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Inverse Kinematics

Field of the Invention

This invention relates to the inversion of Jacobian matrices. This is also
known as the inverse kinematics problem (IK). The IK problem is
associated with the manipulation of computer-generated articulated
characters with an arbiirary number of joints used in computer graphics
for games and animation, keyframing, control of robot manipulators,

singularity avoidance methods for the control of Control Moment Gyro

mechanisms and many other applications.

Background to the Invention

In applications such as robotics, computer animation, spacecraft control
using Conirol Moment Gyros (CMG) and others, a variable matrix that is
a function of a variable parameter, for example (q) or time, and hence

varies with time, connects input space to output space.

Let (x) be used to represent a vector of Cartesian coordinates describing
the position and the configuration of an end effector, for example 14 in
Fig‘.l. For a three dimensional Cartesian space, (x) would have one or
more components to represent position and angular rotation. The size (i.e.
number of dimensions) of the end-effector space is denoted as (m). For
exémple if the end effector can perform only a three dimensional

displacement, then (m=3).

Let (q) be used to describe the joint coordinates and their configuration,
for example for joints 11, 12 and 13 in Fig.1. Each joint can have one or
more degrees of freedom. The total number of degrees of freedom in (q)

is denoted as (n). For example, if each of the joints in Fig.1, i.e. 11, 12
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and 13, has two degrees of freedom, the total number of degrees of

freedom is (n=6).

Then the model of the structure, a manipulator or a computer animation

object, can be described as
x = f(q) (1a)
In (Eq.1a), f(q) is a nonlinear function of the joint variables (q).

In many applications it is-necessary to compute the joint variables (q) for

a given set of desired end effector positions (x). This requires inverting

(Eq.1a)
q = [f(x)]"-1 (1b)

In (Eq.1b), ([f(x)]1"-1) represents the inverse of the mapping from (q) to
(x).

Solving (Eq.1b) analytically is a tedious task. A numerical method for
solving (Eq.la) involves differentiating (Eq.la) from both sides. This

gives the kinematic relationship
dx = J(q)dq (1c)
In (Eq.1c) (dg) defines the output space, (dx) defines the input space and

(J(q)) is a parameter dependent Jacobian matrix that is computed by

differentiating (f(q)) with respect to (q)

J(q) = diff(f(q))/diff(q) (1d)
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(Eq.1d), represents the differential of (f(q)) with respect to (q).

In robotics and animation of articulated figures, (x) denotes a vector
constructed from angular and linear displacements defined in Cartesian
space. (q) is wused to describe the joint coordinates and their

configurations. (dx) describes velocities defined in Cartesian space. (dq)

describes the joint velocities.

In attitude control using Control Moment Gyro mechanisms, (x) is used to
describe the total angular momentum of the CMG cluster as known by a
skilled person, (q) is constructed by the gimbal angles, (dx) describes

components of torque. (dq) denotes the gimbal rates as known by a skilled

person.

The dimension (i.e. number of dimensions) of (x) and (dx) is (m).
The dimension of (q) and (dq) is (n).

Typically (m) is less or equal to (n).

For redundant configurations, (m) is less than (n).

In some embodiments of this invention, (m) and (n) can be arbitrarily

large.

Fig.1 is an example of a structure, for example a robot manipulator with

3 joints, 1‘1, 12, 13 and one end—~eff¢ctor, 14. The target trajectory for the
end-effector is specified as 15 in Fig.1 and is defined in three dimensional
Cartesian space. In Fig.1, 11, 12 and 13 are joint mechanisms that can
change angularly or linearly to provide degrees of freedom (n) and to

allow 14 to follow the target 15. Each of the joints 11, 12 and 13 can
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have one, or more degrees of freedom, and the joints can have different

numbers of degrees of freedom.

Fig.2 is a graphic structure that is used in fields such as computer
animation. The particular example of the structure in Fig.2 has five end
effectors, 211, 214, 215, 213 and 212 and ten joints, 21, 22, 23, 24, 25,
26, 27, 28, 29, 210. The structure in Fig.2 1s included only for
demonstrative purposes and the IK algorithm described in this invention
can work on a structure with (m) degrees of freedom for the end-effectors
and (n) degrees of freedom for the joints where (m) and (n) can be
arbitrarily large. 216, 217, 218, 219 and 220 are the target trajectories

defined in a three-dimensional Cartesian space that the end effectors have

to follow.

In robotics, motors or other mechanisms are used to provide linear and or

angular momentum to produce displacement and change (q).

In computer graphics, the animation software redraws the figure to

produce displacement in (q).

Since the Jacobian in (Eq.lc) depends on (q), a sensor is used to measure

(q) or a mathematical model is used to compute, derive or estimate (q).

In this description of the present invention, (dxd) is used to denote a

vector of desired values for (dx). (dxd) and (q) are assumed known and

provided by a mathematical model or a sensor.

For a given set of desired trajectories (dxd), the inverse kinematics

problem (IK) is the problem of solving the inverse of (Eq.lc), that is for

a given vector (dxd) how to derive (dq).
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dq = iJ(q)dxd (2)

In Eq.2 (1J(q)) represents the inverse of the Jacobian in (Eq.l). If (m) 1s
strictly less than (n), i.e. (m) is not equal to (n), pseudo-inverse methods are

used to compute (1J(q)).

In computer graphics and robotics, (dxd) denotes the desired velocities of the

end effectors.

In attitude control using CMGs, (dxd) denotes the desired components of

torque.

The problem of the inverse kinematics, which 1s the subject of the present
invention, is how to select the joint variables (dq), 1.e. to determine how to
manipulate motors or how to redraw the structure in an animation application,

such that (dx) follows the desired target trajectory (dxd).

Fig.3 represents the inverse kinematics block 31, 1.e. the processing system
which determines the joint variables (dq) 32 required to produce the target
trajectory (dxd)33. The input to this block is (dxd) and the output from the
block is (dq). The inverse kinematics block has to deliver (dq) for given (dxd)

such that (dx) i1s same as (dxd) at each iteration

Solving (Eq.2) for (dq) when (dxd) is given and (J(q)) 1s a time-varying
parameter-dependant Jacobian matrix, is as an essential element or step in
computer animation, control of robot manipulators, control of spacecraft and

other applications.

