



US 8,224,093 B2 
7 

tional view of minimization of a binary MRF. Also, for p 2. 
a formulation according to an embodiment of the invention 
corresponds to optimizing a Gaussian MRF, as done by the 
Random Walker. 

8 

(5) vie V, minx s xi s maxx. jeM jeM 

Now, note that for the MAP estimate, the membership X, of 5 Proof: Assume that the maximum of the memberships {x} 
an unmarked node ie Utakes the value 

Xi agit). Wii-vi -r) (4) jewi 

Now, if one assumes that Wew 1 and pip, then the mem 
bership X, of an unmarked node i will take the p-average of its 
neighbors. Specifically, when p=0, 1, 2 or OO, then X, will take 
the mode, median, mean or minimax value of its neighbors, 
respectively. If the weights are non-uniform, then the 
weighted equivalents of these quantities will be determined 
by each x. The interpretation of Graph Cuts, Random Walker 
and shortest paths interms of the metric average of the poten 
tial function of its neighbor allows one to interpret the shrink 
ing bias as the outlier removal of the median (where seeds 
comprise the outliers) and proximity bias by the over smooth 
ness of the mean and minimax norms. Therefore, fractional 
values of p (such as p=1.5) may be interpreted as the use of a 
robust norm to prevent over Smoothness while preventing the 
shrinking bias by allowing the outliers (seeds) to have stron 
ger influence. 
Properties of the Solutions 
By construction, E(X) is a convex continuous function of 

x, since weeEp21. Therefore, any solution x* of EQ. (2) 
must be a global minimizer of E(x). The nature of these 
minimizers will now be characterized. Specifically, one can 
generalize the maximum (minimum) principle governing 
elliptical equations in physics to show that X* must satisfy the 
property Wie U.xeO.1. 
Theorem 1: (Intermediate Value Theorem) Let X* be a solu 
tion to the minimization task of EQ. (2). The membership X, 
of each unmarked node ie U is bounded by the maximum and 
minimum of the memberships X*, of the neighboring nodes 
jeN. 
Proof: The result is proved by contradiction. Assume that for 
the given solutionX, there exists an unmarked node ie USuch 
that WieNix* >x*. Define a new vector 

y' et" as yi = x: if k + i and y: = n. xi. 
fe:Wi 

Now 

sincey,<x*, and Wien, p.21. This contradicts the fact that 
X* is a global minimizer of ECX), hence proving that the value 
of x, is bounded above by the maximum of the memberships 
X*, of the neighboring nodes jeN. By a similar argument, one 
can prove the lower bound of X*. 

Note that Theorem 1 provides local bounds on the mem 
bership of a node based on the memberships of the neighbor 
ing nodes. However, Corollary 1 gives a more powerful result 
which helps determine global bounds on the memberships of 
all the nodes in the graph. 
Corollary 1: (Extremum Value Property) Let X* be a solution 
to the minimization task of EQ. (2). The membership X*, of 
each node ieV satisfies the property: 
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is achieved at an unmarked node je U, i.e. WieV.x,2X*. The 
proof is sketched by the following recursive construction. 

1. Define a set M={j}. This set will be updated recursively 
to include the nodes ieV that satisfy x*,x*. 

2. Check if a marked nodek is contained in M. The proof is 
complete if keM, for some keM, since it was shown that 
the maximum value of the memberships is achieved at a 
marked node. If not, proceed to step 3. 

3. Define a set N as the neighborhood of all the nodes i 
contained in M, i.e. N. (UN)\ M. There exists at 
least one node keN, such that x* x* If not, then by an 
argument similar to the proof of Theorem 1, one can 
construct a new vectory from X*, such that 

wke M, yi = max x < x. iew 

Then E-(y) E(x) contradicts the hypothesis that X* is a 
global minimizer of the cost function E(X). 

4. Append the set M with the node k obtained from step 2 
as M-MU{k}, and go to step 2. 

Note that since WeeE,w,2-0, one can find a path between any 
pair of nodes in the graph defined using a 2N-connected 
neighborhood, where N is the image grid dimension. There 
fore, one has M?.Mz0 at some step of the described search 
strategy according to an embodiment of the invention. A 
negation of this statement would imply that the search termi 
nates in a set MCU that satisfies (a) (U\M)?hN-0, since 
otherwise an unmarked node from this set would be appended 
in step 3, and (b) U?hN-0, since it was assumed that the 
search Strategy terminated without finding any marked node 
in M. These conditions imply that the sets M and (UWM)?hM 
are disconnected, contradicting the fully connectedness 
hypothesis. Similarly, one can prove the result for the mini 
mum value of the memberships too. 

Since by construction WieC).x=1 and Wie B.x=0, it may be 
concluded from Corollary 1 that the membership X, of each 
unmarked node ie Utakes values in 0, 1]. As a result, the set 
of solutions for the potentials at the unmarked nodes X, is 0. 
1", which is a compact and convex set. This result coupled 
with the fact that the energy function E(x) is convex in X. 
allows one to adopt any descent algorithm in order to estimate 
the minimizer of E(x). Since the estimated membership X, of 
each unmarked node ie U lies in 0, 1, one can estimate the 
segmentation by placing a decision threshold at x 0.5. 
Now, a result which will assist in the convergence analysis 

of an iterative solver for X will be derived. 
Theorem 2: (Right continuity in the norms P={p}) Define 
X*.e. as a minimizer of Eel (X), where P+E={p,+er, 
e20. Then X* is right continuous in the entries of P. i.e. 

(6) ir- - - - lim-Xpe = xp. 
s->0 

Proof. By definition, E(X)sE(X) and E(X) 
sE(X). For the sake of notational convenience, a-X, 
and b*=X*. Now, from Corollary 1, it is known that WieV. 
Osa,s1. Therefore, one can conclude that WeeE.la,-a,le 
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(0,1), and hence we-0,WeeE.la-a*,” “sla'-a','. As a 
consequence, one has the result that E(X)sE,(X). 
The above results gives the relationship 

(7) 

Note that the term 

is non-negative as per EQ. (7). In what follows, an upper 
bound is attained for this term, by finding the upper bound of 
Zi-Zi", p20.e20 under the constraint that Z20. In particu 
lar, one can find a z*>0 at which the derivative of Z-Z" 
Vanishes: 

a(P - gP+8) (8) 

It can be checked that the second derivative at Z z* is nega 
tive, therefore establishing that Z-Z" attains its maximum 
value of 

r p picts 

at z=z (given by EQ. (8)). This implies that 

0s. Epe (vple) - Ep(xpe) = 

eijeE eijeE 

Note that this is only a weak bound, but suffices for the 
purpose of this proof. 

Therefore as e->0, one has that (E(X)- 
E(X))-> 0, and hence by EQ. (7), (E-(X)- 
E(x))->0. Since E(x) is continuous in X, one can con 
clude that as e->0, (x-x)->0, and hence the required 
result. 

Energy Minimization 
According to an embodiment of the invention, EQ. (2) can 

be solved by an iterative solver, the Iterative Reweighted 
Least Squares technique. Before proceeding, it is useful to 
formally define some terms that shall be used. Given the 
weights {w} for a graph G, define a weights matrix 
West", whose (i, j) entry is given by w if eleE and 0 
otherwise. The matrix W can be used to define a diagonal 
matrix DeSt", whose i” diagonal entry is given by 

Finally, define a Laplacian matrix L(W)eSt" as L(W)-D- 
W. By this definition, 
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-Wii, if i + i. ei e E. 
O, if i + i. ei i E. 

Lij = |W 

X win if i = j. 

and E(x)=x"L(W)x. Note that by construction of L(W), 
there is for any vector xe3", x'L(W)x-Xew,(x,-X,). 
Therefore, if weeE, we0, then L(W) is a positive-semi 
definite matrix with the only null vector being the vector with 
all entries equal to 1. One can also decompose the matrix 
L(W) into matrices such that 

Lt. (W) B(W) WU (9) 

B(W) L (W) 

Given these definitions, E(X) can be minimized Subject to 
the userspecified constraints by using an algorithm according 
to an embodiment of the invention presented in the flowchart 
of FIG.9. Referring now to the figure, an algorithm according 
to an embodiment of the invention begins at step 91 by setting 
n=0 and choosing a value CD-0. At step 92, the values of the 
potentials X are set at the marked nodes as X, -1, ifieC) and 
x=0, ifieB. The values of the potentials are initialized at the 
unmarked nodes by setting them to 0, i.e. x'=0. At step 93, 
the weight matrix W" for step n is constructed as 

(n) if eii e E. x: (n) st x;', (10) 

wg) if eii e E. xi = xi, 
O otherwise. 

At step 94, the minimizerx'L(W)x of x' is estimated 
from x'=-L (W)B(W)x. At step 95, conver 
gence is checked: ifix, "-X,">8, update n n+1 at step 
96 and return to step 92, otherwise, at step 97, pixels i with 
potential x,"'>0.5 are assigned to the object, and the 
remaining pixels are assigned to the background. 