Solving (Eq.2) in real time is a tedious and computationally intensive task.
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An aim of some embodiments of the present invention is to derive a

computationally efficient method for solving the inverse kinematics

problem defined in (Eq.2).

Solving the IK problem in (Eq.2) in real-time is a numerically intensive

task due to the high number of degrees of freedom (n) in (q).

Increasing the details and the degrees of freedom in the animation of
articulated objects, for example, leads to an improved visual
representation of the motion. This however leads to highly intensive

computations due to the necessity of computing the IK problem in (Eq.2)

in real time for a large number of (n).

Since the Jacobian (J(q)) in (Eq.1c) and (Eq.2) is a time-varying function
due to its dependence on the parameter (q), at certain configurations,
called singular states, (J(g)) becomes rank deficient and as a result the
inverse in (Eq.2) can lead to arbitrarily large values for (dq) for a given
trajectory (dxd). This is another complication associated with the

computation of the inverse kinematics problem.

Traditional IK methods that derive (iJ(q)), i.e. the inverse of the
Jacobian, are based on the manipulation of matrices which makes the

process highly computationally intensive and difficult to run on a parallel

processor architecture.

The damped least squares algorithm (DLS), also known as the singularity
robust (SR) algorithm, is traditionally used to solve the problem in (Eq.2)
(Y. Nakamura and H. Hanafusa, “Inverse kinematic solutions with
singularity robustness for robot manipulator control”, Journal of Dynamic
systems, Measurements and Control, Vol. 108, Sep. 1986, C. W.
Wampler and L. J. Leifer, “Applications of damped least-squares
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methods to resolved-rate and resolved-acceleration control of

manipulators”, Journal of Dynamic Systems, Measurement, and Control,
110 (1988), pp. 31-38)

iJ(q) = Jt(q) J(g)Itlq) + kI}"-1 (3a)

(Jt{q)) is the transpose of the Jacobian. With the form for computing

(iJ(q)) defined in (Eq.3a), one can derive (dq) for a given vector (dxd)
from (Eq.2), i.e.

dq = Jt(q) [J(g)Jt(q) + kI]*-1 dxd (3b)

In (Eq.3b) (Jt(q)) is the transpose of the Jacobian defined in (Eq.1d), (I)
is the identity matrix, (k) is known as a damping factor that needs to be

adapted and (*-1) represents the inverse operator. When (k=0), (Eq.3)

reduces to the pseudo inverse method

iJ(q) = Jtlq) [T(q)JIt(q)]"-1 (4a)

With the form for computing (iJ(q)) defined in (Eq.4a), using (Eq.2) one

can derive (dq) for a given vector (dxd) , i.e.
dq = Jtlq) [J(q)Jt(g)]*-1 dxd (4b)

At singular states the Jacobian becomes rank deficient and as a result, the

inverse in (Eq.4a) does not exist and can not be generated using the

mathematical formula of (Eq.4a).

Furthermore, when (J(g)) is near the singular states, solutions based on
(Eq.4b) lead to excessively large values for (dg). The damping factor (k)

is thus used as a trade-off between exaciness of the solution and
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feasibility of the solution. When (k=0) (Eq.3a2) reduces to (Eq.4a); (k)

usually is set to (k=0) when the configuration is away from singularity.
Near the singularity (k>0). Therefore, the IK method in (Eq.3a) and
(Eq.3b) is further complicated due to the need for the adaptation of (k).

The adaptation of the damping factor (k) requires additional computation

and hence processing power.

Algorithms comprising a feedback loop that uses only the transpose of the
Jacobian for the control of robot manipulators have been proposed by
W.A. Wolovich and H. Elliott in “A computational technique for inverse
kinematics”, Proceedihgs of the 23 Conference on Decision and Control,
1984 and by A. Balestrino, G. De Maria and L. Sciavicco in “Robust
conirol of robotic manipulators”, 9th IFAC World Congress, 1984.
However, unlike the method proposed in this invention, these algorithms

are 1ncapable of avoiding or escaping singular states and fail to deliver

solutions when the system is in a singular state.

Summary of the invention

The present invention provides a real-time method for controlling a
system, the system including a plurality of controlling means each having
at least one variable parameter (dq) and a controlled element having a
trajectory which is controlled by the controlling means, wherein the
trajectory is related to the variable parameters by a variable matrix, the
method comprising defining a conirol transfer 'matrix (K) relating the
variable parameters dq to the trajectory dx, and using a feedback loop in
which a feedback term is computed that is dependent on an error (e)

which is the difference between the desired trajecto}y (dxd) and a current

trajectory (dx).
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The feedback term may be computed repeatedly over a number of cycles

so that the current trajectory approaches the desired trajectory.

The output (dq) of the matrix K may have a dimension specified as (n),

the desired trajectory dxd may have a dimension (m) and (m) may be less

than or equal to (n).

The method may include selecting the control transfer matrix (K) which

has a dimension (m) times (n) and determining the form and the numerical

values of (K) depending on the properties of the system.

The numerical algorithm which generates (dq) for a given (dxd) may be in
the form of a filter. The algorithm may be arranged to require only

multiply and accumulate type of instructions

The method may be performed on a single processor or on a parallel

platform.

The matrix (K) may be arranged to deliver solutions for (dq) even when

(J(q)) becomes rank deficient.

In the singular state, the error (e) grows in the singular direction and the
full structure of (K) may be arranged to generate a non-zero solution for

(dq) that produces motion which steers the traj’ectory away from the

singular state.

The system may be a display arranged to display an image of a movable
object, the controlling means comprising joints of the movable object and

the controlled object comprising an element of the movable object.
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The system may be a robotic system including a robot and a control
system, the conirolled element is an element of a robot, and the

controlling means comprises joints of the robot.

The controlling means may comprise gyros of a control moment gyro

system.

The present invention further provides a control system for a movable

system, the control system being arranged to operate according to the

method of the invention.

The present invention further provides a robotic system comprising a

robot and a control system according to the invention.

The present invention further provides a control moment gyro system

comprising a plurality of gyros and a control system according to the

invention.