It will now be shown that this iterative scheme descends the 
energy function, therefore outlining a proof of convergence. 
The analysis will be separated into the cases (a) WeeEp>1 
and (b) WeeE.p21. The reason for separating the analysis 
in this case is that for case (a), the function E(x) is differen 
tiable and hence it can be proven that an algorithm according 
to an embodiment of the invention follows a framework simi 
lar to Newton descent. For the case (b), E-(x) might not be 
differentiable. However, it is equivalent to the limit of the 
Solutions given by a series of several algorithms that descend 
E(X). 
Case (a): WeeE.p.-1. Note that the gradient of E(x) exists 
and is given as 

(11) 

Observe that the update vector at the n' step in the algorithm 
of FIG.9 is Ax '-x"'-x", which can be rewritten as 
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AxY =-L (W) B(W)x -x. (12) 

dEp() 

Also, since Wee E.W. 1, one can conclude that 
L (WCW) is a positive definite matrix. Therefore, Axis 
a descent direction at X, Xi', since 

AxY = - 
U dix 

is a descent direction for any positive definite H. Note that if 
WeeEp, p>1, then (p-1)L(W) corresponds to the Hessian 
of E(x). In this case, a method according to an embodiment 
of the invention is equivalent to a Newton descent algorithm 
with a modified step size of (p-1) rather than 1. If the norms 
vary across the edges, the matrix L (W) is not equal to the 
Hessian of E(X), then the update is a descent direction dif 
ferent from the Newton descent direction. 

Case (b): Wee Epac 1: Recall from Theorem 2 that the mini 
mizers of E(x) are right continuous with respect to the norms 
in P. Now, consider an energy function E(X) Such that for 
some edges eleE, the associated noun p. 1. According to an 
embodiment of the invention, the minimizer of E(X) can be 
estimated using the algorithm of FIG. 9, which as shown in 
case (a), provably converges to the minimizer X. There 
fore, by choosinge as Small as possible, one can estimate X, 
with desired accuracy. As a result, the minimization can be 
seen as the limit of the results of several descent algorithms. 

Note that in EQ. (10), the weight is defined as 
W,-of '' when x, x. This ensures that the inversion of 
L(W") in step 94 of FIG. 9 is well-conditioned. In the 
experiments presented below, a value of Cls 10 was used. 
Smaller values of C. can result in the inversion still being 
ill-conditioned. Larger values of C. do not accurately repre 
sent the condition X, X, and can hence result in a slow con 
Vergence. 
Testing on Synthetic Images 

Variants of an algorithm according to an embodiment of 
the invention were tested on a variety of synthetic and real 
2-dimensional (2D) images. It is to be understood, however, 
the use of 2D images is exemplary and non-limiting and is for 
simplicity only, and that methods according to an embodi 
ment of the invention are applicable to scalar or vector valued 
images defined on grids of arbitrary dimension, or even for 
images defined on pixel collections not organized into a grid, 
Such as ultra-sound images. 

FIGS. 1(a)-(b) illustrate test results of algorithms accord 
ing to embodiments of the invention on a diagonal line image, 
shown in FIG. 1(a), to illustrate various positive/negative 
aspects of different algorithms. First, the effect of an increas 
ing p value on the metrication (pixelation) error was exam 
ined. When p=1, the minimum cut is degenerate in this syn 
thetic image, as shown in FIG. 1(b). Traditional maximum 
flow algorithms typically find a “squared off cut. However, 
an iterative method according to an embodiment of the inven 
tion gives continuous values which may be thresholded at 
p=0.5 to produce the desired Smooth, diagonal cut. 

If the degeneracy is broken by modifying the image to 
include a single speck in the ambiguous region, the “squared 
off metrication effect is seen once again. These results are 
exhibited in FIGS. 2(a)-(e), which shows the results of 
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12 
increasing the value of p from 1.05 to 3.0 to observe the 
transition between the blocky p=1 case and the smooth p=2 
case. FIGS. 2(a), (b), (c), (d), and (e) correspond to, respec 
tively, p values of 1.05, 1.1, 1.5, 2.0, and 3.0. The foreground 
and background seeds are indicated by reference numbers 22 
and 21, respectively. The segmentation boundary estimated 
by the algorithm is the diagonal line bisecting the figure. Note 
that the metrication error disappears for values of p21.5, 
FIGS. 2(c)-(e). The Random Walker (p=2, FIG. 2(d)) still 
finds the smoother diagonal cut. When p is pushed above p=2, 
the solution begins to resemble the distance-based boundary 
for the p=1 case. 