The aim of some embodiments of the present invention is to derive a

computationally efficient, real time, numerical method for solving the

inverse kinematics problem defined in (Eq.2).

In addition some embodiments of the present invention are singularity
robust in the sense that the solution exists even for a situation when the

Jacobian matrix (J(q)) is rank deficient or singular.

In addition, the algorithms in some embodiments of this invention do not

require the computation of a damping factor.

The present invention therefore provides a real-time method for

computing numerically the inverse of a variable matrix, in which the
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method uses a feedback loop in which the desired trajectory (dxd) which
can have an arbitrary dimension specified as (m) is compared with the
current trajectory (dx) to generate the error (e). This comparison may be
made at every cycle at which the inverse kinematics problem is computed.
The error (e) may be used as an input to a control transfer matrix (K)

which generates the required output (dq). (dg) can have an arbitrary

dimension specified as (n), (m) is less or equal to (n).

The matrix may vary with time. For example it may be time dependent or

dependent on another parameter that varies with time.
The method may be a computer implemented method.

The inverse kinematics problem is the problem of computing the inverse
of a time-variable and parameter-dependent matrix. It has application, for
example, 1n robot control, conirol and manipulation of computer-
generated articulated characters with an arbitrary number of joints and

end-effectors, keyframing applications, conirol of spacecraft using

Control Moment Gyro mechanisms and other things.

The method may include a method for selecting the feedback compensator
(K) which has a dimension (m) times (n) and a method for determining
the form and the numerical values of (K). depending on the properties and

the structure for which the inverse kinematics problem is being solved.

The method may use a numerical implementation of the algorithm which
generates (dq) for a given (dxd) and is performed as a filter that requires

only multiply and accumulate type of instructions which can be run on a

single processor or on a parallel platform.
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In some embodiments (K) delivers solutions for (dq) even when (J(q))
becomes rank deficient. At the singular state, the error (e) may grow in
the singular difection and the full structure of (K) may generate non-zero
solutions for (dq) that produce motion which steers away the trajectory

from the singular state. As a result singularity avoidance can be

embedded into the proposed algorithm.

The present invention therefore can provide a computationally efficient

and singularity robust method for solving the inverse kinematics problem.

The present invention further provides a method of controlling movement
of a system, the method including the method of the invention. The

system may be a jointed system, such as a robot arm, or another movable

system such as a spacecraft.

The present invention further provides a control system for a movable

system, the control system being arranged to operate according to the

method of the invention.

The present invention further provides a method of generating a graphic

image of a movable object, the method including the method as defined in

any of the preceding paragraphs.

The present invention fﬁrther provides a display system comprising
processing means arranged to perform the method of any of the preceding
paragraphs thereby to generate image data, and display means arranged to

display the image. For example the system may comprise a gaming

machine or other computer system.

Preferred embodiments of the present invention will now be described by

way of example only with reference to the accompanying drawings.
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Brief Description of the Drawings

Figure 1 is an example of a structure, for example a robot manipulator

with 3 joints and one end effector position.

Figure 2 is a graphic structure that is used in fields such as computer

animation..
Figure 3 represents the inverse kinematics block..

Figure 4 represents the feedback form of the inverse kinematics solution

according to a first embodiment of the present invention.

Figure 5 is an expanded version of the feedback inverse kinematics law
depicted previously in Fig.4.
Figure 6 includes an example of a C code that implements the algorithm

of the inverse kinematics problem described in this invention.

Figure 7 is a schematic view of a robot and control system according to

an embodiment of the invention.

Figure 8 is a schematic view of a.graphics display system according to an

embodiment of the invention.

Description of the Preferred Embodiments
In one embodiment of the invention:

1) There exists a multiplication means

2) There exists an addition means.

3) There exists a subtraction means.
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4) There exists a Jacobian store means such as a memory block with the
dimensions {m) times (n) that can store the Jacobian.

5) There exists a means that provides (dxd).

6) There exists a means such as a mathematical model or a sensor that can
provide (q).

7) There exists a parameter store means such as a memory block with a
dimension (m) that can store a parameter (z(t-1))

8) There exists a parameter store means such as a memory block with a
dimension (m) that can store a parameter (dq(t-1))

8) There exists a parameter store means such as a memory block with a
dimension (m) that can store a parameter (dx)

9) There exists a parameter store means such as a memory block with a
dimension (m) that can store a parameter (tmp)

10) There exists a parameter store means such as a memory block with a
dimension (m) that can store (A); If A is an identity matrix multiplied by
a scalar, then the memory block needs to be of a dimension (1) to store

only the scalar.

11) There exists a parameter store means such as a memory block with a

dimension (m) times (m) that can store (P).

The above means are usually provided by a general purpose processor,

for example a personal computer or a microprocessor or a microcontroller

or a digital signal processor or it could be a special-purpose build

arithmetic and memory block.

The object of this embodiment of the present invention is to provide a
computationally efficient and singularity robust real-time method for
solving (Eq.2) which does not require the computation of a matrix
inversion and a damping factor. The Jacobian in (Eq.2) used for the
solution can represent the kinematics of a robotic manipulator, a

computer animation character, or can be associated with the control of
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spacecraft or can be associated with other applications where inversion of a
matrix, often referred to as a Jacobian matrix that depends on a variable

parameter, for example (q), 1s necessary.

First a feedback loop is proposed and constructed as in Fig.4. This feedback
loop is computed at every cycle and thus it runs in real time. The error 47
between the generated (dx) 45 and the demanded (dxd) 44 vectors 1s used as an
input to the control law (K), 41. This control law generates the required (dq),
43, such that the error 47 is driven to a vanishingly small value. 46 1s a

summator, 48 denotes a positive sign and 49 denotes a negative sign.

The feedback loop in Fig.4 provides a mechanism for deriving (dq) from (dxd)
for a given Jacobian (J(q)) 42. The feedback loop in Fig.4 essentially replaces
the IK block in Fig.3. Using the feedback loop in Fig.4, the following

relationship can be derived

dq = K[JK+I1]*-1 dxd (5)

In (Eq.5) (K) is a control transfer matrix or a control law that i1s derived as a

part of this embodiment of the invention, (J) is the Jacobian matrix derived
from (Eq.1d) and (*-1) represents the inverse operator. An important element
in this and other embodiments of the invention is the derivation of (K) and the
selection of the form of (K) to provide singularity avoidance properties. (K)

also needs to be adapted to account for the variable nature of J(q).

(K) is a full transfer matrix of transfer functions, having non-zero otf-diagonal

elements, as known by a skilled person in order to provide
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singularity avoidance properties in the loop. (K) has dimensions (n) times

(m).

(K) is a function of (q), i.e. it is adapted as known by a skilled person, to

account for the time-variable nature of the Jacobian and its dependence on

(q).

When the Jacobian becomes rank deficient then the error (e) would grow
in one direction since (J(q)) will be delivering zero output at that
particular direction. The non-zero elements of (K) will then generate the
necessary output (dg) which will steer the trajectory from the singular

direction, resulting in a vanishingly small error (e) and good tracking of

the target.

The error 47 in the feedback loop in Fig.4 describes the discrepancy

between the desired variable (dxd) and the actual variable computed from
(Eq.1c)

e=dxd - J(g)dq (6)

The error in (Eq.6) can be made arbitrary small by selecting (K)

appropriately. Provided that (K) is known, (dq) can be computed from
(Eq.5).

Real time implementation for fixed sampling interval

If the inversion of the Jacobian of the parameter dependent matrix,
referred to as a Jacobian matrix herein ,is required to be preformed at
regular time intervals (typical applications but not the only ones are
robotics control and spacecraft control), known as sampling intervals by a

skilled person, then the following algorithm can be used.
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The format of (K), in this embodiment of this invention, is given in the
following discrete form
K: z(t) = Az(t-1) + e (7a)

dg = Jt(q)Pz(i-1) (7b)

(Eq.7a) and (Eq.7b) together represent the feedback loop and block (K) in
Fig.4 and (Eq.5).

(Eq.7a) and (Eq.7b) together connect the error (e) in (Eq.6) to (dq).

(Eq.7a) and (Eq.7b) are run together at every cycle in real-time at which
the inverse kinematics problem 1s solved to find values of dq to achieve
the desired result for dxd. The time difference between two successive
samples, - or the time between two successive executions of the IK

algorithm, is known by a skilled person as a sampling time (dt).

In (Eq.7a) (A) is a negative definite diagonal matrix with dimensions (m)

times (m).

In (Eq.7a) (P) is a positive definite full matrix with dimensions (m) times

(m).

In (Eq.7b) (Jt(q)) is the transpose of the Jacobian derived in (Eq.1d) with

dimensions (n) times (m)

In (Eq.7b) the transpose of the Jacobian (Jt(q)) is recomputed at every

sample using the current value of (q). (q) is provided by a sensor or a

mathematical model.
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In (Eq.7a) and (Eq.7b) (z(t)) is a vector of state variables from a

dimension (m).

In (Eq.7a) (z(i-1)) is a vector of state variables from a dimension (m).

In (Eq.7a) and (Eq.7b) (z(t-1)) is delayed by one sample period equal to
the (dt) value of (z(t)). To compute the delayed value, a memory element

from a dimension (m) is necessary. The delay of one sample equal to (dt)

is denoted herein as D(dt).
7(t-1) = D(dt) z(t) (8)

In (Eq.7a) and (Eq.7b) (z(t-1)) represents the value of (z(t)) computed

from (Eq.7a) at the previous iteration.

(Eq.7a) and (Eq.7b) together represent a filter that allows computing (dq)

for a given error (e).

(Eq.7a) and (Eq.7b) together with (Eq.6) is the result of this embodiment
of the invention and provide a full algorithm for solving the inverse

kinematics problem. This algorithm is summarised below.

e = dxd - J(q)dq(t-1) | (9a)
z(t) = Az(t-1) + e (9b)
dqg = Jt(q) P z(t-1) (9c)

(Eq.9a), (Eq.9b) and (Eq.9c) together allows computing (dq) for a given
desired trajectory (dxd).

(Eq.9a), (Eq.9b) and (Eq.9c) are represented in a graphical form in
Fig.5, which is the expanded version of Fig.4. Fig.5 reflects the real-time
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implementation and demonstrates the filtering nature of the algorithm. D(dt),
51 and 511, is a delay block and represents a memory where the value for
(z(t)), 513, and the value of (dq), 53, are stored. (A), 512, is defined in
(Eq.16), P in 510 is defined in (Eq.20). (Jt(q)) in 510 is the transpose of the
Jacobian computed using values for (q) of the current sample. (q) 1s provided
by a sensor or a mathematical model. (z(t)), 513, 1s computed from (Eq.9b),
(J(q)), 52, is the Jacobian computed using values for (q) of the current sample.
(q) is provided by a sensor or a mathematical model. (e¢) 57 1s the error
between the demanded trajectory (dxd), 54, and the actual trajectory (dx), 595.
56 and 515 represent a summator block, 58, 516 and 517 represent the positive
sign and 59 represents the negative sign. (z(t-1)), 514, is the value of (z(t)),
513, as computed in the previous sample or iteration. (dq(t-1)), 518, 1s the

value of (dq), 53, as computed in the previous sample or iteration.

(Eq.92), (Eq.9b) and (Eq.9c¢) together replace the IK block in Fig.3.

(Eq.92a), (Eq.9b) and (Eq.9¢) together represent a new algorithm that replaces
(Eq.2).

(Eq.9a), (Eq.9b) and (Eq.9¢) together represent an algorithm for solving the

inverse kinematics (IK) problem

(Eq.9a), (Eq.9b) and (Eq.9¢) are executed at every cycle in real time.

(Eq.9a), (Eq.9b) and (Eq.9¢) perform operations similar to those of a filter and
thus require only accumulate and multiply instructions. The computation is

shown 1n a filter form 1n Fi1g.5.