Next, the effect of p on the proximity bias known to occur 
for Random Walker (p=2) was examined. In this case, it is 
known previously that for Graph Cuts (p=1), there should be 
no dependency on seed location within either the upper or 
lower region. FIGS.3(a)-(e) illustrates how intermediate val 
ues of p affect this bias. FIGS. 3(a), (b), (c), (d), and (e) 
correspond to, respectively, p values of 1.05, 1.1, 1.5, 2.0, and 
3.0. The foreground and background seeds are indicated by 
reference numbers 32 and 31, respectively. The segmentation 
boundary estimated by the algorithm is the diagonal across 
the figure. Note that the “bulge' effect of the Random Walker 
is avoided for ps1.5. 

Next, the shrinking bias for various p values is examined. 
Given a single seed and a weak boundary, Graph Cuts pro 
duces a segmentation that minimally Surrounds the seed 
while the Random Walker algorithm will avoid this problem. 
A question of interestis: at what value of p does the shrinking 
bias disappear? FIGS. 4(a)-(f) shows the segmentations 
obtained for various values of p. FIGS. 4(a), (b), (c), (d), (e), 
and (f) correspond to, respectively, p values of 1.0, 1.1, 1.2, 
1.5, 1.75, and 2.0. The foreground and background seeds are 
indicated by reference numbers 42 and 41, respectively. The 
segmentation boundary estimated by the algorithm is the 
diagonal line bisecting the figure. Note that the shrinking bias 
is removed quickly as p increases, and in this case, is gone 
after p21.2. The shrinking bias is further illustrated in FIGS. 
5(a)-(e), on an image with concentric circles. FIGS. 5(a), (b). 
(c), (d), and (e) illustrate, respectively, the image and seeds, 
the p=1 boundary, the p=1.5 boundary, the p=2 boundary, and 
the p=2.9 boundary. The foreground and background seeds 
are indicated by reference numbers the p=1 boundary 52 and 
51, respectively. The segmentation boundary estimated by the 
algorithm is the overlaid circle 53. Since the shrinking bias is 
largest for Smaller values of p, the boundary is placed at the 
inner most circle for p=1. As one increases p, the shrinking 
bias reduces and the segmentation boundary moves towards 
the outer circle. Interestingly, even when the value of p is 
increased to be 23, the segmentation boundary cannot be 
produced beyond the midpoint circle since the solution 
approaches the shortest paths solution, which depends only 
on the number of circles necessary to cross over to the fore 
ground from the background. 

These tests on synthetic examples indicate that that the 
effects of Graph Cuts (shrinking bias and metrication) and 
Random Walker (proximity bias) can both be avoided by 
using an intermediate value of p. Such as 1.25sps 1.5, which 
produces a hybrid algorithm that does not experience the 
effects of either algorithm. 
Testing on Real Images 
Algorithms according to mother embodiments of the inven 
tion were applied with varying p to the set of images in the 
Microsoft “GrabCut' database. The database contains 
ground truth segmentations for 50 color images correspond 
ing to indoor as well as outdoor scenes. A 4-connected lattice 
and the Euclidean distances of the RGB values of these color 
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images were used to set image weights. No unary (data) terms 
were used. In the experiments, two different seeding strate 
gies were used. In the first case, the seeds provided in the 
database itself were used, obtained by eroding the ground 
truth segmentation. Since such scribbles are favorable for 5 
distance based segmentation schemes, a new set of scribbles 
was also considered. The scribbles for the background are 
taken as the rectangular bounding boxes provided by the 
database. The object’s skeleton was dilated and used as a 
scribble for the object. 

Segmentation was estimated using different values of p, 
and the same graph/weights were used for all values of p. 
Note that the p=1 case was produced using a Graph Cuts 
implementation rather than an IRLS algorithm according to 
an embodiment of the invention. The error in the results was 
quantified using four different standard segmentation mea 
sures, namely Boundary Error (BE), Rand Index (RI), Global 
Consistency Error (GCE), and Variation of Information (VoI). 
Good segmentation quality is marked by low BE, high RI, low 
GCE and low VoI. Results of this test of segmentation quality 
are given in Tables 1 and 2, shown in FIG. 8. From these 
segmentation measures, one can produce a rank for each p 
value with respect to its performance for each metric, and 
compute an average rank (Avg. rank in the tables) by taking 
the average of the ranks for different metrics. 