In (Eq.9a) (dq(t-1)) is the delayed, by one sample period equal to (dt), value of
(dq(t))
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dq(t-1) = D(dt) dq (10}
Real Time Implementation for variable sampling interval

For another class of applications of inverse kinematics, the inversion of
the Jacobian matrix, or the parameter dependent matrix, is performed In
real time but not at a fixed sampling rate. For example in computer
graphics and synthesis of motion in articulated character animation, the
new positions of the end points (or end-effectors as 14 in Fig. 1 and 211,
212, 213, 214, 215 in Fig. 2) are defined at a predefined rate, sometimes
referred to as a frame rate. Within a frame (or time interval) the inverse
kinematics task is solved several times sequentially until the end points or
end effectors reach the required positions. Sometimes these sequential
solutions within a frame are referred to as iterations. Within the frame
several iterations of inverse kinematics are executed until the end-
effectors or the end points reach the required levels. Each iteration is

executed by the computer programme at irregular intervals that are not

fixed and vary depending on the software loading. For these applications,
the following modified algorithm can be used to compute the inverse

kinematics, or the values of dq, at every iteration:

dq = Jt(q) P z(t-1) (9d)
z(t) = z(t-1) + h(Az(t-1) - J(q)dq) + h dxd (9¢e)

Therefore (Eq.9d) and (Eq.9e) represent a format of K and the feedback

loop in Figure 4 according to a further embodiment of the invention.

In this embodiment of the invention, in addition to the components of the

previous embodiment:
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12) There exists a parameter store means such as memory block with

dimensions (1) that can store h

13) There exists a parameter store means such as memory block with

dimensions (n) that can store bdg

14) There exists a parameter store means such as memory block with

dimensions (n) that can store dq0

15) There exists a parameter store means such as memory block with

dimensions (n) that can store dq full

15) There exists a parameter store means such as memory block with

dimensions (n) that can store V.

Eq.8 is used to compute z(t-1) from z{t). h is a constant that needs to be
tuned for the application; h is selected such that this constant is positive
and less than or equal to 50% of the minimal time constant of a plant (or
system) described by the following system matrix, as known by a skilled
person, (A-J(g)Jt(q)P). h depends on the selection of A, P and the
current Jacobian value J(g). One can also fix the value of h, for example
h=2e-2, and then select A and P. Eqs. 9d and 9e are computed at every
iteration until dq is very small or the end-points (or end-effectors) reach
the desired positions as required for the current frame. Eqs. 9d and 9e
are the first order integration solution for the feedback inverse kinematic
law in Fig.4. Higher order integrators can be also used. In Eq. 9d, dq can
be mulﬁplied by a gain, different for each degree of freedom, to adjust
for differences in the gains, i.e. dq = V Jt(q) P z(t-1), where V={[v1,v2,

., vn] defines the gain for each degree of freedom n.

Next the derivations of (P) and (A) are given.

Algorithm for the derivation of (A) and (P) in (Eq.9a-c)
(A) in (Eq.72) and (Eq.9b) is a negative definite diagonal matrix with

dimensions (m) times (m). (A) in total has (m) elements
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-a10 0 0. ..0 |
A=1]0-a2 00 ..0]| (11)
0 0 0 0...-am]

(al), (a2), (a3), ..., (am) are positive real scalars defining frequencies at
lower limits and the error between (dx) and (dxd). Depending on the
dynamic behaviour of the system, a robot manipulator or a graphical
structure or a control moment gyro steering law, (al) to (am) have to be
appropriately adjusted. If the behaviour of all (m) degrees of freedom is
equally weighted then (al) = (a2) = ... = (am) = (a) can be set to the
same value (a). For a CMG control system with fast gimbal inertia, (a)

can be set for example to
al = a2 = ... am = a = exp(0.05dt) (12a)

(dt) is the sampling period as defined above and (exp) répresents the

exponent operator.

For a graphical structure, one can use the example value below
al = a2 = ... am = a = exp(5dt) (12b)

(P) in (Eq.7b) and (Eq.9c) is a positive definite symmetric matrix as

known uby a skilled person. It may be a full matrix or a diagonal matrix.

To find (P), first a matrix denoted as (Pa) is computed that is is the
solution to a Riccati equation as known by a skilled person (Doyle, J.,
Glover, K., Khargonekar, P., and Francis, B., “State-space solutions to
standard H2 and H-infinity control problems" IEEE Transactions on
Automatic Control , Vol. 34, 1989, pp. 831-847.)
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Mit*Pa + Pa*M - Pa*( B2%(V)"-1%B2t - s"-2*%B1*B1t )*Pa + Ct*C = (
(13)

For the derivation of (Pa), six matrices are defined, (B1), (B2), (M), (V)

and (C) in addition to a positive, nonzero scalar (s).

(B1) is an identity diagonal matrix with dimensions (m) times (m). (B1t)

is the transpose of (B1).

(B2) is a matrix with dimensions (m) times (n) and is equal to (-1) times

the Jacobian (J(q)) computed at some nonzero configuration (q) = (q0)
B2 = - J(q0) (14)

(q0) has a dimension (n) and could be constructed by any combination of

nonzero values for the variables (q). (B2t) is the transpose of (B2).
It is important to note that (J(q0)) must have nonzero singular values.

(C) has dimensions (n+m+m) times (m). (C) is partition as below
| 0 |
C = |w*l | (15)
0| _
The first group is constructed from (n) times (m) elements that are equal

1O zZero.

The second group which has a dimension of (m) times (m) is equal to an
identity matrix (I) which has (m) times (m) elements multiplied by a

positive scalar (w) which defines a cut-off frequency in the loop in Fig.4,
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for example w = 4 rad/s. (w) needs to be appropriately adjusted

depending on the application.

The third group is constructed from (m) times (m) elements that are equal

5 1o zero.
(M) in (Eq.13) is a negative definite diagonal matrix with dimensions (m)

times (m). (M) in total has (m) elements

l-m1 000 ...0 |
10 M=1{0-m200...0] (16)
10000 ... -mm]|
(m1), (m2), (m3), ... , (mm) are positive real scalars defining the

attenuation at lower frequencies for the error between (dx) and (dxd).
15 Depending on the dynamic behaviour of the system, a robot manipulator
or a graphical structure or a control moment gyro steering law, (ml) to
(mm) have to be appropriately adjusted. If the behaviour of all (m)
degrees of freedom is equally weighted then (ml) = (m2) = .., = (mm)

can be set to the same value. For a CMG control system with fast gimbal

20 inertia, these can be set for example to

ml =m2 = .. mm = 0.05 (17a)

For a graphical structure, example value 1s

25

ml = m2 = ... mm (17Db)

Il
&)

(Mt) is the transpose of (M).