FIGS. 6(a)-(f) and 7(a)-(f) show typical results obtained in 
this analysis, with FIG. 6 depicting results of using eroded 
ground truthas scribbles, and FIG.7 depicting results of using 
the rectangle/skeleton as scribbles. For each of FIGS. 6 and 7. 
the (a) figure depicts the image, the (b) figure depicts the true 
boundary, the (c) figure depicts the scribbles, the (d) figure 
depicts the p=1 boundary, the (e) figure depicts the p=1.5 
boundary, and the (f) figure depicts the p=2 boundary. The 
true boundary in the (b) figures is indicated by reference 
numbers 60, 70, the seeds in the (c) figures are indicated by 
reference numbers 61, 71, and 62, 72 for the foreground and 
background respectively, and the segmentation boundaries 
are indicated by reference numbers 63, 73. In FIG. 6, the 
Graph Cuts (p=1) case shows shrinking bias and misses the 
tip of the banana. This effect is not present in the cases of 
p=1.5 and p=2, the Random Walker case. In FIG. 7, the 
Random Walker (p=2) case is sensitive to the scribble near the 
woman’s leg. This is not so for the cases of p=1 (Graph Cuts) 
and p=1.5. As expected, it may be seen that the first seeding 
scenario (native to the database, FIG. 6) results in segmenta 
tion errors that improve as one increases the value of p. This 
is because proximity bias tends to increase with the value of 
p. In the second seeding scheme (FIG. 7), the results are better 
for lower values of p because the seed locations are poor 50 
indicators of the desired segmentation boundary. However, 
note that across both seeding schemes, the quality score of 
p=1.5 indicates a desirable tradeoff between the Graph Cuts 
(p=1) and Random Walker (p=2) cases. One can always 
choose Graph Cuts or the Random Walker if one is aware of 55 
the seeding schemes that are going to be employed in a 
particular application. However, from the point of a general 
interactive segmentation algorithm, a p-brush algorithm 
according to an embodiment of the invention with p=1.5 has 
the best rank on average across seeding strategies. 
System Implementations 

It is to be understood that embodiments of the present 
invention can be implemented in various forms of hardware, 
Software, firmware, special purpose processes, or a combina 
tion thereof. In one embodiment, the present invention can be 65 
implemented in Software as an application program tangible 
embodied on a computer readable program storage device. 
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The application program can be uploaded to, and executed by, 
a machine comprising any Suitable architecture. 

FIG. 10 is a block diagram of an exemplary computer 
system for implementing a method for image segmentation 
using continuous-valued Markov Random Fields (MRFs) 
with probability distributions following the p-noun of the 
difference between configurations of neighboring sites, 
according to an embodiment of the invention. Referring now 
to FIG. 10, a computer system 101 for implementing the 
present invention can comprise, interalia, a central process 
ing unit (CPU) 102, a memory 103 and an input/output (110) 
interface 104. The computer system 101 is generally coupled 
through the I/O interface 104 to a display 105 and various 
input devices 106 such as a mouse and a keyboard. The 
Support circuits can include circuits such as cache, power 
Supplies, clock circuits, and a communication bus. The 
memory 103 can include random access memory (RAM), 
read only memory (ROM), disk drive, tape drive, etc., or a 
combinations thereof. The present invention can be imple 
mented as a routine 107 that is stored in memory 103 and 
executed by the CPU 102 to process the signal from the signal 
source 108. As such, the computer system 101 is a general 
purpose computer system that becomes a specific purpose 
computer system when executing the routine 107 of the 
present invention. 
The computer system 101 also includes an operating sys 

tem and micro instruction code. The various processes and 
functions described herein can either be part of the micro 
instruction code or part of the application program (or com 
bination thereof) which is executed via the operating system. 
In addition, various other peripheral devices can be connected 
to the computer platform Such as an additional data storage 
device and a printing device. 

It is to be further understood that, because some of the 
constituent system components and method steps depicted in 
the accompanying figures can be implemented in Software, 
the actual connections between the systems components (or 
the process steps) may differ depending upon the manner in 
which the present invention is programmed. Given the teach 
ings of the present invention provided herein, one of ordinary 
skill in the related art will be able to contemplate these and 
similar implementations or configurations of the present 
invention. 

While the present invention has been described in detail 
with reference to exemplary embodiments, those skilled in 
the art will appreciate that various modifications and Substi 
tutions can be made thereto without departing from the spirit 
and Scope of the invention as set forth in the appended claims. 