30 (V) in (Eq.13) is a positive definite diagonal matrix with dimensions (n)

times (n). (V) in total has (n) elements
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V=1{0v200..0]| (18)
10000 ... vnj
5
(vl), (v2), (v3), ..., (vn) are positive real scalars defining the square of

10

15

20

25

30

the maximum rate, possibly in rad/s or m/s, for each degree of freedom
(q) that the particular system can achieve. Depending on the dynamic
behaviour of the system, a robot manipulator or a graphical structure or a
control moment gyro steering law, (vl) to (vn) have to be appropriately
adjusted. If all (n) degrees of freedom are constructed by mechanisms
with similar characteristics, then (vl) = (v2) = ... = (vn) can be set to

the same value. For a CMG control system with fast gimbal inertia, these

can be set for example to

vl = v2 = ... =vn = 1.8% 1.8 (19a)

For a graphical structure, an example value 1s

vh = 1 %1 (19b)

I

vl = v2 = ...

(s) in (Eq.13) is a scalar. The following algorithm is used to determine

(s).
step-1: First (s) is set to a large number, for example s = 100
step-2: For this value for (s), (Pa) is determined by solving (Eq.13).

step-3: If the solution exists and (Pa) is a positive definite matrix, (s) is

reduced, for example (s)=(s)/2 and the algorithm continues from step-2.
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step-4: if for the new value for (s) (Eq.13) does not generate a positive
definite solution, then the last posnitive definite solution (Pa) is used as a

solution to the Riccati equation in (Eq.13).

Once (Pa) is computed from (Eq.13), (P) in (Eq.7b) and (Eq.9¢c) is
computed by multiplying (Pa) by the maximum rate for one of the degrees

of freedom as defined in (Eq.19a) or (Eq.19Db), i.e.

P = (vl)*Pa (20)
In many applications, including computer animation, P and A in Eqs. 9d
and 9e¢ can be selected as constants. This reduces considerably the

computational demand. To compute P and A, the following algorithm can

be used as an alternative to the algorithm described above:

Step-1: Select A, A is typically a negative variable taking values from -

0.0001 to -1000. Typical values for a 95 degrees of freedom skeleton 1is
A =-20.

Step-2: Take the Jacobian at a current joint combination J(q) and compute
JInorm = sqrt ( trace(J(q)Jt(q)) )

where trace(J(q)Jt(q)) is the trace of the matrix or the sum of the elements

along the main diagonal of (J(g)Jt(q)) and sqrt is a square root.

Step-3: P is selected such that

P < = (pi/h - A) / Jjnorm
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Adaptation of A,h and P: As evident from Step-3, P, A and h are

interrelated. For example in a typical algorithm, once the kinematic

structure is defined (or the skeleton frame in computer animation 1S

defined), then:

Step-1: A is fixed, to for example
A = -20

Step-2: h is fixed to for example
h = 0.02

Step-3: P is computed from
P <= (pi/h -~ A) / Jjnorm

Step-4: Dummy trajectories for the end effector are defined and executed
with the above values. By monitoring the number of iterations needed to
settle at the desired values by computing Eqns. 9d and 9e, P is adjusted
and increased to reduce the number of iterations. If the response is

unstable (dq growing uniformly) then h is reduced.

Step-5: Once a stable response is achieved, A is adjusted to improve on
the number of iterations. A is typically increased to reduce the number of

iterations.

The above adaptation algorithm is executed only once for a given

skeleton.
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Practical implementation of Feedback Inverse Kinematies (For a

fixed sampling interval)

The FIK algorithm defined in (Eq.9a-9c) works as a filter and requires

only multiply and accumulate instructions. The filter form of the

algorithm is shown in Fig.>5.

A practical implementation of the Feedback Inverse Kinematics algorithm

is described below.

Step-0 (initialisation):
set (z(k-1)) to a zero vector from a dimension (m)

set (dq(t-1)) to a zero vector from a dimension (n)

Step-1: Compute the Jacobian (J(q)) using current values for (q)
provided as such by some measurements from a sensor (camera, motor
optical encoder, motor tachometer or other) or by a mathematical model.
The Jacobian depends on the structure of the system for which the inverse
kinematics problem is solved. Typically the Jacobian is constructed from
scalars and trigonometric functions such as sin(q) and cos(q) that depend
on (q). The Jacobian has a dimension (m) times (n). Computing the
Jacobian consists of substituting (q) with its numerical form, solving each

element of (J(q)) and generating a numerical matrix from a dimension (m)

times (n).

Step-2: Compute
dx = J(q)dq(t-1)
using the multiplication means, the addition means and store the result

into (dx) using the means for storing (dx). This gives a vector (dx) with a

dimension (m)
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Step-3: Compute the error in (Eq.9a) by subtracting the result
from Step-2 from (dxd), i.e.

e = dxd - dx

using the subtraction means. Use the store means to store the result into

(e)

Step-4: Use the store means (P) and the store means (z(t-1)) to

compute (P) times (z(t-1)); store the result in (tmp).
tmp = Pz(t-1)

This operation uses the store means, the multiplication means and the

addition means. Use the means for storing (tmp) to store (tmp) which is a

vector with a dimension (m)

Step-5: Multiply the transpose of the Jacobian (Jt(q)) by (tmp)
as computed in Step-4 to derive (dq) in (Eq.9c¢)

dg = Jt(q)tmp
This operation uses the multiplication means, the addition means and the

means for storing (dq).

Step-6: Compute z(t) from (Eq.9b) using (z(t-1)), (A) and (e)
as compufed at Step-3

z(t) = Az(t-1) + e
This operation uses the addition means, the multiplication means and the

means for storing (z(t))

Step-7: Set
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dq(t-1) = dq
This operation uses the means for storing (z(t-1)) and (dq(t-1). These

values will be used for the next iteration of the IK algorithm that will take

place after (dt) seconds.

Step-8: Use (dq) from Step-5 as the solution to the IK problem.
Continue from Step-1 at the next iteration which will take place after (dt)

number of seconds.

A computer software programme using C-language instructions that
implements the above algorithm for a generic inverse kinematics problem

is shown in Fig.6. The total number of operations is equal to

2¥*m*m + 2%m -1 +n*(2m-1) (21)

If (m=6), then (83+11%n) operations are necessary to compute the

inverse of the Jacobian and solve the IK problem.

If (n=12) and (n = 25) then (886) operations are necessary to compute

the inverse of the Jacobian and solve the IK problem.

Practical implementation of Feedback Inverse Kinematics (For a

variable sampling interval)

Considering application using variable sampling intervals, the following

algorithm can be used

Step-0 and Step-1 are as above

Step-3: Compute Eq. 9d
dq = Jt(q) P z(t-1)
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Using the transpose of the Jacobian Jt(q), P and z(t-1).

Step-4: Compute Eq. e
z(t) = z(t-1) + h(Az(t-1) - J(q)dq) + h dxd
Using the Jacobian J(q), A, z(t-1), h and dxd; Practically z(t) is the

value for z(t-1) that must be used for the following iteration in Step-3.

Use dq from Step-3 as the solution to the inverse kinematics problem at
this iteration. Repeat the above steps until dq is reduced to a small value

below a threshold or/and the end points or end-effectors reach the targets.

In total, 2*%m*n + 4%*m multiplications and 2*m*n-n+2%*m additions per
iteration are used to compute the solution to the inverse kinematics

problem. As evident, the complexity in the computation is linear in m and

It.

It has been reported by Y. Nakamura and H. Hanafusa, “Inverse
kinematic solutions with singularity robusiness for robot manipulator
control”, Journal of Dynamic systems, Measurements and Control, Vol.
108, Sep. 1986, that for the above operations, a minimum of 6000
instructions, including an instruction for division which will consume
additional multiply and accumulate instructions, will. be necessary to
compute the IK problem for the same dimension (m=12) and (n=25).
Therefore the proposed algorithm gives a reduction in the computational
load by a factor of at least seven. Some estimated values for the
computational load based on traditional IK methods can be also found in
A.A. Maciejewski and J. M. Reagin, “Parallel Algorithm and
Architecture for the conirol of kinematically redundant manipulators”,

Robotics and Automation, IEEE Transactions. on, Volume 10, Issue 4,

Aug 1994 Page(s):405 — 414. Again, a minimum reduction by a factor of
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ten can be achieved by the proposed algorithm in this invention in

comparison to the numbers presented in this paper.

The total number of operations listed in (Eq.21) is included for

demonstration purposes only and assumes that the Jacobian (J(q)) has a

full structure with non zero elements. This can be further optimised by

using a more efficient implementation where the zero elements of (J(qg))

are appropriately accounted for in the algorithm.
Also (P) can be made diagonal with a proper adjustment of (J(q0)).

The implementation can be also improved by taking a parallel,
multiprocessing approach by utilising two or more processing blocks. The
algorithm proposed in this invention is suitable for implementation on
parallel architectures without additional overhead. This can be done using

several approaches. For example:

Considering Fig.6, the computation of (e(t)) and (z(t)) can be run in

parallel to the computation of (tmp) and (dq) on architectures comprising

two processing blocks.

Considering the computation of (J(q)dq(t-1)) for example, (J(q)), which

has a dimension of (m) times (n) can be partitioned as

| row 1 |

| row 2 |
J(q =|row3 |

s |

| row m |
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where each row has (n) elements. Each row can be multiplied in parallel
by (dq(t-1)). Therefore if the system has (m) number of processors
available, each processor will be multiplying in parallel each row in (J(g))

by (dq(t-1)), which results in running the loop (m) times faster than

running it on a single processor.

The same conclusion holds for the computations in Step-4 and Step-5 in
the algorithm above. This can be performed by a zero increase 1n

overhead by appropriately constructing the memory pointers for the

results of the multiplications.

Null-motion for defining joint constraints, joint limits, trajectory and

environmental constraints as well as for motion retargeting.

For introducing joint constraints, joint limits, environmental constraints

as well as motion retargeting, an additional homogeneous term 1s added to

the main solution in Eq 2:
dq = iJ(q)dxd + [I-iJ(q)J(q)]dq0

The new homogeneous term [I - iJ(q)J(q)]dq0 can be also computed by
the feedback form proposed above by replacing iJ(q) by the feedback

form in Fig.4.

The full solution, considering computer animation and a non-fixed

sampling interval, can be then modified to:

bdg = Jt(g) P bz(t-1) (9f)
bz(t) = bz(t-1) + h(A bz(t-1) - J(g) bdq) + h J(q)dqO
(9j)
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The final joint velocities are then
dq full = dq - bdq + dq0

where dq is computed from Eq. 9D, bdq is computed from Eq. 9f and dq0
is computed depending on the given constraint, for example to limit the

joint motion, for example in motion retargeting, for a given joint number

(k):
dqO0(k) = gain * ( bq(k) - q(k) )

where bq(k) is the desired value for the joint (this can be a constant or a

time varying function), q(k) is the current value of the joint variable (k)

and gain is a positive constant to be selected.

Referring to Figure 7, one embodiment of the invention comprises a robot
comprising an end effector 714 and three joints 711, 712, 713. This robot
therefore corresponds to that of Figure 1. Each joint has three degrees of
freedom, and includes three actuators, each controlling motion in one of
the degrees of freedom. A control system comprises a computer 720
including a processor 722 arranged to provide all the processing means
required, and memory 724 arranged to include all of the storage means
required. An input, in this case in the form of a user input 730, 1is
arranged to generate inputs to the computer 720 indicative of the desired
movement of the end effector 714. Sensors 740 are arranged to measureo
the position and movement of the joints 711, 712, 713 and provide signals
to the computer 720 indicative thereof. The ..computer is arranged to
control the actuators associated with the joints 711, 712, 713 using one of

the methods described above.
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Referring to Figure 8, a further embodiment of the invention comprises a PC
820 including a processor 822 and a memory 824. The computer 1s connected
to display 834 and a user input 830. The memory 824 has instructions stored 1n
it to enable a user to play a game on the computer in which a graphic image
832 on a display 834 is controlled to move in response to inputs from the user
input 830. The computer is arranged to control movement of the image, which
may include a figure corresponding to that of Figure 2, in response to input

signals from the user input 830, using one of the methods described above.