What is claimed is: 
1. A computer implemented method for segmenting a digi 

tal image, the method performed by the computer comprising 
the steps of: 

initializing object and background seed nodes in an image, 
wherein the image is represented as a graph G=(V, E) 
whose nodes ieV correspond to image points and whose 
edges eeE connect adjacent points, wherein set MCV 
contains locations of nodes marked as seeds, set UCV 
contains locations of unmarked nodes, set OCM con 
tains locations of object seed nodes, and set BCM con 
tains locations of background seed nodes; 

assigning to each seed node a membership value Such that 
WieC).x,-1 and WieB.x, 0, wherein each node ieV is 
associated with a membership X.e0.1; and 

finding a membership vectorxesi", whosei'entry is given 
by X, that minimizes 
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Ep(x) = X wilxi - x P, 
eijeE 

wherein each edge eleE connecting nodes i and j in V is 
associated with a weight wi and an exponent p, and Wee E. 
1sp-oo such that x=1 ified and x, 0 ifieB 
wherein E(x) is an energy of a weighted graph formed by 

a function associated to nodes X, eleE are edges in a 
weighted graph between nodes i and j, w, is a weight of 
an edgee, and X, and x, are the values ofnodei and node 
j, respectively; and 

generating an image that contains a segmentation of the 
object according to the membership value. 

2. The method of claim 1, wherein the membership X, of an 
unmarked node ie Utakes the value 

ii 

X; F arg m Wii-vi -r) xi jeN; 

wherein N, is a set of all nodes j that share an edge e, with 
node i. 

3. The method of claim 1, wherein said image comprises a 
plurality of intensities associated with an N-dimensional grid 
of points. 

4. The method of claim 1, wherein said image comprises a 
plurality of vectors associated with an N-dimensional grid of 
points. 

5. The method of claim 1, wherein said image comprises a 
plurality of intensities associated with collection of points. 

6. The method of claim 1, wherein 

eijeE 

is minimized using an iteratively reweighted least squares 
algorithm. 

7. The method of claim 1, wherein nodes i with potential 
XC-0.5 are assigned to the object, and the remaining to back 
ground. 

8. A program storage device readable by a computer, tan 
gibly embodying a program of instructions executable by the 
computer to perform the method steps for segmenting a digi 
tal image, the method comprising the steps of 

initializing object and background seed nodes in an image, 
wherein the image is represented as a graph G=(V, E) 
whose nodes ieV correspond to image points and whose 
edges eeE connect adjacent points, wherein set MCV 
contains locations of nodes marked as seeds, set UCV 
contains locations of unmarked nodes, set OCM con 
tains locations of object seed nodes, and set BCM con 
tains locations of background seed nodes; 
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assigning to each seed node a membership value Such that 

WieC).x,-1 and WieB.x,-O, wherein each node ieV is 
associated with a membership X.e0.1; and 

finding a membership vectorxesi", whosei'entry is given 
by X, that minimizes 

Ep(x) = X wilxi - x P, 
eijeE 

wherein each edge eleE connecting nodes i and j in V is 
associated with a weight wi and an exponent p, and Wee E. 
1sp-oo, such that x=1 ifieC and x, 0 ifieB 
wherein E(X) is an energy of a weighted graph formed by a 

function associated to nodes X, eleE are edges in a 
weighted graph between nodes i and j, w, is a weight of 
an edge e and X, and X, are the values ofnodei and node 
j, respectively; and 

generating an image that contains a segmentation of the 
object according to the membership value. 

9. The computer readable program storage device of claim 
8, wherein the membership X, of an unmarked node ie Utakes 
the value 

ii 

wi = arg m wilx; -r) xi jew 

wherein N, is a set of all nodes j that share an edge e, with 
node i. 

10. The computer readable program storage device of 
claim 8, wherein said image comprises a plurality of intensi 
ties associated with an N-dimensional grid of points. 

11. The computer readable program Storage device of 
claim 8, wherein said image comprises a plurality of vectors 
associated with an N-dimensional grid of points. 

12. The computer readable program Storage device of 
claim 8, wherein said image comprises a plurality of intensi 
ties associated with collection of points. 

13. The computer readable program Storage device of 
claim 8, wherein 

Ep(x) = X wilxi - x P 
eijeE 

is minimized using an iteratively reweighted least squares 
algorithm. 

14. The computer readable program Storage device of 
claim 8, wherein nodes i with potential x>0.5 are assigned to 
the object, and the remaining to background. 