CA 02735262 2015-08-18

36

Claims

1. A real-time method for controlling a system, the system including a plurality of
controlling means each having at least one variable parameter (dq) and a controlled element
having a trajectory which is controlled by the controlling means, wherein the trajectory is related
to the variable parameters by a variable matrix, the method comprising defining a control
transter matrix (K) relating the variable parameters (dq) to the trajectory (dx), and using a
tfeedback loop in which a feedback term is computed that is dependent on an error (e) which is
the difference between the desired trajectory (dxd) and a current trajectory (dx), wherein the

method uses an algorithm of the form:
dq = Jt(q) P z(t-1)
z(t) = z(t-1) + h(Az(t-1) — J(q)dq) + h dxd

where J 1s the matrix, Jt 1s the transpose of J, A is a negative definite diagonal matrix or a
negative constant, P 1s a positive definite full matrix or a positive diagonal matrix or a positive

constant, and h 1s a positive constant.
2. A method according to claim 1, wherein the matrix is a Jacobian matrix.

3. A method according to claim 1 or claim 2 wherein the feedback term is computed
repeatedly over a number of cycles so that the current trajectory approaches the desired

trajectory.

4. A method according to any one of claims 1 to 3 wherein the output (dq) of the matrix K

has a dimension specified as (n), the desired trajectory dxd has a dimension (m) and (m) is less

than or equal to (n).

. A method according to claim 4 including selecting the control transfer matrix (K) which
has a dimension (m) times (n) and determining the form and the numerical values of (K)

depending on the properties of the system.
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6. A method according to any one of claims 1 to 5, where the numerical algorithm which

generates (dq) for a given (dxd) is in the form of a filter.

7. A method according to claim 6 wherein the algorithm requires only multiply and

accumulate type of instructions

8. A method according to any one of claims 1 to 7 arranged to be performed on a single

processor or on a parallel platform.

9. A method according to any one of claims 1 to 8 wherein (K) is arranged to deliver

solutions for (dq) even when (J(q)) becomes rank deficient.

10. A method according to any one of claims 1 to 9 wherein the matrix J can approach a
singular state, and in the singular state, the error (¢) grows at the singular direction and the tull
structure of (K) generates non-zero solution for (dq) that produce motion which steers the

trajectory away from the singular state.

11. A method according to any one of claims 1 to 10 which uses an algorithm of the form:
e = dxd - J(q)dq(t-1)

z(t) = Az(t-1) + ¢

dq = Jt(q) P z(t-1)

where J is the matrix, Jt is the transpose of J, A is a negative definite diagonal matrix or a

negative constant, and P is a positive definite full matrix or a positive diagonal matrix or a

positive constant.

12. A method according to any one of claims 1 to 11 wherein the system is a display
arranged to display an image of a movable object, the controlling means comprising joints of the

movable object and the controlled object comprising an element of the movable object.
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13. A method according to any one of claims 1 to 11 wherein the system 1s a robotic system
including a robot and a control system, the controlled element is an element of robot, and the

controlling means comprise joints ot the robot.

14. A method according to any one of claims 1 to 11 wherein the controlling means comprise

gyros of a control moment gyro system.

15. A control system for a movable system, the control system being arranged to operate

according to the method of any one of claims 1 to 14.

16. A robotic system comprising a robot and a control system according to claim 15 for

controlling movement of the robot.

17. A control moment gyro system comprising a plurality of gyros and a control system

according to claim 135.

18. A display system comprising processing means arranged to perform the method ot any
one of claims 1 to 14 thereby to generate image data, and display means arranged to display the

Image.

19. A non-transitory machine readable medium having tangibly stored thereon executable
instructions that, when executed by a processor, cause the processor to perform the method of

any one of claims 1 to 14.



CA 02735262 2011-02-24

WO 2009/027673 PCT/GB2008/002905
1/3

.",,, \ 14
L ,
PR ‘»%O\
: - N220
23
.
~ 99 29
12
219
\\/
11 *l(o\zl
211
Fig. 1 Fig. 2
| 31 .
33
/ /
dxd > IK — dq
Fig. 3
48 A7 — 41
dxd — - > K » dq
2 _
49 dXT
/ 42
45
I(q)




CA 02735262 2011-02-24

WO 2009/027673 PCT/GB2008/002905
2/3
516
y S8 /57/ 515 /513 51 514 | 510 ‘
/ + ~ " F Z(t) Z(t-l) /
dxd ——» - - D(dt) — dq
't A |
9 dx 517/Jr —
/ 512
55 — / |
— A& N B— I
52 I8 S
dqg(t-1
| 1(q) D by L
Fig. 5

vold FIK{double& g, double& dxd, double& doq)
(
// Compute the Jacobian at the current sample
// it is assumed that there exist a mean for the computation of the Jacobian
// using the value for (g) at the current sample

J = conmputedacobian(qg) ;

double dx;
for{( 3=0,; j<m; J++)
{ dr = ¢;
for( 1=0; i<n; i++)
( dx = dx + J[3][i]*dqt_L1[i]; } // dx = J(q)dq(t-1)
el[j] = dxd[j]-dx; // e = dxd - dx
}

for ( i=0; i<m; i4++ )
zt[1] = A%zt 1[i]+e[i]; /] z(t)

1}

Az{t-1l) + e

double temp;
for{ 3=0; j<m; J++)
{ temp=0;
for( i=0; i<m; i++)
{ temp = temp + P[j]([il*zt_1[d]; } // tup
tmp[j]l=temp;
}

il

Pz (t~1)

for{ 3=0; 3<n; F++)
{ temp=0;
for( i=0; i<m; i++)
{tenp = temp + J[i][j]*tmp[i};)} // dg = Jt(qg) tmp
dg(3l = temp;
}

for{i=Q0; i<n; i++)
dgt_1[i] = dg[il; // dg(t=1) = dgq

for (i=0,; i<m; i++)
ztﬁl[i] = zt[i]; [/ z{t-1) = z(t)

Fig. 6
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